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Symplectic cacti, virtualization and Berenstein—Kirillov groups
Olga Azenhas, Mojdeh Tarighat Feller, and Jacinta Torres

Abstract. We explicitly realize an internal action of the symplectic cactus group, recently
defined by Halacheva for any complex, reductive, finite-dimensional Lie algebra, on crystals
of Kashiwara—Nakashima tableaux. Our methods include a symplectic version of jeu de taquin
due to Sheats and Lecouvey, symplectic reversal, and virtualization due to Baker. As an applica-
tion, we define and study a symplectic version of the Berenstein—Kirillov group and show that it
is a quotient of the symplectic cactus group. In addition two relations for symplectic Berenstein—
Kirillov group are given that do not follow from the defining relations of the symplectic cactus

group.
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1. Introduction

The cactus group was originally defined by Henriques—Kamnitzer [24] in the context
of coboundary categories defined by Drinfeld [16]. It has appeared in connection with
the study of moduli spaces of rational curves with n 4 1 marked points [15,17,29,51]
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and has been generalized to other Coxeter types under the name mock reflection group
in [13]. Coboundary categories are monoidal categories equipped with a commu-
tor, that is, a collection of natural isomorphisms 04, 8: A ® B — B ® A satisfying
certain properties. The idea of studying the cactus group was originally due to A.
Berenstein and was taken up by Henriques—Kamnitzer in [24], who defined it and fur-
ther showed that it can be realized as the fundamental group of the moduli space of
marked real genus zero stable curves. The original idea of Berenstein was to construct
a commutor in the category of crystals of a complex, reductive, finite-dimensional
Lie algebra, by first defining an involution &;: B — B for each crystal B which flips
the crystal by exchanging highest weight elements with lowest weight elements. In
the case of sl(n, C) with the tableau model for the highest weight crystal B(A) it
was known that &;(,) coincides with the Schiitzenberger involution on semi-standard
Young tableaux of shape A (see [8]). See [11, Sections 4.3 and 14.3.3], and the refer-
ences therein.

Let g be a complex, semi-simple Lie algebra with Dynkin diagram X . There is
a Dynkin diagram automorphism 0: X — X defined by ag;) = —woo;, where wq
is the longest element of the Weyl group W of g. The cactus group J,, defined by
Halacheva in [21,22], is the group generated by o7, where I runs over all connected
sub-Dynkin diagrams of X, subject to the following relations:

2 _
oy =1,
070j = 0jO] if J € X, J U is disconnected,

010j = 09, (J)OI ifJ Cl,

where 07 is the automorphism on / defined by the longest element of the parabolic
group W7, Halacheva has defined an internal action of the cactus group Jg on a
normal g-crystal by partial Schiitzenberger—Lusztig involutions &;. From this action
we know that partial Schiitzenberger—Lusztig involutions satisfy the cactus group Jg
relations [23]. Halacheva [22] initiated a combinatorial study of the cactus group
for ¢ = sl(n, C) by comparing the action of J,, = Js((,,c) on a normal sl(n, C)-
crystal with that of the Berenstein—Kirillov group on Gelfand-Tsetlin patterns (or
semi-standard Young tableaux) [31]. Using a different approach, Chmutov, Glick and
Pylyavskyy [12] have also found relationships between those two groups.

Our results compose a combinatorial study of the cactus group for the symplectic
Lie algebra g = sp(2n, C). There are many combinatorial models for sp(2n, C)-
crystals: De Concini tableaux [14], King tableaux [30], Lakshmibai—Seshadri [33] and
Littelmann paths [40,41], the alcove path model of Gaussent-Littelmann [19] and the
one of Lenart—Postnikov [39], but we work with Kashiwara—Nakashima tableaux, for
which a rich combinatorial structure exists [25,28,36,37]. We review the basics in Sec-
tions 2 and 3. For each connected sub-Dynkin diagram / of X, we define the explicit
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action of &7 on a given Kashiwara—Nakashima tableau. The algorithmic procedure for
that action is given by virtualization. In the case when I forms a Dynkin diagram
of type C,, g, it is also given by the I -partial symplectic reversal, a symplectic ana-
logue of partial reversal on A,_; semi-standard Young tableaux. Thereby we provide
a combinatorial action of the cactus generators o7 on the set of Kashiwara—Nakashima
tableaux on the alphabet C,. This is addressed in Sections 7 and 8. The case of
I = X has already been developed by Santos in [47], where he defines an operation
on straight shaped Kashiwara—Nakashima tableaux which is a symplectic analogue of
the Schiitzenberger involution operation, also known as evacuation, on straight shaped
Ap—1 semi-standard Young tableaux. This procedure includes the symplectic jeu de
taquin defined by Sheats in [49], and further developed by Lecouvey [36] using crystal
isomorphisms. This is the content of Section 6.

For I € X such that I forms a Dynkin diagram of type C,,_x, we define an algo-
rithm for [I-partial symplectic reversal which generalizes Santos’ algorithm in the
sense that, when I = X, our algorithm is exactly the same. The symplectic C,_g
reversal extends symplectic C,_j evacuation to arbitrary semi-standard skew tableaux
on the alphabet €,,_; whose shift of the entries by k are admissible on the alphabet €,,.
The C,_j reversal of such a semi-standard skew tableau P on the alphabet €, _, is
characterized to be the unique skew tableau coplactic equivalent to P and plactic
equivalent to the C,_; evacuation of the symplectic rectification of P.

An important inspiration behind our generalization is the operation of tableau-
switching of Benkart—Sottile-Stroomer [6] on A,—; semi-standard Young tableaux.
Given an admissible tableau on the alphabet €,,, we start off by freezing the entries
corresponding to nodes not appearing in I, creating at the same time a new Young
tableau U with shape defined by the positive frozen entries as well as a skew tableau P
consisting of the non-frozen entries. The tableau pair (U, P), sharing a common bor-
der, pass through each other via symplectic jeu de taquin (SJDT for short). After
performing this procedure, a new pair (R, V') arises with R the symplectic rectifi-
cation of P and V consisting of the entries of U as well as some new, colored letters.
Each color records a precise instance of the symplectic rectification of P. Our sym-
plectic colorful tableau switching is reversible since SJDT is reversible. It reduces to
the A,—; tableau switching on tableaux in the alphabet [n]. This work is carried out
in detail in Section 8.2 of this paper, yielding formula (8.10), and illustrated in Sec-
tion 8.3.

For the general case we use the virtualization map defined by Baker [3], that is,
an injective map

E:KN(A,n) — SSYT(AA.n,ﬁ),

which assigns to the sp(2n, C)-crystal KN(A, ), a subset of the s[(2n, C)-crystal
SSYT(/\A, n,n) in a reversible way. This is discussed in Section 4. We show that
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one may apply the map E, then perform a certain partial Schiitzenberger—Lusztig
involution in the type s[(2n, C)-crystal without leaving the image of £, reverse the
virtualization map £ and obtain our desired result. In Section 8.4.1 we show The-
orem 8.13 and Theorem 8.14 using such algorithmic procedures. Additionally, in
Definition 5.10, Section 5, we define the virtual symplectic cactus group Jo, and
show that it is a subgroup of J», isomorphic to the symplectic cactus group Jep2n,0)-
In Theorem 7.8, Section 7, an action of the virtual symplectic cactus group on the
set SSYT(A4, n,7) is defined. The subset £ (KN(A, 7)) is preserved under this action
as shown in Sections 8.4.1 and 8.5. In particular, in Section 8.5, we realize such an
action of the virtual symplectic cactus group on the virtual images of Kashiwara—
Nakashima tableaux and show that it virfualizes the action of the symplectic cactus
group on Kashiwara—Nakashima tableaux. This work is illustrated in Section 8.6.

As an application, in Section 9, we define symplectic Bender—Knuth involutions
combinatorially (Definition 9.11). We start off by defining the type C, Berenstein—
Kirillov group 8K Cn as the free group that is generated by the partial symplectic
Schiitzenberger—Lusztig involutions with respect to connected sub-diagrams of the
type C, Dynkin diagram of the form / = [n] modulo the relations they satisfy on
Kashiwara—Nakashima tableaux of any straight shape. These generators of 8K Cn
satisfy the relations of the symplectic cactus group (Theorem 9.10). We show that
symplectic Bender—Knuth involutions are also generators of B.K .

We study relations for 8.K" under the virtualization map £. More precisely,
for each generator of the symplectic Berenstein—Kirillov group, one can associate a
corresponding product of generators in the Berenstein—Kirillov group of type Az,—1
in a way analogous to the definition of the virtual symplectic cactus group. We call
the group generated by them the virtual symplectic Berenstein—Kirillov group BK 2n
(see Definition 9.14). It is a subgroup of the type A,,—1 Berenstein—Kirillov group
BK, satisfying, in particular, the relations of the virtual cactus group Jon (Theo-
rem 9.18). In Proposition 9.16 the virtual symplectic Bender—Knuth involutions are
defined, in an analogous way to how the generators of BK >n are defined, as products
of certain Bender—Knuth involutions in the type A»,—; Berenstein—Kirillov group.
These are shown to be themselves also generators of BX 2n. In Theorem 9.19, they
are shown to be the virtualization of the symplectic Bender—Knuth involutions, that is,
they commute with the virtualization map E. The virtual image of the group 8K Cn
satisfies the relations of B K on- More precisely, it is shown that the corresponding
map BK Cr o BX 2n 18 @ group isomorphism. Some of the relations listed in Propo-
sition 9.20 are obtained by applying the partial inverse to the virtualization map.
Relations (9) and (10) in Proposition 9.20 are the only ones that do not follow from the
defining relations of the symplectic cactus group Js,2,,c). They are instead equiva-
lent to the braid relations of the type C,, Weyl group.
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2. Basics

Let g be a finite-dimensional, complex, semi-simple Lie algebra. Let / be the Dynkin
diagram associated to the root system of g, A = {«; : i € I} the set of simple roots, W
its Weyl group, generated by the simple reflections {r; : i € I}, and wo € W the longest
Weyl group element. We will use the numbering of the vertices of I given by [10]. The
Dynkin diagram has an automorphism, a permutation of its nodes which leaves the
diagram invariant, 6: I — I defined by ag(;) = —woa; for any node i € I, where wo
is the longest element of W. We will also denote by A the integral weight lattice
associated to the root system of g. It is generated by the fundamental weights w;,i € I.
For a connected sub-diagram of I/, J C [, denote by 85:J — J the Dynkin diagram
automorphism that satisfies g, (j) = —wg «; for any node j € J, where wJ is the
longest element of the parabolic subgroup W7 C W (the Weyl group for ¢ restricted
to J) [9]. When J = I one has the original notation §; = 6. We focus on the cases
where g = sl(n, C), sp(2n, C). We will often abuse notation and write a Dynkin
diagram / with n nodes as the interval [n] = {1 < --- < n}. The corresponding Weyl
groups are the symmetric group &, on n letters and the hyperoctahedral group B,

respectively, where B, is the free group generated by ry, ..., r,—1, 'y subject to the
relations

rF=1, 1<i<n, (2.1)

(rir))>=1, 1<i<j<nli—j|>1I, (2.2)

(ririv1)’ =1, 1<i<n-2, (2.3)

(ra—1r)* = 1. (24)

The free group generated by rq, ..., r,—1 subject to the relations above for 1 <1i,

Jj < n,is @, realized by the simple transpositions r; = (i,i 4 1) on the set [r]. The
group B, has 2"n! elements and is realized by the signed transpositions

ri=@Gi+DG,i+1), i=1,....n—1,

andr, = (n,M) ontheset{l <---<n < <--- <2 < 1}. That is, we may see B,
embedded in &,, by folding {1 <---<n < <--- <2 < 1} through a central
symmetry. The long element of B, (rp ---rar1)" = (rir2 -+ )", has length n2,
while the long element of &,, has length n(n — 1)/2 (see [9]).

Occasionally, for the sake of clarity, we write wgl and wOC for the corresponding
longest elements of &,, and B,, respectively, or simply wo when there is no room for
confusion. Given a vector v € Z", we have that r;, with i € [n — 1], acts on v by
swapping the i-th and the (i 4 1)-st entries, and r, acts on v by changing the sign
of the last entry. Henceforth, w64 reverses v, w(j‘ (v1,...,vy) = (vp,...,v1), and wOC

changes the sign of the entries of v, wgv = —v.
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Recall the sl(n, C) simple roots «; = €; — €;+1, 1 € [n — 1], and the sp(2n, C)
simple roots o; = €; —e; 41,1 € [n — 1], and o, = 2e,, where e;, i € [n], is the R”
standard basis. The A,_; Dynkin diagram automorphism above is given by 6(i) =
n —1i,since —woo; = —(—0ty—;) = ay—j, withi € I = [n — 1]. For instance,

n=>5 A, _/;\;\

n=6 As L_//T\\A

The C, Dynkin diagram automorphism above is given by 6(i) = i, since for
wo € By, —woa; = —(—a;) = ;, withi € I = [n]. The weight lattices are A = Z"
for sp(2n,C)and A = Z"/{(1,...,1)) for sl(n, C). We will often work with repre-
sentatives in the case of s[(n, C). The fundamental weights are

i
wiZE ej, 1=<i<n,
Jj=1

and respectively have representatives w;, | <i <n — 1.

2.1. Levi sub-diagrams

Let / be a finite Dynkin diagram. A Levi sub-diagram J of I obtained by deleting
from I a subset of its nodes is the Dynkin diagram of a semi-simple Lie algebra
gs C g known as a Levi sub-algebra which is the Levi component of the parabolic
Lie sub-algebra of g generated by the Chevalley generators associated to the nodes
of J.

Example 2.1. If we remove the last node (the one labeled by n) from the Dynkin
diagram of type C,,, we obtain a Dynkin diagram of type A,_; which corresponds to
the Levi sub-algebra sl(n, C) of sp(2n, C):

C, 1 2 3 n—1 n
 —o—o0— —_— =
A, | 2 3 n—1

Example 2.2. The semi-simple Lie algebra s[(3,C) x sp(4, C) is a Levi sub-algebra
of sp(12, C). Note that the semi-simple Lie algebra sl(n, C) x s[(2, C) is not a
Levi sub-algebra of sp(2n, C), as its Dynkin diagram of type A,_; x A; cannot be
obtained from the type C,, diagram by deleting some of its vertices.
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3. Normal crystals and Levi restrictions

Crystals corresponding to finite-dimensional (quantum group) Uy, (g)-representations
belong to a family of crystals called normal crystals [11,23]. In classical types, these
crystals may be realized by a tableau model [28] and have nice combinatorial proper-
ties. These crystals decompose into connected components, one for each irreducible
component to the representation at hand. The Levi restriction of a normal crystal is
still a normal crystal, and the union of some connected components of a normal crys-
tal is also a normal crystal [11,23]. The crystals that we deal with are tableau crystals
for finite-dimensional representations of U, (sl(n, C)) and U, (sp(2n, C)).
A qg-crystal is a finite set B along with maps

wt:B— A, e, fi:B—>BU{0}, &,¢;:B—Z,

satisfying the following axioms for any b, b’ € Band i € I:
(1) b’ = e;(b) ifand only if b = f; (b');
(2) if f;(b) # 0, then wt( f; (b)) = wt(b) — o,
if e;(b) # 0, then wt(e; (b)) = wt(b) + o;;
(3) &i(b) =max{a € Zx¢ : ef'(b) # 0} and ¢; (b) = max{a € Zxo : f*(b) # 0};
@) ¢i(b) —&i(b) = (wt(b),e)"),

where " = 20; /(e , ;) are the simple coroots.

Remark 3.1. Our abstract g-crystals are defined with the additional condition that
they are semi-normal [11].

The crystal graph of B is the directed graph with vertices in B and edges labeled
byi € I.1If f;(b) = b’ for b, b’ € B, then we draw an edge b 5 b See Example 3.5.
Given an arbitrary subset J C I, B is defined to be the crystal B restricted to the
sub-diagram J of I, the Levi branched crystal. The crystal graph of B; has the same
vertices as B, but the arrows are only those labeled in J; that is, we forget the maps
ei, fi.pi,and g; fori & J (see [11]). The weight map, which we denote by wty, is

can

BgA—>A1,

where wt is the weight map of B, A is the weight lattice of g, Ay = A/{w; :i ¢ J) is
the weight lattice of g7, and A 2% Ay is the canonical projection. If ¢ = sp(2n, C)
and we restrict to J = [n — 1], then we obtain an s[(n, C)-crystal. Given b € B, B(b)
denotes the connected component of B containing b.

A g-crystal is normal if it is isomorphic to a disjoint union of the crystals B(1),
where B(A) is the crystal associated to an irreducible, finite-dimensional g-represent-
ation of highest weight A, where A € A is a dominant weight. In this work, where
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we focus on g = sp(2n, C), respectively g = sl(n, C), dominant weights in Z”",
respectively in Z" /{(1, ..., 1)), correspond precisely to partitions with at most n
parts, that is, weakly decreasing vectors in Z" with non-negative entries, respectively
to weakly decreasing vectors in Z", and each such representative is equivalent to a
unique partition in Z"~! < Z", where the last entry is fixed as zero. An important
property of normal crystals B is the existence of a unique highest weight vertex for
each connected component of B, that is, an element which is a source in the corre-
sponding crystal graph, whose weight is dominant. Note that we work solely with
highest weight crystals, namely, crystals B such that for each b € B, there exists a
finite sequence a1, ds, ...,a; € I and a highest weight element u; € B(d) such that
b= fa, - fap fa,(up). For b, b’ € B, we have B(b) = B(}’) if and only if up = up.
From now on, we will refer to sp(2n, C)-crystals by C,-crystals, and sl(n, C)-
crystals by A,_;-crystals.

3.1. Kashiwara-Nakashima tableaux

Let B(A) be the irreducible C,-crystal with highest weight a partition A of at most n
parts. We realize B(A) as the crystal KN(A, ) of Kashiwara—Nakashima tableaux [28]
of shape A on the alphabet

Co={l<---<n<n<--<l}.

The irreducible A,,—1-crystal with highest weight a partition A of at most n parts is
realized as the crystal SSYT(A, n) of semi-standard tableaux of shape A on the alpha-
bet [n]. We also will refer to these tableaux as the A,_; tableaux of shape A. The
crystal SSYT(A, n) is a connected sub-crystal of KN(A, 7). The weight of an A,_;
tableau 7', respectively a Kashiwara—Nakashima tableau U, is represented by, respec-
tively is, the vector (i1, ..., Un) € Z", where pu; denotes the number of i’s in T,
respectively the number of ;s minus the number of i’s in U.

Kashiwara—Nakashima tableaux (KN for short) are semi-standard Young tableaux
in the alphabet €,, which satisfy some extra conditions. They are a variation of De
Concini symplectic tableaux [14]. A semi-standard Young tableau of any shape (skew
or straight) with entries in €, is KN if and only if the following two conditions hold:

(1) each one of its columns is admissible;
(2) its splitting is a semi-standard Young tableau.
Definition 3.2. Let C be a semi-standard column in the alphabet €, of length at

most n. Let Z = {z; > --- > z,,} be the set of non-barred letters z in €, such that
both z and zZ appear in C. We say that the column C is admissible if there exists a set

T:{ll >'-->l‘m}
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of unbarred letters ¢ that satisfies the following:

(D) 1,1 ¢C;

(2) t1 < z; and is maximal with this property;

(3) t; < min(#;_1, z;) and is maximal with this property.
The split of a column is the two-column tableau /CrC, where [C is the column
obtained from C by replacing z; by t; and possibly re-ordering, and rC is obtained
from C by replacing Z; by #; and possibly re-ordering. The splitting of a tableau
consisting of admissible columns is the concatenation of the splits of its columns.

Given . C A partitions with at most n parts, KN(1/u, n) denotes the normal C,, -
crystal of KN tableaux of skew shape A/u on the alphabet €, [36, Lemma 6.1.3,
Corollary 6.3.9].

Example 3.3. Let n = 2. The column is admissible, however, 1s not. Notice
that although each of its columns is admissible, the tableau is not KN, because
is not semi-standard.

We will mostly use the notation and definitions from [36,37]. We also refer the
reader to the references therein.

Remark 3.4 ([36, Remark 2.2.2]). The maximal height of an admissible column is #.
Moreover, a column C is admissible if and only if, for any m € [r], the number N (m)
of letters x in C such that either x < m or x > m satisfies N(m) < m. Moreover, if
there exists in C a letter m < n such that N(m) > m, then C contains a pair (z, Z)
satisfying N(z) > z.

In [36], coadmissible columns are defined as well (see [36, p.301]). We will not
delve into the details here, however, we remark that there exists a bijection between
admissible and coadmissible columns given by filling in the shape of the given admis-
sible column C with the unbarred letters of /C from top to bottom in increasing order,
followed by the barred letters of 7 C in the same fashion. We will denote this bijection
by ® and use it in Section 6.3.

The reading word of a KN tableau is the word in the alphabet €, given by the
Chinese/Japanese reading of its columns (from top to bottom and right to left). Recall
the C, signature rule [11,28,36] to compute the action of the Kashiwara crystal
operators on a word in the alphabet €,,. (We refer to Section 8.1 for more details.)

Example 3.5. The C, crystal KN(A4, 2) of shape A = (2, 1). Each node in the graph
represents an element of the crystal. There is a blue, respectively red, arrow con-
necting an element a to an element b whenever fi(a) = b, respectively f>(a) = b,
where b is computed by f1, respectively f>, according to the C, signature rule on the
reading word of a. (See Figure 1.)
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Figure 1. Example 3.5.

3.1.1. Levi branching of KN tableau crystals. For J C I, KN;(A,n) is the restric-
tion of KN(A, n) to the sub-diagram J of /: as a crystal graph it has the same set of
vertices as KN(A, ) but only contains the arrows labeled by J, and it is also a normal
crystal. The highest weight elements of KN (A, ) are those C,, tableaux in KN(A, 1)
where the only incoming edges are colored in [n] \ J.

If J =[p.q]l.1 < p <gq <n, the crystal graph KN; (A, n) consists of the KN
tableaux of KN(A, n) with arrows colored in J.

If ¢ < n, the Levi branched crystal KN, 41(A,n) is a type A4 p+1 normal crystal.
The Weyl group is W7/ = ©[p,q+1]> the symmetric group on the letters {p,...,q + 1}

and generators r; = (j, j + 1)(j,j + 1), j € J. We say that the entries outside of

[£p.g+1]={p<---<qg+1}U{g+1<---<p}
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Figure 2. The Levi branched crystals KNy23 (A,2) and KNg;3 (A, 2) respectively from left to right
forA = (2,1).

are frozen. This is essentially the same as saying that the KN tableaux of the set
KN(A.n) in the same connected component of KN, 41(A, n) are stable in the entries
over €, \ [£p, g + 1] under the action of the Kashiwara operators f;, ¢;, i € [p,q].
That is, if ¢ < n, in the same connected component of KN, 41(4,7), the subtableaux
consisting of the letters

[p—11={p—1<-- <1},

(Lp—1]={l<---<p-—1},

or
[£(@+2),n={g+2<---<n<n<--<qg+2}

are the same.



O. Azenhas, M. Tarighat Feller, and J. Torres 64

If ¢ = n, the Levi branched crystal KN[, ,1(4,n) is isomorphic to a type C,—p41
normal crystal. The Weyl group is W7 = By, ] generated by the signed permutations
on the subset {p < --- <n <n < --- < p}. The entries outside of

[£p,n]l={p<---<n<n<---<p}

are frozen; within the same connected component of KN ;7 (1, 7), the subtableaux either
consisting of the letters {1 < --- < p—1} or {p —1 < --- < 1} are the same. In
Example 3.6, since s[(2, C) = sp(2, C), we get two crystals of types 4; = Cj.

Example 3.6. Figure 2 shows the Levi branched crystals KNy (4, 2) and KNy13(A,2),
respectively, from left to right for A = (2, 1). Both are A;-crystals.

The highest weights, with multiplicity, in the left-hand side have representatives
(2,1),(1,2),(1,0), (0,1), (0,1), (—=1,2), (—1,0), (=2, 1). In the quotient of Z2 by the
fundamental weight w; = (1,0), these are equivalent to the vectors (0, 1), (0,2), (0,0),
(0, 1), (0, 1), (0, 2), (0,0), (0, 1), respectively. In practice, this means that we have
ignored the multiplicity of the letters {1, 1} in the tableaux of the left-hand side to
compute the highest weights. On the right-hand side, we consider another embedding
of Z < Z? given by the quotient Z2/((1, 1)), since w, = (1, 1). The computation of
the highest weights on the right-hand side is similar to that of the left-hand side, and
we thus leave it as an exercise for the reader.

4. Virtualization

In this section we closely follow Baker [3, Section 2] and adopt the notation used
there. In Example 8.6, we present a detailed example of the content in this section. We
include it later rather than earlier because it includes some more information which is
not yet presented up to the end of this section.

4.1. Baker embedding and Baker recording tableau

Let A = Aoy + -+ Ay, € 2" with wj = Z{:l e; € 72", 1 < j < n,the funda-
mental weights of type C,. Let

J
wszeieZZ", 1<j<n,
i=1
2n—j+1
A_ A _ . 2n .
a)f—a)z,l_jH— E e; € 27", 1< j <n,
i=1
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be the A5,_1 fundamental weights, and consider as well the Z2" partition

n—1
M =200+ diof! + 0ty).
i=1

Let SSYT(A4, 1, 77) be the Ap,_; crystal of semi-standard Young tableaux in the
alphabet €, of shape A14. We will denote the corresponding crystal operators by fl.A
for i € €, and consider, for 1 <i < n, the operators flE = fiA ij‘?, i <n,and
FE = (42, Let E denote the virtualization map defined on type C,, Kashiwara—
Nakashima tableaux defined by Baker [3, Propositions 2.2 and 2.3]. More precisely,
E is an injective map

E:KN(A, n) < SSYT(A4, n, 1) 4.1

such that £( f;(T)) = flE (E(T)) for T € KN(A,n),1 <i <n.We will denote by E~!
the restriction of any left inverse of £ to the image of KN(A, n) under E. Given an
admissible column C in the alphabet €, of shape w;, 1 <i < n, denote by ¥ (C) its
Baker virtual split [3, Proposition 2.2], a two column type A,,—; tableau of shape
a)iA + a)fn_i. The map ¥ is injective and embeds admissible columns of length i, in
the alphabet €, into SSYT(a)iA + w{‘n_i ,n,n),1 <i <n.Wedefine 1/1_1 analogously
to E~L. From [3, Proposition 2.3] we know that, if we write T as a concatenation of
its columns, that is, 7 = Cy - -- Cy, then

E(T) = [0 < w(y(C1)) < -+ < wy(Cp))],

where the word w(y(C)) of the type A,,—1 two-column tableau ¥ (C) is given by
the Chinese/Japanese reading of its two columns (from top to bottom and right to
left), and P < w is the Schensted column insertion of a word w into a type Az,—;
semi-standard Young tableau P in the alphabet €, (see [18,50]).

Let T) € KN(A, n) be the highest weight element; that is, 7} is the Yamanouchi
tableau of shape and weight A on the alphabet [r] (each row i is solely filled with
the letter i ). Then £ (7)) = T4 is the highest weight element of SSYT(A A, n,n ), that
is, the A»,_1 Yamanouchi tableau of shape and weight A4 in the alphabet €,,. The
image of KN(X,7) under E in SSYT(A“, n,7) is the crystal generated by acting with
the lowering operators flE on the highest weight element T)fl of SSYT(A4, n, 7). For
T € KN(A,n), where T = Cy --- Cy, we write

wr = w(Y(C1)) - w (Cy)).

Then wr is a word in €, the monoid of words in the alphabet €,,, and E(T) =
[0 < wr]. We will call the recording tableau of the column insertion of wr, Q(wr),
the Baker recording tableau associated to T'.
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Proposition 4.1. For T € KN(A,n), the Baker recording tableau Q (wr) depends only
on A. From now on, we will denote by Q ), the Baker recording tableau associated to M.

Proof. By abuse of notation, we denote by the same symbols the type A,,—1 crystal
operators on the Az,—; crystal €, of words and those on semi-standard Young tab-
leaux in the same alphabet. We know that there exists a sequence 1 <ij,...,ix <n
such that f;, --- fi, (T,) = T. Therefore,

FE - FEET)) = E(T),
where E(Tj) = T4, the highest weight element of SSYT(A4, 7, 77), and so
fif "'filE(wTA) = wr,

since the connected components of the crystal €, of words of type A»,—; with highest
weight elements wr, and w(£ (7)) = w(T) ) have the same highest weight A4 and
are hence isomorphic. In particular, both wr and wr, belong to the same connected
component of the crystal €, of words of type A2,—1, namely, the connected com-
ponent containing the Yamanouchi word wr, of weight A4 (recall that all words wr
have the same rectification shape A4 and that all A,,_; crystal operators commute
with jeu de taquin). Now, we consider a version of the RSK correspondence [11, 18,
32,50] which is a bijection

€ < || SSYT(uan. ) x SYT(0),  w s (P(w), Q(w)),

Z(MﬁLSZn
where SYT(w) is the set of standard Young tableaux of shape u, P(w) = [0 < w]
and Q(w) is the corresponding recording tableau which encodes the sequence of
shapes produced by the column insertion of w. In particular, for each standard Young
tableau Q of shape , the pre-image RSK™1(SSYT (i, nn, 77) x {Q}) is a crystal iso-
morphic to SSYT(u, n, ), and all of these pre-images are disjoint and cover €. In

particular, this means that all the words wr for T € KN(A, n) are contained in the
same connected component of €, defined by:

RSK™!(SSYT(A%, n,71) x {Q(wr,)}).
Thereby, Q(wr) = Q(wr,) forall T € KN(A, n). [
Corollary 4.2. Let A = oy + -+ + Oy, 1 <my < -+ <my < n, and let

A _ A A A A 2n
A = Wy _m, +a)m1 +”'+a)2n—mk +wmk € L7".
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Then Q; can be written out of the shape A as a sequence of shapes by adding suc-
$1 , wé‘ln—m] yeees a),ﬁk , a)fn_mk, whose boxes are filled along

columns, top to bottom with 3 consecutive numbers from 1 to |A4|:

cessively the columns

A
0 C wpy,
A A
c w2n—m1 + wml
A A A
c wmz + w2n—m1 + a)ml

A A A
C a)2n—m2 + wmz + C02n—m1 + wml
A A A A A
c O +-+ Oon—m, + W, + Oon—m, + Wpy,

Given a partition A with at most n parts, and 7 = Cy --- C; € KN(A, n), let
Y(T) = (W (Cr)), ..., w(¥(Cx))) € €, (here the word is presented as a k-tuple)
and W~ = (Y71, ¥~ Then (E(T), Q;) = RSK¥(T) = (P(wr), Q) and

—— e’
k -1 _ g1 -1
E™" =W RSK £ namyxioar
where RSKI_K,IQ(A’n)X{QA} denotes the inverse of RSK restricted to £ (KN(A,1))x{Q}.

The computation of RSKl_Kh( An)x{Q,} uses 0, to perform the inverse of column

Schensted insertion. See the example in Section 8.6.

4.2. The Levi branched crystal and virtualization

Recall that a Levi branched crystal By, J € I, I a Dynkin diagram, is obtained by
ignoring the maps f;, e;, @i, &;, fori ¢ J. Let I be the A5, Dynkin diagram with
nodes {1,...,n,7,...,2}:

1 2 3 n—1
— o o

D
— o o — -
2 3 4 i

For each connected sub-diagram J = [p, ¢g] or [k,n] with 1 < p < g < n and
k <nof[n],let J =[q+ 1, p+ 1] respectively [i7,k + 1],if k < n, and J = @ if
k = n be the corresponding connected sub-diagram of [7, 2].

Each connected component of the Levi branched crystal KN ; ,7(A, n) with J =
[p.ql, [k,n], 1 < p <gq <n, k <n,is embedded via E into a connected com-
ponent of the Levi branched crystal SSYT; ,7(A,n) such that J LI J is a discon-
nected diagram of [1,...,n,7,... ,5] if ¢ < n, and otherwise, J U J = [k,k——i-l]
or J = J if J = {n}. Consider the Levi branching of the type C, crystal KN(1, 1)
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to Ag—p+1,1 < p <q <n,and C,_g 41, k < n. The Levi type A;4—p+1 Dynkin dia-
gram is obtained via folding from the Levi subtype Ag—p41 X Ag—p+1 of Azp—1,

which is obtained by removing the nodes 1,...,p—1,g+1,...,n,n,...,q9 + 2,
p+2,...,2 from the As,_; Dynkin diagram. The Levi type Cp_g41, k < n, is
obtained via folding from the Levi subtype A,, >k +1 of A2,—1 obtained by remov-
ing thenodes 1,...,k — 1, E, ..., 2 from the Azn—1 Dynkin diagram [11].

In [3, Proposition 2.3 (ii)], it is shown that given b € KN(A, n), the C,, crystal

length functions 8 , (pc 1 <i <n,onb, and the A,,_; crystal length functions 8;4,
8% 1<i<n,ed and cpl , (p ,1 <i <n, ¢! on E(b) are nicely related:

el (b) =&l (E(b) = eA(E()), 1<i<n, and sf(b)= %8;1(E(b)),

and similarly for ¢; C(b), 1 <i < n, where & (h) = maxi{k € Zxg : ek(b) # 0} and
@i (h) =max{k € Z>¢ : flk (b) # 0}. This means that b is the highest weight element
of a connected component U of KNy (A, n) if and only if, foralli € J,

e (E(b)) = A (E(b) =eS(b) =0 foralli € J \ {n}

i+1

and
ed(EMB) =eS(b)=0 ifnel.
Similarly, in the case where b is the lowest weight element, by replacing appro-
: C i A ; A : A A o A
priately, &; with goi and 8 & with /%, respectively, P and g with @/,
Henceforth,

e€h)=0, ieJ & NEDB)=0 ieJuJ

and
ef(b) =0, ieJ & @MEDB)=0, ieJul.

In other words, because our crystals are semi-normal, £(b) is the highest weight
element of the connected component V of SSYT ; , 7(A,n) containing £ (b) and E(U).
It is therefore unique. A similar statement holds for the lowest weight element. The
next proposition now easily follows.

Proposition 4.3. Let J C [n] be a connected sub-diagram of the type C, Dynkin

diagram. Let U be a connected component of the Levi branched crystal KNy (A, n)

high low

with highest and lowest weight elements u™s" and u®" respectively. Then E(U) is
contained in a connected component of the Levi branched crystal SSYT ;, 7(A, n) with

highest and lowest weight elements E (u"&") and E (u'°") respectively.

Remark 4.4. Given T € SSYT(u,n,n), where p is a partition with at most 2n parts,
T may be decomposed into two disjoint semi-standard tableaux 7+ and 7~ such that
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T = (T*,T™), where T is the semi-standard tableau of shape p+ on the alpha-
bet [1] defined by the entries of T in [n], thatis, T € SSYT(uu4,n), called the positive
part of T, and T~ is the semi-standard tableau of skew shape /4 on the alpha-
bet [77, 1] defined by the entries of T in [z, 1], that is, T~ € SSYT(i/ 4, ), called
the negative part of 7. Provided that we only apply iA, eiA withi € J U J’ discon-
nected such that J C [n — 1] and J’ C [i1, 2], respectively, this shape decomposition is
preserved. Those crystal operators preserve the shape decomposition above because,
according to the type A,,_; signature rule, they only change positive (resp. nega-
tive) letters into positive (resp. negative) letters. For J U J’ disconnected, fjA fj‘,‘1 =

fAfA jeld, j e J'. Wethen write, for {j1,..., j-Y € Jand {j/,...,j.} C J’,
J 7 1 m

S A AT = (A AT, £ AT @)

5. The cactus group and virtualization

Halacheva [21,23] has defined a more general version of the cactus group J,, origi-
nally defined by Henriques—Kamnitzer [24] in terms of generators and relations.

If I is the A,,—; Dynkin diagram, 6 acts on J by reversing the connected interval
of nodes J, whereas in the C,, type it depends on whether J contains the node with
label n or not.

Definition 5.1 ([21,23]). Let g be a finite-dimensional, semi-simple Lie algebra with
Dynkin diagram /. The cactus group J; has generators s; where J runs over the
connected sub-diagrams of the Dynkin diagram / of g, and relations:

(1g) s3 = 1forall J C I;
(2g) sysy = syrsy forall J,J' C I such that J U J' is disconnected;

(3q) 7857 = sg,yrysy forall J' € J C 1.

Remark 5.2. Note that when J’ C J, (3q) says that s; commutes with 57 by revers-
ing J’ with respect to J. Recalling that W is the Weyl group of g, we also have a
group epimorphism J; — W taking 57 to w({ ([23], [21, Remark 10.0.1]). The kernel
is called the pure cactus group (see [4] for examples), the fundamental group of the
real locus of the Deligne—-Mumford compactification My ,+1(R) of the moduli space
of rational curves with n 4+ 1 marked points [15].

Lemma 5.3. The cactus group Jsyn,c) = J is the group with generators sy, where J
runs over all connected sub-diagrams of I = [n — 1], the A,—1 Dynkin diagram,
subject to the relations:

(14) s3=1,J C[n—1];
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A) sysyr =sypsyforall J,J' C [n— 1] such that J U J’ is disconnected;

BA) Sp.q1Stk1) = Sip+a-1,p+a—K1S1p.q) for [k, 1] C [p.q] < [n —1].
Remark 5.4. The first and third relations ensure that the n — 1 elements of the form

Sk 1<k=<n-1,
generate J,,, since any s[;, ;] may be written as
S[i, 1 = SIS0 —i+ 115111 G.D

The elements s[; ,—1] = S[1,n—1]5[1,n—i]5[1,n—1]» | <1 <n — 1, also form a set of gen-
erators.

Lemma 5.5. The cactus group Jep2n,c) is the group with generators sy, where J
runs over all connected sub-diagrams of the C,, Dynkin diagram I = [n], subject to
the relations:

(1C) s% =1,J Cn];

Q2C) sysyr = sypsyforall J,J' C [n] such that J U J' is disconnected;

BC) () SpmSe1) = Stk 1S[p.n)s [k, 1] S [P, 0] € [n],

(D) S(p.g15tk.11 = Stp+a—1.p+a—k1SIpal (K- 1] S [p.q] S [ —1].

Proof. Relations (1g) and (2q) translate directly to (14) and (2A). Consider two
nested intervals [k, /] C [p.q]. If [p,q] C [n — 1], we are in type A4, hence (3C (ii))
holds, which is just relation (3A4). If ¢ = n, then we are in type C,_ 1. The Weyl

group WPl is the restriction of the hyperoctahedral group B, to the generators
Tp,...,Tn, as a group of signed permutations, it is the restriction to the set

[£p.nl={p<---<n<n<---<p},

and w({(aj) = —a; for j € J. Therefore, 0, ,)(d) = d for d € [k,[] and rela-
tion (3C (1)) follows directly from 3g. ]

Remark 5.6. Note that the elements sy, J € [n — 1], subject to the relations above,
generate the cactus group J,,. As in (5.1), the following are alternative 2n — 1 gener-
ators of Jep(2,,0):

S[1,/1» 1<j<n-—1,

Sijn, 1< j <n.
Remark 5.7. We may observe that J,, is a subgroup of J., (2, c) defined by the sub-
set of generators sy, J C [n — 1], indexed by connected sub-diagrams of the A4,

connected sub-diagram [n — 1] of the C,, Dynkin diagram I = [n], subject to the
relations above (1C), (2C) and (3C (i1)).
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Proposition 5.8. If q is a finite-dimensional semi-simple Lie algebra, and | C q is a
Levi sub-algebra, then Jy is a subgroup of Jg.

Proof. Let I be the Dynkin diagram corresponding to g and J C [ the sub-diagram
corresponding to the Levi sub-algebra [. Any connected sub-diagram K of J is also a
connected sub-diagram of 7, hence one can define a map on generators by s IJ< — sII(.
Here generators of J; are denoted by SII(, and generators of J; by le{. Remark 5.2
implies that this map is a morphism of groups. The map is clearly injective because

the generators of J,; are all distinct. n

5.1. Embedding of Jsp(24,c) into J2,

We have observed that J, is a subgroup of Js,2,,c). We now show that there is a
group embedding of Jsy(2,,c) into J, by folding the A3,—1 Dynkin diagram through
the middle node n:

1 2 3 n—1 n
— o o ———»
1 2 3 n—1

o o -
n

— o o — -
2n—1 2n—-2 2n-3 n+1

Why should such an embedding exist? Let us consider the following elements
of Joy:

sfp,q] 1= S[p,qlS12n—g,2n—p] = S2n—q,2n—plS[p.q) forall [p.q] < [n —1].

In Lemma 5.12 we show that these elements together with the generators 5[, 2,—p]
for p < n generate a subgroup of J,, isomorphic to Js,(2,,c). Notice the similar-
ity between this and the construction of sp(2n, C) as a sub-algebra of s[(2n, C) by
folding [26, Chapter 8, pp. 89-102]. Moreover, Lemma 5.9 below provides not only
concrete combinatorial motivation for Lemma 5.12, but will also be the main ingredi-
ent in its proof.

Lemma 5.9. The following relations hold in Jy,:

S'[Zp,q] =1, l1<p=<gqg<n, (5.2)
S[zp,Zn—p] =1, I <p<n, (5.3)
Sto.a1STed] = Sk15Tp.g)" [p.q)U k. 1] [n—1] (5.4)

disconnected,
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S[p,2n—plStk,2n—k] = S[k,2n—k]S[p,2n—p]» 1<p<k<n, (5.5)
Stp.2n—plS{k.1] = S[k.115Tp.2n—p]- l=p=k=l<n, (5.6)

/ ’ 7 /
Stp.al¥ k] = Slp+a—lLp+a—kSpg | =P =k =l=qg<n. (5.7

There are no more relations among the elements sfp 4] and Sgk an—k) for all [p,q] <
[n — 1] and [k,n] C [n].

Proof. We have the relations (5.2) and (5.3):

/ 2 2
Spal = (s[p,q]S[Zn—q,Zn—p])
_ 2 2
= Sp.q1’12n—q.2n—p)
(14)
2 (14)
Span—p] = L.

Forl < p<g<nand1 <k <[ < n such that [p, ¢q] U [k, ] is disconnected, the
sub-diagrams [p, ¢q] U [2n — q,2n — p] and [k, [ U [2n — [,2n — k] of [2n — 1] are

disconnected, hence
o 24 s
[p.a15Tk.ll = Stk.151p.q]"

This establishes (5.4). Additionally, if ¢ = n, the sub-diagram [k, /] U [p,2n — p] U
[2n —1,2n — k] in [2n — 1] is disconnected, hence

/ 24)
Sip.2n—pl8[k,11 = Sk,115(p.2n—p]-

(34)
Moreover, S{p,2n—p]Sik,2n—k] = S[2n—(2n—k),2n—k]S[p,2n—p] = S[k,2n—k]S[p,2n—p]> for

1 < p < k < n, hence relation (5.5) holds. Now, for 1 < p <k <[ < n, we have

34)
S[p,2n—pl1S[k,118[2n—1,2n—k] = S[2n—1,2n—k]S[p,2n—p]S[2n—I1,2n—k]
(34)
= S[2n-1,2n—k1S[2n—2n—k),2n—2n—015[p,2n—p]

= S[2n—1,2n—k]S[k.1]15[p,2n—p]>

which establishes relation (5.6). Finally, for 1 < p <k <1 < g < n, the following
holds:

SipalSied] = SipalSi2n—g.2n—p)Sk.115[2n—1,2nk]

24)
= S[p.ql5k.115[2n—q,2n—p]S[2n—1,2n—k]

34)

= Slp+q—1,p+q—k15[p.q152n—(p+q—k),2n—(p+q—1)]5[2n—q,2n—p]
(24)

= Slp+q—-1,p+q—k1S[2n—(p+q—k),2n—(p+q—115[p.q15[2n—q,2n—p]
= s S/

— °lp+tq—I,p+q—k]°[p.q]’
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This establishes relation (5.7). Any relation R’ = 1 with the elements

Sfp,q]=S[p,q]S[2n—q,2n—p] and  S[k,2n—k]

for some [p, q] C [n — 1] and [k, n] C [n], translates to a relation R = 1 involving
generators of Jy,, of the form s[p, 41, S[2n—g,2n—p] in pairs, and (g 2,—k], for some

[p.q] € [n — 1] and [k, n] < [n], which satisfy the same kind of relations as s{, ,

and Sk, 2,—k]. Therefore, from R = 1 we do not get new relations R’ = 1. ]

Definition 5.10. The virtual symplectic cactus group Jon is the group with gener-
ators 57, where J runs over all sub-diagrams of I = [2n — 1], the A,_; Dynkin
diagram, of the form J = [p, 2n — p] for all [p,n] C [n], or the form J = [p,¢q] U
[2n —q,2n — p] for all [p, q] < [n — 1], subject to the relations:

(14 32 =1,J c2n—1];
(2A4) 5757, =373 such that J L1 J is disconnected with respect to all [p, ¢] < [n];
(34) (i) for[q.1] C [p.n] S [n],
S[p.2n—p18lg.1ul2n—1,2n—q] = Sig.llu2n—1,2n—q15[p,2n—p]-
(i) for [k,l] € [p,q] € [n —1],
Sip.qluizn—g,2n—p]STk 1Ju[2n—1,2n—k]
= S[g+p—1,q+ p—k]U[2n—p+2n—q—2n—k),2n—p+2n—q—(2n—0)]

" S[p,qlul2n—q,2n—p]

= Slg+p—lLg+p—klu2n—(p+q)+k.2n—(p+q)+1151p.glu[2n—g.2n—p]-
The following are 2n — 1 alternative generators of fz,,:

Si,jlun—j2n—1]. 1 <j <n—1, (5.8)

SLj.2n—j1s 1<j<n. (5.9)

Proposition 5.11. There is an isomorphism J5, ~ Jep2n,0)-

Proof. Clearly, J>, and Jsp(an,c) satisfy the same relations corresponding to all con-
nected sub-diagrams [p, ¢] C [n]. Furthermore, the maps

Jep2n,c) = Jon

Slp.q] 7 S[p.qlul2n—g,2n—p]:

Slp.,n] 7> S[p.2n—p]:
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and

-72n - Jsp(2n,C),
Sp.qlulzn—g.2n—p] F> S[p.ql-
Slp,2n—pl 7> Sip,n]
are epimorphisms inverse to each other. This follows directly from the definitions
of Jo, and Jsp2n,c) (see Definition 5.10 and Lemma 5.5, respectively). Therefore,

Jap(2n,c) = Jon. n

Lemma 5.12. The following assignment defines a group injection from Jey2n,c)
to Joy:
r: Jsp(Zn,(C) — Jon,
SIp.al 7 S(p.q]- l<p=<g<n,
S[p,n] 7> S[p,2n—p]> I<p=n.
Proof. The map induced by I is indeed a group homomorphism. The relations (1C)-
(3C) from Lemma 5.5 follow from Lemma 5.9.

To show that it is injective, one needs to show that its left inverse defined by the
assignment

Flgt%:im(l“) C Joy — Jgp(zn,(c),
Sfp,q]'_’s[p,q]’ 1<p<gqg<n,
S[p.2n—p] "> S[p.n]: l<p=n
is also a group morphism. This however follows from Lemma 5.9 and the previous
calculations: the generators of im(I") satisfy the relations from Lemma 5.5, and there

are no more relations between them (all possible cases have been already covered
above). ]

Proposition 5.13. The group Jon is isomorphic to a subgroup of Jay.

Proof. After composing the maps from Proposition 5.11 and Lemma 5.12, we obtain
the group injection

-7211 — J2n

Sip.aluizn—g.2n-p] = S{p.q): l<=p=q<n,

3:[17,211—17] = S[p,2n—pl> 1 <p<n. n
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6. Full Schiitzenberger-Lusztig involutions and algorithms

6.1. Full Schiitzenberger—Lusztig involution

Let B(1) be the normal g-crystal with highest weight A. Let u; and ul)‘f‘” be the highest,
respectively lowest, weight elements of B(A). The Schiitzenberger—Lusztig involution
£:B(A) — B(A) is the unique map of sets (hence, set involution) such that, for all
beB(A)andi € I:

(1) ei& () = € foq)(D):

(2) fi&(b) = Eegiy(D);

(3) wt(§(b)) = wowt(b),
where wy is the long element of the Weyl group W. (For the existence and uniqueness
of £, £2 is a map of crystals, and hence £2 = 1, see [11,24].) The involution & acts
by wg on the weights and interchanges the action of e; and fg(;). It is an automorphism
of the underlying unlabeled, non-oriented and non-weighted graph. For 4,1, £ acts
by reversing the weight and interchanges the action of e; and f,,—;; for C,, & acts by
changing the sign of the weight and interchanges the action of e; and f;.

If B is a normal g-crystal, B is the disjoint union of connected components, each
of which is a crystal isomorphic to B(A) for some dominant integral weight A. We
define &z on B by applying & to each one of its connected components. Each element
of B(A) is generated by u (resp. ul)‘fw ) by applying f;’s (resp. e;’s). Hence, the same
sequence of f;’s (resp. e;’s) applies to the highest weight (resp. lowest weight) of any
connected component of B isomorphic to B(A).

The elements u, and ulf‘” are the unique elements of B(A) of weight A, respec-

low

tively, woA. Hence, since wt(§(uz)) = woA and wt(§(u")) = A, § interchanges

low low

highest and lowest weight elements of B(A), and so u?" = £(uy), §(uy") = u,.

This implies that u; = e;, ---e;, (u?™) for some sequence ji,..., j, € I, and

upt =) = (e, - e (™))

= foiin - Soiin (EWE™) = Soiiy -+ Soinn)-

Corollary 6.1. Letb € B(A) and b = f;, --- fj,(up) for jr,....j1 € 1. Then
E(b) = eg(jyy -+~ eacin(s"),  W(E(D)) = wowt(b).

In particular,
s intype Ap—1, §(b) = ey—j, ---en—j, (u'/fw) and wt(¢£(b)) = revwt(b), where rev
is the reverse permutation (long element) of ©,,;

« intype Cy, £(b) = ej, -+, (ug™) and wt(s (b)) = —wt(b).
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6.2. The full sl (n, C) reversal

For g = sl(n, C), & coincides with the Schiitzenberger involution [8,38] also known
as evacuation (evac for short) on SSYT(A, n) (see [18, 50]), and as reversal on the
set SSYT(A/u, n) of skew semi-standard tableaux of shape A/u in the alphabet [n]
(see [6]).

Let T € B=SSYT(A/u,n) and let B(T') be the connected component of the crystal
SSYT(A /w,n) containing 7. Then B(7") ~B(v) for some partition v and rect(7") € B(v).
Thereby, £(T) is the unique tableau in B(7") such that

rect £(T) = evacuation(rect(T)),
&§(T) = arect(evacuation(rect(T))), 6.1)

where arectification (arect for short) denotes the inverse process of rectification [1, 6].
More precisely, the rectification (rect for short) procedure is recorded by assigning
a standard tableau S to the inner shape p of T to form the tableau pair (S, 7). The
entries of S govern the jeu de taquin on T, as we slide out all letters in the filling of S,
from largest to smallest, to get a new tableau pair (rect(7T'), S’), where S is the skew
standard tableau consisting of the slid letters from S. The anti-rectification procedure,
arect, is defined by the reverse jeu de taquin to evacuation(rect(7T) and is governed
by the slid letters in S’ in the tableau pair (evacuation(rect(7")), S’) from smallest to
largest. Eventually one obtains the tableau pair (S, reversal(7")), where

reversal(T') := arect(evacuation(rect(T'))). (6.2)

Next we will discuss ¢ = sp(2n, C).

6.3. Lecouvey—Sheats symplectic jeu de taquin and symplectic Knuth
equivalence

If T is a KN tableau, we consider its word w(T) € € obtained by reading the
columns of 7' in Chinese/Japanese order, from rightmost to leftmost, each column
read from top to bottom. Recall Remark 3.4.

6.3.1. Lecouvey—Sheats symplectic jeu de taquin. In this section, which we include
for the comfort of the reader, we recall material from [36,49] which is relevant for our
purposes. A punctured skew KN tableau is a skew KN tableau one of whose boxes,
called its puncture, instead of being blank or containing a letter in C,,, is distinguished
by being filled in with an asterisk * instead. The splitting spl(T') of a KN tableau T’
contains two punctures, in consecutive columns and in the same row, corresponding
to the “splitting” of the puncture in 7.
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Let T be a punctured KN tableau with two columns C; and C, and split form
spl(T') = IC1rC11CarCy, and let C; have the puncture *. Let o be the entry under
the puncture of »Cy and § the entry to the right of the puncture of rCy:

spl(T) = [C1rC11CorCy = 1

where o or 8 may not necessarily exist. Following the wording in [47], the elementary
steps of the symplectic jeu de taquin, or SIDT for short, are the following:

(A) If < B or B does not exist, then the puncture of 7 will change its position
with the cell beneath it. This is a vertical slide.

(B) If the slide is not vertical, then it is horizontal. We then have @ > f or that «
does not exist. Let C{ and C, be the columns obtained after the slide. We have two
subcases, depending on the sign of §:

(1) If B is barred, we are moving a barred letter, 8, from [ C to the punctured box
of rCy, and the puncture will occupy B’s place in [C,. Note that /C, has the same
barred part as C, and that »C; has the same barred part as ®(Cy). Looking at T, we
will have a horizontal slide of the puncture, getting

C;=C\{B}u{x} and C] =0 (®(C1)\ {*}L{B}).

In a sense, § went from C; to ®(Cy).

(2) If B is unbarred, the procedure is similar, but this time 8 will go from ®(C,)
to Cy; hence,

Ci=Ci\{x}u{B} and C; =07 (P(C2) \{B}L{*}).

However, in this case it may happen that C; is no longer admissible. In this situation,
if i is the lowest entry such that i, i appear in C 1/ and N(i) > i, we erase both i and i
from the column, remove a cell from the bottom and from the top of the column and
place all the remaining cells in order.

After applying elementary SJDT slides successively, the puncture will eventually reach
a cell such that o and 8 do not exist. In this case we redefine the shape to not include
this cell and the jeu de taquin ends. The SIDT when applied to semi-standard tableaux
in the alphabet [n] reduces to the ordinary jeu de taquin.

The SJDT is reversible, meaning that we can move *, the empty cell outside of u,
to the inner shape v of a skew tableau T of shape w/v, simultaneously increasing
both the inner and outer shapes of T by one cell. The slides work similarly to the
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previous case: the vertical slide means that an empty cell is going up, and a horizontal
slide means that an entry goes from ®(C;) to C, or from C; to ®(C,), depending
on whether the slid entry is barred or not, respectively. For an illustration of SIDT, we
refer the reader to the first part of Example 8.7.

6.3.2. Symplectic Knuth equivalence. In this section, we gather the necessary tools
from [34,36]. For w € €, let P(w) be the Kashiwara—Nakashima tableau obtained
by performing the Baker—Lecouvey insertion algorithm on w. We do not need the
algorithm in this paper, but refer the reader to [2, 36] for the original descriptions. A
detailed account can also be found in [48]. Given wy, w, € ‘(‘,’: , the relation

wy ~ wz & P(wy) = P(wy)

defines an equivalence relation on €," known as symplectic plactic equivalence. It is
the analogous relation defined by Knuth relations in the alphabet [n] (see [18]). The
symplectic plactic monoid is the quotient €/ ~. Each symplectic plactic class is
uniquely identified with a KN tableau.

The plactic monoid €,;/ ~ can also be described as the quotient of €, by the
following symplectic plactic relations (we use the notation from [36]):

(R1) yzx ~ yxzforx <y < zwithz # X and xzy ~ zxy for x < y < z with
z #X;

R2) yx —1(x —1) ~yxxand xxy ~x —1l(x — 1)y for 1l <x <nand x <
y =X

(R3) (Symplectic contraction/dilation relation) w ~ w \ {z,Z}, where w € €
and z € [n] are such that w is a non-admissible column, z is the lowest non-
barred letter in w such that N(z) = z + 1 and any proper factor of w is an
admissible column.

For example, the words 23231 and 11133 are symplectic Knuth related:

11133 "0 11313 0 11331 & 22331 X0 23231.

Note that to apply the plactic relation (R3) to a non-admissible column word w, we
need only check that all proper prefixes of w are admissible, as opposed to all proper
factors [47]. For example,

(R3) (R3) (R3)

23443 <7233 and 123443 '~ 1233 '~

When Knuth relations are applied to factors of a word, the weight is preserved while
the length may not be. Knuth relations can be seen as jeu de taquin moves on words
or diagonally shaped tableaux, and each symplectic jeu de taquin slide preserves the
Knuth class of the reading word of a tableau [36, Theorem 6.3.8].
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6.4. Full symplectic reversal

6.4.1. Symplectic evacuation algorithm. In [47], Santos introduced a symplectic
evacuation algorithm on tableaux in KN(A, ) denoted by evac®” which he proved
coincides with the full Lusztig—Schiitzenberger involution on a given U, (sp(2n, C))-
crystal B(A) associated to a representation of highest weight A. Santos’ evacuation
algorithm mimics the Schiitzenberger evacuation on SSYT(A, n). It replaces the action
of the long element of &,, with that of the long element of B,, and performs symplectic
rectification or insertion using Lecouvey—Sheats symplectic jeu de taquin [36,37,49],
or Baker-Lecouvey insertion [2, 36, 37], respectively. We refer the reader to [47, Sec-
tion 5] for detailed examples of the algorithm.

6.4.2. Full symplectic reversal on KN skew tableaux. The set KN(A/u, m) is a
normal Cy, crystal whose connected components are isomorphic to KN(v, m) for some
partition v whose number of boxes |v| is less than or equal to [A| — |u|. Let n =
m+ j —1,where 1 < j —1 < n is the number of parts of i and J = [J, n].

Let B(A, p) be the subset of KN(A, 77) consisting of the tableaux in KN(A, n) with
entries exclusively in

<< j<j+l<<j—-ld+m<j—-l4+m<---<j

outside of the shape 1 C A and whose sub-tableau on the alphabet {1,...,j — 1} is
the fixed Yamanouchi tableau of shape w. By [36, Lemma 6.1.3], B(A, i) is a normal
Cy, crystal; in particular, it is stable under the action of fi4;_1.e;4j—1,1 =1,...,m,
so it is a sub-crystal of KNy (A, 7). In particular, note that each one of its connected
components is contained in a connected component of KNy (A, 7). Shifting the entries
of the KN skew tableaux in KN(A/u, m) by j — 1, we may identify KN(A /g, m) with
B(A, ) C KNy (A,n). Thatis, the crystal operators, f;i,e;,i =1,...,m,donot change
the skew-shape of a KN tableau on the alphabet €,,, and KN(A/u, m) decomposes
into connected components that can be identified with the connected components
of B(t, A).

In both type A,—; and type C,, Kashiwara operators e; and f; commute with
SJDT slides. Let T € B = KN(A/u, n). An inner corner in T is a box of p such that
the boxes below and to the right are not in w; an outer corner in 7 is a box of A
such that the boxes below and to the right are not in A. Let ¢ be a fixed inner/outer
corner of T. An SJDT slide or a complete SIDT slide to the inner corner ¢ means a
slide of the box ¢ from an inner corner to an outer corner, or vice-versa. An SJDT slide
to the inner/outer corner ¢ of 7' gives a new KN skew tableau SIDT(7, c¢), possibly
with fewer/more boxes. Applying an SJDT slide to the same inner corner ¢ in all
vertices of B(T") defines an isomorphic crystal B(SIDT(T7, ¢)) [36, Theorem 6.3.8]. The
images of the KN tableaux in the same connected component of KN(A/u, m) under
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this crystal isomorphism have the same skew shape [36, Theorem 6.3.8]. Iterating the
SJDT to all inner corners of T rectifies T', producing rect(T) ([49, Proposition 9.2],
[36, Theorems 6.1.9 and 6.3.9)).

At the end of each SJDT slide, the inner corner (outer corner) where the slide
started is filled, or the column where the slide started has two fewer (more) boxes ([49,
Proposition 9.2], [36, Theorem 6.1.9]). The SJDT step where the tableau loses two
boxes in a column has a previous step where this column is non-admissible but Knuth
equivalent to the new column which is admissible. The step in reverse SJDT where
the tableau gains two boxes in a column is (R3) Knuth equivalent to the previous one
which is admissible. Therefore, in each step of SIDT we get crystals which are isomor-
phic. This allows, in the vein of reversal for A,—; skew semi-standard tableaux, the
definition of symplectic reversal, reversal®”, on type C,, skew tableaux as a coplactic
extension of evacuation”.

Lemma 6.2. Let T € B = KN(A/u, n). Then £67(T) is the unique KN tableau in
B(T) that is symplectic Knuth equivalent to evac® rect(T), and

rect €97 (T') = evac® (rect(T)). (6.3)

Proof. The crystal B(T') ~ B(v) for some partition v and rect(7) € B(v). The full
Schiitzenberger—Lusztig involution on KN tableaux of straight shape satisfies

£ (rect(T)) = evact™ (rect(T)),

and crystal operators commute with SIDT when passing from B(7") to B(v). Therefore,
(6.3) holds. ]

In Section 8.2.1, we will provide an algorithm for partial symplectic reversal on
KNy (A, n) with J = [/, n]. An algorithm for full C, reversal on KN(A/u, n) will
result as a special case by considering the normal sub-crystal By, A) of KN (A, n).
See Remark 8.10.

7. Internal cactus group action on a normal crystal

7.1. Partial Schiitzenberger-Lusztig involutions

Partial Schiitzenberger involutions were first studied in the case g = sl(n, C) by
Berenstein and Kirillov [31] but have been defined by Halacheva in general: given
J C I any sub-diagram, the partial Schiitzenberger—Lusztig involution £, is defined
to be the Schiitzenberger—Lusztig involution &, on the normal crystal B (see [21,22]
and also [23]). The crystal B; decomposes into connected components, and we apply
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the Schiitzenberger—Lusztig involution to each connected component. Let b € B, and

let u"e", 4'°" be the highest and lowest weight elements of the connected component

of B, containing b. Let b = fj, --- fj, u"&"), with j,. --- j; € J. Then, for j € J,

£1e;(D) = fo,(H6:(b), (7.1)
£, (b) = eq,(jHE:(b), (7.2)
wty (£,(b)) = wg wty (b), (7.3)

and £,(b) = e, (j,) - e, () (U'™").

Remark 7.1. If J = K U K’ C [ is disconnected with K and K’ connected sub-
diagrams of I, we have the subtype Dynkin diagram K x K’, and the Weyl group is
WK x WX’ with longest elements w({( and wé{/, respectively, such that

wi = wkwk = wk wk.

The weight lattice of gx & gx’ is Axuk’ := Ax @ Ags (see [11]). Then, if O
and Ok are the graph automorphisms defined by wf and wé< "in K and K, respec-
tively, 0y = Ox 0k = OOk is a graph automorphism of the Dynkin graph K x K’
and hence preserves the connected sub-diagrams K and K’ of I as defined in Sec-
tion 2. Thanks to ([21, Lemmas 10.1.3 and 10.1.4], [23, pp. 2368-2369]), the crystal
operators act componentwise on the normal crystal Bx| ks (a normal gxg & gx’-
crystal) and satisfy the following properties:

Jifer = fir oo feew = ew f.

erer = epeg, ex fir = frex fork € K, k' € K’, (7.4)
ek/EBK = EBKEk/, fk/SBK = SBka’ fOI'k € K, k, (S K/, (75)
ekéBK, = %_BK,ek, fkéBK’ = EBK,fk fork € K, k/ (S K/, (76)

and £k and £ commute: Ex &gy =&k Ek. This extends to a disconnected sub-diagram
with more than two connected sub-diagrams.

Lemma7.2. Let J = K U K’ C I be a disconnected sub-diagram of I with K and K’
connected. Then Bg k' is a normal crystal, and the Schiitzenberger—Lusztig involu-
tion on Bgu g/, SKLIK’; satisﬁes SKLIK’ = EKSK’ = EKIEK.

Proof. The result follows from the previous remark: g &g = £k €k is an involution,
and from (7.4), (7.5) and (7.6), it satisfies the conditions (7.1) and (7.2) above. In
addition, the weight map

t
wtg k7. B L A ﬂ Agxukg = Ax @ Ak,
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and therefore

wtruk (EkEx (b)) = (wtg (Ex (b)), wtg: (5 (b)) = wE wE (Wt (b), wt: ().
Since there is only one set involution on Bgx satisfying (7.1), (7.2), and (7.3), we
have that EKI_IK/ = EKéK’ = EK/EK. |

The partial Schiitzenberger—Lusztig involutions &, for any J C I a connected
Dynkin sub-diagram of I, satisfy the J cactus relations.

Theorem 7.3 ([21]). The map sy &, forall J < I connected Dynkin sub-diagrams
of 1, defines an action of the cactus group J on the set B; that is, the following is a
group homomorphism:

q)g:.]g —> 65,
SJ |—>€:J.
Moreover, wty (£,(b)) = w({wtj (b), b € B.

The s; act via &, on each connected component of By as a graph automorphism
of the underlying unlabeled, non-oriented and non-weighted connected graph by ex-
changing highest and lowest weight elements.

Remark 7.4. The Weyl group W of g acts on the set B by r;.b = &;(b),i € I, where
& = &) see Section 8.1 and Theorem 8.1. The action of J; factorizes then through
the quotient by the braid relations of W.

The following corollary motivates what comes in the next section.
Corollary 7.5. The following statements hold:
(a) For the sl(n, C)-crystal SSYT(A, n), the map
S, P> ) =evacipr, 1< j <n-—1,

where evacj 1 denotes the evacuation on the sub-tableaux of straight shape
obtained by restricting the entries to {1, ..., j + 1} and fixing the remaining
ones, defines an action of the cactus group J,, on the set SSYT(A,n).

(b) For the sp(2n, C)-crystal KN(A, n), the map
S e ES 1S <n—1, 1.7

sy = Ehy 1<) <n, (7.8)

defines an action of Jsp2,,c) on the set KN(A, n), where éﬁ"n] = gcn =
evacr, E[Cl"j], 1 <j <n—1, is given by the Baker embedding, Theorem 8.13,
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and E[(j."n], 1 < j <n—1is given either by the partial symplectic reversal
in (8.10), Section 8.2.1, or by the Baker embedding, Theorem 8.14.

7.2. The virtual symplectic cactus group action on an sl (2n, C)-crystal and the
virtualization of an sp(2n, C)-crystal

On A,_; semi-standard tableaux, there is a straightforward algorithm to compute the
action of a partial Schiitzenberger—Lusztig involution &; with J a connected A,—;
Dynkin sub-diagram. Let / = [n —1]and J = [p,q] C I,1 < p < g < n,beacon-
nected sub-diagram. The J -partial reversal, reversaly, is the reversal on SSYTj (A, n)
which means the reversal or Schiitzeberger involution & applied to each connected
component of SSYT s (A,n). Let T € SSYT(A, ), then, from (6.1) and (6.2):

E(T) = reversaly(T)
= (T p-1, reversal(Tip g+11), Tig+2.n1)

= (T[l,p—l]a arect(evacuation(rect(T[p,q_,_1]))), T[q+2,n]), (7.9)

where T = (T[1,p—1], Tp.g+1]> Tlg+2,n]) 18 such that T]; ,_qj is the tableau obtained
by restricting T to the alphabet [1, p — 1], T{p 4+1] is the skew tableau obtained by
restricting to the alphabet [p, ¢ + 1], and Tj;4, 4 is obtained by restricting to the
alphabet [g + 2, n]. Indeed, if J = [1, q], reversal[; 41(T) = evacy+1(T). The case
where J is a disconnected sub-diagram of / will be a consequence of Lemma 7.2.

To define an internal action of the virtual symplectic cactus group Jo, on a crys-
tal SSYT(u, n, 1) with  a partition with at most 2n parts, thanks to Lemma 7.2, we
now explicitly characterize the partial Schiitzenberger—Lusztig involution on a discon-
nected sub-diagram J U J' of the A,,—; Dynkin diagram such that J C [n — 1] and
J' C [n1,2] are connected sub-diagrams. In the case of the A»,_; Dynkin diagram, we
label its nodes either in [2n — 1] orin {1,...,n,7,...,2}.

Theorem 7.6. Let J U J' be a disconnected sub-diagram of the A,,—y Dynkin dia-
gram 1 ={1,....n,7,...,2Y suchthat J C [n—1]and J’' C [i1,2] are connected sub-
diagrams. Then E;‘j’fﬁ‘, the Schiitzenberger—Lusztig involution on SSYT yy/(w, n,n),

with [ a partition with at most 2n parts, satisfies

Azp— Azp—1 &A2n— Azp—1 &Aopn—
5_-2;1 1=§J2n 151/2n 1:§_-J/2n l%-]2n1

JuJ’
Aoy Aoy Aoy Aoy
= reversal; >~ 'reversal;7"~! = reversal’?" ' reversal;>" ",
Anp Aoy Aoy Asp .
where £5°"~" = reversal;>"~! and £77"" = reversal;?"~" are the Schiitzenberger—

Lusztig involutions on SSYT j (1, n, ) and SSYT y/ (i, n, i), respectively.
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Remark 7.7. This statement is indeed also valid for the Schiitzenberger—Lusztig
involution on SSYT yy,y/(u, n), where J U J' is a disconnected sub-diagram of the
Ap—1 Dynkin diagram with n odd.

The cactus group J,, acts on an A,,_1-crystal of semi-standard tableaux via par-
tial reversals. We now conclude that the virtual symplectic cactus J,, also does. In
Section 8.5, we establish that this action preserves the subset £ (KN(A,n)).

Theorem 7.8. For the s1(2n, C)-crystal of tableaux SSYT(u, 2n), with | a partition
with at most 2n parts, the map

~ Azp—1
STqlulzn—q.2n—11 7> &1 glil2n—g.2n1]

— g_-Aanl A2n71
— 5[1,q] >5[2n—g,2n—1]

= evaCg 1 evacy, evacy 1 evaca,, 1=<qg=<n, (7.10)

~ App— Azp—
Stg.2n—q] é[qf2nlq] = reversal[qz’anq], 1<g<n, (711

defines an action of the virtual symplectic cactus group fz,, on the set SSYT(u, 2n).
That is, the following is a group homomorphism

&)sI(Zn,(C)5 -72n — Gp,

57 g}‘lzn—l ’

where B = SSYT(u, 2n) and J as in (7.10) or (7.11). Moreover, the action of Jon
on SSYT(AA, n. i1) preserves the subset E(KN(A, n)).

Proof. Since J,, acts on SSYT(u, 2n), the partial Schiitzenberger involutions &;, with
J a connected sub-diagram of the A,,—; Dynkin diagram I = [2n — 1], satisfy
the J,, cactus relations, namely, the ones in Lemma 5.9 which are the .72,, relations.
We consider J~2n with generators (5.8), (5.9). In Sections 8.4.1 and 8.5, (8.13), we
conclude that J5,, acts on the set SSYT(A“, n,77) permuting its elements in a way that
the subset £ (KN(A,n)) is preserved. [

Therefore, the partial Schiitzenberger involutions &, with J any connected sub-
diagram of the A,,—; Dynkin diagram of the form

J =1q,2n—q], [gq,n] < [n],

or
J=[1’Q]U[2n_q’2n_l]7 [I,Q]E[n_l],

satisfy the virtual symplectic cactus Jo,, relations.
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8. Partial symplectic Schiitzenberger—Lusztig involutions and
algorithms

For a connected sub-diagram J of the Dynkin diagram / = [n — 1] of type A,—1,
the partial Schiitzenberger involution &, coincides with J-partial reversal, that is,
reversaly (see (7.9)). The case wherein J is a disconnected sub-diagram of I has
been studied in Theorem 7.6 and Remark 7.7.

So far, there is no known form of tableau-switching for KN tableaux. The algo-
rithm to compute J-partial symplectic reversal, reversalc”, with J = [p, n] a sub-
diagram of the Dynkin diagram I of type C,, presented in Section 8.2 and summa-
rized in (8.10), is inspired by this problem and mimics the type A partial reversal
algorithm on type A,—_; tableaux summarized in (7.9). The case J = [p,q] € I,
p < ¢ < n,is solved by virtualization in Section 8.4.1. In fact, all partial symplectic
reversals can be virtualized as shown in Section 8.4.1.

8.1. Dynkin sub-diagram with a sole node and the Weyl group action

Let B be a normal crystal. If J has a sole node i of I, & := &y, the Schiitzenberger—
Lusztig involution on the i-strings (the connected components of By;y), agrees with
the Kashiwara g-crystal reflection operator S; ([27, Section 7]) originally studied by
Lascoux—Schiitzenberger [35] in the s[(n, C) case, and rediscovered by Kashiwara for
any Cartan type. Let b € B and k = ¢; (b) — €;(b). The crystal reflection operator S;
is defined by

fkb) ifk >0,

8.1
e7*(b) ifk <0. @D

Si(b) = {

The following assertion combines the Schiitzenberger—Lusztig involution &; on
the i-strings and the Kashiwara crystal reflection operator S; ([27, Section 7]).

Theorem 8.1. The operators &;, i € 1, define an action of the Weyl group W on the
underlying set of the normal crystal B, r;.b = S;(b) = &;(b), b € B, such that

(1) Siz =1 and eiSi = Sifi, Sl(O) =0

(2) riwt(b) = wt(S; (b)),

(3) u" = wou®" if B = B(A).

The action of &; on the i-string of b € B: ¢; (§; (b)) = &;(b) or &; (§; (b)) = ¢i (D).
An illustration with k > 0:

ei (D) i (§i (D)) = ¢i (D)

& — 00— 0

el{;‘i (b)(b) e; (b) b fl(b) %—i (b) — f}(ﬂi (b)—si(b)(b) f;-(p,'(b) (b)
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The propositions below follow from the action of the Weyl group W on i -strings,
where useful information is gathered in the case of sp(2n, C).

Notice that the action of S; = §&; (see (8.1)) on a KN tableau of type C, is given by
the signature rule on its reading word [28,36] in the alphabet €, . Thus, the first point
in the next proposition is just the translation of (8.1) on words in the alphabet €,,. Let
i € I and let w be a word in the alphabet €, restricted to the alphabet

{i<i+l<i+1<i)

Substitute each letter in {i,7 + 1} by 4+ and by — if in {i + 1,i}. Then bracket all
factors +— and erase all (+—). The remaining +, — form a subword —"+4* with
r = g (w) and s = ¢;(w). The Kashiwara operator e; acts on the letter w; of w
associated to the rightmost unbracketed — (i.e., not erased), whereas f; acts on the
letter w; of w associated to the leftmost unbracketed +, and the other letters of w are
unchanged:

i ifw;=i+iandi #n,
ei(wj) =qi+1 ifw; =iandi # n, and f; is the inverse map.
n ifwj =nandi =n,

If s = 0 then f;(w) = 0, and if » = O then ¢; (w) = 0.

Proposition 8.2. Let W = B,,.

(1) For Uy(sp(2n, C)) and the alphabet C,,: given i € [n — 1], let u™ be a word
in the alphabet {i i + 1} with length £(u™) = r, and let vt be a word in the alphabet
{i,1 + 1} with length £(v") = 5. Then, forallr; € B,, 1 <i <n—1,

upel Syt r>s,
ru o) =&@ o) = Juot, r=s, (8.2)

u_fis_’(vfr)v;, r<s,

such that when r > s, u™ = uyuy, with {(uy) = r —s, and when r < s, v = v v
with Z(vi") =s—r. Wheni =n,
rp.(i"n®) =&, n®) =nn". (8.3)

(2) For Uy(sp(2n, C)): the crystal reflection operators §; satisfy the relations of
the Weyl group Bj,:

) & =11<i<nand&§ =88 i—jl>1L1=<ij=<n

() (i&i+1)’ =1L1<i <n-2and (§,15)* = 1
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Example 8.3. Letn = 4 and

w
—| I
—_

NI &I
—I Wl N
W

’-bl-lkl\)r—*

From (8.2) and (8.3), the action of & on the KN tableau T is given by the signature
rule on its reading word as follows:

(1) Fori = 1, the letters {1 <2 < 2 < 1} in T are highlighted in blue. The word

of T restricted to the alphabet {1 <2 <2 < 1}isw = 121212212. The red color
indicates the iterated action of ¢; on w:

w=T121212212— —(+=) — — — +(+—) > — — — — + = (=)*(+)"

C = (OM ) o () ()

— 121121212 = £ (w).

Hence,
Ll2]2]3]2]1]  [+]-]-|3]+]- |+ 3]+ ]
204(3(3(1 —14(3(3|- —14(3[3 |-
T = —— — —
4121 41+~ 41+ |+
4 4 4
+l[1]3]+]-] tfifi]3]2]1
—[7[3[3]- 23331
— T) = I ,
MOEE e =573
4 4

where wt(§1(T)) = ri.wt(T) = r1(-2,1,-1,-1) = (1,-2, -1, -1).
(2) Fori = 4, the letters {4, 4} in T are highlighted in blue. Now,

w=44d5—(+ ) 2 4 (+-) > 444 = & (w)

and

1]

— Nl
w
—1 Nl

W W

NS/ e \S]
— | Wi N
NS/ = I 9]
—| Wil
W]

§a(T) = &4

Al 2] —

’#IANH

where wt(§4(T)) = rq.wt(T) = rq(—2,1,—-1,-1) = (-2,1,—1,1).
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Proposition 8.4. Let B(A) be a Cy crystal and B; = By (A) for J S 1. Let b € B(A).
The connected component of By containing b has highest weight element b;'gh and
lowest weight element bl}"”. Then

1) b'}"” =Ty -~-rd.b;igh =&, -~-§d(b;igh), where 14 -+ rq is a reduced word for
w({eWJ witha,...,d € J,andb = fj.--- fj, (b;'gh)forsomejr,...,jleJ;

(2) if J = [p.n], Bp,n) is a Cu—py1 crystal, then

§,(b) = ¢j, -+ ¢jy (ra "'rd-bgigh),

wty (§,(0)) = —wty (b);

Q) ifJ =[p.ql. 1 = p <q <n, Bppq isan Ag_p+1, crystal, and

high
£i(D) = eg—p—jrt1*+eqp—ji+1(ra--ra.b;*),

wty (§,()) = rev(wty (D).

8.2. Dynkin sub-diagram J = [j, n]: J-symplectic reversal

Recall that the partial Schiitzenberger—Lusztig involution E[(;.fn] is the Schiitzenberger—
Lusztig involution on each connected component of KN ,1(A,7). On the set KN(A, 1),
ECn = E[Cfn] coincides with Santos’ symplectic evacuation evac” (see Section 6.4. 1
or [47, Section 5]).

8.2.1. The Knuth (R3) relation on a skew tableau. Given that 1 < j < n, the
Levi branched crystal KN[; ,1(A,n) decomposes into connected components. We let
T € KN(A,n), which belongs to some connected component of KN{; ,1(A,7), and let
Ti+ j ) denote the restriction of 7" to the alphabet [+ j, n]. We claim that the connected
component containing 77+ ; ,] is symplectic Knuth equivalent to a crystal connected
component of admissible skew tableaux on the alphabet

[£j.n]l=[£l,n\{l<---<j—-1<j—-1<---<2<1}

(of the same skew shape). The following remark gathers the missing observations we
need to verify our claim.

Remark 8.5. (1) ([36, Proposition 2.3.3]) Let Cy, ..., Cx be admissible columns
on the alphabet €,. Then T = C1C; --- Cy is a KN tableau on the alphabet €, if
and only if r(C;) < [(Cj41), that is, if #(C;)[(Cj41) is a type Az,—1 semi-standard
tableau fori =1,...,k — 1.

(2) For T € KN(A, n), the restriction of T to the alphabet [+, n], T{+ ], is a
KN skew tableau on the alphabet €, but 7+ ; ,; may have non-admissible columns
with respect to the alphabet [+ j, n]. In particular, we might produce a non-admissible
skew tableau on the alphabet €,,_;; (recall Definition 3.2 and Remark 3.4).
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(3) Let Cy and C, be two columns with entries on the alphabet [+ j, n] such that
C1C, is a KN skew tableau on the alphabet €,,. Assume that C; and C, have exactly
m > 0 and ¢t > 0 pairs of symmetric entries (x, X), respectively, with N(x) > x with
respect to the alphabet [£j, n]. Then C; has at least m boxes strictly below the row
containing the last box of C,, and C, has at least ¢ boxes strictly above the row
containing the top box of column Cj.

(4) Let (R3)™ denote the iteration of the Knuth relation (R3), m > 0 times, and let
C; and C; be two columns with conditions as described in the previous point of this
remark. Let C I(Risz , where X is an admissible column on [£, n], and Cz(Rfi)lY s
where Y is an admissible column on [+ j, n]. Then

(R3)™ (R3)

CiCy ~ XCy ~ XY

is a KN skew tableau on [+ ], n].

8.2.2. Reduced symplectic jeu de taquin. Given 7" € KN(A/u,n) and j € [n] such
that T has all its entries in [1/, n], the following is an algorithm to compute the
reduced symplectic jeu de taquin on T on the interval [+, n], denoted SJDT;. The
skew tableau 7" might not be admissible on the alphabet [+ j, n]. This means that
we apply the SJDT after shifting all entries in 7 by —(j — 1) and iterating on T
the contraction relation (R3) the needed number of times to get an admissible skew
tableau on the alphabet €,,_; ;. When j = 1, we recover the ordinary SJDT.

Definition 8.6. Reduced SJDT (SJDT;).

* Let 7 be the tableau obtained by replacing each non-barred entry ¢ and barred
entry cin T by ¢ — j 4+ 1 and ¢ — j + 1, respectively.

* If 7; is not a KN tableau in KN(A/u,n — j + 1), we have some columns contain-
ing pairs of the form b, b such that b € [n — j + 1] is lowest in the column and
N(b) > b. Iteratively, we apply the Knuth contraction (R3) to 7; until we make
all columns admissible. Define 7} to be the resulting tableau with all admissible
columns.

» Compute SJDT on 7} as usual.

* Replace each non-barred entry m and m in SIDT(7;) by m+j—1 and m—j +1,
respectively.

The reduced rectification to the alphabet [+ j, n], denoted rectification; (rect; for
short), of T is the iteration of SJDT; to all inner corners in 7. Indeed, rect; (T') is
the shift by j — 1 of all entries of rect(7;). When j = 1 we recover the ordinary
rectification.
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Example 8.7. For T € KN((2,2,1)/(1), 3), we compute a complete SIDT slide on the
interval [£1, 3]:

1
*

2
3 SJDT

T =

’UJIUJ *

’wlw —

However, if we compute the complete SJDT, slide, that is, the complete SIDT slide
reduced to the interval [£2, 3], we get:

=1 (R3)
—> T2 =

’w|w *
S|

ERE
!

’me *
]

8.2.3. Partial symplectic reversal: Colorful symplectic tableau switching. Next,
we generalize the Benkart—Sottile-Stroomer reversal [6] on skew semi-standard tab-
leaux to symplectic KN skew tableaux. The procedure consists of the colorful symp-
lectic tableau switching governed by SJDT and, consequently, also by the Knuth (R3)
relation due to SJDT case (B(2)); symplectic Santos evacuation; and reverse SJDT
(RSJDT). More generally, we define J = [J, n]-partial symplectic reversal for KN
skew tableaux, where J is a Dynkin sub-diagram of the ambient Dynkin diagram of
type C, containing the node n, 1 < j < n. Supplementary ordered colored letters will
be needed to record the use of the Knuth contractor (R3) relation when non-admissible
columns occur: purple (8.4) for the possible non-admissible columns in T[4 ; ,, Fig-
ure 4, and red for the SJDT (B(2)) case, (8.5). For illustrations, we refer to Section 8.3.

Let T € KN(A,n) and let j > 1. Let B be the crystal connected component of
KN[j,»1(A,n) containing T'. We note that B is a highest weight crystal and all vertices
of B are KN tableaux on the alphabet €,,, with the letters in [£1, j — 1] frozen, as
the crystal operators in B are indexed by [/, n] and do not act on the entries filled
in[£1,j —1].

Let H be the highest weight element of B, and let wt(H[+ ;) € Z" /1! be its
highest weight, where H[4 ) is the restriction of H to the alphabet [+ j, n]. The
restriction of H to the alphabet [£, n] is a KN skew tableau on the alphabet €,,. The
entries of H in [1, j — 1] define a semi-standard tableau T[’IL’ j—17 Of shape, say 1, and
the entries in [j — 1, 1] define a skew semi-standard tableau T[;Tl,T] of shape A /v,
where € v C A. Hence the cells of H filled in

[jin=[ELn\{l<-<j—1l<j—l<--<2<T1}

define the skew shape v/ u, and because the crystal operators in B are indexed by [/, n],
they do not change the skew shape v/u either. Therefore, since all the vertices of B
are connected to H through those crystal operators, the vertices of B restricted to the
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alphabet [+ j, n] have the same skew shape v/u and the same semi-standard tableaux

Tyy j—yand Tio—; 1 (see [36, Lemma 6.1.3]).

Step L. The sequence of isomorphic crystals from 7|+ ] to its reduced rectifica-
tion.

(I.1) The Cy—j+1 connected crystal BY containing T[4 jn)- Erase in the vertices of B
the entries in [+1, j — 1]; i.e., erase the semi-standard tableaux T[Jlr, 1] and T[;Tl,T]‘
We then obtain the connected C,,_ ;11 crystal B of semi-standard skew tableaux of
shape v/u with entries in the alphabet [+ j, ], possibly with some non-admissible
columns, containing 77+ ; ,]. (For short, we call to u the inner shape of each vertex
of B or B®.) These KN skew tableaux over €, might have non-admissible columns
over [%, n]. More precisely, B® is the connected crystal of the reading words of the
aforesaid semi-standard skew tableaux on the alphabet [+ j, n], with highest weight
element the word of H[+ ; ,]. Hence, B® and B are isomorphic crystals, with a crystal

isomorphism given by the reading word map on the alphabet [+, n].

(I.1.1) The green inner standard tableau Uy for any vertex of B®. Fix a standard
tableau Uy of shape p filled in a completely ordered alphabet of green letters

{g1 <+ < g\/l\},

where || is the number of boxes of j. Assign the inner standard tableau Uy to the
inner shape 1 of each vertex of B®. Recall that T[4 ; , is the image of T in B?; see the
tableau pair (Uy, T[+ j,»]) schematically depicted in Figure 3.

o

(Uo, Tixj.n)) =

Figure 3. T} ; ,, in the crystal BY and the inner tableau Up in green.

(1.2) The Cp—j +1-crystal B* of KN skew tableaux (R3) isomorphic to B®. Let H :=
H4 j n1 be the highest weight element of the C,,— ;1 crystal BY. The skew tableau H°
of shape v/ may have non-admissible columns on the alphabet [+ j,n]. Letg < r <
.-+ < § <t be the non-admissible columns of H°. Then exactly the same columns
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in all vertices of B? are non-admissible. The Knuth contraction (R3) relation, in Sec-
tion 6.3.2, defines a crystal isomorphism; it commutes with the crystal operators and
preserves the weight. Moreover, each time (R3) is applied to a column of some vertex
of BY, it is also applied to the same column in every vertex of B® (see [36, Proposi-
tion 3.2.4 and Corollary 3.2.5]).

In each vertex of B?, apply the contraction (R3) relation to column i, for i =
q,7,...,8,t,until column i becomes admissible. Fori = ¢, r,...,s,t, each time we
apply (R3) to column 7, a pair of entries (k, k) is erased (whenever k € [n] is minimal
for N(k) > k, k and k appear in the column and all prefixes are admissible). Then the
cells from the top and the bottom of the current column i are emptied; the remaining
entries are placed in order in the remaining cells between those erased. We obtain a
new crystal of KN skew tableaux on the alphabet [+ j, n] isomorphic to the crystal B°.

Let x be the total number of times (R3) has to be applied to H, from column r to
column ¢ as explained above, to get a KN skew tableau on alphabet [+ j, n]. Denote
the resulting KN skew tableau by H*. Note that for each column of any vertex of B?,
the number of times (R3) is applied is the same. We then obtain the sequence of
isomorphic crystals

g0 B gl B By B B D)

er +xs

(R3) (R3)

BXa Fxpteetxs+xr BX i

where x = x; + x, + -+ + x5 + x; and x; is the number of times we apply (R3) to
column i of H? fori = q,71,...,8,t. The crystal B¥, isomorphic to BY, is obtained
by applying (R3) x times to each vertex of B®, namely, x; times to column i, for
i =gq,...,s,t,of each vertex of B*. Equivalently, B* is the crystal whose highest
weight element is the KN skew tableau H* of shape v*/u*, where v* C v, u C u*
and |u¥| — || = |v| — [v*| = x is the number of times (R3) has been applied to H°

(or T{+jn))-

(I.2.1) The pair (Uy, Vy) of green-purple inner and purple outer standard tableaux
for any vertex of B*. Let

{21 < <gu <p1<pP2<-<px <Py < <P <P} (84)

be a completely ordered alphabet of |u| + 2x letters consisting of || green letters
and x unprimed and x primed purple letters.

Define the standard tableau U, of shape u*, where u C p* and |u*| = |u| + x,
to be an extension of Uj filled with the || green letters by filling the extra x cells,
the total number of cells made empty at the top of each non-admissible column in a
vertex of B?, with the unprimed purple letters {p; < --- < py, < -+ < px}. Define
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the standard tableau V of shape v/v* by filling the x cells made empty at the bot-
tom of each non-admissible column in a vertex of B® with the primed purple letters
py <+ <py, <--- <p). The filling rule is as follows.

Successively fill the pair of cells made empty each time (R3) is applied with one
unprimed purple letter and one primed purple letter,

/ / / / /
P1 <Py, Px, < pxrvpxr+1 <pxr+17""pxr+xx < pxr-i-xsv""px <Py

with the unprimed letter at the top of the column and the primed letter at the bottom
of the column. We impose the order

81 << gl <P1 < <Pxp <Pxp+1 <" <Pxptxy <0< Px

/ / / / /
<px <...<pxr+xs < '“<pxr+1 <px,— <...<p1.

That is, each time an unprimed purple letter and a primed purple letter are added to
U, and V,, respectively, the unprimed letter is strictly larger than any green letter
and any unprimed purple letter already added to U, and simultaneously, the primed
purple letter is strictly smaller than any primed purple letter already added to V.

By construction, the pair (Uy, V) of inner and outer standard tableaux is the same
for any vertex of B¥. More precisely, U, of shape u* is the extension of Uy filled with
the alphabet {g; < --- < g, <p1 < P2 < - < Ppx}; Vx of skew shape v/v* is filled
with the alphabet of primed purple letters

/ / / / / /
Py <" <Pypqogry, <7 < Prpgxy <" <Pyq1 <Py, <" <Py

Regarding Uy, extend the column r of Uy with the x, unprimed purple letters p; <
-++ < Py, , the column s with the x; unprimed purple letters px, +1 < *** < Px,+x,»
and finally the column ¢ with the x; unprimed purple letters

pxr+"'+xq+1 <. < pXr+"'+Xq+X[ = Px;

regarding V, of skew shape v/v*, start with the skew shape v/u*, and fill the bot-
tom x, boxes of column r with the alphabet of primed purple letters p;r <. <pl,
the bottom x4 of column s with the alphabet p, ,, <---<p} ., and, finally, the
bottom x; boxes of column ¢ with the alphabet p, <--- <pl . .. +xg+1- See the
triple (Uy, H*, V) in Figure 4.

(L.3) Rectification of the Cy—j41 crystal B* and reduced rectification of T[4 ).
Consider the triple of tableaux (U, H*, V) previously defined. Apply complete
SJDT; slides successively to the cells of Uy, from the largest entry to the smallest
one, to rectify H*. At the end of each complete SJDT; slide, we get an outer cell filled
with the letter where the slide started in U,. While H* is being rectified, the cells
of U, are slid to end up as outer corners and added to the skew standard tableau V.
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Figure 4. The triple (Uy, H*, Vy) with H* in gray, V in purple, and Uy (< Uy) in green. Uy
consists of the green region together with the purple inner regions of V.

The rectification of H* does not depend on the choice of the inner corner made
in each step during the rectification process [36, Corollary 6.3.9]. Applying SJDT; to
any corner of Uy in an element of B* (recall that for all elements of BY, U, is the
same) gives a crystal isomorphism. This observation is equivalent to the fact that the
rectification does not depend on the filling of U,: Uy is a choice to keep track of the
rectification of H* (or of any other vertex of B*). If we may apply a complete SJDT;
slide to an inner corner of H~*, then we may apply a complete SJDT; slide to the same
inner corner in every vertex of the crystal B*, and this slide will create the same outer
corner filled with the same letter.

However, if the number of boxes of H*, | H*|, exceeds the minimal number of
boxes of its Knuth class, it will be necessary to apply SIDT; more than |Ux| = || 4+ x
times to rectify H*. When H” has the minimal number of boxes of its Knuth class,
only x unprimed purple letters and || green letters will slide outwards and join the
outer tableau V.

Let 2y > 0 be the number of boxes of H* that exceeds the minimal number of
boxes of its Knuth class, that is,

2y = |H”| —|rectj(H”)|.

Necessarily, 2y boxes of H* will be lost in the SJDT; rectification process. Hence-
forth, the SJDT; (B(2)) case will be applied y times, each of which will create a
non-admissible column followed by the application of an (R3) contraction relation,
each of which will result in the loss of two boxes.
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Remark 8.8. As stated in [36, Theorem 6.1.9], if the (B(2)) case appears with the
creation of a non-admissible column when applying complete SJDT to an inner corner
of a KN skew tableau, it has to be at the initial column where the inner corner was
originally contained.

This observation implies that each of the y mentioned non-admissible columns
will only occur in the columns containing the inner corners where the slide started.

The complete SJDT; slides applied successively to the entries of Uy, as mentioned,
will transform the crystal B* into an isomorphic crystal of KN skew tableaux, as long
as the SJDT; (B(2)) case does not create a non-admissible column. Otherwise, one
has an isomorphic crystal where each vertex has a non-admissible column. In this
case, we apply the contraction relation (R3) to that column in each vertex, erasing a
pair (k, k) if k € [+, n] is the lowest entry such that N(k) > k . Then, as in (I.2)
above, the cells from the top and the bottom of the current column are emptied and the
remaining entries are placed in order. We get a new isomorphic crystal of KN skew
tableaux where each vertex has two fewer boxes. As observed above, this may only
happen in the y columns where SJDT; was applied, specifically, those containing the
inner corners where the slides started; no other boxes are deleted in the rectification
process of BX.

Eventually, H* is rectified to rect(H*), as are all vertices of B*, and we get

B ~ B ~R,
where the crystal R is of straight KN tableaux with highest weight element rect(H*).

(I.3.1) The green-purple-red standard tableau V' of every vertex in the C,_j 11 crys-
tal R containing rect; (T[+ j1). Let

Bx,l BX,lr Bx’z Bx,zr Bx,y Bx,y,-
9 b 9 AR ] b

be the sequence of 2y isomorphic crystals appearing in the rectification process from
B* to R, tracking each complete SJDT; slide which triggers a (B(2)) case, and the
subsequent application of an (R3) contraction relation to that non-admissible column.
Namely, B* A correspond to the (B(2)) case and B*-I~ to the (R3) contraction relation.

Fori =1,...,y,let H* and H*"" be the pair of highest weight elements of the
crystal pair BX and B¥», respectively. Each H** has exactly one non-admissible
column, and H**> has no non-admissible columns.

We have to store 2y new auxiliary letters to record the 2y empty cells created
by the y applications of (R3) as a consequence of the creation of y non-admissible
columns by the complete SJDT; slide where the (B(2)) case appeared and created a
non-admissible column.
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Consider the triple of tableaux (U, H*, V) corresponding to the crystal B*. Let
(Ux.1, H®!, Vi 1) be the triple of tableaux obtained from (U, H*, V) by applying
complete SJDT; slides to the entries of Uy and transforming the KN skew tableau
H* into H*'!, where for the first time in the complete SJDT; slide, the (B(2)) case
appears and creates a non-admissible column. After the said complete SJDT; slides
to Uy, Uy, is the inner standard tableau of H *1 and V.1 is obtained from V, by
adding the slid entries from Uy to V. Vy ;1 is indeed a standard tableau because by
construction the green entries of U, are strictly smaller than the primed purple entries
of V. The pair (Uy,1, Vx,1) of inner and outer standard tableaux is the same for every
vertex of B¥1: Uy 1 € Uy, Vi 2 Vi

We have to apply an (R3) contraction relation to H*! (and to every vertex of B*!)
to transform the non-admissible column into an admissible one: a pair of symmetric
entries in each vertex of B*'! will be deleted, the top and bottom cells of that column
will be emptied and the remaining entries will be placed in order. Fill the empty
entries with red letters 1 < r/, with r; on the top and r| on the bottom, where in the
complete SIDT; slide, the B.2 case appears and has created a non-admissible column
such that r; is strictly larger than any entry of Uy 1, and r/ is strictly smaller than
any entry of V 1. Vi 1 is filled with the entries of Uy already slid and with all primed
purple letters. The cell with the red letter r; was the cell of U, where the complete
SJDT; slide started and the (B(2)) case appeared with the creation of a non-admissible
column.

Let Uy, 1,+ be the standard tableau obtained by adding the red letter r; to Uy 1, and
let Vy 1,4+ be the standard tableau obtained by adding the primed red letter r; to Vi ;
in the manner described,

Ux,l - Ux,1,+ - Ux’ Vx,l,-‘r D) Vx,l 2 Vx-

We keep applying complete SIDT; slides to entries of Uy 1,4, from the largest to
the smallest, to rectify H*>!>~, so the cell r; will be the first to slide outwards and
become an outer corner.

Let (Uy 2, H*2, Vy 2) be the triple of tableaux which is obtained from the triple
(Ux 1,4+, H*V7, Vy.1,+) by applying complete SIDT; slides to the entries of Uy 1+
and transforming the KN skew tableau H* 1= into H**2, where for the second time
in the complete SJDT; slide, the (B(2)) case appears with the creation of a non-admis-
sible column; that is, H**? has a non-admissible column, and the highest weight ele-
ments of all previous crystals obtained from B>~ had all columns admissible. After
these complete SIDT; slides to Uy, 1,4, Uy is the inner standard tableau of H *.2;
V2 is obtained from Vy 1 + by adding the slid entries from Uy 1 + to Vy 1 4. Vy2
is indeed a standard tableau because by construction the entries of Uy 1, are strictly
smaller than the entries of Vy ;4. At this point, the red letter r; has already slid from
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Ux,1,+ to Vy 2; thatis, ry is no longer in Uy » and instead belongs to Vx »,
Ux,2 - Ux,l C Ux,1,+ c Ux, Vx,2 D Vx,1,+ D) Vx,l 2 Vx‘

Continuing in this fashion for i = 2,...,y — 1, we eventually reach a point
wherein the 2(y — 1) red letters have the following relative ordering,

/ / /
ryop <TIy_; <.+ <Iry<ry<---<r; <rj
and the rectification storing tableaux are such that

Ux,y C Ux,y—l C Ux,y—l-l— c---C Ux,2 C Ux,2,+ - Ux,l C Ux,1,+ - Ux,
Vx,y D Vx,y_l,.l,_ D Vx,y—l DD Vx,2,+ D Vx,z D Vx,l,_g_ D Vx,l o V.

Let B*” be the crystal with highest weight element H*Y. We have to apply
the (R3) contractor operator to H*” (and to every vertex of B*Y) to transform the
non-admissible column into an admissible one: a pair of symmetric entries in each
vertex of B¥” will be deleted, the top and bottom cells of that column will be emptied
and the remaining entries will be placed in order. Let B*”>~ be the new crystal of KN
skew tableaux isomorphic to B*>”, and let H*>?>~ be its highest weight element (it has
two fewer boxes than H~-”). Fill the empty entries with red letters r, </, r, on the
top and r’y on the bottom of the column, where in the complete SJDT; slide, the (B(2))
case appears and creates a non-admissible column such that ry, is strictly larger than
any entry of Uy ,, and r’y is strictly smaller than any entry of Uy , already slid. The
primed letters are considered to be slid because by the time they are created, they are
outer corners.

The cell with the red letter r,, was the cell of Uy ,_1 4+ where the complete SJDT;
slide started and the (B(2)) case appeared with the creation of a non-admissible col-
umn. Let Uy 5, 1 be the standard tableau obtained by adding the red letter r), to Uy y,
and let Vy,y 1 be the standard tableau obtained by adding the primed red letter r/,
to Vy,y.

We keep applying complete SJDT; slides to the entries of Uy y,+ from the largest
to the smallest, and eventually, we rectify H*Y>~ without further use of the contrac-
tor (R3). We reach the crystal R, where every vertex is rectified. The crystal R is called
the rectification of B. At this point, one has the following relative ordering among
the 2y red letters:

/ / /
Iy <T, <.+ <rp <1y <.+ <r; <r
and the rectification storing tableaux

@ C Ux,y C Ux,y,+ - Ux,y—l c---C Ux,2 C Ux,2,+ - Ux,l C Ux,1,+ - UX7
V> Vx,y,+ D Vx,y D Vx,y—1,+ D Vx,y—l DD Vx,2,+ D) Vx,z D Vx,1,+
D) Vx,l 2 Vx,
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where V' is the standard tableau obtained by adding to Vi, + via sliding the let-
ters from Uy , +. We have the following ordering of all colored letters, green, pur-
ple (primed and unprimed), and red (primed and unprimed) in the skew standard
tableau V':

/ /
gl<"'<ry<ry<g/<"'<rd<rd<"'<g\/z\
<PIL<Pr< - <Ip<Ip<--<p;<--<r]
<rj<--<py<p,<--<pl. (8.5)

We have constructed the following sequence of isomorphic crystals, stored in V
via the slid colorful letters:

BO (13;) ...BYr (R:3) .. er+xx ([5:3) er+x.s<+-~~+xz = B* (8.6)
SJDT; (R3) SJDT; R3
X x,1 x,1,— x,2 X,2,—
~ ...B" >~ BV ~ ...B7T x> BT
SJDT, (R3) —
~' LYY X Y (8.7)
_SJDT; SJDT;
B¥V ™ ~ ... ~ R (8.8)

Remark 8.9. In our construction, purple letters are larger than all green ones (8.4).
However, for the red ones together with the two other colors, we just write (8.5).

(1.4) The Schiitzenberger—Lusztig involution on the Cy_ ;41 crystal BY, its rectifica-
tion and the reversal. Let L° be the lowest weight element of the C,,— j+1 connected
normal crystal B?. The crystal R with highest weight element rect; (H°) is the rectifi-
cation of the crystal B® and contains rect; (7] 1). Let F be the composition of the
sequence of lowering operators connecting H° to T{ ; 51 in B®, F(H®) = T{4j »]. The
Schiitzenberger-Lusztig involution & in B® gives &(T(4 ;) = F~'(L?), where F~!
means the sequence obtained by replacing each lowering operator f; in F with the
corresponding raising operator e;. In each crystal of the sequence (8.6)—(8.8) above,
the same sequence F (F~1) connects the corresponding highest (lowest) weight ele-
ment to the corresponding coplactic image of T[4, (§(T[+},]))- In particular, F
connects rect; (H°) to rect; (Tj+.n]):

F(rectj H®) = rect; (Tixj.n))-
By Santos [47], the Schiitzenberger—Lusztig involution in R guarantees that
evacCn—i+1 (rectj (T[ij,n])) = F_l(rectj (L))
is in R. Thanks to the crystal isomorphisms (8.6)—(8.8) and Lemma 6.2,

reversal“n—/+1(Tixj o) = F (L) = arect; evac“"—/+1(rect; (Tix ;). (8.9)
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To compute the reversal of T} ; ,) in B® without using the sequence F of crystal oper-
ators and the highest/lowest weight elements H 0. Lo of B, we use Santos’ evacuation
on rect; (7] ,,)) and the rectification sequence of crystals backwards in (8.6)—(8.8)
stored in the standard skew tableau V.

Step II. Computation of symplectic evacuation of rect; (7T[+;,n) in the C,_j 1
crystal R. The tableau rect; (774 ,,]) is admissible in the alphabet [+ j, n]. We use
Santos’ algorithm as follows: take m-rotation and change the sign of rect; (T n]);
then, apply SJDT; to obtain evac“»—/+1(rect; (T{+j,n1)) in the crystal R. Replace the
tableau pair (rect; (T]+;,]), V) with (evacCr—i+1 (rect; (Ttxjm)) V).

Step IIL. Symplectic reversal of T+ ; ) in the C,—j 1 crystal B®. Consider the
pair of tableaux (evacCn—i+1 (rectj (T[+j,n1)). V), where V is the standard tableau
consisting of all the slid letters in the rectification sequence (8.6)—(8.8) on the alphabet
of green, purple and red letters.

Apply the reverse SJDT;, R SJDT;, to the entries of V' from the smallest to the larg-
est to send evacCn—s+1 (rectj (T{+j.n))) to reversal(Ti4j.n) = F~1(Lo) in the Cp—j 41
crystal BC.

When the SJDT; is applied to an unprimed red letter r;, i € {1,..., y},in V, the
letter r; slides to the top of a column with the cell r§ on the bottom. At this point,
we have reached the crystal B*. Then we apply the operator (R3) to the column
containing the pair (r;, r}) by erasing those entries and adding a pair of symmetric
entries (k, k) so that we get a non-admissible column on the alphabet [+ j, n]. The
SJDT; applies now to the next letter bigger than r;. In this complete reverse slide, the
SJDT; (B(2)) case occurs.

When the reverse SJDT; slides have been applied to all non-primed purple letters,
we have reached the crystal B*, where columns r < s < --- < ¢ have x; non-primed
purple letters py; 4..tx; ,+1 < *** < Px;+-+x; on the top and the corresponding
primed letters on the bottom fori =r,s,...,t. Then, fori =r,...,s,t, we apply (R3)
x; times to each such column 7, and we reach the crystal BY, where each vertex has
non-admissible columns r, s, . . ., f. In particular, we obtain reversalCn—i+1 (T[i j, n]).

Step IV. Partial symplectic reversal of T computes §C" (T ). We let 5[ 7 n](T)

be the Schiitzenberger—Lusztig involution of T = ( 1] T[:t inls T[ — 1]) in the
crystal connected component B =~ B® of KN[; (%, 7). We then replace Ti j,n] With

reversalCn—Jj+1 (Tt j,n) (see (8.9)) in T, to give the formula

S[] n] = reversal (T)

= (T[j—u’

arect] evacCn—i+1 (rect] (T, n])) (8.10)

[1 1 1])
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Remark 8.10. Some consequences of our colorful algorithm.

(1) If we put j = 1 in the colorful algorithm, we reduce to Step II of C,, evacua-
tion.

(2) The algorithm for the full C,, reversal of a KN skew tableau 7" € KN(A /., m)
results from our colorful tableau switching algorithm by considering the image of T,
(Tw. TA“), in the sub-crystal B(u, A) € KN[j (A, n), where n = m + j — 1 (Sec-
tion 6.4.2). Let B be the crystal connected component of B(u, A) containing (7, f),
where T}, is the Yamanouchi tableau of shape u and T is obtained by increasing each
of the entries of T by j — 1. Then, restricting (7, f) to the alphabet [£ ], n], T is an
admissible C,,_ 11 skew tableau in the C,—; 4 crystal BY. Our algorithm reduces to
Step [ with just green and red, Step II and Step I11. Finally, we subtract j — 1 from the
entries of reversal Cn—Ji+1 (f) to get reversal & (T'). However, subtraction by j — 1
cancels the last step in the reduced SJDT; (Definition 8.6), and therefore it is enough
to apply SJDT.

This means that the algorithm for the full C,, reversal of the KN skew tableau T
results from our algorithm with B® = B(T') a type C,, crystal, x = 0 and applying
SJDT to Uy to get (rect(T), V'), where V is a skew standard tableau without purple
letters. Then RSJDT applied to V' gives

reversal " (T') = arect evac“ (rect(T)).

8.3. Examples of full and partial symplectic reversal

Example 8.11. Full reversal of a skew tableau, J = I. Let

2 1|

2

— 1 Nl

T = € KN((4,3,2)/(1),3).

"—*I 8]

We compute £€3(T') as follows. First, we fill in the empty box in T with a green letter
(it defines the one box standard tableau Uy), to which we perform symplectic jeu de
taquin until it becomes an outer corner:

U, T)= (221 ST ST =TT
! T =
rl2 g T‘ ri211 T‘
SO ST T ST =T ;
I/ r/
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2]2]1]T1] 2[2]1]1
SJDT = SIDT =
—> |r|l|g — | 1|rlg
r/ r/
37T o
= rect(T) = T V= rlg , r<ri<g.

Taking 7 -rotation and changing the signs of rect(7"), we again apply SJDT to compute
evacC3 (rect(T)):

s | % | x| 1| sipr |k |* |1 |*| sior |*|*|1[2] sor |*x|1]|1]|2
2 111212 2| * 1% |2] %

siot | *| 1|1 |1 | sipr |1|1(1]2

112 %] % x| 2| % | *

sior [ 1]1(1]2
*

= evac®3 (rect(T)).
2| k| *

We replace rect(7") with evac©3 (rect(T')) in (rect(T'), V) and apply reverse SJDT to V
to compute £€3(T') = reversal©3(T):

1[1]1 2\ 1]1]1 2\
(evacC3(rect(T)),V)= 20r|g B T2 g
’/ r/
rl]1]2] 1i]1]2]
RSJDT 11202 (®3) AR
r’ 2
11 2\ 1 2\
RSJDT RSJDT
— |2 |g|2 — | g |22
2 2
g1 2 |
B2 = (Ue. 663 (1))
2
2]
=tGM =122
2
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Example 8.12. Let

1

N7/ = ]
—] Wil

€ KN((4,3,3,1),4).

’WI-PI-P —_

We have wt(P) = (—1,1,-2, 1). To compute

C. C.
§piy(P) = reversal;?, (P),

we freeze the letters 1,1 in P and consider P[4 41, which is not an admissible C3
tableau in the alphabet [42, 4]: the second column 242 is not an admissible C3 col-
umn. The column reading of P4, 4 is

23242443 X 234473,
In order to rectify P[4, 4], we include this non-admissible second column in the SJDT,

sequence.

(1) Rectification of P45 4:

2122 g|p 2123
41413 sioT, | 4| 4 3 sior, |44 1p
(UO,P[iZA]): 112 11, P
e & p 4 P
3 3 3
21413 rl4l3 20413
siTy |4 g|p s, |2 g|p ST, | 3 glp
4|p 3| p rip
3 r’ r’
= (rect2 P[i2,4], V)
2[4]3]
= recty Pl42.4) = 3 ,
and ‘
V= g/p ., r<r<g<p<p.
r|p
r/
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(2) Computation of evac®3 recty(P+2,41). Taking m-rotation and changing the
signs of recty (P[+2,4]), We again apply SJDT,:

SJDT 5‘ sioT | 332

3
2

w A W

SJDT | E ‘
= evac®3 rect, P12 4.

’-lklw w

(3) Reversal of P[4, 4. Replace recty(P[42 4)) with evac®3 (recta(Pp12,41)) in
(recta(P[42,41), V) and apply R SJDT, to V:

3[3]2] | r13]2] |
Cs 4 g|p R |3 | g |p
(evac®3 (rect Prin 7). V) = - e
rp 41p
r/ r/
203|2 gl212
RIDT, |3 | g | p RsJDT, | 313
4|p 4|p
2 2
glp|3 g12]3
RsJDT2 | 3|3 3 RsJDT2 | 3|3 3
s e
2 2
= (Uo, reversal®> (Pl2.47))
213
3133
= 1S3 (P = ==
reversa ([i2,4]) =5
2

(4) Replace P[+; 4] With reversalC3(P[i2,4]) in P to obtain
1]
c
) Wt[2,4](é§[2?4](P)) = —Wt[2,4](P)
=(-1,2,-1).

\ST/[SVH N ]

3
3

C.
reversal[z‘t“](P) = T

’l\)l-lklw —_
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8.4. General Dynkin sub-diagram and virtualization

Let E[le‘j], 1 < j < n, be the Schiitzenberger-Lusztig involution on KNp; ;j(A, n).
Notice that the unique crystal operators which change the signs of the entries are f,
and e,, which are forgotten. Next we give a computation of S[i’j 4 forany 1 < p <
g < n, via virtualization E and bring it back to KN[, 41(%,n) by applying E~. See
Theorem 8.13 below for | < g < n, and Theorem 8.14 otherwise.

8.4.1. Embedding of a partial symplectic Schiitzenberger-Lusztig involution and
back. Let J C [n] be a sub-Dynkin diagram of the type C, Dynkin diagram I = [n].
Let U be a connected component of the Levi branched crystal KNy (A, 1) with J C [n]
and highest and lowest weight elements u"&" and u'°", respectively. Recall from Sec-
tion 4.2, Proposition 4.3, that each connected component U of the Levi branched crys-
tal KNy (A, n) is embedded via E into a connected component of the Levi branched
crystal SSYT;, 7(A, n) with highest and lowest weight elements £ (u"€") and E (u'™"),
respectively.

Let P = (P*, P7) € SSYT(A4, n, 7). The crystals
SSVTp. g1 (A4 n.71) and  SSYTppq 5 (A% n. 1)

are isomorphic to SSYT[, 4] ()tﬁ, n) respectively to SSYT o575 (A4 /A4, 77) (recall
Remark 4.4). The corresponding pair of isomorphic crystals has the same multiset
of highest weight vectors in Z9~P*! respectively, regarding the sub-Dynkin dia-
gram [p, g]. We may then write

2n—1 & A2n—1 —1p+y £4n—1 -
s[p ql §q+1 p+1]( (E[p ql (P7). g[q+1 p+1] (P ))'
Theorem 8.13. Let T € KNy, 41(A, 1) of type Ap—g41, 1 < p < q < n. Then

E e (B (D) = g2t (E(T)) = E(§0,(T)).

Moreover;

Azp—1 Azn—1
S ](T) reversal[ ] reversal[ T +1]E(T).

Proof. Recall Proposition 4.3, Remark 4.4 and (4.2). Then the result follows from
Theorem 7.6. ]

It is now convenient to change the labeling of the A,,_; Dynkin diagram. Instead
of [k, k + 1], we write [k, 2n — k], and SSYT( 2,—k](A, n, ). This relabeling is illus-
trated in the picture below:

1 2 3 n—1 n

——o — 0o — o ——e—<—9

1 2 3 n—1
— o o —

[ S U S— .
2n—1 2n—-2 2n-3 n+1
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Theorem 8.14. Let T € KN (A, n) of type Cp—g 41 for some 1 < k < n. Then
Azp
Eami (E(T)) = E(S[k (7))
Moreover, on SSYT(AA, n, i), E[kz k= reversal[k2 “kp and

é[k = E" reversal[ 2n k]E (8.11)

Proof. Recall Corollary 6.1 and the fact that, in the case of the branched crystal
SSYT(k,2n—k](A,n, 1), we have 0(i) = 2n —i fori € [k,2n — k]. Let U be the con-
nected component of KN ,j(A, ) containing 7', and let the highest and lowest weight

elements of U be u"&" and u'*", respectively.
T = fi, ... fi "), i1,....ir € [k,n],
E(T) = fi2 fon i, St foni (E@M™), iy, iy € [k.n], (8.12)

and
En(T) = €, . eiy (u™),
Then, from Section 4.1 and (4.1),

(E[k n](T)) = E(eir -G (MIOW)) - ell‘;legln —ir " 8{‘:651” —i] E(ulow),
and from (8.12),

A A A A A |
Eikon—i)(E(T)) = €4iy€aan—i) - - €6(i1)Coan—ip) (E @)

A A A ow
=€y ireir s €y —i t1 (E(ul ))
= el“:efn iy - e,“}efn i EW"°") = E(Ek n](T))
Finally, (8.11) follows from (7.9). ]

Using a generalized form of Lemma 7.2, the following corollary is a generaliza-
tion of the two theorems above.

Corollary 8.15. Let T € KN[p 41ulk,n](A, 1) of subtype Ap_g+1 X Cp—g 1 for some
l<p<g<k—1<n. Then

Azp Aop Azn Azp
g[pzq]l_ll2n —q,2n—plulk,2n— k](E(T)) - %-[pzq] 1523: q12n—p]§:k22n lk](E(T))

= £ ("o (T))-
Moreover, on SSYT()LA, n,n),
s[‘jf;’ = reversalaz”;]_l,
E[‘zzgn g = reversalgf’g;ik],
gé;"_ q"2n_p] = reversaléi”_‘(;jzn_ ol
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Az Az A, =
Remark 8.16. Both E[pz,q]l_ll[Zn—q,Zn—p] and E[k?zn—lk] act on the set SSYT(A, n,7) to
define a graph automorphism of the underlying graph such that the subset £ (KN(A,7))
is preserved. In other words, each of these involutions defines a graph automorphism

of the underlying graph of £ (KN(A, 7)) when its action is restricted to this subset.

Corollary 8.17. Let SSYT(u,2n) with | a partition with at most 2n parts, and let B,
be the Weyl group realized as

(ri=>0i+D2n—i2n—i+1),rp,=mn+1):1<i<n-1).

Then ffzn’lsfrffi’l, gdan—1 | <i <n — 1, define an action of B, on SSYT(i,2n) by

rib = g2 (b)) 1 < i <n—1, and ry.b = £1277(b) for b € SSYT(u, 2n)
such that

Azp—1 Azpn—1sA2n—1sA2n— Azp—1e&Aon—1 pAon—1 pA2n— .
(1) ei 2n 162,;211'151' 2n 1§2n2£i1 zgi 2n ls2nzﬁilﬂ 2n lf2n2—ni l,lfl <n;

) e;:l2n—le;?2n—]€:;l42n—l _ g_—rl:lZn—lan2n—1an2n—] .
3) wt(r;.b) =riwt(h), 1 <i <n;
4) wo. T, = Tl'f"", wo the long element of By,;

O ifp= A4 for some A, it preserves the action of r; € B, on the i-strings,
1 <i <n, of the crystal KN(X, n) embedded in the crystal SSYT(A4, 2n).

Proof. Recall that §;, 1 <i < 2n — 1, define an action of G5, on SSYT(u, 2n). Thus
the involutions 5142”’15;,32;‘ and £12"=1 1 <i < n — 1, satisfy the braid relations
of Bj. The connected components of the crystal By;y {24}, the restriction of B =
SSYT(u,2n) to the Dynkin diagram {i } LI {2n — i} of sl x sl,, are grids of rectangles
where we have (1). It follows from Theorem 8.13 and Theorem 8.14 with p = g and
k = n, respectively, that

£ ES2T N (E(T)) = 21 g2 (E(T)) = E(E57(T)
and
Ed2n1 (E(T)) = E(§5(T)).

From Proposition 8.2 (2), the involutions Elc " 1 <i < n, define an action of B,, on
KN(A, ). Therefore, SiAz"_l E;nzfi_l, ,‘,42”_1, 1 <i <n — 1, are the translations of this

action to the embedded crystal £ (KN(A, 7)) in SSYT(A4, 2n). This proves (5). ]

8.5. Virtualization of the action of J5,2,,c) on the crystal KN(A, n)

We have the following commutative diagram corresponding to the crystal embed-
ding £ and the partial C,, and A,,—; Schiitzenberger—Lusztig involutions, where
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[p,q] € [n — 1] and [p, n] C [n] are connected subintervals of the Dynkin diagram
of Cy:
KN(A, n) £ SSYT(A4, n, i)

A2p—1 | g42n—1
£ n]lélp al E[p,fﬂruls[p;]u[ (ESY
KN(L, 1) —2— SSYT(A4, n, 7).

Theorem 7.8 and Remark 8.16 imply that the action of J>, on SSYT(A%, 1. 7)
preserves the subset £ (KN(A, 7)), and thus, we then have an action of /5, on the set
E(KN(A, n)) defined by

5155[(2” 0" Jon = GE NG 1)» (8.13)
EAzn 1 =£ 2n lg_-A2n 1
[p qlulg+1,p+1] [p.qlulg+1,p+1] (p, [g+1,pF11°
5 ooy > £l
[p.p+1] [p,p+1]
such that
DL 2.0 B1) = Pat2n.0)G1) | E(ur ) € BE ()

Let 72 Jop(an.c) — Jan be the group isomorphism defined by sp;_j; — St /UG FLA)e
1 </ <n,and s}jpu) Hg[j,m], 1 < j < n, (see Proposition 5.11), and 1: Gy n) =
G £ (kn(n)) the group isomorphism defined by 1(0) = EoE~'. The virtualization of
the action of Js,(2,,c) on the crystal KN(A, ) is then realized from the following
commutative diagram:

sp(2n.,C)
Jsp2n,0) Pwen) Grnr,n)

Tl ll&)sEI(Zn,(C)Tzlq)SP(ZH,(C) (8.14)

~ L on.0)
Jon : G EKN(,n))-

From (8.14),

E ~ Aop—
cI’sr(zn,C)’(s[l,j]) = CDsI(Zn (C)( [1,7lu+1, 2]) &2

[1,7]ulj+1,2]
= l<1>gp(2n,<C)(S[1,j]) = ’5[1’,11']

—1 _ #A2n—1
- EE[I,J]E - é[1,j]|_|[j?,5]’
and

E ~ HE Azp—
D1on )T (S17m1) = Paian.c) (S 77m) = &7

Cp
= 1Dy, C)(S[j,n]) = ls[j,n]

A2n—1
- EE[] n] E[j,j+1]'
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8.6. Virtualization example

Considern = 5, J = [1,4] and the KN tableau T of shape A = w4 + ws3:

—

W[ Wi

. wt(T) = (2,0,—1,—1,—1).

’wl-lklw —

Following the conventions in Section 4, and labeling the columns of 7' from right to
left as Cy and C;, we obtain E(T') with shape A = w7 + w3 + wg + w4

W Wi —

v(C) = Y(Cr) =

NI I W —

’NI|UJI| -PI|U1I-I> N[ =
’w||-lkl Wl || —

W[ W —

Rl &l & —

= E(T) = [ﬂ <~ w(y(Cr)) < w(l”(cz))] =

’WI&IMIWUJN#—
N W &I Gl | —

Considering the barred and unbarred parts of £ (7') separately, we compute the evac-
uation, evac, of the unbarred part and the reversal, reversal, of the barred part, yielding

W[ W[ ¥
N Wi *

N &I % | *
—| NIl % | *

evac reversal

= NI WIf &I * | *

1
2
7 :
5]

[o]w]o]=

’wl.mml* * | % | *
’»—‘le-lkl* * | % | *

Putting these tableaux together, one obtains the Ag tableau

53?4]u[§’§](E(T)) = (evac(E(T)*). reversal(E(T)7)).
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Using Q) to perform the reverse column Schensted insertion on 5[1394]I-I[§ E](E (T))
provides the image under ¥ of two KN columns C; and C;. Applying ¥~ ! to each
column results in

1|4]11]15 1|5
— 213
215]12]16 413
— 415
316 (13[17 5(2 5
0, =|7|14|18 = y(C) = |4 W(Cy) = 7T
8119 3 3
9120 2 T
1 1 L
3|5
513
[Fala _ «C
= GC = 313 = &1.4(T).
1

We note that wt(£(] ,(T) = rev(wt(T)) = (—=1,-1,-1,0,2).

9. The type C, Berenstein—Kirillov group

9.1. The type A Berenstein—Kirillov group

The type A Berenstein—Kirillov group B K (or Gelfand—Tsetlin group) [31] is the free
group generated by the Bender—Knuth involutions [5] #;, 7 > 0, modulo the relations
they satisfy on semi-standard Young tableaux of any (straight) shape.

Definition 9.1. The Bender—Knuth involution ¢;, i > 1, is an operation that acts on a
semi-standard tableau 7" of any shape (skew or straight) as follows:

* pairs ({,i + 1) within each column of 7 are considered fixed, and other occur-
rences of i’s or i + 1’s are considered free;

e if a row within 7 has k free i’s followed by / free i + 1’s, then we replace these
letters by / free i’s followed by k free i 4 1’s.

The ¢;’s have many known relations in 8K [12,31]:

tiz =1, i>1, ([31, Corollary 1.1]), ©.1)

it =tity, i —j|>1, ([31, Corollary 1.17), 9.2)
(hana)' =1 i>2, ([31, Corollary 1.1]), 9.3)
(h1)® =1, ([31, Corollary 1.1]), (9.4)

(tiqa—n)’ =1, i+1<j<k, (12, 9.5)
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where

qi,i] ‘= ll(lzll) o (titi—l "'[1), i>1, 9.6)
qLjk—1] = 4 k-9 k-9 k—1], T <Kk. 9.7

Remark 9.2. (1) It is not known whether the latter set forms a complete set of rela-
tions [7].
(2) ([31, Section 2]) On straight-shaped semi-standard Young tableaux,

qn.i1 = &1 i>1,

) 9.8)
qrjk-11 = &jk-11. J <k,

and q[;, j1=qn,;19[1,119[1,;] computes the crystal reflection operator §; =§&[; j], where
qp,1] = &, = 1 for j > 1. In particular, g1 ;) = §[1,;] = evac;+1, the evacuation
restricted to the alphabet [1,7 4 1], and g[; x—1] computes the Schiitzenberger evacu-
ation restricted to the alphabet [J, k],

§[jk—1] = evacg evacy_; i evacg, j <k.

(3) Relation (9.5) implies that in particular, (7;£;)*> = 1, j > i + 1, which gener-
alizes the relation (f1g[1,:))* = 1.
(4) For a generic (straight or skew) shaped semi-standard Young tableau T,

wt(t;(T)) = wt(&;(T)) = r;wt(T), r; € G, foralln > 1.

However, t; # & for i > 1; t; and &; need only coincide on straight shaped semi-
standard Young tableaux, whereas #; and &; fori > 1 do not. Moreover, t;, 1 <i <n,
do not need to satisfy the braid relations of &,,, however, they do on key tableaux, that
is, straight shaped tableaux whose weight is a permutation of its shape [18].

Let 8K, be the subgroup of B.K generated by t1, ..., t,—1.
Proposition 9.3 ([31, Remark 1.3]). As elements of B XK,

i = q,i-19n,ia9ii-1dii-21. - L= 1.qp0 =qp,-11 = 1.
The elements q[1,1, - - - » 4[1,n—1] are generators of BK .

The following result is both a consequence of the combinatorial action of the
cactus group J, via partial Schiitzenberger involutions &[; ;; on the straight-shape
tableau crystal SSYT(A, n), as defined by Halacheva [21], and the cactus group J,
relations satisfied by the generators g[; ;1 = &[;, ;] of 8K ,, when acting on SSYT(A,n),
as studied by Chmutov, Glick and Pylyavskyy via the growth diagram approach [12].
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Theorem 9.4. The following are group epimorphisms from J, to BK ,:
(1) sy, ;1= 4,71 (112, Theorem 1.4]);
(2) sp1,j1 = 4qqu,j1 (131, Remark 1.3], [21, Section 10.2], [22, Remark 3.9]).

The group B K, is isomorphic to a quotient of J,,. The generators qpi 11 - - - » q[1,n—1]
of BK, (and therefore qy; ;1) satisfy the relations of J,,.

Remark 9.5. It follows from [12] that (9.4) is the only known relation which does
not follow from the cactus group J, relations. It is in fact equivalent to the braid
relations satisfied by the crystal reflection operators & = &1 ;1t1&[1,i, 1 <i <n, on
a U, (sl(n, C)) crystal [31, Proposition 1.4], [43].

Remark 9.6. We may define the two dual sets of generators of B.K ,:
In—i ‘= qua-tiqiia—1y. 1<i<n, 9.9)
called dual Bender—Knuth involutions, and
dn,i1 = dia-1490,i90,n-1] = qin—in—1]. 1=i<n, (9.10)
for 8K ,. Indeed, from Proposition 9.3 and Theorem 9.4, one has
Tn—i = Gin—i+1.0—119n—in—119n—i+1,0—-1]9m—i+2.n—1]. 1 <i <n,  (9.11)

With ¢[un—1] = qut1.0—1] := 1, and wt(fy—; (T)) = ry—j.wt(T) for T € SSYT(A,n)
andr; € G, <n.
The dual generators satisfy a list of relations similar to (9.1)—(9.5):

2. =1, i>1, 9.12)
Tn—iln—j = In—jln—i. li—Jjl>1, 9.13)
(tn—1Tn—2)° =1, 9.14)

-~ 2 2

(ln—iQ[j,k—l]) = (tn—iCI[n—k-i-l,n—j])
=1, n—k<n—j<n—i-—1, (9.15)

where

dn,il = tn1(n—atp—1) -+ n—ilp—ig1--Tn—1), i >1, 9.16)

qrjk—11 = qnk—11911,k—j19[1,k—1]
= 4n—k+1,n—j]
= qln—k+1,0-119n—k+jn—1]9n—k+1,n—-1]» J <Kk. O.17)

On SSYT(A. 1), qtjk—1] = Eln—k+1,n—j1-
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Remark 9.7. We note some features of the operators (9.9) when acting on straight
shaped semi-standard tableaux. Set evac := evac,.Let 1 <i <nand T = (A4, B) €
SSYT(A,n), where A of straight shape is the restriction of T to the alphabet [1,7n—i —1]
and B, an extension of A4, is the restriction of T to the alphabet [n—i, n]. One has

evac(4, B) = (evac rect(B), X)
with X such that rect (X)) = evac (A). Therefore,

tn—i(T) = 1,_i (A, B) = evact; evac(4, B) (by (9.9))
= evact;(evacrect(B), X) (such that rect(X) = evac(A4))
= evac(t; evacrect(B), X)
= (evacrect(X), Z)

=(A,2) (such that
rect(Z) = evact; evacrect(B)).

9.2. The type C, Berenstein—Kirillov group and virtualization

Symplectic Bender—Knuth involutions tic" are not known for KN tableaux. Motivated
by the fact that, for n > 1, g[1,1], - .-, q[1,n—1] are generators for the Berenstein—
Kirillov group 8K, in type A, and that on straight shaped semi-standard tableaux,
they coincide with the action of the partial Schiitzenberger—Lusztig involutions 5[1 il
1 <i < n, we use the action of the partial Schiitzenberger—Lusztig involutions 5[1 i

1<i<n-—1,and S 1 <i < n, on KN tableaux of any straight shape on the

[i,n]?

alphabet €, to define the type C,, Berenstein—Kirillov group B K Cn,

Definition 9.8. Given n > 1, the symplectic Berenstein—Kirillov group B K Cn is the

free group generated by the 2n — 1 partial Schiitzenberger-Lusztig involutions
Cll (e ;
1 l] S 1,i]’ 1 !

ln] '_Eln]’ 1

IA
A

n’

IA

i

IA

n ’
on straight shaped KN tableaux on the alphabet €,, modulo the relations they satisfy
on those tableaux. We also define

Cll —_ Cl’l —_ Cﬂ —_ Cl’l P—
qu'—1 = o) = 9on) = pnrrm = 1

and
Cn . Cn Cy Cy .
a1 = 9190 k-4 k- 1 =J <k =n.
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Remark 9.9. Likewise in type A, Remark 9.2, (9.8), one also has in type C,, thanks
to Theorem 8.13,

n Cn .
dijk—11 = E[]k 1= =E" S[]k 1]§2n k+12n—j1E, 1= <k <n.

Forl <j <k <n,

Cl‘l —_ 1 Cl‘l Cﬂ 1t
dijk—1] _q[lk 091 k- 191 ,k-1] = flk 1]‘5[1k ]]5[1,k—1] (by Definition 9.8)
_ 1A2n—1 A2n— Azp,
=E" E[lzk ; [zi k+1,2n— 1]512k jl]
A2n—l

S[2n —k+j,2n— 1]‘5[1k I]S[Zn—kl-l-l,Zn—l]E (by Theorem 8.13)

1.4 A A
:E E[l2n1 2n— 1$2n1

Jk—115[1,k—j15[1,k—1]
A2n—1 A2n—1
'E[Zn—k-i-l 2n— 1]$2n —k+j,2n— lg[Zn—k+1,2n—1]E
_ p—lgdon—1 gA2n—1
=E S[j,k 1]§2n k+1,2n—j]E

(by Remark 9.2, (9.8), and Remark 9.6, (9.17), in type A2,—1)
= E7'qk—1192n—k+1,2n-1E
(by Remark 9.2, (9.8), in type A2,—1)
= E7'quk-ndu -0 E (by (9.17) in type Azn—1)

5[J k—1] (by Theorem 8.13).

Thanks to Theorem 7.3, (7.7) and (7.8), one has therefore that 3 K Criga quotient
of Jsp2n,c)- The generators of B K Cn satisfy the cactus group J, (25, ) relations.

Theorem 9.10. The following is a group epimorphism from Jop2n ) to BK Co .
Cy . Cn .
S[1,j1 = Q[l,j]v 1< J <n, Sjnt> q[j,n]’ 1< J =n.
Therefore, BK Cn s isomorphic to a quotient of Jsp(2n,C)-

We next define symplectic Bender—Knuth involutions tiC”, 1<i<2n-1,on
straight shaped KN tableaux that in turn generate 3K <.

Definition 9.11. The 2n — 1 symplectic Bender—Knuth involutions tic" on KN tab-
leaux of straight shape on the alphabet €, are defined by

Cn .__ Cy Cn Cyn Cy .

i = di—09,in9L,i-09,i—2) l<i=n-1,

Cn . Cl’l C)’l 1

i = i1 9 n—i+2,n])°

<i<n.
Thanks to the Js, 25, c) relations satisfied by the generators of B K C”,

C, _ Cy (o Cy
45 = 4 an A = G ©.19)
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(by Definition 9.8 with j = k — 1) computes the symplectic crystal reflection opera-
tor EJ.C", 1 < j < n, on KN tableaux (see Proposition 8.2 (2)).

Remark 9.12. The symplectic Bender—Knuth involutions tl.C”, 1 <i <n, act on the
elements of the set KN(A, ) such that wt(tiC” (T)) = wt(él.C” (T)) =r;wt(T), r; € By,
1 <i <n. This induces an action of the Weyl group B,, on the weights in Z", although,
as we shall see in Section 9.3, they do not define an action of the Weyl group B, on
the set KN(A,n). Let T € KN(A,n) and wt(T') = (v1,...,v,) € Z", then

wt(t5(T)) = rywi(T), 1<i<n,
wt(tS(T)) = (1, ..., V) = rawt(T),
Wt(tzcrf_i(T)) = (V1,0 s —Vi,...,Upy)
=Tn—1"""Tn—itn"n—i "'rn—l(vlw--avn)
= wt(tSr, 1St CrCr S (1)), 1 <i<n.

Proposition 9.13. The symplectic Bender—Knuth involutions tic”, 1<i<2n-1,

generate BK G n particular,

Cn Cn Cy Cy .
0 Ay = P1 P2 P 1 <i<n;and

C C C .
@) q[nn—i,n] = [n-i’zi ey, 0=i=n—1,
Cn ._ ,Cy Cn Cn . . . )
where p;" = 1;" -+ 1,"t;", 1 <i < 2n — 1, is the symplectic promotion.

Proof. (1) We show by induction on i that q[(i”i] = q[cl”l._l] pic ". Note that
Cn Cn Cn
dhayg=pP1 =4 -

Furthermore, fori > 1, we have

Cﬂ

Cﬂ n Cn
qn,i1 = 9n,i-1t

Cn
q1,i—2911,i—17-
Assuming that for some fixed positive integer k, we have q[cl"j] = q[cl”j_l] piC " for all
j € [1,k — 1], our inductive hypothesis implies

Cn _— Cn Cn Cn Cn
9k = k-1 9 k—2190,k-1]

e Cn C C C
= A0 k-1t " 91 k=219 11 k—21 P21
_ Ci  Cu.C
=dik-11tk Pl

Cn Cn
=dne-1Pr -

(2) We proceed by induction on i . As a base case, when i =0, we have tnc "= q[i”n].
As an inductive step, we assume the statement is true for all j € [0,k — 1] for some
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fixed positive integer k < n — 1, so

Ch _ Cu  Cn Cr  Cn _ G
btk = Dn—kml9in—tk=1),m) = Itk n—k—1),n] = Din—k.n)
C _.C C C
= Qin—ien] = npklndk—1 """ u

Henceforth, #; and g; j; will be denoted in B.K,, by tl.A"_1 and q[’? "J‘ to distin-

guish from the corresponding symplectic involutions. By Theorem 9.4, the involutions

qf;.lzj'i“ € BKan, 1 <i < j <2n,satisfy the cactus J,, relations. Consider in 8K 5,
the involution ¢/12—! with its dual §321—1 := gA42n—1 1 <i <n (Remark 9.6,
4q11,i] [1,i] [2

A n—i,2n—1)]°
(9.10)), and q[i,zz’;l’_‘i], 1 <i < n.Indeed,
Aoy i ~Aop_1 _ ~Aoy_1 Aoy .
A =duy s - 1=hg<n
Definition 9.14. The virtual symplectic Berenstein—Kirillov group BK 2 18 the sub-
group of BK», generated by the 2n — 1 involutions

40 ot 2 = A A = A
= 4 ity
= 402 g 1<i<n,  (9.20a)
. 1<i<n,  (9.20b)

modulo the relations they satisfy when acting upon semi-standard tableaux of any
straight shape.

Azp— Tl : Azp—
[1,2i]|_|E2n—i,2n—1] coincides with s[1,21']|_|[12n—i,2n—1]
dard tableaux of any straight shape for 1 <i < n. (In particular, in £(KN(A, n)), for
any partition A with at most n parts.)

Bender—Knuth involutions tlAZ"_l and dual Bender—Knuth involutions }“21‘1’121;1,

By Theorem 7.6, g on semi-stan-

1 <i,j <n,in 8XK,, commute as the next lemma shows.

Lemma 9.15. For 1 <i,j < n, we have (tl.‘42"_‘f;4n2f]_.')2 =1.

Proof. By Proposition 9.3, Remark 9.6, (9.11), in 8K »,, Lemma 5.3 (2A4), and The-
orem 9.4, it follows that

Azn—17A42n—1 _ ,Aon—1 Azn—1 ,A2n—1 ,Aon—1 ,A2n—1

I Ln—j =49mi-19n.0 9ni-n9n.,i—21912n—j+1,2n-1]
. Aap—1 Azp—1 Azp—1
di2n—j2n—1192n—j+1,20—1192n—j +2,2n—1]
A2n71 A21171

= dpn—j+1,2n—11912n—j,2n-1]

Azp— Azp—1 , Aon— Azp—
'q[zi—ler1,2n—1]q[1,2i—11]q[1,2i] 1Q[lai—lqu,zi—zl]

= TAZ”_ltlAZ”_‘, 1<i,j<n. m

2n—j
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Proposition 9.16. For 1 <i < n, consider the Bender—Knuth involution tiAZ”_l with

its dual ;2/1’1221_—1 in BKoy. The group B K », also has the 2n — 1 involution genera-
tors:
Azp—1 . Aon—17A20—1 _ FA2n—1,A2n—1 :
Livnian—iy =1 "t = 0,00 1 <i<n, (9.21)
ZAZn—l . ,A2n—1 Azp—1
n—i+1n+i] = 9n—i+1,n+i—119n—i+2,n+i—2]
— A2n—l A2n—1 .
= A ivonti-29n—it1asicp ST (9.22)
where q[';llz_”fl’ ;_1] := 1. We call them the virtual symplectic Bender—Knuth involutions.

Proof. The group 8K 5, satisfies the J,, relations and BK on € BK»2,. Hence, by
Lemma 5.3 (34) and Theorem 9.4, one finds

Azp—1 Azpn—1 _ Aap—1 Azpn—1 :
Anitinti-19n—i+2.04i—-2] = Dn—it2nti-219m—i+1ati—) 1 =1 =1

The identity tiAz"_‘ 7;1221._1 = ffnzfi_ 1 tiAz"_1 ,1 <i <n,follows from Lemma9.15

with i = j. Considering Definition 9.14, (9.20a), for 1 <i < n, we have

qﬁ,zz'riﬂfzn—i,zn—l] = q[li,zi’rlq[éin—fifzn—l]
— plen—l “.pl{42n—lqﬁ’2£ln—_]l]pi42n—l
.. pfian—i qﬁf;n—_ll] (by (9.6) and (9.7))
e e
(since qﬁfgn__l 7 18 an involution)
— tlAznfl‘["zAnzflfl (12142n71;;4n2££l tlz‘lznfl;'zflnzflfl) .
(tlAzn_l’i;lnzﬁi_l . l;2n_1};4n2f51 t{‘izn—] ’t‘zz‘lnzjfl)

(by Lemma 9.15)

Ao Ao Ao
= l{1§u{zln—1}(’{z?u{zln—z}t{1§u{zln—1}) e

Aoy Aoy Aoy
o (t{i}zl_l{zln—i} e [{Ziu{zln—Z}t{lil_l{Zln—l}) (by (9.21)),

Anp— Ay Arpy— .
where g, %" = py*" 7! p 2! with
Aop—1 ._ A2n—1 Azp—1,A42n—1
P; =1 LT
and
~Aop—1 ._ Azn—1 Aop—1 ,Aon—1
Pon—i = A1 2n-11Pi di12n-1]
_ FA2n—1 ~Aop—17A42n—1 .
=l hply hyly, 1 =i <n.
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On the other hand, considering Definition 9.14, (9.20b), for 1 <i < n, we have

Azp—1 _ Aopn—1(, A2n—1 ,A2n—1 Azp—1 Azp—1
Ain—i+1,n+i-1] = 9n.n) (q[n,n] ‘I[n—l,n+1])(q[n—l,n+1]q[n—z,n+2])
Adpn—1 Azp—1
e (q[n—(i—2),n+i—2]q[n—i+1,n+i—1])
2n—1
—i,n+i]
— tA2n71 tA2n71 [A2n71
— “[n,n+1]"[n—1,n4+2]" [n—2,n+3]

(since qf: is an involution)

Asye Ay
o t[nz—i+12,n+i—1]t[n2—i+ll,n+i] (by (9.22)),

concluding the proof. |

Remark 9.17. If T is an A;,_1 semi-standard tableau,
Ay
Wt(l{ifu{zln—i}(T)) = riran—i-wWt(T),

where r; = (i,i + 1) and rp,—; = (2n —i,2n — i + 1) are simple transpositions
in ©,, forl <i <n,and

Wt(tpn—i+1.04i1(T)) = (n —i + 1,n + H)wi(T),

where (n — i + 1,n + i) is the transposition of &,,, that swapsn —i + 1 and n + i for

1 <i < n.The virtual symplectic Bender—Knuth involutions tA2n—1 1<i<n,and

t[’;’zr’:;‘l] act on the elements in SSYT(A, 2n), inducing an acticil} I_Io{fztnhel }Weyl group B,
realized as ((i,i + 1)(2n —i,2n —i + 1), (n,n + 1) : 1 <i < n), on the weights
in 72",

Thanks to Theorem 7.8, we have that BK 2n 18 a quotient of the virtual symplec-
tic cactus J~2n The generators (9.20a) and (9.20b) of the group BK on satisfy the
relations of the cactus group Joy or equivalently those of the cactus group Js,2x,0)-

Theorem 9.18. The following is a group epimorphism from Jop 10 BX on’
~ Asp .
ST jlu2n—j2n—11 2> 40 T lin—jian—1 1 SJ <1,
~ Azp— .
S[j,2n—j] > q[j,zzn_lj]’ 1< J =n.
The group BXK 2n I8 isomorphic to a quotient of Jon, and via the isomorphism between

Jepan,c) and Jo, defined via

S[,j1 7 S, jlulen—j2n—1], 1 < j <mn,

Stjnl = Sj2n—jls 1<j<n,

is also isomorphic to a quotient of Jsp(2n,C)-
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Since the action of J5,, on the set SSYT(14, 1, 77) preserves the subset £ (KN(1. 7))
(see Remark 8.16), we now relate the virtual symplectic and symplectic Bender—
Knuth involutions by embedding the crystal KN(A, 7) into the crystal SSYT(A4, n, 7).

Theorem 9.19. The symplectic Bender—Knuth involutions tl.c", 1<i<2n-—1,inthe
symplectic Berenstein—Kirillov group BKE can be realized by the virtual symplec-

tic Bender—Knuth involutions t; Azn— ’tAnZ”l i 1<i<n, and t[n l+1 il 1<i<n,
in i)’J{zn, and vice-versa,
(= BTN PR p = TN B, L <i<n, (923)
o = ET E, l<i<n (924
In particular, the map B K ¢ BK 2n defined on generators by
16 s o1l < <, (9.25)
IS Tl B B (9.26)
is an isomorphism of groups.
Proof. For1 <i < n, we have
= g A - (by Definition 9.11)
T VEET € ) E
T ) EE ) B

(by Definition 9.8 and Theorem 8.13)
—1(gA2n—1 gA2n—1 g Aon—1 A2n—1 gAon—1 Aon—1 g Aon—1 gA2n—1
i B Y 1 i A S e N S S

= E7! (i 2 E.

By Definition 9.11, we have

Cn Cn

_ Cn
Inti-1 = Qn—i+1,m9n—i+2,n]°

2<i<n,

and
C, _ Cn _ n
W' =dp, = En

Then the result follows from Theorem 8.14 and Proposition 9.16.

Note that the map defined by (9.25) and (9.26) is an isomorphism as a conse-
quence, since the description (9.23) and (9.24) of the generators of B K S in terms
of those of BK >» implies that both sets of generators will satisfy precisely the same
relations. ]
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9.3. Symplectic Bender—Knuth involutions and the character of a KN tableau
crystal

In the C; Weyl group By = (r1,r> i r¥ = 1, (r1r2)* = 1) with long element roryrary,
the C, symplectic Bender—Knuth involutions are

P =EC =6 1 = Eb = by

therefore, in this case, tlc 2 and t2C 2 define an action of the Weyl group B, on KN(A, 2).
However, in general, for n > 3, the symplectic Bender—Knuth involutions tlc "o, tnc n
do not define an action of the Weyl group B,, on the set KN(A, 7). Recall that the first
n — 1 generators of the Weyl group B, satisfy the braid relations (2.3) of &, but we
claim that, in general, tl.c” tl.CJr”l zic” #* zl.cfl tic" tﬁfl, ie., (tl.c” tﬁ:‘l)3 #1forl <i <n.
To show this inequality, note that by Theorem 9.19, it is enough to consider the virtual
symplectic Bender—Knuth involutions and the corresponding virtual inequality

Zf42n—1't"A2n_—lt_AZn—l't"A2n—l tAzn—l’t"Aznﬂ

i 2n—i “i+1 2n—(+1)"i 2n—i
Azp—17A2n—1 Axpn—17A2n—1 ,A2n—17A2n—1
F LA by il Ln—i i1 Dp_(i+1)- (9.27)

Aoniphoncs e Aot <<,

From Proposition 9.3 and Remark 9.6, ¢ dneG+1) = oG+l

If we had equality in (9.27), then

’Z‘A2n¢1 ’I‘Azn—l ’t‘Azn—l tiAZn—] ZAZn—l liAZn—l

2n—i "2p—(i+1) 2n—i i+1

_'l"AZn—l ;’Azn—ltNAzn—l ZA2n—1tA2n—l[A2n—l
= bhnZGrntan—i ba—a+vlid1 L i+1

~Aop—1  FAon—1\3 _ (,A2n—1,A42n-1)3
<i’(tznf(iﬂ)’znfi ) =)

Applying this identity to the A9 tableau E(T) = (PT, P7) in the virtualization
Example 8.6 would imply that

FEIEET) = 61 ) (E(T))

& (P+, (;?112?”)3(P_)) — ((lf“ 1,3411)3(P+), P_), (928)
but this is impossible as (2 °1£°)3(P*) # P*. Note that the left-hand side of (9.28)
follows from 7,,,_; (P+, P™) = evac t; evac(P ™, P~) and Remark 9.7.

Though the symplectic Bender—Knuth involutions do not define an action of B, on
KN(A,n), they can be used to show that the character of the crystal KN(A, ) is a sym-
metric Laurent polynomial with respect to the action of B,,. Let & := Z[xft, o xE]
be the ring of Laurent polynomials in n variables over Z, and let

€8 ={fe&:r.f=frieB,1<i<n),

where r; . x% := x"-%*, for x% := x‘l)‘l <o xp",a € Z" and r; € By, be the subring of
symmetric Laurent polynomials.
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The character of KN(A, ) is the symplectic Schur function sp; (x) in the sequence
of variables x = (x1, ..., Xx,). Thanks to Remark 9.12, wt(zic” .b) = r;.wt(b) for any
b € KN(A,n) and 1 <i < n. Therefore, since tiC”, 1 <i < n,is an involution on the
set KN(A, ), we obtain a proof that sp, (x) is a symmetric Laurent polynomial:

Cn
pr(x) — Z xwt(b) — Z th(ti b)

bEKN(A,n) bEKN(A,n)
= Z X" = gp.(r;x), 1<i<n.
beKN(A,n)

9.4. Relations for the symplectic Berenstein—Kirillov group

Thanks to Theorems 9.10 and 9.18, we now provide the following relations for B K Cn
equlvalently BK 2n. The relations (9) and (10) below are the only ones known for
BKCn , equivalently BXK 5y, which do not follow from the cactus group Jep2n,0)
relations equivalently the virtual cactus group J>,, relations (see also Remark 9.21).

Proposition 9.20. The symplectic Bender—Knuth involutions tl-C”, i=1,...,2n—1,
satisfy the following relations:

M @ =1i=1,...2n—1

2 (tn+z 1 ncij DP=1L1<ij<n

B @2 =110i—jl>1L1<ij<n

Cy ,Cn
) (t tn+] 1

Y =1i<n—j;

5) (t.C"q[].k Pr=litl<j<k<n

© (> =1i+1<j<n;

D @S, 1q[c,"n])2= L1<ij<n

@) (i q)?=ln—i+1<j<k<n;
©) @Efms=1,n>3;

(10) (£En, - tEmpCryEn o Cn 1 nyd =

The virtual symplectic Bender—Knuth involutions

Azp—iFA2n—i Cn —1 .

[ by it =FEt;"E™", 1<i<

gA2n—1 =ES"  E7', 1<i<n, inBX
[n—i+1,n+i] — n—i+1 ’ =t =1 JN2ns

satisfy the same relations as those of B K Cn by replacing tC” by tAZ” ’tAz” 1<

i <n, and t€" bytAz”.1 L1 <i<n.

n+i—1 [n—i+1,n+i)
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Proof. Recall Definitions 9.8 and 9.11, and Theorems 9.10, 9.18 and 9.19.
(1) (tlc")2 = (q[cl"l])2 =1, (5?2 = (q[cl”n])2 = 1.For2 < i < n, we have that
Cn 2 _ ( Cy Cn 2 _
(t214)” = (q[n—i+1,n]q[n—i+2,n]) =1
is equivalent to the J,(2,,c) relation (3C.i) of Lemma 5.5.
For2 <i <n — 1, we observe that

Cn\2 . Cy Cn Cpn Cp Cn Cp Cpn Cp _
(") = di,i—19,n90,i-09n,i—-2191,i-091,0490,i-119101,i—2) = 1

follows from the cactus relation Jep(2,,c) of Lemma 5.5 (3C(ii)), and the observa-
tions that

Cp Cp _ Cy Cp
qr,i-1191n,i-2) = 92,i-u9n,i-11

Cn Cn _ . Cy Cn
dn,i-1912,i-11 = 4911,i-21911,i-11°
Cy Cy _ Cn Cn
qn,i912,i-11 = 4912,i-11901,11
(2) Leti # j.From Lemma 5.5 (3C (1)),

Cp l‘C"

_ Cn Cn Cn Cy
Inti ntj—1 = 9n—i+1,n9n—i+2,n9m—j +1,n9m—j+2,n]

Cn Cn Cn Cn
= q[n—j+l,n]q[n—j+2,n]q[n—i+1,n]q[n—i+2,n]
_ +Cn Cn
- tn+j—ltn+i—1‘
(3) Recall Theorem 9.19, (9.2), Remark 9.6, (9.13), and Lemma 9.15. Then
(tiCntan)Z _ (E—lliAzn—] ’t;‘;zfi—l EE_IZJAZ"_] ?21%27 E)Z

— ! (ZiAZn—l t;‘lzn—l )2(%‘;4’122;1 2?"22;1 )2E

=1, [i—jl>L1<ij<n-1

(4)Fori <n — j, due to the J5,25,c) relation (2C), we have

Cn Cﬂ —_ Cn Cn Cn Cl‘l Cn Cn
LGt j—1 = d,i—n4n,in4n,i-190,i-219m—j+1,219m—j +2,n]
Cp Cyn Cy Cn, Cu Cn
= dip—j 1,09 +2,m90,i-1190,10911,i - 11911, —2]
_ Cy Cp
- Zn-‘,-j—lli

(5) Recall Theorems 8.13 and 9.19, Definition 9.8, (9.5), and Remark 9.6, (9.15).
We first observe the following forms of (9.5), respectively (9.15), in type A,—;. For
i+1<j <k <n,wehave

Azp—1 ,,Aon— 2 _
(t 1q[2§l—kl+l,2n—j]) =1, (9.29)

~Aon_1  Adpn—1\2
G agih)” = 1 9.30)



O. Azenhas, M. Tarighat Feller, and J. Torres 122

Sincei +1<j<n<2n—k+1<2n—j+1<2n—i < 2n,weobtain

tAz,, 1 Azn— Axp— A2n 1
i q[zn k+1 2n—j] = q[2n k+1 2n— ]]1 ’

by 9.5)withk :=2n—j +landj:=2n—k+1fori+1<j:=2n—k+1<
k :=2n — j 4+ 1, which proves (9.29). Thus, the identity (9.30) is the dual version
of (9.29) withk :=2n—j +land j :=2n—k + 1.

Henceforth, fori + 1 < j < k < n, we have

(74 )” = (7 T BET 0 )
(by Theorem 9.19 and Remark 9.9)
= B (1 T i 20 g) E (by (9.30)
= E_ltiAzn_l E[Ijzlél 11]t2 iy 15[‘;1;" kl-i-l 2n— j] Az”l 1562]:—_11]
T L an
=E" ltiAzn T T e an €

2n 14201
E2n k+1,2n—j]E

(by (9.29) and Lemma 9.15)

_ p—1,An—1 4201 A2n 1£A2n—1 7A2n—1 g A2n—1
=E t' E[/k 1]1 é[1k 1]12}1 —i E[Zn—k+1,2n—j]

A2n 1£A42n—1
2n i S2n k+1,2n—j]E

(by Lemma 5.3 (2A4), j <k —1<n <,2n—k + 1, and (9.30))

n— 71 ne " x ’
= E7 (1> g 11])( o o K1) E

=1 (by (9.5) and (9.15)).

(6)Fori +1 < j <mn,equivalently2n —i —1>2n—j >n > j — 1, we have

ttC”q[j W =E" ! Az” lf;f"l 15’322”,1 1aE (by Theorem 8.14)
_ gty g g

(by O0.15) withk :=2n—j +land2n—i —1>2n—j > j—1)
— E- lg_-Azn 1 A2n IZAZn g

[j,2n— J]l 2n—i
(by 9.5)withk :=2n—j +land2n—j +1>j >i+1)
1 En
= qift "

(7) We will prove (tn+l 45 n])2 = 1,1 <1, j < n. Recalling Definition 9.11,
Theorem 8.14, and Theorem 9.19, (9.24), we have

Cn —1,A2,— Azp
tn+l lq[] n] — =E t[nz—i—l—ll,n-}-t]g[]zzn l]]
_ p—lgdop— Azpn— Azp—
=E g:[nz—(iil),n+(i—l)]én @i 12) n+(i— 2)]5[122n—1j]E (by (9.22))
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_ p—lgAop—1 gAop— Azp—1
= E 8 15— =Dt -0 -2+ —21 E
(by Theorem 9.18 and Lemma 5.9, (5.5))

Cn
= q[j n) n+t 1

(8) We now prove (tfji_lq[i”k_l])z =1,forn—i+1<j <k <n.Itfollows
from Theorems 8.13 and 9.19, and Remark 9.9 that

+Cn 1eAop_ Ay Aop—1 e Aap—
Inti— lq[] k—1] — =E E[nz (ill),n—i-(i 1] g[n2 (i12),n+(i—2)]§[j,2k—;]E[Zi—kl-i-l,Zn—j]E
_ 1gA2pn—
=E S[n2 (i— ! 1),n+(i—1)] g:[2n k+1,2n—j]
Agy Aoy
g:[nz @i 12) n+(— 2)]5 2?: k1+1,2n—j]E

(by Lemma 5.3 3A) withn —i + 1 < j <k <n)

_ —1eA42n Aoy Aoy Azp—
= B0 Lm0k 18 —2 it -2 B

(by Lemma 5.3 (3A) withn +i —1>2n—j >2n—k > n)
= E_lS[Ij',zl:—_ll]E[‘;in—_kl—i—1,2n—j]5[1;1121(;11),n+(i—1)]§[l:2—n(;12),n+(i—2)]E
(by Lemma 5.3 (3A4))
= q&k—l]tncii—l'
(9) Recall Theorem 9.19, (9.23) and Remark 9.6. Then, for n > 3, we have

(tlcnt2n) — E- (A2n 1’t'A2n 1[A2n ltA2n ])GE

(Azn ltAZ” 1~A2” 1t~A2” l)6E (by Lemma 9.15)
= E7Y(t]or gy 1) *(Z 1721 E  (by Lemma 9.15)
= E7 (&1 7o) (by (9.4))
= E- 1(;‘,,2"11#2" NE =1 (by (9.14)).

(10) From Proposition 8.2 (2), we know that (Encflénc )4 = 1. We prove that

4
(i) =

is equivalent to (En 16n )4 = 1. Recall Proposition 9.13. Then, from Proposition 9.13,
one has the following:

Cn «Cy\4 _ ( Cn Cn Cy Cp\4
(En2180) _(q[l,n—l]tl qn,n-11'n ) (by (9.19))

Cn Cn n Cn Cn
= (q[l,n—z]pn—ltl qr1n— 2]pn 1n ) : (9.31)
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From [31, Proposition 1.4 (a)] and mimicking its proof in conjunction with rela-
tion (5), we may write

Cn _ Cn
iin—11 = ‘1[1n 21Pn—1
CI‘I 1 Cﬂ

= (Pul1) qi1,n—21" (9.32)

Therefore, using (9.32),

Cn «Cy 4 Cy Cn Cn Cn \—1,,Cn Cn 4
(Ei6)" = (ap"e z]pn (et e 2] ) (by (9.31))

Cn Cn n 4 .
- (q[ln 2]Pn 1! (P - C q[ln 2]) (by relation (7))

_qﬁ)1n 2](pn 1t1 (pcn -1 Cn)

n 4 C}’l
Zq[l,n—z](pn—ltl (pn )~ ) q[ln 2]

q[1 n—2]

Since (q[Cl”’n_z])2 =1, we get
(Sncfl nC,,)4 =1
& (Pt (g™ = (2 i) = 10 9.39)
where pg” := 1. In particular, forn = 2, (tlc”tzc")4 =1 ]
Remark 9.21. (1) Proposition 9.20 (9) in 8K Cn respectively,
(o o G ) =1 i

is equivalent to the braid relations of B,, (EC” §; +1)3 =1lforl <i <n—1,respec-
tively,

Azn—1 21A2 Azp—1 Azn—1 gAon—1 Azp—1 g A2n—1
(E " 52 ! Ez—{—? lé:Znnz 1) _(Sl ! é:i—i—{l )(52 . é:2nnl 1) _1’

the braid relations of @2,, for 1 <i<n-—1(31, Proposition 1.4(d))).
(2) The identity (§n 16n )4 = 1 in the group B.K " translates to the isomorphic
group BK oy as

Aozp—1 £ Aon— n— 4 _
G2 ) =1 (9.34)
Thus Proposition 9.20 (10) in 8K Cn translates to B K on as
(tfon=t . flonmgton—t L gdanon)t (9.35)
Recall in Corollary 8.17, we saw that involutions §A2” 1534”2",_1, A1 < <

n — 1, define an action of B, on the embedded crystal £(KN(A, 7)) in SSYT(/\A 2n).
Hence, as (9.33) shows, the relation (10) in 8K , respectively, (9.35) in BK ons
is equivalent to the braid relation (Sn 16n )4 = 1 of By, respectively, the braid rela-
tion (9.34) of By, realized in &,,,.
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10. Open questions and final remarks

Similarly to B.K, it remains to establish whether or not 8K Cn satisfies additional
relations besides those listed in Proposition 9.20. Chmutov, Glick and Pylyavskyy [12]
have determined relationships between subsets of relations in the groups B .K,, and J,,
which yield a presentation for the cactus group J, in terms of Bender—Knuth genera-
tors. Rodrigues [42—-45] has also introduced a shifted Berenstein—Kirillov group with
many parallels with the original 8K group. Following Halacheva, Rodrigues has
defined a cactus group action of J,, via partial shifted Schiitzenberger-Lusztig invo-
lutions (partial shifted reversal) on the Gillespie-Levinson—Purbhoo shifted tableau
crystal [20]. On the other hand, with the shifted tableau switching she has defined
shifted Bender—Knuth involutions, and following Chmutov, Glick and Pylyavskyy she
has obtained a presentation for the cactus group J,, in terms of shifted Bender—Knuth
generators. In the same vein, it is natural to seek precise relationships between subsets
of relations in the two groups BK > and the virtual symplectic cactus group T Ttis
also natural to seek a presentation of the virtual symplectic cactus group Jo, in terms
of the virtual symplectic Bender—Knuth generators.

Glossary

B, The hyperoctahedral group, i.e., the free group generated by 7y, ...,
rn—1, ' subject to the relations (2.1)-(2.4).

B A normal crystal.

By The Levi branched normal crystal By, the restriction of B to the sub-
diagram J of I.

B(A) The normal g-crystal with highest weight A.

BK The Berenstein—Kirillov group (or Gelfand-Tsetlin group) [31].

BKEn The type C, symplectic Berenstein—Kirillov group.

BKy The subgroup of B.K generated by the first # — 1 Bender—Knuth invo-
lutions 71, ...,t;—1.

BKon The virtual symplectic Berenstein—Kirillov group, a subgroup of
BK,, satisfying the relations of the virtual symplectic cactus group
Ton.

€, {l<-o<n<n<---<l}

o The monoid of words in the alphabet €.

E The virtualization map defined by Baker [3, Propositions 2.2 and 2.3]

on type C, Kashiwara—Nakashima tableaux.



g

In

Jon
Jgp(Zn,C)
KN(A, 1)

KNy (A,n)

reversal
reversaln

reversaly
C
reversal ;"

R3

SSYT(A, 1)
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Finite-dimensional, complex, semi-simple Lie algebra.

The cactus group Jer(s,c)-

The virtual symplectic cactus group.

The symplectic cactus group with generators sy for J any connected
sub-diagram of the C,, Dynkin diagram subject to the relations in
Lemma 5.5.

The Uy(sp(2n, C)) crystal of Kashiwara—Nakashima tableaux of
shape A in the alphabet €,,.

The Levi branched crystal of Kashiwara—Nakashima tableaux obtain-
ed by deleting in KN(A, n) all the arrows not labeled in J C 1.

Combinatorial procedure to compute the Schiitzenberger involution &
on SSYT(A, n).

Combinatorial procedure to compute the Schiitzenberger involution &
on KN(A, n).

J -partial reversal, the reversal on SSYT;(A,n) with J C [n — 1].

J -partial symplectic reversal, the symplectic reversal KNy (A, rn) with
J C [n] a connected sub-diagram containing the node .

The symplectic contraction/dilation relation in the symplectic plactic
monoid €7/ ~.

The U, (sl(n, C))-crystal of semi-standard Young tableaux of shape A
and entries in [n].

SSYT(A4, n,i7) The Uy (sl(2n, C))-crystal of semi-standard Young tableaux of shape

SSYTs (A, n)

§
§s
£

A4 and entries in €,,.
The Levi branched crystal, the restriction of SSYT(A,n) to J C [n — 1].

The Schiitzenberger-Lusztig involution on B(A).

The Schiitzenberger—Lusztig involution on the normal crystal B.

The partial Schiitzenberger—Lusztig involution to the sub-diagram J C
I is the Schiitzenberger—Lusztig involution £g, on the normal crys-
tal By.
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