
Z. Anal. Anwend. 45 (2026), 1–28
DOI 10.4171/ZAA/1806

© 2025 European Mathematical Society
Published by EMS Press

This work is licensed under a CC BY 4.0 license

From graph to Riesz continuity

Marina Prokhorova

Abstract. We show that every graph continuous family of unbounded operators in a Hilbert space
becomes Riesz continuous after one-sided multiplication by an appropriate family of unitary oper-
ators. This result provides a simple definition of the index for graph continuous families of Fred-
holm operators, and we show that for such families this index coincides with the index defined by
N. Ivanov (2021). This result also has two corollaries for operators with compact resolvents: (1) the
identity map between the space of such operators with the Riesz topology and the space of such
operators with the graph topology is a homotopy equivalence; (2) every graph continuous family of
such operators acting between fibers of Hilbert bundles becomes Riesz continuous in appropriate
trivializations of the bundles.

For self-adjoint operators, multiplication by unitary operators should be replaced by conjuga-
tion. In general, a graph continuous family of self-adjoint operators with compact resolvents cannot
be made Riesz continuous by an appropriate conjugation. We obtain a partial analog of the “trivi-
alization” result above for self-adjoint operators and describe obstructions to the existence of such
a trivialization in the general case. This motivates the notion of a polarization of a Hilbert bundle,
and we prove a similar result for polarizations. These results are closely related to the recent work
of Ivanov (2021) and provide alternative proofs for some of his results. We then show that, under a
minor assumption on the space of parameters and for operators which are neither essentially positive
nor essentially negative, there is always a trivialization making the family Riesz continuous.

1. Introduction

Let H and H 0 be separable complex Hilbert spaces of infinite dimension. We denote by
B.H; H 0/ the space of bounded linear operators H ! H 0 with the norm topology; by
K.H; H 0/ the subspace of B.H; H 0/ consisting of compact operators, by U.H/ and
P .H/ the subspaces of B.H/ D B.H; H/ consisting of unitary operators and projec-
tions, respectively (by projections we always mean orthogonal projections).

Regular operators. An unbounded operator A fromH toH 0 is a linear operator defined
on a subspace dom.A/ of H and taking values in H 0. Such an operator A is called closed
if its graph is closed in H ˚H 0, and densely defined if its domain dom.A/ is dense in
H . It is called regular if it is closed and densely defined. Let R.H; H 0/ denote the set
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of all regular operators H ! H 0 and Rsa.H/ �R.H/ DR.H;H/ denote the subset of
self-adjoint operators.

Two topologies on regular operators. The set R.H;H 0/ of regular operators has two
important natural topologies. The Riesz topology on R.H;H 0/ is induced by the so-called
bounded transform map

�WR.H;H 0/ ,! B.H;H 0/; �.A/ D A.1C A�A/�1=2;

from the norm topology on the space of bounded operators. The graph topology on the set
R.H;H 0/ is induced by the inclusion

pWR.H;H 0/ ,! P .H ˚H 0/;

from the norm topology on the space P .H ˚ H 0/ of projections, where p is the map
taking a regular operator to the orthogonal projection onto its graph. Let rR.H;H 0/, resp.
gR.H;H 0/ denote the space of regular operators H ! H 0 equipped with the Riesz, resp.
graph topology.

The Riesz topology is strictly finer than the graph topology. In other words, the iden-
tity map rR ! gR is continuous, while the identity map gR ! rR is not. On the subset
B.H;H 0/ of bounded operators these two topologies coincide.

From graph to Riesz continuity. Using the bounded transform, one can deal with Riesz
continuous families of operators in essentially the same manner as with norm continuous
families of bounded operators. Because of that, Riesz continuous families are much easier
to deal with than mere graph continuous families. Our first result shows that one can turn
a graph continuous family to a Riesz continuous one by a “change of coordinates”1.

Theorem 1. There exists a map vWR.H;H 0/!U.H/, which is both Riesz-to-norm and
graph-to-strong continuous, such that the induced map

ˆWR.H;H 0/! R.H;H 0/; A 7! A � v.A/

is graph-to-Riesz continuous.

Passing to adjoint operators, one obtains a similar statement for the left multiplica-
tion. Namely, there is a map v0WR.H;H 0/! U.H 0/, which is both Riesz-to-norm and
graph-to-strong continuous, such that the induced map A 7! v0.A/ � A is graph-to-Riesz
continuous.

We will now present three applications of Theorem 1.

K0 index for graph continuous families. Let AWX ! gR be a graph continuous map
and ˆW gR! rR be a map provided by Theorem 1. Then the composition

˛ D � ıˆ ıAWX ! B.H/

1The interpretation of our construction as a change of coordinates was suggested by the referee.
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is norm continuous. Suppose that all Ax are Fredholm. Then the operators ˛x are also
Fredholm, and one can define the index of A as the classical index of ˛WX ! BF (here
BF denotes the space of bounded Fredholm operators):

ind A D ind˛ D Œ˛� 2 ŒX;BF� D K
0.X/:

This definition of the index is justified by Theorem 2 below. We discuss the index of graph
continuous families in the last part of Section 4.

Searching for such a definition of the index was part of the motivation behind The-
orem 1. An alternative approach to the index of graph continuous families of Fredholm
operators is provided in the author’s previous paper [18]. Another approach, for compact
base spaces and in a more general framework of Hilbert modules over C �-algebras, is pro-
vided by the results of M. Joachim [9]. Recently, N. Ivanov developed a new approach to
the index of families [6,7], which works under much weaker continuity assumptions than
graph continuity. We show at the end of Section 4 that the definition of the index given
above coincides with Ivanov’s index for graph continuous families of Fredholm operators.

Homotopy equivalences. A regular operatorA is said to have compact resolvents2 if both
.1C A�A/�1 and .1C AA�/�1 are compact operators. Let RF.H/ and RK.H/ be the
subsets of R.H/ consisting of Fredholm operators and operators with compact resolvents,
respectively. These subsets are invariant under the multiplication by unitary operators, so
ˆ.RK/ � RK and ˆ.RF/ � RF.

It was shown in the author’s previous paper that the identity maps

rRK !
gRK and rRF !

gRF

are homotopy equivalences. See [18, Theorem A]. However, the proof in [18] provides no
intuition on how a homotopy inverse map might look like. The following theorem reveals
a possible form of homotopy inverse maps and provides an alternative proof of homotopy
equivalence of the identity map rRK !

gRK.

Theorem 2. Let ˆW gR! rR be a map provided by Theorem 1. Then the restriction of ˆ
to the subspace of operators with compact resolvents is homotopy inverse to the identity
map rRK !

gRK. Similarly, the restriction of ˆ to the subspace of Fredholm operators is
homotopy inverse to the identity map rRF !

gRF.

Hilbert bundles. Let H and H 0 be locally trivial Hilbert bundles over a topological space
X with a fiber H . (In the following, we will always suppose that all Hilbert bundles are
locally trivial.) The structure group of a general Hilbert bundle is sU.H/, the unitary

2If the resolvent set Res.A/ of A is non-empty (for example, if A is self-adjoint), then this definition
agrees with the usual sense of the words “compact resolvent”: .A � �/�1 is compact for some (and then
every) � 2 Res.A/. However, a regular operator may have an empty resolvent set; the definition above
covers such operators as well.
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group of H with the strong operator topology. This group is contractible [4, Lemma 3],
so every such bundle over a paracompact base space X is trivial, that is, isomorphic to
the trivial Hilbert bundle X �H ! X . More generally, every numerable Hilbert bundle
is trivial. However, automorphisms of the trivial Hilbert bundle X �H ! X are given by
continuous maps X ! sU.H/ and preserve neither norm nor Riesz continuity of operator
families, since the action of sU.H/ on B.H/ by conjugation, .u; a/ 7! uau�1, is not
continuous. Therefore, the notions of a norm continuous family of bounded operators or
a Riesz/graph continuous family of regular operators are not defined for a general Hilbert
bundle.

Nevertheless, the actions of sU.H/ and sU.H 0/ on the space K.H;H 0/ of compact
operators are continuous, and thus the notion of a norm continuous family of compact
operators kx WHx!H 0x is well defined. By the same reason, the notion of a graph contin-
uous family of regular operators Ax WHx ! H 0x with compact resolvents is well defined
(Proposition 2.3). Applying Theorem 1 to such a family, we will obtain the following
theorem.

Theorem 3. Let H and H 0 be numerable Hilbert bundles over a topological space X .
Let A be a graph continuous family of regular operators Ax WHx ! H 0x with compact
resolvents. Suppose that a trivialization of one of these Hilbert bundles, H Š X �H or
H 0 Š X �H 0, is fixed. Then there is a trivialization of the second bundle taking A to a
Riesz continuous map X ! RK.H;H

0/.

Self-adjoint case. For self-adjoint operators, multiplication A 7! Au or A 7! uA should
be replaced by the conjugation A 7! uAu�1. Instead of independent trivializations of two
Hilbert bundles H and H 0, as in Theorem 3, one should look for a one trivialization of
a given Hilbert bundle H . This narrows down available options drastically. In particular,
Theorem 1 has no direct analog for self-adjoint operators, even invertible ones.

Let A be a family of regular operators acting on fibers of a locally trivial Hilbert
bundle H over X . Following Ivanov [8], we say that a trivialization � WH jY ! Y �H

of H over a subset Y � X is adapted3 to A if it takes A to a Riesz continuous map
��AW Y ! R.H/. In particular, � is adapted to a family A of bounded operators if it
takes A to a norm continuous map ��AWY ! B.H/.

Spectral projections of a graph continuous family A of self-adjoint operators with
compact resolvents give rise to what we call a compatible family of local bundle projec-
tions. A trivialization is adapted to A if and only if it is adapted to these projections. Our
main results in the self-adjoint case, Theorems 4 and 5, are concerned with such families
of projections, and we deduce results concerning self-adjoint operators from these two
theorems.

Polarizations. We say that pWH jY ! H jY is a bundle projection of H over Y � X if
p is a continuous bundle map such that each px is a projection. We say that two bundle

3“Fully adapted” in terms of Ivanov.
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projections, p over Y and p0 over Y 0, are compatible (resp., finitely compatible) if the dif-
ference x 7! px �p

0
x is a norm continuous family of compact (resp., finite-rank) operators

over Y \ Y 0.
Locally, a polarization is defined by a bundle projection p over an open subset Y � X

such that each px has infinite-dimensional range and kernel. Globally, a polarization is
defined by an open covering .Xi / of X together with a collection of pairwise compatible
local polarizations pi over Xi . Following Ivanov [7], we call such a collection .Xi ; pi / a
polarization atlas and define a polarization as an equivalence class of polarization atlases
(as usual, two atlases are equivalent if their union is also an atlas). A finite polarization
is defined in the same way, but with “compatible” replaced by “finitely compatible”. See
Section 5 for details.

Let… be a polarization of H given by an atlas .Xi ; pi /. We say that a (local or global)
trivialization of H is adapted to … if it is adapted to each pi (that is, takes each pi to a
norm continuous family). We say that a polarization is tame if it admits a local adapted
trivialization over a neighborhood of each point x 2 X .

The notion of a polarization introduced by Ivanov in the appendix to [7] is essentially
equivalent to a tame finite polarization in our terminology.

Theorem 4. Let … be a tame polarization of a locally trivial Hilbert bundle H over a
paracompact space X . Then … admits a global adapted trivialization. Moreover, every
adapted trivialization of H over a closed subset Y of X can be extended to a global
adapted trivialization. In particular, every two adapted trivializations are homotopic (as
trivializations adapted to …).

The next theorem shows that a modest assumption on the base space is enough for the
existence of an adapted trivialization.

Let us say that a paracompact space X has locally finite covering dimension if each
point of X has a neighborhood of finite covering dimension (we do not require this neigh-
borhood to be open or small). In particular, every space of finite covering dimension has
locally finite covering dimension.

Theorem 5. Let H be a locally trivial Hilbert bundle over a paracompact space X of
locally finite covering dimension. Then every polarization of H is tame and thus admits a
global adapted trivialization.

Self-adjoint operators and adapted trivializations. We want to know whether a family
A of self-adjoint operators Ax WHx ! Hx admits a global adapted trivialization. Clearly,
for that to be true, A has to admit local adapted trivializations (by that we mean that
for every x 2 X there is an adapted trivialization over a neighborhood of x). Theorem 4
implies the following result, which shows that for essentially unitary operators this local
condition is also sufficient. The author does not know whether this is true for arbitrary
bounded self-adjoint operators, even if they are Fredholm.
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Theorem 6. Let H be a locally trivial Hilbert bundle over a paracompact space X , A be
a family of self-adjoint operators Ax WHx ! Hx , and either all operators Ax are essen-
tially unitary or they all have compact resolvents. Suppose that A admits local adapted
trivializations. Then A admits a global adapted trivialization. Moreover, every adapted
trivialization of H over a closed subset Y of X can be extended to a global adapted
trivialization. In particular, every two such trivializations are homotopic (in the space of
trivializations adapted to A).

The main case of Theorem 6 is the case of families consisting of operators which are
neither essentially positive nor essentially negative. In this case, a similar trivialization
theorem was nearly simultaneously proved by different methods and under much weaker
continuity assumptions by Ivanov. See [7, Theorems 4.5–4.7]. It can be easily shown that
his Theorems 4.6–4.7 imply Theorem 6 for families consisting of operators which are
neither essentially positive nor essentially negative. Ivanov mentioned in the introduction
to the first version of [7] that there is a notion of a polarization of a Hilbert bundle standing
behind some proofs in [7]. This led the author to introducing her version of a polarization
of a Hilbert bundle and proving an analog of Ivanov’s trivialization theorems 4.6–4.7 in
terms of polarizations (Theorem 4). Later, Ivanov wrote down the details of his notion of
a polarization in the appendix to the current version of [7] and rephrased the proofs of his
Theorems 4.5–4.7 in terms of polarizations. See [7, Theorems A.2–A.4].

First local obstruction. Let Rsa
K .H/ denote the set of self-adjoint operators with com-

pact resolvents. The first local obstruction to the existence of an adapted trivialization for
a graph continuous family A of operators Ax 2 Rsa

K .Hx/ is caused by the fact that Rsa
K

is path connected in the graph topology, but has three connected components in the Riesz
topology. Two points from different components of rRsa

K (for example, an essentially posi-
tive and an essentially negative operator) may be connected by a graph continuous path in
Rsa

K .H/, but no trivialization of the trivial Hilbert bundle Œ0; 1��H makes this path Riesz
continuous.

Second local obstruction. When all the operators Ax are contained in a fixed connected
component of rRsa

K , there is another kind of local obstruction which we now describe. For
a fixed x 2 X , choose � 2 R in the resolvent set of Ax . Then � also lies in the resolvent
set of Ay for y close to x, and the spectral projections py D 1Œ�;C1/.Ay/ determine a
continuous map (a bundle projection) pWH jY ! H jY over some neighborhood Y of x
(here 1S denotes the characteristic function of a subset S � R). See Proposition 7.1. A
trivialization of H over Y is adapted to A if and only if it is adapted to p (Proposition 7.2).

Suppose first that all the operators Ax are essentially negative. On the space of projec-
tions of a fixed finite rank the norm and strong topologies coincide [4, Lemma 5], so there
is an obstruction to the existence of local adapted trivializations near x if the rank of py is
not locally constant near x. In other words, there are eigenvalues of Ay going toC1when
y ! x. If this is not the case and the operators Ay are uniformly bounded from above in
a neighborhood of each point x 2 X , then A is Riesz continuous in every trivialization of



From graph to Riesz continuity 7

H . The situation with essentially positive operators is completely the same, but C1 and
bounds from above should be replaced by �1 and bounds from below. A graph contin-
uous family of essentially positive (resp., essentially negative) self-adjoint operators with
compact resolvents may have no local adapted trivializations in a neighborhood of x 2 X ,
even when the base space X is an interval. See Rellich’s example [11, Example V-4.14],
or [18, Example 8.2] for more details.

Suppose now that all Ax are contained in the third connected component rR?
K.Hx/

of rRsa
K .Hx/, which consists of operators that are neither essentially positive nor essen-

tially negative. In general, such a family, as well as its spectral sections, may have no
local adapted trivializations. See Example 7.5. However, Theorem 5 implies the following
result.

Theorem 7. Let H be a locally trivial Hilbert bundle over a paracompact space X of
locally finite covering dimension. Let A be a graph continuous family of self-adjoint oper-
ators Ax WHx ! Hx , with compact resolvents, which are neither essentially positive nor
essentially negative. Then A admits a global adapted trivialization.

Since the group sU.H/ is contractible, Theorem 7 implies that the identity map rR?
K!

gR?
K is a weak homotopy equivalence. The stronger result, of a homotopy equivalence of

this map, is proven in the author’s previous paper by a different method. See [18, Theo-
rems B and C].

Example 7.5 below shows that Theorem 7 does not hold for general base spaces, even
compact, without additional assumptions.

The author does not know whether an analog of Theorem 7 (probably with stronger
assumptions on X and for the maps AWX ! gR?

F ) holds for Fredholm operators. See
Remark 7.4.

K1 index for graph continuous families. Let A be a family satisfying assumptions
of Theorem 7. Then A admits an adapted trivialization � WH ! HX , which leads to a
norm continuous map ˛ D �.��A/WX ! B?

F .H/. The homotopy class of ˛ does not
depend on the choice of � . This allows to define the index of A as the classical index of
˛, ind A WD ind˛ D Œ˛� 2 ŒX;B?

F � D K
1.X/.

Another approach to the index of graph continuous families of self-adjoint Fredholm
operators is provided by the author’s previous paper [18] or by the results of Joachim [9].
An approach of Ivanov [6,7] works even under much weaker continuity assumptions than
graph continuity. The same reasoning as for the K0 index (Section 4) shows that, for a
family admitting an adapted trivialization, the index given by the formula above coincides
with Ivanov’s index.

Applications to elliptic operators. The author arrived at Theorem 6 in an attempt to
understand a step in the proof of a result of Melrose and Piazza. See [13, Proposition 1].
They deal with a family D of self-adjoint differential operators Dx of order 1 parametrized
by x 2 X such that Dx acts on the fibers of a vector bundle Ex over a smooth closed
manifold Mx . More precisely, M ! X is a smooth fibration and E is a smooth vector
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bundle over M. Melrose and Piazza showed that if the K1.X/-index of D vanishes, then
D admits a spectral section. In their proof, they claim that the L2-spaces of the fibers,
Hx D L

2.Mx IEx/, can be identified so that all operators act on a fixed Hilbert space H .
Unfortunately, they did not explain how such an identification can be obtained. The author
could not find a simple explanation of this step. The structure group of the corresponding
Hilbert bundle H has the topology coarser than the norm topology, so Kuiper’s theorem
cannot be used to trivialize H . Dixmier–Douady theorem, on the other hand, can be used,
but trivializations it provides do not take D to a Riesz continuous family of operators. At
the same time, the proof of Melrose and Piazza uses essentially Riesz continuity of D .

Theorem 6, as well as recent results [7, Theorems 4.5 or 4.6] of Ivanov, allows to
overcome this difficulty by turning D to a Riesz continuous family (though at the cost of
losing the differential and geometric structure). Similarly, Theorem 3 allows to pass to a
fixed Hilbert space in the proof of [14, Proposition 2], an odd analog of [13, Proposition 1].

Another framework where our results may be useful is that of elliptic boundary value
problems. A continuous, in an appropriate sense, family of elliptic operators of posi-
tive order on a compact manifold with boundary and with elliptic boundary conditions
leads to a graph continuous family of regular operators with compact resolvents acting
between the L2-spaces of the corresponding vector bundles. See [16, Appendix A.5] or
[3, Corollary A.6.3]. A fixed manifold with boundary may be replaced by a family of such
manifolds, as above. Theorems 3 and 7 show that such a family of unbounded operators
may be turned into a Riesz continuous family by appropriate global trivializations of the
corresponding Hilbert bundles, both in the non-self-adjoint and self-adjoint cases.

2. Preliminaries

Grassmannian. The set G .H/ of closed subspaces of H is called the Grassmannian.
An orthogonal projection may be identified with its range, which provides a bijection
between G .H/ and the space of projections P .H/. The Grassmannian is equipped with
the topology (and even metric) induced by this bijection from the norm on P .H/. We
will use closed subspaces and projections interchangeably, depending on what is more
convenient at the moment.

Canonical decomposition. Recall a standard construction that will be used throughout
the paper. The trivial Hilbert bundle over G .H/ with the fiber H is canonically decom-
posed into the direct sum

G .H/ �H D HC ˚H�

of two Hilbert bundles, whose fibers over L 2 G are HCL D L and H�L D L
?, the orthog-

onal complement of L in H . This decomposition is locally trivial in the following sense:
for every L0 2 G .H/ there is a continuous map gWB ! U.H/, where B is the open ball
of radius 1 around L0, such that L D gLL0 for every L 2 B . In terms of projections, this
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is written as p D gpp0g�p for kp � p0k < 1, where p0 is the projection onto L0. See the
proof of [11, Theorem I.6.32] for the construction of such a map g.

An important subspace of G .H/ is

G ?.H/ D
®
L 2 G .H/ j dimL D1 D codimL

¯
:

Let L0 2 G ?.H/ be a fixed subspace. The map U.H/! G ?.H/, u 7! uL0 is a locally
trivial principal bundle over a paracompact base space, whose structure group U.L0/ �

U.L?0 / is contractible. Therefore, U.H/! G ?.H/ has a section

gWG ?.H/! U.H/ so that L D gLL0 for all L 2 G ?.H/: (2.1)

It follows that the restrictions of HC and H� to G ? are trivial Hilbert bundles with the
structure group U. In addition, contractibility of the total space U.H/ and the fiber U�U

implies contractibility of the base space G ?. See [2, proof of Lemma 3.6].

Bounded transform. Let us recall the definition and main properties of the bounded
transform. See, e.g., [21, Theorem 7.5], for more details.

For a regular operator AWH ! H 0, the operator 1C A�A is regular, self-adjoint, and
surjective; its inverse .1CA�A/�1 is a positive bounded operator. The bounded transform
(or the Riesz map)

�WR.H;H 0/! B.H;H 0/; �.A/ D A.1C A�A/�1=2

defines the injective map from the set R.H; H 0/ of regular operators to the closed unit
ball

D.H;H 0/ D
®
a 2 B.H;H 0/ j kak 6 1

¯
:

The image of � consists of strict contractions, that is, operators a 2 D such that 1 � a�a
is injective; this image is dense in D . For a D �.A/, the following identities hold:

.1C A�A/�1 D 1 � a�a and A D a.1 � a�a/�1=2: (2.2)

In particular, a regular operatorA has compact resolvents if and only if �.A/ is essentially
unitary. If a regular operator A is self-adjoint, then so is �.A/; more generally, �.A�/ D
�.A/�.

Graphs of operators. Let �A �H ˚H 0 denote the graph of a regular operator AWH !
H 0. There is a canonical isometric isomorphism

�A ! H; � ˚ A� 7!
p
1C A�A� for � 2 H:

The inverse isomorphismH ! �A, which we consider as an isometry wAWH !H ˚H 0

with the range �A, is given by the formula

wA D .1C A�A/�1=2 ˚ A.1C A�A/�1=2 D .1C A�A/�1=2 ˚ �.A/: (2.3)
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Let pA denote the orthogonal projection onto �A,

pA D wAw�A D
�
.1C A�A/�1 .1C A�A/�1A�

A.1C A�A/�1 1 � .1C AA�/�1

�
2 P .H ˚H 0/: (2.4)

In terms of a D �.A/, this is written as follows:

wA D
p
1 � a�a˚ a; pA D

 
1 � a�a

p
1 � a�a a�

a
p
1 � a�a aa�

!
; (2.5)

so p factors through a continuous map D.H;H 0/! P .H ˚H 0/. Restricting this map
to the subspace rR of D , we see that the identity map rR! gR is continuous.

Fredholm operators. Similar to the bounded case, a regular operator is called Fredholm
if its range is closed and its kernel and cokernel are finite-dimensional. The bounded
transform �.A/ is equal to the composition of the isomorphism wAWH ! �A and the
restriction p0AW �A ! H 0 of the orthogonal projection p0WH ˚H 0 ! H 0. The range of
p0A coincides with the range of A. The kernel of p0A is isomorphic to the kernel of A.
Therefore, a regular operator A is Fredholm if and only if �.A/ is Fredholm.

Graph-to-strong* continuity of the bounded transform. By the definition of Riesz
topology, the bounded transform�WR.H;H 0/!D.H;H 0/ is Riesz-to-norm continuous.
In the proof of Theorem 1, we also need another type of continuity of �.

Let sB.H; H 0/ denote the space of bounded operators H ! H 0 equipped with the
strong operator topology. Recall that this topology is defined as the weakest topology for
which the map sB.H; H 0/! H 0, a 7! a� is continuous for every � 2 H . The strong*
operator topology on the same set is the weakest topology for which both a 7! a� and
a 7! a�� are continuous for every � 2 H .

Proposition 2.1. The bounded transform is graph-to-strong* continuous.

Proof. Since pA� D 1� JpAJ �, where J D .0 �11 0 /, the mapA 7!A� is graph continuous.
Since �.A/� D �.A�/, it is enough to prove graph-to-strong continuity of �.

For A 2 R.H;H 0/, we denote

a D �.A/; q D .1C A�A/�1=2 D .1 � a�a/1=2; b D aq: (2.6)

In these terms, the second equality of (2.5) is written as

pA D
�
q2 qa�

aq aa�

�
D

�
q2 b�

b aa�

�
: (2.7)

Since the map A 7! b is given by the .2; 1/-component of pA, it is graph-to-norm contin-
uous. Similarly, the map A 7! q is the square root of the .1; 1/-component of pA and thus
is graph-to-norm continuous.
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Choose � 2 H and A0 2 R.H;H 0/. Let a0, q0, b0 be determined by A0 as in (2.6).
We need to show that the map gR.H;H 0/! H 0, A 7! �.A/� is continuous at A D A0.
Let " > 0. The operator q0 is self-adjoint and injective and thus has dense range, so one
can find � 2 H such that kq0� � �k < ". Let V be a neighborhood of A0 in gR.H;H 0/

such that k.q � q0/�k < " and k.b � b0/�k < " for every A 2 V . Then

ka� � a0�k < k.a � a0/q0�k C 2"

6 ka.q0 � q/�k C k.aq � a0q0/�k C 2"
6 k.q � q0/�k C k.b � b0/�k C 2"
< 4"

for every A 2 V . It follows that � is graph-to-strong continuous at an arbitrary point
A0 2 R and thus on the whole R.

Remark. In fact, this reasoning provides a stronger result. It concerns another natural
topology on R.H;H 0/ induced by the injection pWR.H;H 0/ ,! sP .H ˚H 0/ from the
strong operator topology on the space of projections. On Rsa.H/ it coincides with the
strong resolvent topology. The reasoning in the proof of Proposition 2.1 shows that the
bounded transform �WR ! D is continuous with respect to this coarser topology on R

and the strong* operator topology on D .
For an arbitrary function f 2 Cb.R/, a similar reasoning provides continuity of the

map f WRsa.H/! B.H/ with respect to the strong resolvent topology on Rsa and the
strong topology on B. A different proof of such continuity of f based on the spectral
theorem is given by [20, Theorem VIII.20 (b)]. Conversely, one can deduce Proposition 2.1
from that theorem taking f .x/ D x.1C x2/�1=2 and using the standard trick of passing
from A to the self-adjoint operator . 0 A�

A 0
/. However, the direct proof of the proposition

given above and not based on the spectral theorem seems to be more transparent.

Action of the unitary groups. The unitary groups U.H/ and U.H 0/ act on R.H;H 0/

by the right and left multiplication, respectively. These actions preserve the subsets RF

and RK.

Proposition 2.2. The actions of the groups U.H/ and U.H 0/ (equipped with the norm
topology) on rR.H;H 0/ and gR.H;H 0/ are continuous.

Proof. For u 2 U.H 0/ and v 2 U.H/, we have

�.uA/ D u�.A/; �.Av/ D �.A/v; �uA D .1˚ u/�A; �Av D .v
�1
˚ 1/�A;

which proves the proposition.

Let sU.H/ denote the unitary group equipped with the strong operator topology. It is a
topological group, see [19, Lemma 1.3]. The actions of sU.H/ and sU.H 0/ on rR and gR

are not continuous, but continuity of the action of sU on K provides the following result.
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Proposition 2.3. The actions of the groups sU.H/ and sU.H 0/ on gRK.H;H
0/ are con-

tinuous.

Proof. The graph of an operator with compact resolvents belongs to the restricted Grass-
mannian

GK.H ˚H
0/ Š PK.H ˚H

0/ D
®
p 2 P .H ˚H 0/ j p � p1 is compact

¯
; (2.8)

where p1 2 P .H ˚H 0/ is the projection onto 0˚H 0. The restriction of the embedding
pW gR ,! P to operators with compact resolvents provides the embedding pW gRK ,! PK.
The left action of sU.H 0/ on gR.H;H 0/ lifts to the action on P .H ˚H 0/:

.u; p/ 7! .1˚ u/p.1˚ u�1/ D .1˚ u/.p � p1/.1˚ u/
�1
C p1:

Since the action of sU.H ˚H 0/ on K.H ˚H 0/ by conjugation is continuous, the action
of sU.H 0/ on PK.H ˚H

0/ is also continuous, as well as its restriction to gRK.H;H
0/.

The right action of sU.H/ on gRK is continuous by the same argument.

3. Proof of Theorem 1

The idea of the proof can be briefly described as follows. The graphs �A of regular oper-
ators AWH ! H 0 form fibers of a locally trivial Hilbert bundle � over gR.H;H 0/ with
the structure group U.H/. Since U.H/ is contractible, this bundle admits a trivialization
uW gR �H

�
! � . The composition of the unitary operator uAWH

�
! �A � H ˚H

0 with
the projection H ˚H 0 ! H 0 provides the contraction 'AWH ! H 0. We define ˆ by the
formula �.ˆA/ D 'A and show that this map satisfies all conclusions of the theorem.

Isometries. Let
	 D

®
u 2 B.H;H ˚H 0/ j u�u D IdH

¯
be the space of isometries (i.e., isometric embeddings) H ! H ˚H 0 equipped with the
usual norm topology. The canonical map

�W	 ! G .H ˚H 0/; u 7! Ran.u/

takes an isometry u to its range; the corresponding projection is uu�. The image �.	/
of this map consists of infinite-dimensional subspaces of H ˚H 0. The group U.H/ acts
on 	 by the right multiplication. Kuiper’s theorem [12] together with the same standard
arguments as were used at the beginning of Section 2 show that �W	!�.	/ is a principal
U.H/-bundle admitting a continuous section (and thus is trivial).

Proof of Theorem 1. The graphs of regular operators have infinite dimension, so gR �

�.	/� G .H ˚H 0/. For the rest of the proof, we fix a section of �W	! �.	/ and denote
by uW gR ! 	 its restriction to gR. Then u is a graph-to-norm continuous map taking a
regular operator A to an isometry uAWH ! H ˚H 0 with the range �A.
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Let p0WH ˚H 0 ! H 0 be the projection onto the second summand. The composition

'A D p
0
� uAWH ! H 0

is a contraction, and the corresponding map 'W gR.H;H 0/! D.H;H 0/ is continuous.
The maps defined above are not canonical: they depend on the choice of a section u.

On the other hand, formula (2.3) provides a canonical isometry wAWH ! H ˚H 0 with
the range �A:

wA D .1C A�A/�1=2 ˚ �.A/ D
p
1 � a�a˚ a; where a D �.A/:

The corresponding contraction p0 � wAWH ! H 0 coincides with the bounded transform
�.A/ of A. In contrast with ', it is not continuous as a map gR! D .

Two isometries uA;wAWH ! H ˚H 0 have the same range �A and thus differ by a
unitary operator

vA D w�A � uA 2 U.H/ so that uA D wA � vA:

We claim that the map vWR.H;H 0/!U.H/ defined by this formula satisfies conclusions
of the theorem. Indeed, for ˆA D A � vA we have

�.ˆA/ D �.A � vA/ D �.A/ � vA D p
0
� wA � vA D p0 � uA D 'A;

so � ıˆD 'WR.H;H 0/!B.H;H 0/ is graph-to-norm continuous and thus ˆ is graph-
to-Riesz continuous. By the construction, uWR!	 is graph-to-norm (and thus also Riesz-
to-norm) continuous. The coisometry w�AWH ˚H

0 ! H is given by the formula

w�A.� ˚ �/ D .1C A
�A/�1=2� C �.A/�� D

p
1 � a�a� C a�� for � 2 H; � 2 H 0:

Clearly, the maps A 7! w�A and A 7! vA D w�A � uA are Riesz-to-norm continuous.
The first component of w�, A 7! .1 C A�A/�1=2, is the square root of the .1; 1/-

component of pA and thus it is even graph-to-norm continuous. The second component
A 7!�.A/� is graph-to-strong continuous by Proposition 2.1. Therefore, the mapA 7!w�A
is graph-to-strong continuous. The multiplication map .b;c/ 7! b � c is strongly continuous
on uniformly bounded subsets of operators, and the norms of w�A and uA are bounded by 1.
It follows that the map A 7! vA D w�A � uA is graph-to-strong continuous. This completes
the proof of the theorem.

4. Applications of Theorem 1

Proof of Theorem 2. In order to prove the first part of the theorem, we need to show that
ˆ is homotopic to the identity as a self-map of both rRK and gRK. For the second part, we
need to prove a similar result for rRF and gRF.
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By Kuiper’s theorem, the group U.H/ is contractible in the norm topology, so the
map vWU ! U is homotopic to the identity map U ! U. Since the action of U.H/

on rR.H;H 0/ is continuous, a homotopy between these two maps provides a homotopy
between ˆW rRK !

rRK and IdW rRK !
rRK, and a similar homotopy for rRF !

rRF.
By a result of Dixmier and Douady [4, Lemma 3], the group sU.H/ is contractible, so

the map vW sU! sU is homotopic to the identity map sU! sU. The action of sU.H/ on
gRK.H;H

0/ is continuous (see Proposition 2.3), so a homotopy between these two maps
provides a homotopy between the maps ˆW gRK !

gRK and IdW gRK !
gRK. Therefore,

the restriction of ˆ to the subspace of operators with compact resolvents is homotopy
inverse to the identity map rRK !

gRK.
In order to finish the proof of the Fredholm part, we need to show that the maps

ˆW gRF !
gRF and IdW gRF !

gRF are homotopic. This part is more delicate because the
action of sU on gRF is not continuous, so we cannot directly apply a contraction of sU

for this purpose. However, we can use a part of [18, Theorem A] which states that the
embedding gRK ,!

gRF is a homotopy equivalence. We already proved that the maps
ˆW gRK !

gRK and IdW gRK !
gRK are homotopic; it follows that ˆW gRF !

gRF and
IdW gRF !

gRF are also homotopic. Therefore, the restriction of ˆ to the subspace of
Fredholm operators is homotopy inverse to the identity map rRF !

gRF.

Proof of Theorem 3. Suppose that a global trivialization of H 0 is fixed. Choose an arbi-
trary trivialization � WH ! X � H of H . In these trivializations A becomes a graph
continuous map X ! RK.H; H

0/. Let vW gR.H; H 0/! sU.H/ be a map provided by
Theorem 1. Then the map X ! sU.H/, x 7! v.Ax/ is continuous, so

�vW .x; �/ 7! .x; v.Ax/�/

is an automorphism of the trivial Hilbert bundle X �H . The inverse automorphism ��1v
takes A to a Riesz continuous map

A0WX ! RK.H;H
0/; A0x D Ax � v.Ax/:

It follows that the composition ��1v ı � satisfies the conclusion of the theorem.
If instead a global trivialization of H is fixed, then one can pass to the adjoint opera-

tors, swapping H and H 0. Since the map A 7! A� is both graph and Riesz continuous, it
follows from the first part of the proof that there is a global trivialization of H 0 taking A

to a Riesz continuous map.

K0 index for graph continuous families. By a classical result of Atiyah and Jänich, the
space BF.H/ of bounded Fredholm operators is a classifying space for the functor K0.
See [1, Theorem A1]. For an arbitrary parameter space X , K0.X/ might be defined as
the set ŒX;BF� of homotopy classes of maps X ! BF.H/, with the group structure on
ŒX;BF� introduced in the standard way. The class of a continuous map ˛WX ! BF in
K0.X/ is called the index of ˛:

ind.˛/ D Œ˛� 2 ŒX;BF� D K
0.X/:
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It can be easily seen, using linear homotopies, that the bounded transform �W rRF ! BF,
from regular Fredholm operators to bounded Fredholm operators, is homotopy inverse to
the embedding BF ,!

rRF, so both of these maps are homotopy equivalencies. Therefore,
the index of a Riesz continuous map AWX ! rRF is naturally defined as the index of its
bounded transform:

ind.A/ D ind.� ıA/ 2 ŒX;BF� D K
0.X/ for AWX ! rRF: (4.1)

Let now AWX ! gRF be a graph continuous map. The space gRF is also a classi-
fying space for the functor K0, see [9, Theorem 3.5 (i)] or [18, Theorem A]. Hence the
homotopy class of A determines an element ofK0.X/which can be called the index of A:

ind.A/ D ŒA� 2 ŒX; gRF� D K
0.X/: (4.2)

Theorems 1 and 2 of the present paper allow to relate the index of A given by (4.2)
to the Fredholm index of bounded operators as follows. The composition of A with a
map ˆW gR ! rR provided by Theorem 1 is Riesz continuous, so � ı ˆ ıA is a norm
continuous map X ! BF. Theorem 2 implies

ind.A/ D ind.ˆ ıA/ D ind.� ıˆ ıA/ 2 ŒX;BF� D K
0.X/ for AWX ! gRF; (4.3)

which can be used as the definition of the index of A. It follows from Theorem 2 that the
homotopy class of ˆW gRF !

rRF is independent of the choice of v, so ind.� ıˆ ıA/ is
also independent of this choice.

Similarly, Theorem 2 implies that for a Riesz continuous map AWX ! RF (in partic-
ular, for a norm continuous map X ! BF) the two definitions of the index given by (4.1)
and (4.2) coincide.

Recently, N. Ivanov [6,7] developed a new approach to the family index. He introduced
the notion of a “Fredholm family” and defined a K0.X/-valued index, which we will
denote by Ind, for Fredholm families parametrized by points of a paracompact space X .
See [7, Section 3]. A Fredholm family is a family of Fredholm operators Ax such that the
finite-dimensional subspaces 1Œ0;"�.jAxj/ and 1Œ0;"�.jA�xj/, as well as the restriction of Ax

to 1Œ0;"�.jAxj/, depend continuously on x for an appropriate locally chosen " > 0, without
any additional continuity assumptions. Ivanov’s index Ind is defined both for operators
acting on a fixed Hilbert space and on fibers of a Hilbert bundle; it is invariant under
isomorphisms of Hilbert bundles and under passing to the bounded transform. By the
construction, for a norm continuous map AWX ! BF Ivanov’s index coincides with the
usual index ind.A/ 2 ŒX;BF� D K

0.X/.
Let now AWX ! gRF be a graph continuous map from a paracompact space X . Then

A is a Fredholm family in Ivanov’s sense, and the properties of Ind mentioned above
imply the equality

Ind.A/ D Ind.� ıˆ ıA/ D ind.� ıˆ ıA/:

Therefore, our definition of the index of A provides the same element of K0.X/ as
Ivanov’s definition.
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Remark. Our proof of Theorem 1 shows that the definition of the index of AWX ! gRF

given by the formula ind.A/ D ind.� ı ˆ ı A/ can be equivalently stated in terms of
the graphs �x of operators Ax , as the index of the family of projections �x ! H 0. For
this, one needs to trivialize the Hilbert bundle � , formed by subspaces �x � H ˚H 0, in
the category of bundles with the structure group U. Note that such a trivialization is not
canonical; it is defined only up to a continuous map X !U.H/. However, the change of
a trivialization does not affect the homotopy type of the corresponding family of bounded
Fredholm operators, since the unitary group U.H/ is contractible.

5. Polarizations and proof of Theorem 4

Polarizations of a Hilbert space. A decomposition of a Hilbert spaceH into the orthog-
onal sumH DHC ˚H� of two closed infinite-dimensional subspaces is called a polar-
ization of H . It is determined by the subspace HC 2 G ?.H/ or equivalently by the
orthogonal projection onto HC. We denote by P ?.H/ Š G ?.H/ the subspace of P .H/

consisting of projections of infinite rank and corank and will identify polarizations with
the corresponding subspaces/projections.

There are two natural equivalence relations for polarizations of H , which we call
“finite” and “compact”. Two polarizations p and q of H are said to be compactly com-
patible if p � q is a compact operator; they are said to be finitely compatible if p � q is a
finite rank operator (that is, the corresponding subspaces are commensurable).

The compact restricted Grassmannian corresponding to a polarization p is defined as
the space of all polarizations compatible with p:

GK.H Ip/ D
®
q 2 P .H/ j q � p 2K.H/

¯
:

It is equipped with the norm topology induced by the natural inclusion GK.H I p/ ,!

G .H/ Š P .H/, or equivalently by the inclusion GK.H Ip/ ,! K.H/, q 7! q � p. The
finite restricted Grassmannian Gf.H Ip/ is defined in a similar manner; it is a subspace of
GK.H Ip/. The restricted Grassmannian depends only on the corresponding equivalence
class of the projection p.

Subbundles of a Hilbert bundle. We will consider only locally trivial Hilbert bundles
with a separable fiber H . However, we want to deal with their subbundles which are
not necessarily locally trivial. Such subbundles arise, for example, as spectral sections of
graph continuous families of Fredholm operators.

In general, a subbundle E of H is given by a family of closed subspaces Ex � Hx

which is continuous in an appropriate sense. We will use the following notion of continu-
ity: we say that E is a subbundle of H if E is the range of a bundle projection, that is, a
continuous bundle map pWH ! H such that px 2 P .Hx/ for every x 2 X . In this case

H 	 E D Ran.1 � p/

is also a subbundle.
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Equivalently, for every x 2 X , some (and then every) local trivialization of H over a
neighborhood Y of x takes p to a continuous map Y ! sP .H/, where sP .H/ denotes
the space of projections equipped with the strong operator topology. In particular, sub-
bundles of the trivial Hilbert bundleHX D X �H are in one-to-one correspondence with
continuous maps X ! sP .H/.

A family E of closed subspaces Ex �Hx is a subbundle of H in our sense if and only
if both .Ex/ and .Hx 	 Ex/ are continuous subfields of the field .Hx/ of Hilbert spaces
in the sense of Dixmier and Douady [4]. See [4, Proposition 16].

We say that two subbundles of H given by bundle projections p and q are (compactly)
compatible if p � q is a norm continuous family of compact operators; they are finitely
compatible if additionally all operators px � qx have finite rank.

Polarizations of a Hilbert bundle. A natural forgetful functor from finite to compact
polarizations preserves the notion of an adapted trivialization. Therefore, the “finite” ana-
logs of Theorems 4 and 5 follow immediately from these theorems. Because of that, we
will deal only with compact polarizations in the rest of the paper and will mostly omit
the adjective “compact” before “polarization”. The changes required to obtain the finite
version of our statements are obvious.

Locally, a polarization of H is determined by a decomposition of H , over some open
subset Y �X , into the orthogonal sum H DHC˚H� of two subbundles of infinite rank.
Equivalently, it is determined by the subbundle HC of H jY or by the bundle projection
with the range HC. By the definition, two compatible subbundles of H over Y determine
the same local polarization.

Globally, a polarization of H is determined by an open covering .Xi / of X and sub-
bundles HCi of H jXi as above such that HCi and HCj are compatible over Xi \ Xj for
every i; j . Following Ivanov [7], we call such a collection .Xi ;HCi / a polarization atlas.
Two polarization atlases are said to be equivalent if their union is also a polarization atlas.
A polarization of H is an equivalence class of polarization atlases.

A polarization … of H determines the restricted Grassmannian bundle GK.H I…/ in
an obvious way. This is one of the motivations behind the notion of a polarization.

Two polarizations of H are said to be homotopic if they are restrictions to X � ¹0º
and X � ¹1º of some polarization of the Hilbert bundle H � Œ0; 1�! X � Œ0; 1�.

Adapted trivializations. A trivialization H ! X �H is said to be adapted to a subbun-
dle E of H if it takes the family of subspaces Ex �Hx to a continuous map X ! G .H/,
or equivalently takes the corresponding family of projections to a norm continuous map
X ! P .H/. If a trivialization of H is adapted to E , then it is adapted to every subbun-
dle compatible with E , since the difference p � q of corresponding bundle projections is
norm continuous in every trivialization.

Let … be a polarization given by an atlas .Xi ;Ei /. We say that a trivialization of H is
adapted to … if its restriction to Xi is adapted to Ei for every i . The notion of an adapted
local trivialization is defined in an obvious way.
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We call a subbundle E , resp. a polarization … of H tame if it admits local adapted
trivializations (that is, for every point x 2 X there is a local trivialization of H adapted to
E , resp. … over some neighborhood of x).

Trivializations of HX adapted to EX . As a first step to the proof of Theorem 4, we
describe trivializations of the trivial Hilbert bundle HX D X � H adapted to its trivial
subbundle EX D X �E, where E is a fixed closed subspace of H .

Trivializations ofHX are given by continuous maps f WX! sU.H/. Such a trivializa-
tion is adapted to EX if and only if the map X ! G .H/ taking x to f .x/E is continuous.
Therefore, trivializations of HX adapted to EX are in one-to-one correspondence with
continuous maps X ! TE , where the space TE is obtained from sU.H/ by refining its
topology so that the map

�E WTE ! G .H/; u 7! uE (5.1)

becomes continuous. In other words, TE has the topology induced by the injection

TE ,!
sU.H/ � G .H/; u 7! .u; uE/:

Two maps f;gWX ! TE are homotopic if and only if the corresponding trivializations are
homotopic in the class of trivializations adapted to EX .

Lemma 5.1. If E 2 G ?.H/, then TE is contractible.

Proof. For E 2 G ?, the map (5.1) takes TE to G ?. We will show that �E W TE ! G ? is a
trivial bundle and construct its trivialization.

The base space G ? has a distinguished point E 2 G ?. The fiber of �E over this point
is the subspace of sU.H/ consisting of unitary operators uWH ! H preserving E � H .
Denote this subspace by sUE . Let gW G ? ! U.H/ be a continuous map such that L D
gLE for all L 2 G ?, as in (2.1). Consider the map

'W sUE � G ? ! TE ; '.v; L/ D gL � v:

The composition �E ı 'W sUE � G ? ! G ? is the projection of the product on the second
factor, as can be seen from

.gLv/E D gLE D L for every v 2 sUE : (5.2)

In particular, �E ı ' is continuous. The composition of ' with the identity map TE ! sU

is given by .v; L/ 7! gLv and is also continuous. Therefore, ' itself is continuous.
Equality (5.2) allows to recover L and v from u D gLv by taking L D uE and v D

g�1L u. Since vE D g�1L uE D g�1L LD E, the unitary operator v D g�1L u belongs to sUE ,
and we obtain the continuous map

 WTE !
sUE � G ?;  .u/ D .g�1uE � u; uE/:
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By the construction,  ı '.v; L/ D .v; L/ for every .v; L/ 2 sUE � G ?. Conversely,

' ı  .u/ D '.g�1uE � u; uE/ D guE � g
�1
uE � u D u for every u 2 TE :

Therefore,  is inverse to ' and thus ' is a homeomorphism.
The domain of ' is the product of two factors. The second factor G ? is contractible,

see [2, proof of Lemma 3.6]. The first factor sUE D
sU.E/ � sU.E?/ is the product

of two copies of sU. By [4, Lemma 3], sU is contractible, so sUE is also contractible.
Therefore, the product sUE � G ? Š TE is contractible.

Trivializations of H . Let H be a locally trivial Hilbert bundle and HX be the triv-
ial Hilbert bundle with the fiber H over a topological space X . Let U.H ; HX / be the
fiber bundle associated with H whose fiber over x is sU.Hx ; H/. This is a locally triv-
ial principal bundle over X with the structure group sU.H/ acting on fibers by the left
multiplication. Sections of U.H ; HX / are Hilbert bundle isomorphisms H ! HX , that
is, trivializations of H . A trivialization H ! HX takes U.H ; HX / to the trivial bundle
U.HX ;HX / D X �

sU.H/.

Trivializations adapted to E . Let E be a subbundle of H . Consider the space T D TE

which coincides with U.H ;HX / as a set, but has finer topology determined by E . Namely,
we equip T with the weakest topology such that both the identity map �WT !U.H ;HX /

and the map

�E W T ! G .H/ Š P .H/; �E.x; u/ D u.Ex/ for x 2 X and u 2 U.Hx ;H/ (5.3)

are continuous. Then the composition T ! U.H ; HX /! X is also continuous, and we
consider T as a space over X . By the construction, sections of T ! X are in one-to-one
correspondence with trivializations of H adapted to E .

Lemma 5.2. If E and F are compatible subbundles of H , then �F and �E induce the
same refinement of the original topology on U.H ;HX /. In other words, TE depends only
on the equivalence class of compatible subbundles E .

Proof. Let px and qx be projections onto Ex and Fx , respectively. By the definition of
compatible subbundles, the difference kx D qx � px is a norm continuous family of com-
pact operators, so �F and �E considered as maps from U.H ; HX / to P .H/ differ by a
continuous map

U.H ;HX /!K.H/; .x; u/ 7! �F .x; u/ � �E.x; u/ D uqxu
�
� upxu

�
D ukxu

�:

Hence �F and �E induce the same refinement of the original topology on U.H ;HX /.

Lemma 5.3. If E is tame, then TE ! X is a locally trivial bundle, whose fiber T D TE
is the space defined before Lemma 5.1.
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Proof. Let x0 2 X . Since E is tame, there is a trivialization � 0 of H adapted to E over
a neighborhood X 0 of x0. This trivialization takes E to the subbundle E 0 given by a con-
tinuous map X 0 ! G .H/. Replacing X 0 by a smaller neighborhood if necessary, we can
find a map gWX 0 ! U.H/ such that gxE 0x D E, where E D E 0x0 . The composition of
� 0 with the automorphism of the trivial Hilbert bundle HX 0 provided by g determines the
new trivialization � which takes Ex to the subspace E of H independent of x and thus
takes E to the constant subbundle EX 0 of HX 0 .

Such a trivialization � provides a bundle isomorphism TE jX 0 ! T 0, where the bundle
T 0 is built (in the way described above) from the trivial bundleHX 0 and its subbundleEX 0 .
By the definition, the total space T 0 is obtained from the product X 0 � sU.H/ by refining
its topology so that the map T 0! G .H/, .x;u/ 7! uE becomes continuous. But this map
does not actually depend on x, so T 0 coincides with the trivial bundle X 0 � TE ! X 0.

Trivializations adapted to …. Let … be a polarization of H given by an atlas .Xi ;Ei /,
i 2 I . Consider the space T… which coincides with U.H ; HX / as a set and is equipped
with the weakest topology such that the identity map

T…jXi ! TEi (5.4)

is continuous for every i 2 I . By Lemma 5.2, the restrictions of TEi and TEj to Xi \ Xj
coincide, so (5.4) is actually a homeomorphism. Moreover, this definition does not depend
on the choice of an atlas of ….

The composition T…!U.H ;HX /!X is continuous, and we consider T… as a space
over X . By the construction, (local or global) sections of T… ! X are exactly (local or
global) trivializations of H adapted to …. In particular, T… ! X admits local sections if
and only if … is tame.

Proof of Theorem 4. Let … be a tame polarization of a locally trivial Hilbert bundle
H over X . Then by Lemma 5.3, T… ! X is a locally trivial bundle with the fiber TE ,
E 2 G ?.H/. This fiber is contractible by Lemma 5.1. If additionally X is paracompact,
then T… ! X admits global sections, every two sections are homotopic, and a section
over a closed subspace Y � X can be extended to a global section [4, Lemma 4]. Since
sections of T… correspond to adapted trivializations, this proves the theorem.

6. Proof of Theorem 5

Let dimZ denote the covering dimension of a paracompact space Z. Recall that a closed
subset Y of a paracompact space Z is itself paracompact [5, Corollary 5.1.29], normal [5,
Theorem 5.1.5], and dimY 6 dimZ [5, Theorem 7.1.8].

Finite covering dimension. Our proof of Theorem 5 is based on Theorem 6.1 below.
Theorem 6.1 follows from a theorem of Dixmier and Douady [4, Theorem 5]. For the
convenience of the reader, we include here a proof of Theorem 6.1; it is based on the same
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ideas as the proof of [4, Theorem 5], but is stated in terms of operators in a fixed Hilbert
space instead of “continuous fields of Hilbert spaces” of Dixmier–Douady.

Let E be a subspace of H of infinite dimension and codimension and pE 2 P ?.H/

be the orthogonal projection onto E. In terms of projections, the map U.H/! G ?.H/,
u 7! uE is written as U.H/! P ?.H/, u 7! upEu

�1. This map has a global section, as
explained at the beginning of Section 2. In contrast with this, the continuous map

sU.H/! sP ?.H/

given by the same formula u 7! upEu
�1 has no sections, even locally. However, the

following result holds.

Theorem 6.1. Let X be a paracompact space of finite covering dimension. Then every
continuous map pWX ! sP ?.H/ can be lifted to a map uWX ! sU.H/. In other words,
every subbundle of HX with infinite rank and corank is trivial.

Proof. Let S.H/ be the unit sphere in H . For q 2 P .H/ and F D Ran q, we denote the
unit sphere in F by S.q/ D S.F /.

The map pWX ! sP ?.H/ determines a bundle projection HX ! HX of the trivial
bundle HX , which we also denote by p. Let E be the range of p (it is a subbundle of HX )
and

S.p/ D S.E/ WD .X � S.H// \ E D
®
.x; e/ j x 2 X; e 2 S.Ex/

¯
be the bundle of unit spheres in E .

Lemma 6.2. Let � be a continuous section of E!X and "> 0. Then there is a continuous
section � of S.E/! X such that the distance from �.x/ to the linear span h�.x/i of �.x/
is less than " for every x 2 X .

Proof. For a non-zero vector v 2 H , we will denote by s.v/ D kvk�1 � v 2 S.H/ the
corresponding unit vector.

Consider the family � D ¹S.q/ j q 2P ?.H/º of closed subsets ofH . Let us check that
the composition X ! sP ?

! � taking x 2 X to S.px/ 2 � satisfies all four assumptions
of Michael’s Selection Theorem [15, Theorem 1.2].

(1) X is paracompact and has finite covering dimension.

(2) Every element of the family � is contractible. Indeed, the unit spheres S.q/ are
contractible by Kakutani’s theorem [10, Theorem 3].

(3) Let us show that the family � is equi-LC n in terms of [15] for every n. In fact,
the stronger condition holds: for every open ball V of radius < 1 with the center
in v0 2 S.H/ and for every q 2 P ?, the intersection V \ S.q/ is either empty or
contractible. Indeed, if V \ S.q/ is non-empty, then it coincides with V 0 \ S.q/,
where V 0 is an open ball of the same or smaller radius with the center in v00 D
s.qv0/ 2 S.q/. The formula .v; t/ 7! s..1 � t /v C tv00/ provides a contraction of
V 0 \ S.q/. Therefore, � is equi-LC n.
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(4) Let us show that the map sP ?.H/! � , q 7! S.q/ is lower semi-continuous, that
is, for every open V �H the setU D¹q 2P ? j S.q/\V ¤;º is open in sP ?. Let
q02U and v02S.q0/\V . Then W D¹q 2 P ? jk.q�q0/v0k<1º is a neighbor-
hood of q0 in sP ? and the map f WW ! H , f .q/ D s.qv0/ 2 S.q/ is continuous
and has the prescribed value v0 at q0. Thus the inverse image f �1.V / � W is
open in sP ?, contains q0, and is contained in U . Therefore, U is open in sP ?.

We see that the map X ! � , x 7! S.px/ 2 � satisfies the assumptions of [15, Theo-
rem 1.2], and thus every section of S.E/ over a closed subset Y � X can be extended to
a global section of S.E/.

Let Y D
®
x 2 X j k�.x/k > "

¯
. Then the vector field �WY ! S.H/, �.x/ D s.�.x//

is a section of S.E/ over Y . Let � be an extension of this section to the whole X . By the
construction, the distance from �.x/ to h�.x/i is zero for x 2 Y and less than " for x … Y ,
so � is a required section.

Continuation of the proof of Theorem 6.1. We aim to construct continuous maps �nWX!
S.H/, n 2 N such that �1.x/; �2.x/; : : : is an orthonormal basis of Ex for every x 2 X .
To this end, fix a countable dense subset x�1; x�2; : : : of H . Then px�n are sections of E !

X and the set ¹p.x/x�nºn2N is dense in Ex for every x. We will now construct bundle
projections p1 > p2 > � � � of HX and sections �n of S.pn/ by induction as follows. We
start with p1 D p. Suppose that pn is already constructed. Applying the lemma above
to "n D 1=n, pn, and �n D pnx�n, we obtain a continuous section �nWX ! S.pn/ such
that the distance from �n.x/ to h�n.x/i is less than "n for every x 2 X . Let qn.x/ be the
orthogonal projection onto h�n.x/i. Then the map qnWX!P .H/ is norm continuous, and
we proceed with the next bundle projection pnC1 D pn � qn. In such a way, we obtain
continuous sections �1; �2; : : : of S.E/ such that the vectors �n.x/ are pairwise orthogonal
and their finite linear combinations are dense in Ex for every x 2 X .

The same reasoning applied to 1�p instead of p provides continuous sections � 01; �
0
2; : : :

of S.HX 	 E/ such that for every x the vectors � 0n.x/ form an orthonormal basis of
H 	 Ex .

Fix an orthonormal basis e1; e2; : : : of E and an orthonormal basis e01; e
0
2; : : : of H 	

E. Let u.x/WH ! H be the isometry given by the rule u.x/en D �n.x/ and u.x/e0n D
� 0n.x/. Then the range of u.x/ is dense in H , so u.x/ is unitary. By the construction,
x 7!u.x/ is strongly continuous and u.x/EDEx , so the map uWX! sU.H/ lifts pWX!
sP .H/.

The trivialization of the trivial Hilbert bundleHX given by u�1 takes E to the constant
subbundle EX of HX , so it is adapted to E .

Proof of Theorem 5. The structure group sU of a locally trivial Hilbert bundle H is con-
tractible [4, Lemma 3]. Since the base space X is paracompact, H is trivial.

Let .Xi ;Ei / be an atlas of a polarization …. Let x 2 Xi be an arbitrary point. By the
assumption of the theorem, x has a neighborhood X 0 of finite covering dimension. Since
X is normal, there is a closed neighborhood Y of x which is contained in X 0 \ Xi . Such
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an Y is a closed subset of a paracompact space X , so it is also paracompact; it is a closed
subset ofX 0, so dimY 6 dimX 0 <1. By Theorem 6.1, the restriction of Ei to Y is trivial.
Since x was chosen arbitrarily, each Ei is tame. Therefore, … is also tame, so it satisfies
the assumptions of Theorem 4 and thus admits a global adapted trivialization.

Remark 6.3. For a general space X , such a result is no longer true. Indeed, Dixmier and
Douady constructed a subbundle E of a trivial Hilbert bundle H over a compact space X ,
which is not locally trivial. We recall their construction in Example 7.5 below. Every fiber
of E has infinite rank and corank, so E determines a polarization of H . However, E has
no adapted trivializations, even locally.

7. Self-adjoint operators

Proof of Theorem 6. A regular operator has compact resolvents if and only if its bounded
transform is essentially unitary. A trivialization is adapted to a family A of regular opera-
tors if and only if it is adapted to the bounded transform �.A/. Therefore, we only need to
prove Theorem 6 for essentially unitary operators Ax ; the case of operators with compact
resolvents will immediately follow.

Let XC, resp. X� be the subset of points x 2 X for which Ax is essentially positive,
resp. negative, and let X? D X n .XC [X�/. In a local adapted trivialization A is norm
continuous, so each of the three subspaces XC, X�, and X? is open in X . Therefore, X
is the disjoint union of XC, X�, and X?, so it is enough to prove the theorem for each of
these subspaces separately.

For x 2 XC, the operator Ax is essentially positive and essentially unitary, so Ax � 1

is compact. Over XC the family x 7! Ax � 1 is a norm continuous family of compact
operators, so both A� 1 and A are norm continuous in every trivialization of H overXC.
The similar reasoning shows that A is norm continuous in every trivialization of H over
X�. Trivializations of H over XC [ X� are identified with maps XC [ X� ! sU.H/,
so every two trivializations are homotopic.

It remains to prove the theorem over X?. Without loss of generality, we can suppose
that X? D X . Consider the family of spectral projections

p�.x/ D 1Œ�;C1/.Ax/ for x 2 X� D
®
x 2 X j � 2 Res.Ax/

¯
: (7.1)

The sets X� with � running the interval .�1; 1/ form an open covering of X . A local
trivialization of H adapted to A takes p� to a norm continuous family over X�. For
� < �, the difference

p�.x/ � p�.x/ D 1Œ�;�/.Ax/ D 1Œ�;��.Ax/ (7.2)

is a norm continuous family of finite-rank operators over X� \ X�. Hence the collection
.X�; p�/, � 2 .�1; 1/ is an atlas of a tame polarization …A of H over X . The difference
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k� DA� .2p� � 1/ is a norm continuous family of compact operators over X� in a local
trivialization adapted to A, so it is norm continuous in every trivialization of H over X�.
A trivialization of H overX� is adapted to AD k�C .2p� � 1/ if and only if it is adapted
to p�. Hence a trivialization is adapted to A if and only if it is adapted to …A. It remains
to apply Theorem 4.

Spectral projections. For a family Ax , x 2 X of self-adjoint operators and � 2 R we
consider the family p� of spectral projections over the subset X� � X defined by (7.1).

Proposition 7.1. If AWX!Rsa.H/ is graph continuous, then p�WX�!P .H/ is strongly
continuous for every � 2 R.

Proof. Without loss of generality, we can suppose thatX D gRsa.H/ and A is the identity
map. In other words, we need to prove that the spectral projection

p� D 1Œ�;C1/WR
sa
� ! P .H/; Rsa

� D
®
A 2 Rsa.H/ j � 2 Res.A/

¯
is graph-to-strong continuous. Let A0 2 Rsa

�
. Then Res.A0/ contains the interval Œ� �

"; �C "� for some " > 0. By [11, Theorem IV.3.1], there is a neighborhood V of A0 in
gRsa consisting of operators whose resolvent set contains this interval. Let f WR! Œ0; 1�

be a continuous function equal to 0 on .�1; � � "� and to 1 on Œ�C ";1/. The function
g D � � .2f � 1/ is continuous on R and vanishes at ˙1, so it can be approximated
by polynomials in .x C i/�1 and .x � i/�1 and thus induces a graph-to-norm continuous
map gWRsa!B. See [20, Theorem VIII.20 (a)]. By Proposition 2.1, � is graph-to-strong
continuous, so f D .� � g C 1/=2 is also graph-to-strong continuous. Since p� coin-
cides with f on V and A0 was chosen arbitrary, p� is graph-to-strong continuous on the
whole Rsa

�
.

Proposition 7.2. Let AWX ! Rsa.H/ be graph continuous and � 2 R. Then A is Riesz
continuous on X� if and only if p�WX� ! P .H/ is norm continuous.

Proof. Without loss of generality, we can suppose that X� D X , that is, � belongs to the
resolvent set of each Ax , x 2 X .

Suppose that A is Riesz continuous. Then the family ax D �.Ax/ is norm continuous
and � D �.�/ lies in the resolvent set of each ax . Therefore, the map

x 7! p�.x/ D 1Œ�;C1/.ax/

is also norm continuous.
Conversely, suppose that p� is norm continuous. Then r� D 2p� � 1 is a norm con-

tinuous family of symmetries (that is, self-adjoint unitary operators) commuting with A.
By Proposition 2.2, the family A0 DA � r� of self-adjoint operators is graph (resp., Riesz)
continuous if and only if A is graph (resp., Riesz) continuous. But, in contrast with A,
the family A0 is uniformly bounded from below by �j�j. The graph and Riesz topology
coincide on the set of operators bounded from below by a given constant [17, Proposi-
tion 11.2], so A0 and thus also A are Riesz continuous.
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Polarization associated with operator family. Let A be a graph continuous family of
self-adjoint operators Ax WHx !Hx with compact resolvents. Then X� is open for every
� 2 R by [11, Theorem IV.3.1] and these sets form an open covering of X . By Propo-
sition 7.1, p� is a bundle projection of H over X�. For � < �, the difference (7.2) is a
norm continuous family of finite-rank operators over X� \X� by [11, Theorem IV.3.16].
Suppose additionally that each Ax is neither essentially positive nor essentially negative.
Then the collection .X�; p�/ is an atlas of a (finite) polarization. Hence a family A sat-
isfying assumptions above determines a polarization of H which we call the polarization
associated with A and denote by …A.

Proposition 7.3. Let A be a graph continuous family of operators Ax 2 R?
K.Hx/ acting

on fibers of a Hilbert bundle H . A trivialization of H is adapted to A if and only if it is
adapted to the associated polarization …A.

Proof. This follows immediately from Proposition 7.2.

Proof of Theorem 7. Let …A be the polarization of H associated with A. By Proposi-
tion 7.3, a (local or global) trivialization of H is adapted to A if and only if it is adapted
to …A. It remains to apply Theorem 5.

Remark 7.4. More generally, one can consider a family A of Fredholm self-adjoint oper-
ators acting on fibers of H . Suppose that A admits local trivializations taking it to a graph
continuous family. Then the associated polarization …A is defined in a similar manner.
The only change is in the definition of the subset X�: one should add the condition that
the interval Œ�; 0� or Œ0; ��, depending on the sign of �, is disjoint from the essential spec-
trum of Ax .

If a trivialization is adapted to such a family A, then it is adapted to …A as well.
However, the converse statement is no longer true: a trivialization adapted to …A is not
necessarily adapted to A, because it might turn A into a graph discontinuous family and
then Proposition 7.2 cannot be applied. This problem arises already for continuous maps
X ! gR?

F.H/. This is the place where condition of having compact resolvents comes
into the picture: the graph continuity of a family of operators with compact resolvents is
independent of the choice of a trivialization.

Example 7.5. Let us show that Theorem 7 does not hold without additional assumptions
on the base space X . We will construct a graph continuous family AWX ! R?

K.H/ of
invertible self-adjoint operators with compact resolvents over a compact metrizable space
X such that, for every x 2 X , A has no adapted trivialization in any neighborhood of x.

Our example is based on a Dixmier–Douady’s construction of a non-trivial separable
continuous field E of Hilbert spaces over a compact space X . See [4, Theorem 6]. Let
us recall their construction. Let Hi D C2, Xi D P .Hi / Š CP1, H D

L1
iD1 Hi , and

X D
Q1
iD1Xi with the product topology. The spaceX is a countable product of metrizable

spaces and thus is metrizable itself; it is a product of compact spaces and thus is compact
itself.
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For x D .xi / 2 X , let Ex � H be the closed span of
L1
iD1 xi , where xi 2 Xi is

considered as a one-dimensional subspace of Hi � H . Let px 2 P .H/ be the projection
with the range Ex . The corresponding map pWX ! P .H/ is strongly (but not uniformly)
continuous, so the subspaces Ex � H give rise to the subbundle (in our sense) E of HX .
By [4, Theorem 6], every section of E vanishes at some point. Therefore, E is not a locally
trivial Hilbert bundle (since every locally trivial Hilbert bundle over a paracompact base
space is trivial and thus have non-vanishing sections).

Moreover, E looks the same near each point of X (more precisely, the group

1Y
iD1

U.Hi /

acts transitively on X and this action lifts to the action on H by bundle automorphisms
preserving E), so a local triviality of E near one point would imply local triviality over the
whole X . Therefore, for every open subset X 0 � X , E is not trivial over X 0 and thus has
no adapted trivializations over X 0.

Let .ci /i2N be a sequence of positive numbers converging to1. Then

A D

1M
iD1

ci � IdHi

is a positive regular operator onH with compact resolvents. The symmetry rx D 2px � 1
commutes with A and Ax D A � rx is an invertible self-adjoint operator with compact
resolvents, which is neither essentially positive nor essentially negative. Since rx is a
strongly continuous family of unitary operators, the family Ax is graph continuous by
Proposition 2.2.

The positive spectral projection of Ax is px . By Proposition 7.2, each local trivializa-
tion adapted to p is also adapted to A. Since p has no adapted trivializations, the family
A has no adapted trivializations as well. Moreover, for every open subset X 0 � X , the
restriction of A to X 0 has no adapted trivialization.

Remark. If one multiplies the family Ax from this example by the strongly continuous
family of unitary operators rx , then the resulting family x 7! Axrx D rxAx D A will
be Riesz continuous (and even constant). However, for every strongly continuous fam-
ily of unitary operators vx 2 U.H/, the family x 7! vxAxv

�
x is Riesz discontinuous at

every point x 2 X . This demonstrates the difference between the self-adjoint and non-
self-adjoint cases, that is, between one-sided multiplication and conjugation by unitary
operators, which we discussed in the Introduction.
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