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Stable pseudo-quadratic modules

Bernhard Mühlherr and Richard M. Weiss

Abstract. We give a necessary and sufficient condition for the existence of pseudo-quadratic
Tits quadrangles in terms of a stability condition for pseudo-quadratic modules. We also give
a sufficient condition for the existence of a natural projective embedding for these Tits quad-
rangles and indicate connections to results in unitary K-theory of Bak, Vaserstein and others.

1. Introduction

An opposition relation is simply a relation that is anti-reflexive and symmetric. An
opposition relation� on a set� is k-plump for some k� 2 if�¤; and for all subsets
S � � of cardinality at most k, there exists x 2 � such that x � y for all y 2 S .

Tits polygons, which were introduced in [11], are certain bipartite graphs. Their
key feature is that for each vertex v, the set of vertices adjacent to v is endowed
with a 2-plump opposition relation. We call these relations, one for each vertex v, the
local opposition relations of the Tits polygon. A Tits polygon is called k-plump for
some k � 3 if all its local opposition relations are k-plump.

We call the opposition relation ¤ on a set � the trivial opposition relation. The
trivial opposition relation on a set � is k-plump for some k � 2 if and only if j�j �
kC 1. A Tits polygon in which all the local opposition relations are trivial is the same
thing as a Moufang polygon, i.e. an irreducible spherical building of rank 2 satisfying
the Moufang condition. Moufang polygons were classified in [16].

Let � be an arbitrary irreducible spherical building of rank r � 2 (assumed to
be Moufang when r D 2) with corresponding Coxeter system .W; S/. Given two
subsets J1 and J2 of S , the corresponding bipartite graph on the set of residues of
type J1 or J2, under certain conditions on J1 and J2, has in a natural way the structure
of a Tits polygon. We call the Tits polygons that arise in this way the Tits polygons of
index type. Their local opposition relations are, in fact, not just 2-plump, but k-plump
as long as every panel of � contains at least k C 1 chambers.
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Like Moufang polygons, Tits polygons have root groups, apartments and com-
mutator relations. A Tits polygon X is called sharp if the action of the pointwise
stabilizer in Aut.X/ of an apartment on the corresponding root groups fulfills a cer-
tain condition. With very few exceptions, the Tits polygons of index type are sharp.

In [13], we completed the classification of Tits polygons satisfying suitable ver-
sions of the plump and sharp conditions. The Tits polygons classified in [13] were the
pseudo-quadratic Tits quadrangles. These are the Tits polygons that can be parame-
trized by a pseudo-quadratic module. Pseudo-quadratic modules are essentially the
same thing as the pseudo-quadratic forms introduced by Tits (see [14, Sec. 8.2]) in
the classification of buildings of type Cn except that the underlying division ring is
now replaced by an arbitrary unitary associative ring.

In [13], we did not address the existence question for the pseudo-quadratic Tits
quadrangles. It is relatively easy to prove the existence of pseudo-quadratic Tits quad-
rangles when the underlying associative ring is division.For the existence of pseudo-
quadratic Tits quadrangles defined over an arbitrary associative ring, however, quite
different methods are required.

Our goal here is to give a necessary and sufficient condition for the existence of
pseudo-quadratic Tits quadrangles. This is accomplished in Theorem 8.1, the main
result of this paper, where we show that for a given standard pseudo-quadratic mod-
ule ƒ, there exists a corresponding pseudo-quadratic Tits quadrangle if and only if ƒ
is strongly stable as defined in Definition 5.9.

Strong stability is a natural extension of the notion of a ring of stable range 1 to
pseudo-quadratic modules. The stable range of a ring was introduced by Bass in [2].
It is one of the central notions of algebraic K-theory. See [7] for an overview of the
remarkable role of this notion in algebra. Stable range in the context of unitary groups
was investigated by Bak, Vaserstein and others; see, for example, [1] and [8] as well
as [5, Chaps. 5 and 9].

That there is a connection between stable range and geometry was discovered by
Veldkamp. He showed that rings of stable range 1 provide the right setting for devel-
oping a theory of projective planes over rings (see [18] and [17]). This connection
was investigated further by Faulkner in [4] and [3]. In [10], it was shown that the pro-
jective planes investigated by Veldkamp and Faulkner are, in fact, Tits triangles (and
vice versa); see also [12]. Our investigations here should be considered as a natural
extension of this work to Tits quadrangles.

In Section 9, we investigate some consequences of Theorem 8.1. Let ƒ be a
pseudo-quadratic module over a ring K. We denote by E.ƒ/ the pseudo-quadratic
module obtained by forming the direct sum with the hyperbolic plane over K. If K
is a division ring, then ƒ is automatically strongly stable and the corresponding Tits
quadrangle can be described in terms of the 1- and 2-dimensional totally isotropic
subspaces of E2.ƒ/ WD E.E.ƒ//. Suppose that we assume only that ƒ is strongly
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stable but not that K is division. We examine the question to what extent there is
an analogous description of the corresponding Tits quadrangle in this more general
setting. To do this, we need to replace the notion of a 1-dimensional totally isotropic
subspace by the notion of a hyperbolic cyclic submodule as defined in Definition 9.12
and the notion of a 2-dimensional totally isotropic subspace by the notion of a special
submodule as defined in Notation 9.24. In Definition 9.4, we introduce a condition
on ƒ we call secure stability which implies (and is perhaps equivalent to) strong sta-
bility (see Remark 9.6). In Theorem 9.27, the main result of Section 9, we show that
ifƒ, E.ƒ/ and E2.ƒ/ are all securely stable, then the Tits quadrangle corresponding
to ƒ has, in fact, a natural description in terms of the hyperbolic cyclic and special
submodules of E2.ƒ/.

In the course of proving Theorem 9.27 (and as a consequence of Theorem 9.27),
we prove a result about transitivity on hyperbolic pairs in Proposition 9.9, a result
about subgroups generated by certain Eichler transformations in Proposition 9.29 and
a cancellation result in Proposition 9.31. In each case, our hypotheses involve some
variation of the notion of secure stability. Analogous conclusions, but with very dif-
ferent hypotheses, can be found in [5, Thm. 9.1.3] and [6, Chap. VI, Prop. 4.1.7] for
hyperbolic pairs, in [5, Thm. 9.1.1] and [6, Chap. VI, Sec. 4.6 and Thm. 4.7.1] for
Eichler transformations and in [8, Cor. 8.3] for cancellation. This suggests that the
notion of secure stability might well have a larger role to play in unitary K-theory.

In light of Theorem 9.27 and Proposition 9.31, it is natural to ask whether the
secure stability of a pseudo-quadratic module ƒ implies the secure stability of E.ƒ/.
We succeeded in proving this (in Proposition 9.33), but only for strong stability in
place of secure stability. As mentioned above, it remains an open question whether
the notions of secure stability and strong stability are equivalent.

The proof of Proposition 9.33 requires a basic result about arbitrary Tits polygons
which we prove in Proposition A.10, but which should have been included in [11].
This result says that if X is an arbitrary Tits polygon, then the group G of all its type-
preserving automorphisms carries the structure of a Tits set in its action on the edge
set of X and in its action on each of the two G-orbits in the vertex set. The notion of
a Tits set was introduced in [9, Def. 3.1]. It is, roughly speaking, the isotropic version
of the notion of a Moufang set introduced by Tits in [15, Sec. 4.4].

As indicated in [9, Thm. 6.2], Tits sets are ubiquitous in the theory of buildings.
Let

X D
�
G;�;�; ¹Uxºx2�

�
be one of them, let U0 and U1 be two opposite root groups of G and let H be the
corresponding 2-point stabilizer. By [9, Def. 3.1 (iii)], there is a 2-plump opposition
relation on � preserved by G. This axiom yields the conclusion (see [9, Prop. 3.6])
that G D U1U0U1H . Thus, Definition 5.9 and the result in Proposition 5.16 below
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point to a connection between any one of the many 2-plump opposition relations in a
building� and the stability of some algebraic structure underlying�. In our opinion,
this connection is important and needs to be investigated further.

This paper is organized as follows. In Sections 2 and 3, we review the definitions
of the stable range of a ring and a Tits polygon. In Section 4, we introduce pseudo-
quadratic modules and in Sections 5 and 6 we prove the main properties of these
modules that play a role here. In Section 7 we describe a connection to the theory
of root graded groups and we use this connection in Section 8 to prove our main
result. In Section 9, we examine more closely the “projective space” associated with a
pseudo-quadratic module and use our observations to prove results about the structure
of the isometry group of a pseudo-quadratic module reminiscent of results in unitary
K-theory. In Section A, we prove the result about Tits sets mentioned above.

Conventions 1.1. Let G be a group. As in [16], we set ab D b�1ab and

Œa; b� D a�1b�1ab

for all a; b 2 G and if G acts on a set �, we assume that xab D .xa/b for all x 2 �
and all a; b 2 G.

2. Stability

Let R be an arbitrary associative ring with identity.

Definition 2.1. The ring R has stable range 1 if for all .˛; ˇ/; .s; t/ 2 R � R such
that s˛ C tˇ D 1, there exists r 2 R such that ˛ C rˇ is left-invertible. (In [17] and
elsewhere, the term 2-stable is used in place of “stable range 1”.) Thus, R has stable
range 1 if and only if for all .˛; ˇ/ 2 R � R and s 2 R such that s˛ C ˇ is left-
invertible, there exists t 2 R such that ˛ C tˇ is left-invertible.

Notation 2.2. We denote the group of units in R by R�.

Proposition 2.3 ([7, Lem. 1.7]). Suppose that R has stable range 1. Then every left-
invertible element is a unit.

Proof. Suppose that sr D 1 for some r; s 2 R. Then r � s C 1 � .1� rs/ D 1. Since R
has stable range 1, it follows that z WD sC t � .1� rs/ is left-invertible for some t 2R.
Since

zr D sr C t .1 � rs/r D sr C t r � t r � sr D 1;

we conclude that z 2 R�, and hence r D z�1 2 R�.
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Remark 2.4. A ring in which every left-invertible element is invertible is called
Dedekind-finite.

3. Tits polygons

Let � D .V; E/ be a graph in which for each v 2 V , the set �v of vertices adjacent
to v is endowed with an opposition relation�v .

Definition 3.1. We say that u;w 2 �v are opposite at v if u�v w. We say that a path
of .u; v; w/ length 2 is straight if u and w are opposite at v and we say that a path or
a circuit of arbitrary length is straight if every 2-path it contains is straight.

Definition 3.2. A Veldkamp n-gon for some n � 3 is a connected bipartite graph
� D .V;E/ in which for each v 2 V , the set �v is endowed with a 2-plump opposition
relation�v (as defined in Section 1) subject to the following axioms:

(i) If ˛ D .v0; : : : ; vk/ is a straight path of length k < n, then ˛ is the unique
straight path from v0 to vk of length at most k.

(ii) Every straight .nC 1/-path is contained in a straight circuit of length 2n.

Notation 3.3. Let X D .�; ¹�vºv2V / be a Veldkamp n-gon. An apartment of X is
a straight circuit of length 2n. A root of X is a straight path of length n in � . The
root group U˛ associated with a root ˛ D .v0; v1; v2; : : : ; vn�1; vn/ is the pointwise
stabilizer in Aut.X/ of the set

�v1 [ �v2 [ � � � [ �vn�1 :

We sometimes denote a Tits n-gon .�; ¹�vºv2V / by the triple .�; A; ¹�vºv2V /,
where A denotes the set of all apartments; see [11, Rem. 1.3.12].

Definition 3.4. A Tits n-gon for some n � 3 is a Veldkamp n-gon such that for each
root ˛, the root group U˛ acts transitively on the set of apartments containing ˛.

A Tits polygon is a Tits n-gon for some n � 3. When n D 3, 4, etc., we refer to
Tits triangles, quadrangles, etc.

See [11, Sec. 1.2] for a description of the family of examples which provided the
original motivation for Definition 3.4. For all the basic properties of Tits polygons we
will require here we will cite specific results and definitions in either [9] or [11] rather
than restate them here with two exceptions. The first exception is the following result,
which we will apply it in the proof of Theorem 8.1 below. The second exception is
Proposition A.10. This result (actually, the special case formulated in Corollary A.11)
will be applied in the proof of Proposition 9.33. Both Propositions 3.5 and A.10 ought
to have been included in [11].
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Proposition 3.5. Let X be a Tits polygon and let .
; i 7! wi / be a coordinate system
of X as defined in [9, Def. 4.5]. Let i 7! Ui andH be as in [9, Not. 4.6 and Prop. 4.8]
and let Di D hUi ; UiCni for each i . Then

NDi .UiC1/ \NDi .UiCn�1/ D Di \H

for each i .

Proof. Choose i , letD DDi and choose g 2 E WDND.UiC1/\ND.UiCn�1/. Since
g 2D, g fixes wi and wiCn. Let y D wgiC1 and z 2 wgi�1. Then y; z 2 �wi . Since g 2
ND.UiC1/ and UiC1 fixes wiC1, UiC1 fixes y. Since g 2 ND.UiCn�1/ and UiCn�1
fixes wi�1, UiCn�1 fixes z. By [11, Lem. 1.4.24], it follows that

y D wiC1 and z D wi�1:

Since g fixes wiCn, it follows from Definition 3.2 (i) that g fixes wj for all j . Hence,
g 2 H . Thus, E � D \H . Since H normalizes Uj for all j (by [9, Prop. 4.8]), it
follows that E D D \H .

4. Pseudo-quadratic modules

Definition 4.1. An involutory ring is an associative ring K endowed with an involu-
tion � (i.e. an anti-automorphism whose square is trivial) and an additive subgroupK0
containing 1 such that

(i) K� �K0 �K
� , whereK� D ¹aC a� j a 2Kº andK� D ¹a 2K j a� D aº;

(ii) a�K0a � K0 for all a 2 K.

We denote an involutory ring by the triple .K; K0; �/. Thus an involutory ring
.K;K0; �/ is an involutory set as defined in [16, Def. 11.1] in the special case that K
is a skew-field. In [1] and [5], an involutory ring .K;K0; �/ is called a form ring and
the additive subgroup K0 is referred to as a form parameter.

We are grateful to J.-P. Tignol for the proofs of the next two results.

Proposition 4.2. Let .K;K0; �/ be an involutory ring and suppose that e 2 K is left-
invertible. Suppose, too, that x 2 K� for all x 2 K such that xe2 D 0. Then e is a
unit.

Proof. Choose f 2 K such that fe D 1 and let " D 1 � ef and "0 D 1 � e2f 2.
Since fe D f 2e2 D 1, computation shows that " and "0 are idempotents. Further
computations yield

"0e"0 D e" and "0f "0 D "f: (4.3)
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We have "0e2 D 0, and hence x"0 � e2 D 0 for all x 2 K. By hypothesis, therefore,
x"0 2 K� for all x 2 K. Thus,

"0f "0 � "0e"0 D ."0f "0/� � ."0e"0/� D ."0e"0 � "0f "0/� D "0e"0 � "0f "0: (4.4)

Since fe D 1, we have " D "f � e". Using (4.3) and (4.4), we thus obtain

" D "0f "0 � "0e"0 D "0e"0 � "0f "0 D e" � "f D e"f:

Hence, "D fe � " � fe D f � e"f � e D f � "e D f � 0D 0. Therefore, ef D 1. Thus,
e is a unit.

Proposition 4.5. Let .K;K0; �/ be an involutory ring. Then K is Dedekind-finite if
and only if for all left-invertible elements e, the following holds:

x 2 K0 for all x 2 K such that e�xe 2 K0: (4.6)

Proof. Suppose that (4.6) holds for all left-invertible elements e. Choose a left-invert-
ible element e 2 K. Then e2 is also left-invertible. Suppose that xe2 D 0 for some
x 2 K. Then .e2/�xe2 D 0 2 K0, so x 2 K0 by (4.6), and thus x 2 K� by Defini-
tion 4.1 (i). By Proposition 4.2, it follows that e is a unit. Thus, if (4.6) holds for all
left-invertible elements e, then K is Dedekind-finite. The converse is clear.

Notation 4.7. Suppose that an involutory ring .K;K0; �/ is given and let L be a right
K-module. A skew-hermitian form onL is a bi-additive map f fromL�L toK such
that

(i) f .a; bt/ D f .a; b/t , and

(ii) f .a; b/� D �f .b; a/, and hence

(iii) f .at; b/ D t�f .a; b/

for all a; b 2 L and all t 2 K.

Notation 4.8. A pseudo-quadratic module is a 6-tuple

ƒ D .K;K0; �; L; q; f /;

where .K; K0; �/ is an involutory ring as defined in Definition 4.1, L is a right K-
module, f is a skew-hermitian form on L and q is a map from L to K such that

(i) q.aC b/ � q.a/C q.b/C f .a; b/ .modK0/, and

(ii) q.at/ � t�q.a/t .modK0/

for all a 2 L and all t 2 K. We will say that ƒ is standard if

f .a; a/ D q.a/ � q.a/�

for all a 2 L.
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Remark 4.9. A sesquilinear form onL is a bi-additive map satisfying Notation 4.7 (i)
and (iii). A pseudo-quadratic moduleƒ D .K;K0; �;L; q; f / is trace-valued if there
exists a sesquilinear form g on L such that

f .a; b/ D g.a; b/ � g.b; a/� and q.a/ � g.a; a/ .modK0/

for all a; b 2 L. If a pseudo-quadratic module is trace-valued, then it is standard as
defined in Notation 4.8 (since K0 � K� /. The converse holds by [14, Sec. 8.1.4]
under the assumption that L has a basis but is probably not true in general. See also
[13, Rem. 9.41 and Prop. 9.42].

Notation 4.10. For each pseudo-quadratic module ƒ D .K; K0; �; L; q; f /, let Tƒ
denote the group with underlying set

¹.a; t/ 2 L �K j q.a/ � t 2 K0º

and multiplication given by

.a; t/ � .b; s/ D
�
aC b; t C s C f .b; a/

�
for all .a; t/; .b; s/ 2 Tƒ.

In Definition 4.11, we refer to coordinate systems. See [9, Def. 4.5] for the def-
inition. The associated root group labeling is the map i 7! Ui , where Ui is as in [9,
Not. 4.6]. See [9, Prop. 4.11] for the definition of the subsets U ]1 and U ]4 of U1 and U4
that also appear in Definition 4.11.

Definition 4.11. LetX be a Tits quadrangle, letƒD .K;K0; �;L;q;f / be a pseudo-
quadratic module and let Tƒ be as in Notations 4.8 and 4.10. As in [13, Not. 3.8],
we say that X is pseudo-quadratic of type ƒ if there exists a coordinate system
.
; i 7! wi / of X with associated root group labeling i 7! Ui , isomorphisms xi from
Tƒ to Ui for i D 1; 3 and isomorphisms xi from the additive group of K to Ui for
i D 2; 4 such that

Œx1.a; t/; x4.r/
�1� D x2.t r/x3.ar; r

� t r/;

Œx1.a; t/; x3.b; s/
�1� D x2.f .a; b//;

Œx2.r/; x4.z/
�1� D x3.0; r

�z C z�r/

(4.12)

for all .a; t/; .b; s/ 2 Tƒ and all r; z 2 K. We will say that X is unitary if .
; i 7! wi /

and x1; : : : ; x4 can be chosen so that, in addition, x1.0; 1/ 2 U
]
1 and x4.1/ 2 U

]
4 .

Proposition 4.13. Let X be a Tits quadrangle of type ƒ for some pseudo-quadratic
spaceƒ and let x1; : : : ; x4 are as in Definition 4.11. Thenƒ is standard as defined in
Notation 4.8.
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Proof. Let L be as in Definition 4.11 and choose a 2 L. Applying (4.12), we obtain

x3.a; q.a//x3.�a; q.a// D x3.0; 2q.a/C f .�a; a//

D x3.0; 2q.a/ � f .a; a//; (4.14)

as well as

Œx1.a; q.a//; x4.1/x4.�1/� D Œx1.a; q.a//; x4.�1/� � Œx1.a; q.a//; x4.1/�
x4.�1/

D Œx1.a; q.a//; x4.1/
�1� � Œx1.a; q.a//; x4.�1/

�1�x4.�1/

D x2.q.a//x3.a; q.a// � x2.�q.a//x3.�a; q.a//

� Œx2.�q.a//; x4.1/
�1�

D x3.a; q.a//x3.�a; q.a//x3.0;�q.a/ � q.a/
� /;

and so
x3.a; q.a//x3.�a; q.a// D x3.0; q.a/C q.a/

� /

since x4.1/x4.�1/ D 1. Hence, f .a; a/ D q.a/ � q.a/� by (4.14).

Hypothesis 4.15. From now on we fix a standard pseudo-quadratic module

ƒ D .K;K0; �; L; q; f /:

We allow that L D 0, in which case ƒ is just the involutory ring .K;K0; �/.

Proposition 4.16. f .a; a/ D t � t� and .a; t/�1 D .�a;�t� / for all .a; t/ 2 Tƒ.

Proof. Choose .a; t/ 2 Tƒ. Since ƒ is standard and K0 � K� , we have

f .a; a/ D t � t� :

Since q.�a/ � q.a/ 2 K0 by Notation 4.8 (ii) and t C t� 2 K� � K0, we have
.�a;�t� / 2 Tƒ and

.a; t/ � .�a;�t� / D .0; 0/:

Notation 4.17. LetM denote the rightK-moduleK˚K˚K˚K˚L (withLD 0
allowed). Let Q be the map from M to K given by

Q.˛1; ˇ1; ˛2; ˇ2; d / D ˛
�
1ˇ1 C ˛

�
2ˇ2 C q.d/

for all .˛1; ˇ1; ˛2; ˇ2; d / 2M and let F be the map from M �M to K given by

F
�
.˛1; ˇ1; ˛2; ˇ2; d /; .˛

0
1; ˇ
0
1; ˛
0
2; ˇ
0
2; d
0/
�

D ˛�1ˇ
0
1 � ˇ

�
1 ˛
0
1 C ˛

�
2ˇ
0
2 � ˇ

�
2 ˛
0
2 C f .d; d

0/

for all .˛1;ˇ1;˛2;ˇ2;d /; .˛01;ˇ
0
1;˛
0
2;ˇ
0
2;d
0/2M . We observe that, likeƒ, the 6-tuple

ƒ1 WD .K;K0; �;M;Q;F / is also a standard pseudo-quadratic module.
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Notation 4.18. Let J denote the group of linear isometries of .K;K0; �;M;Q; F /.
In other words, J is the group of the linear automorphisms of M preserving both the
pseudo-quadratic form Q modulo K0 and the skew-hermitian form F . Let

u1 D .1; 0; 0; 0; 0/; v1 D .0; 1; 0; 0; 0/; u2 D .0; 0; 1; 0; 0/; v2 D .0; 0; 0; 1; 0/;

and let H be the pointwise stabilizer in J of the set of submodules

¹hu1i; hv1i; hu2i; hv2iº:

We identify L with its image in M under the map u 7! .0; 0; 0; 0; u/. Thus

L D hu1; v1; u2; v2i
?; (4.19)

i.e. L D ¹w 2M j F.w; hu1; v1; u2; v2i/ D 0º.

Notation 4.20. Let �; � 2 J be as follows:

• � is the unique element of J that maps u1 to �v2, u2 to �v1, v1 to u2 and v2
to u1 and fixes every element of L.

• � is the unique element of J that maps u1 to �v1 and v1 to u1, fixes u2, v2 and
fixes every element of L.

Notation 4.21. Let x0; x1; : : : ; x5 be defined as follows:

• For each s 2 K, let x0.s/ denote the unique element of J that fixes u1, u2 and
every element of L, maps v1 to v1 C u2s and maps v2 to v2 C u1s� .

• For each .a; t/ 2 Tƒ, let x1.a; t/ denote the unique element of J that fixes u1,
u2 and v2, maps v1 to v1 C u1t C a and maps an arbitrary element b 2 L to
b C u1f .a; b/.

• For each s 2 K, let x2.s/ denote the unique element of J that fixes u1, v2 and
every element of L, maps v1 to v1 C v2s� and maps u2 to u2 � u1s.

• For each .a; t/ 2 Tƒ, let x3.a; t/ denote the unique element of J that fixes u1,
v1 and v2, maps u2 to u2 � v2t � a and maps an arbitrary element b 2 L to
b C v2f .a; b/.

• For each s 2 K, let x4.s/ denote the unique element of J that fixes v1, v2 and
every element of L, maps u1 to u1 � v2s� and maps u2 to u2 � v1s.

• For every .a; t/ 2 Tƒ, let x5.a; t/ denote the unique element of J that fixes v1,
u2 and v2, maps u1 to u1 � v1t C a and maps an arbitrary element b 2 L to
b � v1f .a; b/.

It follows from Conventions 1.1, Notations 4.10 and 4.21, and Proposition 4.16,
and that x1, x3 and x5 are injective homomorphisms from Tƒ to J , x0, x2 and x4
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are injective homomorphisms from the additive group of K to J and the following
commutator relations hold:

Œx1.a; t/; x4.r/
�1� D x2.t r/x3.ar; r

� t r/;

Œx1.a; t/; x3.b; s/
�1� D x2.f .a; b//;

Œx2.r/; x4.z/
�1� D x3.0; r

�z C z�r/;

(4.22)

as well as
Œx0.r/; x2.z/

�1� D x1.0; zr C r
�z� /;

Œx0.r/; x3.a; t/
�1� D x1.ar; r

� t r/x2.r
� t /

(4.23)

and
Œx3.b; s/; x5.a; t/

�1� D x4.f .a; b//;

Œx2.r/; x5.a; t/
�1� D x3.�ar; r

� t r/x4.t
�r/

(4.24)

for all .a; t/; .b; s/ 2 Tƒ and all r; z 2 K.

Notation 4.25. Let

†0 D hu1; u2; Li; †1 D hu1; u2; v2i; †2 D hu1; v2; Li;

†3 D hu1; v1; v2i; †4 D hv1; v2; Li; †5 D hv1; u2; v2i;

†6 D hv1; u2; Li; †7 D hu1; v1; u2i; †i D †j

for all i 2 ZnŒ0; 7�, where j is the residue of i modulo 8. Let

Ui D ¹g 2 J j w
g
D w for all w 2 †iº

for all i . By Notation 4.20, we have †�i D †4�i and †�i D †6�i , and therefore

U
�
i D U4�i and U �i D U6�i (4.26)

for all i .

Remark 4.27. Since H stabilizes †i , it normalizes Ui for all i .

Proposition 4.28. Ui D xi .Tƒ/ for i D 1; 3; 5 and Ui D xi .K/ for i D 0; 2; 4.

Proof. We have x1.Tƒ/ � U1 and x4.K/ � U4. If g 2 U1, then g stabilizes

hu2; v2i
?
D hu1; v1; Li and f .u

g
1 ; v1/ D f .u

g
1 ; v

g
1 / D 1;

and therefore g 2 x1.Tƒ/. If h 2 U4, then h stabilizes

L? D hu1; v1; u2; v2i and f .uhi ; vi / D f .u
h
i ; v

h
i / D 1;

and therefore h 2 x4.K/. Thus Ui D x1.Tƒ/ for i D 1 and Ui D x4.K/ for i D 4.
By similar arguments, these equations hold for the remaining values of i as well.
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Proposition 4.29. The following hold:

(i) � D x5.0; 1/x1.0; 1/x5.0; 1/ and � D x0.1/x4.1/x0.1/.

(ii) .��/2 D .��/2.

Proof. These relations follow from the definitions in Notations 4.20 and 4.21.

Notation 4.30. Let J � D hUi j i 2 Zi.

Proposition 4.31. Let H be as in Notation 4.18 and let H � D H \ J �. Then the
following hold:

(i) Both H and H � are normalized by h�; �i.

(ii) �2 and �2 both lie in H �.

Proof. Since h�; �i stabilizes the set ¹hu1i; hv1i; hu2i; hv2iº, it normalizes H . By
Proposition 4.29 (i), h�; �i is contained in J �. Thus, (i) holds. Since �2 and �2 lie
in H , (ii) also holds.

Proposition 4.32. ŒUi ; UiC1� D 1 for all i .

Proof. By (4.26), for each i there exists g 2 h�; �i such that

¹Ui ; UiC1º
g
D ¹U1; U2º:

It thus suffices to check, using Proposition 4.28, that ŒU1; U2� D 1.

Notation 4.33. LetUŒi;j �DhUi ;UiC1; : : : ;Uj i for all i;j 2Z such that i � j � i C 3.
It follows from (4.22) and Proposition 4.32 thatUŒi;j �DUiUiC1 � � �Uj for all i; j such
that i � j � i C 3.

Proposition 4.34. HUŒi;iC3� \ UŒiC4;iC7� D 1 for all i .

Proof. By (4.26) and Remark 4.27, the groups HUŒi;iC3� \ UŒiC4;iC7� for i 2 Z are
all conjugate to each other under the action of h�; �i. It thus suffices to show that
the claim holds for i D 1. By Notation 4.21, UŒ1;4� stabilizes both hv2i and hu1; v2i.
By (4.26), we have

UŒ5;8� D U
����

Œ1;4�
: (4.35)

It follows that UŒ5;8� stabilizes both hu2i and hv1; u2i. By Notation 4.21, the stabilizer
of hu2i in UŒ1;4� is U1, and the stabilizer of hv1; u2i in U1 is trivial. Thus,

HUŒ1;4� \ UŒ5;8� � H \ UŒ5;8� and H \ UŒ1;4� D 1:

By Remark 4.27 and (4.35), it follows that H \ UŒ5;8� D 1. Thus,

HUŒ1;4� \ UŒ5;8� D 1:
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5. The subgroups G1 and G4

We continue with all the notation and assumptions of the previous section. In par-
ticular, M , Q and F are as in Notation 4.17. The main result of this section is
Proposition 5.16.

Definition 5.1. An element z 2M is isotropic if Q.z/ � 0 .modK0/. A submodule
is isotropic if all its elements are isotropic.

Notation 5.2. Let K` denote the set of left-invertible elements of K. Thus, K is
Dedekind-finite if and only if K` D K�.

Proposition 5.3. Let z 2 ¹u1; v1; u2; v2º. Then the set zK` is H -invariant.

Proof. Let h 2 H . Then zh D zt for some t 2 K�. The claim holds, therefore, since
K�K` D K`.

Proposition 5.4. Let

A1 D ¹.˛; ˇ/ 2 K ˚K j s˛ C ˇ 2 K` for some s 2 Kº;

A2 D ¹.˛; ˇ/ 2 K ˚K j ˛ C tˇ 2 K` for some t 2 Kº:

Then the following hold:

(i) .u2K`/
U4U0 D ¹v1˛ C u2ˇ j .˛; ˇ/ 2 A1º.

(ii) .v1K`/U0U4 D ¹v1˛ C u2ˇ j .˛; ˇ/ 2 A2º.

Proof. Let s; t 2 K and e 2 K`. Then

.u2e/
x4.t/x0.s/ D .u2e � v1te/

x0.s/

D u2e � .v1 � u2s/te

D �v1te C u2.e C ste/ D v1˛ C u2ˇ (5.5)

with ˛ D �te and ˇ D e � s˛. Thus, .˛; ˇ/ 2 A1.
Suppose, conversely, that .˛; ˇ/ 2 A1, so s˛ C ˇ D e for some s 2 K and some

e 2 K`. Let j be a left-inverse of e. Then by (5.5), we have

v1˛ C u2ˇ D .u2e/
x4.� j̨ /x0.s/:

Thus, (i) holds. Conjugating by � and applying (4.26), we obtain

.v1K`/
U0U4 D ¹�v1ˇ C u2˛ j .˛; ˇ/ 2 A1º:

Since s˛ C ˇ 2 K` if and only if �ˇ � s˛ 2 K`, we have .˛; ˇ/ 2 A1 if and only
if .�ˇ; ˛/ 2 A2. Thus, (ii) holds.
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Remark 5.6. Let A1 and A2 be as in Proposition 5.4. By the final remark in Defini-
tion 2.1, A1 D A2 if and only if K has stable range 1.

Proposition 5.7. Let

� D ¹.˛; ˇ; d/ 2 K ˚K ˚ L j ˛�ˇ C q.d/ 2 K0º;

and let

B1 D ¹.˛; ˇ; d/ 2 � j s
�˛ C ˇ C f .b; d/ 2 K` for some .b; s/ 2 Tƒº;

B2 D ¹.˛; ˇ; d/ 2 � j ˛ � t
�ˇ C f .a; d/ 2 K` for some .a; t/ 2 Tƒº:

Suppose that K is Dedekind-finite. Then the following hold:

(i) .v1K
�/U1U5 D ¹u1˛ C v1ˇ C d j .˛; ˇ; d/ 2 B1º.

(ii) .u1K�/U5U1 D ¹u1˛ C v1ˇ C d j .˛; ˇ; d/ 2 B2º.

Proof. Choose .a; t/; .b; s/ 2 Tƒ and e 2 K�. Then

.v1e/
x1.a;t/x5.b;s/ D .v1e C u1te C ae/

x5.b;s/

D .v1e C .u1 � v1s C b/te C ae � v1f .b; ae/

D u1te C v1.e � ste � f .b; ae//C ae C bte

D u1˛ C v1ˇ C d; (5.8)

where ˛ D te, ˇ D e � s˛ � f .b; ae/, and d D ae C b˛. Hence,

f .b; ae/ D f .b; d/ � f .b; b/˛ D f .b; d/ � s˛ C s�˛

by Proposition 4.16. Therefore,

e D s�˛ C ˇ C f .b; d/:

Since v1e is isotropic, so is u1˛Cv1ˇCd . Hence, .˛;ˇ;d/2�. Thus, .˛; ˇ; d/2B1.
Suppose, conversely, that .˛; ˇ; d/ 2 B1, so s�˛ C ˇ C f .b; d/ D e for some

.b; s/ 2 Tƒ and some e 2K`, and u1˛C v1ˇC d is isotropic. Let j be a left-inverse
of e, let a D .d � b˛/j and t D j̨ . Then by (5.8), we have

.v1e C u1te C ae/
x5.b;s/ D u1˛ C v1ˇ C d:

In particular, v1eC u1teC ae is isotropic. Thus, e� .q.a/� t /e 2K0. We apply now
the hypothesis that K is Dedekind-finite to conclude that .a; t/ 2 Tƒ (see Proposi-
tion 4.5). Hence,

.v1e/
x1.a;t/ D v1e C u1te C a:

Thus, (i) holds.
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Since K� � K0, we have .˛; ˇ; d/ 2 � if and only if .ˇ;�˛; d/ 2 �. Thus,
.˛;ˇ;d/2B1 if and only if .ˇ;�˛;d/2B2. Conjugating (i) by � and applying (4.26),
we thus obtain (ii).

Definition 5.9. We will say that ƒ is weakly stable if K is Dedekind-finite and
B1 D B2, where B1 and B2 are as in Proposition 5.7. We will say that ƒ is strongly
stable if B1 D B2 and K has stable range 1. Thus by Proposition 2.3, strongly stable
implies weakly stable.

A unitary stability condition for involutory rings appears in [5, bottom of p. 526].
It does not appear to be related to the definitions in Definition 5.9.

Proposition 5.10. LetG1 D hU1;U5i andG4 D hU0;U4i, and letH1 DG1 \H and
H4 D G4 \H . Then an element ofG4 that stabilizes both hv1i and hu2i is inH4 and
an element of G1 that stabilizes both hu1i and hv1i is in H1.

Proof. Let h be an element of G4 that stabilizes both hv1i and hu2i. The submodule
W WD hu1; v2i is also stabilized by U0 and U4. It follows that h also stabilizes

hu1i D W \ hu2i
? and hv2i D W \ hv1i

?:

Thus, h 2 H4. Every element of G1 stabilizes u2 and v2. Hence, if an element of G1
stabilizes both hu1i and hv1i, then it lies in H1.

Proposition 5.11. U0U4U0H4 D U4U0U4H4 and U1U5U1H1 D U5U1U5H1, where
H1 and H4 are as in Proposition 5.10.

Proof. By Proposition 4.29, � 2 U0U4U0H4 and � 2 U5U1U5H1, and by Proposi-
tion 4.31 (i), H4 is normalized by � and H1 is normalized by � . Thus,

U0U4U0H4 D .U0U4U0H4/
�
D U4U0U4H4;

U5U1U5H1 D .U5U1U5H1/
�
D U1U5U1H1

by (4.26).

Proposition 5.12. Let G1, G4, H1 and H4 be as in Proposition 5.10. Then the fol-
lowing hold:

(i) If K is Dedekind-finite, then the stabilizer of hv1i in G4 is U4H4 and the
stabilizer of hu2i in G4 is U0H4.

(ii) The stabilizer of hu1i inG1 is U1H1 and the stabilizer of hv1i inG1 is U5H1.

Proof. Suppose that K is Dedekind-finite. Let g be an element of G4 that stabi-
lizes hu2i. The groups U0 and U4 stabilize the submodule hv1; u2i. Hence,

v
g
1 D v1s C u2t
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for some s; t 2 K and v1 2 hu
g
2 ; v1s C u2ti. It follows that sr D 1 for some r 2 K.

Thus, rs D 1 since K is Dedekind-finite. Therefore,

v
gx0.�tr/
1 D .v1s C u2t /

x0.�tr/ D .v1 � u2t r/s C u2t D v1s:

Hence, gx0.�t r/ stabilizes both hu2i and hv1i. By Proposition 5.10, it follows that
gx0.�t r/ 2 H4, and hence g 2 H4U0. By Remark 4.27,

H4U0 D U0H4:

Thus, an element ofG4 that stabilizes hu2i lies in U0H4. To see that an element ofG4
that stabilizes hv1i lies in U4H4, it suffices to conjugate by �. Thus, (i) holds.

To prove (ii), we do not need the assumption that K is Dedekind-finite. Let g be
an element ofG1 that stabilizes hu1i. Hence, ug1 D u1e for some e 2K�. The groups
U1 and U5 stabilize the submodule hu1; v1; Li. Hence,

v
g
1 D u1t C v1r C a

for some t; r 2 K and some a 2 L. From F.u
g
1 ; v

g
1 / D F.u1; v1/ D 1, it follows that

r D e�� : (5.13)

Since v1 is isotropic, so is vg1 , and thus

t�r C q.a/ 2 K0: (5.14)

Let
b D �ae� and s D �et� : (5.15)

Then q.b/ � eq.a/e� .modK0/. By (5.13) and (5.14), therefore,

et� C q.b/ D e.t�r C q.a//e� � 0 .modK0/:

Hence, by (5.15), q.b/ � s D q.b/C et� 2 K0. Thus, .b; s/ 2 Tƒ and

.u1t C v1r C a/
x1.b;s/ D u1t C .v1 C u1s C b/r C aC u1f .b; a/

D u1.t C sr C f .b; a//C v1r C br C a:

By (5.13) and (5.15), br C a D 0 and s� D �te� , hence

f .b; a/ D �f .b; br/ D .s� � s/r

by Proposition 4.16, and thus

t C sr C f .b; a/ D t C s�r D t C .�te� /r D 0:
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Thus, h WD gx1.b; s/ stabilizes both hu1i and hv1i. By Proposition 5.10, therefore,
h 2 H1, and hence

g 2 H1U1 D U1H1:

To see that an element of G1 that stabilizes hv1i lies in U5H1, it suffices to conjugate
by � . Thus, (ii) holds.

Proposition 5.16. Let G1, G4, H1 and H4 be as in Proposition 5.10, and let A1, A2,
B1 and B2 be as in Propositions 5.4 and 5.7. Then the following hold:

(i) G4 D U0U4U0H4 if and only if A1 D A2.

(ii) Suppose that K is Dedekind-finite. Then G1 D U5U1U5H1 if and only if
B1 D B2.

Proof. Suppose thatA1DA2 and choose g 2G4. By Proposition 2.3 and Remark 5.6,
K is Dedekind-finite. By Proposition 5.4, therefore, we have

.u2K
�/U4U0 D .v1K

�/U0U4 :

Thus, .u2K�/U4U0 is U0- and U4-invariant, and hence also G4-invariant. Therefore,
the coset gU0U4 contains an element yg stabilizing hu2i. By Proposition 5.12 (i), there-
fore, yg 2 H4U0 and hence

g 2 U0U4U0H4 D H4U0U4U0

(by Remark 4.27). Therefore, G4 D U0U4U0H4.
Suppose, conversely, that G4 D U0U4U0H4, and hence

G4 D H4U4U0U4

by Proposition 5.11. The element � interchanges u2K` and v1K`. It follows by Prop-
osition 4.29 (i) that � 2 G4. Thus, .u2K`/G4 D .v1K`/G4 . Hence,

.u2K`/
G4 D .v1K`/

H4U4U0U4 D .v1K`/
U0U4

and
.v1K`/

G4 D .u2K`/
H4U0U4U0 D .u2K`/

U4U0

are equal. By Proposition 5.4, therefore, A1 D A2. Thus, (i) holds.
We assume nowK is Dedekind-finite. Suppose that B1 D B2 and choose g 2 G1.

By Proposition 5.7, we have

.u1K
�/U5U1 D .v1K

�/U1U5 :
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Thus, .v1K�/U1U5 is U1- and U5-invariant and hence also G1-invariant. Therefore,
the coset gU5U1 contains an element yg stabilizing hv1i. By Proposition 5.12 (ii),
therefore, yg 2 H1U5, and hence g 2 U5U1U5H1. Therefore,

G1 D U5U1U5H1:

Suppose, conversely, that G1 D U5U1U5H1. Thus, G1 D H1U1U5U1 by Propo-
sition 5.11. The element � interchanges u1K� and v1K�. By Proposition 4.29 (i),
� 2 G1. Thus, .u1K�/G1 D .v1K�/G1 . Hence,

.u1K
�/G1 D .u1K

�/H1U1U5U1 D .u1K
�/U5U1

and
.v1K

�/G1 D .v1K
�/H1U5U1U1 D .v1K

�/U1U5

are equal. By Proposition 5.7, therefore, B1 D B2. Thus, (ii) holds.

Remark 5.17. Does perhaps B1 D B2 imply that K is Dedekind-finite?

6. The subgroups P1 and P4

We continue with all the notation and assumptions of the previous sections. In partic-
ular, ƒ D .K;K0; �; L; q; f / is an arbitrary standard pseudo-quadratic module. The
main result of this section is Proposition 6.8.

Notation 6.1. LetZ0D¹"2Z.K/ j " � "� D 1º, let �" denote the map z 7! z" fromM

to itself for each " 2 Z0, and let I D h�" j " 2 Z0i. We observe that I � Z.J / \H ,
where J is as in Notation 4.18.

Proposition 6.2. CH .UŒ2;3�/ D I , where UŒ2;3� is as in Notation 4.33.

Proof. Let h 2 CH .UŒ2;3�/. Since h 2 H , there exist "; "0; ˛; ˛0 2 K� such that

uh1 D u1"; uh2 D u2˛; vh1 D v1"
0; vh2 D v2˛

0:

Since h leaves the skew-symmetric form F invariant, we have

"� � "0 D ˛� � ˛0 D 1:

Since ŒU2; h� fixes u2, we have "s D s˛ for all s 2 K (by Notation 4.21). Hence,
˛ D " 2 Z.K/. By (4.19), there exists an isometry ' of ƒ such that ah D '.a/ for
all a 2 L. By Definition 4.1, 1 2 K0, and hence .0; 1/ 2 Tƒ by Notation 4.10. Since
ŒU3; h� fixes u2, we have

'.a/ D a˛ and t˛ D ˛0t
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for all .a; t/ 2 Tƒ. Since .0; 1/ 2 Tƒ, it follows that ˛ D ˛0, and hence

" D "0:

Since .a; q.a// 2 Tƒ for all a 2 L, we have '.a/D a˛ for all a 2 L. Thus, h 2 I .

Proposition 6.3. The following hold:

(i) H4 D NhU0;U4i.U1/ \NhU0;U4i.U3/.

(ii) H1 D NhU1;U5i.U2/ \NhU1;U5i.U4/.

Proof. Suppose that g is an element of hU0; U4i normalizing both U1 and U3. The
subgroup hU0; U4i stabilizes hu2; v1i. Thus, g stabilizes both

Chu2;v1i.U1/ D hu2i and Chu2;v1i.U3/ D hv1i:

By Proposition 5.10, therefore, g 2 H4. Thus, (i) holds
Suppose now that g is an element of hU1; U5i normalizing both U2 and U4. The

group hU1; U5i stabilizes hu1; v1i. Thus g stabilizes both

Chu1;v1i.U2/ D hu1i and Chu1;v1i.U4/ D hv1i:

By Proposition 5.10, therefore, g 2 H1. Thus, (ii) holds.

Proposition 6.4. The images of ChU0;U4;H i.UŒ1;3�/ and ChU1;U5;H i.UŒ2;4�/ in J=I
are both trivial.

Proof. By Remark 4.27,

hU0; U4;H i D H � hU0; U4i and hU1; U5;H i D H � hU1; U5i:

By Proposition 6.3, therefore,

ChU0;U4;H i.UŒ1;3�/ � CH .UŒ1;3�/ and ChU1;U5;H i.UŒ2;4�/ � CH .UŒ2;4�/:

The claims hold, therefore, by Proposition 6.2.

Proposition 6.5. hU0; U4; H i \ UŒ1;3�, hU1; U5; H i \ UŒ2;4� and H \ UŒ1;4� are all
trivial.

Proof. It suffices to observe that by Notation 4.21 and some calculation, hU0; U4;H i
stabilizes hv1;u2i and hU1;U5;H i stabilizes hu2i, but no non-trivial element of UŒ1;3�
stabilizes hv1; u2i, no non-trivial element of UŒ2;4� stabilizes hu2i and no non-trivial
element of UŒ1;4� stabilizes both these submodules.
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It follows from Remark 4.27 that the groups H1 and H4 both normalize both G1
and G4 (defined in Proposition 5.10). Hence, H1 and H4 normalize each other. Thus,
in particular, H1H4 is a subgroup of H .

Notation 6.6. Let P1 denote the image of UŒ2;4� � hU1; U5;H4i in J=I , let P4 denote
the image of UŒ1;3� � hU0;U4;H1i in J=I , and letB denote the image of UŒ1;4� �H1H4
in J=I . Then B is a subgroup of both P1 and P4. Let yJ denote the free amalgamated
product P1 �B P4.

Remark 6.7. Let N1 denote the subgroup of Aut.UŒ2;4�/ induced by hU1; U5; H4i,
let N4 denote the subgroup of Aut.UŒ1;3�/ induced by hU0; U4; H1i and let A denote
the subgroup of Aut.UŒ1;4�/ induced byH1H4. By Propositions 6.4 and 6.5, P1 is iso-
morphic to the semi-direct product UŒ2;4�N1, P4 to the semi-direct product UŒ1;3�N4
and B to the semi-direct product UŒ1;4�A.

Proposition 6.8. The free amalgamated product yJ defined in Notation 6.6 is uniquely
determined by the commutator relations in (4.22), (4.23), (4.24) and Proposition 4.32,
and the observations in Propositions 6.3, 6.4 and 6.5.

Proof. Let N1, N4 and A be as in Remark 6.7. Let Q1 denote the subgroup of N1
induced by hU1; U5i and let Q4 denote the subgroup of N4 induced by hU0; U4i. The
semi-direct products UŒ2;4�Q1 and UŒ1;3�Q4 are uniquely determined by the commu-
tator relations in (4.22), (4.23) and (4.24), and Proposition 4.32. By Proposition 6.3,
the subgroup ofQ1 induced byH1 is the intersection of the normalizers of U2 and U4
and the subgroup of Q4 induced by H4 is the intersection of the normalizers of U1
and U3. Thus the action of H1 on UŒ1;3� is uniquely determined by UŒ2;4�Q1 and
the action of H4 on UŒ2;4� is uniquely determined by UŒ1;3�Q4. Thus, the semi-direct
products UŒ1;3�N4 and UŒ2;4�N1 are uniquely determined by UŒ2;4�Q1 and UŒ1;3�Q4.
Let yJ0 denote the free amalgamated product

UŒ2;4�N1 �UŒ1;4�A UŒ1;3�N4

formed with respect to the natural inclusions from the semi-direct product UŒ1;4�A
into UŒ2;4�Q1 and into UŒ1;3�Q4. By Remark 6.7, where we applied Propositions 6.4
and 6.5, we conclude that there is an isomorphism from yJ0 to yJ mapping UŒ2;4�N1
to P1, UŒ1;3�N4 to P4 and B to UŒ1;4�A.

We conclude this section with one more observation.

Proposition 6.9. Suppose that ƒ is non-degenerate, i.e. that

¹a 2 L j f .a;L/ D 0 and q.a/ � 0 .modK0/º D 0:

Then CJ .J �/ D I .
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Proof. Let g 2 CJ .J �/. Since g centralizes Ui , it stabilizes the set of elements of M
fixed by Ui for all i , in particular, for all odd i . It follows that for all z 2 Z WD
¹u1; v1; u2; v2º, we have zg 2 hz; L0i, where

L0 D ¹a 2 L j f .a;L/ D 0º:

By hypothesis, the restriction of q to L0 is anisotropic. Thus, for each z 2 Z, if
z1 2 hz; L0i is isotropic, then z1 2 hzi. Hence, g 2 H . By Proposition 6.2, there-
fore, g 2 I .

7. Root graded groups

We continue with all the notation and assumptions in the previous sections. In partic-
ular, J � is as in Notation 4.30 and H1 and H4 are as in Proposition 5.10.

Notation 7.1. Let � D e�
p
�1=4, let ˛i D �i for all i 2 Z, and let ˆ4 D ¹˛i j i 2 Zº.

We view ˆ4 as a set of eight unit vectors in the real plane.

In Proposition 7.2, we refer to ˆ4-gradings of a group and the torus of a ˆ4-
grading. These notions are defined in [9, Def. 2.3].

Proposition 7.2. Let ¹Ui j i2Zº be as in Notation 4.25 and letM˛i for all ˛i 2ˆn be
as in [9, Def. 2.3 (iii)]. The map ˛i 7!Ui is a ˆ4-grading of J � with torus H1H4,
M˛1 D ¹�º and M˛4 D ¹�º. It is stable as defined in [9, (2.4)] if and only if ƒ is
strongly stable as defined in Definition 5.9.

Proof. By Remark 4.27, the condition in [9, Def. 2.3 (i)] holds. By (4.22) and Propo-
sition 4.32, [9, Def. 2.3 (ii)] holds for the subgroups Ui with subscripts i in the
interval Œ1; 4�.

If i 2 Z is arbitrary, then by (4.26), there exists ! 2 h�; �i such that either

U !k D Uk�iC1 � UŒ1;4�

for all k 2 Œi; i C 3�, or
U !k D U4�kCi � UŒ1;4�

for all k 2 Œi; i C 3�, where UŒ1;4� is as in Notation 4.33. Thus, [9, Def. 2.3 (ii)] holds.
By (4.26), every Ui is conjugate either to U1 or U4 under the action of h�; �i

in case (iii). It follows from Propositions 4.29 (i) and 4.31 that the condition in [9,
Def. 2.3 (iii)] holds. By Proposition 4.34, the condition in [9, Def. 2.3 (iv)] holds. In
light of Remark 5.6 and Definition 5.9, it remains only to apply Proposition 5.16.
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8. Pseudo-quadratic Tits quadrangles

The main result of this section is Theorem 8.1. We continue with all the notation and
assumptions in the previous sections. In particular,ƒD .K;K0; �;L; q; f / continues
to denote an arbitrary standard pseudo-quadratic module as defined in Notation 4.8
and Tƒ is the group defined in Notation 4.10.

Theorem 8.1. Let ƒ be a standard pseudo-quadratic module as defined in Nota-
tion 4.8. Then there exists a unitary pseudo-quadratic Tits quadrangle of type ƒ as
defined in Definition 4.11 if and only ifƒ is strongly stable as defined in Definition 5.9.

Proof. Suppose that ƒ is strongly stable and let ˛i for each i be as in Notation 7.1.
By Proposition 7.2, ˛i 7! Ui is a stable ˆ4-grading of J � with torus H1H4. Let

X D
�
�;A; ¹�ºv2V

�
be the Tits quadrangle obtained by applying [9, Thm. 5.3] to this ˆ4-grading with
m4 D � and m1 D � in [9, Con. 5.2 (b)] and let .
; i 7! wi / be the coordinate system
ofX defined in [9, Not. 5.7]. Then J � acts onX andH1H4 is the pointwise stabilizer
of 
 in J �. By the intermediate steps [9, Props. 5.17 and 5.18] in the proof of [9,
Thm. 5.3], we can identify Ui with the root group of X associated with the root
.wi ; wiC1; : : : ; wiCn/ for each i . By (4.22), it follows that isomorphisms x1; : : : ; x4
can be chosen so that (4.12) holds. Thus, X is pseudo-quadratic of type ƒ. By (4.26),
Proposition 4.29 (i) and [9, Prop. 4.15], x1.0;1/ 2U

]
1 and x4.1/ 2U

]
4 , soX is, in fact,

unitary as defined in Definition 4.11.
Suppose, conversely, that there exists a unitary pseudo-quadratic Tits quadrangle

X D .�;A; ¹�ºv2V / of type ƒ. Our goal is to show that ƒ is strongly stable. Let
.
; i 7!wi /, i 7!Ui and x1;x2;x3;x4 be as in Definition 4.11, letGDAut.X/, letG�

denote the subgroup of G generated by all the root groups, let H be the pointwise
stabilizer of 
 in G, and let H � D H \ G�. By [9, Prop. 4.8], H normalizes Ui for
all i . By Proposition 3.5, we have

H1 D NhU1;U5i.U2/\NhU1;U5i.U4/; H4 D NhU0;U4i.U1/\NhU0;U4i.U3/; (8.2)

where H1 D hU1; U5i \H and H4 D hU0; U4i \H . Since X is unitary, we can set

� D �
 .x4.1// and � D �
 .x1.0; 1//;

where �
 is as in [9, Prop. 4.11]. Thus, U �4 D U0 and U �1 D U5. We set

x0.s/ D x4.s/
� and x5.a; t/ D x1.a; t/

� (8.3)

for all s 2 K and all .a; t/ 2 Tƒ.
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Let S denote the subset of G� containing all the elements in U0; U1; : : : ; U5 and
let R denote the set of relations in (4.12) together with

Œx0.r/; x2.z/
�1� D x1.0; zr C r

�z� /;

Œx0.r/; x3.a; t/
�1� D x1.ar; r

� t r/x2.r
� t /;

(8.4)

and
Œx3.b; s/; x5.a; t/

�1� D x4.f .a; b//;

Œx2.r/; x5.a; t/
�1� D x3.�ar; r

� t r/x4.t
�r/

(8.5)

for all .a; t/; .b; s/ 2 Tƒ and all r; z 2 K (exactly as in (4.23) and (4.24)) as well as
ŒUi ; UiC1� D 1 for i 2 Œ1; 4�.

We now consider the following assertion:

The relations in R hold in G�. (8.6)

We will show that if (8.6) holds, then ƒ is strongly stable and then that (8.6) must, in
fact, hold.

Suppose that (8.6) holds. By [11, Prop. 1.5.16],

ChU0;U4;H i.UŒ1;3�/ D 1 and ChU1;U5;H i.UŒ2;4�/ D 1; (8.7)

where UŒ2;4� and UŒ1;3� are as in [9, Prop. 4.9 and Cor. 4.10]. By [11, Thm. 1.5.19],

G� \H D H1H4:

By [11, Prop. 1.5.18], the stabilizer of w4 in G� is P4 WD hU0; U4; H1i � UŒ1;3�, the
stabilizer of w5 is P1 D hU1; U5;H4i � UŒ2;4� and

B WD P1 \ P2 D UŒ1;4�H1H4:

The vertices w8 and w4 are opposite as defined in [11, Not. 1.3.16] as are the vertices
w1 and w5 and the edges ¹w4; w5º and ¹w1; w8º. Furthermore, hU0; U4; H i stabi-
lizes w8, hU1; U5; H i stabilizes w1 and H stabilizes ¹w4; w5º. It follows from [11,
Prop. 1.3.38] and [11, Thm. 1.3.36 (i) and Prop. 1.3.37], therefore, that

hU0; U4;H i \ UŒ1;3� D 1; hU1; U5;H i \ UŒ2;4� D 1; H \ UŒ1;4� D 1: (8.8)

We conclude by Proposition 6.8, (8.2), (8.6), (8.7) and (8.8) that the map from S

to J � sending each element to the element of J � having the same name extends to
an isomorphism � from P1 �B P4 to the free amalgamated product yJ defined in
Notation 6.6.

By [11, Prop. 1.4.17], .��/2 D .��/2 in G� and by [11, Thm. 1.5.19], G� is
isomorphic to the quotient of P1 �B P4 by the normal subgroup generated by this
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relation. By Proposition 4.29 (ii), it follows that � induces a surjective homomorphism
from G� to the image of J � in J=I , where I is as in Notation 6.1. By [9, Props. 4.8
and 4.13], we have

hU0; U4i D U0U4U0H4 and hU1; U5i D U5U1U5H1

in G�. For each g 2 hU0; U4i in J �, therefore, there exists g1 2 U0U4U0 such that
gg�11 2 H4I � H , and hence

gg�11 2 hU0; U4i \H D H4:

Hence, hU0; U4i D U0U4U0H4 holds in J �. Similarly, hU1; U5i D U5U1U5H1 holds
in J �. By Propositions 2.3 and 5.16, we conclude that ƒ is strongly stable.

It thus suffices to show that (8.6) does, in fact, hold. We have ŒUi ; UiC1� D 1 for
all i by [9, Prop. 4.9]. The relations (4.12) hold by hypothesis. In particular,

Œx1.0; "/; x4."s/
�1�2 D x2.s/ and Œx1.a; t/; x4."/

�1�3 D x3.a"; t/ (8.9)

for all .a; t/ 2 Tƒ, all s 2 K and " D 1 and �1. By [11, Prop. 1.4.13 (i)], we have

��1 D �
 .x4.�1// and ��1 D �
 .x1.0;�1//:

By [11, Prop. 1.4.16] applied to the equations in (8.9), therefore, we obtain

x4.s/
�
D x2.s/ and x3.a; t/

�
D x1.a; t/ (8.10)

if " D 1, and

x4.�s/
��1
D x2.s/ and x3.�a; t/

��1
D x1.a; t/

for all .a; t/ 2 Tƒ and all s 2 K if " D �1. Hence,

x1.a; t/
�
D x3.�a; t/ and x2.s/

�
D x4.�s/ (8.11)

for all .a; t/ 2 Tƒ and all s 2 K.
We claim now that

Œ�; U3� D 1: (8.12)

By [9, Prop. 4.11],
U �3 D U3 (8.13)

and � D a5x1.0; 1/b5 for some a5; b5 2 U5. Choose a3 2 U3. By [9, Prop. 4.9],
a
a5
3 D a3a4 for some a4 2 U4. By [11, Prop. 1.4.16 (i)],

Œx1.0; 1/; a4�2 ¤ 1
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if a4 ¤ 1. By (4.12), therefore,

.a3a4/
x1.0;1/ D a3a

x1.0;1/
4 D a2b3a4

for some a2 2 U2, which is non-trivial if a4 ¤ 1, and some b3 2 U3, which equals a3
if a4 D 1. Hence, a�3 D .a2b3a4/

b5 2 a2UŒ3;4�. By (8.13) and [11, Thm. 1.3.36 (iii)],
it follows that a2 D 1. Thus, a4 D 1, and hence b3 D a3. Therefore, Œ�; a3� D 1, and
thus (8.12) holds as claimed.

By [9, Prop. 4.11],
U
�
2 D U2: (8.14)

We have ��1 D a0x4.�1/b0 for some a0; b0 2 U0. Choose s 2 K. By [9, Prop. 4.9],
x2.s/

a0 D a1x2.s/ for some a1 2 U1. By (4.22), we have

.a1x2.s//
x4.�1/ D a1 � Œa1; x4.1/

�1� � x2.s/x3.0; s C s
� /: (8.15)

By (8.14), .a1x2.s//x4.�1/b0 2 U2. By [9, Prop. 4.9], it follows that

Œa1; x4.1/
�1�3 � x3.0; s C s

� / D 1:

Hence,
a1 D x3.0;�s � s

� /� D x1.0;�s � s
� /

by (8.10) and [11, Prop. 1.4.16 (i)]. Therefore,

Œa1; x4.1/
�1�2 D x2.�s � s

� /

by (4.22). Hence, by (8.15),

x2.s/
��1
D x2.s/

a0x4.�1/b0 D .a1x2.�s
� //b0 :

By [9, Prop. 4.9], we have .a1x2.�s� //b0 2 U1x2.�s� /, and by (8.14), we have
.a1x2.�s

� //b0 2 U2. Thus by [11, Thm. 1.3.36 (iii)], x2.s/�
�1
D x2.�s

� /. Substi-
tuting �s� for s, we conclude that

x2.s/
�
D x2.�s

� / (8.16)

for all s 2 K.
By Proposition 4.16, xi .a; t/�1D xi .�a;�t� / for all .a; t/2 Tƒ. By (8.3), (8.10),

(8.11), (8.12) and (8.16), therefore, conjugation of the relations in (4.12) by � yields
the relations in (8.4) and conjugation of the relations in (4.12) by � yields the relations
in (8.5). Thus (8.6) holds. This completes the proof of Theorem 8.1.

Remark 8.17. We do not know whether or not non-unitary pseudo-quadratic Tits
quadrangles exist.
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9. Hyperbolic pairs

We continue one last time with all the notation and assumptions in the previous sec-
tions. In particular, ƒ D .K;K0; �; L; q; f / is the standard pseudo-quadratic module
we introduced in Hypothesis 4.15. In the main result of this section (Theorem 9.27),
we show that under a suitable condition, the Tits quadrangle X in Notation 9.1 below
has a representation in the “projective space” associated with the module ƒ1 defined
in Notation 4.17, and we draw some consequences about the structure of J and Witt
cancellation from this result in Propositions 9.29 and 9.31.

Notation 9.1. Let X be the Tits quadrangle with coordinate system .
; i 7! wi /,
root group labeling i 7! Ui and torus H1H4 constructed by applying [9, Thm. 5.3]
to J � and the ˆ4-grading ˛i 7! Ui of J � be as in the first paragraph of the proof of
Theorem 8.1.

Notation 9.2. Let M and F be as in Notation 4.17 and let x and y be cyclic sub-
modules of M . We will say that .x; y/ is an hyperbolic pair if x and y are isotropic
and 1 2 F.x; y/.

Remark 9.3. Let .x; y/ be an hyperbolic pair. Then hx; yi is a free module and
M D hx; yi ˚ hx; yi?.

Definition 9.4. Let � be as in Proposition 5.7. We will say that ƒ is securely stable
if the following two conditions hold:

(i) For all .˛; ˇ; d/; .t;�s; b/ 2 � such that s�˛ C t�ˇ C f .b; d/ D 1, there
exists .r; 1; a/ 2 � such that ˛ � r�ˇ C f .a; d/ 2 K`.

(ii) K has stable range 1.

Proposition 9.5. Suppose that ƒ satisfies Definition 9.4 (i) and let B1 and B2 be as
in Proposition 5.7. Then B1 D B2.

Proof. Let .˛; ˇ; d/ 2 B1. Then there exists .b; s/ 2 Tƒ such that

r WD s�˛ C ˇ C f .b; d/ 2 K`:

Let p be a left-inverse of r . Then .p� ;�sp� ; bp� / 2 � and

ps�˛ C pˇ C f .bp� ; d / D pr D 1:

By Definition 9.4 (i), therefore, there exists .t; 1; a/ 2 � such that

˛ � t�ˇ C f .a; d/ 2 K`:

We have .a; t/ 2 Tƒ, and therefore .˛; ˇ; d/ 2 B2. Hence, B1 � B2.
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Suppose now that .˛; ˇ; d/ 2 B2. Then there exists .a; t/ 2 Tƒ such that

r WD ˛ � t�ˇ C f .a; d/ 2 K`:

Again let p be a left-inverse of r . Then .�p� ; tp� ; ap� / 2 � and

p˛ � pt�ˇ C f .ap� ; d / D pr D 1:

Applying Definition 9.4 (i) with .ˇ;�˛; d/ in place of .˛; ˇ; d/ and .p� ;�tp� ; ap� /
in place of .t; s; b/, it follows that there exists an element .s; 1; b/ 2 � such that

ˇ C s�˛ C f .b; d/ 2 K`:

We have .b; s/ 2 Tƒ, and therefore .˛; ˇ; d/ 2 B1. Hence, B2 � B1.

Remark 9.6. The result in Proposition 9.5 implies that if ƒ is securely stable, then it
is strongly stable as defined in Definition 5.9. We do not know if the converse holds,
but we prove a partial converse in Proposition 9.10 below.

Notation 9.7. Let Mi D hui ; vi ; Li for i D 1; 2, where ui and vi are as in Nota-
tion 4.18.

Remark 9.8. The next result is reminiscent of [5, Thm. 9.1.3]; see also [6, Chap. VI,
(4.1.7)]. Note that the group G1 defined in Proposition 5.10 is the same as the group
EUu;w.M/ defined on [5, p. 510] with u1, v1 andM1 in place of u,w andM . (See [5,
p. 214] for the definition of an Eichler transformation.)

Proposition 9.9. Suppose that K is Dedekind-finite and that ƒ satisfies condition (i)
of Definition 9.4. Let M1 be as in Notation 9.7. Then the group G1 defined in Propo-
sition 5.10 acts transitively on the set of hyperbolic pairs in M1 as defined in Nota-
tions 9.2 and 9.7.

Proof. Let � and B2 be as in Proposition 5.7 and let .x; y/ be an hyperbolic pair.
We claim first that y 2 hu1iG1 . By condition (i) of Definition 9.4, there exist isotropic
elements z D u1t � v1s C b 2 x and w D u1˛ C v1ˇ C d 2 y such that

F.z;w/ D s�˛ C t�ˇ C f .b; d/ D 1:

Since y and z are isotropic, both .˛; ˇ; d/ and .t;�s; b/ lie in �. By condition (i) of
Definition 9.4, there exists .r; 1; a/ 2 � such that ˛ � r�ˇ C f .a; d/ 2 K�. Since
.r; 1; a/ 2 �, we have .a; r/ 2 Tƒ. Thus, .˛; ˇ; d/ 2 B2. By Proposition 5.7 (ii),
therefore, y 2 hu1ig for some g 2 hU1; U5i, as claimed.
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We can thus assume that y D hu1i. By Notation 9.2, there exist t 2 K and z 2 x
such that F.z; u1t / D 1. Thus, F.z; u1/t D 1, so t 2 K` D K� and F.z; u1/ D t�1.
Hence, F.zt� ; u1/ D 1. We can assume, therefore, that F.z; u1/ D 1. Therefore,

z D u1s C v1 C b

for some s 2 K and some b 2 L. Since z is isotropic, we have .b; s/ 2 Tƒ, and thus

v
x1.b;s/
1 D z:

By Proposition 4.29 (i), we conclude that

.x; y/ D
�
hv1i; hu1i

�x1.b;s/
D
�
hu1i; hv1i

��x1.b;s/
2
�
hu1i; hv1i

�G1 :
Proposition 9.10. Let M1 be as in Notation 9.7. Suppose that ƒ is weakly stable as
defined in Definition 5.9 and that G1 acts transitively on the set of hyperbolic pairs
in M1. Then ƒ satisfies Definition 9.4 (i).

Proof. Since ƒ is weakly stable, we have B1 D B2 and K is Dedekind-finite. By
Remark 4.27 and Propositions 5.11 and 5.16 (ii),

G1 D U5U1U4H1 D H1U1U5U1;

and hence
hu1K

�/G1 D hu1K
�/U5U1 :

By Proposition 5.7 (ii), it follows that

.u1K
�/G1 D hu1˛ C v1ˇ C d j .˛; ˇ; d/ 2 B2º: (9.11)

Now suppose that s�˛ C t�ˇ C f .a; d/ D 1 for .˛; ˇ; d/ and .t;�s; b/ 2 �. Let

y1 D u1˛ C v1ˇ C d; x1 D u1t � v1s C b;

y D hy1i and x D hx1i:

Then .x; y/ is a hyperbolic pair. Thus, by hypothesis, .x; y/ 2 .hv1i; hu1i/G1 . Hence,

.x1; y1/
g
D .v1r; u1z/

for some g 2 G1 and some r; z 2 K such that F.u1r; v1z/ D 1. Thus, z 2 K�, and
so y1 2 .u1K�/G1 . By (9.11), we conclude that .˛; ˇ; d/ 2 B2. Hence, there exists
.a; r/ 2 Tƒ such that ˛ � r�ˇ C f .a; d/ 2 K�. Thus, Definition 9.4 (i) holds.

Definition 9.12. We call a cyclic submodule hyperbolic if it is the first coordinate of
an hyperbolic pair.
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Proposition 9.13. Let J and H be as in Notation 4.18, let Y1 D UŒ2;4� � hU1; U5;H i
and let Y4 D UŒ1;3� � hU0; U4;H i. Then the following hold:

(i) If K has stable range 1, then G4 acts transitively on the set of all hyperbolic
cyclic submodules of M contained in hu1; v2i.

(ii) If K has stable range 1, then the stabilizer of hu1; v2i in J is Y4.

(iii) If K is Dedekind-finite and ƒ satisfies Definition 9.4 (i), then the stabilizer
of hv2i in J is Y1.

Proof. Suppose that K has stable range 1 and let N D hu1; v2i. We identify N with
K ˚K via the map u1s C v2t 7! .s; t/. Choose a D u1˛ C v2ˇ for some ˛; ˇ 2 K
and suppose that F.a; b/ D 1 for some b 2 M , so that .hai; hbi/ is an hyperbolic
pair. Then a is a unimodular element of N D K ˚K as defined in [17, (1.1)] (where
“stable range 1” is called “2-stable”). By [17, (1.4)], the group G4 acts transitively on
the set of unimodular elements of N . Thus, (i) holds.

Choose g 2 J stabilizing N . We want to show that g 2 Y4. By (i), we can assume
that ug1 2 u1K

�. Let c D vg2 . Then c D u1sC v2t for some s; t 2K andN D hu1; ci.
Since v2 2 hu1; ci, we have t 2K�. Hence, x0.�.st�1/� / fixes u1 and maps c to v2t
(by Notation 4.21). We can thus assume that vg2 2v2K

�. It follows from

F.u1; u2/ D 0 and F.u2; v2/ D 1

that
u
g
2 D u1r C u2s C v2t C b

for some r; t 2 K, s 2 K� and b 2 L, and s� t C q.b/ 2 K0 since u2 is isotropic.
Thus, q.bs�1/C ts�1 2 K0, so .bs�1; s�� t� / 2 Tƒ. Applying Proposition 4.16 (and
Notation 4.21), we obtain

u
gx3.bs

�1;s�� t� /
2 D u1r C .u2 � v2s

�� t� � bs�1/s C v2t C b C v2f .bs
�1; b/

D u1r C u2s C v2
�
�s�� t�s C t C f .bs�1; bs�1/s

�
D u1r C u2s C v2

�
�s�� t�s C t C .s�� t� � ts�1/s

�
D u1r C u2s:

We can thus assume that g stabilizes hu1; u2i. Thus, ug2 D u1s C u2t for some
s; t 2 K and since u2 2 hu

g
1 ; u

g
2 i, we have t 2 K�. Replacing g by a suitable ele-

ment of gU2, we can thus assume that ug2 2 u2K
�. Since

F.u1; v1/ D 1 and F.v1; u2/ D F.v1; v2/ D 0;

we have
v
g
1 D v1p C u1mC c

for some p 2K�,m 2K, c 2L, and since v1 is isotropic, we havem�pC q.c/ 2K0.
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Therefore, q.cp�1/ �mp�1 2 K0, so .cp�1; mp�1/ 2 Tƒ and

.v1p/
x1.cp

�1;mp�1/
D v

g
1 :

We can thus assume that g stabilizes hu1i, hv1i, hu2i, and hv1i. Hence, g 2 H � Y4.
Thus, (ii) holds.

Suppose now that K is Dedekind-finite (but not that K has stable range 1) and
thatƒ satisfies Definition 9.4 (i). Choose g2J such that vg2 Dv2p

� for some p2K�.
We want to show that g is in Y1. Since F.u2; v2/ D 1, it follows that

u
g
2 D u2p

�1
C v2r C u1s C v1t � a

for some r; s; t 2 K and some a 2 K. We have

u
gx2.sp/x4.tp/
2 D u2p

�1
C v2r

0
� a

with r 0 D r C p�s� t . Since u2 is isotropic, we have p��r 0 C q.a/ 2 K0. Thus,
r 0p C q.ap/ 2 K0. Hence, .ap;�r 0p/ 2 Tƒ and

.u2p
�1/x3.ap;�r

0p/
D u2p

�1
C v2r

0
� a:

We can assume, therefore, that ug2Du2p
�1. Thus, g stabilizes hu2i and hv2i. By Prop-

osition 9.9, we can assume that g stabilizes hu1i and hv1i as well. Hence, g2H �Y1.
Thus, (iii) holds.

Notation 9.14. Let

yw1 D hu2i; yw2 D hu1; u2i; yw3 D hu1i;

yw4 D hu1; v2i; yw5 D hv2i; yw6 D hv1; v2i;

yw7 D hv1i; yw8 D hu2; v1i; ywi D ywj

for all i 2 ZnŒ1; 8�, where j is the residue of i modulo 8.

Notation 9.15. Let J be as in Notation 4.18, let ‡1 be the orbit hv2iJ , let ‡4 be
the orbit hu1; v2iJ , let E D .hv2i; hu1; v2i/

J (so E � ‡1 � ‡4), and let � denote
the bipartite graph whose vertex set is the disjoint union V WD ‡1 [ ‡4 and whose
edge set is E. If x 2 ‡1 and y; z 2 �x , we set y �x z whenever hy; zi contains an
hyperbolic pair. If x 2 ‡4 and y; z 2 �x , we set y �x z whenever x D y ˚ z. The
submodules ywi defined in Notation 9.14 are contained in V for all i . Let y
 denote the
subgraph of � with vertex set ¹ ywi j i 2 Zº and edge set ¹¹ ywi ; ywiC1º j i 2 Zº. Let A
denote the orbit y
J , and let yX denote the 3-tuple .�;A; ¹�vºv2V /.
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Proposition 9.16. Suppose thatƒ is securely stable as in Definition 9.4, let yX and ywi
for i 2 Z be as in Notation 9.15, and let X and wi for i 2 Z be as in Notation 9.1.
Then yX is a Tits quadrangle and there is an isomorphism from yX to X mapping ywi
to wi for all i .

Proof. It follows from Remark 4.27, and the description of X and the coordinate
system .
; wi / in [9, Con. 5.2] that there is a natural action of H on X with respect
to which an arbitrary h 2 H maps the vertex Pig of X for i D 1; 4 for all g 2 J � to
.Pig/

h D Pig
h. By [9, Not. 5.7], we have

wnC1C2i D P1.��/
i and wnC2i D Pn.��/

i

for all i . By Notation 4.20, both �h��1 and �h��1 are contained in H for all h 2 H
and by Proposition 4.29 (i), � 2 G4 and � 2 G1. By Remark 4.27, H normalizes
both G1 and G4. Hence, �h��1 2 H4 and �h��1 2 H1 for all h 2 H . By Proposi-
tion 4.31 (i), therefore, H fixes wi for all i . By Notation 9.1 and Remark 9.6, H1H4
is the pointwise stabilizer of 
 in J �. Therefore,

H \ J � D H1H4:

Hence, Y1 \ J � D hU1;U5;H4i and Y4 \ J � D hU0;U5;H1i, where Y1 and Y4 are as
in Proposition 9.13. By Notation 6.6, we conclude that the image of Yi \ J � in J=I
is Pi for i D 1; 4.

Let ‡1, ‡4, V , E and A be as in Notation 9.15. By Proposition 9.13 (ii)–(iii) and
the conclusion of the previous paragraph, there are bijections '4 from ‡4 to the set of
right cosets of P4 in J and '1 from ‡1 to the set of right cosets of P1 in J such that

'4
�
hu1; v2i

g
�
D P4g and '1

�
hv2i

g
�
D P1g

for all g 2 J . Let ' denote the bijection from V to the vertex set of X that restricts
to 'i on ‡i for i D 1; 4. Then ' maps E to the edge set of X and, in particular,

'.wi / D ywi

for all i . Since � interchanges hv2iwith hu1i and � interchanges hu1;v2iwith hv1;v2i,
it follows that ' carries ¹�vºv2V to the set of local opposition relations of X and
by [9, Con. 5.2 (b)], '.A/ is the set of apartments of X . Thus, ' is a bijection from yX
to X . Since X is a Tits quadrangle, so is yX .

Notation 9.17. Let M0 D K ˚K ˚ L, let

Q0.˛; ˇ;w/ D ˛
�ˇ C q.w/
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for all .˛; ˇ;w/ 2M0, and let

F0
�
.˛; ˇ;w/; .˛0; ˇ0; w0/

�
D ˛�ˇ0 � ˇ�˛0 C f .w;w0/

for all .˛;ˇ;w/; .˛0; ˇ0;w0/ 2M0. Then .K;K0; �;M0;Q0;F0/ is a standard pseudo-
quadratic module which we denote by ƒ0. We think of ƒ as a submodule of ƒ0 via
the embedding a 7! .0; 0; a/ from L to M0.

Notation 9.18. The construction in Notation 9.17 can be applied to any standard
pseudo-quadratic module over .K;K0; �/. If we apply it to a standard pseudo-quadra-
tic module�, we denote the standard pseudo-quadratic module we construct byE.�/.
Thus, ƒ0 in Notation 9.17 is E.ƒ/ and the standard pseudo-quadratic module ƒ1
constructed in Notation 4.17 is

E2.ƒ/ WD E.E.ƒ// D E.ƒ0/:

Let ƒ2 D E3.ƒ/. Thus, ƒ2 D E2.ƒ0/ D E.ƒ1/. Let J2 denote the group of all
isometries of ƒ2. Note that J can be thought of as the subgroup of J2 acting trivially
on the submodule E.ƒ0/?.

Notation 9.19. Let ƒ0 be as in Notation 9.17. By Notation 4.10,

Tƒ0 D
®
.A; T / 2M0 �K j Q0.A/ � T 2 K0

¯
D
®�
.y; z; a/; y�z C t

�
j .a; t/ 2 Tƒ; y; z 2 K

¯
and multiplication in Tƒ0 is given by�
.y; z; a/; y�z C t

�
�
�
.zy; zz; b/; zy�zz C s

�
D
�
.y C zy; z C zz; aC b/; y�z C zy�zz C F0

�
.zy; zz; b/; .y; z; a/

�
C t C s

�
D
�
.y C zy; z C zz; aC b/; .y C zy/� .z C zz/C f .b; a/C t C s � zz�y � y�zz

�
for all .a; t/; .b; s/ 2 Tƒ and all y; z; zy; zz 2 K.

Notation 9.20. Let ƒ0 be as in Notation 9.17 and let

zx1
�
.y; z; a/; y�z C t

�
D x0.y/x1.a; t C y

�z C z�y/x2.z
� /

for all .a; t/ 2 Tƒ and y;z 2K. By Notations 4.10 and 9.19, (4.23), and some calcula-
tion, zx1 is an homomorphism from Tƒ0 to J �. It is injective and for given .a; t/; y; z,
the element zx1..y; z; a/; y�z C t / fixes u1, maps v1 to

v1 C u1.y
�z C t /C u2y C v2z C a

and maps an arbitrary element u2mC v2nC b of M2 to

u2mC v2nC b C u1
�
y�n � z�mC f .a; b/

�
:
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This last expression is equal to

u2mC v2nC b C u1F0.u2y C v2z C a; u2mC v2nC b/:

Now let M2 be as in Notation 9.7. We identify M0 with M2 via the map

.y; z; a/ 7! u2y C v2z C a:

Then for each .A;T / 2 Tƒ0 , the element zx1.A;T / fixes u1, maps v1 to v1C u1T CA
and maps an arbitrary element B 2M2 to B C u1F0.A;B/.

Notation 9.21. Let ƒ0 and zx1 be as in Notation 9.20. Note that � stabilizes M2,
which we have identified with M0. Let zx5.A; T / D zx1.A; T /� for all .A; T / 2 Tƒ0 .
Then for each .A;T / 2 Tƒ0 , the element zx5.A;T / fixes v1, maps u1 to u1 � v1T CA
and maps an arbitrary element B 2M2 to B � v1F0.A;B/.

Notation 9.22. Let zUi D zxi .Tƒ0/ for i D 1; 5, and let zG1 WD h zU1; zU5i. By Nota-
tions 9.20 and 9.21, we have zU1DUŒ0;2� and zU5DUŒ4;6�. In particular, we have
zG1 � J

�.

Proposition 9.23. Let zG1 be as in Notation 9.22, let ƒ0 be as in Notation 9.17 and
suppose that ƒ0 is securely stable as defined in Definition 9.4. Then zG1 acts transi-
tively on the set of all hyperbolic pairs in M .

Proof. It suffices to observe that by the formulas for the action of the elements of zU1
and zU5 in Notations 9.20 and 9.21, we can apply Proposition 9.9 with ƒ0 in place
ofƒ,M D K ˚K ˚M2 in place ofM1 D K ˚K ˚L and zG1 D h zU1; zU5i in place
of G1 D hU1; U5i.

Notation 9.24. Two hyperbolic pairs .x; y/ and .x0; y0/ are orthogonal if hx; yi �
hx0; y0i?. A submodule N of M is special if there exist orthogonal hyperbolic pairs
.x; y/ and .x0; y0/ such that N D hx; x0i. Note that a special submodule is free.

Definition 9.25. Letƒ0 DE.ƒ/,ƒ1,ƒ2 and the operatorE be as in Notations 4.17,
9.17 and 9.18, let ƒ�1 D ƒ and let ƒn D E.ƒn�1/ for all n � 3. We will say that ƒ
is n-securely stable for some n � 0 if ƒm�1 is securely stable for all m in the inter-
val Œ0; n�. Thus, ƒ is 0-securely stable if and only if it is securely stable, and ƒ is
1-securely stable if and only if both ƒ and ƒ0 are securely stable.

Proposition 9.26. Suppose that ƒ is 1-securely stable as defined in Definition 9.25.
Then J � acts transitively on the set of all hyperbolic cyclic submodules of M , on the
set of all special submodules and on the set of pairs .x; N / such that N is a special
submodule, x an hyperbolic cyclic submodule and x � N .
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Proof. By Propositions 9.9 and 9.23, J � acts transitively on ordered pairs of orthogo-
nal hyperbolic pairs. Thus, the first two claims hold. The third claim follows from the
second by Proposition 9.13 (i).

Theorem 9.27. Let‡1 denote the set of all hyperbolic cyclic submodules ofM , let‡4
denote the set of all special submodules of M , let E denote the set of pairs .A; B/ 2
‡1 � ‡4 such that A � B , and let � denote the bipartite graph whose vertex set is
the disjoint union V WD ‡1 [ ‡4 and whose edge set is E. If x 2 ‡1 and y; z 2 �x ,
we set y �x z whenever hy; zi contains an hyperbolic pair. If x 2 ‡4 and y; z 2 �x ,
we set y �x z whenever x D y ˚ z. Let A denote the set of all 8-circuits 
 in �
such that y �x z for all 2-paths .y; x; z/ contained in 
 and let yX denote the 3-tuple
.�;A; ¹�vºv2V /.

Suppose that ƒ is 1-securely stable as defined in Definition 9.25. Then ƒ is
strongly stable and yX is a Tits quadrangle of type ƒ isomorphic to the Tits quad-
rangle X constructed from J � in Notation 9.1.

Proof. By Remark 9.6 and Definition 9.25, ƒ is strongly stable. The claims hold,
therefore, by Propositions 9.16 and 9.26.

Remark 9.28. Let yX D .�;A; ¹�vºv2V / be as in Notation 9.15, let J1 denote the
kernel of the action of J on yX , and let I be as in Notation 6.1. Then I � J1 � H
and Ui \ J1 � Ui \H D 1, so Ui acts faithfully on the vertex set of � for all i . By
Remark 4.27, therefore, J1 centralizes Ui for all i . Hence, J1 D I by Proposition 6.2.

The following result should be compared with [5, Thm. 9.1.1] and [6, Chap. VI,
(4.6) and (4.7.1)].

Proposition 9.29. Suppose that ƒ is 1-securely stable as defined in Definition 9.25.
Let J , H and J � be as in Notations 4.18 and 4.30. Then the following hold:

(i) J D J �H .

(ii) J � is a normal subgroup of J .

Proof. Let yX and y
 be as in Notation 9.15. By Proposition 9.16, yX is a Tits quadrangle
and ¹Ui j i 2 Zº is the set of root groups of yX associated with all the roots contained
in y
 . The kernel of the action of J on yX lies in H (as was observed in Remark 9.28).
By [9, Prop. 4.8], therefore, (i) holds. Since H normalizes J � (by Remark 4.27), it
follows that (ii) holds.

Definition 9.30. A hyperbolic plane is a submodule generated by the two cyclic sub-
modules making up a hyperbolic pair.

The following observation should be compared with [8, Cor. 8.3].
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Proposition 9.31. Letƒ,ƒ0,ƒ00 be three pseudo-quadratic modules over .K;K0; �/.
Suppose that ƒ is n-securely stable for some n � 1 as defined in Definition 9.25,
that ƒ00 is the orthogonal sum of n hyperbolic planes and that ƒ ? ƒ00 is isometric
to ƒ0 ? ƒ00. Then ƒ is isometric to ƒ0.

Proof. We haveƒ ? ƒ00 D E.En�1.ƒ// and En�1.ƒ/ is securely stable. By Propo-
sition 9.9, therefore, the isometry group of ƒ ? ƒ00 acts transitively on the set of
hyperbolic pairs inƒ?ƒ00. It follows by induction that the isometry group ofƒ?ƒ00

acts transitively on the set of submodules isometric toƒ00. Thus, there exists an isom-
etry from ƒ ? ƒ00 to ƒ0 ? ƒ00 that restricts to an isometry from ƒ to ƒ0.

Notation 9.32. By Notation 9.18, we can think of the underlying module of ƒ2 as

K ˚K ˚M;

where M , as usual, is as in Notation 4.17. Let u0 D .1; 0; 0/ and v0 D .0; 1; 0/ in
this underlying module, let J2 be as in Notation 9.18, and letH2 denote the pointwise
stabilizer in J2 of the set ¹hu0i; hv0i; hu2i; hv2iº. Thus, hH;U1; U5i � H2.

In the proof of the following result, we apply Corollary A.11 which is stated and
proved in the next section.

Proposition 9.33. Suppose that ƒ is strongly stable as in Definition 5.9. Then ƒi is
strongly stable for all i � 0, where ƒi is as in Definition 9.25.

Proof. By induction, it suffices to show that ƒ0 is strongly stable. Let

X D
�
�;A; ¹�vºv2V

�
and .
; i 7! wi / be the unitary pseudo-quadratic Tits quadrangle and coordinate sys-
tem in Notation 9.1, and let zU1 D UŒ0;2�, zU5 D UŒ4;6�, and zG1 be as in Notation 9.22.
Let H � D H \G� and zH D hU1; U5;H �i. Thus,

zH � H2 \ h zU1; zU5i;

where H2 is as in Notation 9.32. By Corollary A.11 below (a special case of Proposi-
tion A.10), we have

zG1 D zU5 zU1 zU5 zH:

By Proposition 5.16 (ii), it follows that ƒ0 is strongly stable.
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A. Appendix: Tits polygons and Tits sets

In this section, we want to prove Proposition A.10 whose Corollary A.11 we applied
in the proof of Proposition 9.33. Proposition A.10 is a result about arbitrary Tits poly-
gons and some Tits sets associated with them.

Notation A.1. Suppose that X D .�;A; ¹�vº/ is a Tits n-gon for some n � 3. Let
.
; i 7! wi / be a coordinate system of X , let ˛i denote the root .wi ; wiC1; : : : ; wiCn/
and let Ui denote the root group U˛i for all i . Let G D Aut.X/ and let G� denote the
subgroup of G generated by all the root groups.

Notation A.2. Let ‰ denote either the set of edges of � (case I) or one of the two
G�-orbits in the set of vertices of � (case II) and let x � y for x; y 2 ‰ whenever x
and y are opposite as defined in [11, Not. 1.3.16]. Thus, ‰ is an opposition relation
as defined in Section 1. In case II, we assume additionally that n is even. Note that
in case II,� is empty if n is odd.

Notation A.3. For each vertex x, let Rx denote the set of roots containing x and two
neighbors of x.

Definition A.4. The unipotent radical of an edge e is the subgroup generated by the
root groups U˛ for all roots ˛ containing e and the unipotent radical of a vertex x is
the subgroup generated by the root groups U˛ for all roots ˛ in the set Rx defined in
Notation A.3. Since gU˛g�1 D U˛g for all roots ˛ and all g 2 G, we have

g�1Ueg D Ueg and g�1Uxg D Uxg (A.5)

for all g 2 G, for all edges e and all vertices x.

Proposition A.6. Ux D UŒ1;n� if x D ¹wn; wnC1º, Ux D UŒ1;n�1� if x D wn, and
Ux D UŒ2;n� if x D w1.

Proof. By [11, Defs. 1.3.28 and 1.3.32, and Thm. 1.3.36 (i)], we have Ux D UŒ1;n� if
x D ¹wn; wnC1º. We have

UŒ1;n�1� � Ux if x D wn, and

UŒ2;n� � Ux if x D w1:

By [11, Thm. 1.3.36 (ii)], UŒ1;n�1� is normalized by hU0; Uni and UŒ2;n� is normalized
by hU1; UnC1i. Let

Q1 D UŒ1;n�1� � hU0; Uni and Qn D UŒ2;n� � hU1; UnC1i:
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By [11, Prop. 1.3.15], hU0; Uni acts transitively on the set of ordered pairs of ver-
tices in �wn opposite each other at wn. Let ˛2Rwn . Then there exists g12hU0; Uni
such that the root ˛g1 contains wn�1 and wnC1. By repeated application of [11,
Def. 1.1.8 (iii)], there exists g2 2UŒ1;n�1� such that ˛g1g2 D ˛i for some i 2 Œ1;n� 1�.
Thus every root in Rwn is in the same Qn-orbit as ˛i for some i 2 Œ1; n � 1�. By a
similar argument, every root in Rw1 is in the same Q1-orbit as ˛i for some i 2 Œ2; n�.
Thus, if ˛ 2 Rwn , then for some g 2 Qn,

U˛ � g
�1UŒ1;n�1�g D UŒ1;n�1�

and if ˛ 2 Rw1 , then for some g 2 Q1,

U˛ � g
�1UŒ2;n�g D UŒ2;n�:

It follows that Ux D UŒ1;n�1� if x D wn and Ux D UŒ2;n� if x D w1.

Proposition A.7. Ux acts sharply transitively on the set ¹y 2 ‰ j x � yº.

Proof. By (A.5), we can assume that xD¹wn;wnC1º in case I, and that xDwn or xD
w1 in case II. The claim holds, therefore, by Proposition A.6 and [11, Props. 1.3.37
and 1.3.38].

Proposition A.8. The opposition relation � on ‰ is 2-plump as defined in the first
few lines of Section 1.

Proof. This holds by [11, Prop. 1.5.1 (i)–(ii)].

Notation A.9. Let H denote the pointwise stabilizer of 
 in G. Let zU D UŒ1;n�,
zU ıDUŒnC1;2n� andH [DH in case I. In case II, let zU DUŒ1;n�1�, zU ıDUŒnC1;2n�1�
and H [ D hU0; Un; H i if wn 2 ‰, and let zU D UŒ2;n�, zU ı D UŒnC2;2n� and H [ D

hU1; UnC1;H i if w1 2 ‰.

Proposition A.10. Let G� and .
; i 7! wi / be as in Notation A.1, let ‰, � and Ux
for x 2 ‰ be as in Notation A.2 and Definition A.4, and let zU , zU ı and H [ be as
Notation A.9. Then the following hold:

(i) G� D h zU ; zU ıi.

(ii) H [ is the two-point stabilizer of ¹w0; w1º and ¹wn; wnC1º, respectively wi
and wnCi for i D 0 or 1.

(iii) The 4-tuple .G;‰; ¹�º; ¹Uxºx2‰/ is a Tits set as defined in [9, Def. 3.1].

(iv) G D zU ı zU zU ıH [.
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Proof. Both Ui and UiCn lie in h zU ; zU ıi for i D 2; 3. By [11, Prop. 1.4.4], therefore,
�
 .U

]
i / � h

zU ; zU ıi for i D 2; 3. By [11, (1.4.6)], h�
 .U
]
2 /; �
 .U

]
3 /i acts by con-

jugation transitively on the set ¹Ui j i 2 Zº. Thus, Ui � h zU ; zU ıi for all i . By [11,
Prop. 1.3.39], we conclude that

G� D h zU ; zU ıi:

Thus, (i) holds.
By [11, Cor. 1.3.14 and Rem. 1.3.40], we have

G D G�H:

By [11, Prop. 1.3.17], H is the two-point stabilizer of the edges ¹wn; wnC1º and
¹w0; w1º in G. By [11, Props. 1.3.5 and 1.3.18], hU0; Uni acts transitively on the set
of apartments containingw0 andwn and hence hU0;Un;H i is the two-point stabilizer
of the vertices w0 and wn in G. Similarly, hU1; UnC1; H i is the two-point stabilizer
of the vertices w1 and wnC1 in G. Thus, (ii) holds.

By (A.5), and Propositions A.7 and A.8, (iii) holds. By (ii), (iii) and [9, Prop. 3.6],
it follows that (iv) holds.

Corollary A.11. Let n D 4, zU D UŒ0;2�, zU ı D UŒ4;6�, H � D H \ G� and zH D
hU1; U5;H

�i. Then G� D h zU ; zU ıi and

G� D zU ı zU zU ı zH:

Proof. Let‰1 denote theG�-orbit in the vertex set of � containing w1. Setting nD 4
and ‰ D ‰1 in Notation A.9 and Proposition A.10, we obtain

G� D h zU ; zU ıi and G D zU ı zU zU ıH [;

whereH [DhU1;U5;H i. SinceH [ \G�D zH , we conclude thatG�D zU ı zU zU ı zH .
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