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Division rings for group algebras of virtually compact special
groups and 3-manifold groups

Sam P. Fisher and Pablo Sanchez-Peralta

Abstract. Let k be a division ring and let G be either a torsion-free virtually compact special
group or a finitely generated torsion-free 3-manifold group. We embed the group algebra kG in
a division ring and prove that the embedding is Hughes-free whenever G is locally indicable. In
particular, we prove that Kaplansky’s Zero Divisor Conjecture holds for all group algebras of
torsion-free 3-manifold groups. The embedding is also used to confirm a conjecture of Kielak
and Linton. Thanks to the work of Jaikin-Zapirain and Linton, another consequence of the
embedding is that kG is coherent whenever G is a virtually compact special one-relator group.

If G is a torsion-free one-relator group, let kG be the division ring containing kG construc-
ted by Lewin and Lewin. We prove that kG is Hughes-free whenever a Hughes-free k G -division
ring exists. This is always the case when k is of characteristic zero; in positive characteristic,
our previous result implies that this happens when G is virtually compact special.

1. Introduction

The Kaplansky Zero Divisor Conjecture asserts that kG is a domain, where k is a field
and G is a torsion-free group. One of the first approaches to the Zero Divisor Conjec-
ture was to embed kG in a division ring; this strategy was successfully implemented
by Mal’cev and Neumann, independently, in the case where G is bi-orderable [50,53],
where the group algebra is embedded into the Mal’cev—Neumann division ring of
power series with well-ordered supports. Note that while the Kaplansky Zero Divisor
Conjecture is still wide open, there are also no counterexamples to the following, a
priori stronger, conjecture.

Conjecture 1.1. If G is a torsion-free group and k is a field, then kG embeds into a
division ring.

When trying to prove the Zero Divisor Conjecture in characteristic zero, there are
many analytic tools at our disposal. Most notably, one can use the well-developed
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arsenal of L2-techniques to prove the Strong Atiyah Conjecture for a torsion-free
group G, which Linnell showed to be equivalent to the statement that the division clos-
ure of CG in U(G) is a division ring, where U(G) denotes the algebra of operators
affiliated to the G-equivariant bounded operators on L?(G) ([43], and see [49, Sec-
tion 10] for relevant background). Thus, the Strong Atiyah Conjecture for a torsion-
free group G implies Conjecture 1.1 when k = C. The Strong Atiyah Conjecture is
known for many notable classes of groups, including:

(1) torsion-free groups in Linnell’s class € [43, Theorem 1.5], defined as the
smallest class of groups containing all free groups and closed under elementary amen-
able extensions and directed unions. Linnell’s class € was recently shown to contain
all 3-manifold groups by Kielak and Linton [39];

(2) the class of locally indicable groups, which is due to Jaikin-Zapirain and
Lépez-Alvarez [36];

(3) the class of virtually compact special groups, as defined by Haglund and
Wise [26], which are groups that are virtually the fundamental group of a non-posi-
tively curved compact cube complex that avoids certain pathological hyperplane con-
figurations. This is due to Schreve [60].

Our list is far from exhaustive, and we refer the reader to Jaikin-Zapirain’s survey [33]
for a good account of what is known about the Strong Atiyah Conjecture.

The purpose of this article is to extend some of these embedding results beyond
characteristic zero. Because of the lack of a suitable analogue of U(G) in positive
characteristic, the methods we employ are necessarily more algebraic. Throughout,
we will work with crossed products k * G of a torsion-free group G with a division
ring k. The elements of k * G are formal sums of elements of G with coefficients in k,
where the multiplication is twisted (see Section 2.3 for more details). We emphasise
that the group algebra kG is an example of a crossed product, where the twisting is
trivial. A central concept will be that of a Linnell embedding: if G is a torsion-free
group and k is a division ring, we say that an embedding ¢: k * G — D is Linnell
if O is a division ring generated by the image of k * G and it satisfies the following
linear independence condition:

(L) let H < G be a subgroup and let S is a system of right coset representatives
for H in G, then § is left-linearly independent over the division closure of
k* Hin D.

The concept will be recalled in more detail in Section 2. In this case, D is called a
Linnell division ring for k * G. When G is locally indicable, a Linnell division ring
is unique up to k * G-isomorphism [31] and called a Hughes-free division ring for
k % G; it is then denoted by Dy.c. These notions will be recalled in more detail
in Section 2. We highlight the following conjecture, which is a strengthening of
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Conjecture 1.1 and is due to Jaikin-Zapirain and Linton in the case of a group alge-
bra kG over a field k [35, Conjecture 1].

Conjecture 1.2. Let G be a torsion-free group and let k be a division ring. Then
any crossed product k x G embeds in a Linnell division ring, which is unique up to
k * G-isomorphism.

We view Conjecture 1.2 as a version of the Strong Atiyah Conjecture in positive
characteristic. Our main result is the following.

Theorem 1.3. Let k be a division ring, let G be a torsion-free group, and let k x G
be any crossed product. If G is

(1) (Corollary 4.4) virtually the fundamental group of a compact special cube
complex, then k x G embeds into a Linnell division ring, which is unique up
to k x G-isomorphism;

(2) (Theorems 5.1 and A.6) the fundamental group of a compact 3-manifold, then
k * G has an embedding into a division ring, and the embedding can be made
Hughes-free when G is locally indicable.

Our proof of (1) builds heavily on arguments of Linnell and Schick in [44] and
on Schreve’s proof of the Strong Atiyah Conjecture for virtually compact special
groups [60], where he introduced the factorisation property, the key tool which allows
us to produce the embeddings. The first main ingredient in the proof of (2) is a result of
Friedl-Schreve-Tillmann [22, Theorem 3.3] which, together with [39, Theorem 1.1],
allows us to show that the fundamental group of any irreducible 3-manifold that is
not a closed graph manifold has the factorization property and that the group algebras
of their fundamental groups embed in division rings (see Theorem 5.5). The second
main ingredient is the graph of rings construction studied in Section 3, which is what
is needed to cover the case where M is a closed graph manifold; namely, we prove
the following combination theorem which allows us to produce our embeddings.

Theorem 1.4 (Corollaries 3.11 and 3.12). Let k be a division ring and §r = (G, G.)
be a graph with fundamental group G.

(1) Fix a crossed product k x G and suppose that G, is locally indicable and that
there is a Hughes-free embedding k * G, — Dgxg, for each vertex v. Then
k x G embeds into a division ring.

(2) Suppose that k is a subfield of C and that every vertex group G, satisfies the
Strong Atiyah Conjecture (over k). Then the group algebra kG embeds into a
division ring.
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The case where G is the fundamental group of a non-orientable 3-manifold is not
significantly different and is handled in Section A in order to keep the exposition as
straightforward as possible.

The following corollary of Theorem 1.3 is immediate. We do not need to assume
that the 3-manifold group is finitely generated since the Zero Divisor Conjecture can
be verified locally.

Corollary 1.5. If G is torsion-free and the fundamental group of a 3-manifold, then
k * G is a domain for any division ring k and any crossed product structure.

Note that Aschenbrenner, Friedl, and Wilton asked whether Z G satisfies the Zero
Divisor Conjecture when G is the fundamental group of an irreducible, orientable
manifold with empty or toroidal boundary [2, Question 7.2.6 (6)], the only unknown
case at the time being that of closed graph manifolds. The question was answered
positively by Kielak—Linton with their proof of the Strong Atiyah Conjecture for 3-
manifold groups [39, Corollary 1.5] and Corollary 1.5 extends this to positive charac-
teristic. Of course, our result also implies the Zero Divisor Conjecture for torsion-free
virtually compact special groups, however this can be deduced from the fact that they
have the factorisation property by [60, Corollary 4.3] and [22, Theorem 3.7]. Indeed,
since torsion-free virtually compact special groups are residually finite and have the
factorisation property, they are fully residually (torsion-free elementary amenable),
and group algebras of torsion-free elementary amenable groups satisfy the Zero Div-
isor Conjecture [40]. Recall that a group G is said to be fully residually & (for a
property & of groups) if for every finite subset S € G there is a group homomorph-
ism ¢: G — H thatis injective on S such that H satisfies .

It is interesting to remark that in contrast to Corollary 1.5, Gardam’s counter-
example to Kaplansky’s Unit Conjecture was FoG, where G = Z3 x (Z/2 & 7./2)
is isomorphic to the fundamental group of the Hantzsche—Wendt manifold, a flat
3-manifold [23]. The result was extended by Murray who showed that the group
algebra IF,, G also contains non-trivial units for every prime p (see [52]).

Consequences of the existence of Dy

In a recent breakthrough, Jaikin-Zapirain and Linton proved that one-relator groups
are coherent, [35], confirming a conjecture of Baumslag [4], as are their group algeb-
ras over fields of characteristic 0 [35, Theorem 1.1]. In fact, they showed that kG
is coherent whenever G is the fundamental group of a reducible 2-complex without
proper powers [35, Theorem 1.6] (see the discussion before Corollary 4.5 for a defin-
ition) and k is a field of characteristic 0. Note that all torsion-free one-relator groups
are fundamental groups of such 2-complexes. The only reason one must assume that k
is of characteristic zero is that in this case the Strong Atiyah Conjecture for one-relator
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groups [36] implies that a Hughes-free division ring Di g exists. Thus, combining our
construction of Ok for char(k) > 0 with Jaikin-Zapirain and Linton’s arguments, we
obtain the following.

Corollary 1.6 (Corollary 4.5). Let G be virtually compact special and the funda-
mental group of a finite reducible 2-complex. Then any crossed product k * G is
coherent for any division ring k.

In another direction, an embedding kG — DG, where G is locally indicable,
gives the Hughes-free division ring Ok the structure of a k G-module and thus we
can use it to compute H,(G; Dig) and b;'(,DkG(G) = dimg, , Hn(G; D). These
are examples of agrarian invariants of the group G, which were first introduced and
studied by Henneke and Kielak in [27]. When £k = Q and G is locally indicable,
then Dgg always exists and coincides with the division closure of QG in U(G)
mentioned earlier. It then follows that b,(f)(G) = b;':o QY (G), so the L2-Betti numbers
of G are examples of agrarian invariants. If k is a field of characteristic p > 0, then we
think of the Betti numbers b;‘l@ kG (G) as mod p analogues of the usual L2-Betti num-
bers. Indeed, in [19] the Betti numbers b;‘? kG (G) were shown to have many analogous
properties to those of L2-Betti numbers, in particular in how they control finiteness
properties of kernels of algebraic fibrations and in [20] and [3] they were related to
the mod p homology growth of G.

Recently, Kielak and Linton proved the following embedding theorem for hyper-
bolic virtually compact special groups.

Theorem 1.7 ([38, Theorem 1.11]). Let H be hyperbolic and virtually compact spe-
cial with cdg(H) = 2. Then, there exists a finite index subgroup L < H and a map
of short exact sequences

1 s K s L s 7 > 1
1 > N > G s 7 > 1

such that
(1) G is hyperbolic, compact special, and contains L as a quasi-convex sub-
group;
(2) cdo(G) = cdo(H);
(3) N is finitely generated;
@) ifb$P(H) = 0forall2 < p <n, then N is of type FP,(Q);
(5) if b (H) = 0 for all p = 2, then cdg(N) = cdg(H) — 1.
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As a consequence of this result, they are able to show among other things that
one-relator groups with torsion are virtually free-by-cyclic [38, Corollary 1.3], con-
firming a conjecture of Baumslag. Much of Kielak and Linton’s paper is written in
the full generality of agrarian homology. However, to prove Theorem 1.7, they need
to restrict themselves to L2-homology as they make crucial use of Schreve’s result
that virtually compact special groups satisfy the Strong Atiyah Conjecture [60]. Thus,
for a torsion-free virtually compact special group G, Kielak and Linton can embed the
group algebra QG into its Linnell division ring £ (G) and use it in homological argu-
ments to prove Theorem 1.7. They conjecture [38, Conjecture 6.7] that Theorem 1.7
remains true when every instance of Q is replaced with an arbitrary field k and every
L?-Betti number bl.(z) is replaced with the agrarian Betti number bi"(o kG Our construc-
tion of Dy for G torsion-free virtually compact special confirms their conjecture.

Theorem 1.8 (Theorem 6.5). Let k be a division ring. Theorem 1.7 remains true when
every instance of Q is replaced by k and every L?-Betti number bi(z) is replaced by

the agrarian Betti number b;@ ka,

Comparison with the Lewin—Lewin division ring

In [42], Jacques and Tekla Lewin proved that if & is a division ring and G is a torsion-
free one-relator group, then kG embeds in a division ring, which we will denote kG
and call the Lewin—Lewin division ring. This was the first proof that group algebras of
torsion-free one-relator groups satisfy the Kaplansky Zero Divisor Conjecture; Brod-
skii’s result that torsion-free one-relator groups are locally indicable [9] — together
with Higman’s proof of the Zero Divisor Conjecture for locally indicable groups [28,
Theorem 12] — gives another proof.

With the proof of the Strong Atiyah Conjecture for locally indicable groups,
we know that group algebras of torsion-free one-relator groups have Hughes-free
embeddings in characteristic zero and Theorem 1.3 shows that there are Hughes-free
embeddings of virtually compact special torsion-free one-relator groups in positive
characteristic as well. It is thus natural to compare the constructions of Hughes-free
division rings with the Lewin—Lewin division ring. In the final section, we prove the
following.

Theorem 1.9 (Theorem 7.8). Let G be a torsion-free one-relator group and let k
be a division ring such that kG embeds into a Hughes-free division ring Dy g. Then
kG = Dyg as kG-division rings.
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Organisation of the paper

In Section 2 we recall some notions that will appear throughout the paper and prove
some preliminary results about Linnell and Hughes-free division rings. In Section 3
we study graphs of rings and their relationship to the group algebra of a graph of
groups; the results proved in this section are geared towards proving that the group
algebra of a graph manifold embeds in a division ring. In Section 4 we use Schreve’s
factorisation property to prove that group algebras of torsion-free virtually compact
special groups embed into a division ring. In Section 5, we show that the group algebra
of a finitely generated torsion-free fundamental group of an orientable 3-manifold
embeds in a division ring; this builds on the results of the two previous sections. In
Section 6 we use our construction of a division ring embedding kG for G torsion-free
virtually compact special to confirm [38, Conjecture 6.7]. In Section 7, we prove that
the Lewin—Lewin construction of a division ring embedding for the group algebra of
a torsion-free one-relator group is Hughes-free whenever a Hughes-free division ring
exists. In Section A, we adapt the proof of the Zero Divisor Conjecture for orientable
3-manifold groups to the non-orientable case.

2. Preliminaries

Throughout, rings are assumed to be associative and unital, and ring homomorphisms
preserve the unit.

2.1. Special groups

Special cube complexes were introduced by Haglund and Wise in [26] as a class
of non-positively curved cube complexes that avoid certain pathological hyperplane
configurations. One of the core features of a compact special cube complex X is
that it admits a 7r;-injective combinatorial local isometry X 9 Sr to the Salvetti
complex St of a finitely generated right-angled Artin group (RAAG) Ar [26, The-
orem 1.1]. Thus, fundamental groups of compact special cube complexes inherit many
remarkable algebraic properties from RAAGs; for example they are subgroups of
SL,(Z), and in particular are residually finite.

Throughout the article, we will refer to groups that are fundamental groups of
compact special cube complexes as compact special groups. Agol’s Theorem [ 1, The-
orem 1.1] states that a hyperbolic group G acting properly and cocompactly on a
CAT(0) cube complex X contains a subgroup H of finite index such that X/H is
compact special. In this sense, virtually compact special groups are abundant.
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2.2. Ore domains

Let R be aring and let 7 C R be a multiplicative set of non-zero divisors. A left ring
of fractions for R with respect to T is a ring S in which R embeds and that satisfies
the following:

(1) Every element of T becomes invertible in S;
(2) Every element of S can be written as t~'r for some ¢ € T and r € R.

In general, there may not exist a left ring of fractions for a given ring R. The
condition that guarantees such existence is the so-called Ore condition. Let R be aring
and let T C R be a multiplicative set. We say that T satisfies the left Ore condition if
Tr N Rt # @foreveryt € T and r € R. If the set T contains only non-zero divisors
and satisfies the left Ore condition, then R has a left ring of fractions with respect to T’
(see, for example, [24, Theorem 6.2]).

Definition 2.1. Let R be a domain and 7 the set of all non-zero divisors in R. If T
satisfies the left Ore condition, then we say that R is a left Ore domain. In this case,
we denote by Ore(R) its left ring of fractions with respect to 7" and call it the Ore
localisation of R.

2.3. Hughes-free and Linnell division rings

Let k be a division ring and let G be a group.

Aring S is G-graded if S = @, Se as an additive group, where S is an
additive subgroup for every g € G, and S¢S, C Sgp, forall g, h € G. If S, contains
an invertible element u, for each g € G, then we say that S is a crossed product of S,
and G and we shall denote it by

S =S8 xG.

In practice, we will always denote the element u, by g and view G as a subset of
S * G in this way. Note that the usual group ring RG of a group G with R a ring is
an example of a crossed product R * G.

An R-ring is a pair (S, ¢) where ¢: R — S is a homomorphism. We will often
omit @ if it is clear from the context. A subring R C § is called division closed if
whenever r € R N S* (where S* stands for the units of S), then 7! € R.If R C S is
a subring, then we will denote the smallest division closed subring of S containing R
by Div(R, S). An R-division ring ¢: R — D is called epic if

Div(¢(R), D) = D.
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Let R € S be an inclusion of rings and let T < S be a subset. We say that T is
left-linearly independent over R if the sum R -¢; + --- + R - 1, is direct for every
finite subset {¢1,...,1,} € T.

Definition 2.2. We make the following definitions:

(1) Let G be a locally indicable group and let k be a division ring. We say that
a k % G-division ring ¢: k * G — D is Hughes-free if it is injective, epic, and the
following linear independence condition is satisfied:

(HF) Whenever H < G is finitely generated and N <{H issuchthat H/N = (tN)
=~ 7, then {@(t") : n € Z} is left-linearly independent over Div(k * N, D).

In this situation, we say that D is a Hughes-free division ring of fractions (or simply
a Hughes-free division ring) of k x G.

(2) Now suppose G is any torsion-free group. An embedding ¢: k * G — D is
called Linnell if it is epic and the following linear independence condition is satisfied:

(L) If H < G is a subgroup and 7T is a right transversal for H in G, then T is
left-linearly independent over Div(k * H, D).

In this situation, we say that D is a Linnell division ring of k x G.

Remark 2.3. For a torsion-free group G satisfying the Strong Atiyah Conjecture,
the division closure D (G) of CG in U(G) is a Linnell division ring for CG. In the
literature, O (G) is called the Linnell division ring of CG, which is the motivation for
the terminology of Definition 2.2 (2).

Suppose G is locally indicable. Ian Hughes showed that when Hughes-free divi-
sion rings exist, they are unique up to k * G-isomorphism [31]. Thus, when it exists,
we will always denote the Hughes-free division ring of k * G by Dy«q. If H is a
subgroup of G, note that the division closure of k * H in Dg«g is Hughes-free as a
k * H-division ring, and therefore we have a natural inclusion gy S Dg+g. On
the other hand, if G is a torsion-free group and there is a Linnell division ring
containing k * G, then it is not known whether D is the only such division ring.

It is clear that if G is locally indicable and k * G < D is a Linnell embedding,
then it is also a Hughes-free embedding. We will often use the following surprising
recent result of Griter, which provides a converse. We also refer the reader to [35,
Proposition 2.4] for a proof of the precise statement we are using here.

Theorem 2.4 ([25, Corollary 8.3]). Let k * G be a crossed product of a locally indic-
able group G with a division ring k. If a Hughes-free division ring Dy« exists, then
it is in fact a Linnell division ring for k * G.
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Since RAAGS are residually (torsion-free nilpotent) ([16] and [17]), so are their
subgroups, and in particular so are compact special groups. Thus, Hughes-free divi-
sion rings exist for compact special groups by the following result of Jaikin-Zapirain.

Theorem 2.5 ([34, Theorem 1.1]). Let G be a locally indicable amenable group, a
residually (torsion-free nilpotent) group, or a free-by-cyclic group. Then Dy« exists
and it is universal.

We refer the reader to Section 2.5 for a definition of universality. We now prove
two general lemmas about Hughes-free division rings which will be useful to us in
the later sections.

Lemma 2.6. Let G be a group and let H < G be a locally indicable normal sub-
group. Fix a crossed product structure k x G for some division ring k. If there is a
Hughes-free embedding ¢:k x H — Dy, then we can form Dy * [G/H] and
there is a natural embedding k x G =~ (k * H) *x [G/H] < Dy * [G/H].

Proof. The only potential obstruction to extending the crossed product structure of
(k x H) * [G/H] to Dr+pg * [G/H] is extending the conjugation action of G on H
to a G-action on all of k.. This is not a problem, however, because Hughes-free
division rings are unique up to k * H -isomorphism. In more detail, let «: H — H be
any automorphism of H, and by abuse of notation write « for the induced automorph-
ism of k * H. Then ¢ and ¢ o o are both Hughes-free embeddings of k * H, and by
uniqueness of Hughes-free embeddings, « extends to an automorphism «’: Og«g —
Dr+ g such that the diagram

kxH <% kxH

[ [

a/
Dixag — Dixn
commutes. | |

The following lemma will be key throughout the article, as it allows us to pass the
Linnell property to extensions by elementary amenable groups.

Lemma 2.7. Let k x G be a crossed product of a division ring k and a torsion-free
group G. Suppose there is a normal subgroup H < G such that G/H is elementary
amenable and a Linnell embedding k « H <— D. If the conjugation action of G on H
extends to an action on D and D = [G/H] is a domain, then the embedding k « G —
Ore(D * [G/H]) is Linnell.

Proof. First note that O * [G/H] is an Ore domain by [44, Lemma 2.5]. For the sake
of brevity, if A < G, then we write Dy := Div(k * A, Ore(D * [G/H])) and we note
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that D4 = Ore(Dyna * [A/H N A]). Let N < G be a subgroup, let t1,...,1, be
distinct right N -coset representatives in G, and let oy, ..., o, € Dy be such that

o1ty + -+ opt, = 0.

By multiplying on the left by a common denominator, we may assume that o; €
Dunn * [N/H N NJ]. Fixing a collection sy, ..., s of right H N N-coset repres-
entatives in NV, for each i we can write o; = Zle ,stl for some ,3; € Dynn. The
previous line becomes

k
> Blsits + -+ Bl sitn) = 0.

=1

Observe that the elements s;7,, lie in different H N N -cosets, so the previous line has
the form

yirt +---+yjri =0,

where y; € Ounn foreachd and ry, ..., r; is a collection of distinct H N N-coset
representatives (here, j = kn and each element y, is equal to some ,Bf). Since the
H -cosets are left-linearly independent over & = Dy by assumption, it suffices to
consider the case where the elements r; are all contained in the same H -coset. But
then there is some g € G such that r; = hyg for all d, where the elements hy € H
lie in different H N N -cosets. We obtain

Y vaha =0,
d

implying that y; = O for all d by the Linnell property. But then o; = 0 for each
1 <i < n, as desired. n

The main situation where we will use the previous lemma is when H is locally
indicable and Hughes-free embeddable.

Corollary 2.8. Let k x G be a crossed product of a torsion-free group G and a divi-
sion ring k. Suppose H < G is a normal and locally indicable subgroup such that
G/H is elementary amenable. If there is a Hughes-free embedding k « H — Dy.gy
and Oy.g * [G/H] is a domain, then embedding k *+ G — Ore(Dy.g * [G/H]) is
Linnell and is unique among Linnell embeddings up to k * G-isomorphism.

Proof. If Dy g exists, then it is Linnell by Theorem 2.4. By Lemma 2.7, the embed-
ding k %« G — Ore(Dg. g * [G/H]) is Linnell. Now suppose that k * G < D is Linnell.
Then Div(k * H, D) is Hughes-free, and therefore isomorphic to Dx.gy by [31].
Since D is Linnell, the cosets of G/H are left-linearly independent over Dy, gy and
therefore there is an embedding Dy .y * [G/H] — D, where G acts by conjugation
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on Dy g . By the universal property of Ore localisations, there is a homomorphism
Ore(Dy+y * [G/H]) — D, which is surjective since D is epic as a k * G-division
ring. This proves the uniqueness statement. |

2.4. Agrarian homology

Let R be aring, let G be a group, and let D be a division ring. If the group algebra RG
embeds into O, then we say that G is D-agrarian over R and that the embedding
RG — D is an agrarian embedding.

Suppose that G is D-agrarian over R. Then O is an RG-bimodule and we can
define and denote the D-homology and cohomology of G by

H,(G: D) :=TorR%(D,R) and H"(G;D) := Exth;(R, D)
and the D-Betti numbers by
b2(G) :=dimp Hy(G: D) and bY(G):= dimp H?(G: D).

The theory of agrarian Betti numbers was introduced by Henneke—Kielak in [27] in
the case R = Z and was studied over other fields R in the case where O is Hughes-
free in [19]. However, in this article we will be mostly concerned with agrarian
cohomology. Thanks to [38, Lemma 2.2], bf (G) = bg) (G) whenever these quant-
ities are finite (which occurs if, for instance, G is of type Fo, or more generally of
type FPoo (R)) and therefore we do not need to worry about the distinction between
cohomological and homological £-Betti numbers.
The following is the central example of agrarian homology.

Example 2.9. Let G be a torsion-free group satisfying the Strong Atiyah Conjecture
over k, where k is a subfield of C. Then kG embeds into a division ring D (G) called
the Linnell division ring ([43] and [49, Lemma 10.39]) and the agrarian Betti numbers
b;,@ @ (G) are equal to the L2-Betti numbers b,(,Z)(G).

Proposition 2.10. Let G be a group and let k be a division ring such that kG embeds
into a division ring D.
(1) If G is non-trivial, then bf,D (G)=0.
(2) If G is a group of finite type, then y(G) = Y ;o ,(—1)" - blfD (G).
) If G is locally indicable and D = Dy is Hughes-free, then for every finite
index subgroup H < G, we have |G : H| -b;?kG (G) = b;,DkH (H) for all p.
Proof. (1) This follows from considering the partial free resolution

Deea
@kGLkG—)k—)O

geG
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of the trivial K G-module k, and tensoring with O over kG. Here, o denotes the aug-
mentation map.

(2) This is proved as usual, i.e., if Ceo (X: k) is the CW chain complex of X with
coefficients in k, where X is a finite classifying space for G, then we use the rank-
nullity theorem and the fact that dimgp D ®rg Cy (f ; k) is the number of n-cells
in X.

(3) This essentially follows from Theorem 2.4. For a detailed proof, see [19,
Lemma 6.3]. ]

Remark 2.11. Item (3) of Proposition 2.10 is particularly useful, as it allows us to
consistently define agrarian Betti numbers for groups G containing a finite index sub-
group H such that kK H has a Hughes-free embedding.

2.5. Sylvester matrix rank functions

Let R be aring. A Sylvester matrix rank function tk on R is a function that assigns a
non-negative real number to each matrix over R and satisfies the following conditions:

(1) rk(A) = 0if A is any zero matrix and rk(1) = 1;
(2) tk(AB) < min{rk(A4), rk(B)} for any matrices A and B which can be multi-
plied;

(3) k(4 %) = rk(A) + rk(B) for any matrices A and B;

(4) k(4 §) = rk(A) + rk(B) for any matrices A, B, and C of appropriate sizes.

We denote by P(R) the set of Sylvester matrix rank functions on R. Note that a
ring homomorphism ¢: R — S induces a map ¢*: P(S) — P(R), that is, we can pull
back any rank function rk on S to a rank function ¢*(rk) on R by setting

¢* (tk) (A) := rk(p(4))

for every matrix A over R. We shall often abuse notation and write rk instead of ¢*(rk)
when it is clear that we are referring to the rank function on R.

A division ring $ has a unique Sylvester matrix rank function which we denote
by rkgp. Any Sylvester matrix rank function rk on R that only takes integer values
is the pullback of the Sylvester matrix rank function on a division ring by a result
of P. Malcolmson [51]. Furthermore, there is a one-to-one correspondence between
integer-valued rank functions and epic R-division rings.

Lemma 2.12 ([47, Corollary 3.1.15]). Let R be a ring and let D, & be two epic
R-division rings. Then D and & are R-isomorphic if and only if for every matrix A
over R the induced rank functions on R satisfy

ko (A) = rkg (A)
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We denote the set of integer-valued rank functions on a ring R by Pg;, (R).

Given two Sylvester matrix rank functions on R, rk; and rk,, we will write tk; <
rk, if for every matrix A over R, rk;(A4) < rka(A). This partial order structure shall
play a key role.

A central notion in this theory is that of a universal R-division ring for a given
ring R (see, for instance, [14, Section 7.2]). In the language of Sylvester matrix rank
functions, an epic R-division ring D is universal if tkp = rkg for every R-division
ring &. Note that a universal epic R-division ring, if it exists, is unique up to R-
isomorphism and we denote it by U(R).

3. Graphs of rings

In this section we introduce graphs of rings and prove some of their basic properties.
The amalgamated product of rings over a common subring has been studied extens-
ively (see, for instance, [14]) and the HNN extension of rings was defined and studied
by Dicks in [15]. The upshot of this section is Corollary 3.11, which states that crossed
products of graphs of Hughes-free embeddable groups embed in a division ring. Our
motivation for defining graphs of rings is to prove the Kaplansky Zero Divisor Con-
jecture for crossed products of fundamental groups of graph manifolds, which are the
compact, irreducible 3-manifolds for which the factorisation property is not known.
Moreover, a tree of rings will appear in Section 7 when studying the Lewin—Lewin
division ring.

We define graphs of rings in complete analogy with graphs of groups. We take
graphs to be connected and oriented, with e denoting the same edge as e but with the
opposite orientation. Every edge e has an origin vertex o(e) and a terminus vertex z (e)
such that o(e) = t(e). Graphs are allowed to have loops and multiple edges.

Definition 3.1 (The graph of rings with respect to a spanning tree). Let I" be a graph
and let T be a spanning tree. For each vertex v of I' we have a vertex ring R, and
for each edge e of I we have an edge ring R, and we impose R, = Rz for every
edge e. Moreover, for each (directed) edge e there is an injective ring homomorphism
@e: Re — Ry(e). Then the graph of rings Rr,r = (Ry, R.) is the ring defined as
follows:

(1) for each edge of e of I' we introduce a formal symbols ,;

(2) Rr,r is generated by the vertex rings R, and the elements ., ;"' and subjec-
ted to the relations

* fele =lele =13
o tewe(r)te = @e(r) forall r € Re;
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e ifeeT,thent, = 1.

Define R in the same way as Rr 7, except drop the relations 7, = l ife € T.
There is a canonical quotient map 77: Rf. — Rr,r.

Definition 3.2 (The based graph of rings). We retain all the notations of Defini-
tion 3.1. Fix a base vertex vg € I". We say that an element of R} is a loop element if
it is of the form rofe, r1te, - - - e, 7' and

(1) 70 € Ro(ey);
(2) ri € Ry(epy forall1 i <n
3) t(e;) = o(ejqq) foralll <i <n-—1,;
(4) o(e1) = t(en) = vo.
We then define Ry, to be the subring of R} generated by the loop elements. Since

the product of loop elements is clearly a loop element, Rr,, consists of the elements
of RY. that can be expressed as sums of loop elements.

Remark 3.3. When defining a ring with generators and relations, we are quotienting
a freely generated ring by an ideal. Thus, with these definitions, we of course run the
risk that R}, Rr,1, or Rr,y, is zero, and that we have lost all information about the
vertex and edge rings. This never happens in the graph of groups construction, but not
much can be said for a general graph of rings. In the situations of interest, however,
we will see that this does not happen, and that the vertex rings inject into the graph of
rings (see Lemma 3.5 and Proposition 3.9) as one would hope.

The following result is the analogue of [62, Chapter 1, Section 5.2, Proposi-
tion 20]. In particular, it implies that the isomorphism types of Rr,r and Rr, are
independent of the choices of 7" and vy, respectively. We will thus simplify the nota-
tion and denote the graph of rings by Rr.

Proposition 3.4. Restricting the canonical projection nr: RE — er T induces an
8 proj 1 T 5
isomorphism o= JTleQF UO:IRF,UO — RF,T.

Proof. The proof is analogous to that of [62, Chapter 1, Section 5.2, Proposition 20],
to which we refer the reader for more details. For every vertex v of I', letc, = e1---¢,
be the geodesic path from vg to v in T and let y,, = f¢, -+ - ., be the corresponding
element of Rf.. Put x’ = y,xy; ! whenever x € Ry, and 1} = y,(e)le yt_(;) for every
edge e of I'. It is straightforward to show that the assignment $(x) = x’ and B(t,) =1,
induces a well-defined homomorphism fB: Rr,7 — Rr,y, such that « o f = id and
Boa =id |

When G decomposes as graph of groups Gr, the crossed product k * G decom-
poses as a graph of rings in the expected way.



S. P. Fisher and P. Sanchez-Peralta 168

Lemma 3.5. Let G = (Gy, G.) be a graph of groups with fundamental group G
and let R be a ring. Then any crossed product R x G decomposes as a graph of rings
Rr = (R * Gy, R * G,), where the edge maps R x Ge — R * G() are induced by
the edge maps G, — Gy () of the graph of groups.

Proof. Let vy be a vertex in I'; we work with the based graph of rings presentation
for Rr. Define a homomorphism «: R * G — Rr as follows. Write g € G as a loop
element gie;g2es -+ - e, 8, and put

a(g) = gi1e182€2---engn € Rr.

This defines a homomorphism of G into the unit group R¥, so @ extends to a homo-
morphism R * G — Rr by R-linearity.
On the other hand if we put

B(gre182e2--engn) = g1€182€2 - €n&n € R* G

for a loop element g e1g2e5 -+ - e, 85, We also obtain a well-defined homomorphism
B:Rr — R * G, since the relations in Rp hold in R * G (by the based graph of groups
presentation for G). |

Definition 3.6. Let St = (G, G.) be a graph of torsion-free groups with funda-
mental group G and fix a division ring k and a crossed product k * G. Then SGr is
called D-compatible if the following conditions are met:

(1) For every vertex v of I, there is an embedding k * G, — D,, where D,
denotes a division ring.

(2) Let D, denote Div(ge(k * G.), Dy(ey). For all vertices v and all edges e such
that 7(e) = v, any set of right coset representatives of ¢;(¢)(Ge) in Gy is left-
linearly independent over D,.

(3) D, = Dz as k * G,-division rings for every edge e of I.

Remark 3.7. Condition (2) is automatically satisfied if the embeddings k * G, <— D,
are Linnell. If, in addition, the vertex groups are locally indicable, then condition (3)
is automatically satisfied by the uniqueness of Hughes-free division rings [31].

In what follows, we will usually (by an abuse of notation) denote the fundamental
group of a graph of groups Gr = (Gy, G.) by Gr; a choice of base vertex in I" will
always be implicit. If Gr = (Gy, G,) is a D-compatible graph of groups, then we
can form the graph of division rings on I with vertex division rings D, and edge
division rings O, ; we denote it by DGr. Our next goal is to prove that k * Gr embeds
into DYr. For this, we will need the following normal form theorem.
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Theorem 3.8 ([15, Theorems 34 (i) and 35 (1)]). The following statements hold.

(1) Let B and C be rings containing a common subring A such that B (resp. C) is
free as a left A-module with basis {1} U X (resp. {1} U Y ). Then the amalgam B x4 C
is free as a left B-module on the set of sequences of strings y1X1y2Xa -+ with x; € X
and y; € Y not beginning with an element of X and including the empty sequence.

(2) Let Bx4 be an HNN extension of rings with stable letter t such that B is free
as a left A-module under both edge maps, with bases {1} U X and {1} UY. Then B4
is free as a left B-module on the set of linked expressions constructed from

eXa® eXxtlu{lie
DY U{t)® ®tYt e

not beginning with an element of X or Xt~ and including the empty sequence.

A linked expression is a word ajasas - -+ such that if a; belongs to a set with a @
(resp. ©) to its right, then a;1; must belong to a set with a @ (resp. &) to its left;
we refer to [15] for a precise definition. Note that (1) is deduced from earlier work of
Cohn [10] or [5].

In the proof of the following lemma, all transversals that appear are assumed to
contain the relevant group’s identity element.

Proposition 3.9. Let k be a division ring and let St = (G, G¢) be a D-compatible
graph of groups (for some fixed crossed product k % Gr). Then the natural map
k *x Sr — DYr is an embedding.

Proof. Write G = Gr. First assume that I" is finite. We simultaneously prove the
following pair of statements by induction on the number of edges in I':

(1) k % Gr — DYGr is an embedding, and

(2) for any vertex v of I, there is a right transversal T of G, in G such that the
image of T in DG is linearly independent over D,,.

If T" has no edges, then it consists of a single vertex and the claims are trivial. Now
suppose that I" has at least one edge. Let v be a vertex of I" and let e be an edge such
that o(e) = v. Assume that ' ~ e is disconnected with connected components I';
and I';, where v € I';. By induction, k * Gr, embeds in DSGr, and there is a right
transversal 77 of G, in Gr, which remains linearly independent over D,. Let S be
a right transversal for (the image of) G, in G,. Then S is also linearly independent
over D, in O, by D-compatibility. Thus, S;77 is a right transversal for G, in Sr,
and it is linearly independent over £, in DG, .

Moreover, we also have that k * Gr, embeds in DGr,. By a similar argument,
there is a transversal 75 for Gy in Gr, and a transversal S, for G, in G() such
that 75 and ST are linearly independent over ;) and D,, respectively.
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Let X be the set of alternating expressions of the form y;x;y,x; -+ withx;€ 81T
and y; € S»T5 not beginning with an element of S; 7. Note that X is a right trans-
versal for Gr, in §. By Theorem 3.8 (1), we have that k * G embeds in DGr and X is
linearly independent over 991“1- To complete the induction, note that 77 X is a right
transversal for G, in Gr; so by linear independence of 7 and X over O, and DGr,,
respectively, we conclude that 77 X is linearly independent over D,,.

The case where I' ~ e is connected is proved similarly using Theorem 3.8 (2); we
omit the proof.

We now drop the assumption that I" is finite. For a contradiction, assume that
k * Gr — DYr is not injective. Let x be a non-trivial element of the kernel and let
I € T on which x is supported. The image of x in DG will be a finite linear combin-
ation of relators, which are supported in some finite subgraph I'”” C T'. Enlarging T/
and T if necessary, we may assume that I'" = T"”. But then x is a non-trivial element
of the kernel of k * G — DG/, a contradiction. n

The main results of this section now follows easily.

Theorem 3.10. Let k be a division ring and let St = (Gy, G¢) be a D-compatible
graph of groups (for some fixed crossed product k * Gr). Then k * Gr embeds into a
division ring.

Proof. We will prove that DG is a semifir, namely that all of its finitely generated left
(or right) ideals are free of unique rank. The result then follows from Proposition 3.9
and Cohn’s theorem stating that every semifir embeds into a division ring [14, Corol-
lary 7.5.14].

We begin with the case that I" is finite. This follows by induction on the number of
edges, using the facts that amalgams of semifirs over a division ring and HNN exten-
sions of a semifir over a division ring are still semifirs ([10] and [15, Theorems 34 (ii)
and 35 (ii)].

If T is infinite, then the result follows since DGr is the colimit of the semi-
firs DG with I/ finite (see [13, Section 1.1, Exercise 3]). ]

Corollary 3.11. Let k be a division ring, let St = (Gy, G) be a graph of locally
indicable groups, and fix a crossed product k * Gr. Suppose there is a Hughes-free
embedding k ¥+ Gy, — Dix«g, for each vertex v of I'. Then k x* Gr embeds in a division
ring.

Proof. By Theorem 2.4, Hughes-free embeddings are in fact Linnell embeddings [25,
Corollary 8.3]. Recall that if A < B are groups and there is a Hughes-free embedding
k % B — Dp.p,then Div(k * A, Dy p) is isomorphic to the unique Hughes-free divi-
sion ring Dk « 4 (this follows from the uniqueness of Hughes-free division rings [31]).
Thus, Gr is D-compatible. ]
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Corollary 3.12. Let k be a subfield of C and let St = (Gy, Ge) be a graph of
(torsion-free groups satisfying the Strong Atiyah Conjecture over k). Then the group
algebra kSt embeds in a division ring.

Proof. Since the vertex groups satisfy the Strong Atiyah Conjecture, kG, embeds
into the Linnell division ring D (G). The fact that Gr is D-compatible follows from
the fact that if B is a torsion-free group satisfying the Strong Atiyah Conjecture
and A < B, then the division closure of C A in D(B) is isomorphic to D(A) (see
either [37, Proposition 4.6] or [49, Chapter 10]). [

Question 3.13. Is the embedding constructed in Corollary 3.11 Hughes-free when
the graph of groups Gr is locally indicable?

In Lemma 7.6, we will see that a positive answer to Question 3.13 is equivalent to
the existence of a Hughes-free division ring.

We conclude the section with a short application of our main result. Recall that
Higman’s group H can be defined by the presentation

(a,b,e.d | b* = b2 c® =c?,d° = d? a? = d?).

It can also be realised as a square of groups with BS(1, 2) vertex groups, Z edge
groups, and trivial face group. The group H was constructed by Higman in [29], and
it was the first example of an infinite group with no non-trivial finite quotients. It also
has an infinite simple quotient.

Rivas and Triestino showed that Higman’s group acts faithfully and continuously
on R, and therefore is left-orderable and in particular RH satisfies Kaplansky’s Zero
Divisor Conjecture for all domains R [58, Theorem A, Corollary B]. Here we show
that kK H has the (a priori) stronger property of embedding into a division ring, at least
when k is a field of characteristic zero.

Proposition 3.14. Let k be a field of characteristic 0. Then k H embeds into a division
ring.

Proof. Indeed, note that H decomposes as H = G x4 G,, where
Gy ={a,b,c), A={a,c)=F,, Gy={a,c,d).

Moreover, for i = 1,2, we have that G; = BS(1,2) xz BS(1,2) is a cyclic amalgam
of locally indicable groups, and therefore is locally indicable by a result of Howie [30,
Theorem 4.2]. Hence, kG; has a Hughes-free embedding for i = 1,2 by [36, Corol-
lary 1.4] and therefore kK H embeds into a division ring by Corollary 3.11. |
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4. Division rings for groups with the factorisation property

The following definition was introduced by Schreve in [60], where he used it to show
that virtually compact special groups satisfy the Strong Atiyah Conjecture. This is a
strengthening of the enough torsion-free quotients property introduced by Linnell and
Schick in [44], which they used to study when the Strong Atiyah Conjecture passes
from a subgroup to a finite index overgroup.

Definition 4.1. A group G has the factorisation property if for every homomorphism
a: G — O with Q finite, there is a torsion-free elementary amenable group E such
that « factorsas G — E — Q.

Recall that a residually finite group G is good (in the sense of Serre) if the restric-
tion
H}(G;M) — H*(G; M)

is an isomorphism for every finite G-module M, where G denotes the profinite com-
pletion of G, and the cohomology on the left is continuous cohomology (see, for
example, [63]).

The proof of the following theorem is very close to the arguments of Linnell and
Schick in [44, Corollary 4.62]. The main difference consists in replacing Linnell and
Schick’s cohomological completeness and enough torsion-free quotients conditions
with Schreve’s goodness and factorisation property conditions, respectively.

Theorem 4.2. Let H be a locally indicable good group of finite type with the fac-
torisation property and let 1| — H — G — Q — 1 be a group extension with G
torsion-free and Q finite. If k is a division ring such that there is a Hughes-free
embedding of k x H into Dy«y, then k x G has a unique Linnell embedding into
a division ring.

Proof. By [22, Theorem 3.7], G has the factorisation property and therefore there is
anormal subgroup U < G such that U < H and G/ U is torsion-free and elementary
amenable. By Lemma 2.6, we can form each of the following rings:

Dixv * [H/ U], Disy *[G/ U], Dixn * [G/H].

Since H/U and G/ U are torsion-free elementary amenable, according to [44, Lem-
ma 2.5], Dy * [H/U] and Dg«y * [G/ U] are Ore domains and so the diagram

Dpxv * [H/ U] = Dixv * [G/U]

[ [

Ore(Dyxy * [H/U]) — Ore(Dyxv * [G/U])
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commutes. By Hughes-freeness of Dy« g, the map Dgypy * [H/ U] — Dyipg is an
injection. This implies that Ore(Dy«y * [H/U]) = Dy by the universal property
of Ore localisation.

Consider the following diagram:

Dy ————— Ore(Dysy *x[H/U]) ———— Ore(Dysv *[G/U])

l I -

Dpspr x[G/H] = Ore(Dgsy *[H/ U))*[G/H] = Ore((Dyxv x[H/U])*[G/H]).

The left and middle vertical maps are the obvious inclusions and the right vertical
map is a standard isomorphism of crossed products. The two left isomorphisms come
from the isomorphism Ore(Dy 4y * [H/U]) = Dr«pg discussed above. For the bot-
tom right isomorphism, it is not hard to show that the natural map

Ore(Dywv * [H/U)) x [G/H] — Ore((Drwv * [H/U]) = [G/H]),

is injective. Therefore, Ore(Dy .y * [H/U]) * [G/H] is a domain, which implies it
is a division ring since G/H is finite. This proves that D,y * [G/H] is a division
ring, which clearly contains k * G. Moreover, the embedding is Linnell and unique
among Linnell embeddings by Corollary 2.8. |

Corollary 4.3. Let H be a locally indicable good group of finite type with the fac-
torisation property and let | - H — G — A — 1 be a group extension with G
torsion-free and A elementary amenable. If k is a division ring such that there is a
Hughes-free embedding of k « H into Oy g, then k * G embeds into a division ring.

Proof. By Hughes-freeness, the twisted action of A on k x H extends to a twisted
action of A on Dy, . Moreover, Dy, g * Q is a domain for every finite subgroup Q
of A by the proof of Theorem 4.2. Thus, according to [44, Lemma 2.5] Og.qg * A is
an Ore domain. Therefore, Oy« g * A, and hence also (k * H) * A =~ K * G, embeds
into a division ring. ]

Corollary 4.4. If G is a torsion-free virtually compact special group and k a division
ring, then any crossed product k x G has a unique Linnell embedding into a division
ring O. Moreover, if H is a normal, finite index, compact special subgroup of G, then
the diagram

k« H —> (k«H)*[G/H —— kG

[ [ [

Disst — Disy * [G/H] —=— D

commutes.
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Proof. Compact special groups are residually (torsion-free nilpotent), and therefore
Dr+ g exists by Theorem 2.5. Moreover, compact special groups are good and have
the factorisation property by [60, Corollary 4.3], and are of finite type. Hence, there
is an embedding of k£ * G into a division ring D =~ Dy«gy * [G/H] by Theorem 4.2.
The embedding k * G — D is Linnell and unique by Corollary 2.8. ]

In [35, Theorem 1.6], Jaikin-Zapirain and Linton prove that kG is coherent when k
is of characteristic 0 and G is the fundamental group of a finite reducible 2-complex
without proper powers. The class R of all fundamental groups of finite reducible 2-
complexes without proper powers can be described algebraically as the smallest class
of groups containing Z, that is closed under free product, and satisfying the following
property: if G, H € R, then G * H/{w) € R, where w is an element of G * H that
is not a proper power.

Crucially, we recall Howie’s result that the fundamental group of reducible 2-
complexes without proper powers are locally indicable [30, Theorem 4.2]. The only
reason the assumption that k is of characteristic O is needed is to ensure that a Hughes-
free division ring Ok exists, which follows from the fact that one-relator groups sat-
isfy the Strong Atiyah Conjecture [36]. From Jaikin-Zapirain and Linton’s arguments
and the existence of Dy we obtain the coherence of some 2-complex fundamental
group algebras in positive characteristic.

Corollary 4.5. Let G € R and let k be a division ring. If G is virtually compact
special, then any crossed product k * G is coherent.

We remark that though the results of Jaikin-Zapirain and Linton are stated for
group algebras, all of their techniques work just as well in the crossed product case.

5. Division rings for 3-manifold groups

Manifolds are always assumed to be connected. The goal of this section is to prove
the following embedding theorem.

Theorem 5.1. Let G be the fundamental group of an orientable 3-manifold M, let k
be a division ring, and assume that G is torsion-free. If G is finitely generated, then
any crossed product k * G embeds into a division ring. If G is locally indicable, any
crossed product k * G has a Hughes-free embedding.

Remark 5.2. Theorem 5.1 remains true if we drop the assumption of orientability,
though we will first prove the theorem as stated here in order to keep the exposition
as straightforward as possible. In Section A, we will show how the methods used here
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can be extended to the non-orientable case by using the non-orientable versions of the
Prime and JSJ Decomposition Theorems.

Corollary 5.3. Let M be an orientable 3-manifold with G = 7t1(M) torsion-free and
let k be a division ring. Then k * G has no zero divisors.

Proof. By Theorem 5.1, it follows that k * H has no zero divisors for any finitely
generated subgroup of G. But then k * G has no zero divisors, since any two elements
of k * G have support contained in a finitely generated subgroup of G. |

Remark 5.4. The Strong Atiyah Conjecture over C is now known for all finitely
generated 3-manifold groups and all torsion-free 3-manifold groups, as they all lie in
Linnell’s class € (see [43, Theorem 1.5]). This follows from the work of Friedl-Liick
and Kielak—Linton [21, 39], building on the results on 3-manifold fibring of Agol,
Liu, Przytycki, and Wise [1,46,55,56]. It follows that Theorem 5.1 and Corollary 5.3
are known for the group algebra Cmry (M) where M is a torsion-free 3-manifold with
finitely generated fundamental group.

We offer the following extension of [22, Theorem 3.3], where it is shown that
the 3-manifold groups below have the factorisation property provided the boundary is
empty or toroidal. We also show that in all cases where the factorisation property is
satisfied, then the crossed product embeds into a unique Linnell division ring.

Theorem 5.5. Let k be a division ring and let M be a compact, irreducible, aspher-
ical 3-manifold with (possibly empty) incompressible boundary. Suppose that

(1) M has non-empty boundary;
(2) M has at least one hyperbolic piece in its JSJ decomposition; or
(3) M is a non-positively curved graph manifold or is Nil, Sol, or Seifert fibred.

Then G = w1 (M) has the factorisation property and k * G has a unique Linnell
embedding into a division ring.

Proof. First assume that M has a non-empty incompressible boundary. Since M is
aspherical, M is a K(G, 1) space and therefore cdg (G) < 3, implying that there is a
finite index subgroup H < G that is isomorphic to a free-by-cyclic group (i.e., an ext-
ension F x Z, where F is a free group) by [39, Theorem 1.1]. By [60, Lemma 2.4]
free-by-cyclic groups have the factorisation property and [22, Proposition 3.7] implies
that G also has the factorisation property. The subgroup H is Hughes-free embed-
dable by [34, Theorem 1.1]. By Corollary 2.8 and Theorem 4.2, k * G has a unique
Linnell embedding into a division ring.

If M has a hyperbolic piece in its JSJ decomposition, then M is virtually fibred by
the work of Agol and Przytycki—Wise [1,56]. In particular, G has a subgroup of finite
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index isomorphic to 71(X) % Z, where X is a surface (potentially with boundary).
Hence, G has the factorisation property by [22, Propositions 3.6 and 3.7]. If 0¥ # @,
then 771 (X) is free and, as we showed in the previous paragraph, k * G has a unique
Linnell embedding. If ¥ is closed, then () is free-by-cyclic, so it is Hughes-free
embeddable. Therefore 1 (X) x Z is Hughes-free embeddable by [32]. Thus, we con-
clude that k * G can be uniquely embedded in a Linnell division ring by Theorem 4.2
and Lemma 2.7.

If M is a non-positively curved graph manifold, then it is virtually fibred over
the circle by a theorem of Svetlov [64] (which was strengthened by Liu [46]). The
desired conclusions then follow from the same arguments as above. If M is Nil, Sol, or
Seifert fibred, then G has the factorisation property by [22, Lemmas 3.8 and 3.9]. The
fundamental groups of Nil and Sol manifolds are torsion-free elementary amenable,
and therefore k * G is an Ore domain according to [44, Lemma 2.5]. So Ore(k * G)
is a Linnell division ring for k x G.

Finally, we treat the case where M is a closed Seifert fibred manifold. The argu-
ment is inspired by [21, Theorem 3.2 (3), argument (c)]. By [2, Flowchart 1, (C.19)],
there is a locally indicable subgroup H < G of finite index. Let N — M be the cor-
responding finite cover. Let ¢: H — Z be a map, and let N — N be the infinite cyclic
cover. Using the Scott Core Theorem [61], we write N = \U; Ni as a directed union
of mq-injective Seifert fibred manifolds N; with boundary. As we have seen above,
each k * 1 (/N;) embeds in a Hughes-free division ring g, (n;)- It then follows
that k * 1 (N) = \U; k * m1(N;) embeds in the Hughes-free division ring

°{Dk*m N = U Dicxry (N;)-
i

Then H = 7,(N) x Z is Hughes-free embeddable by [32]. Since G has the factor-
isation property [22, Theorem 3.3], k * G embeds in a unique Linnell division ring
by Corollary 2.8 and Theorem 4.2. |

Finally, we turn to the case of a general graph manifold M with torsion-free fun-
damental group G. If G surjects onto Z, then we can use the same argument as in the
last paragraph of the proof of Theorem 5.5 to produce an embedding into a division
ring. While it is true in general that G has a virtual map onto Z, we cannot use this in
conjunction with Theorem 4.2 to produce an embedding into a division ring, since G
is not known to have the factorisation property. Thus, we take a different approach
than the one used in Theorem 5.5, which uses the graph of rings construction intro-
duced in Section 3.

Theorem 5.6. Let k be a division ring and let M be a closed graph manifold with
torsion-free fundamental group G. Then any crossed product k * G embeds into a
division ring. If G is locally indicable, then k x G has a Hughes-free embedding.
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Proof. By definition, the JSJ decomposition of M has only Seifert fibred pieces. If M
has only one JSJ component, then the claim follows from Theorem 5.5.

Now suppose that M has JSJ components M, ..., M, with n > 2. The man-
ifolds M; are all Seifert fibred manifolds with non-empty toroidal boundary. By [2,
Flowchart 1, (C.19)], 71 (M;) is locally indicable for each i, and therefore k * 71 (M;)
embeds into a Hughes-free division ring Dy «x,(a;) by Theorem 5.5. Since G decomp-
oses as a graph of groups with Hughes-free embeddable vertex groups, Corollary 3.11
implies that k * G embeds into a division ring.

Now suppose that G is locally indicable, let ¢: G — Z be any epimorphism, and
let M — M be the corresponding infinite cyclic covering. Then M is a directed
union of rj-injective graph manifolds with boundary whose fundamental groups are
all Hughes-free embeddable by Theorem 5.5. Hence, 7, (1\71 ) is Hughes-free embed-
dable, and therefore so is G =~ 711(1\2) x Z by [32]. ]

Remark 5.7. Let G be as above and let H <{ G be a locally indicable normal sub-
group of finite index (see [2, Flowchart 1, (C.19)] for a justification of the existence
of such a subgroup). Then we know that & * G embeds into a division ring D con-
structed using the graph of rings construction, and we also know that k « H has a
Hughes-free embedding into D, z. However, we do not know how to prove that
D = Di+y * [G/H], which is what prevents us from concluding that the embedding
k * G — O is Linnell.

The final ingredient we will need to prove Theorem 5.1 is the following form of
the Prime Decomposition Theorem [2, Theorem 1.2.1 and Lemma 1.4.2]. We refer
the reader to [39, Proposition 2.2] for a detailed proof. Note that since we are assum-
ing orientability and torsion-freeness, we can actually take the whole group in the
conclusion, as opposed to a finite index subgroup (as in [39]).

Proposition 5.8. Let M be an orientable 3-manifold whose fundamental group G
is finitely generated and torsion-free. Then there is a free group F and finitely many
compact, orientable, irreducible, aspherical 3-manifolds M, . .., M,, each with (pos-
sibly empty) incompressible boundary such that

G = F xm(My) * - % 11 (M,,).
We are now ready to prove the main theorem.

Proof of Theorem 5.1. Suppose that G is finitely generated and let G = F % w1 (M) *
-+« % 711(M,) be the decomposition given by Proposition 5.8. The crossed product
k x F embeds into Dy F, and the crossed products of the fundamental groups 71 (M;)
all embed into division rings O; by Theorems 5.5 and 5.6. Thus, k * G embeds into
the amalgam of Dy, r and the division rings £; over the common sub-division ring &,
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which in turn embeds into a division ring by Theorem 3.10 (in fact [11] suffices in
this case).

Now suppose that G is locally indicable. Then each crossed product k * 71 (M;)
embeds into a Hughes-free division ring, and therefore so does k * G by [59, Corol-
lary 6.13 (iv)]. In the case where G is locally indicable but not necessarily finitely
generated, then every finitely generated subgroup of G is a finitely generated locally
indicable 3-manifold and is thus Hughes-free embeddable. But then G is the directed
union of Hughes-free embeddable groups and is therefore itself Hughes-free embed-
dable. ]

6. A conjecture of Kielak and Linton

Let G be a torsion-free virtually compact special group. Since G is not necessarily
locally indicable, a Hughes-free division ring g may not exist. However, by Pro-
position 2.10, we may simply define

Lo p),

°(DkG —
bp*(G): |G:H|?

where H < G is a compact special subgroup of finite index. We record the following
easy observation that will be useful later.

Lemma 6.1. Let k be a division ring, let G be a torsion-free virtually compact special
group and let D be the division ring containing kG constructed in Theorem 4.2. Then

b2 (G) = by % (G) for all p.

Proof. Let H <1 G be a compact special subgroup of finite index. The claim then
follows quickly from the definition above and the fact that

D = Dy +[G/H = P Den
|G:H|

as left Dy gz -modules. [

Lemma 6.2. Let G be a non-elementary hyperbolic group, let k be a division ring,
and suppose there is an embedding of kG into a division ring D. Then there exists
non-isomorphic quasi-convex free subgroups H, F < G such that F is malnormal,
H N F8 = {1} forall g € G, and the restriction

HY(G:D) - H'(H; D)

is an isomorphism.
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Proof. This is [38, Corollary 5.7], and the proof is similar: it only relies on an “agrar-
ian Freiheitssatz” which they prove for arbitrary agrarian embeddings [38, Theo-
rem 3.1] based on the L2-Freiheitssatz of Peterson-Thom [54, Corollary 4.7]. [

Lemma 6.3. Let G = Axc where A and C are locally indicable and finitely gener-
ated. Moreover, suppose that k is such that Dy 4 exists and kG embeds into a division
ring D D Dy 4 making the diagram

kA —— kG

[l

Diy —— D

commute. If the restriction H'(A; Dx4) — H'(C; Dy ) is surjective, then the res-
triction
H?*(G; D) - H*(4; D)

is injective.

Proof. Let H < G and write D (H) for the division closure of kH in . Then the
proof is the same as in [38, Proposition 4.8], where one must replace every occurrence
of Dom with D(H). [

The following proposition corresponds to [38, Proposition 6.4], where the result
is proven in the case k = Q. The obstacle Kielak and Linton faced in their paper
was the fact that they did not have access to division rings containing group rings of
torsion-free virtually compact special groups. We repeat their proof, since this is the
crucial step where the existence of a division ring embedding the group algebra of a
torsion-free virtually compact special group is used.

Proposition 6.4. Let H be non-free, torsion-free, hyperbolic, and compact special,
and suppose that b;@k” (H) # 0. Then there is a hyperbolic and virtually compact
special HNN extension G = Hxf such that the embeddings of F are quasi-convex
in G and such that

0 ifp=1,

M (H) ifp # 1.

Moreover, H is quasi-convex in G and cdy (G) = cdx (H).

bPkG (G) = {

Proof. By Lemma 6.2, there is a pair of isomorphic free quasi-convex subgroups
A, B < H such that A is malnormal and intersects every conjugate of B trivially and
the restriction

H'(H; Dxpr) - H'(B; Drrr)

is an isomorphism.
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Now let f: A — B be any isomorphism and let G = H x4 be the corresponding
HNN extension. By [38, Theorem 6.3], G is virtually compact special. Moreover,
since G is the HNN extension of a torsion-free group, it is also torsion-free, and
therefore kG embeds in a division ring D by Corollary 4.4. From [6, Theorem 3.1],
there is a long exact sequence

o> HP(G; D) - HP(H;: D) - H?(A; D) - HP Y (G, D) — --- .
Since A is free, H? (A; ) = 0 for p = 2, and this immediately implies that
D _ 1D,
b2k (G) = bDkr (H)

for p = 3, where we have used Lemma 6.1.
The interesting portion of the long exact sequence is then

0> HYG;D) - HY (H; D) > H\(4; D) - H*(G; D) - H*(H; D) — 0,
whence we obtain the equation

0= bPKO(G) — b (H) + b (4) — b%(G) + by (H)
= b9 (G) = b4 (G) + b (H).

But b;@kG (G) < béD"” (H) by Lemma 6.3, so we must have
bPXC(G) =0 and bIKG(G) = bP¥ (H).

The claim about cohomological dimensions follows exactly as in the proof of [38,
Proposition 6.4]. |

As a consequence, we can reprove [38, Theorem 1.10] over arbitrary fields, thus
confirming [38, Conjecture 6.7].

Theorem 6.5. Let k be a division ring and let H be hyperbolic, virtually compact
special, and suppose that cdy(H) = 2. Then, there exists a finite index subgroup
L < H and a map of short exact sequences

1 s K s L s 7 > 1
1 > N > G s 7 > 1

such that

(1) G is hyperbolic, compact special, and contains L as a quasi-convex sub-
group;
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(2) cd(G) = cdi(H);

(3) N is finitely generated;

4 ifb;(Dk” (H) =0forall2 < p < n, then N is of type FP, (k);
(5) if b2XH (H) = O forall p = 2, then cdi(N) = cdy (H) — 1.

Proof. Now that we have established Proposition 6.4 (Kielak and Linton prove the L?
case in [38, Proposition 6.4]), the proof is very similar to the one in [38]; consequently,
we only highlight which parts of L2-theory are used in the proof and provide refer-
ences for the corresponding statements in the agrarian setting.

First, Kielak—Linton use the fact that an infinite group has vanishing 0*# L2-Betti
number; this is also true in the agrarian setting by Proposition 2.10 (1). Next, they
use the fact that L2-Betti numbers scale with the index when passing to finite index
subgroups, which is true for agrarian Betti numbers with Hughes-free coefficients by
Proposition 2.10 (3). Finally, they quote [19, Theorem A] (see [38, Theorem 6.1]),
which relates the L2-Betti numbers of compact special groups (and more generally
of RFRS groups) to virtual fibring with kernels of type FP,(Q). Luckily, the analog-
ous result holds with agrarian Betti numbers and finiteness properties over arbitrary
fields [19, Theorem B]. [

7. Hughes-freeness of the Lewin-Lewin division ring

In [42],]J. Lewin and T. Lewin showed that for every division ring k and every torsion-
free one-relator group G, the group algebra kG can be embedded in a division ring,
which we denote by kG, following their notation. They pointed out that they did not
know whether kG is a universal k G-division ring of fractions. However, what they
already knew is that if there were a universal k G-division ring of fractions, then it
would be kG. In this section we give evidence in this direction by showing that the
Lewin-Lewin division ring is Hughes-free for virtually compact special one-relator
groups, and if k is of characteristic zero then it is always Hughes-free.

Key algebraic structures in the argument of Lewin—-Lewin are firs and semifirs. A
non-zero ring R is a free ideal ring (or fir) if every left and every right ideal is a free
R-module of unique rank. Semifirs are defined similarly, the only difference being
that only ask finitely generated left and right ideals to be free of unique rank. We will
make heavy use of the following two powerful theorems of Cohn.

Theorem 7.1 ([11]). The coproduct of a family of semifirs over a common division
subring is again a semifir.

We recall that an epic R-division ring D is universal if rkp = rkg for every R-
division ring &. Whenever it exists, we will denote it by U(R).
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Theorem 7.2 ([14, Corollary 7.5.14]). Every semifir embeds into a universal division
ring of fractions.

We also record two useful results for future reference.

Lemma 7.3 ([12]). Let Ry, Ry be semifirs with a common division subring D. Then

Proposition 7.4 ([36, Theorem 8.1]). Let G be a locally indicable group and assume
there exists a Hughes-free kG-division ring Dyg. Then the Sylvester matrix rank
function rk g, ; is maximal in Py, (kG).

Remark 7.5. Note that Proposition 7.4 does not imply that Hughes-free division rings
are necessarily universal, since different rank functions may not be comparable. How-
ever, if there exists both a universal and a Hughes-free division rings of fractions for
k * G, ring then they must coincide

We now prove two general lemmas about Hughes-free division rings which will
be used right afterwards.

Lemma 7.6. Let G be a locally indicable group which splits as a graph of groups
Sr = (Gy, Ge; D). If Di«g exists, then

U(DSr) = Disxc
as kG-rings, where DS is the graph of division rings (Dkg, . Dka,; ).

Proof. Recall, from Section 3, that DG is well defined by uniqueness of Hughes-free
division rings and it is a semifir and thus has a universal division ring. The embed-
dings of the division rings D, and Dg«g, into Di«c induce a homomorphism
DSr — Di«, which fits into the following commutative diagram

kG —— DSr

L1

Dis«c U(DYr).

Let rky(g) and rkg denote the Sylvester matrix rank functions on DGr corresponding
to U(DSr) and Dg«q, respectively. Then rky(g) = rkg by universality.

On the other hand, Dy is Hughes-free and hence rkg is a maximal rank function
on kG. Thus, rkyG) = kg on kG by Proposition 7.4. Since kG embeds in both
division rings epically, they are k G-isomorphic by Lemma 2.12. |
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Lemma 7.7. Let G be a locally indicable group and N < G be a normal subgroup
such that G/N = (tN) = Z. If Dr«¢ is a Hughes-free k x G-division ring of frac-
tions, then

Dixg = Ore(i)k*N[til; 7:])

as k x G-rings.

Proof. First note that since Dy is a Hughes-free division ring, the integer powers
of ¢ are left Dy, -linearly independent. Hence, if we set S for the subring of Di .«
generated by Dyn, ¢, and ¢!, we get an isomorphism S = Dy [t*!; r] where T
denotes the twisted action of ¢ on gy induced by conjugation. Note that S is an
Ore domain. Thus, by universal property of localisation, we have the following com-
mutative diagram

Ore(J)N[Iil;r]) < > OkxG -

\/

kG

Finally, since both embeddings are epic, we conclude that Dy, and Ore(Dy [tE!;7])
are k * G-isomorphic. ]

We now state the main result of this section.

Theorem 7.8. Let G be a torsion-free one-relator group and let k be a division ring
such that kG embeds into a Hughes-free division ring Org. Then kG = Dyrg as
k G-division rings.

Construction 7.9 (Lewin—Lewin). Before proving Theorem 7.8, we recall the Lewin—
Lewin construction of the division ring kG (see [42] for the full details). Let G =
{(ay,as,...| R) be a torsion-free one-relator group, where R is a cyclically reduced
word in the generators @;. The construction of kG is done by induction on the com-
plexity of R, where the complexity of R is defined to be the length of R minus
the number of generators appearing in R. Specifically, they proved that there is an
embedding of kG into a division ring kG such that any Magnus subgroup satisfies
the Linnell condition and the division closure of its group algebra is universal.

If R has complexity 0, then G is free, and kG is just the universal division ring of
fractions U(kG) (cf. [41]).

Now assume the complexity is greater than zero. We also assume that every gen-
erator appears in R. Otherwise, G decomposes as a free product H x F, where
H = {a;,...,a, | R) with R involving all the generators ay,...,a, and F is a
free group; then kG is defined to be U(kH si U(kF)).
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Assume for now that R involves a generator of exponent sum zero; we explain
how Lewin—Lewin reduce to this case at the end. Without loss of generality, suppose
that # = a; has exponent sum zero, and let N be the normal subgroup generated by
the elements a; for i = 2. Note that N splits as a line of groups

ceek Nj—y % Nj % Njpp*k---,
T Aisis Avig
where each N; is a one-relator group with relator of complexity strictly less than
that of R and each A;_; is a Magnus subgroup (see [42, Section 5]). By induction,

each ring kN; embeds into a division ring kN; satisfying the Linnell condition on
Magnus subgroups and containing the universal division ring of fractions of kA;_; ;
and kA; ;+1, respectively. By uniqueness of the universal division ring of fractions,
Lewin-Lewin conclude that the line of groups is £-compatible (to use the termino-
logy of Section 3). Hence, we can form the following line of division rings

C=---%xkNi—1y *x kN;i * kNjy1*---,
kAj—1.; kA; i1

which is a semifir by Cohn’s theorem, and thanks to the Linnell condition it contains
the group ring
KN ~---xkN;j—y * kN; *x kNjyp%---.
kAj—1,; kA i1

Thus kN is defined as the universal division ring of fractions U(C). Finally, conjug-
ation by ¢ induces an automorphism on kN according to [42, Theorem 2], and kG
is the Ore localisation of W[til; 7]. This concludes the construction whenever R
involves a generator with exponent sum zero.

Suppose now that R involves no generator with exponent sum zero. If this is the
case, then by [42, Proposition 2] the one relator group H := G * Z can be given
a one-relator presentation where the cyclically reduced word has complexity strictly
less than that of R. Lewin—-Lewin set kG to be the division closure of kG inside kH,
which exists by induction.

We point out that the core of Lewin-Lewin’s work consists in showing that kG
enjoys the desired properties on Magnus subgroups, namely that the Magnus sub-
groups of kN; satisfy the Linnell condition in kN; and kN; contains the universal
division ring of fractions of the Magnus subgroups of N; for all i. This is what allows
them to pass the argument up through the induction. Moreover, it is worthwhile to
record that this proof was prior to the discovery of the fact that torsion-free one-relator
groups are locally indicable due to Brodskii in [9].

Proof of Theorem 7.8. Our plan is to follow Construction 7.9 and use our assumption
that Dy exists to prove that kG =~ Dy . Crucially, we recall Brodskii’s result that
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torsion-free one-relator groups are locally indicable [9]. Let G = (a;,a3,... | R) be
a torsion-free one-relator group, where R is a cyclically reduced word in the generat-
or18 aj.

We argue, as in [42], by induction on the complexity of R. If R has complexity 0,
then G is free and U(kG) = Dy (see, e.g., [34, Theorem 1.1]).

Now assume the complexity is greater than zero. We also assume that every gen-
erator appears in R. Otherwise, G decomposes as a free product H x F, where
H = {a;,...,a, | R) with R involving all the generators ay,...,a, and F is a
free group. In this case, the Lewin—Lewin construction is kG = U(kH % U(kF)).
So assuming the result for H, we can conclude that kG = Drg by Lemma 7.6.

We also assume that R involves a generator of exponent sum zero. Otherwise, kG
is the division closure of kG inside kH (where H = G x Z as above). By induction
on the complexity, kH =~ Dyp, and hence kG =~ Dyg. Thus, without loss of gener-
ality, suppose that t = a; has exponent sum zero, and let N be the normal subgroup
generated by the elements a; fori = 2. Then N splits as a line of groups

ok Njp % Ni % Nigpx-oo,

Ai—1.i Aii+1

where each N; is a one-relator group with relator of complexity strictly less than that
of R and each A;_ ; is a free group. By induction, each kN; = fl)kNi, SO

C =% Dyy,_, * D, kDN, koo
kAj—1.i kAj i1
By uniqueness of Hughes-free embeddings, we have a natural injection of kN into
the division ring D given by the direct limit of the system

{U(éDkN_,‘ *o@kA_i *e@kAi_L,» D(DkNi)}ieN

—i+1

of Hughes-free division rings by Lemma 7.6. Note O is Hughes-free as a k N -division
ring and so D = Dy coincides with the division closure of kN in Dy . Moreover,
U(C) = Dy by Lemma 7.6, and thus kN =~ Diy.

Finally, kG is the Ore localisation of W[til; 7], which according to Lemma 7.7
is kG-isomorphic to the Hughes-free k G-division ring of fractions Dgg. This con-
cludes the proof of the case where R involves a generator with exponent sum zero,
and hence the theorem. |

Remark 7.10. The above proof shows that the Lewin-Lewin construction can be
further extended to crossed products k * G.

Corollary 7.11. Let G be a torsion-free one-relator group and let k be a field of
characteristic 0. Then kG is Hughes-free. If k is a general division ring, then kG is
Hughes-free when G is virtually compact special.
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Proof. Recall that torsion-free one-relator groups are locally indicable [9]. Now, for
locally indicable groups over a characteristic 0 field there always exists D g accord-
ing [36, Corollary 1.4]. Therefore, kG is Hughes-free by Theorem 7.8.

Similarly, from Corollary 4.4 follows the existence of D¢ in the virtually com-
pact special case. Another use of Theorem 7.8 ends the proof. |

In a sense made precise below, most one-relator groups are virtually compact
special. The following definition is due to Puder [57].

Definition 7.12. The primitivity rank of a word w in a free group F is the minimal
rank of a subgroup K containing w such that w is imprimitive in K (we define the
primitivity rank to be oo if there is no such K).

Note that words of primitivity rank 1 are exactly the proper powers. Let G be a
one-relator group with presentation G = F/{R)). Louder and Wilton proved that G
has negative immersions if and only if R has primitivity rank at least 3 [48, The-
orem 1.3] and Linton showed that one-relator groups with negative immersions are
virtually compact special [45, Theorem 8.2]. Thus, Dk exists by Corollary 4.4 and
Lemma 2.7, and by Theorem 7.8, kG =~ Drg whenever R is of primitivity rank at
least 3. An advantage of the characterisation in terms of primitivity rank is that, given
a one-relator group G, there is a relatively simple algorithm to check whether G has
negative immersions and therefore is virtually compact special [57, Corollary 4.4].

We conclude with the following natural question. By the previous remarks, it
is settled in the affirmative in characteristic 0, and only the primitivity rank 2 case
remains in characteristic p > 0.

Question 7.13. Is the Lewin-Lewin construction always Hughes-free?

A. The Kaplansky Zero Divisor Conjecture for non-orientable
3-manifold groups

To prove Kaplansky’s Zero Divisor Conjecture for group algebras of torsion-free
orientable 3-manifold groups, we made heavy use of the Prime and JSJ Decomposi-
tion Theorems, which are usually stated for orientable 3-manifolds. These theorems
have been extended to non-orientable 3-manifolds by Epstein [18] and Bonahon and
Siebenmann [8], respectively, and we explain here how to apply them to prove that the
group algebra of any torsion-free 3-manifold group satisfies Kaplansky’s Zero Divisor
Conjecture.

We will be using the statements of the non-orientable decomposition theorems as
found in Bonahon’s survey [7, Theorems 3.1, 3.2, and 3.4], so we take some time to
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ensure that our definitions are in line with his. The non-orientable Prime Decompos-
ition Theorem tells us how to cut a 3-manifold along essential spheres and projective
planes, while the non-orientable JSJ Decomposition tells us how to cut a 3-manifold
containing no essential spheres or projective planes along essential 2-tori and Klein
bottles. An essential sphere in a 3-manifold M is an embedded copy of S? such that
neither component of M ~ S? is homeomorphic to a 3-ball. An essential project-
ive plane in a 3-manifold M is an embedded 2-sided copy of R P2. We say that a
3-manifold M is irreducible if does not contain any essential spheres or projective
planes. Since G = m1(M) is always assumed to be torsion-free, we will not have to
worry about the projective planes as the next lemma shows. We include a short proof
for the reader’s convenience.

Lemma A.1. Let M be a 3-manifold and let R P? < M be an embedding. Then the
induced homomorphism (R P?) — w1 (M) is injective.

Proof. The embedded R P2 lifts to a disjoint collection X of 2-spheres and projective
planes in the universal cover M _.If T contains a copy of S2, then we are done, because
then a loop in M representing the generator of R P2 has a lift to a non-closed path
in M . If T contains a copy of R P2, then the Scott Core Theorem implies that there is a
compact, simply-connected 3-manifold containing a copy of R P2. Simply-connected
manifolds are orientable, and therefore so are their boundaries. Thus we can fill the
boundary to conclude that there is an embedding of R P2 into a simply-connected,
closed 3-manifold. By the Poincaré Conjecture, we have thus produced an embedding
R P2 < §3, a contradiction. n

An essential torus in a 3-manifold M is an embedded 7;-injective copy of T2.
Bonahon defines an essential Klein bottle to be an embedded copy of the Klein
bottle K such that the composition 72 — K <> M is mrj-injective, where T2 — K is
the orientation double cover. We will use the following as the definition of an essential
Klein bottle.

Lemma A.2. An embedded Klein bottle 1: K — M is essential if and only if 1 is
Ty -injective.

Proof. If ¢ is m;-injective, then clearly K is essential in M. Conversely, since 72 —
K <> M is m;-injective, either t,7r; (K) contains Z? as an index 2 subgroup in which
case ( is y-injective, or 147 (K) = Z2. But H(K) = Z @ 7 /2, which rules out the
second case. ]

The following lemma is well known; we include a proof because we have not seen
it appear without the assumption of orientability. In the orientable case, the lemma
essentially follows from [30, Theorem 6.1].
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Lemma A.3. Let M be a compact, irreducible 3-manifold whose boundary OM con-
tains a component of Euler characteristic < 0. Then 7y (M) is locally indicable.

Proof. In the proof, all homology groups will take coefficients in Q. We first prove
that M has by (M) > 0. If M is orientable, then the Half Lives-Half Dies Lemma
states that the kernel of the inclusion induced map H;(0M ) — Hy (M) has dimension
equal to %dim H{(0M). In particular, by (M) > 0. If M is not orientable, then let
p: M — M be the orientation double cover, and let 7: H{(M) — H;(M) be the
(injective) transfer homomorphism. The following diagram commutes

[ [

Hi(0M) — H{(M),

and the bottom map is non-zero by the Half Lives-Half Dies Lemma. Moreover,
the image of 7: Hy(dM) — H;(dM) is not contained in the kernel of H;(dM) —
H; (M), which is non-trivial on each non-spherical boundary component. We con-
clude that H1(dM) — H;(M) is non-zero, and therefore b1 (M) > 0. We have thus
shown that 7r1 (M) has a homomorphism to Z.

Let G < (M) be a finitely generated group. If G is of finite-index in 7y (M),
then the injectivity of the transfer homomorphism implies that b; (G) > 0. Now sup-
pose that G is of infinite index and let N — M be the corresponding non-compact
covering space. Let L be a core of N obtained by the Scott Core Theorem. Note that L
necessarily contains some non-(S? or R P?) boundary component, and therefore by
the work above b1 (G) = b1(N) = b1 (L) > 0. ]

Theorem A.4. Let M be a compact and irreducible 3-manifold with torsion-free fun-
damental group G. Then any crossed product k * G embeds in a division ring, which
is Hughes-free if G is locally indicable.

Remark A.5. If the orientation double cover M — M is not a closed graph manifold,
then 771 (M) is good and has the factorisation property, and therefore the arguments
of Section 5 can be used to conclude Theorem A.4. However, in the case where M
is a closed graph manifold, a non-orientable version of the proof of Theorem 5.6 is
needed.

Proof. By the non-orientable version of the JSJ Theorem due to Bonahon and Sieben-
mann [8, Splitting Theorem 1] (see [7, Theorem 3.4] for the form in which we are
using the theorem), M can be cut along two-sided essential tori and Klein bottles such
that every component either is Seifert fibred or contains no essential 2-tori or Klein
bottles. Let My, ..., M, be the JSJ components and Gy, ..., G, their fundamental
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groups. Each G; has a finite index subgroup having the factorisation property by The-
orem 5.5, and therefore has the factorisation property by [22, Theorem 3.7]. Moreover,
each G; has a finite index locally indicable subgroup [2, Flowchart 1, (C.19)] whose
group ring is Hughes-free embeddable by Theorem 5.1. Thus, by Theorem 4.2, each
k * G; embeds into a division ring D;. Thus, if the JSJ decomposition only has one
component, we are done.

Now suppose that n = 2. Then each JSJ component has a non-empty boundary
whose components are all either tori or Klein bottles. Then each fundamental group
1 (M;) is locally indicable (Lemma A.3), has the factorisation property (previous
paragraph), and has a finite-index subgroup H; such that k * H; has a Hughes-free
embedding (Theorem 5.1). Thus, each group algebra k * 71 (M;) has a Hughes-free
embedding by Lemma 2.7. By Corollary 3.11, we conclude that £ * G embeds in a
division ring.

If G is locally indicable, then the proof that the embedding into a division ring
can be made Hughes-free is the same as the one given in the orientable case (see the
proof of Theorem 5.6). ]

We now conclude using the Prime Decomposition Theorem for non-orientable
manifolds, due to Epstein [18, Theorem 1.1].

Theorem A.6. Theorem 5.1 and Corollary 5.3 hold without the assumption of orient-
ability.

Proof. By the non-orientable Prime Decomposition Theorem (see [7, Theorems 3.1
and 3.2], M can be cut along finitely many essential, 2-sided copies of S? or R P2,
such that each of the components (after cutting) is irreducible or simply connected.
By Lemma A.l, the assumption that G is torsion-free implies that in fact there are
no RP?’s and that G decomposes as the free product of the fundamental groups of
the irreducible pieces. We now conclude as in the proof of Theorem 5.1. ]
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