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Stable finiteness of ample groupoid algebras, traces
and applications

Benjamin Steinberg

Abstract. In this paper we study stable finiteness of ample groupoid algebras with applications
to inverse semigroup algebras and Leavitt path algebras, recovering old results and proving
some new ones. In addition, we develop a theory of (faithful) traces on ample groupoid algebras,
mimicking the C�-algebra theory but taking advantage of the fact that our functions are simple
and so do not have integrability issues, even in the non-Hausdorff setting. The theory of traces
is closely connected with the theory of invariant means on Boolean inverse semigroups. It turns
out that for Hausdorff ample groupoids with compact unit space, having a stably finite algebra
over some commutative ring implies the existence of a tracial state on its reduced C�-algebra.
We include an appendix on stable finiteness of more general semigroup algebras, improving on
an earlier result of Munn, which is independent of the rest of the paper.

1. Introduction

A ring R (not necessarily unital) is Dedekind finite if every left invertible element of
a corner in R is also right invertible; it is stably finite if each matrix ring Mn.R/ with
n � 1 is Dedekind finite. Stable finiteness plays an important role in C �-algebra the-
ory, particularly in the classification program of Elliott. It has also long been important
in ring theory including, for instance, in the foundational work of Kaplansky [18] on
stable finiteness of group rings; see also [14] for the role of stable finiteness in the the-
ory of von Neumann regular rings. For example, theK0-group of a stably finite unital
ring (or C �-algebra) is a partially ordered abelian group with strong order unit [15]. A
fundamental result says that a stably finite unital C �-algebra admits a quasitrace [4].
One can view a result of Goodearl and Handelman [15] concerning the existence of
(pseudo)rank functions on stably finite von Neumann regular rings as an analogue to
the existence of quasitraces on stably finite C �-algebras. Stable finiteness also plays
a role in Cohn’s work on rank functions for general rings [8], although the analogy
with quasitraces is less direct here. Initially, in pure ring theory, stable finiteness was
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viewed as a strengthening of the IBN (invariant basis number) property; see, for exam-
ple, the discussion in [21, Chapter 1]. A unital ring R has the IBN if the rank of a free
module is well defined. For example, the Leavitt path algebra associated to a graph
with a single vertex and n edges has the free module of rank 1 isomorphic to the free
module of rank n (see [1]), and hence does not have IBN.

This paper is concerned with the stable finiteness of algebras of ample groupoids
over commutative rings with unit. These algebras include group algebras, Leavitt path
algebras [1] and inverse semigroup algebras [36]. I was primarily interested in the
question of whether an inverse semigroup algebra KS over a field K is stably finite
if and only if S contains no infinite idempotents (i.e., does not contain a copy of
the bicyclic monoid). As far as I know, this is an open question, even over fields of
characteristic zero.

Kaplansky [18] famously showed that a group algebra KG over a field of charac-
teristic zero is stably finite. His approach was analytic. The whole problem reduces
to the complex group algebra CG which embeds in its group von Neumann algebra,
which has a faithful trace. Kaplansky observed that a C �-algebra with a faithful trace
is stably finite and hence all its subrings are stably finite. Later, Passman [26] gave a
proof staying within CG, but using metric properties of C; see also his book [27]. It
is an open question, known as Kaplansky’s direct finiteness conjecture, whether group
algebras over fields of positive characteristic are stably finite. Kaplansky’s conjecture
is known to be true for sofic groups [12] (which might possibly include all groups),
and this is often used as a selling point for the theory of sofic groups.

Easdown and Munn [10] and Crabb and Munn [9] studied the existence of faithful
traces on inverse semigroups algebras but did not address the issue of stable finiteness
in their papers. Inverse semigroup algebras are isomorphic to ample groupoid algebras
and there is a theory on how to build traces on C �-algebras of such groupoids, at least
when the groupoids are Hausdorff (and have a compact unit space). Since groupoids
associated to inverse semigroups do not always have Hausdorff groupoids or compact
unit spaces, we cannot just work in this setting. But the functions in the complex
algebra of an ample groupoid always have finite images and their support intersects
the unit space in a Borel set, and so it turns out that there is no problem, even in the
non-Hausdorff case, to integrate them against an invariant measure on the unit space to
get a trace. The criterion for faithfulness of the trace does become more complicated
in the non-Hausdorff case but the difficulties are not insurmountable. The argument
of Passman can then be generalized to get stable finiteness in this setting without
passing to the C �-algebra. This approach allows one to prove stable finiteness forKS
whenever S is an inverse semigroup with the property that each D-class contains only
finitely many idempotents and K is a field of characteristic zero. However, I then
discovered that this last result is implicit in an old paper of Munn [24] (who proves
Dedekind finiteness or direct finiteness of these types of inverse semigroup algebras).
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I initially missed Munn’s paper because of the many differing terminologies for the
notion of Dedekind finiteness. Munn’s proof reduces things to Kaplansky’s theorem.
He also proves under the above hypotheses that if the maximal subgroups of S are
abelian then KS is stably finite over any field. His paper works with more general
semigroups than just inverse semigroups. Nonetheless, I believe the results on traces,
which make up the second half of this paper, are of interest in their own right. They
also turn out to be connected with the purely algebraic results via ordered K-theory.

Inspired by (and improving upon) Munn’s idea, I came up with a sufficient condi-
tion for stable finiteness of ample groupoid algebras over arbitrary commutative rings
with unit in terms of the orbit structure and the stable finiteness of group algebras
of certain isotropy groups. In particular, I was able to improve on Munn’s result and
show that if S is an inverse semigroup such that each D-class has finitely many idem-
potents and K is any commutative ring with unit, then KS is stably finite if and only
if KG is stably finite for each maximal subgroup G of S . Applying my results to the
groupoids associated to Leavitt path algebras I was able to recover, and generalize,
Vaš’s characterization of stably finite Leavitt path algebras [40] (in fact, like Munn,
she only considered Dedekind finiteness).

Theorem. Let K be a commutative ring with unit and E a graph. Then LK.E/ is
stably finite if and only if no cycle in E has an exit.

The main result on stable finiteness, which I’ll formulate here only for Hausdorff
groupoids (the correct statement for non-Hausdorff groupoids is more technical), says
that if G is an ample groupoid and K is a commutative ring with unit such that there
is a dense invariant subset X of the unit space G .0/ such that each orbit of X is closed
and discrete in the induced topology, and the algebra of each isotropy group from X

over K is stably finite, then the algebra of G over K is stably finite. The typical case
is when the orbits inX are all finite (i.e., there is dense set of periodic orbits with nice
isotropy groups).

The purely algebraic results are in turn linked with the analytic results concern-
ing traces. If an ample groupoid with compact unit space has a stably finite algebra
over some commutative ring, then its complex algebra admits a normalized trace. If,
in addition, the groupoid is Hausdorff, then the reduced C �-algebra admits a tracial
state. This can be viewed as an analogue for ample groupoid algebras of the existence
of quasitraces for stably finite unital C �-algebras. I do not a priori see any reason that
stable finiteness over some commutative ring (e.g., a finite field) would imply stable
finiteness over C (although stable finiteness over every finite field does, cf. Proposi-
tion 3.5), but nonetheless stable finiteness over some ring is reflected in the complex
algebra by the existence of this trace. This result uses thatK0 is partially ordered with
a strong order unit for stably finite rings and results of Goodearl and Handelman [15]
on the existence of states on such groups.



B. Steinberg 4

The paper is organized as follows. There is a preliminary section on groupoids
and inverse semigroups, followed by a section on Dedekind finite and stably finite
rings. Then the sufficient condition for stable finiteness of an ample groupoid algebra
is given, followed by the applications to inverse semigroup algebras and Leavitt path
algebras. As an intermediate step relativized Cohn path algebras [1] are realized as
ample groupoid algebras with a different proof than is typically found even for the
case of Leavitt path algebras.

The second half of the paper is devoted to traces on ample groupoid algebras.
A preliminary section concerns traces and norms on �-algebras and provides a fairly
general setting under which a faithful trace on a �-algebra will imply stable finiteness;
the key idea comes from Passman’s work [26]. I then discuss the connection between
traces on ample groupoid algebras and invariant means [20] on the unit space (already
explored in the Hausdorff and unital C �-context in [34] in the language of Boolean
inverse monoids). I introduce the notion of a strongly faithful invariant mean (which
is the same as a faithful invariant mean for Hausdorff groupoids) and show that the
existence of a strongly faithful invariant mean on an ample groupoid yields a faith-
ful trace and stable finiteness. For Hausdorff groupoids, existence of a faithful trace
provides a strongly faithful invariant mean but it is not clear if that remains true in
the non-Hausdorff case. As a consequence, an alternate proof of the results of the first
half of the paper is obtained over fields of characteristic zero that is more analytic in
flavor and subsumes Kaplansky’s result, rather than relies on it as the first half does.
In this section, I also establish that, for an ample groupoid with compact unit space,
if its algebra is stably finite over some commutative ring, then its complex algebra
admits a normalized trace. If, in addition, the groupoid is Hausdorff, then its reduced
C �-algebra admits a tracial state.

The paper ends with an appendix that considers stable finiteness of semigroup
algebras over unital rings (not necessarily commutative) and improves on Munn’s
result [24]. It recovers the earlier results for inverse semigroups using purely struc-
tural semigroup theoretic methods (like Schützenberger representations) rather than
groupoids. This appendix assume familiarity with Green’s relations and other techni-
cal notions from semigroup theory.

2. Groupoids and inverse semigroups

This section contains preliminaries on groupoids and inverse semigroups.

2.1. Inverse semigroups

The reader is referred to [22] for details on all the facts that we recall here about
inverse semigroups. An inverse semigroup is a semigroup S such that, for all s 2 S ,



Stable finiteness of ample groupoid algebras, traces and applications 5

there is a unique s� 2 S with ss�s D s and s�ss� D s�. Note that � is an involu-
tion: .s�/� D s and .st/� D t�s�. Thus inverse semigroups are �-semigroups where
we recall that a �-semigroup is a semigroup with an involution � satisfying these
latter two properties. Inverse semigroups include groups and meet semilattices. An
important example is the inverse semigroup I.X/ of all partial homeomorphisms of
a topological space X . It consists of all homeomorphisms f W Y ! Z between open
subsets Y;Z � X under the binary operation of composition of partial mappings. The
involution is just the usual inverse homeomorphism. Every inverse semigroup S can
be embedded in I.S/ where S is endowed with the discrete topology (this is called
the Preston–Wagner theorem).

The idempotents of an inverse semigroup commute and form a meet semilattice
under the ordering e � f if ef D e D fe. The set of idempotents is denoted E.S/.
This order extends to a compatible ordering on the inverse semigroup S , called the
natural partial ordering, by putting s � t if there is an idempotent e 2 E.S/ with
s D te or, equivalently, if s D f t for some f 2E.S/. One can always choose eD s�s
and f D ss�. Note that if e 2 E.S/, then so is ses� for all s 2 S . In I.X/, one has
f � g if and only if f is a restriction of g, and so you should think of the ordering as
an algebraic encoding of restriction.

Homomorphisms of inverse semigroups are just semigroup homomorphisms.They
automatically preserve the natural partial order and the involution.

Two idempotents e; f of an inverse semigroup S are D-equivalent if there is
s 2 S with s�s D e and ss� D f . The set of elements s 2 S with ss� D f is called
the R-class Rf of f . If Rf is finite, then there can only be finitely many idempotents
D-equivalent to f . The maximal subgroup Ge at an idempotent e is the group of all
elements s 2 S with ss� D e D s�s. It is the group of units of eSe.

An important inverse semigroup for this paper is the bicyclic monoid B [6]. As
a monoid, it has presentation ha; b j ab D 1i. Note that a D b�, and so it can be
presented as an inverse monoid (or even as a �-semigroup) by hb j b�b D 1i. Every
proper quotient of B is a group and so if x; y are two elements of a monoid M with
xy D 1 and yx ¤ 1, then x; y generate a copy of the bicyclic monoid. Each element
of B can be written uniquely in the form bman withm;n � 0. The idempotents are of
the form en D b

nan and they form a descending chain 1D e0 > e1 > � � �. All elements
of B belong to a single D-class with a trivial maximal subgroup. See [6] for details.

If R is a unital ring and S is a semigroup, then RS denotes the usual semigroup
algebra of S ; so it has R-basis S and productX

s2S

rss �
X
t2S

r 0t t D
X
s;t2S

rsr
0
tst:

Note that if S has a zero element, we do not identify the zeroes of S and RS .
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2.2. Groupoids

A groupoid G is a small category in which every arrow is an isomorphism. For exam-
ple, a group is the same thing as a groupoid with a single object. We shall write G for
the set of arrows of the groupoid and identify each object with the identity arrow at
that object. The set of identities is called the unit space and is denoted G .0/. From this
viewpoint, the domain map d has the form d.
/ D 
�1
 and the range map r has
the form r.
/D 

�1. However, at times it will be convenient to just write 
 Wx! y

to mean 
 is an arrow from x to y without worrying about whether we view x; y as
objects or identity arrows. This viewpoint on groupoids is not common in category
theory but is prevalent in analysis and is convenient when defining function algebras
on groupoids. Note that G .0/ is a subgroupoid of G .

A topological groupoid is a groupoid G endowed with a topology for which the
multiplication map and the inversion map are continuous (where the space of compos-
able pairs is topologized as a subspace of G � G ). We equip G .0/ with the subspace
topology and note that d and r are continuous. A topological groupoid is étale if d is a
local homeomorphism. This is well known to be equivalent to r being a local homeo-
morphism, and also to the multiplication map being a local homeomorphism, cf. [29].
In an étale groupoid G .0/ is open. Good references on étale groupoids are [13,28,29].

A (local) bisection of a topological groupoid G is an open subset U � G such that
each of d jU and rjU is a homeomorphism of U with its image. For an étale groupoid,
d and r are open, and so U is a bisection if and only if d jU and rjU are injective
in this case. Some authors do not require bisections to be open and so we often add
the word open for emphasis. A topological groupoid is étale if and only if the bisec-
tions form a basis for the topology [29]. The set �.G / of open bisections of an étale
groupoid G is an inverse monoid under setwise product UV D ¹˛ˇ j ˛ 2 U; ˇ 2 V º
with the inverse of U being taken setwise, that is, U � D U�1 D ¹
�1 j 
 2 U º. Note
that if U 2 �.G /, then d.U / D U�1U and r.U / D UU�1. In this paper all étale
groupoids are assumed to have locally compact Hausdorff unit spaces, but G itself is
not required to be Hausdorff. It is well known that an étale groupoid (in this sense) is
Hausdorff if and only if G .0/ is closed.

Following the terminology of Paterson [28], an ample groupoid is an étale group-
oid G whose unit space is Hausdorff and has a basis of compact open sets; again,
we do not require G to be Hausdorff. We denote by �c.G / the set of compact open
bisections of G ; it is an inverse subsemigroup of �.G /. A groupoid is ample if and
only if it has a Hausdorff unit space and a basis of compact open bisections.

If x 2 G .0/, then the orbit of x is the set of all y 2 G .0/ such that there is an arrow

 Wx! y. The orbits form a partition of G .0/. A subset of G .0/ is called invariant if it
is a union of orbits. IfX � G .0/ is invariant, then G jX is the subgroupoid consisting of
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all arrows beginning (and hence ending) in X . If X is either open or closed, then G jX
is ample whenever G is ample.

The isotropy group at x 2 G .0/ is the group of all arrows 
 W x ! x. All isotropy
groups at elements in the same orbit are isomorphic.

A groupoid G is called a group bundle if all its elements are isotropy, that is
d.
/ D r.
/ for all 
 2 G .

If K is a commutative ring with unit and G an ample groupoid, the algebra of G
over K, denoted KG , is the K-span of the indicator functions 1U with U 2 �c.G /
with the convolution product

f � g.
/ D
X
˛ˇD


f .˛/g.ˇ/I

these algebras were first studied systematically in [35,36]. When G is Hausdorff,KG
consists of the locally constant mappings f WG !K with compact support, but in the
non-Hausdorff case things are more subtle. One has that 1U � 1V D 1UV , and soKG
is a quotient of the semigroup algebra K�c.G /. In fact, it is the quotient of K�c.G /
by the ideal generated by elements of the form 1U[V � 1U � 1V with U; V � G .0/

disjoint compact open subsets (this was first proved in [35] for the Hausdorff case and
in an unpublished note by Buss and Meyers in the general case; see [39] for a proof).

If G is an ample groupoid,U is an invariant open subset of G .0/ andXDG .0/nU ,
then KG jU is a two-sided ideal in KG and KG =KG jU Š KG jX ; see [5] for details.

2.3. The universal groupoid of an inverse semigroup

An action of an inverse semigroup S on a locally compact space X is a homomor-
phism ˇW S ! I.X/. We assume that the action is nondegenerate, meaning that the
domains of the elements of ˇ.S/ cover X . We write ˇs for ˇ.s/ and write 9ˇs.x/
to mean that ˇs.x/ is defined. The groupoid of germs G D S Ë X of the action
is ¹.s; x/ j 9ˇs.x/º=�, where .s; x/ � .t; y/ if x D y and there exists u � s; t such
that 9ˇu.x/. We write Œs; x� for the class of .s; x/ (which is sometimes referred to
as the germ of s at x). Notice that if Œs; x� D Œt; x�, then ˇs.x/ D ˇt .x/. The product
Œs;x�Œt;y� is defined if and only if xDˇt .y/, in which case it is Œst;y�. It is straightfor-
ward to verify that G is a groupoid and the identities are the elements of the form Œe;x�

with e 2 E.S/ and 9ˇe.x/. Moreover, Œe; x� 7! x gives a bijection between G .0/

and X . Identifying G .0/ with X , one has d.Œs; x�/ D x and r.Œs; x�/ D ˇs.x/. In par-
ticular, Œs; x� is in the isotropy group at x if and only if ˇs.x/ D x, i.e., s fixes x. A
topology is given on G by taking as a basis sets of the form .s; U / D ¹Œs; x� j x 2 U º

where U is an open subset of the domain of ˇs . With this topology, G is a topological
groupoid. The sets .s;U / are bisections, and so the groupoid G is étale with unit space
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homeomorphic to X . In particular, if X has a basis of compact open sets, then G is
ample.

If S is an inverse semigroup, then its universal groupoid G .S/ (due to Pater-
son [28]) is the groupoid of germs for the action of S on the spectrum of its semilattice
of idempotents 1E.S/. Here 1E.S/ is the set of all nonzero homomorphisms (charac-
ters) � WE.S/! ¹0; 1º, where ¹0; 1º is a semigroup under multiplication. The space
1E.S/ is topologized as a subspace of ¹0; 1ºE.S/ and it has a basis of compact open
sets. If e 2 E.S/, then

D.e/ D ¹� 21E.S/ j �.e/ D 1º

is a compact open set, and the subsets of the formD.e/ n .D.f1/[ � � � [D.fn// with
f1; : : : ; fn � e form a subbasis for the topology consisting of compact open sets. The
action of S on 1E.S/ is given by ˇsWD.s�s/ ! D.ss�/ with ˇs.�/.e/ D �.s�es/.
Note that the orbits of G .S/ are just the orbits of S on 1E.S/ under the identification
of G .S/.0/ with 1E.S/.

The universal groupoid G .S/ is Hausdorff if and only if, for each s 2 S , there is a
finite set e1; : : : ; en of idempotents with ei � s, for i D 1; : : : ; n, such that if f 2E.S/
with f � s, then f � ei for some i ; see [36, Theorem 5.17].

The principal character �e associated to an idempotent e 2 E.S/ is defined by

�e.f / D

´
1 if f � e;

0 else:

Of course, �e D �f if and only if e D f . The orbit of a principal character associated
to an idempotent e under S consists precisely of the principal characters of the idem-
potents in the D-class of e and the isotropy group at �e is the maximal subgroup Ge
of S at e. In fact, the full subgroupoid with object set the principal characters is iso-
morphic as a groupoid [36, Lemma 5.16] to the underlying groupoid of the inductive
groupoid of the inverse semigroup discussed in [22], from which these facts follow.

The following isomorphism is established in [36, Theorem 6.3].

Theorem 2.1. If S is an inverse semigroup, thenKS ŠKG .S/ for any commutative
ring with unit K.

3. Dedekind finite and stably finite rings

In this paper, rings are not assumed to have identities. An idempotent e of a ring R is
finite if every right invertible element of eRe is left invertible. Trivially, 0 is a finite
idempotent. The following is well known.
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Proposition 3.1. Let e 2 R be a finite idempotent and f 2 eRe an idempotent.
Then f is finite.

Proof. Let u; v 2 fRf � eRe with uv D f . Then�
uC .e � f /

��
v C .e � f /

�
D uv C .e � f / D e:

Therefore, uC .e � f / is invertible with inverse v C .e � f /, and hence

e D
�
v C .e � f /

��
uC .e � f /

�
D vuC e � f:

Thus we have vu D f , as required.

If all idempotents of R are finite, then R is said to be Dedekind finite. The terms
“von Neumann finite” and “directly finite” are also commonly used. Note that R is
Dedekind finite if and only if it does not have a multiplicative subsemigroup isomor-
phic to the bicyclic monoid. One says that R is stably finite if Mn.R/ is Dedekind
finite for all n � 1. A unital ring is Dedekind finite if and only if every left invertible
element is right invertible by Proposition 3.1.

Of course any subring of a Dedekind finite (respectively, stably finite) ring is
Dedekind finite (respectively, stably finite). A direct limit of Dedekind finite (stably
finite) rings is well known to be the same.

Proposition 3.2. Let R be a ring and suppose that R D lim
�!˛2D

R˛ is a direct limit
of Dedekind finite (respectively, stably finite) rings R˛ . Then R is Dedekind finite
(respectively, stably finite).

Proof. It is enough to handle the Dedekind finite case, as Mn.R/ is the direct limit
of the Mn.R˛/. This is basically a consequence of the fact that the bicyclic monoid
is a finitely presented semigroup and any homomorphism from a finitely presented
semigroup into a direct limit of semigroups factors through one of the semigroups
in the system. In detail, assume that each R˛ is Dedekind finite, and let e 2 R be
an idempotent. Suppose that u; v 2 eRe with uv D e. Then there is ˛ 2 D and ele-
ments e0; u0; v0 2 R˛ such that e0, u0 and v0 map to e, u, and v (respectively) in R,
and e0 D .e0/2, e0u0e0 D e0, e0v0e0 D v0 and u0v0 D e0 (since the equations eue D u,
eve D v, e2 D e and uv D e involve only finitely many elements of R). But then
v0u0 D e0 because R˛ is Dedekind finite. Therefore, vu D e. This completes the
proof.

It is also standard that a right or left Noetherian unital ring is stably finite. This
follows from the fact that Mn.R/ is the endomorphism ring of Rn and the following
well-known lemma, whose proof we omit.
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Lemma 3.3. LetM be a Noetherian module over a ring R. Then EndR.M/ is Dede-
kind finite.

It follows that any commutative ring is stably finite. Indeed, since adjoining an
identity does not affect commutativity, we may assume that our commutative ring is
unital. But then it is a direct limit of finitely generated commutative rings with unit,
which are Noetherian, by Hilbert’s basis theorem, and hence stably finite. Alterna-
tively, unital commutative rings are stably finite thanks to determinants.

The crux of the following argument goes at least as far back as Kaplansky [18].

Corollary 3.4. Let G be an ample groupoid and K an integral domain of character-
istic zero. If CG is Dedekind finite (respectively, stably finite), then KG is as well.

Proof. First of all, replacing K by its field of quotients if necessary we may assume
thatK is a field (since these properties pass to subrings). We can writeK as a directed
union of subfields ¹K˛ j ˛ 2 Aº with each K˛ a finitely generated field extension
of Q. Since any f 2KG assumes only finitely many values, it follows that f 2K˛G
for some ˛ 2 A. Thus KG is the directed union of the K˛G . By Proposition 3.2,
it suffices to show that each K˛G is Dedekind finite (respectively, stably finite). So
without loss of generality, we may assume that K is finitely generated over Q. But
it is well known that any finitely generated extension of Q embeds in C. Indeed,
let T be a transcendence basis for K over Q and note that T is countable since K
is countable. Since C has uncountable transcendence degree over Q, we can find an
injective Q-algebra homomorphism from QŒT � into C and this extends to an embed-
ding Q.T / ,! C. Since K=Q.T / is algebraic and C is algebraically closed, we can
extend this embedding to K.

A very similar argument, shows that if G is an ample groupoid with a stably finite
algebra over every finite field, then G has a stably finite algebra over every commu-
tative ring. For group algebras, this is a folklore argument and the same proof works
for ample groupoids. If K is a unital commutative ring, then the nilpotent elements
of K form an ideal called the radical of K, which can alternatively be characterized
as the intersection of all the prime ideals ofK (see [11]). If the radical ofK vanishes,
then K is said to be reduced. Every integral domain is reduced. A commutative ring
is Jacobson if each prime ideal is an intersection of maximal ideals. We remark that
if 'WK ! L is a homomorphism of commutative rings and G is an ample groupoid,
then there is an induced homomorphism KG ! LG given by '.f /.
/ D '.f .
//
since '.1U / D 1U for U 2 �c.G /.

Proposition 3.5. Let G be an ample groupoid such that FG is stably finite for every
finite field F . Then KG is stably finite for every commutative ring K.
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Proof. We can write K as a directed union of subrings that are finitely generated as
Z-algebras. Since direct limits of stably finite rings are stably finite, we may assume
without loss of generality thatK is a finitely generated Z-algebra. First assume thatK
is reduced. Every finitely generated Z-algebra is Jacobson [11, Theorem 4.19]. Hence,
K is Jacobson and reduced, and so the intersection of all its the maximal ideals is 0.

Suppose thatA;B 2Mn.KG / satisfyAB D I , but BA¤ I , that is, I � BA ¤ 0.
Let f 2 KG be a nonzero entry of I �BA and k2K a nonzero value taken on by f .
Then there is a maximal ideal m of K with k … m. Putting F D K=m, the images
A0; B 0 of A and B in Mn.FG / satisfy A0B 0 D I , but B 0A0 ¤ I . But F is finite.
Indeed, [11, Theorem 4.19] with R D Z and S D K says that

M D ¹n 2 Z j n � 1K 2 mº

is a maximal ideal of Z, and hence of the form pZ for some prime p, and F is a finite
extension of Z=pZ, whence finite. This contradicts that FG is stably finite.

If K is not reduced, then since K is Noetherian by Hilbert’s basis theorem, it
follows that the radical R of K finitely generated and hence nilpotent, say Rk D 0.
Trivially, RG D ¹f 2 KG j f .G / � Rº is a nilpotent ideal as .RG /k D 0. If A;B 2
Mn.KG / satisfyAB D I , then I �BA2Mn.RG / by the previous case sinceK=R is
reduced. ButMn.RG /k D 0, and hence is a nilpotent ideal inMn.KG /. Thus I �BA
is nilpotent, and so BA D I � .I � BA/ is invertible. Thus B is right invertible, and
so A D B�1.

Kaplansky famously proved [18, p. 122] that if G is a group and K is a field of
characteristic zero, then KG is stably finite. Kaplansky’s original proof was to show
that a C �-algebra with a faithful trace is stably finite and then to observe that the
group von Neumann algebra, which contains CG as a subalgebra, has a faithful trace.
Passman later gave a proof using only undergraduate level analytic ideas [26]. We
later adapt some of Passman’s ideas to groupoid algebras.

It was proved in [23], expanding on earlier work in [12], that ifR is a right (or left)
Noetherian ring andG is a sofic group, thenRG is stably finite. Note that it is an open
question whether all groups are sofic. Sofic groups include amenable groups (hence all
abelian or solvable groups) and residually finite groups. The reader is referred to [41]
for more details on sofic groups.

Let us say that a unital ring R is residually Noetherian if, for every 0 ¤ r 2 R,
there is an ideal I such that r … I and R=I is right or left Noetherian. For example,
any residually finite ring is residually Noetherian. We say that R is locally residually
Noetherian if each finitely generated unital subring of R is contained in a residually
Noetherian subring of R, that is, any finite subset of R is contained in a residu-
ally Noetherian unital subring. Note that left or right Noetherian implies residually



B. Steinberg 12

Noetherian, which in turn implies locally residually Noetherian. Obviously every uni-
tal commutative ring is locally residually Noetherian since every finitely generated
commutative ring with unit is Noetherian by Hilbert’s basis theorem.

The following theorem is [23, Theorem 1.2].

Theorem 3.6 (Li and Liang). Let R be a unital left Noetherian ring and G be a sofic
group. Then RG is stably finite.

As an application, we obtain the next result.

Theorem 3.7. If R is a locally residually Noetherian ring, then RG is stably finite
for any sofic group G. In particular, if K is a commutative ring with unit and G is a
sofic group, then KG is stably finite.

Proof. Let A;B 2Mn.RG/ with AB D I and BA ¤ I . Then there is a finitely gen-
erated subring R1 of R such that A;B 2Mn.R1G/. Since R1 embeds in a residually
Noetherian subring, we may assume without loss of generality that R is residually
Noetherian. Let P D I � BA and suppose that pij is a nonzero entry of P . Then we
can write

pij D

nX
iD1

rigi

with ri 2 R n ¹0º and gi 2 G. Then we can find an ideal I of R such that r1 … I
and R=I is right or left Noetherian. Put R0 D R=I and let � WMn.RG/!Mn.R

0G/

be the homomorphism induces by the projection R! R0. Then, by choice of I , we
have

0 ¤ �.P / D I � �.B/�.A/ and �.A/�.B/ D I:

Therefore,Mn.R
0G/ is not Dedekind finite, contradicting Theorem 3.6. ThusBADI ,

and so RG is stably finite.

Probably most of the results of this paper will work for groupoid algebras over
arbitrary base rings, but we stick for the most part to the commutative case since most
of the theory of ample groupoid algebras has only been developed in that setting. The
one exception is in the appendix where we consider more general semigroup algebras
over arbitrary unital rings.

4. Stably finite ample groupoid, inverse semigroup and Leavitt path
algebras

This section addresses stable finiteness in ample groupoids over arbitrary commuta-
tive base rings. Later, we shall develop analytic techniques inspired by Passman [26]
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and C �-algebra theory to address the case of characteristic zero. The main result of
this section draws its inspiration from an idea of Munn for monoid algebras [24],
together with ideas from [5].

4.1. A stable finiteness result

Let G be an ample groupoid and K a commutative ring with unit. By the support
of f 2 KG , we mean the set

supp.f / D ¹
 2 G j f .
/ ¤ 0º:

A subset X � G .0/ was defined in [38] to be K-dense if, for each 0 ¤ f 2 KG ,
X \ r.supp.f //¤;. It was observed in [38, Proposition 4.2] that anyK-dense subset
is dense in G .0/, and the converse holds when G is Hausdorff.

It G is an ample groupoid, then a finite orbit in G is automatically both closed
in the topology and discrete in the subspace topology since G .0/ is Hausdorff. We
remark, that if an ample groupoid G is second countable, then any closed orbit is
discrete in the subspace topology by [5, Lemma 5.1].

If X is a set and R is a ring, then MX .R/ denotes the ring of X � X -matrices
over R with only finitely many nonzero entries under usual matrix multiplication
where the xy-entry of AB is

P
z2X axzbzy , which is finite by hypotheses. Note that

MX .R/ Š lim
�!

MF .R/, where F runs over the finite subsets of X . Thus if R is stably
finite, then MX .R/ is stably finite, as well, by Proposition 3.2. In fact, R is stably
finite if and only if MN.R/ is Dedekind finite. Note that MN.R/ is not unital even
when R is unital.

Theorem 4.1. Let G be an ample groupoid and K a commutative ring with unit.
Suppose that there is a set ¹Oa j a 2 Aº of closed orbits, each of which is discrete
in the subspace topology, such that

S
a2A Oa is K-dense and KG is stably finite for

each isotropy group G of an element in an orbit Oa with a 2 A. Then KG is stably
finite. In particular, ifK is an integral domain of characteristic zero, or if the isotropy
groups of the elements of the orbits Oa are sofic, then KG is stably finite.

Proof. Suppose that e is an idempotent of Mn.KG / and a; b 2 eMn.KG /e are
such that ab D e. Suppose that ba ¤ e. Then f D e � ba is a nonzero idempo-
tent in eMn.KG /e. Let fij 2 KG be a nonzero entry of f . By assumption, there
is an orbit Oa with a 2 A such that r.supp.fij // \ Oa ¤ ;. Since Oa is closed
and invariant, there is a surjective ring homomorphism � WKG ! KG jOa

given by
�.h/ D hjG jOa

(see the discussion in [5, pp. 1596–1597]). We have an induced sur-
jective ring homomorphism

�nWMn.KG /!Mn.KG jOa
/
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applying � entrywise. By construction, �n.f / ¤ 0, and so

�n.a/; �n.b/ 2 �n.e/KG jOa
�n.e/

with �n.a/�n.b/ D �n.e/ and 0 ¤ �n.f / D �n.e/ � �n.b/�n.a/. Thus KG jOa
is

not stably finite.
But if Ga is the isotropy group of some fixed element of Oa, then KG jOa

Š

MOa
.KGa/, because Oa is discrete, cf. [5, Proposition 5.3] whose assumption that

the base ring is a field is unnecessary. Since KGa is stably finite by hypothesis, the
observation before the theorem shows that KG jOa

is stably finite. This contradiction
shows that KG is stably finite.

The final statement follows because under these hypotheses KG will be stably
finite for each isotropy group G of an element of an orbit Oa (for integral domains of
characteristic zero by Kaplansky [18] and for sofic group algebras by Theorem 3.7).
This completes the proof.

Since each orbit in a group bundle is a singleton, we obtain the following corollary.

Corollary 4.2. Let G be an ample group bundle andK a commutative ring with unit.
Suppose that there is a K-dense subset X of G .0/ such that KG is stably finite for
each isotropy group G of an element of X . Then KG is stably finite. In particular,
KG is stably finite when K is an integral domain of characteristic zero or if each
isotropy group of G is sofic.

We next apply our results to obtain new proofs, and generalizations, of results of
Munn for inverse semigroup algebras [24] and Vaš for Leavitt path algebras [40].

4.2. Inverse semigroup algebras

We first apply our results to inverse semigroup algebras to prove a generalization of a
result of Munn [24].

The following was proved in [38, Proposition 5.18], where we recall that G .S/
denotes the universal groupoid of S .

Proposition 4.3. Let S be an inverse semigroup andK a commutative ring with unit.
Then the principal characters are K-dense in G .S/.0/.

This can also be deduced for the case K D C by a result in [19].
Next we aim to characterize when the orbit of a principal character is closed.

Lemma 4.4. Let S be an inverse semigroup and e 2 E.S/ an idempotent. Then the
following are equivalent:

(1) the orbit of the principal character �e is closed;
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(2) for each idempotent f 2 E.S/, there are only finitely many idempotents of
the D-class of e that are below f .

Moreover, under these conditions the orbit of �e is discrete in the subspace topology.

Proof. We begin by recalling the well-known fact that if a D-class D contains two
(strictly) comparable idempotents f < f 0, thenD contains a countably infinite, strict-
ly descending chain of idempotents below f 0. Indeed, since f is D-equivalent to f 0,
there is s 2 S with ss� D f and s�s D f 0. Then s generates a bicyclic inverse sub-
monoid of f 0Sf 0, and so the idempotents fn D sn.s�/n with n � 1 form a strictly
descending chain of idempotents in f 0Sf 0, all belonging to D.

Let Oe be the orbit of �e and let D be the D-class of e. Suppose first that Oe is
closed. We claim that no two idempotents of D are comparable. Indeed, if this is not
the case, we have just seen that there is an infinite descending chain of idempotents
f1 > f2 > � � � in D. Define � 21E.S/ by

�.x/ D

´
1 if x � fn for some n � 1;

0 else.

We claim that � D lim �fn
, and hence belongs to xOe . Indeed, if x 2 E.S/, then

�.x/ D 1 if and only if x � fn for some n� 1, if and only if there exists n� 1, so that
x � fm for all m � n, since the fi form a descending chain. Thus the sequence �fn

converges pointwise to � . Since Oe is closed, we must have � D �x with x 2 D an
idempotent. Then since �.fn/D 1 for all n � 1, we have fn � x for all n � 1. On the
other hand, since �x.x/ D 1, we must have x � fN for some N � 1. Thus x D fN
and fn � fN for all n � 1. This contradicts that fn is a strictly descending chain.
Thus the idempotents of D are incomparable.

Next we claim that the induced topology on Oe is discrete. Indeed, if f 2D, then
D.f /\Oe D ¹�f º since if f 0 2D and �f 0 2D.f /, then f � f 0, and hence f D f 0

by incomparability of idempotents in D. This also proves the “moreover” statement.
Now let f 2 E.S/. Since Oe is closed, D.f / \ Oe is compact. But Oe is also

discrete. Thus D.f / \ Oe is finite. But if f 0 2 D, then �f 0 2 D.f / if and only if
f 0 � f . Thus f is above only finitely many idempotents of D. This proves that (1)
implies (2).

Next assume that each idempotent f 2 E.S/ is above only finitely many idem-
potents of D. By the remark in the first paragraph of the proof, we may conclude that
idempotents of D are incomparable. Let � 21E.S/ nOe . Suppose first that �.x/ D 0
for all idempotents x 2 D. Choose f 2 E.S/ with �.f / D 1 and let f1; : : : ; fn
be the finitely many idempotents of D below f (possibly n D 0). Then, we have
� 2 D.f / n

Sn
iD1D.fi /. Moreover, if �x belongs to this neighborhood, then x � f

and x ¤ f1; : : : ; fn, and so x … D. Therefore, .D.f / n
Sn
iD1D.fi // \Oe D ;.
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If f 0 2D is an idempotent with �.f 0/D 1, then since � ¤ �f 0 , we must have that
�.x/D 1 for some x with x � f 0. Then g D xf 0 < f 0 and �.g/D 1. ConsiderD.g/,
which is a neighborhood of � . If f 2 E.S/ and �f 2D.g/, then f � g < f 0. There-
fore, f … D as the idempotents of D are incomparable. Thus D.g/ \ Oe D ;. We
deduce that Oe is closed. This completes the proof.

Remark 4.5. We remark that if S is an inverse semigroup and e 2 E.S/ is an idem-
potent, two idempotents f; f 0 2 eSe are D-equivalent in S if and only if they are
D-equivalent in eSe. Indeed, if ss� D f and s�s D f 0, then

s D ss�s 2 fS \ Sf 0 � eS \ Se D eSe:

We may now prove our first main generalization of Kaplansky’s theorem. The
characteristic zero case can also be deduced from a result of [24]; we discuss this in
more detail after Corollary 4.7.

Theorem 4.6. Let K be a commutative ring with unit and S an inverse semigroup
such that eSe has finitely many idempotents in each of its D-classes for all e 2 E.S/.
ThenKS is stably finite if and only ifKG is stably finite for each maximal subgroupG
of S . In particular, KS is stably finite for any integral domain K of characteristic
zero, or if each maximal subgroup of S is sofic.

Proof. If G is a maximal subgroup of S , then KG is a subring of KS , and hence
ifKS is stably finite, thenKG is stably finite. Let us turn to the converse and suppose
that KG is stably finite for each maximal subgroup G.

In light of Remark 4.5, the hypothesis that eSe has finitely many idempotents in
each of its D-classes is equivalent to each D-class of S having only finitely many
idempotents below e. Therefore, our hypothesis, in conjunction with Lemma 4.4,
implies that each orbit of principal characters is closed, and is discrete in the subspace
topology. The isotropy groups of the principal characters are exactly the maximal
subgroups by [36, Lemma 5.16]. Since the principal characters areK-dense by Propo-
sition 4.3, we may apply Theorem 4.1 to deduce that KS is stably finite if KG is
stably finite for each maximal subgroup G of S .

As a corollary we generalize and clarify a result of [24].

Corollary 4.7. Let S be an inverse semigroup whose D-classes each contain finitely
many idempotents and K a commutative ring with unit. Then KS is stably finite if
and only if KG is stably finite for each maximal subgroup G of S . In particular, KS
is stably finite for any integral domain K of characteristic zero, or if each maximal
subgroup of S is sofic.
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Proof. Clearly, if each D-class of S has finitely many idempotents, then the same is
true for eSe for each idempotent e 2 E.S/, and so Theorem 4.6 applies.

We remark that Theorem 4.6 can, in fact, be deduced from Corollary 4.7. Indeed,
if S is an inverse semigroup such that eSe has finitely many idempotents in each of
its D-classes for every idempotent e 2 E.S/, then the same is true for any finitely
generated inverse subsemigroup of S . Then since stably finite rings are closed under
direct limits and S is the direct limit of its finitely generated inverse subsemigroups,
we may assume without loss of generality that S is finitely generated. But we claim
that if S is finitely generated and eSe has finitely many idempotents in each of its D-
class for all e 2 E.S/, then S has finitely many idempotents in each of its D-classes.
This argument is due to Pedro V. Silva1. For suppose some D-class D of S contains
infinitely many idempotents. Let A be a finite set of generators for S closed under �.
Then infinitely many idempotents of D that can be expressed as a product beginning
with the same element a 2 A. But then aa�e D e, that is, e � aa�, for any of these
idempotents e. In light of Remark 4.5, it follows that aa�Saa� has a D-class with
infinitely many idempotents, a contradiction.

Munn proved in [24] that if S is a von Neumann regular monoid (this is a larger
class than inverse monoids) having finitely many idempotents in each D-class, andK
is a field of characteristic zero, or K is any field and each maximal subgroup of S
is abelian, then KS is Dedekind finite. If S is an inverse semigroup and Bn is the
inverse semigroup of n � n-matrix units, together with 0, then S � Bn is an inverse
semigroup with the same maximal subgroups as S (up to isomorphism) and if S has
finitely many idempotents in each of its D-classes, then the same is true for S � Bn.
But KBn ŠMn.K/ �K, and so

KŒS � Bn� Š KS ˝K KBn Š KS ˝K
�
Mn.K/ �K

�
ŠMn.KS/ �KS:

Thus if S meets the hypothesis of Corollary 4.7, then so does S � Bn and hence
it suffices to prove Dedekind finiteness in Corollary 4.7 to obtain stable finiteness
(asMn.KS/ is isomorphic to a subring ofKŒS �Bn�). But adjoining an identity to an
inverse semigroup does not change the property of having finitely many idempotents
in each D-class, and the only new maximal subgroup is trivial, and so Corollary 4.7
for fields of characteristic zero, or when the maximal subgroups are abelian and K
is any field, follows from Munn’s theorem and these trivial observations. We shall
improve on Munn’s theorem in the appendix, which will also give an alternate, semi-
group theoretic proof of Corollary 4.7 (although the fundamental idea is the same).

1private communication
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A Clifford semigroup is an inverse semigroup with central idempotents. An in-
verse semigroup is Clifford if and only if each D-class has exactly one idempotent.
Hence, we have the following corollary.

Corollary 4.8. Let S be a Clifford inverse semigroup andK a commutative ring with
unit. Then KS is stably finite if and only if KG is stably finite for each maximal
subgroup G of S . In particular, KS is stably finite for any integral domain K of
characteristic zero, or if each maximal subgroup of S is sofic.

A free inverse semigroup (or monoid) is well known to have finitely many idem-
potents in each D-class and trivial maximal subgroups, and hence has a stably finite
algebra over any commutative ring by Corollary 4.7.

Corollary 4.9. If S is a free inverse semigroup or monoid, then KS is stably finite
for any commutative ring with unit K.

An obvious necessary condition for KS to be stably finite is for S to not con-
tain a subsemigroup isomorphic to the bicyclic monoid, that is, for each idempotent
e 2 E.S/, every left invertible element of eSe is also right invertible. Such inverse
semigroups are sometimes called completely semisimple in the literature. I do not
know an example of a completely semisimple inverse semigroup whose semigroup
algebra is not stably finite.

4.3. Leavitt path algebras

Let E D .E.0/; E.1// be a (directed) graph (loops and multiple edges allowed) with
vertex set E.0/ and edge set E.1/. We write d.e/ for the initial vertex of an edge (or
path) and r.e/ for the terminal vertex. Following the tradition of graph theory we
compose paths from left to right, so pp0 is valid if r.p/ D d.p0/. In what follows we
shall denote the empty path at a vertex v by v, abusing notation.

Our goal is to prove that ifK is a commutative ring with unit, then the Leavitt path
algebra LK.E/ is stably finite if and only if the graphE is a no-exit graph. A graphE
is called no-exit if no cycle has an exit (i.e., each vertex on a cycle has out-degree 1).
A cycle here means a nonempty closed path in which the terminal vertex is the first
repeated vertex. This is essentially a result of Vaš [40] and was proven without using
groupoids. She works with traces over �-rings that are injective on idempotents. Like
Vaš, we work in the setting of relativized Cohn path algebras in order to take direct
limits. Our first task is then to realize relativized Cohn path algebras in the sense
of [1, Section 1.5] as ample groupoid algebras.

Leavitt path algebras are usually defined by generators and relations, but we will
define them as quotients of semigroup algebras of graph inverse semigroups (these
semigroup algebras are often called Cohn path algebras by people in the Leavitt path
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algebra community). Let PE be the graph inverse semigroup associated to E [17,28].
If E� denotes the set of all finite paths in E (including empty paths), then PE can
be identified with the inverse semigroup of all partial bijections of E� of the form
qx 7! px (denoted pq�) with p; q paths ending at the same vertex together with
the empty mapping. If q is an empty path, we usually write p and if p is an empty
path, we normally write q�. If p; q are both empty paths at v, we just write v for the
corresponding element. Note that pq� is really the composition of p and q�, and q�

is the inverse partial bijection to q. One can present PE as a �-semigroup with zero
with generating set E.0/ [E.1/ and relations saying that: E.0/ is an orthogonal set of
idempotents; if e is an edge, then d.e/e D e D er.e/ and e�e D r.e/; and f �e D 0
if f ¤ e for e; f 2 E.1/.

Finite paths in E are in bijection with nonzero idempotents of PE via p 7! pp�.
Moreover, pp� � qq� if and only if q is a prefix (initial segment) of p. Note that
G .PE / is Hausdorff since PE is 0-E-unitary (cf. [17]), meaning that 0 is the only
idempotent below a nonidempotent. Indeed, if rr� � pq�, then rr� D rr�pq�. If r
is a prefix of p, we get rr� D pq�, and so p D r and q D r , whereas if p is a prefix
of r , say r D ps, then rr�pq� D rs�q� and so r D qs, whence p D q. In either case,
pq� is an idempotent. It follows that G .PE / is Hausdorff by [36, Theorem 5.17].

We write jpj for the length of a finite path p in E.
The characters of E.PE / are well known. There is the principal character �0

associated to 0, which is identically 1. Also, for each finite path p in E there is the
principal character �pp� , which we shall abbreviate to �p , and for each right infinite
path p in E, there is a character �p with �p.qq�/ D 1 if and only if q is a prefix of p.
This follows easily from the fact that if neither q nor r are prefixes of each other,
then qq�rr� D 0, and so for any character � ¤ �0, we have either � is principal, or,
for each n � 0, there is a unique path pn of length n with �.pnp�n/ D 1 and pn�1
is a prefix of pn. It follows that � D �p where p is the unique infinite path whose
prefix of length n is pn for all n � 0. One can check that if pq� 2 PE , then p̌q�

is defined on �0 and those �r with q a prefix of r . Moreover, has p̌q�.�0/ D �0 and
p̌q�.�qz/ D �pz for a finite or infinite path z with initial vertex r.p/. Note that ˇ0 is

only defined on �0 and fixes it.
A vertex v of E is regular if it is not a sink and not an infinite emitter. If X is a

set of regular vertices, then the Cohn path algebra of E relative to X is

CXK .E/ D
KPE

IX
;

where IX is generated by the zero of PE and the idempotents v �
P

d.e/Dv ee
� with

v 2 X . If X consists of all the regular vertices, then the Cohn path algebra of E
relative to X is the Leavitt path algebra LK.E/. See the book [1] for more on Leavitt
path algebras.



B. Steinberg 20

Notice that the set of principal characters �p of finite paths p ending at a vertex
of X form an invariant subset since two idempotent pp� and qq� are D-equivalent if
and only if p; q end at the same vertex. Moreover, the principal character associated
to any finite path p ending at a regular vertex v is isolated. Indeed, if e1; : : : ; en are
the finitely many edges leaving v, then D.pp�/ n

Sn
iD1D.pei .pei /

�/ is an open set
containing only �p . Also �0 is an isolated point as D.0/ D ¹�0º and is a singleton
orbit since 0 is not D-equivalent to any other idempotent. Thus if

Y D2E.PE / n
�
¹�p j r.p/ 2 Xº [ ¹�0º

�
;

then Y is a closed invariant subset of 2E.PE /, and so GE;X D G .PE /jY is an ample
groupoid.

Lemma 4.10. Let v be a vertex. Then D.v/ \ Y ¤ ;.

Proof. If there is path p (possibly empty) from v to a vertex w … X , then �p.v/ D 1
and �p 2 Y . Else, every vertex reachable from v (including itself) belongs toX . Since
each vertex of X is not a sink, it follows that we can build an infinite path p starting
at v. Then �p 2 Y and �p.v/ D 1.

The following proposition generalizes the well-known realization of Leavitt path
algebras as ample groupoid algebras, cf. [31]. The approach here seems different than
what is in the literature for Leavitt path algebras in full generality in that we avoid
graded uniqueness theorems.

Proposition 4.11. Let K be a commutative ring with unit, E a graph and X a set of
regular vertices of E. Then CXK .E/ Š KGE;X .

Proof. It follows from [38, Proposition 5.2] thatKGE;X is isomorphic to the quotient
of KPE by the ideal I generated by all products

Qn
iD1.f � fi / with f1; : : : ; fn �

f 2 E.PE / and

D.f / n
�
D.f1/ [ � � � [D.fn/

�
\ Y D ;:

We show that this ideal coincides with IX .
Since D.0/ \ Y D ;, we have that the zero of PE belongs to I . If v 2 X and

e1; : : : ; en are all the edges with initial vertex v, then

D.v/ n

n[
iD1

D.eie
�
i / D ¹�vº;
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and �v … Y since v 2 X . Thus
Qn
iD1.v � eie

�
i / 2 I . But noting that eie�i ej e

�
j D 0

in PE for i ¤ j , we deduce that this product is

v �

nX
iD1

eie
�
i C a;

where a is a scalar multiple of the zero of PE . Since the zero of PE belongs to I ,
we deduce that v �

Pn
iD1 eie

�
i 2 I . It follows that IX � I . This argument also shows

that
Qn
iD1.v � eie

�
i / 2 IX since IX also contains the zero of PE .

Denote also by ˇW PE ! I.Y / the homomorphism obtained by restricting the
action of PE on 2E.PE / to the invariant subspace Y .

First we claim that ifD.v/ n
Sn
iD1D.pip

�
i /\ Y D ; with p1; : : : ; pn nonempty,

then
Qn
iD1.v � pip

�
i / 2 IX . Note that if pi is a prefix of pj , then

.v � pip
�
i /.v � pjp

�
j / D v � pip

�
i :

Also,D.pjp�j /�D.pip
�
i /, and so we may remove pjp�j without changing anything.

Thus, without loss of generality, we may assume that the elements of p1; : : : ; pn are
prefix incomparable. After reordering, we may assume that pn has maximum length
amongst the pi .

The Hasse diagram of the set of finite paths starting at v with respect to the prefix
ordering is a rooted tree (with root v) and since each path has only finitely many
prefixes, two paths are prefix comparable if and only if there is a directed path in the
Hasse diagram from one to the other. Let T be the finite subtree whose vertices are
the (not necessarily proper) prefixes of p1; : : : ; pn. Notice that each of p1; : : : ; pn
are leaves of T by prefix incomparability. We prove that

Qn
iD1.v � pip

�
i / 2 IX by

induction on the number of internal (nonleaf) vertices of T .
Since D.v/ \ Y ¤ ; by Lemma 4.10, we must have n � 1, and hence v is an

internal vertex. First we claim that if p is an internal vertex of T , then the endpoint
of p belongs to X . For otherwise, �p 2 Y \D.v/ n

Sn
iD1D.pip

�
i /.

Write pn D pe0 with e0 an edge. Since the pi are prefix incomparable, p ¤ pi
for any i D 1; : : : ; n. Let w D r.p/ and note that w 2 X by what we have already
observed. Let e be any edge with initial vertex w (there is at least one, and finitely
many, since w is regular). We claim that pe D pi for some i . Indeed, let w0 be the
endpoint of e. Then, by Lemma 4.10, we can find a character � 2 Y with �.w0/ D 1.
Since w0 D .pe/�.pe/ and Y is invariant, we deduce that if � 0 D p̌e.�/, then � 0 2 Y
and � 0..pe/.pe/�/D 1. Therefore, � 0 2D.v/, and hence we must have � 0 2D.pip�i /
for some i . Thus pe and pi are prefix comparable (they are both prefixes of some finite
or infinite path). We cannot have pi a proper prefix of pe, or we would have that pi
is a proper prefix of pn. Thus pe is a prefix of some pi . Since pn was chosen to have
maximum length,

jpej D jpnj � jpi j;
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and so we deduce that pi D pe. Note that if p is a prefix of pj , then pj D pe for
some edge e since pj ¤ p (as pj is not a proper prefix of pn), and so

jpj < jpj j � jpnj D jpj C 1:

If p D v, then what we have just shown is that p1; : : : ; pn are precisely the edges
emitted by v, and hence we have already seen that

Qn
iD1.v � pip

�
i / 2 IX in the

second paragraph of the proof. This is also exactly the case when there is one internal
node and so it is the base case of the induction. So we may now assume that p ¤ v.

Let us reorder the set p1; : : : ;pn so that p is not a prefix of p1; : : : ;pr (with r � 0)
and is a prefix of prC1; : : : ; pn, and note that

pp� �

nX
iDrC1

pip
�
i D p

�
w �

X
d.e/Dw

ee�
�
p� 2 IX (4.1)

by what we have just shown, and since w 2 X . We claim that if

Z D D.v/ n
�
D.p1p

�
1 / [ � � � [D.prp

�
r / [D.pp

�/
�
;

thenZ \ Y D ;. Indeed, if � 2 Y with �.v/D 1, then there is some i D 1; : : : ; n with
�.pip

�
i / D 1. If 1 � i � r , then � … Z. If �.pip�i / D 1 with r C 1 � i � n, then p

is a prefix of pi , and so �.pp�/ D 1. Thus � … Z. Note that the paths p1; : : : ; pr ; p
are prefix incomparable by construction. Since the tree T 0 associated to p1; : : : ; pr ; p
is obtained from T by removing prC1; : : : ; pn, which are precisely the children of p,
it has fewer internal nodes. Since p ¤ v, T 0 has at least one internal node. Thus, by
induction, we have

rY
i�1

.v � pip
�
i /.v � pp

�/ 2 IX :

Since the zero of PE belongs to IX and the paths p1; : : : ; pr ; p are prefix incompara-
ble,

IX D

rY
i�1

.v � pip
�
i /.v � pp

�/C IX D v �

rX
iD1

pip
�
i � pp

�
C IX :

But pp� C IX D
Pn
iDrC1 pip

�
i C IX by (4.1), and hence v �

Pn
iD1 pip

�
i 2 IX . But

again, using that p1; : : : ; pn are prefix incomparable and that IX contains the zero
of PE , we deduce that

nY
iD1

.v � pip
�
i /C IX D v �

nX
iD1

pip
�
i C IX D IX :
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To complete the proof that I � IX , suppose now that

Z D D.pp�/ n

n[
iD1

D
�
ppi .ppi /

�
�
\ Y D ;

with v the initial vertex of p and p1; : : : ; pn nonempty. Then since Y is invariant,

; D p̌�.Z/ D D.v/ n

n[
iD1

D.pip
�
i / \ Y;

and so by the previous case a D
Qn
iD1.v � pip

�
i / 2 IX . But then

nY
iD1

�
pp� � ppi .ppi /

�
�
D pap� 2 IX :

This completes the proof that I D IX , and hence CXK .E/D KPE=IX Š KGE;X .

Note that the isomorphism in [38, Proposition 5.2], in our setting, sends the coset
v C IX , with v 2 E0, to 1D.v/\Y 2 KGE;X . Since D.v/ \ Y ¤ ; by Lemma 4.10,
we deduce that v C IX ¤ IX . Hence, if e is an edge, then e C IX ¤ IX , since if that
were the case and if v D r.e/, then v C IX D e�e C IX D IX , which contradicts our
previous observation.

We need one last lemma, which is essentially well known, except that people
usually work with the path groupoid (cf. [31]) ofE, which is topologically isomorphic
to G .PE /.

Lemma 4.12. Let � 22E.PE /. Then the isotropy group of � is trivial unless � D �r
where r is an infinite path of the form bccc � � � with b a finite path and c a nonempty
closed path, in which case the isotropy group is infinite cyclic.

Proof. LetG be the isotropy group of � . First note that Œs; �0�D Œ0; �0� for all s 2 PE ,
and hence G is trivial if � D �0. Next assume that � D �r with r a finite path.
Then Œpq�; � � makes sense if and only if q is a prefix of r . Moreover, if r D qs,
then p̌q�.�r/ D �ps , and so we must have p D q if Œpq�; � � 2 G. But then Œpp�; � �
is the identity at � , and so G is trivial.

Next assume that � D �r where r is an infinite path. Again Œpq�; � � makes sense
if and only if q is a prefix of r , and if r D qs, then p̌q�.�r/D �ps . Thus Œpq�; � � 2G
if and only if ps D qs. If jpj D jqj, this implies p D q and so Œpp�; � � is the identity
of G. So if G is nontrivial, then taking inverses if necessary, we may assume that
jpj> jqj, and so pD qc for some finite nonempty path c, which is necessarily closed.
We then have that qcs D ps D qs, and so cs D s. It follows that s D ccc � � �, and so

r D qs D qccc � � � :

It remains to show that G is infinite cyclic in this case.
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Define �WG ! Z by �.Œab�; �r �/ D jaj � jbj. This is well defined because if
cd� � ab�, then there is a finite path x with c D ax and d D bx, and so

jcj � jd j D jaj C jxj �
�
jbj C jxj

�
D jaj � jbj:

It is a homomorphism because if Œab�; �r �; Œcd�; �r � 2 G, then Œab�cd�; �r � 2 G.
Hence, ab�cd� ¤ 0, and so b is a prefix of c or c is a prefix of b. If c D bx,
then ab�cd� D axd�, and we have

jaxj � jd j D jaj � jbj C jcj � jd j:

If b D cy, then ab�cd� D ay�d�, and

jaj � jdyj D jaj �
�
jd j C jbj � jcj

�
D jaj � jbj C jcj � jd j:

Therefore, � is a homomorphism. Also, � is injective because if �Œab�; �r � D 0, then
jaj D jbj. But a; b are prefixes of r (as we saw above), and so a D b. Therefore,
Œab�; �r � D Œaa

�; �r � is the identity of G.
Since every nontrivial subgroup of Z is infinite cyclic, it remains to display a non-

trivial element ofG. We claim that Œqcq�; �r �2G is nontrivial. Note: ˇqcq�.�r/ D �r ,
and so Œqcq�; �r � 2 G. Also,

�
�
Œqcq�; �r �

�
D jqcj � jqj D jcj > 0:

This completes the proof.

The following result is due to Vaš [40]; in fact she just proves Dedekind finiteness
but the class of Leavitt path algebras she considers is easily verified to be closed under
taking matrix algebras. Stable finiteness is explicitly characterized in the special case
where the graph is finite andK is a field in [2, Theorem 4.2]. In what follows we omit
writing cosets and one should interpret paths as living in the appropriate Leavitt path
algebra or relativized Cohn algebra.

Theorem 4.13. Let K be a commutative ring with unit and E a graph. Then the
following are equivalent:

(1) LK.E/ is stably finite;

(2) LK.E/ is Dedekind finite;

(3) E is a no-exit graph.

Proof. Obviously, (1) implies (2). Assume that (2) holds and that there is a cycle
with an exiting edge e with initial vertex v. Let p be the path that goes once around
the cycle starting from v. Then p; p� 2 vLK.E/v and p�p D v. But pp�e D 0,
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whereas ve D e ¤ 0. Therefore, pp� ¤ v and so LK.E/ is not Dedekind finite.
Thus (2) implies (3).

For (3) implies (1), we use [1, Theorem 1.6.10]. A subgraph F of E is called
complete if whenever a vertex v of F emits at least one edge in F and finitely many
in E, we have that all edges of E with initial vertex v belong to F . The set of regular
vertices of a graph F will be denoted Reg.F /. Then [1, Theorem 1.6.10] proves that

LK.E/ Š lim
�!
F

C
Reg.F /\Reg.E/
K .F /;

where F runs over the finite complete subgraphs of E. In fact, in [1] they always
work over fields, but the proof of [1, Theorem 1.6.10] works over any base commu-
tative ring with unit. Indeed, it is fairly easy to see that KPE is the directed union of
the KPF where F runs over the finite complete subgraphs and that the generating set
of IReg.E/ is the union of the generating sets of the IReg.F /\Reg.E/, where F runs over
the finite complete subgraphs of E, yielding the direct limit result. However, [1, The-
orem 1.6.10] proves the stronger result that the directed system consists of injective
maps, and so LK.E/ is really a directed union of these relative Cohn algebras.

Next we observe that if F is a finite complete subgraph of E, then F is no-exit.
Indeed, every cycle in F is a cycle in E and hence has no exit in E, let alone F . Also
note that since each vertex of a cycle in E has out-degree 1, and hence is regular, it
follows that each vertex of a cycle in F belongs to Reg.F / \ Reg.E/. Since stably
finite rings are closed under direct limits by Proposition 3.2, we are reduced to the
case of proving stable finiteness for CXK .F / where F is a finite no-exit graph and
every vertex of every cycle of F belongs to X (this reduction also appears in [40]).

We claim that G .0/
F;X is finite in this case. Assuming the claim, it will follow that

each orbit is closed and discrete. Moreover, each isotropy group G is either trivial or
infinite cyclic by Lemma 4.12, whence KG is a commutative ring with unit and thus
stably finite. Theorem 4.1 then yields that KGF;X Š CXK .F / is stably finite.

Let n be the number of vertices of F . Any path of length n must visit some vertex
twice and hence enter a cycle from which it cannot exit. Since every vertex of a cycle
belongs to X , we deduce that if p is a finite path with �p 2 G .0/

F;X , then p has length
less than n. Since F is a finite graph, there are only finitely many paths of length
less than n. On the other hand, since any infinite path must enter a cycle (from which
it cannot escape) within the first n edges, the infinite paths are of the form qppp � � �

with jqj < n and p the label of a cycle. Clearly, there are only finitely many such
infinite paths since F is finite and any cycle has length at most n (since any prefix of
length n must repeat a vertex). Thus G .0/

F;X is finite. This completes the proof.
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5. Normed �-algebras and spanning semigroups

In this section, we are interested in stable finiteness of ample groupoid algebras over
fields of characteristic zero, and hence we may restrict our attention to the field of
complex numbers by Corollary 3.4. Our goal is to use traces to prove that certain
�-algebras are stably finite. Although, we shall not obtain any new stable finiteness
results using traces that cannot be deduced from the results of Section 4, the approach
we use here has the advantage that it does not rely explicitly on Kaplansky’s stable
finiteness result for complex group algebras (although Passman’s proof idea [26] is
embedded in our approach). Also there has been quite a bit of research about faithful
traces on inverse semigroups algebras [9,10,34] and our approach recovers a number
of these results. We are hopeful that the theory of traces on complex groupoid algebras
that we initiate here will find other uses outside of the context of stable finiteness.

A complex algebra A is a �-algebra if it has an involution � such that:

(SA1) .aC b/� D a� C b� for all a; b 2 A;

(SA2) .ab/� D b�a� for all a; b 2 A;

(SA3) .a�/� D a for all a 2 A;

(SA4) .ca/� D xca� for all c 2 C and a 2 A.

We say that the �-algebra A is a seminormed algebra if it is equipped with a
seminorm j � jWA! R such that:

(N1) jaC bj � jaj C jbj for all a; b 2 A;

(N2) jaj � 0 for all a 2 A;

(N3) jabj � jaj � jbj for all a; b 2 A;

(N4) jcaj D jcjjaj for c 2 C, a 2 A;

(N5) jaj D ja�j for all a 2 A.

We do not require that A be complete with respect to the seminorm. The �-algebra A
is normed if additionally jaj D 0 if and only if a D 0.

If A is any normed �-algebra and I is a �-ideal (closed under �), then A=I is a
seminormed �-algebra with seminorm given by

jaC I j D inf¹jbj j b 2 aC I º:

This is a norm precisely when I is closed.
Recall that a �-semigroup is a semigroup S with an involution s 7! s� (satis-

fying (SA2) and (SA3)). For example, inverse semigroups are �-semigroups with
respect to the usual involution. A projection in a �-semigroup is an idempotent p
with p�D p. Of course, the multiplicative semigroup of a �-algebra is a �-semigroup.
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On the other hand, if S is a �-semigroup, then CS is a normed �-algebra, where if
a D

P
s2S ass, then a� D

P
s2S xass

� and the norm is the `1-norm jaj D
P
s2S jasj.

If A is a �-algebra, then a spanning semigroup for A is a �-subsemigroup S � A
that spans A as a vector space. For example, S is a spanning semigroup of CS . If S
is a spanning semigroup for A, then � WCS ! A induced by the inclusion of S is
a surjective homomorphism of �-algebras and so A Š CS=I , where I D ker� is a
�-ideal. Therefore, the `1-norm on CS induces a seminorm on A turning it into a
seminormed �-algebra. Concretely,

jaj D inf
²X
s2S

jasj j a D
X
s2S

ass

³
:

We call this the seminorm induced by S on A.
If G is an ample groupoid, there is an involution � on CG given by

f �.
/ D f .
�1/

for f 2 CG and 
 2 G . Note that 1�U D 1U�1 . Thus the indicator functions form a
spanning semigroup ¹1U jU 2�c.G /ºŠ�c.G /, which we tacitly identify with �c.G /
to avoid introducing new notation. Hence we have an induced seminorm on CG .
Every function in CG takes on only finitely many values and is, hence, bounded. Put
jf j1 D sup
2G jf .
/j. Then j � j1 is a vector space norm on CG .

Proposition 5.1. Let G be an ample groupoid and let j � j be the seminorm on CG
induced by �c.G /. Then jf j1 � jf j, and hence j � j is a norm.

Proof. If f D
P
U2�c.G /

cU 1U , then

jf .
/j D

ˇ̌̌̌ X
U2�c.G /

cU 1U .
/

ˇ̌̌̌
�

X
U2�c.G /

jcU j

since 0 � 1U .
/ � 1. Therefore, jf .
/j � jf j, and so jf j1 � jf j. In particular,
if jf j D 0, then jf j1 D 0, and so f D 0.

A set E of idempotents in a ring R is a set of local units if each finite subset F
of R is contained in eRe for some e 2 E. If R has a set of local units, we say that the
ring R has local units. This is equivalent to being a direct limit of unital rings with
respect to ring homomorphisms that do not have to respect the identities.

If A is a �-algebra and S is a spanning semigroup, we say that S contains a set of
local projections for A if, for every finite subset F of A, we have that F � pAp for
some projection p 2 S . For example, if G is an ample groupoid, then �c.G / contains a
set of local projections for CG . Indeed, it is well known [37] that for each finite subset
F � CG there is a compact open subset U � G .0/ with F � 1UCG 1U ; moreover,
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the indicator function 1U is a projection. Note that if S is an inverse semigroup, then
it is not necessarily the case that S contains a set of local projections for CS , but there
is always an inverse �-subsemigroup of CS containing S that does.

If A is unital, then S contains a set of local projections for A if and only if S
contains the identity of A. Indeed, if S contains the identity, it trivially contains a set
of local projections. Conversely, if S contains a set of local projections, then 1 2 pAp
for some projection p 2 S , and so 1 D p1p D p 2 S .

It will be convenient to build a spanning semigroup for Mn.A/ from a spanning
semigroup for A. First note that if A is a �-algebra, then Mn.A/ is also a �-algebra in
the standard way, where .bij /�D .b�j i /. Let In be the symmetric inverse monoid on the
set Œn�D ¹1; : : : ; nº. It consists of all partial bijections � W Œn�! Œn� and the involution
is given by taking the inverse partial bijection. The multiplication is composition of
partial functions. We write d.�/ for the domain of � 2 In and r.�/ for the range.

Denote by Eij the standard ij -matrix unit. If S is a spanning semigroup for A,
the rook semigroup Rn.S/ consists of all elements of Mn.A/ of the formX

j2d.�/

sjE�.j /j

for some � 2 In and sj 2 S . The term “rook matrix” is due to Solomon [33] and refers
to the fact that each row and column of a rook matrix has at most one nonzero entry
and hence the matrix can be viewed as a placement of nonattacking rooks on an n� n
chessboard.

Proposition 5.2. Let S be a spanning semigroup for A (containing a set of local
projections). Then Rn.S/ is a spanning semigroup for Mn.A/ (containing a set of
local projections).

Proof. If B D
P
j2d.�/ sjE�.j /j 2 Rn.S/, then

B� D
X

j2d.�/

s�j Ej�.j / D
X

i2d.��1/

s�
��1.i/

E��1.i/i 2 Rn.S/:

Also, if C D
P
j2d.�/ tjE�.j /j , then

BC D
X

j2d.��/

s�.j /tjE��.j /j 2 Rn.S/:

Since sEij 2 Rn.S/ for all s 2 S and 1 � i; j � n, and S spans A, we deduce that
Rn.S/ spans Mn.A/.

Suppose that S contains a set of local projections for A and let F be a finite set of
matrices fromMn.A/. Then there is a projection p 2 S such that all the finitely many
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entries of the elements of F belong to pAp. Then

P D

nX
jD1

pEjj 2 Rn.S/

(take � D 1Œn�) and P is a projection with F �PMn.A/P , completing the proof.

6. Faithful traces and stable finiteness

A trace on a �-algebra A is a functional � WA! C satisfying:

(T1) �.ab/ D �.ba/ for all a; b 2 A;

(T2) �.a�/ D �.a/ for all a 2 A;

(T3) �.aa�/ � 0 for all a 2 A.

The trace � is said to be faithful if it also satisfies:

(T4) �.aa�/ D 0 implies a D 0.

In the case where � is a faithful trace on A, we can define a complex inner product
.�; �/WA �A! C by .a; b/ D �.ab�/. The corresponding norm on A will be denoted
by k � k. Note that ka�k2 D �.a�a/ D �.aa�/ D kak2, and so ka�k D kak. The next
proposition shows that � gives the adjoint map with respect to this inner product for
both left and right translations.

Proposition 6.1. Let � be a faithful trace onA with corresponding inner product .�; �/.
Then for all a; b; c 2 A, we have:

(1) .ab; c/ D .b; a�c/;

(2) .a; bc/ D .ac�; b/.

Proof. This is standard:

.ab; c/ D �.abc�/ D �.bc�a/ D �
�
b.a�c/�

�
D .b; a�c/

and
.a; bc/ D �

�
a.bc/�

�
D �.ac�b�/ D .ac�; b/:

Notice that if � is a trace, then �.p/ D �.pp�/ � 0 for each projection p. If � is
faithful, then �.p/ > 0 for each nonzero projection.

A trace � on a unital �-algebra is said to be normalized if �.1/ D 1.
Suppose S is a spanning semigroup forA. We say that a trace � onA is S -contrac-

tive if �.as.as/�/ � �.aa�/ for all a 2 A and s 2 S . This condition is left-right dual.
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Proposition 6.2. Let � be a trace on a �-algebra A with spanning semigroup S . Then
the following are equivalent:

(1) � is S -contractive;

(2) �.sa.sa/�/ � �.aa�/ for all a 2 A, s 2 S .

Proof. If � is S -contractive and a 2 A, s 2 S , then since s� 2 S , we have that

�
�
sa.sa/�

�
D �.saa�s�/ D �.a�s�sa/ D �

�
.a�s�/.a�s�/�

�
� �.a�a/ D �.aa�/;

because � is S -contractive. The converse implication is similar.

In the case that � is a faithful trace, the condition that �..as/.as/�/ � �.aa�/
can be rewritten as kask � kak and the second condition in Proposition 6.2 can be
rewritten as ksak � kak. In other words, left and right translations by elements of S
are contractive with respect to k � k, whence the name. The following proposition
generalizes an observation of Passman [26] for the special case of the standard trace
on a group algebra.

Proposition 6.3. Let A be a �-algebra with spanning semigroup S . Suppose that �
is an S -contractive faithful trace on A with associated norm k � k. Denote by j � j the
seminorm induced on A by S .

(1) kabk � kak � jbj for all a; b 2 A;

(2) kabk � jaj � kbk for all a; b 2 A.

In particular, if jaj D 0, then aAD 0DAa. Consequently, ifA has local units, then j � j
is a norm.

Proof. We handle the first item only as the second follows dually using Proposi-
tion 6.2 (2). Since � is S -contractive, we have that kask � kak for all a 2A and s 2 S .
If a D 0, there is nothing to prove, so assume that a ¤ 0. If we write b D

P
s2S bss,

then the triangle inequality yields

kabk D





X
s2S

bsas





 �X
s2S

jbsjkask �
X
s2S

jbsjkak D kak
X
s2S

jbsj:

We conclude that kabk=kak �
P
s2S jbsj, and so taking infima over all representa-

tions of b as a linear combination of elements of S we obtain kabk � kak � jbj.
It follows immediately from (1) and (2) that if jaj D 0, then kabk D 0D kbak for

all b 2 B , and hence aA D 0 D Aa. If A has local units, then aA ¤ 0 for any a ¤ 0,
and so jaj > 0 for any a ¤ 0.

We show that � is even better behaved when A is unital and � is normalized.
In particular, the trace is a bounded linear map.
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Lemma 6.4. Let A be a unital �-algebra with spanning semigroup S . Suppose that �
is a normalized S -contractive faithful trace on A with associated norm k � k. Denote
by j � j the norm induced on A by S .

(1) k1k D 1;

(2) kak � jaj for all a 2 A;

(3) j�.a/j � kak � jaj for all a 2 A.

Proof. Note that j � j is a norm by Proposition 6.3. For the first item, we have that

k1k2 D �.1 � 1�/ D �.1/ D 1

since � is normalized, whence k1k D 1. Therefore,

kak D k1 � ak � k1k � jaj D jaj

by Proposition 6.3 (1), yielding the second item. The third item follows from the first
and second since by the Cauchy–Schwarz inequality,

j�.a/j D j�.a � 1�/j D j.a; 1/j � kak � k1k D kak � jaj:

Next we construct from a faithful S -contractive trace on A, a faithful Rn.S/-
contractive trace on Mn.A/.

Proposition 6.5. Let A be a �-algebra and � a (faithful) trace on A. Then the map
�nWMn.A/! C defined by �n.B/ D

Pn
iD1 �.bi i / is a (faithful) trace. Moreover, if S

is a spanning semigroup for A and � is S -contractive, then �n is Rn.S/-contractive.

Proof. The fact that �n is a (faithful) trace is well known and standard. The key points
are

�n.B
�/ D

nX
iD1

�.b�i i / D

nX
iD1

�.bi i / D �n.B/;

�n.BC/ D
X
i;j

�.bij cj i / D
X
i;j

�.cj ibij / D �n.CB/;

�n.BB
�/ D

X
i;j

�.bij b
�
ij /:

Suppose that C D
P
j2d.�/ sjE�.j /j 2 Rn.S/ and B 2 Mn.A/. If BC D .dij /,

then

dij D

´
bi�.j /sj if j 2 d.�/;

0 else.
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Thus, using that � is S -contractive, we have that

�n
�
BC.BC/�

�
D

nX
iD1

X
j2d.�/

�
�
bi�.j /sj

�
bi�.j /sj

���
�

nX
iD1

X
j2d.�/

�
�
bi�.j /b

�
i�.j /

�
�

X
i;j

�.bij b
�
ij / D �n.BB

�/

since � is a partial bijection, and hence each index appears at most once as �.j /.

The proof of the next theorem is an adaptation of Passman’s argument [26] for the
case of the standard trace on a group ring. Our notion of S -contractive faithful trace is
just an axiomatization of the properties he uses in his proof, and so many of the steps
of the argument are taken almost verbatim.

Theorem 6.6. Let A be a �-algebra with spanning semigroup S containing a set of
local projections for A. If there is an S -contractive faithful trace � on A, then:

(1) �.e/ > 0 for all nonzero idempotents e 2 A;

(2) A is stably finite.

Proof. Let us assume for the moment that (1) is true and we prove (2). It suffices
to show that A is Dedekind finite under these hypotheses since Mn.A/ has spanning
semigroup Rn.S/ containing a set of local projections for Mn.A/ by Proposition 5.2
and an Rn.S/-contractive faithful trace by Proposition 6.5, and hence satisfies these
hypotheses.

Suppose that e is a nonzero idempotent and u; v 2 eAe with uv D e. Note that
f D vu 2 eAe is an idempotent as

f 2 D vuvu D veu D vu D f:

Also �.e/ D �.uv/ D �.vu/ D �.f /, and hence

�.e � f / D �.e/ � �.f / D 0:

Thus e � f D 0 by (1) since e � f is an idempotent. We conclude that vu D e and
so u is invertible. Thus e is finite.

The proof of (1) is more difficult. Let e 2 A be a nonzero idempotent. Since S
contains a set of local projections for A, we may find a nonzero projection p 2 S
with e 2 pAp. In particular, �.p/ D �.pp�/ > 0. Then pAp is a unital �-algebra
with identity p and pSp is a spanning semigroup for pAp. Define � 0W pAp ! C

by � 0.a/ D �.a/=�.p/. Then � 0 is a faithful normalized trace. It is pAp-contractive
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since if a 2 pAp and s 2 pSp, then

� 0
�
as.as/�

�
D
�.as.as/�/

�.p/
�
�.aa�/

�.p/
D � 0.aa�/:

Thus to prove (1), we may assume without loss of generality that A is unital, S con-
tains the identity of A and � is normalized. In particular, Lemma 6.4 applies. The
remainder of our proof now follows [26] very closely. We use k � k for the norm on A
coming from the inner product .a; b/ D �.ab�/, and we use j � j for the norm on A
induced by S . Notice that since � is faithful and A is unital, j � j is indeed a norm by
Proposition 6.3. Also, note that j1j D 1 since 1 2 S implies j1j � 1, but 1D k1k � j1j
by Lemma 6.4.

If X � A and a 2 A, put

d.a;X/ D inf¹ka � bk j b 2 Xº:

Lemma 6.7. Let L � A be a linear subspace of A and a; b 2 L. Then

j.b; a � c/j2 � kbk2
�
ka � ck2 � d.c; L/2

�
for all c 2 A.

Proof. If b D 0, then there is nothing to prove, so assume that b ¤ 0 and put k D
.a � c; b/=kbk2. Then a � kb 2 L, and so ka � kb � ck � d.c; L/. Therefore,

ka�ck2 � d.c; L/2 � ka � ck2 � ka � kb � ck2

D ka � ck2 � .a � c � kb; a � c � kb/

D ka � ck2 � ka � ck2 C xk.a � c; b/C k.b; a � c/ � kxkkbk2

D kxkkbk2 C k.a � c; b/ � kxkkbk2

D kxkkbk2 D
j.a � c; b/j2

kbk2
:

The lemma now follows.

Put R D eA; note that R is a linear subspace and a right ideal. Set d D d.1; R/.
Then we can choose, for each n > 0, an element rn 2 R such that

k1 � rnk
2 < d2 C

1

n4
:

Note that ern D rn for all n � 1.

Lemma 6.8. There exists positive constants M;M 0 such that:

(1) jkrnk2 � �.rn/j < M=n;

(2) krne � ek < M 0=n.



B. Steinberg 34

Proof. First note that krn � 1k <
p
d2 C 1=n4 � d C 1, an inequality that we shall

use throughout. Now we prove (1). Observe that

krnk � krn � 1k C k1k < d C 1C 1 D d C 2

by Lemma 6.4. By Lemma 6.7 with L D R, a D b D rn and c D 1, we have that

j.rn; rn � 1/j
2
� krnk

2
�
krn � 1k

2
� d.1;R/2

�
< .d C 2/2

� 1
n4

�
;

and so j.rn; rn � 1/j < .d C 2/=n2 � .d C 2/=n. But

.rn; rn � 1/ D .rn; rn/ � .rn; 1/ D krnk
2
� �.rn/;

and so (1) holds with M D d C 2.
For the second item, we compute that

krne � ek
2
D
�
.rn � 1/e; .rn � 1/e

�
D
�
.rn � 1/ee

�; rn � 1
�

using Proposition 6.1. Since rn 2 R and .rn � 1/ee� D .rne � e/e� 2 R, we have by
Lemma 6.7 with a D rn, b D .rn � 1/ee� and c D 1 thatˇ̌�
.rn � 1/ee

�; rn � 1
�ˇ̌2
� k.rn � 1/ee

�
k
2
�
krn � 1k

2
� d.1;R/2

�
<
k.rn � 1/ee

�k2

n4
:

We conclude that

krne � ek
2 <
k.rn � 1/ee

�k

n2
� krn � 1k �

jee�j

n2
� .d C 1/

jee�j

n2

by Proposition 6.3. Thus (2) holds with M 0 D
p
.d C 1/jee�j.

A final lemma will finish the proof of Theorem 6.6 (1).

Lemma 6.9. Retaining the above notation:

(1) �.e/ D limn!1 krnk
2, and hence is a nonnegative real number;

(2) �.e/ � kek2=jej2 > 0.

Proof. We compute

j�.e/ � krnk
2
j � j�.e/ � �.rn/j C j�.rn/ � krnk

2
j:

By Lemma 6.8 (1), there is a positive constantM with j�.rn/� krnk2j <M=n. Since
�.rn/ D �.ern/ D �.rne/, we have that

j�.e/ � �.rn/j D j�.e/ � �.rne/j D j�.e � rne/j � ke � rnek <
M 0

n



Stable finiteness of ample groupoid algebras, traces and applications 35

for some positive constantM 0 by Lemma 6.4 (3) and Lemma 6.8 (2). We conclude that
j�.e/ � krnk

2j ! 0, and so krnk2 ! �.e/. Thus �.e/ is a nonnegative real number.
For (2), observe that

kek � ke � rnek C krnek � ke � rnek C krnk � jej

by Lemma 6.3. By Lemma 6.8 (2), ke � rnek ! 0 and by (1), krnk !
p
�.e/. It

follows that �.e/ � kek2=jej2 > 0.

This completes the proof of Theorem 6.6.

7. Constructing faithful traces on ample groupoid algebras

Let G be an ample groupoid. Note that �c.G .0// is the generalized Boolean alge-
bra of compact open subsets of G .0/. A mean on G .0/ is a finitely additive map
�W�c.G .0//! Œ0;1/. That is, �.U [ V / D �.U /C �.V / whenever U \ V D ;.
If G .0/ is compact, then the mean � is normalized if �.G .0// D 1. The mean � is
invariant if �.U�1U/ D �.UU�1/ for all U 2 �c.G /. Invariant means have been
studied by many authors, not always under the same name, and often in the language
of Boolean inverse semigroups [20, 34]. Munn and Crabb considered these implicitly
quite early on in their study of traces on E-unitary inverse semigroups [9].

An invariant measure on G .0/ is a Radon measure � on G .0/ such that �.U�1U/D
�.UU�1/ for all U 2 �.G /; the measure � is not required to be finite. If G is a
Hausdorff étale groupoid with compact unit space, then invariant measures give rise
to traces on the reduced C �-algebra of G . (This is true for noncompact unit spaces,
as well, provided the invariant measure happens to be finite.) We will follow the same
scheme here. Sticking to the world of complex algebras avoids integrability issues and
will allow us to handle to some degree non-Hausdorff groupoids.

We begin by showing that each invariant mean on G .0/ extends uniquely to an
invariant measure.

Lemma 7.1. Let G be an ample groupoid and � an invariant mean on G .0/. Then
there is a unique invariant measure extending G .0/. Conversely, if � is an invariant
measure on G .0/, then �j�c.G .0// is an invariant mean.

Proof. Since Radon measures are finite on compact sets, it is clear that the restriction
of an invariant measure to �c.G .0// is an invariant mean. We turn to the converse.

It is standard that if X is a locally compact, Hausdorff and totally disconnected
space, then any finitely additive, nonnegative real-valued mapping defined on its Bool-
ean algebra of compact open sets extends uniquely to a Radon measure. I was unable
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to find a reference treating the noncompact case, so I am including the proof for
completeness.

Let A be the complex �-algebra of locally constant mappings f WG .0/ ! C with
compact support under pointwise multiplication. Each element of A can be expressed
in the form f D

P
U2�c.G .0// cU 1U (one may even write f as a linear combination

of indicator functions of disjoint compact open sets), and so we can define a linear
functional �WA! C by

�.f / D
X

U2�c.G .0//

cU�.U / D

Z
f d�:

Here we are exploiting that f is a simple function, and hence the fact that the integral
is well defined and behaves as expected requires only finite additivity and nonnegativ-
ity of �. Note that if f � 0, then �.f / � 0, and so �. xf f / � 0 for any f 2 A. Also
writing f D

Pn
iD1 ci1Ui

with U1; : : : ; Un 2 �c.G .0// pairwise disjoint, we see that

j�.f /j �

nX
iD1

jci j�.Ui / D �
�
jf j
�
:

Of course, this integral is only defined for the moment on locally constant functions
with compact support.

The approach is then to show that � extends to a positive functional on Cc.G .0//

(the continuous functions with compact support on G .0/) and apply the Riesz repre-
sentation theorem. Let f 2Cc.G .0//withKD supp.f /, which is a compact set. Then
we can cover K by compact open sets, pass to a finite subcover and take the union
of this subcover to find a compact open set K0 with K � K0. Since K0 is clopen
and compact, we have that C.K0/ is a sub-�-algebra of Cc.G .0// (via extension by 0
outside of K0) and f 2 C.K0/. It follows that Cc.G .0// is the directed union of the
subalgebras C.K0/ with K0 � G .0/ compact open. Let AK0

be the subalgebra of A
consisting of those functions with support contained in K0; this is exactly the alge-
bra of locally constant functions on K0. We first show that there is an extension �K0

of �jAK0
to C.K0/ that is a positive linear functional. Afterwards, we show that if

K0 � K1, then .�K1
/jC.K0/ D �K0

, and hence we can extend � to Cc.G .0// (via the
universal property of a direct limit).

The �-algebra AK0
separates points of K0 since G .0/ is Hausdorff with a basis

of compact open sets and K0 is compact open in G .0/. Thus, AK0
is dense in the

sup-norm on C.K0/ by the Stone–Weierstrass theorem. Let f 2 C.K0/ and choose a
sequence .fn/ of elements ofAK0

converging to f in the sup-norm. We first show that
�.fn/ converges; we then show the limit is independent of the chosen sequence .fn/.
We check that .�.fn// is a Cauchy sequence. Let " > 0 be given. Choose N > 0 so
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that jfn � fmj1 < " for m; n � N . Then we compute, for m; n � N ,

j�.fn/ � �.fm/j D

ˇ̌̌̌ Z
K0

fn � fm d�

ˇ̌̌̌
�

Z
K0

jfn � fmj d� � "�.K0/:

Since �.K0/ � 0 and " was arbitrary, we deduce that .�.fn// is a Cauchy sequence
and hence has a limit. To see that this limit is independent of the choice of .fn/,
suppose that gn ! f with gn 2 AK0

for all n � 1. Let " > 0. We can choose N > 0

so that jfn � f j1 < "=2 and jgn � f j1 < "=2 for all n � N . Then

jfn � gnj1 � jfn � f j C jf � gnj1 < ":

Thus we have that

j�.fn/ � �.gn/j D

ˇ̌̌̌ Z
K0

fn � gn d�

ˇ̌̌̌
�

Z
K0

jfn � gnj d� � "�.K0/:

Since �.K0/ � 0 and " was arbitrary, we deduce that lim�.fn/D lim�.gn/, yielding
a well-defined value �K0

.f /. Clearly, �K0
is a positive functional since if fn ! f ,

gn ! g and c 2 C, then cfn C gn ! cf C g, xfn ! xf and xfnfn ! xf f . Finally,
note that ifK0 �K1 and fn! f in C.K0/, then since we can view C.K0/� C.K1/
via extension by zero, we have that fn ! f in C.K1/. It then follows that

�K0
.f / D lim�.fn/ D �K1

.f /:

We may therefore define �0W Cc.G .0// ! C by �0.f / D �K0
.f / where K0 is any

compact open set containing supp.f / (and there is at least one such, as observed ear-
lier). If f 2A, then f D limfn, where fn D f for all n� 1, and thus �0.f / D �.f /.
Therefore, �0 is a positive linear functional extending �.

By the Riesz representation theorem, there is a unique Radon measure � on G .0/

with �0.f / D
R
f d�. Note that if U 2 �c.G .0//, then

�.U / D

Z
1U d� D �

0.1U / D �.1U / D �.U /;

and so � extends �. Also observe that if �0 is any Radon measure extending �, thenR
f d�0 D �.f / for any f 2A. But we have already seen that, for any f 2 Cc.G .0//,

we can find a compact open set K0 containing supp.f / and a sequence .fn/ in AK0

converging to f in the sup-norm, and so we deduce thatZ
f d�0 D lim

Z
fn d�

0
D lim�.fn/ D �

0.f /

(by bounded convergence), and hence �0 D � by uniqueness in the Riesz representa-
tion theorem. It remains to show that � is invariant.
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Let U 2 �.G / and X D ¹V 2 �c.G / j V � U º. Since G has a basis of compact
open bisections, we have that U D

S
V 2X V . Also, if V; V 0 2 X , then V [ V 0 2 X

since any open subset of a bisection is a bisection. Note that

U�1U D
[
V 2X

V �1V and UU�1 D
[
V 2X

V V �1:

Each V �1V with V 2 X is compact open. Also, if K � U�1U is compact, then
K � V �1V for some V 2 X since the set X is directed upwards and K is compact.
By inner regularity, �.U�1U/ D sup �.K/, where K runs over the compact subsets
of U�1U . But by the preceding discussion, this sup is, in fact, supV 2X �.V

�1V /.
Similarly, �.UU�1/ D supV 2X �.V V

�1/. Since � is invariant,

�.V �1V / D �.V V �1/

for all V 2 X , and hence �.U�1U/ D �.UU�1/. This completes the proof.

The above proof shows that any mean on G .0/ can be extended to a unique Radon
measure, but we shall only be interested in invariant means.

From now on, we shall abuse notation and write � for both the mean and the
unique Radon measure extending it. We note that the invariant measure extending an
invariant mean need not be a finite measure when G .0/ is not compact.

Proposition 7.2. Let G be an ample groupoid and f 2 CG .

(1) If G is Hausdorff, then f jG .0/ is locally constant with compact support;

(2) in general, f jG .0/ is Borel measurable, simple and integrable with respect to
any Radon measure � on G .0/.

Proof. If G is Hausdorff, then G .0/ is clopen and f is locally constant. It follows that
f jG .0/ is locally constant and supp.f jG .0// D supp.f / \ G .0/ is compact. For the
second item, we can write f D

P
U2�c.G /

cU 1U . Then

f jG .0/ D

X
U2�c.G /

cU 1U\G .0/ :

Since G .0/ is open, U \ G .0/ is open and hence Borel. Moreover, U \ G .0/ � U�1U

and U�1U � G .0/ is compact open. Thus

�.U \ G .0// � �.U�1U/ <1

for any Radon measure �. It follows that 1U\G .0/ is Borel measurable and �-inte-
grable for any U 2 �c.G /, whence f jG .0/ is as well. Moreover, f jG .0/ is a simple
function being a linear combination of indicator functions of open sets.
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We shall show how to obtain traces from invariant means or, equivalently, invari-
ant measures. We follow the same idea commonly used for Hausdorff étale groupoids
with compact unit spaces in the C �-algebra setting. In what follows, it will be conve-
nient to describe .f � f �/jG .0/ for f 2 CG .

Lemma 7.3. Let f 2 CG and x 2 G .0/. Then we have

.f � f �/.x/ D
X

r.
/Dx

jf .
/j2; (7.1)

and hence supp..f � f �/jG .0// D r.supp.f //. Moreover, if G is Hausdorff, then
r.supp.f // is compact open, while in general it is a Borel set, which has finite mea-
sure with respect to any Radon measure on G .0/.

Proof. It follows from the definition that

.f � f �/.x/ D
X

r.
/Dx

f .
/f .
/ D
X

r.
/Dx

jf .
/j2;

and hence the first claim follows. The second claim is obvious if f D 0, and so we sup-
pose f ¤ 0. If G is Hausdorff, then supp.f / is compact open and hence r.supp.f //
is also compact open. For the general case, note that if g D .f � f �/jG .0/ , then g
is Borel measurable by Proposition 7.2, and hence r.supp.f // D g�1.C n ¹0º/ is
Borel. Moreover, g � 0 by (7.1). Since g is �-integrable and simple (again by Propo-
sition 7.2), it takes on only finitely values, and so there is a least nonzero value m
taken on by g and m > 0. Therefore,

1 >

Z
g d� �

Z
r.supp.f //

md� D m�
�
r.supp.f //

�
;

and so r.supp.f // has finite measure with respect to �.

We now construct a trace on CG from an invariant measure. In the case that G
is Hausdorff and G .0/ is compact, this trace extends to the reduced C �-algebra of G ,
cf. [34]. If G is Hausdorff and the invariant measure is finite, then the trace can still
be extended to the reduced C �-algebra of G .

Theorem 7.4. Let G be an ample groupoid and � an invariant measure on G .0/.
Then � WCG ! C given by

�.f / D

Z
f jG .0/ d�

is a �c.G /-contractive trace. Moreover, if G .0/ is compact and� is normalized, then �
is normalized.
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Proof. It follows from Proposition 7.2 that �.f / is a well-defined functional. More-
over, from basic properties of integration

�.f �/ D

Z
xf jG .0/ d� D �.f /:

It follows from Lemma 7.3 that �.f � f �/ � 0 since .f � f �/jG .0/ � 0. It remains
to prove that �.f � g/ D �.g � f / for f; g 2 CG .

Since CG is spanned by the indicator functions 1U with U 2 �c.G / and

1U � 1V D 1UV ; 1V � 1U D 1VU

for U; V 2 �c.G /, it suffices to show that �.UV \ G .0// D �.V U \ G .0// for all
U; V 2 �c.G /. Notice that x 2 UV \ G .0/ if and only if there exists 
 2 V with
d.
/ D x and 
�1 2 U . That is, UV \ G .0/ D d.U�1 \ V /. Similarly,

V U \ G .0/
D d.V �1 \ U/ D r.U�1 \ V /:

But notice that U�1 \ V 2 �.G /, being open and contained in a compact open bisec-
tion. Therefore, by invariance of �, we have that

�
�
d.U�1 \ V /

�
D �

�
.U�1 \ V /�1.U�1 \ V /

�
D �

�
.U�1 \ V /.U�1 \ V /�1

�
D �

�
r.U�1 \ V /

�
:

We may now conclude that � is a trace.
We next verify that � is �c-contractive. Observe that

�
�
.f � 1U / � .f � 1U /

�
�
D �.f � 1UU�1 � f �/ D �.1UU�1 � f � � f /:

Putting W D UU�1, we have that 1W � g D gjr�1.W / for any g 2 CG . Therefore,

.1W � f
�
� f /jG .0/ D .f � � f /jW :

We conclude (using that .f � � f /jG .0/ � 0 by Lemma 7.3) that

�
�
f � 1U � .f � 1U /

�
�
D

Z
W

.f � � f /jG .0/ d�

�

Z
.f � � f /jG .0/ d�

D �.f � � f / D �.f � f �/;

whence � is �c.G /-contractive. The final statement is immediate from the definitions.
This concludes the proof.
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The fact that we are using functions from CG allows us to avoid any integrability
issues when dealing with G .0/ noncompact and with G non-Hausdorff.

Following the terminology of [20, 34] an invariant mean on G .0/ is called faithful
if �.U /D 0 implies U D ; for all U 2 �c.G .0//. Equivalently, the mean � is faithful
if and only if the extension of � to a Radon measure is positive on any nonempty
open subset. We shall need a stronger notion to deal with non-Hausdorff groupoids.
Let � be an invariant mean on G .0/, which we then extend uniquely to an invariant
measure. We say that � is strongly faithful if �.r.supp.f /// > 0 for each nonzero
function f 2 CG .

We recall here the definition of the singular ideal JC.G / of CG [3, 25, 39]:

JC.G / D ¹f 2 CG j supp.f / has empty interiorº:

If G is Hausdorff, then JC.G / D 0 as supp.f / is open for all f 2 CG because f is
locally constant.

Proposition 7.5. Let G be an ample groupoid. Then any strongly faithful mean on G .0/

is faithful. If G is Hausdorff, or more generally if JC.G / D 0, then any faithful mean
on G .0/ is strongly faithful.

Proof. If U � G .0/ is compact open, then r.supp.1U //D U . Therefore, any strongly
faithful mean is faithful. Suppose now that JC.G /D 0 and that� is a faithful invariant
mean. If 0¤ f 2CG , then r.supp.f // has nonempty interior by [3, Lemma 4.1] (for
the Hausdorff case Lemma 7.3 applies), and hence �.r.supp.f /// > 0.

We now establish connections between faithful invariant means, strongly faithful
invariant means and faithful traces.

Theorem 7.6. Let G be an ample groupoid. Consider the statements:

(1) there is a faithful invariant mean on G .0/;

(2) there is a strongly faithful invariant mean on G .0/;

(3) CG admits a faithful �c.G /-contractive trace;

(4) CG admits a faithful trace.

Then (2) H) (3) H) (4) H) (1). If G is Hausdorff, or more generally if the
singular ideal JC.G / vanishes, then all four statements are equivalent.

Proof. Trivially, (3) implies (4). Suppose that � is a faithful trace on CG . We can
define a faithful mean �W�c.G .0//! Œ0;1/ by �.U / D �.1U /. Note that since 1U
is a projection, �.U /D �.1U / � 0 with equality if and only if U D ;, as � is faithful.
If U; V 2 �c.G .0// are disjoint, then 1U[V D 1U C 1V , and so

�.U [ V / D �.1U[V / D �.1U /C �.1V / D �.U /C �.V /:
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Thus � is a mean. Finally, if U 2 �c.G /, then

�.U�1U/ D �.1U�1U / D �.1U�1 � 1U /

D �.1U � 1U�1/ D �.1UU�1/ D �.UU�1/;

and so � is invariant. This shows that (4) implies (1). If G is Hausdorff, then (1)
implies (2) by Proposition 7.5.

Suppose now that � is a strongly faithful mean on G .0/ and extend �, as usual, to
an invariant measure on G .0/. Then we can define a �c.G /-contractive trace � on CG
as per Theorem 7.4. We claim that � is faithful. Indeed, suppose 0 ¤ f 2 CG . Then
we have that .f � f �/jG .0/ > 0 with support r.supp.f // ¤ ;, which is Borel and
has finite �-measure by Lemma 7.3. Moreover, .f � f �/jG .0/ is a simple function
by Proposition 7.2, and hence takes on only finitely many values. Let m > 0 be the
minimum nonzero value that .f � f �/jG .0/ takes on. Then

�.f � f �/ D

Z
.f � f �/jG .0/ d�

D

Z
r.supp.f //

.f � f �/jG .0/ d�

�

Z
r.supp.f //

md� D m�
�
r.supp.f //

�
> 0

since � is strongly faithful. Thus � is faithful.

We remark that if G .0/ is compact and G is Hausdorff, then (1)–(4) are also equiv-
alent to the existence of a faithful trace on the reduced C �-algebra of G by [34]. If we
just assume that G is Hausdorff, then there is still a faithful trace on the reduced
C �-algebra of G if there is a faithful invariant mean on G .0/ whose extension to an
invariant measure is finite. This is because there is a faithful conditional expectation
P W C �r .G / ! C0.G .0// (which on Cc.G /, and hence CG , is just restriction), and
therefore

�.f / D

Z
P.f / d�

gives a faithful trace (faithful since � is positive and P is faithful, and a trace because
CG is dense in C �r .G /, cf. [36]). I do not know if a strongly faithful invariant mean
that extends to a finite measure induces a faithful trace on the reduced C �-algebra in
the non-Hausdorff setting.

We now arrive at a generalization of Kaplansky’s theorem for group algebras in
characteristic zero [18].

Corollary 7.7. Let G be an ample groupoid and suppose that there is a strongly
faithful invariant mean on G .0/. Then KG is stably finite for all integral domains K
of characteristic zero.
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Proof. By Corollary 3.4, it is sufficient to handle the case K D C. But CG has
a �c.G /-contractive faithful trace by Theorem 7.6, and so CG is stably finite by
Theorem 6.6.

The next theorem is inspired by the construction in [10].

Theorem 7.8. Let G be an ample groupoid and suppose that there is a countable
set O1;O2; : : : of finite orbits such that

S
i�1 Oi is C-dense. Then there is a strongly

faithful invariant mean on G .0/ whose extension to an invariant measure is finite.
Hence, KG is stably finite for any integral domain K of characteristic zero.

Proof. Let

� D
X
i�1

1

2i

X
x2Oi

1

jOi j
ıx;

where ıx is the Dirac measure supported at x. Then � is a finite Radon measure
on G .0/. It is invariant, because if U 2 �.G /, then

jU�1U \Oi j D j¹
 2 U j d.
/ 2 Oiºj

D j¹
 2 U j r.
/ 2 Oiºj D jUU
�1
\Oi j:

But for any Borel subset of G .0/, we have that

�.W / D
X
i�1

jW \Oi j

2i jOi j
;

and so �.UU�1/ D �.U�1U/.
To see that � is strongly faithful, note by definition of C-density, if 0 ¤ f 2 CG ,

then r.supp.f // \Oi ¤ ; for some i � 1, and so �.r.supp.f /// > 0.
The final statement follows from Corollary 7.7.

The above theorem, of course, recovers Kaplansky’s theorem that group algebras
are stably finite over fields of characteristic zero.

Easdown and Munn [10] constructed a faithful trace on CS if S is an inverse
semigroup with countably many D-classes and each D-class contains finitely many
idempotents. Such inverse semigroups do not need to have Hausdorff groupoids. So
one cannot immediately deduce from their result that there is a strongly faithful invari-
ant mean on 1E.S/. But the mean implicit in their proof does have this property and
inspired Theorem 7.8, which of course implies their result and recovers the same trace.

Corollary 7.9. Let S be an inverse semigroup with countably many D-classes such
that each D-class contains finitely many idempotents. Then CS admits a faithful
trace. In fact, there is a strongly faithful invariant mean on 1E.S/, and so KS is
stably finite for any integral domain of characteristic zero.
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Proof. The orbits of principal characters form a countable set of C-dense finite orbits
and so Theorem 7.8 applies.

Note that in characteristic zero, Corollary 4.7 can be deduced from Corollary 7.9,
which does not directly appeal to Kaplansky’s theorem, since S is a direct limit of
its finitely generated inverse subsemigroups and these will have a countable set of
D-classes each of which contains finitely many idempotents. Note that if S in Corol-
lary 7.9 has a Hausdorff universal groupoid, then the reduced C �-algebra of S will
have a faithful trace and hence is stably finite. However, stable finiteness of CS for
inverse semigroups with finitely many idempotents in each D-class cannot be reduced
to the case of inverse semigroups with Hausdorff universal groupoids. P. V. Silva and
the author [32] have constructed finitely presented inverse semigroups meeting the
hypothesis of Corollary 4.7 (in fact, having finite R-classes), but not having Hausdorff
universal groupoids. Let us remark that if S is finitely presented and does not have a
Hausdorff universal groupoid, then it cannot be expressed as a direct limit of inverse
semigroups with Hausdorff universal groupoids. Indeed, suppose that S Š lim

�!˛2D
S˛

with S finitely presented and the S˛ having Hausdorff universal groupoids.
Let X � S be a finite generating set such that S is defined by finitely many rela-

tions ri D r 0i , for i D 1; : : : ; n, over the alphabet X (actually, any finite generating set
will do by a standard argument). For ˛ � ˇ, let �˛;ˇ WS˛ ! Sˇ be the map from the
directed system and let �˛WS˛ ! S be the maps coming from S Š lim

�!
S˛ . Note that

S D
[
˛2D

�˛.S˛/;

and this union is directed. SinceX is finite, we can find some ˛ such thatX � �˛.S˛/.
Thus �ˇ is surjective for all ˇ � ˛. Fix for each x 2 X a pre-image x0 2 S˛ and
let X 0 D ¹x0 j x 2 Xº. Let FIS.X/ be the free inverse semigroup on X and let

 WFIS.X/! S˛ be the homomorphism induced by sending x to x0 for x 2 X .

Since r1; : : : ; rn together with r 01; : : : ; r
0
n form a finite set of elements, we can find

˛0 � ˛ such that
�˛;˛0

�

.ri /

�
D �˛;˛0

�

.r 0i /

�
for i D 1; : : : ; n. It then follows that �˛0

W S˛0
! S splits via a homomorphism

 WS ! S˛0
with  .x/D �˛;˛0

.
.x// for x 2X since the elements �˛;˛0
.
.x// with

x 2 X satisfy the defining relations of S . Suppose now that s 2 S and let s0 D  .s/.
Since S˛0

has a Hausdorff universal groupoid, we can find idempotents e1; : : : ; em� s0

in S˛0
such that if f � s0 with f an idempotent, then f � ei for some i D 1; : : : ; m

by [36, Theorem 5.17]. Then fi D �˛0
.ei / � s, for i D 1; : : : ; n are idempotents.

Suppose that f 2 E.S/ with f � s. Then f s D f , and so

 .f /s0 D  .f / .s/ D  .f s/ D  .f /;



Stable finiteness of ample groupoid algebras, traces and applications 45

whence  .f / � s0. Therefore,  .f / � ei for some i , and so f � fi . We deduce that
the universal groupoid of S is Hausdorff by [36, Theorem 5.17].

Crabb and Munn [9] showed that any free inverse semigroup (or monoid) algebra
has a faithful trace (without countability assumptions). Since free inverse semigroups
(monoids) are E-unitary, they have Hausdorff groupoids, and so Theorem 7.6 also
yields that there is a strongly faithful invariant mean on its spectrum. Actually, the
proof of Crabb and Munn essentially constructs an invariant mean, except that they
only define it on a semiring of compact open subsets, rather than the whole general-
ized Boolean algebra.

We end this section with a result proving that if G is an ample groupoid with com-
pact unit space, then stable finiteness of KG for some commutative ring K implies
that the existence of a normalized invariant mean, and hence the existence of a nor-
malized trace on the complex algebra of G and, in the case that G is Hausdorff, a
tracial state on the reduced C �-algebra of G . To do this, we need some K-theory and
a result of Goodearl and Handelman [15].

If R is a unital ring, then K0.R/ is the Grothendieck group for the commutative
monoid of isomorphism classes of finitely generated projective R-modules under the
operation of direct sum. If we define K0.R/C to be the submonoid of K0.R/ gener-
ated by the classes ŒP � of finitely generated projective modules P , then one has that
ŒP � D ŒQ� in K0.R/C if and only if P ˚ Rn Š Q ˚ Rn for some n � 0, i.e., P;Q
are stably isomorphic.

Recall that a partially ordered abelian group G is a group with a partial order �
that is translation-invariant. The partial order is determined by its positive cone

GC D ¹g 2 G j g � 0º;

which is a submonoid satisfying G \ .�G/ D ¹0º. Conversely, any submonoid GC

satisfying this property is the positive cone for the partial order g � h if h� g 2 GC.
A strong order unit in G is an element u > 0 such that for any x 2 G, there is a
positive integer n with x � nu. For example, 1 is a strong order unit for the additive
group of real numbers. One says that G is directed if it directed as a poset. This is
well known to be equivalent to GC generating G as a group.

Proposition 7.10 (Goodearl–Handelman). Let R ¤ 0 be a stably finite ring. Then
K0.R/ is a directed abelian group with positive cone K0.R/C. Moreover, ŒR� is a
strong order unit in K0.R/.

The proof of this in [15, Proposition 2.1] is straightforward. No nonzero finitely
generated projective module is stably isomorphic to the trivial module because if
P ˚Rn Š Rn with n � 1 and P ¤ 0, then there is a noninvertible surjective homo-
morphism Rn ! Rn (with kernel P ), and so Mn.R/ Š EndR.Rn/ is not Dedekind-
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finite, a contradiction. In particular, if ŒP �D�ŒQ�withP;Q finitely generated projec-
tives, then ŒP ˚Q�D 0 and so P;QD 0 by the above. The strong order unit property
follows because ifP is finitely generated projective, say generated by n elements, then
P ˚Q D Rn for some n-generated projective Q, and so nŒR� � ŒP � D ŒQ� � 0.

If .G; u/ is a partially ordered abelian group with strong order unit u, then a state
on .G; u/ is an order-preserving additive homomorphism f WG ! R with f .u/ D 1.
The term “functional” is used in [15]; the term “state” appears in [14] and the majority
of the literature. The following crucial result is [15, Corollary 3.3].

Theorem 7.11 (Goodearl–Handelman). LetG be a directed partially ordered abelian
group with strong order unit u. Then there exists a state on .G; u/.

We recall [36] that KG is unital if and only if G .0/ is compact for an ample
groupoid G .0/.

Theorem 7.12. Let G be an ample groupoid with compact unit space. Suppose that
KG is stably finite for some commutative ring K. Then there exists a normalized
invariant mean on G .0/. Consequently, CG admits a �c.G /-contractive normalized
trace, and if G is Hausdorff, then C �r .G / admits a tracial state.

Proof. Let us put R D KG . Then K0.R/ is a directed partially ordered abelian
group with strong order unit ŒR� by Proposition 7.10. Therefore, there is a state f
on .K0.R/; ŒR�/. Define � by �.U / D f .ŒR1U �/ for U � G .0/ compact open. This
makes sense because 1U is idempotent, and so R1U is a finitely generated projective
module. Also, since ŒR1U � 2 K0.R/C, we have that

�.U / D f
�
ŒR1U �

�
� 0:

If U \ V D ;, then 1U[V D 1U C 1V and 1U � 1V D 1V � 1U D 1U\V D 0, and so
1U ; 1V are orthogonal idempotents. Therefore, R1U[V Š R1U ˚R1V , and so

�.U [ V / D f .R1U[V / D f
�
ŒR1U �C ŒR1V �

�
D f

�
ŒR1U �

�
C f

�
ŒR1V �

�
D �.U /C �.V /;

establishing that � is a mean. Moreover, �.G .0// D f .ŒR�/ D 1, and so � is nor-
malized. To check invariance, let U 2 �c.G /. Then U�1U and UU�1 are compact
open subsets of G .0/ and R1UU�1 Š R1U�1U as left R-modules via f 7! f � 1U

(with inverse g 7! g � 1U�1) since 1UU�1 D 1U � 1U�1 and 1U�1U D 1U�1 � 1U .
It follows that

�.UU�1/ D f
�
ŒR1UU�1 �

�
D f

�
ŒR1U�1U �

�
D �.U�1U/;

and so � is a normalized invariant mean. We conclude that CG admits a normalized
trace by Theorem 7.4. The final statement follows from the results of Starling [34],
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which show that a normalized invariant mean on G .0/ yields a tracial state on C �r .G /
when G is Hausdorff with compact unit space.

It would be interesting to compare our work to that of Vaš on traces for Leavitt path
algebras over �-rings [40]. I believe that for the case of the field of complex numbers,
her construction of so-called canonical traces is equivalent to constructing faithful
invariant means on the associated groupoid. I believe that a theory of traces of algebras
of Hausdorff ample groupoids over arbitrary �-rings, generalizing the case of Leavitt
path algebras [40], can be made to work because we only ever need to integrate locally
constant functions against an invariant mean, and so likely one can make sense of this
over arbitrary �-rings with an appropriate notion of positivity (as considered in [40]).
For non-Hausdorff groupoids, we need to integrate Borel functions and extend the
mean to a measure, and so it less clear to me that one can develop a theory over
arbitrary �-rings.

A. Stable finiteness of algebras of stable semigroups

This appendix generalizes Corollary 4.7 to a class of stable semigroups, extending
the main result of [24]. The approach here does not use groupoids at all, but rather
specialized techniques from semigroup theory, and so for this reason we have isolated
it as an appendix. We assume familiarity with Green’s relations and preorders [16] and
structural semigroup theory as found in [6,7] or [30, Appendix A]. We also follow the
standard notation for equivalence classes of Green’s relations.

An element s of a semigroup S is (von Neumann) regular if there exists t 2 S with
sts D s. A semigroup is regular if all its elements are regular. Inverse semigroups are
precisely the regular semigroups with commuting idempotents. The multiplicative
semigroup of a von Neumann regular ring is, of course, von Neumann regular.

A semigroup S is stable if sJ st implies sR st and sJ ts implies sL ts. Finite
semigroups, as well as periodic semigroups and compact semigroups, are stable. If S
is a regular semigroup such that each J -class has either a minimal R-class or a mini-
mal L -class, then S is stable by the proofs of [7, Theorems 6.45 and 6.48]. In a stable
semigroup, Green’s relations J and D coincide. A stable semigroup does not con-
tain a bicyclic monoid. More on stable semigroups can be found in [30, Appendix A].
In particular, if J is a J -class of a stable semigroup, then either J 2 \ J D ; or
each element of J is regular. A J -class of the former type is called null and of the
latter type is called regular. Each L - and R-class of a regular J -class contains an
idempotent.

Let e be an idempotent of S . Then the maximal subgroup He , which is the H -
class of e, acts freely on the right of Le and the orbits are exactly the H -classes
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contained in Le; these orbits are in bijection with the R-classes of De . Dually, He
acts freely on the left of Re and the orbits are described similarly.

With this preparation, we may now prove the main result of this appendix, gener-
alizing [24]. Our proof is inspired by Munn’s with some improvements.

Theorem A.1. LetR be a unital ring and S a stable semigroup such that each regular
J -class of S contains either finitely many L -classes or finitely many R-classes.
ThenRS is stably finite if and only ifRG is stably finite for each maximal subgroupG
of S . In particular, if R is an integral domain of characteristic zero or if R is locally
residually Noetherian (e.g., R is commutative) and each maximal subgroup of S is
sofic, then RS is stably finite.

Proof. If G is a maximal subgroup of S , then RG is a subring of RS and so it must
be stably finite if RS is stably finite. Suppose now that RG is stably finite for each
maximal subgroup G of S . We show that RS is stably finite. In fact, we first show
thatRS is Dedekind finite and then explain afterwards how to obtain the general result
from this.

Let e be an idempotent ofRS and a;b 2 eRSe such that ab D e but ba¤ e. Then
f D e � ba is a nonzero idempotent. Choose a maximal J -class J intersecting the
finite support of f (in the usual ordering on J -classes). Let I D ¹s 2 S j J —J Jsº.
Then I is an ideal of S and hence spans an ideal RI of RS . Consider

A D RS=RI Š R0ŒS=I �;

where R0ŒS=I � is the contracted semigroup algebra of S=I (i.e., the zeroes of R
and RŒS=I � are identified). So A has basis S n I (dropping the coset notation) and
the multiplication is defined on the basis by the rule s � t D 0 if st 2 I , and otherwise
s � t D st . Let � WRS!A be the projection (which can be viewed as sending elements
of S n I to themselves and elements of I to 0). Note that �.f / ¤ 0 by construction.
By maximality of J , we have that the support of f is contained in J [ I , and hence
�.f / 2 RJ . Since �.f /2 D �.f /¤ 0, we cannot have J 2 � I , and so J 2 \ J ¤ ;
(as J [ I is an ideal of S ). Thus J is a regular J -class.

Without loss of generality (because we may replace S by its opposite semigroup),
we may assume that J has finitely many R-classes. Notice that RJ is a two-sided
ideal ofA (since I [ J is an ideal of S ). Moreover, the stability of S implies thatRLf
is a left ideal of A for each idempotent f 2 J . Indeed, if s 2 S and x 2 Lf , then
sx 2 J [ I and, by stability, sx 2 J if and only if sx 2 Lf . Thus in A, sx 2 RLf
(possibly 0). If f 0 is another idempotent in J , then since J D D on S by stability,
Green’s lemma implies there exists s 2S such that x 7! xs a bijection fromLf toLf 0 .
But then right multiplication by s yields a left A-module isomorphismRLf !RLf 0 .
Since the L -classes in J are disjoint, each contains an idempotent (by regularity) and
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their union is J , we conclude thatRJ is the direct sum of theRLf 0 as f 0 ranges over a
set of idempotent representatives of the L -classes of J , and this in turn is isomorphic
to a direct sum of copies of RLf (of cardinality the number of L -classes in J , which
might be infinite). In particular, if a 2 A, then aRJ D 0 if and only if aRLf D 0.

Suppose that J has n R-classes. Then Hf acts freely on the right of Lf with
n orbits. Thus RLf is a free right RHf -module of rank n. Moreover, the action of A
on the left of RLf commutes with the action of RHf on the right, and hence there is
a corresponding homomorphism A! EndRHf

.RLf /. Composing with � and using
that

EndRHF
.RLf / ŠMn.RHf /

(since RLf is free of rank n over RHf ), we obtain a homomorphism

�WRS !Mn.RHf /

(which is just the linear extension of the classical left Schützenberger representation
by monomial matrices over Hf (see [6])) with the property that �.x/ D 0 if and
only if �.x/RLf D 0, if and only if �.x/RJ D 0. Note that since �.f / 2 RJ and
�.f /�.f / D �.f / ¤ 0, it follows �.f / does not annihilate RJ . Thus,

0 ¤ �.f / D �.e/ � �.b/�.a/:

Therefore, �.a/�.b/ D �.e/, �.b/�.a/ ¤ �.e/ and �.a/; �.b/ 2 �.e/Mn.RHf /�.e/.
This contradicts the hypothesis that RHf is stably finite. Hence, we must have that
RS is Dedekind finite.

To obtain the general result, let Bn be the semigroup of n � n-matrix units, to-
gether with 0; it is a finite inverse semigroup. Note that RBn Š Mn.R/ � R via the
map sending 0 to .0; 1/ and Eij to .Eij ; 1/. It follows that if S is a semigroup, then

RŒS � Bn� Š RS ˝R RBn Š RS ˝R
�
Mn.R/ �R

�
ŠMn.RS/ �RS:

Since Green’s relations are computed coordinatewise and Bn is finite, if S is stable
and each regular J -class of S has either finitely many R- or L -classes, then the
same is true for S � Bn. Moreover, since Bn has only trivial maximal subgroups, the
maximal subgroups of S �Bn are the same (up to isomorphism) as those of S . There-
fore, RŒS � Bn� is Dedekind finite by the above, and so Mn.RS/ is Dedekind finite,
being isomorphic to a subring. This concludes the proof that RS is stably finite.

Munn proved the analogue of this result for Dedekind finiteness under the stronger
assumption that eitherR is a field of characteristic zero orR is field and each maximal
subgroup is abelian [24].

The following corollary generalizes Corollary 4.7 (where we note that, for an
inverse semigroup, each J -class having finitely many L - or R-classes is equivalent
to each D-class having finitely many idempotents).
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Corollary A.2. Let R be a unital ring and S a regular semigroup such that each
J -class of S contains either finitely many L -classes or finitely many R-classes.
ThenRS is stably finite if and only ifRG is stably finite for each maximal subgroupG
of S . In particular, if R is an integral domain of characteristic zero or if R is locally
residually Noetherian (e.g., R is commutative) and each maximal subgroup of S is
sofic, then RS is stably finite.

Proof. These hypotheses imply that each J -class of S contains either a minimal
L -class or a minimal R-class. Therefore, S is stable by the proofs of [7, Theo-
rems 6.45 and 6.48]. Thus Theorem A.1 applies.
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