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A tourist’s guide to regularity structures and singular
stochastic PDEs

Ismaél Bailleul and Masato Hoshino

Abstract. We give an essentially self-contained treatment of the fundamental analytic and algebraic
features of regularity structures and their applications to the study of singular stochastic PDEs.
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1. Introduction

The class of singular stochastic partial differential equations (PDESs) is characterized by
the appearance in their formulation of ill-defined products due to the presence in the equa-
tion of distributions with low regularity, typically realizations of random distributions.
Here are three typical examples.

— The 2- or 3-dimensional parabolic Anderson model equation (PAM)

(0 — Ax)u = ué, (1.1)
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with £ a space white noise. It represents the evolution of a Brownian particle in a 2- or
3-dimensional white noise environment in the torus. (The operator A stands here for
the 2- or 3-dimensional Laplacian.)

—  The scalar @‘3‘ equation from quantum field theory
(0 — Ax)u = —u® + ¢, (1.2)

with ¢ a 3-dimensional spacetime white noise and Ay the 3-dimensional Laplacian in
the torus or the Euclidean space. Its invariant measure is the scalar ®§ measure from
quantum field theory.

— The generalized (KPZ) equation

(9 — 2)u = fu)t + gu)|dxul?, (1.3)

with ¢ a 1-dimensional spacetime white noise. In a more sophisticated form, it pro-
vides amongst others a description of the random motion of a rubber on a Riemannian
manifold under a random perturbation of the mean curvature flow motion.

A d-dimensional space white noise has Holder regularity —d /2 — «, and a d-dimen-
sional spacetime white noise has Holder regularity —d /2 — 1 — k under the parabolic
scaling, almost surely for every positive k. Whereas one expects from the heat operator
that its inverse regularizes a distribution by 2, this is not sufficient to make sense of any
of the products u§, u3, f(u)¢, |0,u|?, g(u)|dxu|? above, as the product of two Holder
distributions is well defined if and only if the sum of their regularity exponents is positive.
Why then bother about such equations? It happens that they appear as scaling limits of a
number of microscopic nonlinear random dynamics where the strength of the nonlinearity
and the randomness balance each other. Many microscopic random systems exhibit this
feature as you will see from reading Corwin and Shen’s nice review [30] on singular
stochastic PDEs.

A typical statement in the theory of regularity structures [17,20,26,53] about a singular
stochastic PDE takes the following informal form, stated here in restricted generality.
Consider a subcritical singular stochastic PDE

(0 = Ax)u = f(u, 0u)l + g(u, dxu) =: F(u,0u; ) (1.4)

driven by a possibly multi-dimensional irregular random noise ¢ that is almost surely of
spacetime regularity o — 2, for a deterministic constant @ € R. (The notion of “subcritic-
ality” will be properly defined later in the text.) We talk of the sufficiently regular function
F as a “nonlinearity” — even though a particular F could depend linearly or affinely on
one or all of its arguments. Denote by & the space of nonlinearities that are affine func-
tions of the noise argument. For each ¢ € (0, 1], denote also by ¢, a regularized version
of the noise which converges to ¢ as e goes to 0, obtained, for instance, by convolution
Le 1=  * 0, with a deterministic smooth mollifier g.. Write

ug = SOL(Ee; F)
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for the solution to the well-posed parabolic equation
(0r — Ax)ue = F(ug, 0xue; )

started at time O from a given (regular enough) fixed initial condition.

Meta-Theorem 1 (What it means to be a solution). The following three points hold true.

* One can associate to each subcritical singular stochastic PDE a finite-dimensional
unbounded Lie group called the renormalization group. Denote by k its generic ele-
ments.

*  This group acts explicitly on the right on the nonlinearity space &
k,F)>F® ¢ %. (1.5)

»  There exist some deterministic (typically diverging) elements (k¢)o<s<1 of the renor-
malization group such that, for any element k of the renormalization group, the solu-

tions
ﬁgk) = SOL(Z,S; (F(ke))(k))

to the well-posed stochastic PDE
- k) - -
(0 — Ax)ugk) = (F(kf))( )(ugk), E)xugk); é‘g)

with given initial condition, converge in probability in an appropriate function/distri-
bution space to some W% as & goes t0 0.

A solution to a singular stochastic PDE is not a single function or distribution, but
rather the family (i1®)) g of functions/distributions indexed by the renormalization group.

The k. typically diverge as ¢ > 0 goes to 0, but there are situations where they remain
bounded, or are even constant, like in [19]. We stick to the tradition and talk about any
of the above limit functions/distributions as a solution to equation (1.4). We talk of the
family of solutions. To have a picture in mind, consider the family of maps

Se(x) = (x —1/e)? (1.6)

on R. It explodes in every fixed interval as ¢ goes to 0 but remains finite, and converges,
in a moving window S¢(x + 1/g&) where it is equal to x2. It also converges in the other
moving window Sg(x + 1/& + 1) where it is equal to (x + 1)2. No given moving window
is a priori better than another. In this parallel, the function SOL({,; -) plays the role of S,
with the infinite-dimensional nonlinearity space & in the role of the state space R. The
role of the translations x +— x + 1/¢ is played by the group action (1.5) of k. on the space
of nonlinearities . The explicit action of k, on the space of nonlinearities gives some
formulas of the form

F®) (u,05u30) = f(u, du)t + g(u, dxu) + Celu, du),
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for some functions C; built from f, g and their derivatives and from k., so
il 1= SOL({e; F*9)
is the solution to the equation
(0r — Ax)ite = f (g, Oxtie)ls + (i, Ixtie) + Celils, Ixils), (1.7

with given initial condition. We talk of the function C; as a counterterm.

In a robust solution theory for differential equations, a solution to a differential equa-
tion ends up being a continuous function of the parameters in the equation. In the case of
equation (1.4), the parameters are the functions f, g, the noise ¢, and the initial condi-
tion of the equation. While it is unreasonable and wrong to expect that the solutions from
Meta-theorem 1 are continuous functions of each realization of the noise, they happen
to be continuous functions of a measurable functional of the latter built by probabilistic
means. We talk about that functional of the noise as an enhanced noise.

Meta-Theorem 2 (Continuity of a solution with respect to the enhanced noise). For any
subcritical singular stochastic PDE (1.4), and for any { in a class of random noises includ-
ing space or spacetime white noises, there is a measurable functional T1 of the noise taking
values in a metric space such that any individual solution of equation (1.4) is a continuous
function of TI.

This is a fundamental point to be compared with the fact that, in the stochastic calcu-
lus approach to stochastic (partial) differential equations, the solutions to the equations
are only measurable functionals of the noise. In a setting where both approaches can
be used and coincide, the regularity structures point of view provides a factorization of
the measurable solution map of stochastic calculus under the form of the composition
of a measurable function IT of the noise with a continuous function of IT. A number of
probabilistic statements about IT are then automatically transferred to the solution of the
equation by continuity. The support of the law of the random variable IT determines, for
instance, the support of the law of the solution to the equation. A large deviation result for
the laws of a family of random IT is also automatically transported by continuity into a
large deviation result for the laws of the corresponding family of solutions of the equation.

The functional IT is built as a limit in probability of some elementary functionals of
the noise. This is in the end the reason why the convergence result in Meta-theorem 1
holds in probability. (The convergence is almost sure along an appropriate sequence.)

How is it that one can prove such statements? The starting point is that solutions of
singular stochastic PDEs are not expected to be any kind of Holder functions or distribu-
tions. Rather, under an assumption on the equation captured by the notion of subcriticality,
we expect any possible solution

() 2 e (x) (M) () (1.8)
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to be described locally in terms of a finite number of equation-dependent reference func-
tions or distributions IT,7 that are polynomial functionals of the noise. One of these
symbols is denoted by 1 and II,1 is the constant function equal to 1. Unlike u, which
may be a distribution in some situations, the u, are always some functions. Making the
parallel with a classical situation, one could talk of the family (1), as a jet for u. A fun-
damental result in regularity structures gives some mild ((IT, ), .-dependent) coherence
conditions on the (1), under which a quantified version of the relation (1.8) determines a
unique function/distribution u satisfying it. By trading u for (1), the theory of regularity
structures then provides a complete description of the local structure of the possible solu-
tions to a given singular stochastic PDE, in terms of their local expansion coefficients with
respect to some equation-dependent polynomial functionals IT, t of the noise. The theory
actually turns the problem upside down by reformulating any singular stochastic PDEs as
an equation with unknown some tuple (1), of local coefficients satisfying a priori the
above-mentioned coherence condition. Since (1.8) gives a local description of u near any
state space point x, and u >~ u1(x) at first order near x, an equation of the form

Lu = F(u;¢)

will be rewritten near x as

ak
Zm(x)x(nxr):z("”,fw D U ()t () (M) -+ (Tt )
T k :

1.9)
Identifying the terms on both sides provides a triangular system for the I, t and a family
of equations for the u;(x). In the example of the parabolic Anderson model equation, one
has, for instance, F(u;{) = ul, the expansion is indexed by some trees T € {7, $, ot
and the system reads

£(M9) = ¢,
$(Hx$) = (Ix9)¢, ete.

U (x) = uy(x), forallr,

since the nonlinearity is linear here. The base point x in It means that, rather than
simply defining IT,7 as £~! on the right-hand side of its defining equation, we only
keep the Taylor remainder at x of this quantity, at some t-dependent order. Of course, the
singular feature of the equation has not disappeared as the products (ITx77) --- (IT,t%)¢
in (1.9) are still problematic. However, proceeding this way, we have isolated the product
problem in the problem of making sense of the reference functions/distributions Ilxz, a
task which has little to do with the actual task of solving the equation. This is the very point
where the fact that the noise is random plays a crucial role. It allows indeed to build the
reference functions/distributions (IT, ) (w) not as some functions of a realization ¢ (w) of
the noise but rather as some random variables jointly defined with the noise on a common
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probability space. This realizes a wonderful decoupling of probability and analysis. To
the former, we have the task of building the enhanced noise: functions or distribution-
valued random variables I1, t that involve the noise only. To the latter, we have the task of
solving uniquely an equation in the side space of local coefficients built from the enhanced
noise, regardless of any multiplication problem. The construction of the I, t is done by a
limiting procedure called renormalization, after similar procedures used in quantum field
theory to tackle similar problems.

The fundamentals of the theory of regularity structures were built gradually by M.
Hairer and his co-authors in four groundbreaking works [17,20,26,53]. In paper [53], M.
Hairer sets the analytic framework of regularity structures and provides an ad hoc study of
the renormalization problem for the parabolic Anderson model equation (1.1) and scalar
@3 equation (1.2). The algebra involved in the renormalization process of a large class
of singular stochastic PDEs was unveiled in Bruned, Hairer, and Zambotti’s work [20].
The proof that the renormalization algorithm provided in [20] converges was given by
Chandra and Hairer in [26]. Last, the fact that the renormalization can be “implemen-
ted” at the level of the equation was proved in Bruned, Chandra, Chevyrev, and Hairer’s
work [17], giving a wonderful analogue of the equivalence of the “subtraction scheme”
versus “counterterms” approaches to renormalization problems in quantum field theory.
Altogether these four works provide a black box for the local well-posedness theory of
subcritical singular stochastic PDEs. This work gives an essentially self-contained short
treatment of the fundamental analytic and algebraic features of regularity structures and its
applications to the study of singular stochastic PDEs that contains the essential points of
the works [17,20,53]. It is intended for readers who already have an idea of the subject and
who wish to understand in depth the mechanics at work. We hope nonetheless that even a
newcomer to the field may grasp the matter by following the road taken here. Regularity
structures and the fundamental tools are developed in generality within a highly abstract
setting. No trees are in particular involved in the analysis before we actually construct
an example of regularity structure adapted to the study of the generalized (KPZ) equa-
tion (1.3) in Section 9. When it comes to applying these tools to singular stochastic PDEs,
we trade generality for the concrete example of the generalized (KPZ) equation (1.3),
which involves all the difficulties of the most general case. We do not treat Chandra and
Hairer’s work [26] constructing the measurable functional IT of the noise involved in
Meta-theorem 2 using Bruned, Hairer, and Zambotti’s renormalization process [20].

We stress here that Hairer’s approach to singular stochastic PDEs is somewhat ortho-
gonal to the purely probabilistic approaches of stochastic PDEs pioneered by Pardoux,
Walsh, or da Prato and Zabczyk using martingale technics, described in [32] for instance.
No knowledge of these approaches is needed to understand what follows.

It is our aim here to give a concise self-contained version of what seems to us to be the
most important features of the 433(= 236 + 118 + 79) pages of the works [17,20,53]. A
number of comments about different statements, concepts, and other works are deferred
to Appendix D so as to keep focused in the main body of the text. The reader is invited to
read this section at any point along their reading. We expect that the reader will see from
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the present work the simplicity that governs the architecture of the theory. The climb may
be hard, but the view after the walk is stunning.

The probabilistic/renormalization side of the analysis of singular stochastic PDEs was
not mature yet when this work was first written. This is why the deep work [26] of Chandra
and Hairer was left aside in this tourist’s guide. The situation has changed after the seminal
work [70] of Linares, Otto, Tempelmayr and Tsatsoulis and some subsequent works by
Hairer and Steele [61] and Bailleul and Hoshino [11]. We refer the reader to [10] for a
review of the subject and further references.

Besides the original articles [17, 20,26, 53], Hairer’s lecture notes [54, 56], the book
[43] by Friz and Hairer, Chandra and Weber’s article [27], and Berglund’s book [15]
provide other accessible accounts of part of the material presented here. The work [30]
of Corwin and Shen provides a nice non-technical overview of the context in which sin-
gular stochastic PDEs arise.

We will introduce the different pieces of the puzzle one after the other to arrive at a
clear understanding of the mathematical form of the above meta-theorems. This will be
done along the following lines.

1. Concrete regularity structures, models, and modelled distributions. We will first set the
scene to talk of the local behaviour of functions/distributions

O~ fe(x)(TED)(). (1.10)

near each spacetime point x, giving a generalization of the notion of jet, in terms of
reference functions/distributions (I1%7)(-) parametrized by 7 in a finite set and by the
spacetime points x. This will involve the setting of (concrete) regularity structures

T =TT, AT).(T.A))

and models M = (I1, g), from which the reference functions/distributions (I1$7)(-) are
built. See Sections 2.2 and 2.3 for a detailed description of these objects. The nota-
tion (I 7)(-) will be defined in Definition 1. In the same way as a family of functions
{ fi})xena on R¥ needs to satisfy a quantitative consistency condition for a function f
satisfying
f@) ~ Z Jre(x)( — x)*,  nearall x,
keNd

to exist, a collection of functions ( f;), needs to satisfy a quantitative consistency condi-
tion for a distribution f satisfying (1.10) to exist. This condition will involve the notion of
modelled distribution and reconstruction operator RM, with a notion of consistency that
will depend on the component g of the model M. One can think of a modelled distribu-
tion as the consistent jet of a function or a distribution. At that stage, given a regularity
structure and a model on it, we will have a convenient way of representing a class of
functions/distributions on the state space — not all of them. Given a (system of) singular
stochastic PDE(s), a good choice of concrete regularity structure will allow to represent
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the set of functions/distributions that appear in a naive analysis of the equation via a Picard
iteration by some elements of our class. Unlike what happens in the study of controlled
ordinary differential equations driven by an £-dimension control, there is no universal con-
crete regularity structure for the set of all singular stochastic PDEs. One associates to each
(system of) subcritical singular stochastic PDE(s) a specific regularity structure.

2. Lifting the equation as an equation in the space of consistent jets. The regularity
structure associated with equation (1.4) is built from a noise symbol and some operators
(In),end+1 that play the role in the regularity structure of the operators 9" (3, — Ay) ™!,
involved in the Picard fixed-point formulation of the equation. (The letter 0 = (9, dx)
stands here for the time/space derivative operator.) One proceeds then by formulating the
equation as a fixed-point problem in the space of consistent jets of functions/distributions
(f7)z, encoded in the notion of modelled distribution. This will require introducing a
tweaked version K™ of the operator I, as the latter does not produce consistent jets
from consistent jets — the notion of consistency depends on g whereas the operator I
does not. The equation on the jet space will happen then to have a unique solution in
small time under some mild conditions. This solution will be a continuous function of all
the parameters in the equations, the model in particular. Along the way we will turn the
initial analytical multiplication problem into the problem of defining some models enjoy-
ing some appropriate properties — the so-called admissible models. We will see that it is
straightforward to construct what is called the canonical lift of a regularized version ¢, of
the noise ¢ as an admissible model M?; this can be done for any smooth noise. In those
terms, the solution u, to a well-posed (system of) singular stochastic PDE(s) driven by
some smooth noise {, can be written as the reconstruction

u, = R™ (u,) (1.11)
of a consistent jet #, obtained as the fixed point
u; = ®(M°, u,) (1.12)

of a map P that depends continuously on its model argument, so does the reconstruction
map R

3. Renormalized models and renormalized equation. However, the model M® does not
converge in the appropriate space as the positive regularization parameter ¢ goes to 0, so a
solution to the (system of) singular stochastic PDE(s) under study cannot be defined as the
limit of the u, as ¢ goes to 0. The situation is similar to what happens to the function S,
from (1.6). One has to look at M® in a moving window to obtain a finite limit. The renor-
malization group will provide us precisely with this possibility, and will provide us in
particular with a family of renormalized canonical models (ks M#)o<e<1. To make the final
step from here to the meta-theorems, we will see that this action of the renormalization
group on the set of models has a dual action on the space § of nonlinearities. The K<M-
reconstruction i, of the unique % M?-dependent fixed-point equation in the space of jets
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will happen to solve a “renormalized” version of the singular equation (1.4), with some
additional e-dependent terms diverging most of the time as the regularization parameter ¢
tends to 0, as in (1.7). The continuity of both the solution of the fixed-point equation (1.12)
and the reconstruction map, as functions of the underlying model, will ensure the conver-
gence of i, to some limit i for some converging renormalized models ¢ M¢ with limit M,
say. The limit function u will satisfy a system

i=R"@), = oM,

similar to the system of equations (1.11) and (1.12) satisfied by u,. It is in this sense that
u will deserve to be called a solution of the singular stochastic PDE under study. Think
of u as a function/distribution defined from its “Taylor” jet &, with the latter solution of a
fixed-point problem.

A word about algebra. It is one of the features of the theory of regularity structures that
algebra plays an important role, unlike what one usually encounters in the analytic study
of PDEs. This is partly due to the choice of description of the objects involved in the
analysis, in terms of “jets-like” quantities. Elementary consistency requirements directly
bring algebra into play, under the form of Hopf algebras and actions of the latter on some
vector spaces. This is what concrete regularity structures are. The appearance of algebra
in the study of singular stochastic PDEs is also due to the fact that the renormalization
algorithm used to define the random variables that play the role of a number of ill-defined
polynomial functionals of the noise is conveniently encoded in an algebraic structure that
we call renormalization structure; it differs from a concrete regularity structure. These two
points involve Hopf algebras. A last piece of algebra is also needed under the form of some
pre-Lie algebras. This is an algebraic structure that behaves as the differentiation operation
(f.g) — g’ f, derivative of g in the direction of f. Using an algebraic language sheds
a gentle light on the meaning of the renormalization process at the level of the equation.
Pre-Lie algebras are the ingredient that we use to understand how to build the counterterm
C, in Meta-theorem 1 and equation (1.7).

The analysis or probability-oriented reader should not be frightened by the perspective
of working with some algebraic tools; we will hardly need anything more than a few
definitions and elementary facts that are direct consequences of the latter; everything else
is proved. We refer the reader to Manchon’s lecture notes [73], or the first four chapters
of Sweedler’s book [78], for some accessible references on Hopf algebras, and to Foissy’s
work [41] for the basics on pre-Lie algebras; all we need is elementary and recalled below.
Appendix B contains in any case all the results from algebra that we use without proving
them, with precise pointers to the literature.

Organization of the article. This Tourist’s Guide has been organized as follows. Basics
on regularity structures are introduced in Section 2, under the form of concrete regular-
ity structures. The reconstruction theorem, which ensures that a consistent jet describes a
distribution in the state space, is proved there, in Theorem 4. This allows to formulate in
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Section 4 a singular PDE as an equation in a space of modelled distributions over a regular-
ity structure associated with the singular PDE. A fixed-point argument is used in Section 4
to prove a local in time well-posedness result in a space of modelled distributions. Despite
their possible differences, the regularity structures built for the study of different subcrit-
ical elliptic or parabolic singular PDEs all involve the construction of the counterpart of
a (or several) regularizing convolution operator(s) and the proof of its (/their) continuity
properties in spaces of modelled distributions. This is done in Section 3. Section 5 sets the
scene of renormalization structures. They encode the renormalization algorithm used to
build the random variables whose realizations play the role of a finite number of reference
functions/distributions. The renormalization algorithm is described in Section 7. The dual
action of the renormalization operation on the genuine singular PDE is clarified by the
introduction of some pre-Lie structures; this is done in Section 6. Nothing so far requires
a deep understanding of how one builds the regularity or the renormalization structure
associated with a given singular stochastic PDE. It suffices to assume that they satisfy a
small number of simple assumptions to run the analysis. A summary of the assumptions
can be found at the beginning of Section 9. Section 9 is dedicated to constructing expli-
citly such structures in the example of the generalized (KPZ) equation. A summary of our
notations is given in Appendix A. Appendix B contains a number of elementary facts from
algebra that we use without proof in the text. Precise pointers to the proofs of these facts
are given. Appendix C contains the proof of technical results that were not given in the
body of the text to keep concentrated on the essential features of the method. A number of
comments about the notions, the statements, or the literature are collected in Appendix D.
The reader is invited to read them at any time.

Notations. We use a number of Greek letters with different meanings. As a rule, o, B,
y stand for real numbers, while t, o, i, v, 1, @, ¥ stand for elements of regularity or
renormalization structures.

Given two statements a and a™, we agree to write ') to mean both the statement a
and the statement a™.

i
e Denote bye; = (0,...,0,1,0,...,0) € R4 the i -th basis vector of]Rd.
* Denote by N the set of non-negative integers. For each k = (ki)f’:l e N? and x =
()c,-);1=1 € R?, we use the notations

k k k
kli=lyleokg!,  x%i=xy"xf.

Forany k = (ki)?_,, £ = (£;)2_,, we write £ < k if €; < k; for any i and then define

i=1 i=1

k . k! _ ki kq
(6) T 0k -0! (zl)"'(ed)‘

All the notations introduced along the way are gathered in Appendix A, with pointers to
the section where they are introduced.
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Assumptions. We emphasize along the way a number of “assumptions” on some regu-
larity structures; they are summarized at the beginning of Section 9. All these properties
are satisfied by the regularity structures used to study some singular stochastic PDEs; so,
strictly speaking, they are not assumptions. We first present the theory of regularity struc-
tures independently of its applications to singular stochastic PDEs and then gradually
introduce some more specific features of the particular (tree-indexed) structures that are
used in that setting. We find it convenient to state in the form of some “assumption” some
special features that a regularity structure can have to emphasize their role in the proofs
of some particular results.

2. Basics on regularity structures

Hairer’s theory of regularity structures builds on Gubinelli’s approach [48] to T. Lyons’
theory of rough paths and rough differential equations [72]. This is a theory of controlled
ordinary differential equations

dZt = V(Zt)dXt, Zy € Rk,

driven by irregular controls X. Gubinelli’s notion of “path controlled by a rough path X”
gives a Taylor-like description of a path around each time s in terms of some “monomials”
given by the different components of the increments of the rough path X between the
running time ¢ and the fixed time s. This notion of controlled path turns out to be stable
by (regular enough) nonlinear maps and by the operator d ~! defining the integral against
the reference rough path X. These facts allow to formulate controlled ordinary differential
equations driven by a rough path as an integral equation in a space of controlled paths and
to prove local well-posedness of the equation under some mild regularity assumptions on
the vector fields involved in the dynamics by some fixed-point arguments. (There is no
need to know anything about rough path in this work.) Hairer chooses a similar angle to
build his theory of singular stochastic PDEs, with an important add-on. In the context of
the above controlled differential equation, the theory of regularity structures provides a
setting in which one has not only a pointwise description of a potential solution path z but
also a “local” description of the R¥-valued distribution V(z;)d X, on some time interval
around every fixed time s. This way, all the terms that are involved in the analysis of the
controlled differential equation are described in terms of some local expansion.

We start this section by explaining in simple terms why the strategy of local expansion
devices automatically brings algebra into play, independently of any problem of dynam-
ical nature. This is the content of Section 2.1. The backbone of these expansion devices is
encoded in the notion of concrete regularity structure introduced in Section 2.2. The ref-
erence functions/distributions IT, t that we informally used in the local expansions (1.8)
and (2.1) play the role classically devoted to the Taylor monomials (- — x)". The It are
built from two primary objects IT and g that will play in the sequel a crucial role. They
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define jointly what is called a model. In this setting, the quantification of the approxim-
ation (1.8) leads to the notion of modelled distribution. This condition on the collection
(u(x))x,c of “coefficients” turns out to guarantee the existence of a function/distribution
which is indeed well approximated by the finite sum ) __ u.(x)II,7 near any state space
point x; a condition for uniqueness of the approximated function/distribution is also
known. This fact is the content of the reconstruction theorem. Models, modelled distri-
butions and their reconstruction are presented in Section 2.3. Section 2.4 describes how
one can make sense of some nonlinear operations on modelled distributions and gives the
properties of a derivative operator acting on the space of modelled distributions.

No PDE-related matters are involved in this section. Its main purpose is to give a
general analysis of some arbitrary expansion devices. It is only in Section 3 that we will
introduce some particular features of such devices that are involved in the application
of this general machinery to the study of singular stochastic PDEs. Together with the
introduction of the main objects of regularity structures the main result of this section is
the reconstruction theorem, Theorem 4.

2.1. Algebra as the mechanics of local expansion devices

Regularity structures are the backbone of expansion devices for the local description of
functions and distributions in (an open set of) a Euclidean space, say R?. (The isotropic
nature of the Euclidean space plays no role here, and as a matter of fact, everything works
in a non-isotropic setting. We stick to a Euclidean setting here for simplicity.)

1. The Taylor expansion device. The usual notion of local description of a function near
a point x € R? involves the Taylor expansion operation and amounts to comparing a
function to a polynomial centered at x

S ~ an(x)(- —x)", near x. (2.1)

The sum over 7 is finite, the approximation is quantified and we end up describing the class
of Holder functions with real positive regularity exponents. By the binomial expansion,
one gets a local description of f near any other point y writing

f@z}jﬁmw(?y~wfo—ww4:§j(}jfﬂ@(ﬁ)@—xﬁ*)«—ﬁf
{<n L “nilzn

This expansion brings the important insight that the coefficient fy(y) should be compared
with the polynomial centered at x

ﬂ@zZﬁ@@%~Wﬂnmm 22)
n>{
where the coefficients f,(x) are associated with some multi-indices n > £. This relation
between the coefficients in the expansion at different points is a consistency condition.
Conversely, this consistency condition for the coefficients ( f;),en« is required to ensure
the existence of a function f satisfying (2.1).
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2. The reference objects for general expansion devices. A more general local descrip-
tion device involves an R¢-indexed collection of functions or distributions (IT,7)(-),
with labels 7 in a given finite set 8. We will consider the functions/distributions locally
described as

f@) ~ Z fr(x)(Tx7)(-), neareachx e R, 2.3)

for some coefficients f;(x). The above expression implicitly assumes that the coefficients
f+(x) are function of x. One has 8 = N¢ and (I1,k)(-) = (- — x)¥, in the usual, Taylor,
polynomial setting. So, what is an alternative of the binomial expansion? Like in the
former setting, it seems meaningful to impose that IT, 7 is a linear combination of 1,0
with several labels o near another point y. Denoting by T the real vector space spanned
by B, we express the situation by the identity

(IIx)() = (Hy (Fyxf))(')? 2.4

with a linear map I'),x : T — T'. Moreover, since the roles of x and y are exchangeable,
the linear maps I'yx are invertible, with I'}; 1 = T,, and one has a group action of an
R¥ x R?-indexed group on the local description structure T

While one uses the same polynomial-type local description (2.2) for the f, as we
do for f in (2.1), in the usual Holder setting, there is no reason in a more general local
description device to use the same reference objects for f and for its local coefficients.
This is in particular the case if the (IT,7)(-) are meant to describe distributions, among
others, while it makes sense to use some functions only as reference objects to describe the
functions f;. For this reason, we introduce another set BT and associate to each u € 8+
with a reference function gy, (1) playing the role of (y — x)"~¢ in (2.2). More precisely,
we assume that each f; can be compared with a finite linear combination

fo) = Y e fx)gyx(p),  nearx, 25)

T€B, ueBT

with some constant ¢;;” dependingont € 8,0 € 81, u € B7. In the Taylor polynomial
setting, one has 8% = 8 = N9, g, (k) = (y — x)¥, and CZ’Z = 1—n—¢(}). In this model
situation, all the o appearing in the above formula have a “size” greater than or equal to
the size of 7. Such a hierarchy will be encoded later as a graded structure on 7. Unlike the
model Taylor polynomial setting, the elements of BV are associated with some functions
only, while the elements of 8 may be associated with some distributions. Note that we
take care not to write (IT,7)(y) as I1,t may be a distribution. It would be consistent to
write g, (1)(), but we stick to the established and convenient notation gy ().

3. Consistency relations. With the above notation, one has

fO=Y Mo~ D ek fe(X)gyx () (o) ().

oEB 1,0€B, UEBT
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Comparing this expansion to the original expansion (2.3) at the point x, we would have
the explicit representation

Lyxt = Z C;,’U gyx(1)o.
oeB, ueB+

To lighten the notation, it will be convenient to introduce a notation under the form of the

formal ratio
/o0 = Z e 1
neB+

It is an element of the real vector space 7 spanned by 8. Then, the above consistency
formulas read

Jo) = Y fe(N)eyx(t/0), Tyxt =Y gyx(t/0)o.
Te€B gEB

We can also derive a transitive relation similar to (2.4) for I';, and I' . Indeed, we can
develop the coefficient f;(x) in (2.5), and re-indexing the labels, one gets

@ 2 foMgey(0/n) = D fe(x)gzy(0/ Mgy (T/0).
oeB o,neEB
In the comparison with (2.5), it would be natural to impose the identity
Z 8zy(0/Mgyx(t/0) = gzx(t/n). (2.6)
oceB

Together with (2.4), this is a fundamental transition relation analogous to the binomial
expansion.

4. Algebra encodes consistency relations. There is a way to describe the skeleton of the
relations (2.4) and (2.6) with no mention of any explicit reference functions or distribu-
tions. We introduce the splitting maps

A:T—>TQTH, At=) o0& (t/o).
g

AYVTT S THRTY, AT(/n) =) (o/n) ® (r/0).

(Since there is no unique way to express an element of 77 in the form /o, the “defini-
tion” of A*(r/n) may seem problematic. However, this formula actually holds for the
“concrete regularity structure” defined below.) Using this notation, the transition map
reads

Fyx = (d® gyx)A’

and (2.4) and (2.6) take the form

I, = (Hy ® gyx)Av gzx = (gzy ® gyx)A+-
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An important property of these maps is given by the following relations:

(AQIHA = (Id® AT)A,

2.7
d® AHAT = (AT QId)AT. @7

For instance, the transitive relation I';, = I';, I}, is encoded by the first relation as fol-
lows:

Iyl = (1d ® g2y ® gyx)(A @ Id)A
= (1d® g2y ® gyx)(Id ® AT)A = (1d @ gz4)A = Tz

Based on the model case of the Taylor expansion device, we ask the family of reference
functions gy (1), w € B to be sufficiently rich to describe locally an algebra of func-
tions. The easiest way to ensure that property is to assume that the linear span T+ of 8+
has an algebra structure and that the maps g, on T are some characters of this algebra;
that is, they are multiplicative maps. We do not impose an algebra structure on T as the
elements of B are meant to be associated with some distributions. In the end, we find that
it is natural to introduce a graded vector space T and a graded algebra T with some
splitting maps A and A™. Using the assumed invertibility of the transition maps Iy, an
elementary fact from algebra then leads directly to the Hopf algebra structure that appears
below in the definition of a concrete regularity structure. (The curious reader can see Pro-
position 48 in Appendix B. We do not need to understand the details of its simple proof
now.)

Note that the dimension d of the state space, or the fact that it is Euclidean, plays no
role in this discussion.

We choose to record the essential features of this discussion in the definition of a
“concrete” regularity structure given below; this is a special form of the more general
notion of regularity structure from Hairer’s seminal work [53]. The reader should keep in
mind that the entire algebraic setting can be understood at a basic level from the above
consistency requirements on a given local description device. We invite the reader to look
at Appendix B and read the definitions and basic properties of bialgebras, Hopf algebras,
and comodules. It is better to read this appendix in the light of the preceding discussion.

2.2. Regularity structures

We define in this section a particular form of regularity structure that turns out to be
sufficient for the study of (systems of) singular stochastic PDE(s). A number of notations
are fixed here. A general regularity structure is defined in [53, Section 2] and recalled
at the end of this section. The following particular form can be essentially found in [53,
Section 8] and [20]. The following definition is to be read in the light of the discussion of
Section 2.1 and will be best understood by recalling first from Appendix B the definition
of a Hopf algebra and the meaning of connectedness in this setting.
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Definition. A concrete regularity structure T = (T, T) is the pair of graded vector

spaces
Thr=P Tt T=E718

acAt BeA
such that the following holds.
¢ The vector spaces T, and T are finite dimensional.

+ The vector space TV is a connected graded bialgebra with unit 1., counit 1/, cop-
roduct AT : Tt — TT ® T, and grading A™ C [0, 00).

* The index set A for T is a locally finite subset of R bounded below. The vector space
T is a right comodule over T that is, T is equipped with a splitting map A : T —
T ® T which satisfies

(AQINA = (Id® ATH)A and (Id® 1’+)A = Id. 2.8)
Moreover, for any 8 € A,

AT C P T T, (2.9)

a>0

We denote by
T:=((TT,AT).(T.0))

a concrete regularity structure.

Recall that € denotes an algebraic sum, so each element of T is a linear combin-
ation of elements of T05+) for finitely many a, even if A*) is an infinite set. The different
elements that appear in the definition of a concrete regularity structure will acquire later
a concrete meaning. The elements of 7 and 7 will index some expansion devices for
the study of a given (system of) singular stochastic PDE(s) — remember that each equation
will have its own regularity structure. We saw in Section 2.1 the meaning of the splitting
maps A and AT and their intertwining/coherence relations (2.7) in terms of some expan-
sion device. Recall from the definition of the graded bialgebra given in Appendix B that
To" = (14)and TS T C Ta++ﬂ for any o, B € AT. By Proposition 48, the bialgebra 7+ is
indeed a Hopf algebra; we denote by S its antipode. Denotingby M : Tt @ T+ — T+
the multiplication operator M (a ® b) := ab, and by 1/, the counit of T+ — think of it as
a dual vector to the vector 14, the antipode S is characterized by the identity

MId® S)ATT = M(S4 ID)ATT =1/ (7)14.
Moreover, the coproduct A™ satisfies AT1; =1, ® 1, and

Atrefrolitliort Y TIRTS,) (2.10)

0<o'<a
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for any t € TJ with o > 0. Similarly, it is straightforward from (2.8) and (2.9) to check
that
Arelr@li+ Y Tp T, @.11)
B'<B
for any 7 € Tg. This identity will later imply for a set (ITy7)y . of reference func-
tions/distributions that I,/ >~ 1,7, up to some terms of smaller “homogeneity” 8’ < f.
For an arbitrary element t in 7', set

‘L’ZZTﬁE@Tﬁ.

BeA BeA

We use a similar notation for elements of T+. An element  of TDEJF) is said to be homo-
geneous and is assigned homogeneity |t| := a. The homogeneous spaces Tg and T, being
finite dimensional, all norms on them are equivalent; we use a generic notation | - ||g or
|| - |l for norms on these spaces. For simplicity, we write

[7lle == ll7alle- (2.12)

Note that we do not assume any relation between the linear spaces 7 and T at that stage.
Note also that the homogeneity function | - | takes values in R, and that the parameter
in (2.11) can be non-positive, unlike in (2.10).

Notations.

o Let B} and Bp be bases of T, and Tg, respectively. Set

8t:= ] 8f. 8:=J 8.
acAt BeA

*  Recall from the end of Section 1 our convention about statements of the form ™).
Given o, € B, we use the notation 6 < 1 to mean that 6 = t or lo| < |z|; we
write /o for the element of T defined by the expansion

AP = Y o/ Mo (2.13)

g€£(+)’g§(+)t
Write o <) © to mean further that o is different from t. The notations /o and
o <) 1 are only used for t and o in B,

It should be noted that, for any regularity structure T = (T, T), the pair
THe= (T, A%).(TF. A7)

also define a regularity structure. The polynomial regularity structure defined later takes
such a form. Also, an algebraic structure arising from branched rough paths considered
in [49] essentially takes the above form. In general, we consider two distinct spaces 7
and T to encode distributions by the vector space T which is not defined as an algebra.
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Interpreting the splitting maps A and AT as chopping elements into pieces, keep in
mind that /"o can be a sum of elements of 71, in case o appears “at different places”
as a part of 7. This will be particularly clear in formula (2.14) below for the polynomial
regularity structure, where the binomial coefficient ('lf) will account for the number of X ¢

inside X", for 0 < £ < n. Note that, for 6 <™ 7 in 8, we have

AT/ Poy= 3" (/P& (r/Pn

o<Hp<H¢
=1/Po)y @14 +11 ® (r/Mo)
+ > /Poye /Py

0<(+)n<(+)t

These two identities are direct consequences of the co-associativity properties
(AP RIHAD = (1[d® AT)AD,

of the coproduct A, obtained by identifying the corresponding terms on the left- and
right-hand sides. In the setting of singular stochastic PDEs where the elements of T are
(decorated) trees, /o will be a product of trees, and each of these trees will eventually
be involved in the action of re-centering the corresponding analytic objects to a given
running point while leaving the trunk tree o untouched. The definition of a model given
in Section 2.3 illustrates exactly this picture.

Here are two examples of regularity structures.

— Let symbols Xi,..., X4z be given. For n € Nd, set X" = X;“ ---XZ”; this is an
element of the free commutative algebra with unit 1(:= X°) generated by the X;. We
can see that Ty := span{X";n € N} is a bialgebra with the coproduct

Ap X" = Z(’Z)Xﬁ ® X"t (2.14)
{<n

Let s = (s;) € (N \ {0})¢ be an integer-valued fixed vector, called a scaling. This
vector accounts for the natural scaling properties in the different directions of R¢ for
the problem at hand. If, for instance, R4 does not stand for the isotropic Euclidean
space but rather for a non-isotropic space with topology R¢, as a Lie group, different
directions will naturally have different homogeneities, depending on the geometry of
the space. We define the scaled degree of n € N by

d
Inls = Zgini-

i=1

Then, the definition 7, = span{X”; |n|s = «} gives a grading for the bialgebra Tx.
Since Ty = span{1}, the space Ty is a connected graded bialgebra. Thus, it is indeed
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a Hopf algebra; the antipode is actually given by S+ X" = (—X)". The polynomial
regularity structure is given by

‘IX = ((TX, Apol)v (TX’ Apol))~

— To have another picture in mind, think of 7 and T as sets of possibly labelled
rooted trees, with T consisting only of trees with positive tree homogeneities — a
homogeneity is assigned to each labelled tree. This notion of homogeneity induces the
decomposition (2.11) of T into linear spaces spanned by trees with equal homogen-
eities; a similar decomposition holds for 7. The coproduct Az is typically a sum
over subtrees o of T with the same root as 7, and 7/0 is the quotient tree obtained
from t by identifying o with the root; this quotient tree is better seen as a product of
trees. See Section 9 for constructions of regularity structures of this sort associated
with singular stochastic PDEs. For such regularity structures, the minimum regularity
of the elements of T is given by the minimum regularity of the noises in the equation.
One can leave aside trees by the time we arrive at Section 9 and work in the abstract
setting of this section throughout.

A group of linear transforms on the space 7t has an important role in [53].
Definition. A character g on the Hopf algebra TV is a linear map g : T+ — R such that

g(1y) = 1and g(t112) = g(11)g(12) for any 71, 75 € T™. The set G of all characters
of the algebra 7 turns into a group with the convolution product * defined by

(g1*8)T:=(g1®g)ATr, TeT™,

where we identify the tensor product of two real numbers with their product. The unit of
G is the counit 1/, of 7", and the inverse of g € G is given by g~
S is the antipode of TT. The group G is called structure group.

:= g oS, where

Think of the usual convolution product (g1 * g2)(x) = [ g1(»)g2(x — y)dy, where
one first splits x into y and x — y, and then applies f and g to each piece, before taking
the product and summing over all possible splittings. The group GT acts on T from left.
One associates to a character g of T the map

g=MegA:T—>T
from T to itself. We have indeed
gixg2=g1°% (2.15)
for any g1, g> € G, as a direct consequence of the comodule property (2.8). Indeed,

S+ =048 (g1 *g)A=1d® g ®g)Id® AT)A
=(d® g1 ® g2)(A RIA = (&1 ® g2)A

=gi°8.
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Also, for any t € Tg,

g(r) — t @ Tg,

B'<B

as a consequence of the structural identity (2.11). Similarly, one defines the action of G+
on T+ by
gt=WegAT : TT > TF

for g € G. This operator also satisfies the properties similar to .
At the end of this section, we recall from [53] the original definition of regularity
structures.

Definition. A regularity structure T = (A, T, G) consists of the following.
(1) A:asubset of R such that the set {& € A; o < y} is finite for every y € R.
(2) T = @yep To: an algebraic sum of Banach spaces (Tq, || - [|a)-

(3) G: a group of continuous linear operators on T such that, forany I' € Gand o € A,

C-1)T, ¢ P Tp.

BeA, B<a

A concrete regularity structure ((T+, A1), (T, A)) turns into a regularity structure in
the above sense, by setting A = A, T =T, and G = {g}gzci+. The map g is denoted
by Iy in Hairer’s work [53], where G = {T¢, g € G} is defined as a (particular form
of) structure group. In this article, we prefer the former Fourier-like notation, which is
consistent with the fact that the “hat” map defines a linear representation of G into
L(T).

2.3. Models and modelled distributions

The preceding section contains the algebraic backbone of regularity structures. Its analytic
flesh is introduced in this section on models and modelled distributions. This analytic
setting depends on which (system of) singular stochastic PDE(s) one studies. We will
not use the same function spaces to analyze a class of equations involving only the heat
operator (d; — A,) and a system of two equations involving (d; — Ay) for one and an
operator with a different scaling for the other, like (3; + (—Ax)%), or simply (—Ay)?,
with 0 < a # 1, for the other. We choose to concentrate in the present work on para-
bolic equations involving the heat operator only. We will thus work throughout with the
parabolic space R x R, with generic point x = (xg, x’) = (xi);izo, equipped with the
distance function

d(x,y) = d((x0.x"), (vo. ") = vIxo = yol + |x" = y'|.

The Holder spaces introduced in the next paragraph of this section will play a promin-
ent role. They are used in the second paragraph to define models over a given regularity
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structure. Models give us the reference functions/distributions (ITx7)(-) and gyx(u) that
we will use in our expansion devices to describe potential solutions of given singular
stochastic PDEs. Expansion devices associate to each spacetime point a distribution meant
to give the local description of a globally defined distribution. There is however no reason
that such a globally defined distribution exists if no condition on its local “jets” is imposed.
The appropriate consistency condition is encoded in the definition of a modelled dis-
tribution. Under this consistency condition, it is a fundamental fact that all these local
descriptions can be patched together to define a unique globally defined distribution loc-
ally that is close to its local description, everywhere. This is what the reconstruction
theorem does for us. We end this section with a paragraph on the special properties of
modelled distributions representing functions.

Function spaces. Set
=(2,1,...,1) e N x N4,

and define, for any multi-index n = (ng,n1,...,n4) € N x N9, the scaled degree of n
by
In|s :=2no +ny + -+ ng.

Throughout this article, we define some analytic tools by using the specific kernel ap-
proach as introduced in Otto and Weber [76], instead of the local presentation as in [53].
We define a non-positive elliptic operator on R x R¢

g =05 — AL

and denote by
Pt - el g

its semigroup, and by p,(x, y) its kernel with respect to Lebesgue measure. It is a sym-
metric function of (x, y) that satisfies the scaling property

Pe(x,y) =174 = 9) o< <a)

for a Schwartz function p € §(R x R?). The estimate

a=|n|s

/Iaxpr(x V|de(x.y)dy St (2.16)

holds as a consequence for any multi-index n € N x N¢ and any positive exponent a. For
a fixed positive integer N € N, we define operators Q(N) and P(N), setting

W)\ (pgyNet® p) / Q(N)ds

This implies that Pt(N) = P(—1%)e'? for a monic polynomial P of degree N. One has in
particular P,(l) = P;, and

) owmds | L
PV = [ oM™= 1 pM. (2.17)
t
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(Those who know a little about Littlewood—Paley decomposition will recognize in Q;N)
the counterpart of the Littlewood—Paley projectors A; and in the integral with respect
to the measure ds/s the counterpart of the uniform measure on the integers; the integ-
ral operator associated with PI(N) plays the role of A_y; this is an infinitely smoothing
operator.)

Definition. Fix N > 1 and pick a real number o« < 4N. We define the a-Holder space
€%(R x R?) as the set of tempered distributions on R x R¢ with finite €¥-norm defined
by

IAllee = | PYY (M) pcouray + 50D 73 OV (M) Lo cray-
0<t<1

We work with the elements of §’ (the space of tempered distributions) satisfying global
Holder estimates. In contrast, Hairer [53] considered the elements of D’ (the dual of com-
pactly supported smooth functions) satisfying local Holder estimates. Such a technical
difference is not important here, but when considering distributions diverging at infinity,
the former definition should be appropriately modified by incorporating weight functions.
See [11] for instance.

The constraint on o of €% comes from the fact that all polynomials of scaled degree no
greater than 4N are in the kernel of the operator QﬁN). The above definition of the Holder
spaces depends on N, for the range of regularity exponents considered; write momentarily
€Y (R x R?). We remark that if «/4 < N < N’ are given, then one can prove that the
N- and N’-dependent norms are equivalent on €5 (R x R?) — this is a classical fact,
worked out, e.g., in [3, Appendix A]. In the sequel, the exponent N is fixed once and for
all to a large enough value depending on the problem at hand, so we do not record it in
the notations for the Holder spaces. More generally, one can define Holder spaces using
other elliptic operators than § with the same “scaling properties” as & ; the spaces will be
identical and the different norms equivalent. We will use this remark only in the proof of
Proposition 11 on the classical Schauder estimates. One can also show that for a positive
non-integer regularity exponent a the space €%(R x R?) coincides with the usual space
of a-Holder functions, for the parabolic distance d, with equivalent norms. See, e.g., the
proof of [3, Proposition 2.5].

Note that if ¢ < 0, then the equivalence

IAllee ~ sup =% [P (M) poomuay = SUP 1T HIPHA) | pomnray  (218)
0<r<l1 0<r<l1

holds. The middle term is bounded by the right one, because Pl(l) = Py and QEI) =
¢(t§) P;/, with a uniformly bounded operator ¢(¢§). The other direction follows from
identity (2.17) relating the operators P and Q.

Remark. Otto and Weber [76] were the first to use the semigroup generated by ¥ in a
singular stochastic PDE setting.
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Models. Recall from the introduction of Section 2 the intuitive motivation for introdu-
cing regularity structures. Whereas the algebra involved in the use of local description
devices is captured by the notion of regularity structure, the actual family of functions and
distributions involved in these local descriptions is captured by the notion of model over
a regularity structure.

Definition 1. A model over a regularity structure T is a pair (g, [T1) of maps
g:RxRY - G*, TI:T — §'(RxRY)

with the following properties.

o Setgyy:=gy*g, foreachx,y € R x R¥. For each exponent y € R, one has

|8yx ()]

lglly == sup sup =S < 00, (2.19)

1eB+,|t|<y x,ycRxR4 d(y,x)

* The map IT is linear. Set
e := (Mg A
for each x € R x R¥. For each exponent y € R, one has
_lal

|TI8]|, :=  sup sup 1~ 4 [(&o, pi(x,-))| < oco. (2.20)

0€B,|lo|<y xeRxR4, 0<t<1

We also define a pseudo-distance on the space of models over a given regularity structure
setting for each y € R

lgyx(7) — gg;x (0]

lo| ’
d, (M, M) := sup ¢4 (T80 — T8 0, p;(x,-))].
! €81, |t|<y d(y, x)\l'| oeB,|o|<y |( * x )|

x,yeRxRY xeRxR4
0<r<l1

(2.21)

By the analytic properties of (g, IT), we have
gx (T
”g”y = Sup Sup M < 0 (222)

0,71€8,|o|<|t|<y x,yeRxR4 d(y,x)le=lol

where (-), denotes the o-components of elements of 7'. In Hairer’s original work [53], a
pair (IT = {I1x}x, I’ = {I')x}x,y) of the family of linear operators

M,:7T - S RxRY), T, :T—>T

is called a model if it satisfies analytic conditions (2.20) and (2.22) and algebraic condi-
tions

I, = 1_Iyl—‘yxv Ixx =1d, I'zx = 1-‘zyry)p
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In our setting, the choice of operators I1y := I1¢ and Iy, = g/y} provides a model in the
original meaning. The algebraic conditions satisfied by II, and Iy, are encoded by the
algebraic properties of A and A™. Indeed, since g;l *gyx = gr L,

MEogyy = (M®g" ®g)(AI)A
= (Mg ®g)lde AH)A
= (M ® (g, *gyx)A =TE. (2.23)

So, the above choice is more specific, but such a specific choice can be found in [53,
Section 8] and [20, 26]. We also remark that for the analytic estimates in original defin-
ition [53] the supremum over x, y are local, and a family compactly supported test
functions are considered in the condition (2.20), instead of a single function p;(x, -). For
simplicity, we use the global estimates (2.19) and (2.20) in this article.

Emphasize that g acts on T, while IT acts on T, and note that g plays on T the
same role as that of Il on T:fort € TT and ¢ € T, one has

gx(0) = (5() ®gr'()ATe, (o)) = (MO @ &' () A,
in a distributional sense for the latter. Therefore, the maps
(H(g)t)(x) =ge(1), xeRxRY reTt

define a model (g, [1®) on T+ = (T+, 7).

In the class of problems we consider, it is sufficient in each problem to fix y € Rto a
large enough value; we omit as a consequence this parameter from the notations, unless
necessary. We emphasize the dependence of I1, on g using our notation. We stress that
Iz is only an element of §'(R x R¢). Think of IT as an interpretation operator for the
symbols 7, with t encoding the structure of the analytic object ITt. One can think of
M%7 = (I ® g;')Ar, as It “fully recentered” at x, to give it a concrete meaning. The
splitting map A identifies the different sets of internal pieces of 7 that can be “recentered”
to the point x by the action of the map g !, with the full recentering operation on It
being the result of all these recentering operations. Condition (2.20) conveys the idea that
I18 ¢ behaves af point x like an element of €!7/(R x R?), as a result of this full recentering
operation. We will see in Section 9 concrete examples of recentering operations that can
be understood as replacing a function by its Taylor remainder of a certain degree.

The following immediate consequence of the bound (2.20) will be useful in the next
section.

Proposition 2. One has
lel—|n|s
sup [ A |<H§Cr, 8"p,(x,-))| < 00

x
xeRxR4, 0<t<1

for any model (T1,g) on T, T € B, andn € N x N4,
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Proof. By the semigroup property,
Bopi(.) = [ Bipy (2 py Gz

We need to apply the distribution I1§ 7 to the kernel p L (z,-). Using the expansion (2.13)
of At and the relation (2.23) to write T1&7 in terms of IT¢7, one has

(B, pu(z,0)] = \Z gzx<r/o)(n§a,p%<z,->)1 < dG, xS

O=<T O=<T

from the bound (2.20) in the definition of a model. Using the bound (2.16) on the moments
of the heat kernel, we then have

(M. epi )] 5 Zt%[|3§P%(x»Z)|d(2,x)‘r|_|"|dz

o<t

lol  |zl=lol=Inls lzl=Inls
< E t4t 4 <t 4, | |

o<t

We close this paragraph by the remark about the situation where all the It are some
continuous functions. Then, it follows from the bound on (I1& 1, p;(x,-)), and the fact that
p1(x,-) is converging to a Dirac mass at x, that the function 1§t satisfies (115 7)(x) = 0
for all T € T such that || > 0. This will be the case of the smooth (possibly renormalized)
models from Section 6.

Modelled distributions and their reconstruction. Think of a 7 -valued function f on
R x R as the data needed to associate with each spacetime point x € R x R the local
description T1§ f (x) of a possibly globally defined distribution close to 1% f (x) near
each x. There is no reason that such a globally defined object exists if one does not impose
relations between the different components of f . This is what the next definition does. For
areal number y > B, set

o, =P18. 14, =T, .
B<y o<y
Recall from (2.12) the meaning of the notation || t||, fora € Aandt € T

Definition 3. Letg: R x R? — G be a function satisfying (2.19). Fix a regularity expo-
nent y € R. One defines the space DY (T, g) of distributions modelled on the regularity
structure T, with transition g, as the space of functions f : R x R? — T, such that

1£lor =max sup [ £(0)], <o,
B<Y xeRxR4

1 fllor = max  sup L) =B S Dllg
B<Y x,yeRxRd d(y,x)r—*
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Set || fllor :=1f1or + |I.f |l or. We also define the pseudo-distance between two mod-
elled distributions f € DY (T, g) and f' € DY (T, g') defined for two distinct models
M = (g, IT) and M’ = (g’, IT'), by setting

W= s el sl

x,yeERxRI P<Y

I G A O
d(y,x)r=# ’

(As in the definition of models, we choose a global bound to define modelled distri-
butions — the original definition in [53, Section 2] relies on the local bounds. Since we
consider the equations on the domain (xo, x") € [0, T] x T, there is no difference between
global and local bounds on the spatial variable x’. In Section 4 below, we will consider a
weighted norm with respect to the time variable x.)

For a basis element 0 € B8 C T, and an arbitrary element 4 in 7', denote by h, its
component on o in the basis B. For a modelled distribution f(-) = Y ,cg fo(-)o in
DY(T, g), and 0¢ € B, we have

(fO) = Bxf (D), = foe() = Y 8yx(T/00) fr(x)

=00

= foo(9) = foo(X) = Y gyx(t/00) fr(x). (2.24)

>00

Examples.

* The archetype of a modelled distribution is given by the lift

)
fO):= )" fn—!(x)X ", (2.25)

[nls<y

in the polynomial regularity structure of a y-Holder real-valued function f on R x R4
with a positive regularity exponent y. The identities (2.24) become in that case the
Taylor expansions

fPmN-rPw- > %f‘”“)(x)(y —x)t = 0(d(y.x)r ") (2.26)

[Cle<y—Inls

satisfied by each . Note here that the function f on R x R? is y-Holder iff there
exists a family ( f,),enxNd- [72]s < y of functions on R x R satisfying fo = f and
the condition (2.26) with f, in the role of f). The “if” part holds because one can
get f, = £ from (2.26) inductively. The “only if” part is the classical and element-
ary fact for the isotropic case and can be found in [53, Appendix A] for anisotropic
cases. So, the notion of modelled distribution with values in the polynomial regularity
structure captures exactly the classical notion of regularity.
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* Given a basis element T € B, set

h*(x) =gt —7= ) _g:(t/o)o. (2.27)

o<t

It follows from identity (2.9) in the definition of a concrete regularity structure that £°
takes values in T<|¢|. Since g,x © gx = gy by (2.15), it follows that

BT (y) = gyx(h*(x)) = (&7 — 1) — gx (€7 — 7)
=(gyt—1)— (87T —Gyx7)
=gt —T = Z gyx(t/0)0.

o<T

The size estimate |gyx(t/0)| < d(y, x)!71=1ol required from the g-component of a
model then shows that &% is a modelled distribution in D! (T<jz)5 8).

o If f() =Y ,cg fo()o is an element of DY (T, g), then, for each T € B, the T*-
valued function

f1e() =Y fs()o/z

o>T
is an element of DY~17I(T*, g), where we denote by DY (T, g) the space of T+-
valued modelled distributions with transition g. Recall that
:J~+ — (T+, T+)
is also a regularity structure.

The next statement says that the consistency condition encoded in the notion of mod-
elled distribution f ensures the existence of a globally defined object close to 1% f (x)
near each x € R x R and gives condition for uniqueness. Recall that A stands for the
index set in the grading of 7" and set

Bo :=min 4.

Theorem 4 (Reconstruction theorem). Let T be a concrete regularity structure and M =
(g, IT) a model over T. Fix a regularity exponent y € R \ {0}. There exists a linear con-
tinuous operator

R": D (T, g) — €O (R x RY)

satisfying the property
(R f = T8 £ (x), pa(x.))] < ITELf Nlowt = (228)

uniformly in f € DY (T,g), x € R x R?, and 0 <t < 1. Such an operator is unique if the
exponent y is positive.
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A distribution R f satisfying identity (2.28) is called a reconstruction of the modelled
distribution f . When y = 0, the existence of a reconstruction is not ensured by (2.28) in
general. See [23, Example 5.5]. We will see as a particular case of Corollary 6 that the
lift (2.25) of a y-Holder function f in the polynomial regularity structure has indeed f as
a reconstruction.

Notice that from the definition of T1&, we have the relation

(M @ g )A = (M®g,' ®eg)(ARIDA
=(M®g'®@g)lde AT)A
=[®1,)A =1,

and thus,
It = [M&(gyr) = M187 + T18A°.

Therefore, the constraint |(T187, p; (x,-))| < ¢/7//4, which needs to be satisfied by a model,
is equivalent to the estimate

Ot — H8AT(x), pe(x,))| = [(TIr = Y " ge(z/0)180, pi(x, )| < d1TV4 (2.29)
(r1e — )| =|(me-=X" : )

o<T

which says that It is a/the reconstruction of the modelled distribution A® from (2.27),
depending on whether |t| < 0 or |t| > 0. Since, for |7| < 0, the difference (*) of two
reconstructions of A® satisfies

(), pe(x, )| < oI/

forall x € R x R?, this difference is a €7l (R x R9) distribution from identity (2.18). So,
the estimate (2.29) shows in particular that we could require from scratch that the IT map
of a model of T takes values in €£"0(R x R¥) rather than §’(R x R?). The case |t| =0
does not cause any problem as we assume that the only element of 7" of null homogeneity
is 1.

We will only work with DY (T, g)-spaces with positive regularity exponents y in our
study of singular stochastic PDEs. We only give a proof of the reconstruction theorem in
that setting, following Otto and Weber’s nice approach [76]. An extension to the inhomo-
geneous integral kernels can be found in [64]. See Friz and Hairer’s lecture notes [43]
for another treatment along these lines. See Hairer’s original work [53] or the references
given in Appendix D for a proof of Theorem 4 in the case y < 0.

Proof. Existence. We construct explicitly a reconstruction operator. Note first that since

(T8 f () — TE £ (1)) () = (TTE(£ () — G f (1)) ()
=Y (fO) =g f (), (MET)(),

teB
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one has

(MEf ) - TEf (). per )| £ Y dyo) s,

Te€B,|t|<y

from the bounds on models and modelled distributions. For0 <s <¢ <1and x € R x R?,
set

I (x) = / Pe—s(r IS £ (7). sy )dy.

We will obtain the distribution RY f* from I} under the form lim, o lim, o If, with the
limits taken in that order, with s sent to O first and then ¢ sent to 0. First, from the bounds
on modelled distributions, we have

L) = (M8 £ (), pe(x,) and L) = 3|0 |(Mee pi(x)| <07,

teB

and moreover, for 0 < s’ < s <t < 1, we have from the semigroup property of the kernel
p the x-uniform estimate

| (x) = I (%)

‘/ Pi—s(x,2) ps—s (2, (T f () = TE £ (2), ps'(y,-))dz dy

_ Izl
< Y | pes D) pey )y, 2 1) T dz dy
T€B,|T|<y
S Y =T
T€B,|t|<y

For s’ € [s/2,s), this implies that
1 (x) — L (x)| < s%. (2.30)

For s’ € (0,5/2), by taking n € N such that s” € [s/2" "1, 5/2"), we have

n—1
1) = T(0)] < DT pm (6) = T i (0] 4 [T 0 (¥) — T ()|
m=0

n—1
S Y (s/2M)5 + (s/2M s s5h
m=0
Thus, the bound (2.30) holds uniformly over 0 < s’ < 5. Hence, the (locally in ¢) uniform
limit
Ty (x) = m(x)

exists, since Y is positive. As the identity P,/I, = If)“/ follows from the semigroup prop-
erty, we see from (2.18) that {I5}o<;<1 is bounded in the space €ho(R x R¥). (Note that
all of the above estimates on Ig hold over 0 < s < ¢ < 2, since the bounds on T1&7 can be
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extended to 0 < ¢t < 2 by a similar argument to Proposition 2.) Therefore, by noting the
continuity of # — P; A,

[(Pr —Id)Allepo— < 14| Alleso
forany e > Oand A € eho (see, e.g., [64, Lemma 2.15]) for 0 < s <t < 1, we have
1o — L leso— = I1(Pr—s — 1L llepo— < (1 — )4 1 lleso S (6 —5)%.

Hence, {I}}o</<1 converges in €ho—¢(R x R?) as ¢ goes to 0 for any & > 0. Denote its
limit by R £, Since

(R £, pi(x.)) = lim({E5. pi(x.)) = lim 15 () = Ty x),

we have actually R” f € € (R x R?) from the x-uniform bound 1T (x)| < tBo/4 Letting
s = t and sending s’ to 0 in (2.30), we can check that RM f satisfies the bound (2.28).

Uniqueness. To prove the uniqueness of the reconstruction operator on DY (T, g) when
the regularity exponent y is positive, we start from the identity

Y
%

(R f — R"Y £ pi(x. )| S 15,

satisfied uniformly in x € R x R¢ by any other reconstruction operator (R™)’. As for any
Schwartz function ¢ € S(R x R) the convolutions [ @(x)ps(x, z)dx converge to ¢ in
the smooth topology, one has from the symmetry of the kernels p, and the fact that y is
positive

(R~ (R) f o) = fimy [ (RS = @R £ puCx. o) = limO(:F) =0, m
One can use Proposition 2 to improve estimate (2.28) under the form

y=lnls

(R f = T8 f (x), B pe(x,0))| S 1%, (2.31)

uniformly in x € R x Rd, foreachn € N x N9,

We now state two standard properties of the reconstruction operator. The following
fact implies that (R™ £, ¢) depends only on the restriction of f to the support of ¢. This
fact is used to define the reconstructions of modelled distributions which are given in
(0,1) x R4 witht € (0, 00], notin R x R<. See Theorem 20 and Section 4.3.

Corollary 5. Pick y positive. If f € DY (T, g) is null on an open set U C R x R?, then
RMf =00onU.

Proof. Since the mapping x +> I1% £ (x) is null on U, it follows from estimate (2.28) that

|<RMf’ Pt(x")>| < ty/4
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for all x € U. For a smooth function ¢ with compact support in U, one can use the
convergence of [ ¢(x)p;(x,z)dx to ¢ as ¢t > 0 goes to 0 in an appropriate C k space to
get

(R 7 .0) = im [ o[RS pir. hdx = 0. .

The following fact is an immediate consequence of uniqueness in the reconstruction
theorem; it is used in Section 4 and implies in particular that the lift (2.25) of a y-Holder
function f in the polynomial regularity structure has indeed f as a reconstruction.

Corollary 6. Pick y positive and f € DY (T, g). If the model (g, I1) takes values in the
space of smooth functions on R x R?, then the mapping

x = (O f () (x)
is itself a continuous function and

(RYf)(x) = (& f (x)) (x). (2.32)

Remark. One may wonder for which class of T-valued functions the reconstruction the-
orem holds. Caravenna and Zambotti proved in [23] a new notion of germs. A family of
distributions (fx)erxrd C S'(R X R?) which is measurable in x is called a germ. For
any y € R, the germ ( fy)x is called y-coherent if there exists By < y A 0 such that

16— fo el 12 a0 + 7

(Here, we present a simplified definition rather than the original definition in [23].) Cara-
venna and Zambotti [23] stated a more general reconstruction theorem at the level of
coherent germs (Theorem 5.1 therein) and also stated that the coherence is actually neces-
sary for the existence of the reconstruction (Theorem 6.1 therein). For any models M =
(T1, g) and modelled distributions f € DY (T, g), the x-dependent distributions I1& £ (x)
define a coherent germ.

Function-like comodules. Throughout we will work with regularity structures satisfy-
ing the following assumption saying that T and T contain the polynomial regularity
structure.

Assumption Al. The concrete regularity structure ((7, A1), (T, A)) contains the poly-
nomial regularity structure in the following sense. One has i)’éf) ={X ("+); |n|s = a}, for

asymbol X4 € T and any integer o € N, and
H)yn n L n—{
ATXG = Z(g)xm ® X
l<n

The notation X} allows to distinguish the elements in BT and B. Note that we always
have X on the right-hand side of the above tensor product while we have X or X on
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the left-hand side depending on whether we work on 7 or 7. Set
B = {X":neNxN9}, By:={X"neNxN,
and write
1, =X, 1=Xx°
By assumption, for any integer o, the basis 58,§+) consists exactly of the elements X (”+)

with |n|s = «. Therefore, these polynomials are the only elements of 7() with integer
homogeneities. In particular, TO(+) is a one-dimensional vector space.
Note the use of X in the formula for A X”. The space

T;’ = span(!B;)
with A7 is isomorphic to a polynomial regularity structure, while the space
Tx := span(By)

with A is a right comodule over T;’ . One defines a canonical model over the polynomial
regularity structure
Ty := ((Ty, AT), (Tx. D))

setting for all x, y € R x R9,
gx(X1):==x", (IX")(y) = y".

We see that g (X”) = (y — x)" and (T8 X™)(y) = (y — x)*, so (g, I1) is indeed a model
over Jx.

Assumption A2. Under Assumption Al, we only consider models (I, g) whose re-
striction to T is the canonical model.

We only work from now on with regularity structures satisfying Assumptions Al
and A2. It is useful, to deal with sub-regularity structures of a given regularity structure,
to introduce the following notion. A linear subspace V of T is called a subcomodule if

AVCVRTT;

that is, defining V,, := V N Ty, the pair (T, A™), (V, A)) is a regularity structure. A
subcomodule V is said to be function-like, if V satisfies Assumptions Al and A2 and if
Vg = 0 whenever B < 0. Given a subcomodule V, set

ao(V) :=min{a € 4; Vo #0, a ¢ N}
if there is @ ¢ N such that V, # 0; otherwise, oo (V) := oo.

Corollary 7. Let V be a function-like comodule. For a positive regularity exponent y and
f € DY (V,g), one has R f € €W (R x R?) and for all x € R x R?

(R"f)(x) = fi(x).
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Proof. Set B = ao(V) A y. To see the regularity of f;, we write

fo= Y 0 S L g Y Ao

In|s<B €8, |t|=B €8, |t|=8

By expanding (f (y) — gyx f (x))xn = O(d(x, y)Y~"ls) for any |n|s < 8, we have

A= Y o n(gre )y, = 0(d( ).

£!
[ls<y—Inls

Since (gyx g(x))x» = O(d(x, y)?~"l=), we have
fn [(x) —(n
RO = Y T =0t = 0(d )P,
s <y—Inls ’
This implies that fy = f; € €# and f, = 3" f;. Therefore,

(fi—TEf(x). pe(x,)) = <f1 - > %(' —x)" + Hig(x),pt(x,-)>

Inls<B
= (O(d(x’ )ﬂ) + Hig(x)v pt(xv )) = O([%)

The uniqueness part of the proof of the reconstruction theorem, Theorem 4, makes it clear
that the reconstruction RM f of f € DY (T, g), with y > 0, is characterized by the estimate

(R f = TI8 f (x), pe(x, )| S 27,

whatever positive exponent y’ appears in the upper bound. Hence, RM f = f;. ]

2.4. Products and derivatives

Other regularity structures than the polynomial regularity structure can be used to “model”
functions. In good cases, they come equipped with a bilinear operation that plays the role
played by multiplication in the usual setting and allows to define the image of a modelled
distribution by a nonlinear map. This is what this section is about.

Let V, W be subcomodules of 7" and set

Vo=V NTy, Wyi=WnNT,.

Definition. A product on V x W is a continuous bilinear map + : V x W — T such that
Vo * Wg C Ty4p forall o, B € A. The product is said to be regular it

At *x0) = (At)(Ao)

forall t € V and o € W. On the right-hand side, the product (V @ TT) x (W @ TT) —
T ® T is canonically defined from * and the product of 77, setting

(T @ ®@v):=(t%0) ® (uv).
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The regularity structures used in the study of singular PDEs have elements that are
decorated rooted trees. The product is given as a tree product in that setting, and such a
product is regular in the above sense. The details will be found in Section 9. A regular
product « satisfies

g(rx0) =g(r)* g(0)

for any character g on T . For regularity structures containing the polynomial regularity
structure, one asks the following consistency assumption.

Assumption A3. Under Assumption A1, the product between Tx and T is always defined
and satisfies

lxt=tx1=1 forallteT, X*xX’'=XF" forallk,¢e N x N¥,

We remark that Assumption A3 is not contained in Hairer’s general definition [53] (of
course always assumed in the specific regularity structure of decorated rooted trees [17,20,
26]). We make this assumption here because it is used in the proof of “Whitney’s extension
theorem” (Theorem 52 in appendix) by Martin [74]. Assumptions Al, A2, and A3 are
jointly called Assumption A. The proof of the next statement is elementary and left to the
reader. See the proof of [53, Theorem 4.6] if needed. For « < 0 < y, denote by DY the
space of modelled distributions of the form

f= Zfrf

as<|t|<y

and write
Qoy: T > T,

for the canonical projection.

Proposition 8. Let oy, 00 <0 < yq, ¥, and set y = (y1 + a2) A (y2 + 1) Let % :
V x W — T be a regular product. Given f | € D (V,g) and f, € DL (W, g), one has

Qoy(f1*xf2)e i)é/l_,_az(T, g).

The mapping (f 1, f,) = Q< (f 1 * f,) is continuous.

Let V be a function-like comodule of T equipped with an associative product
*:VxV =V

Then, * is naturally extended to the multilinear map from V" to V for any n > 1. For any
f € DY(V,g) with y > 0 and a smooth function F : R — R, we define

© FWA) - -
F*(f>:=a<y(ZFn—ff‘)f ) o= f- Al

n=0
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The sum contains only finitely many terms since the sector V' is function-like. Indeed,
since f = Za§|r|<y fot foran a > 0, we have f = Zna§|r|<ny g, T for some coef-
ficients g.. The proof of the next proposition is elementary and left to the reader; see [53,
Theorem 4.15] for a proof.

Proposition 9. Pick a positive regularity exponent y. For any f € DY (V,g) and a smooth
function F, one has F*(f) € DY (V, g). Moreover, the mapping f + F*(f) is locally
Lipschitz continuous.

Finally, we introduce a linear operator playing the role of the derivative.

Definition. A derivative is a continuous linear map D : T — T such that DT, C Ty—y
foralla € A4, and
A(Dt) = (D ® Id)At

for any t € T — by an abuse of notation, we mean T,_; = {0} ifax — 1 ¢ A.

The assumption on D implies
&(Dt) = Dg(v)

for any character g on 7. From this property, it is straightforward to show the following
statement.

Proposition 10. The mapping DY (T,g) > f + D f € DY~ (T, g) is continuous. More-
over, if I1 o D = D o I holds for a first-order differential operator D, then

RY(Df)=DR"f)
forany f € DY(T,g) withy > 1.

3. Regularity structures built from integration operators

We describe in this section a setting where one can lift a given singular PDE into an
equation set on a space of modelled distributions. The lift depends on the arbitrary choice
of a model on the regularity structure, and we will see in Section 4 that the lifted equation
has a unique local in time solution # = u(M) for every model. The solution of the initial
singular equation will be defined as the reconstruction of this unique u.

The regularity structures used for the study of singular stochastic PDEs have a particu-
lar structure that comes from the fixed-point formulation of the (system of) PDE(s) under
study. We concentrate here on the case where only one second-order differential operator
is involved, typically d; — Ay. (See Section 9 and Appendix D for comments on the gen-
eral case.) We work then with regularity structures equipped with an operator I that plays
the role of the convolution operator (3, — A,)~!, involved in the fixed-point formulation
of the equation under study. This operator is called an abstract integration map; it is intro-
duced in Section 3.2. One associates in Section 3.3 to an abstract integration operator I
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a notion of admissible TT-maps, which roughly means that T1(I7) = (3, — A,) " (I7).
For some models M = (g, IT) with IT admissible, the map I is (essentially) intertwined to
the operator (3, — A,)~! via I1. These particular models play a crucial role in Section 3.4.
We construct therein a model-dependent operator K" that is (essentially) intertwined to
(3; — Ax)™! via the reconstruction map R™, and which also has a regularizing property
analogous to a similar property enjoyed by (3, — Ax)~!. The operator K™ will be used
in Section 4 to lift the singular PDE into an equation on a space of modelled distribu-
tions. The condition that IT is admissible has some far-reaching consequences, and it is
not obvious in the first place that one can construct a non-trivial model that is admissible.
Section 3.5 is dedicated to constructing a large class of admissible models.

The main result of this section is Theorem 17, which gives the continuity property of
the operator KM,

A remark is in order before we set the scene in Section 3.1. We will restrict our study
to regularity structures for which the minimum homogeneity of its elements satisfies

Bo=minA > —2. 3.1)

This condition ensures that elements of the form I (7) that appear in the expansion of
solutions to the regularity structure lift of the considered class of singular stochastic PDE
are of positive homogeneity. (So, if I were increasing the homogeneity of all symbols by
a, we would require 89 > —a.) While the generalized (KPZ) equation (1.3) satisfies for
instance this assumption, not all singular stochastic PDEs satisfy it. This is, for instance,
the case of the d>§, <I>‘31 or sine-Gordon equations. This kind of equations can nonetheless
be studied within the setting of regularity structures by writing their solutions as the sum
of an explicit functional of the noise and a remainder term that solves an equation that
can be formulated in a regularity structure satisfying condition (3.1) — the so-called da
Prato—Debussche trick, after similar operation was used in their work [31]. We consider
as an example the case of the CI>‘3‘ equation

@ — Ax)u = —u’ +¢,

set on the 3-dimensional torus, with { a spacetime white noise of Holder regularity
(—5/2)~. We decompose a priori the solution # into u = X + v, where

(0: —Ax)X =,
0 — Apv = —v3 = 302X —3vX?% — X3,

The polynomial functions (X");<,<3 can directly be defined as elements of en/2)”
by probabilistic means. The above equation for v can then be formulated in a regularity
structure with three noise symbols for X, X2, and X3, in which By = (=3/2)" > —2.
The interested reader will find more details on this matter for a general class of singular
stochastic PDEs in Section 5 of Bruned, Chandra, Chevyrev, and Hairer’s work [17].
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3.1. Operators on R x R?

We will be interested in (systems of) singular stochastic PDEs that involve possibly two
types of differential operators: the derivatives d; in the directions of the canonical basis of
R x R and the second-order differential operator

L:=0x, — Ay + 1.

Denote by L™! the resolution operator associating to a Schwartz function v € § (R x R?)
the solution u € §(R x R?) to the equation

Lu =v.

The strict positiveness of —Ays + 1 ensures uniqueness of a solution u € S(R x R?) to
the preceding equation. (This is the reason why we work with L rather than with the heat
operator.) The operator L™! can be represented using a variant of the elliptic operators §
introduced in Section 2.3. Indeed, we have

-1 -1
(Oxg = Aw + 1) = —(3xy + Axr — 1) (=03, + (Ay — 1)?)
o0
- _/ (8)6() + Ax’ - 1)er(3§0—(Ax/—1)2)dr.
0
Write
~1 °° P02, —(Ay—1)%) >
L :—/ (0xp + Ay — 1)e" 305 dr::/ K, dr.
0 0
We thus use the inhomogeneous operator

G:=02 — (Ay —1)?

instead of the operator & considered in Section 2.3. The contents in the previous section
hold similarly even if we redefine p; as the kernel of ¢?? . Since

q:(x,y) = —(9x + Ax — D ps(x, y),

by Proposition 2, the kernel g, (x, y) of the operator K, satisfies the x-uniform bounds

lzl=lnls—2

(Mec, g, (x,))| <r ¢ (3.2)

forany t € B, r € (0,1],and n € N x N, with the exponent |n|s + 2 coming from the
derivative operators 9" and (dx, + Ay — 1) applied to " . It is convenient, for technical
purposes, we replace g, with the function

Gr(x,y) = qr(x,y) — Pr(3x)q1(x,y)

for some r-dependent polynomial

Pr(§) = Pr(§o.61.---.8a)
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whose coefficients are bounded over r € [0, 1], chosen to satisfy the property that
[ yandy =0 (33)
RxR4

for any n € N x N such that |n|5 < N for fixed positive number N . For instance, when

N = 2, we choose

Gr(x,y) =g, (x,y) — e " Vg (x, y).

In general, by noting that Fourier transform of Q,(:) := ¢, (-, 0) is given by Q\,(E) =
F(£)e"#® for some polynomials f and g, and that

0:(8) — Pr(£)01(8) = Q1(5) (e DE® — P, (8)),

we can choose a polynomial P, () such that 8’5 (er—Dg® _ p, (§))|g=o forany |n|s < N.
By using this modified kernel, we decompose L ™! under the form

L '=K+K,

with

K:= /OlK,dr—(folP,(a)Kldr), K := /looKrdr—i-(/OlPr(a)Kldr).

It is elementary to see that the operators K’ map €7 (R x R) into €®(R x R?) for
any regularity exponent y € R. This decomposition is similar but different to the one
K=K+ Rasin [53, Lemma 5.5], where K is the Green function, K is a singular kernel
with a bounded support, and R is a smooth remainder. We concentrate on the operator K
in the remainder of this section. Denote by

1
K(x.y) = /0 G (x. )dr (3.4)

its kernel. The compensation of K ensures that

[y Ky =0

RxR4

for any |n|s < N with fixed positive number N. This property is used in the proof of
Theorem 17 in this section and the proof of Theorem 44 later.

Proposition 11 (Schauder estimates for L™1). The operators L™! and K are continuous
operators from €¥ (R x R?) into €Y +2(R x R?) for all non-integer regularity exponents
y € R.

Proof. 1t is sufficient to show the estimate for K= fol K, dr. Note that

Ki == (05 + Ax — 1),
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as g and (0xy + Ay — 1) commute. We use the freedom on the choice of the ((2,1,...,1)-
scaling) elliptic operator used to define the Holder spaces, while giving equivalent norms,
to work with the norm associated with the operator € rather than the operator §. We
emphasize that fact by writing (5§N’ for the operators built from € in the same way as
(§2§N) is built from §. Given a distribution A € €Y (R x ]Rd), with y € R non-integer, we
read on the identity

G = [ ™k A = — [ (= N@(N) 5t A DAV
s (())_/0 K (r( ))r—_/(; (S—}—}") S+r((x0+ x’_))r
the estimate .

oM (R(A)], 557 + 0™,

The result follows for all y + 2 < 4N. The equivalence of the different Holder norms
corresponding to different choices of N gives the conclusion. ]

(We refer the reader to Section 14.3 of the second edition of Friz and Hairer’s lecture
notes [43] for a particularly nice proof of the classical Schauder estimates using different
tools.) For a regularity structure J for which B9 = min A > —2, and a model (I, g) on
it, Schauder estimates imply in particular that all the distributions K(ITt)(-), hence all the
distributions K(I1&7), are actually defined pointwise for any x € R x R¢, making sense
of K(IT§1)(x), or even d"K(I1§7)(x), for |n|s < Bo + 2. The following lemma allows
to take profit from the fact that T18 ¢ behaves near x “as” an element of €/7I(R x R?), to
give meaning to 9" K(I1%7)(x), for all multi-indices n such that |n|s < |7]| + 2.

Lemma 12. Assume By > —2. Givent € B andn € N x N9, the integral

1

("K(T187)) (x) := (87, 9% K (x,-)) := / (&<, %G, (x,-))dr (3.5)
0

converges for all x € R x R4, provided |n|s < |t| + 2.

Proof. Tt follows from (3.2) that the first term on the right-hand side of (3.5) is integrable
overr € (0,1) if
|t| — |nls > —2. |

The R x R¥%-indexed distributions R™ f — I1& f (x) satisfy a similar bound to (3.2)
for any modelled distribution f € DY (T, g). We can then define properly 3" K(RM f —
I1% £ (x))(x) for all multi-indices n such that |n|s < y + 2, as in the preceding lemma.

3.2. Regularity structures with some abstract integration operators

Recall Assumption A essentially says that we consider regularity structures containing
the canonical polynomial structure and models that behave naturally on the latter. In
this section, we consider a regularity structure that can represent more specific func-
tions/distributions. To explain the motivation of the next assumption, pick a y-Holder
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function f with some y > 0 and let us try to add a new symbol F with homogeneity
y which represents f to a polynomial regularity structure Ty. The new model space is
T = span(Bx U {F}). On the other hand, 7" is required to be rich enough to define the
application of the model to F as

nF = f (HgF)()—f()—Z( P f) = 0den). 6o

[n|ls<y

To represent coefficients 3" f, it would be natural to introduce symbols { Fy, }jn|, <y in 7.
Then, a good definition of A is given by

Xn
AF=F®1+ Z 7®F,,.

[n|ls<y

Indeed, by applying T1¢ ® g, on both sides and noting that IT = (I1$ ® gy)A, we have
the second equality of (3.6) under the choice gy (F,) = 0" f(x). Similarly, we also need
to define the application of A™ to each F, by

Xm
ATF=F®l+ 3 0 ® Fugm

Imls<y—|nls

to define g, (F;,) as a remainder term of the Taylor expansion of 8" f. For this reason, it
would be natural to consider the regularity structure that satisfies in addition to Assump-
tion A the following set of assumptions. Recall that we denote by {eg, e1, ..., ey} the
canonical basis of N x N¢,

Assumption B1. (a) The basis 8T of T is a commutative monoid with unit 1., freely
generated by the symbols
€i +
{X+ }Ofifd U {In T}IGB,nENXNd, |T|4+2—|n|s>0"

where each element has homogeneity
| X5 =i |It| =]+ 2= Inls.

The operators A and A are related by the intertwining relations

X(
AN (IFT) = (I} @ Id)AT + > £— ®IF,t (37
LeNxN4, [l|s<|t|+2—|nls

for any t € B.
(b)Forn € {0,ey,...,e4} —ie.,n € N x N9 such that |n|s < 1, there are operators
I,:T — T, with
|I,,f| = |t|+2—|nls, TE€B.
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One has forany t € 8

Xl
A(In7) = (In ® Id)AT + > e Ih (3.8)
LeNxN4, [lls<|t|+2—|nls

For simplicity, we write

FASREE I(()+).

The operator I, is an abstract version of the convolution operator 9" K. The restriction
|n|s < 1 on n means that we only consider K or 0;K; this is sufficient for the study of all
(systems of) singular stochastic PDEs whose solutions are functions involving second-
order differential operators satisfying the above classical Schauder estimate. Two remarks
are in order.

(a) The main point of Assumption B1 is the introduction of the operator I,,. It brings
the supplementary operator I, for the reasons mentioned before. The first term
on the right-hand side of the identity (3.8) seems different from the definition of
A F mentioned before, but it specifies the action of the recentering operations
on 7. Indeed, by applying I1$ ® g, on both sides and noting that gy (7) = 7 +
Y o< 8x(t/0)0, we have

M&(Iy0) = MLt — Y ge(t/0) 18 T,0 = ge(Z] ="
xUn n X x=n X3 n+t n!

o<t 14

(b) We assume that T is entirely constructed from the I, operators and the polyno-
mials and has no other elements. This is because these elements are rich enough
to build the regularity structure including polynomials, operators I,, and their
(possible) products. The regularity structures that are used for the study of singu-
lar stochastic PDEs have the same structure as above, which is described in detail
in Section 9.

We notice here some algebraic formulas about A and A*. We let the readers check
that identity (3.7) ensures the co-associativities

(A(+) ® Id)A(H(I,(lHr) =d® A+)A(+)(Ir(z+)T)
on elements of 7T of the form I ,(,+)r. Next, using identity (3.7), we check that the
antipode S on T satisfies the inductive relation
Sy (Ifr) = (_X)ZM It ,®S))A 3.9
+(n’l.')—— Z T +( n+€® +) T, ()
£eNxNd ’

where we denote by M the multiplication operator in the algebra 7. Together with
the relation Sy (X4+) = — X4, such a formula defines indeed a unique algebra morphism.
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Recall from Appendix B the defining property (B.1) of the antipode S+ on TF. As T is
a Hopf algebra by Proposition 48, it suffices to see that

M4 (Id® S4)AT (I ) =0
foralln € N x N9 and t € T. This relation follows from (3.9) and (3.7), writing
M4 (Id® S4+)AT(I;F7)

X@
= M (I @S AT+ > o S+(I,7)

LeNxN4
Xt (—X)k
= {M+(I:®S+)— Z FTM+(I:+Z+I€®S+)}AT
£,keNxNd '
X —Xx)*
= {M+(I,j ® S4) — Z %J@(I;H ® S+)}A‘L’
LeNxNd ’

0.

Remark that the image by the operator I of a modelled distribution is not a modelled
distribution. The next two sections are dedicated to constructing a model-dependent map
KM that maps continuously all DY (T, g) into DY (T, g) when y is a positive non-integer
real number — the analogue of part of Schauder estimates — and is intertwined to the
convolution operator K

KoR" =R o XM

via the reconstruction operator R" associated with M. We say that K" is a lift of K. The
construction of this operator requires the introduction of the notion of admissible model.
3.3. Admissible models

In this section, we consider only the operator I = Iy : T — T. The following notion
plays a key role in the proof of the existence of a lift of the convolution operator K. Recall
that K(2) is well defined pointwise for any distribution ¢ € €# (R x R?) with f > —2, by
Lemma 12. The following definition is directly from [20, Definition 6.9].

Definition. Let T be a regularity structure satisfying Assumptions A3 and B1. Assume
Bo > —2. A I1-map on T is said to be K-admissible if it satisfies

MI(I7) = K(II7), (3.10)

and
(X" % ) (x) = x"(IT7)(x)

forany 7 € B and n € N x N A model (IT, g) on T is said to be K-admissible if its
IT-map is K-admissible.
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The notion of admissible IT-map gives flesh to the idea that the operator I is the reg-
ularity structure counterpart of the convolution operator K. The importance of the notion
of K-admissible model comes from Theorem 17 in the next section. It shows that when
working with K-admissible models M, one can upgrade the intertwining relation (3.10)
into an intertwining relation between K and an operator K™ on modelled distributions,
via the reconstruction map RM associated with M.

While for a general model as in Definition | defining a g-map satisfying the con-
straint (2.19) is decorrelated from the task of defining a IT-map satisfying the constraint
(2.20) it will turn out that imposing the intertwining relation (3.10) on IT will constrain
strongly g. Unlike general models, admissible models on a regularity structure satisfy-
ing Assumptions A and Bl will turn out to be partly defined by their IT map; this will
be proved in Proposition 15. The g-map of an admissible model on a regularity structure
satisfying further a mild Assumption B2 will turn out to be entirely defined by its IT map.

We worked so far with models that are not constrained by anything else than their
defining properties (2.19) and (2.20) and it is not clear that one can further impose addi-
tional conditions like (3.10). We will construct in Section 3.5 a whole class of admissible
models with values in the set of smooth functions. This is all we need for the study of
singular stochastic PDEs, as the nonsmooth admissible models involved in this setting are
limits of smooth admissible models, and limits of admissible models are admissible. As
for now, we keep going and see what can be done with admissible models.

Recall from Lemma 12 the definition of #"K(I1&7)(x), forany x e R x R? and n €
N x N4 such that |n|s < |t] + 2, and define the model-dependent polynomial-valued
functionon T o

gM(x)T = Z FE)"K(chr)(x) e Ty
Inls <|z|+2

forany 7 € B and x € R x R,

Proposition 13. For a K-admissible model M on T, one has, for any x € R x RY and
teT,

e (It + ¢g"(x)r) = K(I87).
Proof. Using identity (3.8) and the admissibility of the model, one has indeed

N§(I7) = (Mg, )(AlT)

N
YMeghiosyn+ Y gl

0=<T s <|T|4+2
=: Y K(Ilo)g; ' (t/0) + Py(r.) = K(IIE7) + Py(t."),
o<t

so I1%(I7) and K(I1§7) differ by a polynomial Py(z,-) of degree at most |z| + 2. We
identify this polynomial with —IT% (4" (x)7), noting that I1% (I 7) has null derivatives at
x up to the order the integer part of |7| 4 2, from condition (2.20). |
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Corollary 14. For a K-admissible model M on T, one has, for any x, y € R x R4

&x (I +¢"™) =T + 4" ()gyx-

(3.11)
Proof. Givent € T and x,y € R x ]Rd, one has both

G (I + ") — (T + #"()gyx)T € Tx.
and

15 (gx (7 + #" ()7 — (I + 4" (1)gyx7)
=8 (It + g"(x)7) = IE((L + ¢"(»)gyx7)
= K(IMz) — K(Iégyx7) = 0,

from Proposition 13. As IT5 is injective on Ty, this implies that
&x(I+ ") = (I +4")gx =0. =

Proposition 15. Let T be a regularity structure satisfying Assumptions A and B1. The
g-map of a K-admissible model (T1, g) on T satisfies
gx(I77) = K(Ir)(x)
forany v € B and all x € R x R¥.

Proof. We show that there is at most one choice of g(I* t) such that (IT, g) is an admiss-

ible model. Applying IT ® g;! to the identity (3.8) giving A(Z,7), with n = 0, one gets
from the K-admissibility of IT

ME(I7) =K(Mér)+ ) %gxl(f+r)

lels<lt|+2

v\
=K(Eo)+ > (E,x) (I 0,

[€ls<|zl+2

where f and g are related by the formulas

e LD DI e 7

Iml|s<|z|+2—|£|s
_ (—x)™
g (o= ) p

Im|s <[z|+2—|nls

fy (In+mr).

As in the proof of Proposition 13, since the derivatives of T1§(Z7) up to order |z| + 2
vanish at x, we have

fr(I;F7) = —9"K(IME7)(x);
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hence,

gl (Ifo)=— Z ﬂa’”rmK(Hir)(x). (3.12)
Im|s<|t|4+2—|nls '

This implies another inductive formula

ain= Y  er/0)dKEo) (), (3.13)

o=<t;lk|s<|o|+2

which is proved by applying g;! ® gy to the identity (3.7) describing A (I 7) and
using (3.12). Since B¢ > —2, if k = 0, the condition |k|s < |o| + 2 can be removed.

Hence, we have g (I 1 1) = K(II7)(x), by the comodule identity (2.8). |
Set
Xn
= Y n—TB"K(Hit)(x) eTy cT™
Inls<|t|+2

for any 7 € B and x € R x R?. The following statement is proved exactly as Proposi-
tion 13 and Corollary 14; it will be used in the proof of Theorem 19.

Proposition 16. Given a regularity structure satisfying Assumptions A and Bl and a K-
admissible model (I1, g) on it, one has, for any x,y € R x R¢,

gy (I + " (1) = K(IME1)(»)
and
g/y;+(f+ + gM+(x)) — (IJr + gM+(y))g/y;

Recall here that 7 := (Id ® g)AT : TY — T denotes the action of g € Gt on T+
defined in the same wayas & : T — T.

3.4. Lifting K as a continuous map from D? (7, g) into D? (T, g)

For a given K-admissible model M = (I1, g), we define in this section a continuous map
KM from D (T, g) into DY +2(T, g), for any positive non-integer regularity exponent y,
intertwined to K via the reconstruction operator

KoR" = R" o X". (3.14)

To get a grasp on what K™ could be, one keeps from the reconstruction theorem, The-
orem 4, the image that, for g € DYT2(T, g) and x € R x R?, the distribution Rg —
I1% g (x) behaves near x like the function d (-, x)? 2. For f € DY (T, g), since we have

KR"f) —TE((I + ")) f (x)) = K(R" f —TIE £ (x)),

from Proposition 13, it then looks natural to add to (I + gM(x)) f (x) the polynomial
expansion

L
W)= Y G R)R S~ TIE £ () (o)

[€ls<y+2
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of K(RM f — T1& £ (x)) at point x, at order y + 2, and expect that
KR"f)—T((I + ¢" ) f(x) + (N f)(x))

behaves like d(-, x)?+2 near x. (The remark after Lemma 12 justifies the good definition
of the quantities (3*K)(R™ f — T1% f (x)) in (N f)(x) for |£]s < y + 2.) This does not
guarantee that the 7'-valued map

(K" F)(x) o= (T 4+ g"0)) f(x) + (M) (x), x e RxRY, (3.15)

is a modelled distribution, but this turns out to be the case! Note that, unlike I or g"(x),
the Tx-valued function N™ f is a non-local function of f —i.e., (MM f)(x) is not a
function of f (x) only. Note also that one has formally

)4
(K"l =If@+ > %a‘K(RMf)(x).
ls<y+2
This identity gives the intuitive meaning of the polynomial part of (X" f)(x). Decom-
position (3.15) is needed to make sense of (K™ f)(x) in a rigorous way. We can prove the
following theorem by the same way as [53, Theorem 5.12] except the use of a decompos-
ition of K by integration rather than the dyadic decomposition as in [53].

Theorem 17. Let the regularity structure T satisfy Assumptions A-B1, and let (g, I1)
be a K-admissible model on it. Let y be a positive non-integer regularity exponent y,
and choose an integer N such that y + 2 < N and that the property (3.3) holds for any
|n|s < N. Then, the map XM sends continuously DY (T, g) into DY (T, g) and satisfies
the intertwining identity (3.14).

Before the proof, we recall from [53, Proposition A.1] the (anisotropic) integral Taylor
formula for the remainder.
Lemma 18. There exists a family of Borel probability measures {my } ;. cnxne o0 [0, 1]4+1
satisfying the following properties. For any smooth functions f on R x R4 and y >0,
one has the identity

ak Y/
r -3 B gen DD 9 f(xme(do).

k! d+1
lkls <y s>y [0, 14+

where £ runs over a finite set and x; := (x; + t; (y; — x,-));i=0.
Proof of Theorem 17. We use the intertwining relation (3.11) to write

(K" f)(3) = gyx (KM ) (x)
= (K" f)() = gyx (L + #" () f () = gyx (N f)(x)
= (K" = (T +3"0)gyx f (x) = gyx(N" f)(x)
=I(f ) —gxf () + "D () — gyx f (1))
+ (WVNHO) = gx (V" ) ().
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For the I term, from the continuity of I, one has the estimate

[ T(F ) =Gxf )]s S £ ) —&xf O] 55 < If 0y Ay, x) T2

for any 8 € A. The g™ and A" terms take values in the polynomial part Tx of T. Decom-
pose K(x, y) into the integral of g, by (3.4), and let

1 1
M ::[ g'dr and NM =:/ NMdr
0 0

stand for the corresponding operators. Since ¢, has a smoothing property, we replace G,
with ¢, in the following calculations. Fix n € N x N4, and write (t)x» for the component
of t € T in the direction of X”. We have for

©)r = (F' D ) = &x f (D) + (M SID) = x (N £) (X)) g

the two decompositions

1 _
©r= > AT —grf ()5 Bar ()
Bed,lnls<p+2
+{ LR - 118 £ (), 924, (0. )
_ Z (y— - x)* <RMf I8 f (x). 8"+qu(x»‘))}

|kls<y+2—In|s
=: (%)} + (%)}

and

@r= Y M0 - S () B4r )

BeA,|n|s<B+2

RS TS ), @)+ (T8 () = T3 f (), 8 (v.0)

%(RMf — 5 f (x), (8"q,)y+2 |n|9)

- Z ;(Hi(f(y)—g/y}f(x))ﬁ,a;q,(y,.))

BeA,|n|s=p+2
£ (J); + (%7,

where

n —|n n (y ) n
@g )2y = 00gr (. 0) =Y e (o).
|kls <y+2—|nls )
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Choose rg € (0, 1] such that rO% ~ d(y,x) A 1. We use the (k)-decomposition to estimate
the integral over 0 < r < rg, and the (% )-decomposition to estimate the integral over
ro<r =<1

* For r € (0, ro], we have from the bound (3.2) the estimate

To "0 ginjs—2
[Teotars > ager [T e
0 BeA,|nls<B+2 0
B—In|s+2
S D> dy.)Pry T Sd(y.xyy s
BeA,Inls<p+2

Since |n|s < y + 2, from the bound (2.31) in the reconstruction theorem, we get

ro ro —|n|s— ro inles Ikl —
/ |(*)3|d” 5/ rwdr—i— Z d(y,x)‘k‘sf r%d}’
0 0 o

lkls<y+2—|nls
y—Inls+2 y—lnls—lkls +2
4

Sro o+ Y dooflrg T S d(pr
|kls<y+2—|n|s

* To deal with the integral over r € (rg, 1], we use the (% )-decomposition. Since this
integral does not make sense if ro > 1, we assume d(y,x) < 1. For (%)}, we apply
Lemma 18 to write

n_ \y+2—|nls _ (y _x)[ n+{
@ gy M) = > e g, (xi, 2)me(dt),  (3.16)
y+2—|n|s<|{|s ' ’

where £ runs over a finite set. Note that no index n with y + 2 — |n|s = |€|5 exists because
y ¢ 7. By decomposing

RYf —TIEf (x) =R"f — 0§, f (x0) + TI§, (f (x0) — Gax f (1)),

and using the bounds (2.31) and (3.2), we have

1
[ lontiar

< Y dowtf

1
{ry|ns4|esz N Z d(y,x)”_ﬂrﬂng‘tmgz}dr

y+2—Inls<|{ls 0 BeA,B<y
y=Inls—ltls+2 B=lnls—Itls+2
< Z d(y, x)ltl= {”0 ‘ + Z d(y,x)" Pr, ° }
y+2—|n|s<||s BeA,B<y

< d(y,x)y"'z_‘"ls.

We obtain the same bound for the (% )2-term by a similar argument. Note that the terms
with integer B can be excluded. Indeed, the only elements of B with integer homogeneity
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are the polynomials, and (H%Xk, 93%qr(y,-)) = 0 forany |k[|s < N by the property (3.3).
Therefore,

1 L g e
/|(*)3}dr5 3 d(y,x)”_ﬂ/ P gy
ro BeA,|nls>B+2 To

B—Inls+2
Y. G0 Pt s d(yxr T
BeA,|n|s>p+2

A

To show the intertwining identity (3.14), it is sufficient to obtain the estimate

KK(RMf —mrw)- YL _nf) ("K)(R"f — Hif(x))(xxpt(x,-)}‘
[n|ls<y+2 ’

<t T (3.17)
for any f € DY (F, g). Then, the uniqueness of the reconstruction operator gives
KR"f) = R"(X" f).
To prove (3.17), we write
K(R"f) — IIE(X" f)(x)
KR"f) = T (I + ¢"(x)) f (x) = IE(N" £)(x)
= K(R"f) = K(T§ f (x) = DN 1) (x)
KR'f -TIEf(x))— Y ¢ _nf‘) (0"K)(R™ f — TI& £ (x)) (x).

[nls<y+2

We decompose K into the integral of K, over r € [0, 1] by (3.4) and ignore P(d)K; as it
has a smoothing property. Since [p, s 4r(¥.-)P: (X, y)dy = qr4+(x,-) by definition, we
have

’<Kr(RMf s - Y k)R -8 )@ e )>\

[n|ls<y+2

KR —TEF )0+ 3 (0" K) (R f — TTE £ () (x)]

[nls<y+2
r=2 Inls  y=ln|s—2
S+ + Y rwrow .
Inls<y+2
. — — . . +2
Since W > —1, the integral over r € [0, ¢] gives the upper bound "% . For the

integral over r € [z, 1], we use the representation (%)} with

n=20.
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By the estimate of (%)} obtained before, we have
|((1\')1 (), pe(x,))]

s 2 [ donf

[lls—2 _p B-lts—2
+ Y dy.x) P }pt(x,y)dy

y+2<|€| BeA,B<y
¢ —|bls— ¢ —l|s—
< Z {t|4sry|4s N Z 1Bl 5I452}'
y+2<|l|s BeA,B<y
: . y+2
Then, the integral over r € [¢, 1] gives the upper bound ¢ Ea L]

Note that the intertwining relation (3.14) between K and K" provides indeed an
“upgraded” version of the defining identity (3.10) for a K-admissible model in so far
as the former reduces to the latter when applied to the modelled distribution

f@)=h(x) =) ex(t/o)o.
o<T
Indeed, on the one hand, we have RMh* = I1t. On the other hand, X"A® has positive
regularity and takes its values in a function-like sector when the model takes values in the
space of continuous functions, so Corollary 6 applies and identifies the reconstruction of
KYh® as TI§ (KMAT(x))(x), equal to TT1(I7), as all the x-indexed polynomial terms are
null when evaluated at x.

3.5. Building admissible smooth models

We left aside in Section 3.3 the non-elementary question of existence of non-trivial ad-
missible models to concentrate on their properties. We construct in this section a large
class of admissible models for which all (I1t);er and (g(0)),e7+ are smooth functions.
In applications to singular stochastic PDEs, such models can be built from realizations of
the noise(s) in the equation.

Recall that Assumption B1 in Section 3.2 describes the action of the “recentering
operator” A on elements of T of the form I 7. We single out for our needs an assumption
on A that provides a crucial induction structure.

Assumption B2. There exists an increasing sequence {3(”)};’,‘;0 of subsets of B such
that B© = {X*}, yuwes B = U2 B™, and

At—1®1eTt D gTh-D+

for any n and t € 8™, where T~V is the vector space spanned by 8”1, and 7~ D+
is the subalgebra of T generated by the symbols

ei +
X{Yoziza U{T{ 0} e gun genxme-

Here, 8CD := ¢.
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Assumptions B1 and B2 are jointly called Assumption B. Assumption B2 is satisfied
by the regularity structures of decorated trees as defined in Section 9. Indeed, for this case,
we can define B as the set of decorated trees T such that the sum of the number of edges
in t and the total number of n decorations is z. That is, n» means the “complicatedness” of
the tree. It should be noted that, by the definition (3.7), we have

AYIfreT®Wr @ T
forany r € B () and thus, A7 is closed within 7. Therefore, the pair of subspaces
g .— (T(")+, T(n)),

equipped with the restrictions of the At and A maps, is also a regularity structure.

Under Assumptions A-B, formula (3.13) in the proof of Proposition 15 shows that the
g-map of an admissible model (I1, g) is uniquely determined by its IT-map. The following
theorem essentially comes from [53, Proposition 3.32], which is a generalization of the
“Lyons’ extension theorem”.

Theorem 19. Let T be a regularity structure satisfying Assumption A-B and (3.1). One
can associate to any family ([t]; T € B, |t| < 0) of smooth functions on R x R? a unique
K-admissible model (g, I1) on T such that T1t = [t] for all T € B with |t| < 0.

Proof. We set the scene for an inductive proof of the statement, taking advantage of the
induction structure given by Assumption B2. We will define inductively on n € N the
K-admissible models M® = (g T1™) on T over such that

g T S ee®xRY), O™ 7MW - e®R xRY)
and

g(m)lT(n)+ = g("), H(m)|T(n) =n®

for any m > n. We denote by R"" the reconstruction operator associated with the model
M Note that the model M(® on T is canonically defined by Assumption A2.

*« We now define an extension M® of M®*~1) on T™ It is sufficient to define T
and g™ (I ]': 1) for T € B™. Recall from the sentences after Theorem 4 that the function

R (x) = g (t/o)o
o<T
is an element of D!*I(T =D g=1)) and its reconstruction is a candidate of T1® 7. Given
that g#~1 and TT”~V take values in smooth functions, any smooth function is a recon-
struction of A® for the model M~ _if |7| < 0. (Recall that the reconstruction operator
is defined uniquely only when acting on modelled distributions of positive regularity. We
are working here with a modelled distribution of negative regularity when |t| < 0.) Define

e — {[riw (e <o,
R (") (|| >0).
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This is a smooth function in both cases. (Recall that 1 is the only element of T of null
homogeneity by Assumption A1.) The map I1® coincides with TI?~1 on 7¢=1),

* Define then an extension g™ of g~V to T by requiring that it is multiplicative,
and by setting

_ (n—1)
gIfn= > g V/o) akK((H("))i o)(x),
o<t;lkls<|o|+2

for all T € B, in view of (3.13). Note that (T #~D+ 7)) is a regularity structure and
(g, TI™) is a model over it. Closing the induction step amounts to proving that

e (10| < d(y,x)lt2 Ikl (3.18)

for every k € N x N4 with |k|s < |t| + 2. Look for that purpose at the 7?1+ _valued
function

KM(n71)+hr — (I+ + g""("’l“r(x))h’(x) 4 (W-M(n—l)+hr)(x),

where It : 8 — B is linearly extended by imposing I (X*) = 0, the linear map
gM" U+ . 7= T+ 5 defined by

M= 4 XE (n—1))g"" (n—1)
g o= Z 0 K((n )S o)(x), ceB
lkls<lzl+2

in the same way as g™ by replacing M with M®*~D and X* with X _]ﬁ, and the function
NMOTVH T is defined by

(JVM("_I)h’)(x) . Z X_-]f-akK(RM(n—l)hr(x) _ (H(nfl))g(nq)ht(x)) (x)
B lkls<l| K x
s<|t|+2

in the same way as A" by replacing M with M®~1 and X* with XJkr, where R"" ™ 17 is
defined as T1™ . Then, in the same proof as Theorem 17, we can prove that KX M('H)"’hr
is an element of DITH2(T(=D+ "=y and that, denoting by Re"™" the reconstruc-
tion operator associated with the model (g"~1, g®~1) on (T®*~D+ T7@=D+) we have
Re" 7V M+ pT = KMV R7). In the proof, Proposition 16 has the role of Corol-
lary 14. Since

(n—1) _ (n—1) (n—1)
R"™VRT(x) — ()" h™(x) = (T™M)E" ¢

in the definition of (""" h7)(x), we have

- xk
(JCM( 1)+ht)(x) — I-i—(hr(x)) + X ZI ggcn)(’[ljr)k_—;_'
s<|t|+2
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The X f -component of

(JCM(n—l)+hr)(y) g§)r; D+ (JCM(n—1>+hr)(x)

is then equal to

N
g (It — > g e/ meld (I — Zg“”(IHm yT g (I v).

n<t

and of size d(y, x)/71T27kl=_since KM" " +hT € DITH2(T =D+ g(1=1) This shows
the bound (3.18).

* It remains to show that IT is K-admissible. Given that we assume §p = min 4 > —2,
the elements of 7' of the form It have positive homogeneity. So, the definition of IT on
It comes under the form of the reconstruction of a modelled distribution A%%. Since h**
is function-like with the 1-component g, (I 1), by Corollary 7, it follows that

M(I7)(x) = R"(h 1) (x) = g« (I 7) = K(I7)(x).

* The above construction makes it clear that the map IT is entirely determined from its
restriction to the elements of negative homogeneity. The uniqueness part of the statement
of the theorem follows then from formula (3.13) giving g, (I ,':1:) as it shows that the map
g is entirely determined by the IT map under the Assumption B1-B2. ]

4. Solving singular PDEs within regularity structures

In this section, we formulate singular stochastic PDEs in the sense of modelled distribu-
tions. We trade in this section the generality of the above results for the simplicity of an
example that contains the main difficulties of the general case. The reader can consult [53]
or [17] for a description of the general case. We consider the generalized (KPZ) equation

(9% — A + u = fu)¢ + Z g5 (u) (9x,u) (9, )

i,j=1

d
+ > gh ) (@) + go(u)

i=1
S+ g2(u)(Oxu)® + g1 (w)dxu + go(u)
s fu) + g(u, 0yu) 4.1)

with a noise ¢ € €#0. (Remember that the minimum homogeneity in a regularity structure
associated with a singular stochastic PDE coincides with the minimum of the regularities
of the noises in the equation.) This type of equation appears in a number of problems.
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If d = 1 and ¢ is a space-time white noise, then (4.1) contains the KPZ equation, which
appears in the large-scale picture of one-dimensional random interface evolutions. Here,
u is scalar valued but a vector-valued case is used in the description of the random motion
of a rubber on a manifold [55], a random perturbation of the harmonic flow map on loops.
If d = 2,3 and ¢ is a space white noise, then (4.1) contains the generalized PAM

(0 — Ax)u = fu)l.

The differential equation (4.1) with the initial value u (0, x") = u¢(x’) has an equivalent
integral form

u(x) = e Dug(x) + L7 (f @) + g, dx0)) (x).

Under an appropriate setting, the generalized (KPZ) equation (4.1) will be lifted to the
following equation on modelled distributions v € DY (T, g):

v="h+2P"(f*(v)E + g*(v. Dv)) 4.2)

for some Ty -valued modelled distribution & and an operator " having the role of L™!.
This section is dedicated to giving the meaning to the equation (4.2) and showing that
this equation has a unique solution on a small time interval (0, #9); this is the content of
Theorem 23, which is the main result of this section. At the end of this section, we will
be in a position to define the model-dependent solution of the singular equation (4.1) as
the model-dependent reconstruction u™ = RM(u™) of the unique solution u™ of (4.2). The
function u™ will then appear as a continuous function of M.

The restriction to each band [0, zo] x [—R, R] of spacetime white noise has a norm
growing indefinitely as R goes to infinity for each fixed 7y > 0. To avoid working with
unbounded spatial domains and functional spaces involving spatial weights, we will
assume that all the objects are Z-periodic in space — they would be Z¢-periodic in space
in a more general setting. The function £ in (4.2) plays the role of the regularity structure
lift of the propagator of the initial condition u¢. The use of time weights to take care of the
free propagation (e’®~Dug);~¢ of the initial condition in a regularity structures setting
is made necessary by the classical sharp estimate

|| Bﬁe’(A_l)u()”oo 5 I_M”llon‘ca(mdy (43)
Theorem 23 is proved under spatial periodic boundary conditions and in the space of
modelled distributions involving temporal weights exploding in ¢+ = 0F. We introduce
the former in Section 4.1 and the latter in Section 4.2. We examine in Section 4.3 the
notion of non-anticipative operator, involved in the analysis of equation (4.2). We prove
in Section 4.4 that (4.2) is locally in time well-posed.

4.1. Spatially periodic models

We work on the models and modelled distributions that are spatially Z¢-periodic, with
d = 1 here — we give the definitions for an arbitrary space dimension d. All the results
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and estimates proved above hold true in the periodic case. For any x = (xg,x’) € R x R¢
and m € Z%, denote by
x +m:= (x9,x" +m).

Definition. A model M = (g, I1) is said to be Z¢-periodic if for any m € Z¢,

8y+m,x+m = Byx, (H§+m1, o+ m)) = (H;gcfv (ﬂ(')),
forallx,y e R xR9 1 e Tandallp € S(R de).

The canonical model (g, IT) on the polynomial regularity structure (TX'," Ty) is Z4-
periodic in the above sense. Note that g, (X'}) = x" and (ITX")(x) = x" are not Z4-
periodic functions. This is the reason why we do not impose periodic conditions on g and
I1. It is elementary to see that if M is a Z9-periodic model on T and f € DY (T, g) is
7.4 -periodic, with y positive, then R £ is also Z?-periodic, in the sense that

(R f.o(-+m)=R"f,0(),
for all m € Z¢ and ¢ € S(R x R?) — see [53, Proposition 3.38]. All objects in the
remainder of this section are implicitly assumed to be Z -periodic.
4.2. Modelled distributions with singularity at xo = 0

We use time weights
1
o(x):=|x|2 Al, w(x,y):=wlx)Awoly)

to treat the boundary condition at xo = 0.

Definition. Fix two exponents < y € R. One defines the space D?""(T, g) of modelled
distributions with singularity of weight n at xo = 0 as the space of functions f from
R x R \ {xp = 0} into T<, such that

ILf ()l
1f1orn := max sup — <00,
B<Y xe®\{0})xR¢ w(x)(=AIN0
“4.4)

. ILf () —gyxf (X)lig
If o = max sup — B < o
B<Y xye®\ODXRY, d(x.y)<w(x.y) (X Y)T7Vd(y, x)

Set [[f llorn = [f Lorn + 1. [l prn.

One also talks of singular modelled distributions. An example of singular modelled
distributions is obtained as follows. Given 5 € R and v € €"(T¢), the Tx-valued function

Xk
(Py)(x) i=Lgym0 Y ak(ex"(Ax"l)v)(x)F (4.5)
|kls<y
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belongs to D¥"(T, g) for any y > 7. This is a consequence of the Schauder estimates
satisfied by the heat semigroup recalled in (4.3) — see, e.g., [53, Lemma 7.5].

We recall some embedding theorems. It is easy to see that || f || oyr < I f |l ovn if
n <n.Ifn <y’ <y, we also have

€<y fllora < IS Nl v

with an implicit constant depending on the model M — see, e.g., [65, Proposition 3.5].
Instead of [| f | o»» and || f || v, it will be convenient to consider the seminorms

ILf ol
0/ I'pys := max sup —n—g
B<¥ xe®\{opxrd @(X)

and [If W'pym 3= 1f l'gyn + ILf lo7n. In general, || f ll ovn < I £ 'y, but the reverse
inequality fails. However, for any f € D" such that

lim Qg f(x) =0
x0—0

for any B < ), the reverse inequality || f |I'py.n < I f o7 holds with an implicit constant
depending on the model M — see, e.g., [53, Lemma 6.5].

The reconstruction theorem, Theorem 4, is extended to singular modelled distributions
as follows. See Appendix C.1 for a detailed proof. An extension to the inhomogeneous
integral kernels can be found in [65].

Theorem 20. Let M = (g, I1) be a model over T such that =2 < By < 0. Assume that
—2 < n <y, withy > 0. Then, there exists a continuous linear operator

R" : D"(T,g) — €"Po (R x RY)

such that, for any f € D" (T,g) andn € N x N, the bound

y=lnls
i

[(RY £ — TIE £ (x), 3% pe (x. )| S IS Nlprncw(x)MPOI=7¢ (4.6)

holds uniformly over f € DV"(T,g), x € R x R¢, and 0 <t < w(x)*, where the implicit
proportional constant depends polynomially on ||g||, + ||I18||, and is independent of f .
Such an operator is unique if the exponent y is positive.

The operators discussed in previous sections can be extended to the spaces DV (T, g),
as follows. All of the following maps are locally Lipschitz continuous. For the detailed
proofs, see [53, Propositions 6.12, 6.13, 6.15, and 6.16]. Denote by JD&"”(T, g) the space
of modelled distributions f € D?7(T, g) of the form

f= > re @7

as<|t|<y
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» (Proposition 8) Let a1, 0 < 0 < yy1, y2, and set y = (y1 + a@2) A (¥2 + 1) and
n =M1+ a) A2+ a1) A(n1 + n2). If a regular product x : V x W — T is
given, then

DLV, g) x D (W.8) 3 (f 1. f2) > Qay(f1 % [2) € Dy, (T 8).

» (Proposition 9") Let y > 0 and 0 < < y. If an associative regular product x : V x V —
V' and a smooth function F is given, then

D¥(V.g) s f > F*(f) e DV(V. g).
» (Proposition 10") Let y > 1. If a derivative D : T — T is given, then
D" (T,g)> f — Df € DV V1 YT, g).
e (Theorem 17")Lety > 0and —2 < n A Bo. If TT is K-admissible,
DY(T.g) > f > K" f € DYT21Mot(T g).

A sketch of the proof of Theorem 17’ is given in Appendix C.1. About this statement, note
here the gain in the explosion exponent after we applied the operator K. We will use
this gain in Section 4.4 to gain a small contraction factor in the fixed-point formulation of
equation (4.1) as an equation on a space of modelled distributions.

4.3. Non-anticipative operators

A function f on (R x T9)? is said to be non-anticipative if f((xo,x’), (vo. y')) =
0, whenever xg < yo. The kernel P of the resolution operator L™! (in the sense that

L7 f(x) = [gypa P(x — ) f(y)dy) is of the form
P(X, y) = 1x0>J/0 pr—yo (X/ - y/)v

where p; is the kernel of e’ (A_l); thus, P is non-anticipative. The aim of this section
is to prove the refined multilevel Schauder estimate (Proposition 22) associated with the
non-anticipative operator L™!.

We consider the modelled distributions defined on the domain (0, 7) x T¢ for a given
positive time 7. Denote by D(g", (T, g) the set of functions f : (0,7) x T? — T, such
that the bounds (4.4) hold with the domain of x, y restricted to (0, ) x T<¢. Denote by

I lprn =1, Mprn + I1f I orn

(0,1) (0,1) 0,1)
the associated norms. It is also useful to consider |]f[]’°(oy,,7 and || f |||’:Dy,, = f ﬂ:i)”’” +
(0,2) (0,7) 0.,7)

||f||@(;8n). Since w(x), w(y) < 12 if x,y € (0,1) x T4, we have
N3

’ B <l‘% ’
1 Wopne < 221 Woprn
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for any x > 0 small enough such that [y — k, 7) N A = @. The small factor </ is used
in the fixed-point problem in the next section. To apply the reconstruction operator to
locally defined modelled distributions, we use the cut-off operator. The following result is
obtained from Proposition 8’ and Lemma 51. See [65, Lemma 5.7] for the detailed proof.

Proposition 21. Let M = (g, I1) be a model over T such that =2 < B¢ < 0, and let y >
0 and n <y A Bo. Fix a smooth non-increasing function y : (0, 00) — [0, 1] such that
x@)=1if0<t <—and)((t)—01ft>l For eacht > 0 and x € R x T?, we set
1t () = Ley=0x(xo/1) and define

k
PO Sl LSS

k!
|kls<y—Bo

Then, one can define the linear operator Cy : (0 t)(T g) — DVN(T, g) by

Co f (x) = 1 yxra (X) @<y (X, (x) * (%)),
and Cy is uniformly bounded over t € (0, 1] and satisfies (th)|(0,%)x']rd = f|(0,%)de.

Proposition 22. Picky >0, =2 <n < B¢ <0, and 0 < p <y + 2. For any K-admissible
model M = (g, T1) and t € (0, 1], there exists a continuous linear map P}" : SO(O t)(T g) —>

DP1T2(T, g) such that the following properties hold for any f € JD(O z)(T g).
(1) Forany x € (0,%) x T, one has P} f (x) — I f (x) € Tx.

(2) For any k > 0, one has
DM e < K/Z
Il £ ot St L oz . (4.8)

where the implicit proportional constant is independent of f and t.

(3) If 1§t happens to be continuous for any t € T, then the function
R"f :=R"(C. f)

satisfies

R0 = [ PRS0y, 49)
[O,XQ]XTd

Proof. We provide only a sketch here. See [65, Theorem 5.9] for the detailed proof. Recall

the decomposition L™! = K + K’. Noting that R f := R"(C, f) € €7, we denote by

(K")M the lift of the K’ operator in the polynomial part of the regularity structure

X
((KYMf):= > o'K'R"f —eTX
[ls<p
Since K’ maps €7 into €%, we can show that (X)" f € D772 Then, we can also show
that
P = Qo KNC f) + (K f € DPTH?
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by Theorem 17’. The property (1) is obvious from the definition. To show the property (3),
note that

R"P'f =KR"f)+K[R"f) =L7"(R"f).
Since R f vanishes on (—oc, 0) x T¢ by Corollary 5, we have (4.9). To show the prop-
erty (2), recall the sufficient condition for the equivalence between two norms || - || pr.n
and || - [I'py.,- Set g := " f. By definition, g takes values in the function-like sector V'
with ao(V) = Bo + 2. If n < —1, it is sufficient to show that

li =0
tlf(}gl(x)
for the equivalence between ||| g || pon+2 and || g |||fD on+2- Recall that
g =R"g =L7'R"/).

Since RM f € €7, we have g, € €72 by Schauder estimate, so it is Holder continuous.
Since g; = 0 on (—o0, 0) X T4 from the non-anticipativity of Ky, it also vanishes at
xo =0.If =1 < n <0, we also have

li =0
tlfg gxr(x)

for any |k|s = 1 by a similar argument. By the equivalence between ||g||prn+2 and
g .02+ We have (4.8) as follows:
. < 4 <15 /
bellogyvcomy S NN ggnisceio py S 15 MElpgnizg

£ K
SE ”|g”|1)g;”,)“(o,r) Ste ”'fm@(yd"t)

(O’T) . .
4.4. Fixed-point solution
Finally, we make sense of the equation (4.2) and show its local well-posedness.

Definition. A regularity structure T is said to be associated with equation (4.1) if it
satisfies Assumptions A—B and contains subcomodules S, DS, F, N of T satisfying
Assumption Al and the following constraints.

* The symbol E and the set 0.5 are contained in N.

* The sector S is function-like and regular products
Sx.xS—-F, DSxDS—-N, FxN-—=>T

are given and satisfy Assumption A3. We denote them all by the same symbol *.

*  Abstract integration operators
I:T—S, I,:T—DS (1=<i=<d)

are given and satisfy Assumption B.
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* Derivative operators
D;:S— DS, (1<i<d)

are given and satisfy
Mo D; =dy oll, and D; Xk = kiXk_e"lkZei, and D;It =1,

The element E represents the noise ¢. The spaces S and DS are used to represent
the solution u and its derivative dyu, respectively. (The letter S is chosen for “solution”.)
The space F is used to represent f(u) and g, (u), withn = 0, 1, 2. (The letter F is chosen
for “function”.) The space N is used to represent the “singular” elements ¢, d,/u, and
(dxu)2. (The letter N is chosen for “noise”.) The only role played by the intermediate
spaces DS, F, N is to clarify on which spaces the product « is defined; they play no other
role. We will see in Section 9 how to construct explicitly a regularity structure associated
with the generalized (KPZ) equation. The x product is used to define nonlinear images of
singular modelled distributions as in Section 2.4. In this setting, the regularity structure
lift of the generalized (KPZ) equation is formulated under the form

v="h+ cT"t'v'(f"(v)E + g*(v,Dv))
=: "M () (4.10)

for appropriate choices of ¢ € (0, 1] and p > 0, where f*(v) denotes the composition

~

operator (Proposition 9), and f*(v)E := f*(v) » E, and

g (v, Dv) := @y {g3 (v) x (Dv)*? + g1 (v) * (Do) + g5 (v)}

d d
= @«{ 3 (@) (@) * (Div) * (D) + 3 (g1 (v) » (D,.v)+g;(v)}
i,j=1 i=1
for an appropriate y’ € R — we will choose y' = y + By in the proof of Theorem 23.
Pick a K-admissible model M = (g, IT) over T and h € DY (Tx, g). Assume that
®*M sends D?*7(S, g) into itself, which turns out to be the case as proved below under
the conditions of Theorem 23.

Definition. A solution to equation (4.2) on the time interval (0, to) is a fixed point of the

hM . 8 ,
map 7" : D (S.8) — :o{oj’to)(s, g).

Theorem 23. Assume that f and g are smooth functions. Let T be a regularity structure
associated with equation (4.1) and satisfying Assumptions A-B, with ¢ € (—=2,—1). Pick
n € (0, Bo + 2] and y > —Bo. Then, for any K-admissible model M = (g, I1) and any
h € DV (Tx, g), there exists a positive time ty = to(h, M) such that equation (4.2) has
a unique solution u on the time interval (0, tg). The time ty can be chosen to be a lower
semicontinuous function of h and M.

Proof. Recall that D" (T, g) denotes the set of modelled distributions of the form (4.7).
Starting from v € D?7(S, g), we show that

f*(0)E + g* (v, Dv) € DY TA2172(T ),
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From the “singular/exploding” version of Proposition 9 given at the end of Section 4.2,
one has f*(v), (g5 )*(v), (g})*(v), g5 (v) € DY (F,g). Since E € @;OO’OO(N, g), one has

f*()E € DrHhontho(T gy ¢ Y Hhe2=2(T g)

from the singular version of Proposition 8 given at the end of Section 4.2. Noting that the
smallest homogeneity in the subcomodule 9 is 8o + 1 < 0, which is the homogeneity of
I, 8, one has D;v € i)g;j;”‘l(as, g) and (D;v) » (D;v) € @;;;’i’z’z"_z(N, g). Thus,
g* (v, Dv) € DY+Po-21=2(T g) From Proposition 22, one has

h.M =
o2 @)llopn < Wallgzn + 21 * 0)E + 8" @, D) gy +s0.20-2
E , 0.,1)

2
S Mkllop, +">C(l1vlloz,)

0,1)

for some locally bounded function C. Then, one can associate with each positive radius

A 2 ||| oy atime horizon #(A) such that @i’(’r) sends the ball of D ;' ;) (S, ) of radius

A into itself. From the local Lipschitz continuity result, the map @i’(’x) is also a contraction
on the ball of D" )(S, g) of radius A. As such, it has a unique fixed point on the

0,2(4)
ball of radius A. An elementary argument gives the uniqueness of a fixed point within
j)(yo’"t(x))(& g), as in the proof of [57, Theorem 4.7]. n

The proof makes it clear that one can ask f and g to have finite regularity rather
than being smooth. We do not try to optimize the regularity assumptions on f and g
here. Thinking of & as the regularity structure lift of the free propagation of an initial
condition on T, assuming in k € DY (Tyx, g) allows us to work with an initial condition
of Holder regularity n — recall the constraint 5 € (0, 8o + 2]. Note that the map is uniformly
contracting on a small enough time interval for f" and g ranging in a bounded set. In order
to compare fixed points of ®#M associated with different admissible models over T —
hence different maps on different spaces, we use the metric d,, in Definition 3 with a
slight modification to ZD():;Z) norms. One can then prove the following statement in terms
of this metric by making explicit in the reconstruction theorem and the lifting theorem
that the operators R™ and )" depend in a locally Lipschitz way on M with respect to the
pseudo-distance d,, on the space of models over T introduced in (2.21). We do not give
the details here and refer the reader to the corresponding results in [53], Theorem 3.10 and
Theorem 5.12 therein.

Proposition 24. Given any time ty < to(h, M), the restriction to (0, ty] x T4 of u defines
locally a continuous function of h € DV (Tx, g) and the K-admissible model M.

Together with Theorem 43 in Section 6.3 below and Chandra and Hairer’s conver-
gence result [26], this continuity result allows to give meaning of the solution to a singular
stochastic PDE as a limit in probability of solutions of renormalized equations driven
by a mollified noise. This result holds more generally for all the equations that can be
treated using regularity structures. Emphasize that this continuity result is fundamental. In
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a random setting where the noise is random and the models of interest are constructed as
measurable functionals of the noise, the continuity allows to transport automatically sup-
port theorems or large deviation results about random models into corresponding results
about the solutions of the regularity structure lifts of the equations under study. See Hairer
and Schonbauer’s work [60] on support theorems, Hairer and Weber’s work [62] on large
deviation results, or Hairer and Mattingly’s work [59] on the strong Feller property for
solutions of singular stochastic PDEs, for a sample.

The last statement of this section makes the link between solving equation (4.1) with
a smooth noise ¢ and the corresponding problem in the regularity structure equipped with
the canonical model M¢ associated with the smooth noise. The latter is constructed in
Section 6.1, and the only thing we presently need to know about it is that its reconstruc-
tion map R" is multiplicative with respect to the x-product of modelled distributions and
sends the noise symbol E on the smooth function ¢. For positive exponents y € (—fo, 2)
and 77 € (0, Bo + 2], pick v € €"(T?) and denote by Py v the lift in the polynomial struc-
ture of the heat propagator acting on v, defined by (4.5).

Proposition 25. Let u € i)(}g"to)(T, g) stand for the solution in a sufficiently small time

interval (0, ty) of the fixed-point problem
u= Pyv—i—!/’,'\g;(f*(u)E + ¢*(u, Du)). 4.11)
Then, on the domain (0, 2) x T4, the function
u=R" (Crom)
coincides with the solution to the well-posed equation (4.1) with initial condition v.

Proof. As in (4.9), the function u satisfies the equation

u = Po [ P IREC (£ WS + . D))y,

with P the free propagation of the initial condition. We take advantage of the fact that
M? is a smooth model to write

¢
R™ (w)(x) = I} (w(x)) (x)
for any modelled distribution w € D% (T, g%) with a > 0 — see identity (2.32). Moreover,

forany f € D" (T, g°), we have Cy, f (x) = f (x) if x € (0,%) x T. Thus, in this

domain, we can use the multiplicative character of the map R" and write
RY(f@w) = f(R"u), R"(Du) = 9:R" u
as a consequence of Corollary 7 and Proposition 10, and
RY (f@)E + g(u, Du)) = f (R u)¢ + g(R" u, 9, R u).

This finishes the proof. ]
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Arrived at that stage, we have a model-dependent notion of solution " to the gener-
alized (KPZ) equation, under the form

uM =R"@™), WM = @h’M(u),

indexed by the set of K-admissible models M on the regularity structure J associated with
the equation. Theorem 19 gives us a whole family of smooth K-admissible models which
we can use. However, the K-admissible models of interest are not smooth as we wish
they satisfy the identity ITE = ¢ for a non-smooth noise {. The combinatorial structure
of the elements of T detailed in Section 9 allows to associate to any regularized version £,
of ¢ a K-admissible model IT° such that TI°*E = (., and I1¢ is multiplicative for the *-
product on 7. We will talk of I1¢ as the naive interpretation map. However, these models
diverge as ¢ > 0 goes to 0. The tools needed to construct some e-dependent smooth models
that have a limit as ¢ goes to 0 are developed in the next section at the same level of
generality as Section 2 and Section 3. The so-called renormalization operation involved
in the construction of these converging K-admissible models will be given a dynamical
meaning in Section 6. It is only after Theorem 43 in Section 6 that we will be able to give
an answer to the question “What dynamics does u™ follow?” when M is the renormalized
naive model associated with the IT-map < IT¢ introduced in the next section.

5. Renormalization structures

We introduce in this section the fundamental notion of renormalization structure and
a notion of compatibility between some regularity and renormalization structures. We
emphasized in the previous paragraph that it is generically not possible to define a canon-
ical K-admissible model as a limit of the canonical K-admissible models associated with
regularized noises Z; if the noise(s) ¢ is (are) not sufficiently regular. On a technical level,
the non-convergence of the models M? is related to the fact that the canonical model is
defined by some intricate convolution of kernels that explode on the diagonal. Limit mod-
els need to be constructed by probabilistic means as limits in probability of models built
from regularized noises, using a moving window, as in Meta-theorem 1 in Section 1. The
implementation of this moving window picture involves the renormalization structures
that we introduce in this section. Note that we do not need to know the details of the
renormalization operation; the only properties that we need are encoded in the definition
of a renormalization structure and the compatibility condition with a regularity structure
given below in Definition 26. An example of renormalization structure will be given in
Section 9, where the renormalization operation will be intimately related to the Taylor
expansion procedure.

Renormalization structures are defined in Section 5.1. If we call the concrete regularity
structures from Section 2.2 right regularity structures, then renormalization structures

U = ((U,8),(U,87))
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look like left regularity structures, with the difference that elements of the space U™ have
non-positive homogeneities. A fundamental notion of compatibility between renormaliz-
ation and regularity structures is introduced in Section 5.2; it accounts for the fact that the
renormalization operation induces a renormalization operation on 7% and “commutes”
with the recentering operators A and A™. This property allows to associate with each
model M over T and each character k on U~ a new model “M on 7. This is the main result
of Section 5.2, Theorem 28. A large class of characters k produces some K-admissible
models ¥M if M is K-admissible.

5.1. Definition

A renormalization structure is made up of two ingredients. First, it is a vector space U
with a basis whose elements are built by induction from elementary elements and multi-
linear operators giving new elements. The use of the symbol 7 for a generic basis vector
emphasizes this recursive, tree-like, definition. Each basis vector t is a placeholder for a
function [z] from (0, 1] into a Banach space, typically R, C, a Holder space or an algebra,
whose structure as an element of the target space is encoded in the structure of 7. In the
cases of interest, the functions [r] have no limit in 0T and the basic problem is to remove
in a “consistent” way the diverging pieces of these [z] so as to end up with a collection of
functions parametrized by ¢ > 0 having a limit where ¢ goes to 0. The functions [t] are
then said to have been renormalized. What “consistent” means is part of what follows.

Roughly speaking, the basic operation for renormalizing a placeholder t consists in
removing from 7 its different diverging pieces, in all possible sensible ways. This is the
second ingredient of a renormalization structure. Tuples of pieces of elements of U are
not necessarily elements of U; we store them in a side space U ~. Endowing U~ with an
algebra structure allows to store the removed pieces of 7 as an element of U™ under the
form of a product. We require nonetheless that any t amputated from diverging pieces is
an element of U this is a restriction on which pieces of any T € U can be removed. We
thus have a splitting map

5:U—->U"QU,

with 87 the sum of all the elements from U~ ® U corresponding to removing from t all
possible diverging allowed pieces, possibly several at a time. The removed pieces may
themselves have diverging subpieces, and it makes sense to assume that we have another
splitting map

U ->U U™,
which extracts them on the left-hand side of the tensor product U~ @ U ™. The fact that the
remaining piece is still in U™ rather than in another space is a consistency requirement.

Definition 26. A renormalization structure is a pair of graded vector spaces
U=us. U =PU,
BeB aeB~

such that the following holds.
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e The vector spaces U, and Uy are finite dimensional.

» The space U~ is a connected graded bialgebra with unit 1_, counit 1”_, coproduct
U —-U U™,
and grading B~ C (—00,0], with0 € B~
* The index set B for U is a locally finite subset of R bounded below. The space U is a

left comodule over U ~; that is, U is equipped with a splitting map § : U — U~ ® U,
which satisfies

(Id®8)5 =" ®Id)§ and (1. ®Id)§ = Id. (5.1)
Moreover, for any B € B, one has

8Ug € PUy ® Up—a- (5.2)

a<0

We denote by
U:= ((U.§),(U™.87))

a renormalization structure.

Similarly to the regularity structure, let U, and Ug be bases of U, and Ug, respect-

ively, and set
U = U, U= U
a€B™ BeB

Note that, unlike in the definition of a concrete regularity structure satisfying Assump-
tion A1, we do not require that U is one dimensional in the definition of a renormalization
structure. Since all @ € B~ are non-positive, one has f —a > § in (5.2). Proposition 48 in
Appendix B can be applied to the negative grading B~ of U, and says that U~ is a Hopf
algebra; we denote by S_ its antipode. Choosing a basis of U™ provides an associated
decomposition of §7 of the form

St =: pr ® 1/ @,

¢t

where the ¢ are distinct elements of the chosen basis. The notation ¢ < v means that ¢ is
a basis element that appears as one of the left-hand side members of the finite sum giving
8t. We call § a renormalization splitting and fix throughout a basis of U ~. The results we
prove in the sequel do not depend on that arbitrary choice. Similarly to what we saw in
Section 2.2 for the Hopf algebra (T, A™), the §~ splitting of the Hopf algebra (U™, §7)
induces a convolution group law on the set G~ of characters on U™

(k] * kz)’L’ = (kl ® kz)S_T, (’L' € U_)
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The inverse of a character k for the convolution product is explicit and given by k o S_.
Given a character k on U, we define a linear map k : U — U, setting

k := (k @ 1d)S.

The group G~ acts on U from right. Indeed, as a direct consequence of the comodule
property in (5.1), one has

ki xky = ((k1 xky) ®@1d)§ = (k1 ® ko ® Id) (6~ ® 1d)§
= (k1 ® kr ® Id)(Id ® §)8 = (k; ® k2)S
=kyoky
for any k1,k, € G™.

5.2. Compatible renormalization and regularity structures

We introduce a “compatibility” property between regularity and renormalization struc-
tures. We use the notations from Appendix B. In particular, given an algebra A and two
spaces E, F, we define a linear map M (13 from the algebraic tensor product A ® E ®
A ® F to the algebraic tensor product A ® E ® F setting

M (@ @e®@ar® f) = (a1a) R e ® f.

Recall we write T = ((T+, A™), (T, A)) for a regularity structure and S for the antipode
mapon 7.

Definition 27. A regularity structure 7 is said to be compatible with a renormalization
structure U if the following three compatibility conditions hold true.

(a) The spaces T and U coincide as linear spaces and the bases 8 and U coincide.
(Each element t € B is in particular homogeneous in both 7" and U, but it may
belong to Bg, and Ug, with B; # B,.) Moreover,

8Tg CU™ @ Tg forall B € A. 5.3)
(b) There exists an algebra morphism
ST:Tt U ®T*
such that
(d®6§*)st = (5~ ®1d)§T and (1_ ®1d)§* =1d (54)

and
STTF cU  ®T) foralla e AT, (5.5)
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(c¢) The compatibility conditions
(Id ® A(+))5(+) = M3 (5(+) ® 5+)A(+) (5.6)

and
(de1,)st =1/, ()1- (5.7

hold.

Emphasize the fact that the homogeneity notion in 7' captures the notion of regular-
ity of the associated analytic objects encoded by elements of 7" while the homogeneity
notion in U captures the diverging behaviour of the corresponding regularized objects, as
the regularization parameter goes to 0. It makes sense that the two notions of homogeneit-
ies are unrelated. Definition 27 also captures the fact that the renormalization procedure
encoded in U induces a renormalization operation on Tt and commutes with the recen-
tering operators A and A*. We will see in Proposition 30 below that the six conditions
from Definition 27 hold iff condition (5.3) and condition (5.6), in its form without the +
labels, hold, under a reasonable assumption on §* that holds true for the regularity and
renormalization structures associated with (systems of) singular stochastic PDEs.

Compare conditions (5.3) and (5.2). Emphasize here as in item (a) that the notion of
homogeneity is relative to the grading used to define it. An element of 7 = U may thus
have different homogeneities, depending on whether it is considered as an element of 7" or
U. By condition (a), the space T is a left U~ -comodule. The map §* in (b) accounts for
the effect in 77 of the renormalization process. By (5.4), the space T is also a left U™ -
comodule. Hence, for given a character kK on U, we can define linear maps k:T—>T
andkt : T+t > T+ by

k=(k®1d)s, and kT = (k®I1d)s .

Properties (5.3) and (5.5) ensure that homogeneities of elements of T and T are stable
under these actions. Condition (c), read with the + labels, somehow says that the renor-
malization operation encoded in k commutes with the Taylor expansion operation on the
coefficients of any modelled distribution, encoded in A™. Condition (c), read without the
+ labels, says something similar for modelled distributions. Note that the Hopf algebra
T is a left U™ -comodule bialgebra. By Proposition 49, we have the following compat-
ibility condition on the antipode:

5T 0S8, = (1d® S4) 057 (5.8)

Recall that given a model M = (g, I1) on T, the anchored interpretation operator I1§
associated with M is given for any x € R¢ by

Mt = (Mg A,

The next statement and its proof are part of Theorem 6.15 in Bruned, Hairer, and Zam-
botti’s work [20] on the algebraic renormalization of regularity structures. It tells us that
the k and k™ maps have jointly a natural and simple action on the space of models on 7.



1. Bailleul and M. Hoshino 282

Theorem 28. Let a renormalization structure U = (U, U™) be compatible with a regu-
larity structure T = (T, T). Given any character k on U™, and any model M = (g, IT)
on T, define M = (¥g, *T1), on T setting

M = (gol€+,HOI€).
One has
(gy o l€+) * (gx o l€+)_l =gyx © k* 5.9
and
(Mok)® (gcok*) A =TI8 ok (5.10)

foranyx,y € R4. Moreover, the size conditions (2.19) and (2.20) hold for kM = (kg, k1),
50 ¥M is a model.

Proof. The proof is short and simple because the notion of compatibility between some
regularity and renormalization structures is tailored for that purpose. One has

(gy o k™) % (gx ok t) ™ = (k ® 8,)8%) ® ((k ® g)8 0 S1)A*
2 (k®g)sT) @ (kg )st)a*
= (@ ®e') o (kT @k)At
(g, ® ") o (k ® AT)ST

= 8yx okt

and

(Mok)® (g0 k") )AL (k@ M (k®g")sT)A
=(®g')okok)a
D Meg)o ko)

=H§Co]€.

The size conditions (2.19) and (2.20) on ¥M follow now from formulas (5.9) and (5.10),
and from the fact that the maps k and k™ preserve the spaces Tg and 7,', respectively, as
a consequence of the stability conditions (5.3) and (5.5). ]

Together with Corollary 6, this statement implies in particular that if the model M takes
values in the space of continuous functions, then the reconstruction operator ¥R associated
with the renormalized model is related to the reconstruction operator R associated with
the unrenormalized model by the relation

kR = Rok.
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This point will be used crucially in Section 6.3, where we will give a dynamical picture of
the renormalization of models.

We consider in the remainder of this section the case of interest for the study of
(systems of) singular stochastic PDE(s) where the regularity structure 7 is built from
integration operators and satisfies Assumption B. Unfortunately, even if a model M is K-
admissible, ¥M is not always K-admissible for any k € G~. We put forward an assumption
under which one builds K-admissible models using elements k of a non-trivial subgroup
G 0f G™. Assume B8 = U and let ¥ stand for the family of operators

F = A{Ip}pla<t ULX " *}pena+i\(oy-
acting on the basis 8 = U, where X" denotes the linear operator on 7" defined by
T X" 1.
Recall that such a multiplication is always given by Assumption A3.

Assumption C1. The regularity structure 7 is built from integration operators and satis-
fies Assumption B1 and the renormalization structure U is compatible with J. Moreover,
the following holds.

* The algebra U~ is generated by the basis elements U <o := | J, .o U and the unit 1_.

e Let &~ be the ideal of U~ generated by the set (¥ (U)) N U<p. The linear map
8 : U — U™ ® U satisfies, for any operator F € ¥ and t € U,

S(Fr)—(d® F)§t € 3~ ® UL (5.11)

*  We define a projection operator P_ : U — U~ setting P_1 := tl;eqy_, forany r € U.
The linear map
U ->U QU™
is defined by 6~ = (Id ® P-)d on U and its multiplicative extension.

Define the subset G4 of G™ by
Gy =1k € G7; k(F(r)) = 0forany F(z) € (¥(U)) N U<o}.

Proposition 29. The set G, is a subgroup of G~, and for any k € G and any K-
admissible model M, one has *M is also K-admissible. The group G, is called the renor-
malization group.

The definition of the group G, gives the meaning to assumption (5.11). Up to irrelev-
ant terms for k € G, the renormalization operations in U~ or U of an “integral” is the
integral of its renormalized integrand, and multiplication by a polynomial has no effect on
the renormalization process.

Proof. Note that k(5 ™) = 0 for any k € G_4. Let 7 be an element of U, such that Fr €
U o for some F € F.
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(a) Given k,h € G4 since identity (5.11) and the third property of Assumption C1
ensures that

(kxh)(Ft)=(kk®h)§ (F1) =0,
forall F € ¥, we have k * h € G_j. Next, we show that
k' =koS_eGy.

Denote by M~ the multiplication operator in U~ and pick ¢ € Ug with B < 0.
Since 0 € 1- @ 0 + Y ,.0 Uy ® Ug_q, by applying the operator M~ (Id ®
S_P_) to (5.11), we have from Assumption Bl and the fact that §~ is an ideal

S(Fo)e ) M (Uy ® S_(P-FUp_4)) + 3.
a<0
which implies k=1 (F Ug) = k(S—F Ug) = 0, by an induction on §.
(b) Let F = I,.By(5.11),

FTI(I,7) = (k @ )61, = (k ® T1I,)8t = PK(k ® st = 3PK(*IT7).

Since we have a similar identity for F = X" %, we obtain that kM is admissible.

We end this section by showing that the definition of compatible renormalization and
regularity structures takes then a simple form under the following additional mild assump-
tion. It essentially says that multiplications by a polynomial and integrations are not the
sources of renormalization problems.

Assumption C2. The algebra morphism §* : Tt — U~ ® T™ is determined by the
identities
XL =1_®x{, §7(I 1) =@1de I (5.12)

Proposition 30. Under Assumption C2, assume that T satisfies the property (5.3) and the
version of identity (5.6) without the + labels. Then, the other conditions in Definition 27
follow automatically.

Proof. The comodule property (5.4) follows from (5.1) and the definition (5.12). Indeed,
(d®§T)sT(Ifr)=(d®stI})ér=(d®1d® I,;)(1d ® §)ét

=(ded® I,7) (¢~ ®Id)sr = (5~ ®1d)(Id ® I,7)ér
= (8~ ®1d)§T (I} ).

The counit parts of (5.4) and (5.7) are left to readers. The condition (5.5) follows from (5.3)
and the definition (5.12). The (+)-labelled version of (5.6) is checked for I;ft € 8% as
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follows:

M(IS)(8+ ® 8+)A+(I+1’)
4
M“3)((5+I+ ®sT)AT+ Y 5+t g' 8+(In+€‘l:))
LeNxNd4

x4
= M(”)(((Id ®INE@T)AT+ Y 1.8 elde In+z)5f)
£eNxN4

Xl
=W I oUMIERsHAT+ D 9® 7 ® L% ,(t/7p)
LeNxN4 o<t
Xt
=Moo A+ Y ¢o-* 7 L ® I, (t/7p)
LeNxN4 o<t
and
(Id® A1) (I ) =1d® AT I )ét
é

Y ee ((I; BIAC/ )+ Y

et {eNxN49

® It () w))

hence, we have
MID (T @ ST)AT (I 0) = (d® AT)ST (I, 7).

It remains to prove (5.4) and (5.6) for elements of the form X! r. This is elementary using
the multiplicative property of ST and A™T. m

6. Multi-pre-Lie structure and renormalized equations

Let us summarize the successive steps that we have followed after the formalism of reg-
ularity structures was set up in Section 2. We described in Section 3 a particular class of
regularity structures, and the class of admissible models on them, that have the property
that one can lift the integral operator (3; — A,)~! into an operator on some spaces of mod-
elled distributions that has a Schauder-type continuity property given in Theorem 17. This
result played a crucial role in the local in time well-posedness result proved in Theorem 23
of Section 4. It gives us a modelled distribution #™ that solves a well-defined regularity
structure formulation of a fixed-point formulation of an ill-defined singular (stochastic)
PDE. We define the (model-dependent) solution of this ill-defined equation as the (model-
dependent) reconstruction u™ = RM(u™) of u™. To make this definition consistent with the
initial objective, we would like to use some models M for which IT1(E) = {. The con-
struction of some admissible model that has this property is made very non-trivial by the
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fact that ¢ has low regularity. As a matter of fact, this cannot be done in a deterministic
reasonable way, but one can construct some random admissible models that are limits in a
probabilistic sense of some smooth models built from the canonical admissible model M?
associated with a regularized noise .. The construction recipe

M, k) — *m
for these renormalized models was given in Theorem 28 in Section 5. Denote by
Mé‘ — (gé" HS)

the canonical admissible model associated with a regularized noise {.. We will see in
Section 7 that there is a particular choice of character k, for which the K< IT?(z)(x) are
centered for all the 7 of negative homogeneity and all state space point x. Chandra and
Hairer first proved the probabilistic convergence of the renormalized admissible models
ksM# to some limit admissible random model M. We will not prove this result in the tourist
guide and refer the reader to the review [10] for some information on this matter. Rather
we will see in the present section that one can give a somewhat explicit description of the
dynamics of u™ based on the following facts.

(a) The continuity of the map M — uM ensures that the dynamics of u™ is the limit of
. — ke e
the dynamics of the i1, :=u ™.

(b) We will see in the present section that i, is actually the solution of an explicit
stochastic PDE driven by the regularized noise {,, called the renormalized equa-
tion. This is the main result of this section, stated in Theorem 43.

We will concentrate in this section on the study of the generalized KPZ equation

(95 — Ax + Du = f0)C + g2() (D) + 1) (0xu) + go(u)
= f(u)é-—i_g(u’ax’u)v (61)

with a given initial condition. It already involves the main difficulties of the most general
situation, with the advantage of leaving aside a number of purely technical and notational
matters compared to the most general situation.

1. Picard iteration and decorated trees. We saw in Section 4 that there is a unique mod-
elled distribution
u= Z urt € D (T, g),
1€B
with y € (—fo,2) and n € (0, Bo + 2] solving the lift (4.10) in the regularity structure T
of equation (6.1). It satisfies on the domain (0, 2) x T¢ the fixed-point problem

uI(f*(u)E + g5(u) x (Du)**> + g} (u) x Du + g} (u))

® () 25" ()
~ ) 0 Ug cug I(ti e B) + 2k' Ugy + Ug g Ugy L (T1 - T Dio1 Dj03)
(k) (k)
g (u) 8o (u)
lk' Ugy - Ug e T (11 Tk Dioy) + Ok' Ug ug It w),  (6.2)
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up to some model-dependent non-trivial polynomial components, with 7, 0, € B, and
implicit sums over 8 and 7, j € {1,...,d}. We see on this identity that 7" needs at least
to be stable by the operations

(Tl,...,‘[k,O'l,O'z)
— I(‘L’l ---tk),I(rl ---rkE),I(tl -'~l'kD,'O'1),I(‘L'1 ---tkDialeaz);

this naturally endows the elements of 7" with a tree/inductive structure. This fact is com-
mon to all the equations that can be treated by the methods of regularity structures. This
leads us in Section 6.1 to setting the framework of rooted decorated trees as a convenient
encoding of the elements of 7.

2. Decorated trees and pre-Lie algebras. The importance of this algebraic setting comes
from the fact that the vector space V' spanned by the set of all rooted trees with vertex and
edge decorations in some given sets happens to be a universal object in a class of algeb-
raic structures called multi-pre-Lie algebras. Morphisms of such multi-pre-Lie algebras
defined on V' are thus determined by their restrictions to a set of generators. We show in
Section 6.2 that the modelled distribution solution of the regularity structure lift of equa-
tion (6.1) involves precisely such a morphism, with values in the space of vector fields;
see Proposition 36.

3. Pre-Lie algebras and renormalization. The regularity structure associated with equa-
tion (6.1) is built from V, with T and T subsets of V. Building 7T within V', any
renormalization structure U compatible with T and satisfying Assumption C will also
be built within V', with U and U~ some subsets of V. Theorem 43 below shows that 1, is
the solution of an explicit equation driven by ¢,. This result was first proved in the seminal
work [17] of Bruned, Chandra, Chevyrev, and Hairer. The proof builds on the fact that the
dual renormalization map k* that one can associate to any k € G happens to be a multi-
pre-Lie morphism under a compatibility condition on the multi-pre-Lie structure and the
renormalization operator §, found here under the form of Assumption D3.

Assumptions D1-D3 to be found in this section are all met in the case of a general
subcritical system of singular stochastic PDEs, and we verify them by hand in Section 9
where we construct the regularity and renormalization structures associated with the gen-
eralized KPZ equation. We emphasize them here as “assumptions” to stress the mechanics
at work in the most general case.

6.1. Free E-multi-pre-Lie algebra generated by N

We introduce in the first paragraph the space of edge and node decorated trees. Decoration
spaces are associated to any given system of singular stochastic PDEs, and the associated
space of decorated trees provides the background scene from which one can define the
regularity and renormalization structures associated with the system. The multi-pre-Lie
structure of the space of decorated trees is introduced in another paragraph and its dual
operator described explicitly.
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Decorated trees.

Definition. Let T, (called a node-type set) and T, (called an edge-type set) be abstract
sets.

* A rooted tree 7 is a finite connected non-planar graph without loops, with a node set
N, and an edge set E;, and with a distinguished node p., called the root. The root
defines a natural order on each edge, from the root to the leaves. In particular, each
edge e € E; is written as the form e = (u, v), where u, v € N, are endpoints of e and
u is closer to the root. u is called a parent of v, and v is called a child of u.

We identify two trees t and ¢ if they are graph isomorphic, so we always write a graph
by putting ancestors lower and descendants upper. The root is put at the bottom. Here
is an example.

* A typed rooted tree is a rooted tree with type maps t, : Ny - Tpand te : E; — Te.
Moreover, a rooted decorated tree is a typed rooted tree T with two maps

n: N, - Nd+1, e: E; — NE+L

We denote a generic typed rooted tree by Greek letters like t, and a generic rooted
decorated trees with two decorations 1, e by 7, or a bold letter 7.

We will consider later rooted trees T equipped with three decorations n, o, e — see
Section 9.1 for the precise definitions. In this section, we hide the o-decoration in the
node-type map, so we consider the type sets

T = {e. 0} U {e"}4cr.

The node type o represents the monomial 1 = X°, and o represents the noise E. The third
node type >* is a node with the o-decoration «. The set T, labels the set of differential
operators involved in the system of equations under study. There is a single operator dx, —
Ay + 1 in the example of the generalized (KPZ) equation (6.1), so the set T, consists of
only one element, associated with the integration operator I in that case. If we consider a
system of singular stochastic PDEs involving different operators, different operators I’s
would be associated with each of them and the set T, would collect them all.

Anelement X" € T is denoted by ", that is, a graph with only one node with the type
e and the n-decoration n € N9*1_ An edge with e-decoration p € N9*! represents the
operator .I,, with the notations of Section 3.2, for one of the operators .I involved in the
equation.

All operations appearing in the equation (6.2) are graphically defined as follows. In
the following pictures, types and decorations are omitted unless necessary, and the root of
T in the first bullet and of 74, ..., T, in the third bullet is denoted by a square.
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» The integration T — I,(7) is given by the map connecting the root of T with a new
node, which becomes a root of the tree I,(7), and giving the e-decoration p € Né4+1
to the connecting edge.

The product b” 7 for b € T, n € N1 and t with t,(po;) = @ and n(p;) = 0 is
given changing the node type of p; to b and n-decoration to #. For example, if b = o
andn = 0,

* The productof trees Ip, (z;) (j = 1,...,m)is given by the tree product, that is joining
their roots.

T1 T2 Tm T1 T2 Tm

. - _ LS
Ipl Ipz Im i P

Thus, we see that the rooted trees obtained by the above operations are sufficient to
describe the fixed-point problem (6.2). The symbol % does not come from the fixed-point
problem (6.2), but its use is made clear in Section 6.3. As we concentrate in this section
on the generalized (KPZ) equation, the edge-type set T, will consist of a single element,
suggestively denoted by I. There is no difficulty in working with a finite edge-type set.

Definition. Let 'V be the set of all rooted decorated trees with type sets T, = {e, 0} U
{o"%*}yer and T, = {I}, and let V be the vector space spanned by V. Moreover, denote
by (z* : V — R).ev the dual basis of V, and let V* be the vector space spanned by

{t%}rev.

Throughout this section, we view each element of V as the rooted tree v with the
composite decorations (t,,n) : N; — Nand (e, e) : E; — E, where

E:= Tede+l sz+l’ N := %’nXNd+l.
The set N is considered as a subset of 'V consisting of simple trees

_ _ J L ,
N = {b"}per, nenar1 = {o°, o™, o" a}l,m,neNd“,aeR'

Write N := { bO}Beeg“ ~ T,. We introduce a few notations. Note that each T € 'V has a
decomposition of the form

a
T=0"x W I (i) =b" « Ip (z1) %+ % Ip,(Ta)

i=1
with B” € N, p1,..., pa € Ne*! and 7,,..., 7, € V. Taking care of the number of
automorphisms of 7 that leave it fixed, for T of the form

b
T =b" % Y (Iy00)))",

J=1
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with (g;,0;) # (g;,0;) forany i # j, define inductively

b
S(z):=nl ][ S(e,)™ mj.
j=1

Then, we define the paring (-, -)) between V and V* by
(r.0") = S(@)0"(7) (6.3)

for ,0 € V. We see V* as a part of the algebraic dual of V. (As V is infinite dimen-
sional, V* is not equal to the full algebraic dual of V.) The “copy” space V* will play an
important role in the second half part of this section.

Canonical model. Given a smooth noise ¢ € € (R x R¥), we define the canonical oper-
ator IT% on the whole of V requiring that it is multiplicative with respect to the  product
and setting, for all x € R x R4 R

I (0")(x) = x"¢(x), TIE(e")(x) = TI¢(e™*)(x) = x",

and
¢ (1,7) = 3PK(I1),

for all n, a, T, p. The regularity structures we will work with have spaces T and T that
are subsets of V. Since all functions [T1¢7 are smooth, the restriction of ¢ to T<o defines
the canonical model

M = (¢, TTY)

on the regularity structure 7, from Theorem 19. Things are explicit here as the multiplic-
ativity and the K-admissibility properties fix the definition of TT¢ on all decorated trees in
V. Emphasize the fact that since the map I1% is multiplicative, its associated reconstruc-
tion map is also multiplicative.

Multi-pre-Lie algebras. We first recall the definition of a multi-pre-Lie algebra, referring
the reader to Foissy’s article [4 1] for basics on multi-pre-Lie algebras. All we need to know
on the subject is the following definition and the result of Proposition 32 below.

Definition. Let E be a set. A vector space W, equipped with a family (c)eeg Of bilinear
maps from W x W into W, is called an E-multi-pre-Lie algebra if one has

(aceb)ogc—ace(bogc)=(boga)cec—b oy (acec)

foralla,b,c € W,and e, e’ € E.

The two arguments of a pre-Lie product a &, b do not play a symmetric role, and
we think here of a as acting on b via the operator c.; we read a &, b from left to right.
Here is an example of E-multi-pre-Lie algebra. Take E finite, identified with {1, ..., |E|},
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and consider the space of smooth functions on RI¥l. Then, the family of differentiation
operators
G >e H := Gaer

defines an E-multi-pre-Lie algebra. If E consists of a single element ¢, this operator is
called a pre-Lie product, and a vector space equipped with a pre-Lie product is called a
pre-Lie algebra. Any pre-Lie algebra is Lie-admissible, in the sense that the map (@, b) —
a & b — b & a defines a Lie bracket. The relevance of the multi-pre-Lie structure in the
study of singular stochastic PDEs comes from Proposition 36 in the next section, as it
identifies the components u, of solutions # = ) u, 7 regularity structures lifts of a singu-
lar stochastic PDEs as E-multi-pre-Lie algebra morphisms.

We define now the multi-pre-Lie structure in the space V' *. The reason for working on
V* rather than on V will appear clearly in Sections 6.2 and 6.3. With the spaces V and
V* being infinite dimensional, the symbol ® denotes below the algebraic tensor product
of these spaces with themselves, without any completion.

Definition. Givene € E ~ Nd+1, anode v of a decorated tree 0 € 'V and T € V, denote
by
e
T _)(v) o

the element of 'V obtained by grafting = on the node v of ¢, along an edge of e-decoration
e. Define also

e II(U) e—m _
T AW O = > " )T —wm oy eV

e
meNa+1;m<n(v)Ape
e
TR o= Z T @) O €V,

VEN,
where 1, is the indicator function of v. Recall that the binomial coefficient of multi-indices
is defined at the end of Section 1. Finally, define a linear map
AVERQVF > V*
by
T* Aot = (t rewa)*, T,0 €V,

where the map (-)* : V' — V* is the linear extension of themap V > 7 — 7* € V*,

e n n Te—m
L e = - ,
() v Z (m) n—m v
m<eAn
where v is colored in green. The next statement is fundamental and can be proved as

Corollary 9 in Foissy’s work [41] — it was first proved in Proposition 4.21 of Bruned,
Chandra, Chevyrev, and Hairer’s work [17]. A proof can be found in Appendix C.2.

Here is an example:
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Proposition 31. The space V* with the operators {r%,}eeg is the free E-multi-pre-Lie
algebra generated by N, in the sense that the universal property (b) in Appendix C.2 holds.

Any morphism from V* into an E-multi-pre-Lie algebra is thus determined by its
restriction to the generators N of V*. This is the universal property of the free E-multi-
pre-Lie algebra with generators N. In particular, if two E-multi-pre-Lie morphisms from
V* into the same E-multi-pre-Lie algebra coincide on the generators of V'*, then they are
equal.

The space T = U of the regularity and renormalization structures associated with the
generalized KPZ equation is a subspace of V with each space Tg, T,", Ug/, U . spanned
by finitely many rooted decorated trees. Denote by 7y : V' — U the canonical projection.
The next assumption is a piece of properties to be satisfied by the basis B8 of 7 and U. In
Section 9.1, B is defined as the set of all trees strongly conforming to the rule. The first
one means that the n-decoration is independent of the rule and the second one means that
the rule is local. The last one describes that the projection map 7wy behaves consistently
with respect to all the grafting products req,

Assumption D1. The homogeneous basis 8 of 7" and U is a subset of 'V with the follow-
ing properties. (Recall that the notions of homogeneity in 7" and U are different.)

e Ift =1 e B,then t™ € B forany m : N, — N+1,
o Ift=0"*%i_; Ip(ti) € B, thenb,7q,...,74 € B.

e Foranyt,o0 € Vande €E,

JTU(‘[ rew (JTUO')) = nU((nUr) rew 0) =y (r & o).

Set
U* .= span{r*;r € i)’}

and denote by = : V* — U™ the canonical projection. Then, we define the map
Ap: U U* > U™,
setting
T Ay 0% 1= mye (z* .~ o).
The following statement is proved in Appendix C.2.

Proposition 32. Under Assumption D1, the space U* with the operators {fe\/b}eegsl is the
E-multi-pre-Lie algebra generated by N N B.

Finally, we define an operator playing the role of “antiderivative”.

Definition. Foreachi € {0, 1,...,d}, define the linear map 1;: V* — V* by

t@) =) @rety”

vEN,



A tourist’s guide to regularity structures and singular stochastic PDEs 293

The map 1; sends U™ into itself under Assumption D1. We denote by
i,,'t V>V

the dual map of 1;: V* — V* under the pairing (6.3), that is,

(liT.o™) ={r.1i07)

for any 7,0 € V. Moreover, we extend the pairing (6.3) into a pairing between V ® V
and V* ® V*, setting

(r1® 72,07 ®03) := (r1.07) (r2.03).
Under such pairings, denote by
N V>VRV
the dual map ofrex: V*® V* - V* thatis,

(e mT* ® ™) := (. T* o) (6.4)

for any 7,0, € V and e € E. The following explicit formulas for |; and 1| are helpful
to get a graphical image. It is used only in the proof of Theorem 47 giving an explicit con-
struction of the regularity and renormalization structures associated with the generalized
KPZ equation.

Lemma 33. Foranyi €{0,1,...,d} and any v = 1! € 'V, one has
@)= > a@rEt,
VEN,, e;<u(v)
Moreover; for any T = 1 € V and any e € E, one has

’]Le (Ten) = Z m(ce‘[)g ® (Pef)le"+(efe(e))1u7 (6.5)

e=(v,w)EE;e(e)<e
where Cot and Pt are the two connected components of the graph t \ {e}, with Pt
containing the root of T. (Again, recall that the factorial of a multi-index is defined at the
end of Section 1.)

Proof. We show that equation (6.4) holds for the map 1}, defined by the second for-
mula (6.5). The first formula is proved by a similar argument. Note that, for any elements
T=0"%x%i_, Ip(r;) € Vando = u™ » *5’:1 I,(0;) €V, one has

«T, U*)> = 15=u,n=m,a=b n! Z 1_[ lpi =qs3i) «Ti’ 0—:(1')»y (6.6)

seS,i=1
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where S, is the symmetric group of the set {1,2, ..., a}. For 5 of the form
a
n=b" x J Ip,(1;).
i=1

we divide the right-hand side of (6.5) according to whether the edge e is connected to the
root or not and have

1
Nen = Zm’?i QBT xS I (1))

Jij#i
+ ZZ”} ® b" x IPi (7712) * * ij (77./')
i) Jiji

=ALL g+ 12 1,

where we write 1. n; = Z(m) nil ® 77,~2 following Sweedler’s notation in the first equality.

b

Similarly, forany T € Vand o = u™ » % ;_; I4;(0;) € V, one has

b

e m _
TGO = Z(Z)um Ex Tooy(r) * Y Iy, (0))
¢ j=1
b

+Zum * Iq (T rewaj) * Y Ig (o)

j=1 kik#j

e e
=ITNN10+TN,O.
Hence, it is sufficient to show that
(mt*Aro*) = (Il t* "), (6.7)
(n.t*Are™) = (112 n.t* ®a*). (6.8)

It is not difficult to show (6.7) directly from (6.6). For (6.8), it is sufficient to consider
o0 =D0" x %i_, I4(a;), and for such o one has

a
x € * x € * *
(" A2o™) =n1Y > gu=p{mit* A ol) ] Lagy=r (nj-050))
i=1s€eS, JiJ#i

and

(2 n v ®a0")

=n1 > > {d T W =p (7. 050)) T Lasy=rs (0. 05

i=1(n;) S€Sa JiJj#i
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Since

Yol ) (mfose) = (e n. " ®07),

;)
identity (6.8) follows if (6.4) holds for ¢ = o ;, which leads to an induction on the number
of edges contained in 0. The case ¢ = b” € N is an easy exercise. ]

6.2. Modelled distributions solutions of singular PDEs

The approximate description (6.2) of the fixed-point problem (4.11) leads to an explicit
formula for the coefficients of the solution u. Noting that y € (—f¢, 2) can be arbitrarily
chosen, the solution u of (6.2) is of the form

Uk
u= ) X'+ ) uweI@. (6.9)
|kls<y T€B,|T|<y—2

Inserting such an expansion into (6.2), we see that all coefficients u 7y are cylindrical
functions of
1+d
U= (Ug)geNt+d € RN,

Here, we say that a function of u is cylindrical if it depends only on a finite number
of entries among (Ux)yen1+4. For any smooth cylindrical function F, we denote by
o f = %F the derivative with respect to uy. Moreover, we define the derivative oper-

ators (D,-)l‘.i=0 by setting

D,'F2= Z uk+ei8kF,
keN1+d

and D" := [[4_, D forn = (n;)%, € N9+1,
Definition. Setup =wupandu; = (uei);j=1. Define the linear map F from V' * to the space

of cylindrical functions of u as follows. For the primitive trees in NO := {E)O}I,eyn ~ T,
set

F(o®)(u) := f(uo),
F(e*)(u) := g(uo, u1) := ga(uo)(u1)* + g1(uo)ur + go(uop)

d d
=Y g5 o ue, + Y &4 (uo)ue; + golito).
ij=1 i=1

F((+"%)*)(u) := 0.
For a generic tree
T = 0"« Y Iy, (1),
i=1

define inductively

F(t*)(u) := {]_[ F(T?)(U)} {D" ]_[ a,,,.}F(b*)(u). (6.10)

i=1 i=1
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Here are some examples. Recall that e represents 1 = X°, and o represents the noise
F((E x I(E)")(u) = f(uo) f'(uo).
g5 (uo) f(wo)®> (i # ),

F((Te(2) » ey (B)) (W) = {zg;"(uo)f(uo)z (i = ).

We recall some useful formulas for the derivative operators.

Lemma 34. For any smooth cylindrical function F of u and any n € N'*4 one has

D"F _ TN
R N B O

]
m:NIH  (N1+\ (o) >N | keNI+Hd R
2>k mk,q))g=n geN'+4\{0}

x( I1 af("’q’)F 6.11)

keN1td
geN1T4\{o}

(Faa di Bruno formula from [17, Lemma A.1]). Here, 0! = 1, ug =1 and 3° = 1d by
convention, so the sum and the multiplications on the right-hand side are over only finitely
many parameters. Moreover, for any k,n € N'*4 one has

WD"F= Y (’Z)D"—‘ak_w, 6.12)
{eN1+d
where (;f) =0iff >nand dp—g = 0if £ > k by convention, so the sums are over{ <n A k.

Proof. The proof of (6.11) is an induction on #n. In the case n = e;, the right-hand side
of (6.11) coincides with D; F by definition. Next, assume that (6.11) holds for » and
consider n + e;. For simplicity, we denote by M, the set of all maps

m: N1 5 (N1 (o)) > N

such that }_ (3_, m(k,q))q = n, and write

1 m(k.q) it
A(m) = EW(”’;") and  B(m) — (gak k ‘”)F.

By Leibniz rule, we can divide D; D;—!F into two terms according to the fact that D; is
applied to A(m) or B(m). By definition of D; = D ,cn1+d Ugte; O¢, the latter part is
reorganized as

S Y (mlt.e) + 1) AGie) By, 6.13)

meMy, (eN1+d
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where 11y € My, is defined by my(k,q) = m(k, q) + Lk g)=(¢,e;)- On the other hand,
since D;juy’ = mukm_luk+ei , the former part is also reorganized as

> > (pi + (L. p + e;) + 1) A(ringp) B(ing ). (6.14)

meMy (eN1+d, peN+A\{0};m (¢, p)=1

where ¢ , € My 1, is defined by iy , (k,q) =m(k,q) — Le.)=t.p) + Lk.)=(t,p+e)-
The term (6.13) can be absorbed into the sum (6.14) where the condition on p is replaced
by “p € N'T4” by setting 7ty o := itz and m(£,0) = 1 for any £. Conversely, for any
W E Myye,,if (€, p) > 1 for some £ € N'*4 and p € N9 \ {0}, then there exists a
unique m € M, such that mny ,_,, = p. Therefore, the sum (6.14) is reorganized as

D"F
Di——= 3 > i+ DmE p+en) +1)ACRL ) Bl p)
meMpy (,peN1+d:m(L,p)>1
= > 3 (i + D(m(€. p +e) + 1)) A0 B().

HWEMyte; mEMn,e,pENhLd;rﬁ[,p:M

It turns out that the quantity inside the large parentheses is equal to

> qip(l.q) =n; + 1
4ENl+d,qul+d\{0}

because of the condition that € M,, 1, . Thus, we have niDJ;'l D:!F = ZMEMn+ei A(u)B(w).
This yields that (6.11) holds for any 7.

The proof of (6.12) is also an induction on n. The case n = e; follows from Leibniz
rule:

kD F = Z Ok (Ugye; 0 F) = Z (OxUgye; )0 F + Z Ugte; OO F

leN1+d leN1+d leN1+d
= lkzgi 3k_gi F + D;oiF.

Assuming that (6.12) holds for n, we have for n + e;

kD" F = 3, D"(D;F) = Y | (")D”ak_gD,-F
— ¢

=> (Z)Dn_e(lk—éze,- Ok—t—e; F + DiOgx—¢ F)
¢

3 (m " e.)D’H—e"_mak—mF + >

meN1+d meN1+d

(7)o r

Since (mfei) +(7) = ("Jre"), it turns out that (6.12) also holds for n + e;. n

m m
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Using the Faa di Bruno formula (6.11), we can give in the following lemma a repres-
entation of the nonlinear terms of (4.11). Given a modelled distribution # € D" (T, g) of
the form (6.9), set

F(u) = @<y+ﬂ0(Z(F(5*))*(u,Du)*b) f*(u) % E + g*(u, Du).
ben?

Lemma 35. Consider a generic tree of the form

b
T =" x Y (I (0;)"™

Jj=1

such that |t| <y + Bo and (pi,0;) # (pj.0;) for any i # j. The t-component of
F (u(x)) is given by

b
{1_[ %}{ — 1_[827} ) ((x (X)) o <1)- (6.15)

j=1 =1

Consequently, if u solves the fixed-point problem (4.11), then for any T € B with |t| <
y —2and any x € (0,2) x T?, one has

Uz (x) = WF(’ ) (e (X)) e+ (6.16)

where the right-hand side depends only on uy (x) with |k|s < y.
Proof. We consider here
b
T=0"x *(I(O'j))*mj;
j=1

the other cases are proved by similar arguments. The element T appears in the term
f*(u) x E. Inserting the expansion (6.9) into f*(u) x &, its T-component is given by

Z f(a)(uo) "

a! T,
TloensTas Ko Ti=T

where 71,..., T, are elements of B of the forms X* with k #0orI(0;),anduyr = %

by definition. Rearranging 71, . .., T, so that duplicate elements are grouped together, the

above quantity is reorganized as

2

q1,.-qr EN1TAN{0}, i £ =5 q; #q;,
ni,...n,€N,n1q1+-+n,q,=n

f(nl+-~-+nr+m1+~-~+mb)(u0) (uql)nl (Mq )nr m
AL el = !

u ...umb
nll.nr'ml'mb' ql' qr| I(o1) I(op)
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Applying the formula (6.11) to the sum over gq;,...,q, andny,...,n,, the above quantity
is equal to

1 m
[ — J I nami+-+mp
nlmyl-mp! @) Uz, P 9 S (uo).

This is a particular case of (6.15) with b = o and p; = 0.
If u solves the fixed-point problem (4.11), then
U (x)
ux)= >y - XK+ Qo I(F (u(x))

kls <y

for any x € (0, 2) x T<. Therefore, the quantity (6.15) should be equal to u 1(z)(x) for
any T € B with || < y — 2. Assuming

Uz, = F(0})/S(0,)

inductively, we have

1
MI(-;) = m F(T*).

This concludes the proof. ]

Modelled distributions satisfying identity (6.16) are called “coherent” in [17].
Recall E ~ N4*1 and define the family of differential operators

GreH:=God, H (eckE),

acting on smooth functions of (ug, u;), with u; = (uXi)f=1. The family {>c}ece defines
an E-multi-pre-Lie algebra structure.

Proposition 36. The map F is an E-multi-pre-Lie algebra morphism: for any e € E and
any decorated trees T, in B, one has

F(t* A 0*) = F(z*) b F(a*). (6.17)
Proof. Assume that o is of the form
a
o =0" %y Ip(0;).
i=1
Then, by definition,
n a
e —
&= Z(g)b” Ca I o(t) » Yo Lpy(00)

L i=1

a
+Y " % I (r A oi) Y I (0)).

i=1 i
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Hence,

F(z* A o*) = Z(Z)F(r*){n F(O’?)}Dn_eae_g{l_[ 3, }F(B*)

L i=1 i=1
a a
+Y Fe* A a;"){ I1 F(a;‘)}D"{]_[ 8pi}F(b*).
i=1 jiji i=1
On the other hand, by Leibniz rule,

a

F(1*) e F(o*) = F(r*){n F(a;‘)}aeD" {]‘[ api}F(B*)
i=1 [

i=1

+FEMY 8eF(or;"){ I1 F(a;‘)}D" {]‘[ 8pi}F(b*).

i=1 Jiji i=1

The first terms in the expansions of F(z* ~ o*)and F(t*) >, F(0*) coincide because
of the identity (6.12). The second terms turn out to coincide if (6.17) holds for z* and o},
which leads an induction on the number of edges contained in o *. ]

Assumption D1 is a necessary condition for the basis 8. The next assumption means
that B is sufficiently large to describe all terms on the right-hand side of (6.2).

Assumption D2. One has F(t*) =0foranyt € V \ 8.

In particular, Assumption D2 holds if B contains all trees strongly conforming to the
rule as in Section 9.1. Indeed, if 7 is not strongly conforming and does not have any node
with e** decoration, then T have an edge I, with |p|s > 2 or have a node with at least
three leaving edges .I, with |p|s = 1. Since F'(e*) is at most quadratic with respect to u,
we have F(t*) = 0. We define

YT:=F |U* .

By Assumption D2, we can conclude that Y is an E-multi-pre-Lie algebra morphism on
the E-multi-pre-Lie algebra (U™, {rew}eeg).

Proposition 37. Under Assumption D2, the map Y is an E-multi-pre-Lie algebra morph-
ism: for any e € E and any decorated trees T, o in B, one has

(™ b o) =T(t*)>e Y(0¥).
Proof. Since Y onyx = Fomyx = F,
Y(t* Ay 0*) = F(t* A 0%) = F(x*) be F(0*) = Y(z%) be T(0™). .

The next proposition is proved by an induction similar to the induction used in the
proof of Proposition 36, noting that D; satisfies Leibniz rule.
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Proposition 38. Under Assumption D2, for anyi € {0,1,...,d} and t € 'V, one has
F(1; ©) = D; F(z%). (6.18)
And for T € B,
Y(1; ) = D; Y (z"). (6.19)

Proof. Assume that 7 is of the form

T=0"* 3 Ip (Ti).
k=1

Then, by definition,

PT =" e Ly (Ti) + Y 0" x Iy (i Ti) « Y I, (x)).

k=1 k=1 Jij#k

Hence,

F(t %) = {]‘[ F(r,’;)}D"+et‘{]—[ apk}F(b*)
k=1 k=1
+ Y Pt tpf TT F(r;‘)}D”{H apk}F(B*).

k=1 JijFk k=1

If (6.18) holds for t;, then the above quantity is equal to D; F(t*) by Leibniz rule. Thus,
the proof is reduced to an induction on the number of edges contained in 7. One also
obtains (6.19) by Assumption D2. [

6.3. Renormalization structure over a multi-pre-Lie algebra

We now come to the main result of [17], giving a dynamical meaning to the renormal-
ization operations on models associated with elements k € G_; of the renormalization
group and more generally to elements k € G~. We keep working on the example of the
generalized KPZ equation.
In Theorem 47 in Section 9, we show that one can choose U stable under all the
splitting maps 1| ., that is,
e W) CURU

for any e € E. The restricted map
lelv:U—>U®U

is then the dual of the map re\,b for any e € E. The following assumption is thus to be
understood as a constraint on which renormalization schemes § can be used.
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Assumption D3. (a) For any e € E, the space U is stable under 1}, and one has

(Id ® (1lelv))s = MU (8 ® 8)1lelv (6.20)

and

§oli=(1d® |;)é. (6.21)

(b) When 7 = 7' is an element of B without e>* decorations, then, for any subforest
@ of t,n, : N, — N9+ with n, < n, and e:,,(p :9p — N4+1 the tree

[n—nyly,0(1y +ne%w,e)

(r/redgo)e+e/6w (6.22)

is also contained in B — see Section 9.2 for the notation.

Assumptions D1, D2, and D3 are jointly called Assumption D. Identity (6.20) is the
E-multi-pre-Lie version of the compatibility condition (5.6) between the splitting map A
of a regularity structure and a renormalization splitting §. Recall that any character k of
U~ defines a linear map k = (k ®1d)§ : U — U. Denote by k* : U* — U* the dual
map of k under the pairing (6.3). Anticipating over Section 9, say here that % is used to
denote the result of extracting from a decorated tree t the entire tree but keeping track of
the homogeneity « = |t| of the tree that was removed. Using the duality relation defining
k* and the definition of lg, we see that

and

fora > 0, and

IE*((.O,a)*) — Z k(‘[) *

T€8,|t|=a S(‘E)

for ¢ < 0. The following result is part of Proposition 4.18 in Bruned, Chandra, Chevyrev,
and Hairer’s work [17]. It is the reason why we insisted on making a difference between
U and U™ to emphasize the dual action of k.

Proposition 39. Under the compatibility Assumption D3, given any character k on U™,
the map k™ is an E-multi-pre-Lie morphism: for any edge-type e € E, and any 1,06 € B,
one has

k*(x*) Ay k*(0*) = k*(t* Ay 0™)
and

k*oti =1 0k* (1<i<d). (6.23)
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Proof. We prove the dual identities writing

(620)

fleok =(k®1e)d = (k®Id®Id) M (5®5) 1l
= ((k ®1d)8 ® (k ® 1d)8) 1}e= (k ® k) 1le

and
5.21)

Viok=(® )82 (k@1d)so Li=Fko ;. .

Pick a character k on U~. For primitive trees b € N°, define
F® %) := F(k*(b")), (6.24)
so we have
FO©*) = fuo), FO@*) = gluo.up). FO((*))
=la<o Y k@) F(z*).

TeBNU, S(T)

By Lemma 35, F %) ((¢%%)*) is also a function of only ug and u;. For a tree

a
T = 0" % I I, (7).

i=1

define inductively the functions of (u¢, u1)

F®(x*)(u) := {]_[ F® @) (uo, ul)} {D” [19» }F(k)(f)*)(u), (6.25)

i=1 i=1

similarly to (6.10). Note that F (&) can be defined for all elements 7 in V. The map F )
is an E-multi-pre-Lie morphism with respect to {rew}eeg by the same proof as that of Pro-
position 36. We prove the following proposition to ensure that F®)(z*) = 0 for any
T € 'V \ B. The notations are all defined in Section 9.2; the reader can skip it now and
come back to it later.

Proposition 40. Let k be a character of U~. For any T € V, the function F®) (t*) is
represented as a linear combination of the functions F(6*), where 6 = o' runs over all
elements of 'V without &% decorations and such that T is obtained by contracting o by its
subforest ¢ with maps ny, and e%w as the form (6.22).

Proof. The proof is an induction on the number of edges contained in 7. It is sufficient to
consider T of the form

T =" * Ipi(Ti).

i=1
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Assume that the result holds for each ;. Then, by definition, F &) (¢*) is a linear com-
bination of the functions of the form

{1‘[ F(a:‘)} {D" I1 8p,-}F<n*),
i=1

i=1
where a; is an element of V without e~ decorations such that 7; is obtained as a contrac-
tion of 0;, and n € B N U,. By the formula D" 9 F = Y jc144 (—1)* ('é)&k_gD"*ZF
obtained similarly to (6.12) and by Proposition 38, the above function is a linear combin-
ation of the functions

a a
{H F(‘T;'k)} {1_[ aQi}F(ﬂ'*)’
i=1 i=1

where ¢; < p; and p € B is a tree appearing in the expansion of 1™ g := (Hflzo L]
for some m € N1t¢ By an argument similar to the proof of Proposition 36, we can show
that the above function is equal to

q q 9a
F( > (01 A 02 Ry (00 Ry M)"'))*)'

The trees inside F produce T when we contract 61, ..., 04, # as in the explicit formula
of D™ in Section 9.2. u

As aresult of Proposition 40, under Assumptions D2 and D3, we have that F (*) (%) =
0 forany T € 'V \ B, since 7 is an element of B if and only if 7 is a contraction of a tree
in B without e>* decoration. This ensures that the map

T(k) = F(k)|U*

is an E-multi-pre-Lie morphism on U* with respect to {re%}ee E . Moreover, denoting by
S the subspace of T spanned by {#"}, na+1 U I(B), we have that, for any b € N° and
any function u : RZ+! — S the function

(F® %) (u, Du) x b : R > v

is actually 7 -valued.

Corollary 41. Under Assumption D, one has Y o k* = 1® forallk € G~.

Proof. Tt follows from Propositions 36 and 39 that the map Y o k* is an (req,b VS D)
E-multi-pre-Lie morphism. Because of Proposition 40, the map Y®) is also an (re% Vs
>e) E-multi-pre-Lie morphism. Hence, it is sufficient to show that they are equal on the

generators of U*, that is, )
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for any (b,n) € T, x N4*1 The case n = 0 is given by definition (6.24). For n =
(ni)%, € N4*1 by writing 1":= H?:o 17, we have

F(k*(0")*) = F(k*(1" 8%)) 2 F(17 (k*6%)) 2" D" F (k*p*) 2" D" F® (b*)
= F(k)((B”)*),
using (6.19) and (6.23) in the last equality. [

Similarly to the definition of ¥ (u), given a modelled distribution u € D”""(T, g) with
y € (—Bo,2) such that (0,y + Bo) N A = @, set

FO () = @50(2 (F®(6%))* (u. Du) * B). (6.26)

beNo

Note the appearance in (6.26) of a number of symbols %%, with a < 0, that have no
counterpart in ¥ (u).

Lemma 42. I[fu is a solution of equation (4.11), then
k(F @) = F® (k(u)) (6.27)
on the domain (0, 2) x T<.

Proof. Let u be evaluated at the fixed x in the domain (0, 2) x T¢. Lemma 35 implies
that

Z T(T*)((uk)keNl+d)

F(u) = Ste) T,

Izl<y+Bo

or, equivalently, (F (u), T*)) = Y(z*) for any T € B with || < y + Bo. Noting that k
and k* preserve the grading of T, as a consequence of the compatibility condition (5.3),
we have

(k(F @), t*) = (F @).k* (")) = T(k*(z*) = T®(z*)

for any T € B with |t| < y + By, or, equivalently,

k) (. *
é(?(u)) = Z TH(x )((uk)keNHd)_r

Izl<y+Bo 5(7)

Next, we consider the T-component of F®© (k (n)) by an argument similar to Lemma 35.
Note that Assumption C yields k(X”) = X", and k(I(r)) = I(k(r)) Hence,

B B Y& (¢*
k(u):k{ > %Xk+@<y1($(u))} = > %X’%Z%I(r).

|kls<y lkls<y
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Thus, by an argument similar to the former half part of Lemma 35, we see that the -
T‘k)(a ’;)
NCD)
F(6*) is replaced by Y% (b*). By definition of Y% (7*), we see that the T-component

of F® (]g(u)) is equal to T(gzg*) . Therefore,

component of ¥ ®) (k(u)) is equal to (6.15), where u r(g ) is replaced by and

(k(F @), t*) = (F P k@), t*)
for any T € B8 with |T| < y + Bo. L]

The next statement provides a dynamical picture of the renormalization operation on
models. As its proof will make it clear, it is a consequence of identity (6.27) and The-
orem 28, giving in particular the reconstruction operator of a renormalized smooth model
in terms of the unrenormalized smooth model, together with the multiplicativity property
of the canonical model associated with a smooth noise.

Theorem 43. Assume Assumption D. Let { be a smooth noise with canonical model
ME = (T1%, g%). Given a character k € G, denote by kmé = (gf o kT, TI¢o lg) its asso-
ciated renormalized K-admissible model — see Theorem 28. Pick n € (0, Bo + 2] and
¥ € (—Po.2). Given an initial condition v € €"(T?), let u® € !Og&"to)(T, gfo l€+) stand
for the solution on (0, ty) to the equation

u® = py+ ?;;Mt(f*(u(k))E +g*(@®, Du®)).
Then,
u® = R (Ctou(k))
is the solution on (0, 2) to the well-posed equation
(95 — Ax + Du® = f @) + gu®,0,u®)

P

T€B, |T|<0
started from v.

Proof. The proof is similar to the proof of Proposition 25. The function u*) satisfies the
equation

u®(x) = Po(x) + [(0 e P(x,y)RkMECt0 (f*(u(k))E + g*(u(k), Du(k)))(y)dy.
,X0)X

Since ¥M?¢ is a smooth model, one has

R™ (w) (x) = T (k (w(x))) (x)
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for any modelled distribution w € D*(T, g¢ o k™) with o > 0. Applying Lemma 42 to
u(k), one has

R™C,[f*@®)E + ¢* (u®, Du®)](x)
= T [k (7 (u® () ](x) = TE[F O (k (1P (1)) ] ()

for any x € (0, 2) x T¢. We see from the definition of the F*) that the term ¥ ®) (w) is
a sum of functions of the form
H*(w)R*(Dw)

for smooth functions H : R — R and polynomials R that are at most quadratic. We now
use the fact that since the map ¢ is multiplicative, so is its associated reconstruction
operator. The latter has value ch(-) (x) at point x, so we have

i [H*(w(x))R*(Dw(x))](x) = H[(Hiw(x)) (x)]R[(Hti(x))(x)],
with w(x) = lg(u(k) (x)). Since
(Mw(x)) (x) = R™ (Croua®) (x) = u® (x)

and
(M Dw(x))(x) = R (Cy Du®) (x) = 0,u® (x)

on the domain (0, t—") X Td, we have in the end
T4 [F® (k (@® ()] (x) = 7O @®, 9,,u®) (x). n

Remark. The preceding proof underlines the fundamental role played by the multiplic-
ative property of the centered naive interpretation operators Hi. The canonical smooth
model T1¢ is not the only multiplicative model that one can associate with a smooth
noise {. The class of models associated with “preparation maps” introduced by Bruned
in [16] provides a general setting where to obtain the renormalized equation for a class of
renormalization procedures, including the procedure implemented here [6].

7. The BHZ character

Among all the characters k on U~ that can be used to build a renormalization map k,
Bruned, Hairer, and Zambotti proved in [20] that there is a unique character k whose
associated random model is centered and translation invariant, in a probabilistic sense,
when the smooth noise ¢ in the preceding section is random, centered and translation
invariant. We describe it in this section and name it “BHZ character”, after the initials of
Bruned, Hairer, and Zambotti. We also call the associated renormalized model the BHZ
model.
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Arrived at that stage, the only pieces of the story that will be missing to have a com-
plete proof of the meta-theorems from Section | will be a proof of the fact that one can
indeed construct some regularity structures satisfying the different assumptions that we
put forward in the course of obtaining the above results and a proof of convergence of
the BHZ smooth renormalized models. We will tackle the first point in Section 9. The
second point is the object of Chandra and Hairer’s work [26]; we do not treat it here. We
refer the reader to the work [11,61,70] for some alternative proofs of the convergence of
BHZ renormalized models in situations where the law of the noise satisfies a spectral gap
inequality.

We assume throughout this section that we work with regularity and renormalization
structures satisfying Assumptions A—C. To have a picture in mind, think of the structures
associated with the generalized KPZ equation (6.1). Elements of T = U are thus given
by node and edge decorated trees. Denote by R[U] the commutative algebra generated
by U. Recall from Assumption C1 that U~ is an algebra generated by U« and a unit
1_, and if one extends first the splitting map 6 : U — U~ ® U into an algebra morphism
§: R[U] - U~ ® R[U], then the splitting map §~ satisfies

§~ =1d® P_)§|y-

for an algebra morphism projection map P_ : R[U] — U ~. (See Section 9.3 for the details;
this projection map sends in particular e and all the #>* to 1_.) Denote by 1_ the unit of
R[U], seen as the empty graph. (We use a distinct notation for 1_and 1_ to emphasize
that they do not live in the same space.) For basis elements 7 = ;' and 0 = ofm of R[U],
we write

o<t

if o is a strict subgraph of t, or 0 = 7 and m < n with mt # u. (Do not get misled
by the notation; o may be a product of disjoint subtrees of 7.) Recall from Section 5.2
the notation ¥ = {Ip}|p|,<1 U{X" *},en1+a\ (o) for the family of integral operators and
multiplication by a non-null monomial. The following assumption describes the proper-
ties from the splitting map § that are relevant here. The renormalization structure built in
Section 9 for the generalized KPZ equation satisfies it.

Assumption E. (a) For any 7 € U, one has the splitting formula
ste P() @ U U,

where
U; :=span{P_(o) e U ;0 < 1}.

T

(b) Forany 7 € U<p and F € ¥ such that F(t) € Ug, one has
§(F(v)) € [d® F)st + P_(F(1)) ® >F® L 3= x U,

where J is the ideal of U~ generated by {P_(F(0)); F € ¥,0 € U<, 0 < T}.
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Property (b) is a refinement of the property (5.11) in Assumption C1. Note that, under
the definitions of gradings of T and U in Section 9 later, «®# ¢ Bp but 08 ¢ U, for
any 8 € R. (Basis elements of U with 0-homogeneity are not necessarily unique, unlike
in Assumption Al on concrete regularity structures.) Hence, the above properties are
consistent with the definitions of compatible renormalization and regularity structures.
Property (b) also ensures the existence of the following map, defined by induction on the
order relation <. Each element T of U™ has by definition a unique representative 7y
in R[U]. Denote by M the multiplication operator on R[U] and extend it naturally on
U™ @ R[U] setting M(t ® 6) = M(zy ® 0); it takes values in R[U].

Definition. Under Assumption E, the negative twisted antipode is an algebra morphism
S’ U™ — R[U]
given recursively by S”1_ = 1_ and, for every basis element 7 € U o by
S"(P_(2)) = —M_(S. ®1d) (87 — P_(z) ® ¢I7]). (7.1)

For the P_(7) generating U ~ as an algebra for 7 ranging in U <o, identity (7.1) char-
acterizes indeed uniquely an algebra morphism. The intuitive meaning of this recursive
definition should be clear. One extracts from t all possible subdiverging quantities ¢;
while extracting from ¢; all its subdiverging quantities, and so on. This formula is close
to the Dyson—Salam renormalization formula for the antipode in Hopf algebras [39]; like
the latter, it can be rewritten as a sum over forests of diverging sub-forests, as in Zim-
mermann forest formula. This will not be useful here, and the only thing that matters
here is property (7.1). The forest representation is however useful for the analysis of the
convergence of renormalized models [26].

Do not be misled by the name of S’ : this is nor the antipode of a Hopf algebra struc-
ture. Bruned, Hairer, and Zambotti named it so because its defining relation (7.1) looks
like the defining relation (B.1) for the antipode in a Hopf algebra.

Recall from Section 6.1 the definition of the naive interpretation operator I1¢ corres-
ponding to a smooth noise ¢ in R x R?. We consider a random smooth noise ¢, invariant
by translation and centered. Define the character #* on R[U] by setting h1_):=1and

W (7) := E[I1°2](0) (7.2)
for T € U, and define a character on U™ setting
k¢ =htoS..

(Keep in mind that S’ gives back elements of R[U] and that /¢ is multiplicative, so k? is

multiplicative on U ~.) The associated “BPHZ renormalized” interpretation operator ¥ ‘¢
is defined on U by

¥r = (k° @ M%)t = ((hf 0 S7) ® TT¥)é7.
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The acronym BPHZ stands for Bogoliubov, Parasiuk, Hepp, and Zimmermann, who made
deep contributions to the renormalization problem in quantum field theory. We call BHZ
character, after Bruned, Hairer, and Zambotti, the character k¢ on U~. The reason for
introducing the negative twisted antipode operator lies entirely in the following simple
computations used in the proof of the next statement claiming that the BPHZ renormal-
ization associated with the BHZ character recenters probabilistically the IT map at all
points in spacetime. Its proof is taken from the proof of Theorem 6.17 in Bruned, Hairer,
and Zambotti’s work [20] on the algebraic renormalization of regularity structures.

Theorem 44. Let ¢ stand for a smooth noise that is centered and translation invariant
in law such that 3" (0) has finite moments of any order for any n € N4+ We work
with compatible regularity and renormalization structures under Assumptions A—C and
Assumption E. The character k% belongs to Gy, and one has

E[(* TI7)(x)] = 0 (7.3)
forany Tt € U~g and x € R x R4,

Proof. First, we show that kb e G- Let F € ¥ and T € U~ be such that FT € U<p.
If F = X", then

WY (Ft) = E[IT* X" % 7](0) = x"E[I1° 7 (x)]|x=0 = O.

Next, consider F = .I,,. Recall from Section 3.1 that we defined the operator K so that
[ yrKepdy =0
RxR4

forall p € N x N such that | p|s < N for fixed N € N. Now, pick N = 2. Note that
E[M7](x) = B[ 7](x)

is a polynomial of x with degree ZveN, |n(v)|s, since K(x, y) depends on x — y only.
We use it here to have

W (2p7) = /R _ RKG E[T ()] =0,

since ) ¢y, [1(v)|s < 1 (otherwise || > Bo + 2 > 0). Hence, hé(Ft)=0forall Fe ¥.
Since Assumption E guarantees that we have

S’ (Ft) € —M_(S_. ® F)§t + M_(S_37 ® U).

we can conclude that 4% (S’ (F)) = 0, by an induction on the size of the graph . Hence,
Kt e G,
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— The negative twisted antipode S’ is defined so as to have identity (7.3) for x = 0.
Indeed, since Hf(oo’ﬂ) = 1 for all B, one has from the defining relation (7.1) for the
twisted antipode, for any 7 € Uy,

E[(* 1) ©)] = Y 1 (S7(9) E[(T*(r/79))(0)]

=Y h5(SL(e)) o (x/ 0)

[ 4

= WS (M(S”. @ 1d)7) = hE(S_ ) (hE (%) —1) = 0.

Recall that the homogeneity and grading notions on U and T are different. It is the homo-
geneity of , seen as an element of T, that appears in #*/7| Tt is elementary to go from
E[(* TT¢7)(0)] = 0 to E[(* TI¢7)(x)] = O for all x € R x R?, using the probabilistic
translation invariance property of IT%. ]

Remark. Note that the co-interaction identity between 6 and 6~ implies that we have
kyxka 18 — kl(kzni) (7.4)

for any two characters k1, k» on U ™. There is no other character k on U~ than ht oS’
such that the renormalized naive interpretation operator ¥TI¢ := (k ® T1%)8 has prop-
erty (7.3) of Theorem 44. The uniqueness claim amounts to proving that for any non-null
character k # 1 there exists an element T € U such that ]E[(k*kg 1¢7)(0)] # 0. See the
second part of the proof of [20, Theorem 6.18].

Assume now that ¢ = &, is the regularized version of a random irregular noise &,
centered and translation invariant, and write I1¢ for IMé:. The BHZ character / from (7.2)
becomes e-dependent as well. Set

ke = hfe o S/_

Identity (7.4) tells us that if the maps X< TT¢ converge to a limit when & goes to zero, then,
for any character k on U™, the renormalized interpretation map **¥¢ 1 is also converging.
There is thus a whole class of converging renormalization schemes indexed by the group
of characters of U, if there is a single converging renormalization scheme. If we insist
on building K-admissible models, this provides a family of convergent models indexed by
the renormalization group G ;.

Recall the arguments in Section 6. We say that the family of smooth cylindrical func-
tions F = {F(b*)}peno is a nonlinearity. Denote by u = SOL(&; F) for the solution to the
PDE

(Oxg — Ax + Du = Y F(b*)(u, 0pu)II*b
beno
driven by the smooth noise &, associated with a given initial condition. The arguments
in Section 6.3 imply that the nonlinearity F = {F(b*)}peno can be extended to smooth
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cylindrical functions F'(z*) for any T € 'V by (6.25), and the group G acts on the set & of
nonlinearities by F*) := F o k* as in Corollary 41. The renormalization group acquires
a dynamical meaning from Theorem 43 if one notices that

{SoL(Ee: FO)yeqr, = {SOL(Ee FE™) - = {SOL(Ees (F) D)} 6

for any fixed positive ¢. This remark tells us that the family of solutions of the singular
stochastic PDE (1.4) is parametrized by the subset (F®));cs- of the space & of nonlin-
earities. This remains true at the limit when & > 0 goes to 0. We will see in Section 8 that
this subset is actually a finite-dimensional immersed manifold.

8. The manifold of solutions

We take for granted in this section the convergence result of Chandra and Hairer from [26]
and work with the limit random admissible model M = (g, IT), obtained as a limit in
probability of the renormalized naive models ¥¢M® when & > 0 goes to 0. Recall from
equality (6.26) the expression of ¥ & (u) for k € G- Pickn € (0,80 + 2],y € (—Bo.2)
and an initial condition ug € €"(T?). Write u(k) € Dighy (T, g) for the solution to the
equation

u(k) = Pyuo + P (F O u(k))) = e (u(k)).

and set
u(k) := RMCto(u(k)).

By continuity of the solution map the family of functions {u(k)}reg_, coincides with the
limit of the family

{SoL(&; FE9)}

Note that Wy depends linearly, hence smoothly, on k. We saw in Theorem 23 in Section 4
that, given a bounded set of nonlinearities in C°°, there exists a positive time horizon #g
such that the “integral” map Wy is a contraction from i)(y(;?to) (T, g), uniformly with respect
to the nonlinearities in the given bounded set. So, the continuous linear map (Id — 9, V),
from the Banach space i)(li;zo)(T, g) into itself, has a continuous inverse, given under
the form of the classical Neumann series. The map (Id — 9, W) is thus a continuous
isomorphism of ;D(};;ZO) (T, g) by the open mapping theorem. It is then a direct consequence

of the implicit function theorem that the unique fixed point u (k) of the equation

keGy®

uk) = v (u(k))
is a smooth function of k € G;.

Proposition 45. The family {u(k)}keg, forms a finite-dimensional immersed submani-
fold of €"(R x R?), where 1 is the parameter chosen in Theorem 43.



A tourist’s guide to regularity structures and singular stochastic PDEs 313

Proof. Tt suffices from the implicit function theorem to see that Dy u(k), the derivative of
u(k) with respect to k, has constant rank; this follows from the linearity of the recon-
struction map if we can see that Dyu(k) is injective. (The reconstruction map is not
injective without further assumptions.) The linear map Dju(k) sends the tangent space
to G, at the identity into (D():;ZO)(T, g). But picking / in that tangent space and setting
v:=(Dru(k))(h) € JD(’;;ZO)(T, g), the modelled distribution v cannot be null unless 4 = 0,
since v is the solution to the affine equation

v = ?M(Dk(}‘(k))(u(k))v + > MF(I*)(u(k) Du(k))) .
to ’ :

T€B,|T|<0 S(T)

Remark. The use of the implicit function theorem actually shows that the solution # of
the equation
u= Pyuo+ Py (f* (W& + g*(u, Du)) (8.1)

is a smooth function of f, g € C" for n large enough. This gives a direct access to Taylor
expansions in small noise, where f is replaced by af, for a small positive parameter a,
orif f is the value at a = 0 of a smooth family f(a,-) € C®, as the solution u happens
then to be a smooth function of the expansion parameter a. Elementary classical calculus
is used to see that the derivatives of u with respect to the parameter a are solutions of
affine equations obtained by formal differentiation of equation (8.1) with respect to the
parameter. This kind of questions has a long history, under the name “stochastic Taylor
expansion” in a stochastic calculus setting — after seminal works by Azencott [1] and
Ben Arous [14], where it was used together with the stationary phase method on Wiener
space to get heat kernel estimates for elliptic and sub-elliptic diffusions. Inahama and
Kawabi extended the approach to a rough paths setting in [66], and Friz, Gassiat, and
Pigato made a first use of this type of ideas in a regularity structures setting in [42]. The
result of Proposition 45 holds for all subcritical singular stochastic PDEs, with the above
straightforward proof.

9. Building regularity and renormalization structures

In the end, for the above results to hold, we require from the regularity structure T and the
renormalization structure U that they satisfy the different assumptions introduced along
the way for different purposes. We summarize them in Table 1, with a quick description
of what they are useful for.

Following Bruned, Hairer, and Zambotti [20], we describe in this section a setting
tailor-made for the study of the generalized KPZ equation (6.1) where all these conditions
hold true. We introduce a homogeneity map on the decorated trees from Section 6.1.

Definition. Let T, and T, be abstract finite sets, equipped with homogeneity maps | - | :
Th, T = R
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Assumption  Section = What it is useful for

Al-A2 2.3 Inclusion of the polynomial structure in our regularity structures.

A3 2.4 Product between Ty and 7.

BI 3.2 Actions of A on TP,

B2 35 Induction structure on A for building admissible models.

C 5.2 Compatibility between the maps 6™ and I ,([H.

D1-D2 6.1,6.2 Largeness of the basis 8 of T and U.

D3 6.3 Compatibility between multi-pre-Lie and renormalization structures.
E 7 Structure assumption on U~ and induction structure on 4.

Table 1. List of assumptions.

e Onthesets N:= T, x N x N and E := T, x N x N¢, the homogeneity maps are
extended by
{|k|n = |n| + |kls, (n,6) €N,
[lle :=le| = [f]s, (e, £) €E.

» The naive homogeneity of a decorated tree 7, is defined by

7 =Y le@le) + Y 1m0)],m)-

eckE, neN;

We start from the sets

Th={e.0}, T={I}

for an abstract symbol I — we use on purpose the same symbol as the abstract integration
map from Section 3.2. The node-type set T, is enlarged later. The two elements e and o
of T, represent the monomial 1 = X and the noise E, respectively. The set T consists
of only one integration operator .I. Each element has homogeneity

le|=0. Jo[=po. [I]=2,

where Bg € (=2, 0) is the regularity of the noise ¢ in the equation. (Would the equation
under study involve several noises with different regularities, we would introduce several
o symbols with the corresponding homogeneities.) Given that the polynomial structure is
needed to encode at a regularity structure level the term P, u¢ describing the propagation
of the initial condition, and the piece of #}' taking values in the polynomial regularity
structure, the use of trees with a node decoration encoding multiplication by polynomials
appears as natural. On the other hand, the use of edge decorations for equations that do
not involve derivatives of the solution in their formulation, like the generalized (PAM)
equation

(0 — Ax)u = f(u),
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may look strange. The necessity to use edge decorations to encode derivatives of quantities
of the form I (-), even in such a case, comes from the renormalization process implemen-
ted in this setting, as the latter involves Taylor expansions.

As said in Section 6, the final form of a generic element of our regularity structures will
be the datum of a decorated tree together with a colouring and an additional decoration

o : Ny — Z[Bol.

which plays an important role in the compatibility condition between regularity and renor-
malization structures from Definition 27. In a nutshell, this additional decoration will keep
track of the naive homogeneity of the “diverging” trees that will be extracted by the renor-
malization map §. This is what will allow to have maps §V) satisfying the fundamental
conditions

SO cum e (Bea®)

involved in the definition of compatible regularity and renormalization structures. So, one
should not be surprised that we will use the naive homogeneity to define the gradings in
U and U~ and a different notion of homogeneity in 7 and 7T, taking into account the
o-decorations. The discussion will be general enough for the reader to see what needs to
be added to deal with the general case.

9.1. Rules and extended decoration

Working with the set of all decorated trees as a candidate for a regularity structure is not
reasonable, and we first identify a few notions that help clarifying the matter. Recall the
abstract self-explaining formulation

v=1I(f"(v)E + g*(v,dv)) + (Tx) ©.1)

of the generalized (KPZ) equation. In the present tree, setting the » product is given by
the “joining” operator J on trees. If one wants to make sense of Picard iteration within the
concrete regularity structure, one needs to make sense of a number of recursive relations
— recall the subcomodules introduced in Section 4.4 and see the pictures in Section 6.1.
General constraints of this type come under the name of rule, that is, the definition for
each node type b € T, of constraints on which kind of tuples of edges {e! = (e’ , ei)}i
can have t,(e’.) = b, for all i, in a tree allowed by the rule. The choice of a rule is
determined by the equation under consideration. Consider the right-hand side of equa-
tion (9.1). Making sense of the nonlinear term f*(v)E + g (v) requires that one can find
JTE), ., I)X  or J(Z(), ..., I())X™E, within the trees allowed by the rule; that
is, the corresponding nodes are of the form

or
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Making sense of the other terms g} (v) * (Dv)*? + g} (v) * (Dv) requires that one can
find J(Z(), ..., I(), Le; (DX, 0 (L), ..., T(), Lo (), Le; (1)) X™ for some i, j =
1,...,d within the trees allowed by the rule, so each node of the corresponding elements
of C has the form

or

The operators I, are represented by the double line in the above picture. Given a rule, a
decorated conforming tree is a tree such that all nodes of the tree, except perhaps the root,
satisfy the rule. Denote by

C

the set of conforming trees. If all nodes of the tree satisfy the rule, the tree is called strongly

conforming. We denote by
SC

the set of strongly conforming trees. A rule is said to be normal if any subtree of a strongly
conforming tree is also strongly conforming.

To construct regularity and renormalization structures, the rooted decorated trees ob-
tained from the above iterations are not sufficient. Another important operation is the
contraction of rooted trees, involved in the definition of the splitting maps A and §. Given
a typed rooted tree T and a family ¢ of disjoint typed subtrees of 7, we use the notation

r/red(p

to denote the typed rooted tree obtained by identifying each subtree 7; with a single node
e with red colour in the quotient tree. Here is an example, with ¢ in green,

Os/ KT
r= S gy

We allow such an operation for the set SC of strongly conforming trees. Precisely, if each
connected component of ¢ belongs to SC, then we assume that 7 /¢ € SC. Hence, each
element of S C is a rooted decorated tree with a node-type set

‘EEC = {e,0,0}.

The analytic role of e is the same as that of e. In particular, the homogeneity of e is 0. This
is an example of the colouring of the tree. Only decorated trees without red colour appear
in the analysis of the well-posedness problem (9.1), but colours are used in the definition
of the splitting maps in the renormalization structure.
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Recall from Assumption B1 and Section 3.5 that the algebra T is spanned by ele-
ments of the form

N
x" [T @, 9.2)
i=1
where n € N x N9, ki,....ky € N x N9, and 71,...,TN € SC. It is convenient to
consider an element like (9.2) as a tree by interpreting I ]j as the planting operator like Iy
and the product [ as the tree product J. To distinguish such trees from elements of SC,
we give a blue colour to their roots, encoding in this way the + signin I.

N
N ’

~

ki kn

The set C consists of such trees, where we see that the rule is broken at the root. This
is because C is only conforming, not strongly conforming. Each element of C is thus a
rooted decorated tree with a node-type set

?nc = {e, 0,0, 0}.

A node of a conforming tree has the type e if and only if it is a root. The homogeneity of
e is 0. The trees with a blue root will only be involved in the description of the space T+.

A rule is said to be subcritical if for any y € R, only finitely many elements of SC
have naive homogeneity less than y. A complete rule will guarantee that a rooted decorated
tree obtained from the contraction of a strongly conforming tree by extracting “diverging”
pieces, and changing the decorations accordingly, will still be strongly conforming. Refer-
ence [20, Proposition 5.21] ensures that any normal subcritical rule can be extended into
a normal subcritical complete rule. We take this result for granted and do not reprove it
here. The above rule on the set of decorated trees is normal, subcritical, and complete.

To construct compatible regularity and a renormalization structure, we introduce an
additional decoration. Denote by NTred the subset of N, consisting of the nodes with type e.

Definition. A tree with extended decoration is a rooted decorated tree t;' with a map
0: N — Z[Bo).

We write T = 7o for a generic tree with extended decoration. The extended homogeneity
of such a tree is defined by

o] = Z le(e) te(e) T Z |n(n)|tn(n) + Z o(n).

ecE, neN, neNpd

We extend the naive homogeneity to the set of decorated trees with an extended decoration
setting

nol| . | n|/
}te | = |Te|'
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Note here that only trees without o-decoration, that is, o = 0, appear in the analysis of
the fixed-point problem (9.1). Indeed, the trees without o-decoration are stable under the
coproducts (A1, A) defined below. The o-decoration is only involved in the analysis of
the renormalization procedure and the associated convergence problem — see the second
equality of (9.5). Without it, the condition (5.3) for the compatibility of T and U does not
hold. We define the set

st

of strongly conforming trees with o-decoration as the minimal set which contains SC and
such that the vector space spanned by § € is stable under all the coproducts defined below.
(One could also consider S€ as a set of rooted decorated trees with node-type set

TIC = {0, 0} U {e" Y} gezisy)-

We used such an identification in Section 6. In the present section, we treat o as a decora-
tion, rather than as part of a node type.) Similarly, we define

€

as the set of decorated trees with extended decorations of the form (9.2), where 71, ...,TN€
$€. We use the bold symbol 7 to denote a generic element of S € or €. The above rule on
the set of extended decorated trees is normal, subcritical, and complete. (The subcriticality
of the rule on this set of trees with extended decorations comes from the fact that, for
any fixed y € R, the decoration « of trees with extended homogeneity less than y, will
only range in the set of homogeneities of subtrees of strongly conforming trees t,' with
homogeneity less than y.)

9.2. Coproducts

We define coproducts in the spaces of rooted decorated trees. This requires first that we
define what we mean by “subtrees” and “subforests”. Recall that the type sets

TSC — (0,00}, TC = (o000}, T ={I}

are fixed. Given a typed rooted tree 7, a nonempty connected subgraph of t is called a
subtree if it inherits from t its type map. Any possibly empty family of disjoint subtrees
of t is called a subforest. Given a rooted tree t and a subforest ¢ = {71,..., T;u}, We use
the notation

/¢
to denote the rooted tree obtained by identifying each subtree 7; with a single node with
node type e in the quotient tree. Precisely, writing y ~, z if y and z are in the same
connected component of ¢, we define 7/¢ as the tree consisting of the node set N;/ ~,
and the edge set E; \ E,. Moreover, we write

7:/red(p , or ,L,/bluega

if we give a corresponding colour to the nodes of ¢ in the quotient tree.
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«  For any function f : N; = N x N9, define the function [f1p on Ny, by

lo(Ix]) == Y F),

Yr~pX

where [x] denotes the equivalence class of x € N;.

* Denote by d¢ the leaves of ¢, that is, the set of edges (x, y) € E; such that x € N,,
and y € N \ N,. For any function g : dp — N x N4, define the function g on Ny
by setting

(TQx):= > gle).
e=(x,y)€dp

*  For any decorations 1, and e, on ¢, define the function o(@, 11y, ey) : Ny/p, — Z[Bo]
by

n(p‘rj /

o(p1ge) ([17]) = | (@)
foreach 1 < j < m, and o(@, 11y, e,) = 0 outside [¢].
Define

erp|rj

T :=span(S€), TT :=span(€), U™ :=R[SE].

Note that T is an algebra with the tree product and unit 1 := °, and U™ is an algebra
with the forest product and unit 1_ := @. The space T will be built from the side space T+
and the space U™ from the side space U™. Similarly, the different splitting maps defining
a regularity structure and a renormalization structure are built from splitting maps taking
values in, or defined on, the spaces T, T, U™,

Definition. We introduce three splitting operators.

(1) The linear map
D:T ->TQ®TH

is defined for 7,"° € S€ by

Dr° = Z Z

/
I nusey,

+ / s - L > T
(nn ),LLZM ey, 50l ® (_[/blueM)[11 iedpesol \M, 9.3)
n

1
7 ete,
eaM. i

where the first sum is over all subtrees p of ¢ which contains the root of ¢, and
the second sum is over functions n : N, — N x Nd, with nn;, < 1 and functions
el W 9 — N x N The algebra morphism

DT Tt > Th@T"

is defined by the same formula (9.3) for 7°° € €.

(2) The algebra morphism
D :U —U ®U™
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is defined by D~(1_) :=1_® 1_, and for 7o"° € S€

D™ (")
¢

>

’ Jdo*
Ng.eh, ¢

( n ) nw+ne§,¢,o|¢ 2 (I/red(p)[n—n]¢,[o]¢+o(q),n¢;+negw,e)

e ’ s
n(p €+eaw

where the first sum is over all subforests ¢ of ¢ which contains all red nodes of t,
and the sum over 1, and ¢, » 18 taken as in item 1 of the present definition.

(3) The algebra morphism
D :Tt-uUu T

is defined by the same formula as D™, with the first sum restricted to subforests ¢
which are disjoint from the root of <.

Remark. Since the right-hand side of (9.3) may become an infinite series, we have to
consider the “bigraded spaces” of rooted decorated trees defined in [20, Section 2.3]. For
any collection of vector spaces {V; },en2, we denote by V = H, cn2 Vi the space of all
sequences (V) y=(n,.n,)eN2 With v, € V; such that there exist k € N and v, = 0 unless
n» < k. The tensor product of two bigraded spaces V = HH,,cn2 Ve and W = H,,cn2 Wa

is defined by
vew:= H ( @ Vk®Wz).
neN2 k+{=n
For example, the bigraded space V = H, 2 Vs of rooted decorated trees is given by
setting V(,,»,) as the vector space spanned by all decorated trees e such that

Z le(e)ls =n1 and [N\t '{e o}| =n,.

ecE;

The spaces T, TT, and U™ above are defined as sub-bigraded spaces of V, and their tensor
products are also defined as bigraded spaces in the above sense. As in [20, Lemma 2.14],
triangular maps between bigraded spaces are well defined. For any bigraded spaces V' and
W, the family of linear maps A, : Vi, — Wy, is called triangular if A, = 0 unless
mq > ny and my < n,. The the linear map from V to W

A((Vn)nen2) = ( Z A’””v”)meNZ

neNz

is well defined. The maps D, DT, D—, and D~ above are well defined as triangular maps.
In the following, when dealing with infinite series, we use these facts implicitly. In Sec-
tion 9.3, we introduce some truncation maps which reduce infinite series to finite sums.

As suggested by the target spaces of the preceding maps, the splitting map A will be
constructed from D and the map A™ from D™, the maps § and §~ from D™, and the map §+
from D™. Only trees with blue roots appear on the right-hand side of the tensor products
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defining D. This is consistent with the fact that the trees with blue roots will represent
later elements of 7. The restriction on the choice of ¢ to subforests which are disjoint
from the root in the definition of D~ ensures that it takes values in U~ ® T and that the
multiplicative property
D7 (ro) = (D"7)(D 7o)
holds. This reflects the fact that the product of two functions
g(r)g(o), t,0€t€

does not cause any new renormalization.

Remark. Keep in mind that the elements of U~ are meant to be evaluated by characters of
U, and turned to numbers, while elements of U are meant to be turned to distributions.
This is done jointly in a renormalized naive model (k ® I1%)8. Recall that the problem
of renormalization comes from the fact that the kernel of the operator K explodes on the
diagonal. The building block of the renormalization operations § and 6~ is best understood
in the light of the following archetype problem. Let g : ([0, 1]4)” — R be a function that
is smooth outside the deep diagonal diag := {z = (z1,...,z,) € ([0,1]9)";2y = --- = z,,},
near which it behaves as |z — (z1, ..., z1)| %, for an exponent @ > d. The function g is
not integrable in any neighbourhood of the deep diagonal, so it only makes sense as a
distribution on ([0, 1]4)" \ diag

/ 2@ f@)dz,
([0,1]9)"

for f smooth, with support with empty intersection with the deep diagonal. Can we define
a distribution A on ([0, 1]¢)" that extends this distribution? This can be done by defining
A on ([0, 1]9)"

(z —zy)le—9]

(A"”)Z/([O,l]d)n g(z)(mz)—x/f(zl)—---— —

y(la=a) (Zl)) dz.

for any smooth function ¥ on ([0, 1]4)". This formula defines indeed a distribution, which
coincides with the distribution associated with g outside the deep diagonal, since the
1//[” (z1) are null for functions with compact support with null intersection with diag.
Taylor expansion appears as the building block of this extension procedure. In this paral-
lel, T has two pieces, g and f, so the role of ¢ in D™ would be played by either of them,
and the role of the projector p_ in §~, defined below, would select only the diverging term.
The term ¢ ® (t/”¢) in §~t would precisely correspond to a term g(z) (z;;,‘)n £ (zy)
in the integral defining A. A formula like the above defining relation for D™ appears if one
deals with a multiple integral where several subintegrals define functions of their external
variables of the same kind as g, and one uses a similar kind of extension procedure as
above.

The following lemma is proved in Appendix C.3.
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Lemma 46. One has the co-associativity formulas
O®IHD=(1d®D")D, (DY ®I)DT = (Id®DdD")DT,
(" ®Id)p™ =(Id®D7)D”, (D" ®IH)D~ = (d®D)D".
Moreover, one has the cointeraction formulas
MIP (D" ®D7)D = (Id® D)D",
MID(D~®D7)DT = (1d®DT)D .
9.3. Regularity and renormalization structures

We define the Hopf algebra parts of regularity and renormalization structures, from the
side spaces Tt and U™. We use the shorthand notation ;7 (t) to denote the tree I, (7)
with a blue root, with I, (7) standing for I (t) with decoration n on the edge outgoing
from the root. We define subsets € C € and S€~ C $€ by

et = {X"J(L5 (). ... I (1p)) € €;
s€:={r €8¢ |7|' <0}

Ijn']_(rj)| > 0, forany j = 1,...,b},

and set
T =U =span(S€), TT:=span(€™), U™ :=R[SE].

Note the use of the two notions of homogeneity in these definitions, the extended homo-
geneity | - | for T and T, and the naive homogeneity | - |" for U and U . Denote by

py Tt TT
the canonical projection, and define an algebra morphism
p—:U U~

setting
1., fort =1_,e%%,
p—(t):=491, forTtesS€,
0, fort € S€\ {88_ u {°0’a}an[ﬁ0]}'

Definition. Define the linear maps
A=Md®@p)D:T>TRTT, AT :=(ps ® py)DF|r+: TT > TTRTT,

8= (p_ ®Id)D_|U U —->U"QU, § := (p_ ®p_)D_|U— U U QU™,
§T=(p-@ID |7+ : Tt > U @ TT.
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It follows from the multiplicativity of p. that A™ and §* are algebra morphisms. The
assumption p_(e%°) = 1_ is needed to ensure the formulas

dftr=1_®1t+ Z 0 Q(t/9),
l@]<0

5o=1_Qc+o®1_+ > ¥R @/¥)
jo<l¥1<0

fort e S€ando € S€™.

Theorem 47. Set
Ti= ((TF.A%).(T. ),
U:= ((U_,S_),(U, 5)).

(a) T is a regularity structure satisfying Assumptions A and B, with the grading | - |.
(b) W is a renormalization structure satisfying Assumption E, with the grading | - |'.
(¢) T and U are compatible and satisfy Assumption C.

(d) Assumption D, the compatibility between the splittings ||y and § holds true.

Proof. Write as shorthand

Dt or D+t:Zai®ni,
i

Dt or B_T=Z¢j®l/lj,
J

and note that the following stability formulas of the naive and extended homogeneities.
One has

Izl =loil + |n;l. 0.4
It = lo;I"+ 1,1, Izl =19, 9.5)

for each i and j. Here, we define |1_|" := 0.
(a) By the first identity of (9.4),

(p+ ® p+)DT py = (p+ ® p1)DT

holds on TT. Then, one has the comodule property of A as follows:

(AQI)A = (Id® p+ ® p+)(DRIA)D
=(d® p+ ® p+)Id®DT)D
=(d® pt+ ® p1+)(1d®DT)(Id ® p1)D
=Jd® AN)A.
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The co-associativity of AT is obtained similarly. One gets for free the existence of an
antipode on T from the fact that T is a connected graded bialgebra — see Proposition 48
in Appendix B.

(b) The comodule properties of § and §~ are obtained by a similar way to (a), since

(p- ® p-)D” p— = (p- ® p-)D~

holds on U™, by identity (9.5). By definition, 1_ is the only element in U~ of 0 homogen-
eity, so U™ is a connected graded bialgebra.
(c) We prove the cointeraction property

MIDERTA = (Id® A)S;

the proofs of other properties are left to the readers. See also Proposition 30. The second
identity of (9.5) yields
§topy =(1d® py)st

on Tt. Thus, we have

M(13)(5 ® 8+)A — M(13)(8 ® (5+ ° p+))D
=M (p_®1d® p-® p1)(D” ®D)D
=(p-®d® ps)M1P (D" ®D7)D
= (p-®1d® p4)(1d ® D)D™
= (ld® A)S.

(d) Recall the explicit formula for the map 1}, from Lemma 33. It is obvious that U
is stable under 1} . Define

1 u —Tg,0|7\g na+€,a,0
v B8 ol Jomi e
o o

o
TEA(T) 1g,€), do”

where A(7) := {P.t}ecE, — Where P,7 is a connected component of the graph 7/{e}
containing the root of ; see (6.5). Comparing this with the definition of AT, it is not
difficult to show the equality

MIDE ®8) 1= (1d® 11)8

proceeding as in the proof of point (¢). Note that the contracted tree 7/o is always planted.
Let p. be the canonical projection on the set of planted trees 1 with

w(py) = 0. eley) = e.

where e;; is the only one edge leaving the root p;, and let ¢ be the map sending the tree of
the form 7, (7) to t. Then,

el = (co pe ®1d) 1}
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on U. Since it is elementary to show

Id®c)d=6oc,
(Id ® pe)é = 8 o pe,

the compatibility condition follows by writing

MG Q) ely = MIP (A& ¢ 0 pe)8 @ 8) 1l
= (d&cop. @) MIP(E ) 1)
=(ld®cop.®1d)(Id® 1)8 = (Id ® (1he|v))8. m

9.4. Some examples

— For simplicity, we consider the equation

0 — Ax + Du = ) + g(u)(0xu)?

for d = 1 with the noise ¢ € €17 for sufficiently small k¥ > 0. Theorem 43 yields that,
for any k € G, one has the renormalized equation

(00 = Ax+ Du® = f@O) + gu®)(0:u®)?
+ k() fu®) + k(o1) f'@®)axu®
+2k(]) f@®)gu®)au®

+ k(1) fa®) F@®) + k(W) £2w®)g®).

The double line || represents the edge with e-decoration (0, 1) € N x N. The dot o1
represents the node with n-decoration (0, 1) € N x N. More terms are needed when
te €3/2—«

— Table 2 shows a list of strongly conforming trees associated with the generalized
(KPZ) equation (6.1), without red nodes. Fix d = 1 for simplicity. Fix also

,30 =—3/2—K

for sufficiently small x > 0. The dot e represents the node with n-decoration (0, 1) €
N x N.

— Here are some examples of the actions of splitting map D~. The dot e(«) represents
the node with o-decoration o € Z[Bo]:

Do=1_® o+ o® ey,

(Bo)

pl=tel+oa]” +ea ]y +o.®HE§;’) +[®et+.
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Homogeneity Rooted decorated trees

ﬂ0=—3/2—K o

280 +2=—1-2 1V

3o +4=—1/2-3 EVYK/W%

Bo+1=—1/2—k o |

e YL VYOGV
AR ARV R AT

T ro vy T

Table 2. List of symbols of negative homogeneity for the (gKPZ) equation in the mildly singular
setting where ¢ € €73/27% with k > 0 small.

For larger trees, it is inconvenient to write down all possible terms. Note that some of them
vanish by the application of p_ or k € G_;. Omitting them by (---), one has for example

D_%:l—®%+b®Yw0+3)
+2K/® (2ﬂo+3)b+%®o(4ﬂo+6)+(...).

A. Summary of notations

Table 3 is a summary of the notations that we used in several sections.

B. Basics from algebra

We recall some basics of bialgebras, Hopf algebras, and comodules without proofs. See
[40,73,78] for details. Note that, for any two algebras A and B with units 14 and 1p,
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Notations Section Meaning

T=(T*, AN, (T,A) 22 (Concrete) regularity structure.

B8t B 22 Bases of Tt and T.

St 22 Antipode of T,

Gt ¢ 22 Character group of T and an actionof g € G* on T.
d,), |- s 2.3 Scaled metric and scaled degree.

(T, Tx), (B, Bx) 2.3 Polynomial regularity structure and their bases.

i)(y(;z) 4.3 Singular modelled distributions on the time interval (0, ¢).
U= (U93)),U",87)) 5.1 Renormalization structure.

G,k N Character group of U~ and an action of k € G~ on U.

km 52 Renormalized model.

T, Ny, Ez, pr 6.1 Rooted tree, node set, edge set, and root.

V,v* 6.1 Vector space spanned by rooted decorated trees and its copy space.
S b 6.1 Grafting operator V* ® V* — V* and its projection on U*.
Mé = (gf, I1%) 6.1 Canonical model associated with a smooth noise .

e 1elu 6.3 Dual map of R and its restriction to U.

S’ : U™ — R[U] 7 Twisted negative antipode.

se 9.1 Set of all strongly conforming decorated trees.

€ 9.1 Set of all conforming decorated trees.

Table 3. List of symbols used in the main body of the text.

respectively, the tensor space A ® B is also an algebra with the product

(a1 ® b1) - (a2 ® by) := (a1a2) ® (b1b2),
and with unit 14 ® 1.

Definition. A bialgebra (B, M,1, A, 6) is a 5-tuple of the following components.

(ai,a, € A,by,by € B)

An algebra B with product M : B ® B — B, and unit 1.

An algebra morphism A : B — B ® B satisfying the co-associativity

(ARI)A = ([d® A)A.

An algebra morphism 6 : B — R, satisfying

O RI)A = (Id® 0)A = Id,

where we identifya ® t = t ® a = ar foranya e Rand r € B.
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The map A is called a coproduct, and the map 6 is called a counit. An algebra morphism
S : B — B, such that

MAd® S)A = M(S @ Id)A =06()1 B.1)
is called an antipode. A bialgebra equipped with an antipode S is called a Hopf algebra.

The counit 6(-) is traditionally denoted by £(-). We use a different letter as ¢ already
stands for a regularization parameter in this work. The following result gives a sufficient
condition for a bialgebra to be a Hopf algebra. A bialgebra B is called graded if it is a
direct sum €9, ¢, Ba of vector spaces such that

* A isalocally finite subset of [0, c0) suchthat0 € A and A + A C A,

* leBpand By B, C By4,forany A, u € A,

. ABA C @M,veA,u+v=A BM ® Bv'

We call A a grading in this paper. A graded bialgebra with By = (1) is said to be connec-
ted.

Proposition 48 ([78, Exercises pages 228 and 238], [73, Proposition II.1.1 and Corol-
lary 11.3.2]). Any connected graded bialgebra is a Hopf algebra. Moreover, one has the
following properties.

* 6(1)=1and6(r) =0foranyt € @,., Ba.
e A1=1Q®1, andforanyt € B) withA > 0,

Ate{r®1+1®r+ 3 BM®BV}.
JTRVISVAN
nAv=A1,0<p<i

Based on the first assertion, we denote by 1’ the counit 6 of a connected graded bial-
gebra. The preceding formula for At gives an inductive formula for the antipode. For
t#£land At=71Q1+1®7t+ ) 11 ® 12, one has

S(t)=—-1— Z S(t1)12.
On the dual space B’ of the bialgebra B, the convolution product is defined by
(f *g)t:=(f ®gAT

for all f, g € B/, T € B, where we identify a ® b = ab for any a, b € R. The co-
associativity of A implies the associativity of the convolution

(f*g) xh=fx(gx*h)

forall f,g € B’, and the counit 6 is indeed a unit of the convolution product

fx0=0xf=f
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for all f € B’. Hence, the triplet (B’, *, #) is a unital ring. Moreover, the subset G C B’
of algebra morphisms g : B — R is stable under the convolution product. The existence
of an antipode S implies that G is a group. Indeed, the inverse of g € G is given by
g~ ! = g o S.Eachelement of G is called a character, and when B is a Hopf algebra, the
set G is called the character group.

We recall comodules and comodule bialgebras. Given an algebra A and two spaces E,
F, we define on the algebraic tensor product A ® E ® A ® F the A ® E ® F-valued
map

M(13)(Cll Re®a,® f):=(a1a2) e @ .

Definition. Let (B, M, 1, A, 6) be a bialgebra.
* A linear space M equipped with a linear map § : M — B ® M, with the properties

(Idp ® 8)8 = (A ®Idy)§ and (0 ® Ida)§ = Idp,

is called a left B-comodule. Similarly, a linear space N is called a right B-comodule
if alinearmap p : N — N ® B exists and satisfies

(p®Idp)p=(Idy ® A)p and (Idy ® 0)p = Idy.

* A bialgebra M is called a left B-comodule bialgebra if M is a left B-comodule by an
algebra morphism § : M — B ® M such that

MIPDE @) Ay = (1dQ Ay)S and (Id ® Oar)8 = Opr ()1,

where Ay is a coproduct of M and 6y is a counit of M.

Proposition 49 ([40, Proposition 2]). Let M be a B-comodule bialgebra. If M has an
antipode Syy, then

C. Technical proofs
This section is dedicated to proving Theorem 20 and Lemma 46.

C.1. Proof of Theorem 20

For any x € R x R and A € (0, 1], denote by ¢ — (p;} the transformation of functions on
R x R¥ defined by

Pr(y) = )Fd’zgo(/\*z(yo —x0), A1y —x")).

The following bound appears in Hairer’s original paper [53]. Recall 89 = min A and that
p¢ denotes the heat kernel of the operator § = 92, — (Ay — 1)2 on R x R¥.
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Lemma 50. Let M = (I, g) be a model over the regularity structure T and f € DY (T, g)
with y € R. Assume Bo > —4. Then, for any Schwartz function ¢ € S(R x R?), x €
R xR?, and ) € (0, 1], one has the bound

(R f — ITE £ (x), 02)| < CoITIE] | f [l 0v A7,

where the constant C, depends on the size SUpk|. ¢l.<N ||xk86<p||Loo(Rde) for N >0
large enough.

Proof. Write A, := R" f — I1% f (x) to shorten notations. Using
14

po= | Epdt+ pp
0

and the symmetry of g,

A’4
(et = [ [ (0n i) b2 dy

+/ (Ax, paa(y. ) @2 ()dy
RxR4

/14

[ ] heneo)Eeioaray

RxR4 Jo
[ a0} R 00y = (4) + (B,
RxR4
Using the properties of models as in Proposition 2, one has
v B _
(Axpe N St5+ > 15d(y.x)" P,

BelBo,y)

This implies |(B)| < AY. Moreover, since 8y > —4, one has

A4

ﬁ _ ~

iz ¥ [ e[ avrigeiod
BelBor1”® RxR
S Y ATt g .
BelBo,v]

We prove a fundamental fact on the connection of modelled distributions. For any
interval I C R, denote by !D}'(T, g) the set of functions f : I x R¢ — T, which satisfies
the bounds of [|f|]501y and || f ||£}/ as in Definition 3 with R x R¢ replaced by I x R,

Lemma 51. Let M = (g, T1) be a model over T, and leta <b <c.If f :|a,c] x R? — Ty

satisfies the bounds of || f |||@[1; . and || f |”°©[yb 0 then f € JD’;,C](T, g) and one has

1Ny, S (L + IS oy, + 1 loy )-
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Proof. 1t is sufficient to show the bound of || f () — gyx f (x)|Ig for x € [a,b] x R and
y € [b,c] x R?. Setting z = (b, y’), we have

o) =g f g = | F ) —&:zf @5+ |&5:(f @) —gx f W) 4
< fllgy d.z)"

[b,c]
+ 18l If oy, D dy.0)*Pd(z.x)™
a€[B.y)
S (L+ 18I (L Moy, + 1 oy )G 0P .

We recall now from J. Martin’s work [74, Theorem 5.3.16] the existence of a “Whitney
extension” map on locally defined modelled distributions.

Theorem 52. Let M = (g, I1) be a model over T with a regular product % satisfying
Assumption A. Then, there exists a continuous linear operator

E: D!

(—o0,t

such that (E f)|(_ooxrd = [ and the bound

IEfllor < Clif oy,

(T g) = D'(T. g)

holds for a positive constant C = C(||g||,) depending polynomially on ||g||, and inde-
pendent of t > 0 and f € D! (T, g). A similar result holds for the modelled distribu-

(—o00,t]
tions defined on [t, 00) x R4,

Proof. For simplicity, we consider ¢t = 0. It is sufficient to construct the continuous lin-
ear extension operator E : i)(y—oo,o](T’ g) — i)(y_oo’l](T, g). Indeed, once we pick y €

C>®(R x R¥) which depends only on xo such that y(xo,x’) = 1 when xo < 0 and
x(x0,x") = 0 when xo > 1, and set

k
x(x) = Z BX(X)Xk,

k!
|kls<y—Bo

then by Proposition 8, we can define the modelled distribution on R x R? by
Ef =@Q<(x * (ES)).
Then, the operator E : D) ](T, g) — DY (T, g) satisfies the desired properties.

(—00,0
We construct the extension operator E : i)(y—oo,o](T’ g) — [O(y_oo’l] (T, g). Let

h(xo, x") = hyy(x")
be the kernel of the operator e*° Ax with Xo > 0, and define the function

k
- Y )

k!
kls <y—Bo
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on (0, 00) x R¥. Then, we have the properties
a—lkls
/ h(x)dx' =1, / 0K (0, x| |X'|% < xq 2 (€.
R4 R4

for any @ > 0. For any f € i)(y_oo 0](T, g), we set (Ef)(x) = f(x) if (—o0, 0] x R¥
and

EN)=sy [ b= 0.5) * g f0.)dy
if x € (0,00) x R?. We first prove
IE ) - G £ O.x)p < 12l f oy xe” €2)
forany B < y and x = (xg, x’) € [0, 1] x R¥. Since
(E f)(x) — 8o f (0. x")
= [ b1 =) « G e f 0.) = £ 0.1y

by the first property of (C.1), we have (C.2) as follows:
ICE £)(x) — gxoo) S (0. I
< Z / 1081 (x0, " — V)| | 8x 0.1 {8000 £ (0. ") — £(0, x)}Hﬂ TR

|kls<y—Bo
a—B+lkls

SSETPD DU DI e e Er R P s

|kls<y—Bo a€[B—Ik|s.v)

R Ot*f};rlk\s V*a;|k\s R %
<Ieliflor Y Y % t % * o SRS lor %

lk|s<y—Bo a€[B—Ikl|s,y)

The bound of ||(Ef)(x)||ﬁ on x € [0, 1] x R follows from (C.2) and the bound of
£ (0, x”). For the bound of ||(Ef)(y) — Byx (Ef)(x)||ﬁ, it is sufficient to consider the

case that x, y € [0 1] x R4 by Lemma 51. If xo A y0 < d(x,y), we can bound above

ICE£)(3) = &x(E £)()]p by
[EF)0) = 8r0an £ ©. 7)) 5 + 8@ S 0. ) = 8oy £ ©0.x)} | 4
+ & {Ec0) £ 0. x) = (E£)(0)} ] 5,

1 1
and using (C.2), we obtain the desired bound. If d(x, y) < x§ A yg, by using the formula
_ Xk (v —x)°
ho) - geh(v) = Y F(akh(y) -y U st ))
lkls<y—Bo [€ls <y—Bo—lkls '

k A\
-y Xy o= R (e ym (dr)

k! n! d+1
kls<y—Bo ' Inls>y—Bo—Ikls [0,1]
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obtained from Lemma 18, where n runs over a finite set, we decompose
(Ef)(0) —gx(Ef) (%)
=Q. /]Rd {h(y —0.2")) — gyxh(x — (0.2"))} * By(0.2) f (0.2")dZ’

= Q. > M[ / K+ h (x; — (0, 2'))ma(dr) X*
4 k'n' R4 [071]d+1 ’

|kls<y—Bo
Inls=y—Bo—Ikls

* 8y(0,2) f (0,2')dz’.

Thus, it is sufficient to show that

<d(x,y)r P (C3)

/R (= (0.2))Gom S (0, )d=

B—lkls
For this purpose, we decompose
P (e = (0.2)) g0 f (0,247
R B—Ikls
=< A;d ak+nh(Xz — (O’Z/))m{mf(o»zl) — £(0, x;)}dz’ -
= liglly IIfII@O > f |05 (x, — (0, 2))|d (x, y)2 B HKls ! — 2rpr=agy
€[B—lkls,y)
5 w
SIelylifllor D (xo A o) d(x. )2 Hlkls
a€[B-Ikls,y)
Since y — & — [k|s — |n|s < —& + Bo < 0 under the condition that [n]s > y — Bo — |k|s
and o € A, we obtain the desired bound (C.3). -

Corollary 53. Let M = (g, I1) be a model over T with a regular product * satisfying
Assumption A. For any f € D""(T,g) and a > 0, the restriction f ||, oo)xrd satisfies the
bound

£ lta.c0pxrell oz, = Ca
for a positive constant C = C(||g||,) depending polynomially on ||g|,, independent of a
and f . Therefore, by writing R} := R" o E, for the extension map E, from !D[fl ’oo)(T, g)
to DY (T, g), for any Schwartz function ¢ € S(R x R?), x € R x R?, and A € (0, 1], one
has the bounds

nABo—v
(RYf —TIEE, £ (x).0})| < C'll fllprna 2 AY

and

nABo—y
(RE S 02)| < C'll fllora 2 27 (C4)
for a positive constant C' depending polynomially on ||g|, + || I18|,, independent of a
and f.
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Proof. 1tis sufficient to show the bound of || f (y) —gyx f (x)||g forany B <y and x,y €
[a,00) x R? such that d(x, y) > w(x, y). We decompose

||f(J’) _g/;f(x)”ﬂ < ||f(y)”ﬂ + ”g};f(x)”ﬂ
S lom(a™ 5% + Y dey) a5,

B=a<y
Since d(x, y) > w(x,y) > a, we have
— — —y @=20)r0
£ =B f O3 S 1 lomd e )P > d(x.y)* Va2
B=a<y
nABo—y

<1 f lorad(x, y) a2 .

nABo—y

Thus, the modelled distribution f* restricted to [a, 00) x R? has the norm of size a2
L]

We turn to the proof of the reconstruction theorem for singular modelled distributions.

Proof of Theorem 20. The proof is just an analogue of the proof of Proposition 6.9 in
Hairer’s seminal work [53], so we omit a number of details. The only difference is that
p:(x,-) is not compactly supported. For the sake of generality, for any Schwartz function
¢ e S(RxR?), x e RxR? and A € (0, 1], we prove the bound

(RY f — T8 £ (x), 02)| < I f llpr ()oY 1Y (C5)
for any A € (0, w(x)], and the bound
[(RY £, )| < IS llpr A7 (C.6)

for any A € (0, 1]. To lighten notation, we omit the proportional constants depending on
the model M. By linearity, we can assume that f = 0 on (—o0, 0] x R4 For any a > 0, we
consider the distributions R} f := R"(E, f') defined in Corollary 53. Because of the local
property of the reconstruction operator, Corollary 5, these distributions are compatible
over all a > 0 in the sense that (R} f, ¢) = (R%f, @) for any 0 < a < b and Schwartz
functions ¢ supported on [b, 00) x R¥, so the quantity (ﬁ"" f, ) is defined for any ¢
supported on (0, 00) x R?. Since f vanishes on R x ]Rg, one defines (ﬁMf, ¢)=0if ¢
is supported on (—oo, 0) x R¥. To consider arbitrary ¢, fix a family {Pnk}nen keza of
functions of the forms

¢n,k — 2—n(d+2)¢2*” Yok = (2—2n, 2—nk) cR x Rd,

Xn,k’
where ¢ is a smooth function supported on {x € R x R?;d(0, x) < 1}, and such that
Zn,k ¢nk(x) =1,if 0 < xo < 1/2. To show the bound (C.6), fixing an integer n¢ such
that 270 ~ A, and setting ¢p, = 1 — D _,~ . rezd Pn.k> We decompose

RUf.or) = > (R"f.0F ¢ui)+ RV, 0} Gny).

n>ng,keZd
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For the second term, since [5,,0 is supported in {y € R x R%: yo > Apy, ~ 27210} and
qoj} 55,,0 = 1//))6L for some Schwartz function v which is uniform over A, x, ng, by (C.4), one
has

(R £ 0% Bnol| < 270N || f llprn = 2770 f | .

For the first term, since (pj'}qﬁ,,,k is supported in [272", 00) x R¥ and roughly equal to
27Dl (1) B3
one has
(RS0 duic)| < 277Dl (e ) 27T Q)| f || 9
27D gl ()27 f Nl

The sum 274 3", 4 |92 (x4 1) is roughly bounded by Jra lo*(x)|dx" < A~2. Hence,

> RF .0k i) S NS llprar=2 ) 27nnfot2)

n>ng, keZd n>ng

< N Nlprnd 227D < | £ g AT,

Here, we use the assumption n A By > —2.

The proof of (C.5) is almost the same with some modifications. We fix the same n¢ as
above and decompose g7 into Y, >no. kezZd @b i + @} Pn,. For the dual with the second
term, by taking a >~ x¢ in (C.5), one has

(RS = TIE £ (). 0% Bno)| < @) 07727 f [l o
For the dual with the remaining terms, one decomposes

RUf—TEf(x) = (R"f =18 f () + T, f (o) =TI, (&, on f (X))
(@) + (b) + (o).

For (a), one has

(@), 2 ie)| < 279Dl (x ) (27T B TTE| || £ [ 70

as before. The sum 274 3", 4 |@%(x, 1)| is roughly bounded by Jra lo* (x)|dx" <

A72|A"2xo|™" for any N > 0. By picking N = "_’72Aﬂ°, one has

_ _ nABo—v _
D @@t pni)| SATHA x| 2 Y 27D £ g
n>ng,kezZd n>no

nABo—Y
SAT A 2x| T 2 2B £ gy

< ()" PV f o
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Using the bound || f(x)|lg < |x0|7=P)/210 one gets the same bounds as above for (b)
and (¢).
It remains to show the uniqueness of R™ f € €70 satisfying (4.6). We start from the
identity
(RS = RY) £ pr(x.)] £ (@) o7k
satisfied uniformly in x € R x R¢ such that w(x)* > ¢ by any other reconstruction operator
(RMY. Since R¥ f, (RM)' f € €70 we also have

(RYf — RMY £ pe(x. )| < ¢5°

uniformly in x € R x R and 0 < ¢ < 1. From these bounds, for any ¢ € (0, ), we can
show that

i(RMf _ (RM)/f, pt(x’ )>| < w(x)ﬂ/\ﬂo—SI%
uniformly in x € R x R? and 0 < ¢ < 1. If one chooses small & > 0 such that n A Bg — & >
—2, since [p, pa w(x)"Po=¢p(x)dx < oo for any Schwartz function ¢ € S(R x R¢), one
has

(RMf — (RM)/f,(p) = lim /(RMf — (RM)’f,pt(x,.))(p(x)dx = lim O([i) =0.m
t—0 t—0
In the end of this section, we provide a sketch of the proof of Theorem 17,

Proof of Theorem 17'. The proof is carried out by a method similar to the proof of The-
orem 17 with modifications on the bounds of $" and MM terms. Similarly to the proof of
Theorem 17, we use the decomposition g™ = fol g¥dr and NM = fol NMdr and write
(t)xn for the X™-component of t € T. As for the bound of K" f [ pr.n, we focus on the
bound of
[O] := (&' () f (x) + (N 1)) g

forany |n|s <y + 2. If r < w(x)*, we estimate the g™ and N™ terms separately. By using
the bound (4.6) for &A™, we have

B=ln|s—
O < Y w@ T e,

Be(nls—2,y)

y—inls—2
4 .

Its integration over r € [0, w(x)*] has an upper bound w(x)""Po+2=Inls If p > (x)*, we
decompose

(Ol = RS e ) =YD TIE(f () 0 .0,

n!
B<y,|nls=B+2

Note that, in the sum over j, the term associated with 8 such that |n|s = 8 + 2 vanishes
because of (3.3). Since R f € €10 we have

[@]r S , ﬂAﬂOj”\S*Z n Z a)(x)(n_ﬂ)/\or ﬂ—\nig—z ‘
B<y.,Inls>B+2

Its integration over r € [0, w(x)*] has an upper bound e (x) @ Bo+2=Inls)A0
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As for the bound of ||K™ f'|| v, we focus on the bound of (©), similarly to the proof
of Theorem 17. For the integrations over r < d(x, y)* and d(x, y)* <r < w(x, y)*, we
use the same (k)-decomposition and the (3 )-decomposition, respectively. Then, we have
the same bounds except the existence of the factor w(x, )" =7 For the integration over
r > w(x, y)*, we further decompose (% )! into

(%)) = L i £ (x). @ g7 22,

1 —\n
(RS (@"gr)) 52 7) = —

n!

For the first term, since RM f € ©n~bo, by using the same remainder formula (3.16), we
nABo—Inls —|{|s—2
4

have the upper bound 4 -\ 12— 4(, y) s p
[w(x, y)*, 1] has an upper bound

. Its integration over r €

Z d(x, y)msa)(x’ y)fl/\ﬂo—|n|s—|5|s+2 < d(x,y)y+2_|”‘5a)(x, y)n/\ﬁo—y
Kls>y+2—|n|s

since d(x, y) < w(x, y). We also have a similar bound for the remaining terms. |

C.2. Proof of Propositions 31 and 32

We provide a sketch of the proof of Propositions 31 and 32, following [21,41]. Recall
that the basis V of V is the set of all rooted trees with node types T, and edge types T,
and with decorations  : N, —> N9t and e : E; — N9t Write N = T, x N9+ and
E = . x N4*1, Moreover, the basis B of U is a subset satisfying Assumption D. For
simplicity, we prove the following proposition for V' and U, instead of V* and U*.

Proposition. (a) The space V (or U) with the operators {rz}ee £ (or {(e%}ee E)is an E-
multi-pre-Lie algebra.
(b) Let (W, {c¢}ece) be an E-multi-pre-Lie algebra, and let

{967 }(6,n)en (01 {@pn }(p,m)yenns) C W.

Then, there exists a unique E-multi-pre-Lie morphism ¢ : V' (or U) — W such that
@(b") = @pn for any b” € N (or N N B).

The E-multi-pre-Lie property of (V, {re\,}ee E)

TAOAnN-TA@AN=0@AT)ANT—0~ (TAT)

is proved in a similar way to [4 1, Proposition 2.2] and [21, Corollary 2.9], so we omit the
proof. The same property for (U, {re%}ee g) follows from it. Indeed, by Assumption D1
for the canonical projection iy : V — U, we have

T -t @ =mw(E Ao An-1A @A)

In order to prove (b), we introduce the Guin—Oudom extension of the multi-pre-Lie
structure. The following is the content of [41, Section 2.2] and [21, Section 3.2].
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Definition. Let (W, {c¢}ece) be an E-multi-pre-Lie algebra. Let (W, e) = {(a, e)}sew be
a copy of the linear space W, and denote

WoE = PW.e).
eeF

Moreover, let S(W®F) be the symmetric algebra of W®E, with unit 1. Then, one can
define the following linear maps.

+ Define the linear map & : W ® S(W ®F) — S(W ®F) inductively as follows:

cc.1=0,
N N
coe [[Gie) =) (cochie) [).e)),
i=1 i=1 J#i
where ¢, by,...,by € Wandeq,...,ey €E.

+ Define the linear map & : S(W®F) @ W — W inductively as follows:
1cb=0b,

(c,e)eb=cceb,

N N N
[Jcie)ob=cio (1‘[<c,-,e,~) <>b) - <C1 o H(ci,ei)) o b,
i=1 i=2 i=2
where ¢, cq,...,cy,b € Wande,eq,..., ey €E. (The last quantity is invariant under
the permutations of (c1,e1), ..., (cy,en) because of the multi-pre-Lie property of
W, so the extension ¢ is well defined.)

The above extensions keep the multi-pre-Lie morphism property. Indeed, if ¢ : V —
W is an E-multi-pre-Lie morphism, then defining the extension ¢ : S(V ®F) — S(W ®F)
by ¢((c,e)) := (¢(c), e) for any (c, e) € (V,E), and denoting by ~, the extension ~,:
S(V®) ® V — V, one has

P(X ~ b) = p(X) & ¢(b)

forany X € S(V®%)andb € V.

Since T, = {I}, we identify E with N¢*!_ The following formula can be proved
by a similar argument to [4], Lemma 2.6] by taking the “Taylor deformation” map ®
introduced in [21] (see Theorem 2.7 and Proposition 3.8 of therein) into account.

Lemma 54. Forany (t,n) e NN B, t1,...,T4 € B,and p1,...,ps € N9+1 one has

Ty (B" * & Ip: (ri))

i=1

a
n —gp——
= 2 (_1)|q1|+ +|qa|(q1 . ) | |(Ti,]7i —qi) Ay BTN e
s Ya

41=P1,---:4a=<Da ’ i=1
qi1+-+ga=<n
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where ~p, denotes the extension ~yy,: S(UPH) @ U — U, and (
coefficient

T qa) is the multinomial

( n )_ n!
qi.---+4a g1l qaln —q1 — - —qa)!

Then, we can prove the uniqueness part of (b) immediately. Indeed, if ¢ : U — W is
an E-multi-pre-Lie morphism, then it extends to a multi-pre-Lie morphism from S (U ®F)
to S(W ®F) and satisfies

90(5” * * IPi (Ti)>

i=1

— _1yla1l+-+lqal
SR (q

q1=D15-» da=Pa
q1ttga=n

n ) H(¢(Ti), pi — qi) & (b T 4a)

wla/ iy

1,

for any b” * % i_; Ip,(7;) € B. The right-hand side provides the recursive definition of
the map ¢, so we can conclude that ¢ is determined by the values ¢(b") for any b” € N.
On the other hand, given {¢(b")}t,n)en. We can prove that the map ¢ defined by the
above formula satisfies indeed the multi-pre-Lie property. See [21, Proposition 2.5 and
Corollary 2.10] for details. We do not provide the details here because only the uniqueness
part of (b) is used in this paper, especially in Corollary 41.

C.3. Proof of Lemma 46

C.3.1. Reduced coproducts. First, we consider trees with 1- and e-decorations, without
o-decoration. Recall that SC is a set of strongly conforming trees and C is a set of con-
forming trees. Set

°T := span(SC), o1t = span(C), °U™ :=R[SC].

Definition. We define the following splitting maps.
(1) The linear map °D : °T — °T ® °T is defined for t € SC by

o 1 n nVHTelL u [n—n,]
D= Yo D - (n )Mel M@ (/M W)
w

r
/LEST(‘[)HM,Q%M o

where ST(7) is the set of all subtrees  of © which contain the root of 7, and
the second sum is over functions 1 : N, — N x N¢ with 1, < n and functions
el W 3 — N x N The algebra morphism

°pt.eott ot @oTt

is defined by the same formula for z;' € C.
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(2) The algebra morphism
°DT:°UT - U ®°U”

is defined by °D71_ =1_® 1_, and for ;' € SC,

D= ) )

1
1
el |
QESF(T) ng,e), de

u Ty +ne£)w red \[n—nly
(nw)(pe ® (T/ 90)e+e’aw ’

where SF(7) is the set of all subforests ¢ of T which contain all red nodes of t,
and the sum over ny, and eé v is taken as in item 1.

(3) The algebra morphism

°D:°Tt U ®°Tt

is defined by the same formula as °D~, but the first sum is restricted to the set
SF(7) of all subforests ¢ € SF(t) which is disjoint with the root of T.

Our aim is to show the co-associativities of °D* and °D and °D ~. To avoid a confusing
calculation, we separate the coproducts into graph part and decoration part. Define simpler
coproducts acting on undecorated trees by

*D+-L— = Z o® (1,/blueo_)7

0 €ST(7)

*DTri= Z 0 (_L./red(p)’
@€eSF(t)

*D7r = Z o (T/red(p).
@€SF(t)

Given an undecorated tree 7, denote by X, x) the map adding to the node n € N; the
n-decoration k € N x N4, and denote by I'e,¢) the map giving to the edge e € E; the
e-decoration £ € N x N9, Then, any decorated tree te“ is of the form

Fr=TF;---Fnr, (C.7)

where 7 is an undecorated tree, and Fy, ..., Fy are family of X-type or I-type operators,
applying to pairwise different nodes or edges. Moreover, we define the coproducts of such
operators by

k
DX @k = Z (k’) Xy ® X k—k),
k'<k

1
DIty =Tty ® Xe_oy + Y 71 Nemt) ® ety
e 7
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where e_ denotes the node from where the edge e leaves. For the products of pairwise
disjoint such operators, define

DF := (DF;)--- (DFy). (C.8)

There are two remarks about this identity. First, the right-hand side does not depend
on the order of Iy, ..., Fy. To prove it, we have only to show that DX(,_ 1)DI( ¢ =
]D)]I(e,g)DX(e_,k) and D]I(e,k)DH(f’[) = DH(LZ)D]I(&]{) fore, f suchthate_ = f_, because
for other pairs of operators I and G, the operators DF and DG apply to different nodes
or edges. These identities can be checked easily by definitions. Second, (C.8) holds even
if there are distinct i and j such that IF; and IF; apply to the same node. Let F; = X, 1)
and F; = X, ¢). Since X, 1) X(n,0) = X(n,k+¢), we have

k+¢
DX Xmo) = Y. ( m )X(n,m) ® X k+t—m)-
m<k-+{

On the other hand, we have
k\[1
DX ) DXe) = Y (a ) (b)X(n,a+b) ® X(n,k+t—a—b)-
a<k,b<tl

We can see that the right-hand sides coincide by using Chu—Vandermonde identity
2 ()6)=(00)
a+b=m a b n
Therefore, we have (DX(n,k))(DX(n,g)) = DX(,,,]H_@) = (DX(,L’@))(DX(”,]()).

At this stage, we see that the coproducts °DG7) apply to the decorated tree (C.7) by
the forms

°pCH(Fr) = (DF)(*ptr), °D (Fr) = (DF)(*D 7). (C.9)

On the right-hand side of (C.9), be careful that DIF acts on subtrees and contracted trees.
For an X-type operator, if n ¢ Ny, then set X(, x)0 = 1x—¢o. On a contracted tree 7/0,

the X-type operator acts of the form X[, k), where [n] denotes the equivalence class in
the contraction T — /0. Hence,

k
/ )X k0 @ X([n] k—k' (t/o), n € Ny,
(DX ) (0 ® (2/0)) = Yok ()X (n) k) g
o ®X([n]’k)(‘l:/0), n §é Ny.

For an [-type operator, if e ¢ E, (resp., e ¢ E¢/s), then set [, gy =0 (resp., L (¢,¢)(t/0) =
0). Combining with the definition of X, ), we have

(DIe,0) (0 ® (t/0))

L(e,0p0 ® (z/0), fore € Eg,
=120 21X(e_0)0 ® L(e,e4e)(t/0), fore € do,
0 Q le,0)(t/0), fore € E; \ (Es U d0).

These conventions show that the identities (C.9) hold.
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C.3.2. Co-associativity.
Lemma 55. One has the co-associativity formulas
(‘0 ®1d)°D = (Id® °D")°D, (°D" ®1d)°D* = (Id ® °D*)°D,
(0" ®1d)°p” = (Id®°D7)°D”", (D" ®1d)°D” = (Id®°D")°D".
Proof. We prove the identity
(°pD ® 1d)°D = (Id ® °D™)°D; (C.10)
the other identities are proved similarly. By the commutation relation (C.9), we have
(Id®°D*)°DFr = (Id ® °D*)(DF)(*p* ) = ((Id ® D)DF)(Id ® *D*)*D* .
Hence, it is sufficient for proving (C.10) to show the two identities
(*o* ®1d)*p* = (Id® *DT)*D, (C.11)
(Id ® D)DF = (D ® Id)DF. (C.12)
It is not difficult to show (C.11) by the definition of ST(7), by noting that
ST(z/0) = {n/o; 0 CnCt}

and (t/0)/(n/o) = t/n. Next, we show (C.12). By the multiplicativity (C.8), for any
family Iy, ..., Fy of X-type or [-type operators, applying to pairwise different nodes or
edges, one has

(Id ® D)DF = (Id ® D)((DFy)--- (DFy))
= ((Id ® D)(DFy)) --- ((Id ® D)(DFy)).

In the last equality, we use the fact that (C.8) holds even if multiple operators act on the
same node. If (C.12) holds for 'y, ..., Fy, then

(Id ® D)DF = ((D ® Id)(DF))--- ((D ® Id)(DFy))
= (D ® Id)((DFy)--- (DFy)) = (D ® Id)DF.

Therefore, it is sufficient to show (C.12) for F = X, x) and [ ). For F = X, x), we
have

k
(1d®D)DX iy = ) ( k/)Xm,k/) ® DX k—k)
k'<k

k k—k'
k'<k, k" <k—k’

k
- Z (k/ k//)X(",k’) ® X,k & X k—k/—k")-
k/,k//;k/-'_k//Sn ’

We have the same expansion from (D ® Id)DX, x), so (C.12) holds for X-type operators.
We can prove the same result for [-type operators by similar computations. ]
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Now, we consider the extended decoration.
Lemma 56. One has the co-associativity formulas
O®Ildp=(d®D")p, (D" ®I1d)D* = (ld®DT)D™,
(0" ®Id)D" =(d®D")D", (P~ ®Id)D~ = (d®D )D".
Proof. We consider the first and third identities; the other identities are proved similarly.

In this proof, denote by T = 7' a generic decorated tree without o-decoration, and write
T° for 7.°. As in Sections 2.2 and 5.1, we use a shorthand notation

DT=) 5®(T/5). DT=) 9® T/
G<T o7
Then, we can write

DT° =) 5°® (7/5)°. DT =) §°® (/p)° @,
o 2

Recall that o(@) : N;;, — Z[Bo] is a function giving the value |7;|, where T; is a connected
component if @, to the node [z;] € N;/,. We obtain the co-associativity of D from the co-
associativity of °D, noting that
(t/0)/ (/o) =T/, ol@o)\mo) = Olr\y
for any 7 < ¢ < 7. To prove the co-associativity of D™, noting that
0~ ® Id)Df?D _ Z 17[0 ® ((ﬁ/l/_/)oJro(l;) ® (?/‘Z)D+D@)
Vg T
and
Id®D7)DT = Y §° ® D (T/§) P
v T
— Z Jo ® (@/Ip)oﬁ-o(l/_f) ® (;/@)0+0(J)+0(¢/1/_f)7

V<<t
it is sufficient to show that o(@) = o(y) + 0(%/¥) as a function on N /- This holds true
because |¢|" = [¥|" + |@/¥|". u
C.3.3. Co-interaction.

Lemma 57. One has the co-interaction formulas
M(13)(°D_ ® oB—)oD — (Id ® OD)OD_, (C 13)
MU (B~ ©°5)°D" = (Id® °D*)°B '

and

MIP (D" ®D7)D = (Id® D)D",

o _ (C.14)
MID(D~®D7)Dt = (1d®DT)D".
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Proof. Consider the first identity of (C.13) and the first identity of (C.14); the two other
identities are proved similarly. By the commutation relations (C.9), identity (C.13) rewrites

MID (D ® D)DF)(*D” ® *D7)*dTr = ((Id ® D)DF)(Id ® *D*)*D™.  (C.15)

By the multiplicativity (C.8) of D, it is sufficient to show (C.15) for the operators F =
X(nk) and I, ¢). By definition,

(*D— ® *5_)*D+‘L’ — Z Z ¢ (U/red(p) ® w ® (T/blueo_)/redW.

0 €ST(7) peSF(0), ¥ SF(t/0)

Note that ¢ and ¥ are disjoint subforests of ¢ because of the definition of SF. Thus, we
have

MBI (D @ D)DXn1)) (@ ® (0/0) @ ¥ ® (z/™0) /)

k!
=MD i K¢ ®Kan(/)
k=a+tbtc+d

02y X(n,c)l/f ® X(n,d) ((T/bluea)/redl//)

k!
= > a1 X @V) @ X ) (0/9) ® Xiu.a) ((t/*0) /)
k=a+b+d =~

= (1d ® D)DX (1)) (0¥ ® (/™) ® (T/blueo_)/redw),

since either of @ and ¢ has to be 0 in the second line. It is not difficult to show a similar
equality for F = I, ¢). Hence, we have
M3 ((D ® D)DF)(*D~ ® *D7)*pTr = ((Id ® D)DF) M (*D” ® *D™)*DTr.
Since it is not difficult to show the co-interaction formula
MID(*D” ®*D7)*Dt e = (Id® *DT)*D~,

identity (C.15) follows as a consequence.
Next, we consider (C.14). By definition,

M1 (D~ ® D~)D7°
= Z @D‘ZUH\J ® (5/@)04-0(@) ® ((?/5,)/&)0\,\U+0(1p)

and _
(Id ® D)D" 7° = Z @ it® g ((;/E)/ﬁ)(°+°(€))\(r/c)\n'
tTi<T/E
The cointeraction between °D and °D~ implies that the change of variables

(< @y, T<0/p
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is possible. Since o and ¥ are disjoint,

@9)° =g P, F/9)° 0P = (5/g)° 0@,
((?/5_)/Ip)(o—i—o((ﬁ\/?))\(r/(ww))\(o/w) _ ((?/5)/1;)o|,\,,+o(1/7).

Thus, (C.14) follows. [

D. Comments

Section 1. Regularity structures theory has its roots in T. Lyons’ theory of rough paths and
rough differential equations [72]. This theory deals with controlled ordinary differential
equations

dx; = V(xy)dhy,

with controls % of low regularity, say, a-Holder. For « > 1/2, Young integration theory
allows to make sense of the equation as a fixed-point problem for an integral equation.
As one expects a solution path to be a-Holder, the product V(x;)dh,; makes sense as a
distribution on Ry iff & + (o — 1) > 0, that is, @ > 1/2. One of Lyons’ deep insights was
to realize that what really governs the dynamics is not the R¢-valued control 4, say, but
rather a finite collection of its iterated integrals. The latter are ill-defined when o < 1/2,
and a rough path is the a priori datum of quantities playing their role. Natural algebraic
and size constraints on these objects are then sufficient to set the entire theory. These
constraints are similar to the constraints that define the g-part of a model. Several refor-
mulations of rough paths theory were given after Lyons’ seminal work: Davie’s numerical
scheme approach [33], Gubinelli’s controlled paths approach [48,49], Friz and Victoir’s
limit ODE picture [44], and Bailleul’s approximate flow-to-flow approach [2], amongst
others. Gubinelli’s versatile notion of controlled paths was a direct source of inspiration
for the construction of regularity structures.

Other tools than regularity structures have been developed for the study of singular
stochastic PDEs. None of them offers presently a complete alternative to regularity struc-
tures.

* Gubinelli, Imkeller, and Perkowski laid in [50] the foundations of paracontrolled cal-
culus, which were developed by Bailleul and Bernicot [3—5]. While the fundamental
notions of regularity structures involve pointwise expansions, paracontrolled calculus
uses paraproducts as a mean for making sense of what it means to look like a refer-
ence quantity. See [51] for lecture notes on the subject and [52] for an overview on the
subject, both by Gubinelli and Perkowski.

In a nutshell, the starting point of the paracontrolled approach to the study of singular
stochastic PDE:s is the decomposition of a product of two distributions f, g into

fe = (Prg +Ps f) + ([ 9).
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This decomposition is obtained in a Fourier picture of the product by splitting the
convolution into what happens far from the diagonal (Ps g + P, /') from what happens
near the diagonal T1( f, g). This decomposition isolates in the resonant term T1( £, g)
what does not make sense in a general product, the paraproduct terms Pr g, P, f being
always well defined. The definition of Prg allows to think of it as a modulation of
g by f and give meaning to what it means for a distribution/function u to look like
another distribution/function g

u= Pu’g + uﬂy

for a function u’ and a distribution/function u* that is more regular than g. The role
of modelled distributions is played in a paracontrolled setting by systems (#;)ze4 Of
paracontrolled distributions/functions

ug =y Pylr]+ub (D.1)

t€T;lat|<na

indexed by the set A of words over an alphabet T, with remainders u,ﬂl sufficiently reg-
ular. The reference distributions/functions [t] somehow play the role of [Tt and the
(a)aecna the role of the (#¢)rer,|r|<y- (Bailleul and Hoshino’s work [8,9] on the rela-
tions between paracontrolled calculus and regularity structures make that link clear.)
Identity (D.1) is an analogue of the notion of modelled distribution. While the defin-
ition of the latter involves pointwise comparisons, here the comparison is somehow
done in “momentum space”, although not in a pointwise sense. The core point of the
paracontrolled analysis of a (system of) singular stochastic PDE(s) is that we end up
dealing with ill-defined terms of the form

I (u, ¢®) (D.2)

for operators IT’ that have similar properties as the resonant operator IT, and possibly
multi-dimensional functionals ¢® of the noise ¢. It turns out that while an expression
like (D.2) does not make sense for a generic u, it makes sense on a restricted class of
u of the form (D.1) provided one can make sense of the terms IT'(t, {®). The ana-
lysis of a given (system of) singular stochastic PDE(s) gives an inductive definition of
the ¢@ and the 7’s. Compared to the regularity structures setting, the datum of all the
I (7, £ D) plays the role of the datum of a model. The inductive/tree structure of the
elements of a regularity structure takes here the form of the inductive definition of the
r’s and £@’s. A systematic treatment of renormalization operations within paracon-
trolled calculus has not been invented yet. The links between the regularity structure
and paracontrolled settings detailed in Bailleul and Hoshino’s works [8, 9] allow how-
ever to transport the renormalization machinery of regularity structures into the setting
paracontrolled calculus. What is missing presently is an independent, purely paracon-
trolled, approach of the renormalization problem.
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Otto and Weber [76] developed jointly with Sauer and Smith [75] a variant of reg-
ularity structures that is more in the flavour of rough paths theory. See in also their
most recent joint works [69, 70] with Linares, Tempelmayr, and Tsatsoulis to see
how far they were able to go. Most concepts and objects from regularity structures
have counterparts in their setting. It was specifically designed and used for the ana-
lysis of a number of quasilinear singular stochastic PDEs. Some of these equations
can be approached using the original first-order paracontrolled calculus as in Bail-
leul, Debussche, and Hofmanova’s work [7] or a variant of it using paracomposition
operators, as in Furlan and Gubinelli’s work [46]. See also [13,47] for extensions of
paracontrolled calculus and regularity structures designed for the study of a whole
class of quasilinear singular stochastic PDEs.

Kupiainen and Marcozzi managed in [67, 68] to implement a renormalization group
approach to the KPZ and <I>‘3‘ equations. The starting point of their strategy consists
in decomposing the resolution operator K~! involved in the Picard formulation of the
equation as a sum of operators K1 turning distributions into smooth functions that
vary essentially only up to scale 27". The approximate renormalized dynamics will
take the form

N
uy = (Z K;l)(FN(MN,aum 0)
n=0

in a simplified problem where the initial condition was taken to be null. The noise is
left untouched, with no problem for defining the nonlinearity on the right-hand side
since u y is smooth. So, one has

uNzu?v—i—---—i—u%,

where each term vy is morally varying only up to scale 27". The point is now to see
that one can choose the nonlinearity F in such a way that each v’ is the solution of
an equation of the form

N
uly, = <Z K;l)(F]’\’,(u’]’v,au';V; 5))

for a nonlinearity F'y; and is converging in a proper space as N goes to infinity. This
is done via the use of rescaling operators, taking profit from the exact scaling property
of the heat kernel, by turning the problem of convergence of each u’}; into the problem
of the convergence of the family of rescaled versions of the functions Fy — taking
advantage of the fact that the former is a continuous function of the latter. The overall
convergence of u as N goes to oo is somehow similar to the well-known fact that a
sum of functions ), u” converges in an a-Hélder space if u” is localized in Fourier
space on a ball of size 2" and has uniform norm of order 27%”.

This approach was improved a lot by some recent works of P. Duch [34-36], who
traded the above discrete scale decomposition for a continuous scale decomposition
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and uncovered a certain structure on the cumulants of some functionals of the noise
that pave the way to the development of a robust approach to some classes of singular
equations. One can look at Chandra and Ferdinand’s work [25] for an application of
this approach to the generalized KPZ equation.

Section 2. The functional setting adopted here draws inspiration from [3-5,76]. The main
result of this section is the reconstruction theorem.

Several proofs of the reconstruction theorem are available now, in addition to Hairer’s
original proof. Gubinelli, Imkeller, and Perkowski gave in [50] an alternative construction
of the reconstruction map using a paraproduct-like operator. Singh and Teichmann showed
in [77] how it can be understood as the continuous extension of an elementary reconstruc-
tion operator defined on a set of smooth modelled distributions. Otto and Weber have an
analogue of the reconstruction map in their rough paths-like setting [75, 76]. Caravenna
and Zambotti’s recent work [23] provide a robust version of the reconstruction theorem in
a setting free of any reference to regularity structures. The notion of coherent germ turns
it into a particularly versatile tool. See [58, 63, 71] for versions of the reconstruction the-
orem in functional settings different from Holder spaces. See also our previous work [8]
for a paracontrolled representation of the reconstruction operator that refines over a similar
flavoured representation given in [50, Theorem 6.10].

The reconstruction theorem takes its place in the history of a family of statements
producing “transcendental” objects, i.e., objects constructed by limiting procedures, from
families of objects satisfying constraints involving no limiting procedures. The one-step
Euler scheme for solving ordinary differential equations characterizes for instance unique-
ly their flows under sufficient regularity conditions on the vector fields. In its simplest
form, for the equation y = —y, in R, it yields the elementary identity (1 —¢/n)" — e,
as n goes to co. It takes a more elaborate form in Hille’s approximation ((Id + % G)~Hyr
of the semigroup (e™*%),~¢ generated by an unbounded operator G under well-known
conditions. Chernov’s theorem [29] on families of strongly continuous perturbations of the
identity used for constructing (e 7?%);~¢ has a similar flavour. So is the C !-approximate
flow-to-flow machinery of [2], which provides a far-reaching generalization of Lyons’
extension theorem in rough paths theory and Gubinelli and Feyel and de la Pradelle’s
sewing lemma [37, 38, 48]. All these statements characterize uniquely a transcendental
object as the unique object close to a family of objects satisfying a “O(1) condition”,
involving no limiting procedure. The characterizing identity (2.28) for the reconstruction
is of that form when the reconstruction operator is unique. This kind of situation allows
to build a calculus for the transcendental objects from an elementary calculus on their
generators.

The space of models over a given regularity structure is nonlinear. Bailleul and Hoshino
showed in [8, 9] how to parametrize this space by a linear space using the tools of para-
controlled calculus. The set of K-admissible models on a given regularity structure turns
out in particular to be parametrized by the data for each t of negative homogeneity of
a |t|-Holder distribution, describing somehow the most regular part of the distribution
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ITz. This has a number of consequences, such as an extension theorem similar to Lyons’
extension theorem in rough paths theory.

Proposition 9, giving a definition of the image of a modelled distribution by a nonlinear
map, has a counterpart in paracontrolled calculus, generalizing Bony’s paralinearisation
formula to an arbitrary order — see Section 2 of Bailleul and Bernicot’s work [4].

Section 3. The proof of the continuity result for K" is an adaptation of the material from
Hairer’s groundbreaking work [53] to the functional setting adopted here. It is called by
Hairer the multilevel Schauder estimates. The construction of K-admissible models from
Section 3.5 is adapted from Bailleul and Hoshino’s work [8], which gives amongst others
a parametrization of the set of all admissible models on any reasonable concrete regularity
structure. See [9] for more results on the structure of the space of models and modelled
distributions. Note that in the different components u, of a modelled distribution also
appear in the paracontrolled approach, in which they are involved in the global description
of a possible solution, as opposed to their local meaning in the regularity structure setting.

Section 4. This section essentially follows the line of the corresponding results in [53],
Section 7 therein. Note that the setting presented here does not allow to take as initial
condition a Dirac mass for instance. One needs for that purpose to set a Besov counterpart
of the theory, as opposed to the Holder flavoured version presented here. See Hairer and
Labbé’s work [58], Hensel and Rosati’s work [63], or Singh and Teichmann’s work [77].

In a different direction a number of works have been done on quasilinear singular
stochastic PDEs [7,12,13,46,47,69,70,75,76].

Section 5. The notion of renormalization structures and compatible regularity and renor-
malization structures introduced in this section is new. It encodes in a simple way the
mechanics at work in Bruned, Hairer, and Zambotti’s work [20].

Section 6. This section contains the core insights of Bruned, Chandra, Chevyrev, and
Hairer’s work [17], implemented here on the example of the generalized KPZ equation.
The relevance of the notion of pre-Lie algebra was first noticed in the work [ 18] of Bruned,
Chevyrev, and Friz on rough paths. The article [24] would provide a pre-history of the
pre-Lie algebra. The comodule-bialgebra structure of the Butcher—Connes—Kreimer Hopf
algebra was first investigated in the work [22] of Calaque, Ebrahimi-Fard, and Manchon;
it played a key motivating role in the work of Bruned, Chevyrev, and Friz. The description
of the free pre-Lie algebra in this setting is due to Chapoton and Livernet [28]. The notion
of multi-pre-Lie algebra was introduced in the work [17] of Bruned, Chandra, Chevyrev,
and Hairer, where the free multi-pre-Lie was first described.

The o-decorations introduced here under the form of e”:¢

are forced by our con-
struction of compatible regularity and renormalization structures for the generalized KPZ
equation, given in Section 9. It has no dynamical meaning. Bailleul and Bruned showed
in [6] how to obtain the renormalized equation without using extended decorations for a
large class of renormalization procedures including the BPHZ scheme. This work is based
on the recursive renormalization scheme introduced by Bruned [16].
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The setting described here is robust enough to deal with equations driven by multiple
noises, or systems of equations driven by multiple noises. We take Funaki’s example [45]
of the random motion of a rubber on a manifold as an archetype — see also [19,55]. The
unknown u is a spacetime function with values in R¢, solution of the system

(8 — 92 = T () (D, D) + S,

where I'(z) is a symmetric matrix on R?, and X(z) a linear map from R¥ to R¢, for any
zeR? and & = (£',..., &%) is an k-dimensional tuple of identically distributed independ-
ent one-dimensional spacetime white noises. We still have only one operator (3; — 92) in
this example, so the edge-type set is here the same as in the study of the generalized
KPZ equation. The node set is changed from {o, e} x N4+1 o {ol ..., ok, o} X Nd+1
to account for the fact that we have k noises £', ..., &¥ in the system. Things get a bit
messier if the system involves different operators, with different regularising properties,
and noises with different regularities. The fundamental ideas involved in the analysis
remain the same, while the notations needed to take care of this richer setting become
heavier. All this is explained in full detail in [20].

Section 7. This section gives what seems to us to be one of the two core results of [20],
Theorem 44 here. More general renormalization schemes were introduced by Bruned
in [16] and Bailleul and Bruned have shown in [6] how to get back the renormalized
equation in a very simple way in a setting with no extended decorations.

Section 8. The fact that the family of solutions to the generalized KPZ equation forms
a finite-dimensional manifold of some function space had not been noticed so far. More
generally, this is true for any singular stochastic PDE that can be treated by the methods
of regularity structures This short section emphasizes that fact.

Section 9. This section builds on the fundamental work [20], with a number of simplific-
ations. The notion of subcritical equation is subtle to check in the general case of a system
of equations, as one needs to keep track of how a given symbol of a regularity structure
“flows” in the different pieces of a system, involving possibly operators with different
regularizing properties. The meaning of subcriticality remains, though.
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