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Indefinite perturbations of an unbalanced growth
eigenvalue problem

Yunru Bai, Nikolaos S. Papageorgiou, and Shengda Zeng

Abstract. We consider indefinite perturbations of a double-phase eigenvalue problem. The pertur-
bation is sublinear or superlinear, and it is in general sign-changing. Using the Nehari manifold,
we prove the existence of two constant sign solutions for both cases (sublinear and superlinear),
when the parameter A € (0, X‘f) with /A\‘f > () being the principal eigenvalue of Dirichlet weighted
p-Laplace operator —Ag.

1. Introduction

Let @ € R¥ be a bounded domain with a C2-boundary 9<2. In this paper, we study the
following unbalanced growth Dirichlet problems:

—ASu(z) — Aqu(z) = Aa(2)|[u(2)|P7?u(z) + B(2)|u(z)|*u(z) inQ, (D)

u=0 on 092, .
withl <7 <¢g < p<N,and

—A%u(z) — Agu(z) = A (2)[u(2)|P2u(z) + B(2)|u(z)|?u(z) inLQ, (12)

u=0 on 012, .

with 1 < g < p <r < min{g*, N}.
For o € L*°(2) \ {0} with o(z) > 0 for a.a. z € Q and for 1 < s < 00, by AY we
denote the weighted s-Laplace differential operator defined by

A% = div(ee(2)| Dul "2 Du).

If « = 1, then we have the usual s-Laplace differential operator. In both problems (1.1)
and (1.2), the equations are driven by the sum of two such operators and the differential
operator is not homogeneous (since g < p). This differential operator is related to the
so-called unbalanced growth integral functional

U / [a(z)|Du|? + |Du|?]dz.
Q
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The density of this integral functional is
n(z,t) = a(z)t? +t9 forallz € Q, allt > 0.

This is, in general, a Carathéodory function (that is, for all > 0, z + 7(z,t) is measurable,
and fora.a. z € Q, ¢ + 1(z,1) is continuous). Hence, (z,¢) + 1n(z,t) is jointly measurable.
Since we do not assume that 0 < essinfq «, this density function exhibits an unbalanced
growth, namely,

t?7 <n(z,t) <co[l +t?] foraa.z € Q, allt > 0, for some ¢ > 0.

Such functionals were first examined by Marcellini [20,21] and Zhikov [34,35] in the con-
text of problems of the calculus of variations (including the Lavrentiev gap phenomenon)
and of nonlinear elasticity. Double-phase operators are used to describe diffusion-type
phenomena in a space where certain subdomains are distinguished from others (compos-
ite materials). The unbalanced growth implies that the classical Lebesgue and Sobolev
spaces do not suffice to study these problems. We need to pass to the broader classes
of Orlicz-Lebesgue and Orlicz-Sobolev spaces. Moreover, for such boundary value prob-
lems, there is no global regularity theory analogous to the one existing for balanced growth
problems (see Lieberman [15]). There are only local regularity results. The papers of
Marcellini [22,23] and of Mingione—Réadulescu [24] provide an up-to-date presentation
of the existing local regularity results. This lack of a global regularity theory removes
from consideration some powerful tools and techniques which are readily available in
the case of balanced growth problems. One way to overcome this obstacle is to use
the Nehari method. This is done in the works of Liu—Dai [16], Deregowska—Gasifiski—
Papageorgiou [7], Gasiiski-Papageorgiou [10], Gasifiski-Winkert [12], Papageorgiou—
Vetro—Vetro [31], Fiscella—Mishra—Tripathi [8], Mishra—Silva—Tripathi [25], Liu—Dai—
Papageorgiou—Winkert [17], Liu—Papageorgiou [18], and Papageorgiou—Zhang [33].
More recently, Papageorgiou—Rddulescu—Zhang [29], Papageorgiou—Pudelko—Radulescu
[26], and Papageorgiou—Rddulescu—Wang [28] proved some spectral properties of the
weighted A7 differential operator and used them to study resonant double-phase prob-
lems. Problems (1.1) and (1.2) can be viewed as perturbations of the eigenvalue problem
considered in [26, 28, 29]. In problem (1.1), the perturbation is (p — 1)-sublinear (since
T < ¢ < p),butin (1.2) the perturbation is (p — 1)-superlinear (since ¢ < p < r). The inter-
esting feature in both problems is that this perturbation is in general indefinite (that is, the
coefficient B(-) is sign-changing). Such indefinite perturbations of the eigenvalue problem
for the Laplace differential operator were first studied using the Nehari method by Brown—
Zhang [5] and Brown [4]. A possible alternative approach can be based on critical groups
as it was done in the recent work of Liu—Papageorgiou [19]. Finally, we mention the
work of Bai—Papageorgiou—Zeng [2], who studied a different class of parametric unbal-
anced growth problems by using critical point theory, and the recent interesting works of
Abergi—Benslimane—Knifda [1] and of Chen—Yang [6]. In [1], the authors studied systems
with unbalanced growth on Riemannian manifolds using the Nehari method, while in [6]
the authors dealt with a critical Choquard equation using variational methods.
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2. Mathematical background

As we already mentioned in the Introduction, the unbalanced growth of 7(z,-) leads to a
functional framework based on generalized Orlicz spaces. A comprehensive presentation
of the theory of these spaces can be found in the book of Harjulehto—Hésto [13].

By C%!(Q) we denote the space of Lipschitz continuous functions on . Also, by Ap
we denote the class of all p-Muckenhoupt weights (see Harjulehto—Hasto [13, p. 114]).
Our hypotheses on the weight function «(-), the coefficient S(-), and the exponents 1 <
q < p are the following:

(H) :a € C%(Q)N Ap with a(z) > 0 forall z € Q, B € C(R) N L™®(Q) with

,3+7é0and§<l+%.

Let L°(Q) be the space of all measurable functions u: Q — R. We identify two such

functions which differ only on a Lebesgue-null subset of €2. Recall that

n(z,t) =a(z)t? +19 forallz € Q, allt > 0.

The generalized Lebesgue-Orlicz space L"(2) is defined by

LNQ) = {u e L%Q) | py(u) := /slz n(z, lu)dz < oo}.

The function p;(-) is known as the modular function corresponding to the density n. We
equip this space with the so-called “Luxemburg norm” || - ||, defined by

lully, = inf{A > 0| p,,(%) < 1}.

With this norm, L7(€2) becomes a Banach space which is separable and reflexive. In
fact, L7(2) is uniformly convex, since the density function 7(z, -) is uniformly convex.
Recall that a uniformly convex space is reflexive (by the Milman—Pettis theorem, see
Papageorgiou—Winkert [32, p. 225]).
Using L"(2), we can define the corresponding Orlicz-Sobolev space W 17(Q) given
by
Wh(Q) = {u € L"(Q) | |Du| € L"(Q)},

with Du being the weak gradient of u. The norm || - ||1,, of W17() is defined by
lulliy = llully + | Dull, forallu e Wh"(Q).
Here, | Dull, = |||Dulll,. Also, we set
Wy @) = cE@ .

The Poincaré inequality is valid on W, *"(£2). So, on W,""(£2), we can consider the
norm | - || defined by

lull = | Dul, forallu e W, ().
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Evidently, W 7(Q) and WOI’"(Q) are Banach spaces which are separable and reflexive
(in fact, uniformly convex).

We have some useful embeddings involving these spaces.
Proposition 2.1. Letu € Wol’" (R2). The following statements hold:

(@) foralll <s <¢q, we have
L"(Q) — L*(Q2) and WOI’"(Q) — WOI’S(Q) continuously;
(b) foralll <s <qg* = NN—_qq (resp., all 1 < s < g*), we have

Wol’"(Q) < L*(R) continuously (resp., Wol’"(Q) < L*(Q) compactly).

The modular function py: WOI’"(Q) — Ry is clearly continuous and convex. There-
fore, it is weakly lower semicontinuous (by using Mazur’s lemma). We point out that the
norm || - || of Wol’" (€2) and the modular function p, () are closely related.

Proposition 2.2. The following statements hold:
@ ifu#0, then |u| =1 & py(5*) = 1.
®) |lull < 1(resp., =1,21), < py(Du) < 1 (resp., = 1,= 1).
© lull =1 = Jull” < py(Du) < [Jul/.
@ ull = 1= Jull? < py(Du) < [Jull?.
(e) |lull = oo (resp., = 0) & pp(Du) — oo (resp., — 0).

Let no(z,t) = a(z)t? and consider the corresponding generalized Orlicz spaces
WOI"’O (2) and L™ (2). These are separable, reflexive Banach spaces and WOI’"" (RQ) —
L™ (S2) compactly (see [26]). Let py, (1) := [ n0(z, |u[)dz be the modular function
corresponding to the density 7o(z, x). We consider the following nonlinear eigenvalue
problem:

—Aju(z) = Aa(2)|u(2)|P2u(z) inQ,
u=0 on 9€2.

From [26,29], we know that this eigenvalue problem has the smallest eigenvalue )AL‘{‘ > 0,
which has the following variational characterization:

qo = inf{M | e W™ (@), u # o}. @
P (1)

This eigenvalue is simple; that is, if i, U are eigenfunctions corresponding to A%, then i =
6 for some 6 € R \ {0}. Also, i‘i‘ is isolated in the spectrum. The infimum in (2.1) is real-
ized on the corresponding one-dimensional eigenspace, the elements of which have fixed
sign. Let 71 denote the positive, L™ (£2)-normalized eigenfunction (that is, || ]lp, = 1).
We know that

€ Wy ™(Q) N L®(R),
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and if K C Q is compact, then there exists cx > 0 such that
cxg <uy(z) foraa. zeK.

In what follows, for every u € L°(Q) with the above property, we write 0 < u. In the
sequel, in order to simplify our notation, we write

Pno(u) := / a(z)|ulPdz forallu € L"(Q),
Q

and
Pno(Du) = / a(z)|Du|Pdz forallu € WOI’""(Q).
Q

These are continuous and convex functions on the corresponding spaces. Hence, they are
also weakly lower semicontinuous.
If u € L°(Q), then recall that

ut = max{u,0}, u~ = max{—u,0}.

Then, u = ut —u~, [u| = ut +u~ and if u € W,""(Q), then u™ € W, "(Q).If X isa
Banach space and ¢ € C!(X), then K, := {u € X | ¢'(u) = 0} (the critical set of ).
For problem (1.1), the energy functional ¢ : WOI’77 (2) — R is defined by

1 1 A 1
(1) := —pp,(Du) + —||Du||g — — P () — —/ B(2)|u|*dz forallu € Wol’"(Q).
p q D T/
Givenu € Wol’"(Q), the corresponding fibering function 93: R4 — R is defined by
5 tP 14 g M 17 .
0y () = —pyo(Du) + — || Dullg — ——pno(w) — — | B(2)|u|*dz forallz > 0.
p q 14 T Ja

Evidently, ¢; € C'(W, " (Q)) and 6} € C*(R ). Similarly, for problem (1.2), the energy
functional ¢, (+) is given by

1 1 A 1
Pa(u) := —ppo(Du) + — | Dullf — —py, (u) — —/ B()|u|"dz forallu € Wol’"(Q).
p q p rJa
Also, foru € Wol’"(Q), the corresponding fibering function 6,;1 : R4+ — Ris given by
5 tP 14 g M 1" .
0 () := —pno(Du) + —|[|Dull — ——py, () — — | B(2)|ul"dz forallz > 0.
p q p rJa

Again, we have ¢, € CI(WOI’"(SZ)) and 9,;1 € C%(R). Then, for both problems, the
Nehari manifold is defined by

Ny = {u e Wy () | (¢} (u), u) = 0 withu # 0}.
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We decompose N, as follows:
Ny =N, UN; UN,
where

Nt :={ueNy|(@®}'(1)>0} (local minima),
N, :={ueN,| (62)"(1) <0} (local maxima),
N{ :={ueN, | (6})"(1) = 0} (inflection points).

3. Sublinear perturbation

In this section, we study problem (1.1). Indeed, we have

B2 (1) = 17~ oo (D) — Apyy ()] + 19~ [ Du] — 171 /Q B uldz.
and

01 (1) = (p = P [pge (D) — Ay, )] + (@ — 192 Du4
=0 [ Bl
Q
and
(03, ), u) = ppo(Du) + | Dul| — Apny (u) — [Q B(2)|ul*dz forallu e Wol’"(Q).
This implies that
tue Ny & (62)(t) =0, henceu € N; & (62)(1) = 0. (3.1)

Moreover, we observe the following:

“if u e Wol’"(Q) \ {0} satisfies [ B(z)[u|"dz <0and 0 < A < X‘f, then (8})() is
strictly increasing and (9,;1)(0) =0".

Therefore, for ¢ > 0, we have tu ¢ N, (see (3.1)). In addition, since 05 = Ql); | we infer
that for all # < 0 it holds tu ¢ N,.

Proposition 3.1. If hypotheses (H) hold, 0 < A < A% and u € Wol’"(Q) satisfies

[ B()|u|*dz > 0,
Q

then there exists unique t, > 0 such that t,u € N,.
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Proof. Since T < g < pand A € (0, 1‘;‘), we see that
Oj(t) <0 fort € (0, 1) small enough, and Oj(t) — 400 ast — 4oo0.
On account of the continuity of (9;t (), we can find t,, > 0 such that
0} ty) = min 0X(1) <0 = (6} (t,) =0 = t,u e Ni  (see (3.1).
Hence,
17" Lone (Du) = Apyy )] + 17| Dullf = fgﬂ(Z)lul’dZ- (32)

In equation (3.2), we see that the left-hand side as a function of # > 0 is strictly increasing,
while the right-hand side is constant (does not depend on ¢ > 0). Therefore, the solution
ty > 0 of (3.2) is unique. [

Proposition 3.2. If hypotheses (H) hold and 0 < A < X‘i‘, then N, # 0.

Proof. Let Q4 ={z € Q| B(z) > 0}. Then, Q4+ C Q is nonempty, open (see hypotheses
(H)).Letu € CJ (24) \ {0}. We have fQ B(2)|u|*dz > 0, and then using Proposition 3.1,
we see that there exists unique £, > 0 such that ,,u € N,. Hence, N, # 0. ]

Proposition 3.3. If hypotheses (H) hold and 0 < A < )At‘;‘ then

@ #NF = {u € Ny | / B(z)|u|*dz > O}.
Q

Proof. Let Cy :={u € Ny | [ B(z)|u|"dz > 0}. From Proposition 3.2 and its proof, we
know that C4 # 0. Letu € N f . By definition, we have

(p = Dlpno (D) = Ay ()] + (g — D[ Dulld > (x — 1) /Q B ul7dz.
= (9= Dlpg(Du) — Apny () + [ Dull9] > (x — 1) /Q BOlulfdz (sinceq < p),
= (p—r)/ B(2)|u|*dz >0 (since u GN):" C Ny),
Q

= /Q,B(Z)|u|’dz >0 (sincet < p),
= Nfccy.
Conversely, suppose u € C4. Then, sinceu € C+ € N,,and 7 < g < p, we have
(P = Dlpng(Du) = Apye )] + (g — 1| Du[|§
> (t = Dlpoge (Du) — Appy (u) + | Dul|7]
=(rt— 1)/;2,3(2)|u|rdz > 0,

= (011 >0,
= Cy SN}
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So, we have

@#N+=C+={MGNA|/,B(Z)|u|td2>0}. [
Q

In the beginning of this section, we remarked that if u € WOI’" (2) \ {0} satisfies
| peraz <o,
Q

then u ¢ N, . This observation and Proposition 3.3 imply that we should focus on N ;‘ .
Proposition 3.4. If hypotheses (H) hold and 0 < A < A%, then N 2 C Wol"’ (R2) is bounded.

Proof. We argue by contradiction. So, suppose that there is a sequence {un},eNn S N,
such that

[ || = o0.

Let y, = ”Z—:” for all n € N. Then, ||y, || = 1 for all » € N. Hypotheses g <1+ % and
(H) imply that p < g*. So, using Proposition 2.1, we may assume that

yn — ¥ weakly in Wol’"(Q) and y, — y in L?(Q). (3.3)

Since u, € N,, we have
oro(Dits) = 2pny ) + 1Dual = [ Bz,

= Pno(Dyn) — Apne(yn) + ”DJ’n”Z

l[un [P~

1
= W/Q,B(z)b}nfdz foralln € N. (3.4)

In (3.4), we pass to the limit as » — oo and use (3.3) as well as the fact that 7 < ¢ < p to
obtain

Pno (DY) <App,(y) = y =0 (sincede (Oi‘f) see (2.1)). (3.5)
We have the following claim.
Claim 1. y, — y in WOI’"(Q) asn — oo.

Suppose that the assertion of this claim is not true. On account of (3.3), at least one of
the following strict inequalities holds:

Pno(Dy) < liminf py, (Dyn), (3.6)
n—>o0

[DyllZ <liminf||Dyn|]. 3.7
n—>o0
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If (3.6) holds, then from (3.4) in the limit as # — oo we obtain

Pno(Dy) < Apyo(y) (see 3.3)) =y #0.

This contradicts with (3.5). Then, by Urysohn’s criterion for the convergence of sequence
(see Gasifiski—Papageorgiou [9, p. 33]), we have

Pno(Dyn) —> o (D). (3.8)
Next, suppose that (3.7) holds. Since A € (0, X‘f), from (3.4), we have

1Dyl = e [ @mlaz = 1Dyl <o
This is impossible. Therefore, for that sequence too, we have
IDynll§ — 1Dyl (3.9
From (3.8) and (3.9), we infer that

Py(Dyn) = py(Dy).

Then, using the Brézis—Lieb lemma (see [3], and Papageorgiou—Winkert [32, p. 291]), we
have

pn(Dy, —Dy) -0 = y,—y in WOI’"(SZ) (see Proposition 2.2).

This proves the claim. The claim implies ||y|| = 1 and this contradicts (3.5). Therefore,
we conclude that N C Wol’"(Q) is bounded. ]

Corollary 3.5. If hypotheses (H) hold and 0 < A < A%, then N ;’ - Wol’" (R2) is bounded.

Now, we will use the boundedness of N )T to show that ¢, | N admits a minimizer.

Proposition 3.6. If hypotheses (H) hold and 0 < A < A then there exists i € N f such
that

@2 (i) = inf gy =:m} <0,
N+
A

Proof. Let{uy}peny € N f be a minimizing sequence, that is,
ox(uy) mj asn — oo.

Since T < g < p, for each n € N, we have

1 1 .
P2 (02) = ~[ong (D) = Ay ) + 1Dl = [ B2

= (:-1) [ st

<0,
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where we have used the fact thatu, € N f C N, . This means that m}f <0Oowingtot <gq
and Proposition 3.3. From Corollary 3.5, we know that {u, },en C WOI’"(Q) is bounded.
So, we may assume that

un — it weakly in W, () and u, — @ in L?(R) as n — oo. (3.10)

Since u, € N;", we have

0</ B(2)|un|*dz (see Proposition 3.3) = 05[,3(Z)|ﬁ|fdz,
Q Q

where we used the facts (3.10) and < g < p. If [, B(z)]ii|*dz = 0, then since u, € Nf,
we have

1o (Dit) = Apny ) + [ Dunlly = [ Bz
= pno(Dit) = Ay (1) + | Dit[|f <O,
(see (3.10)). This together with A € (0, jt\‘f) and Proposition 2.2 implies
i =0. (3.11)
Note that

pn(Dup) = Apyy(un) —|—/ B(z)|un|*dz foralln € N (since u, € Nf),
Q

so, we have

pn(Duy) — 0 (see (3.10) and (3.11))
= u, =0 inW,"(Q) (see Proposition 2.2)
= @y(uy) — 0.

But, ¢, (u,) — mj{ < 0 leads to a contradiction. Therefore, we obtain

0</ B(2)|i|*dz. (3.12)
Q

Moreover, we need the following claim.
Claim 2. u, — i in W, "(Q) as — oo.

We argue by contradiction. So, suppose that this claim is not true. On account of (3.10)
and the weak lower semicontinuity of the modular function p,(-), we have

pp(Dit) < liminf p, (Duy,). (3.13)
n—oo
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Since u, € Nf, for all n € N, we have
Py (Dup) = App,(un) +f B(2)|uy|*dz forallm € N
Q

= py(D1) < Apy, (1) +/Qﬂ(z)|z2|tdz,
where we have used (3.10) and (3.13). Hence,
(02 (1) < 0. (3.14)

From (3.12) and Proposition 3.1, we know that there exists unique ; > 0 such that 731 €
Nj;.. On account of (3.14) and the properties of the fibering function (recall T < g < p),
we have t; > 1. It follows that

2 (t311) < ¢3() < liminf @, (uy) = m. (3.15)
n—o0

But t;11 € N, and (3.12) imply t;1 € N)T (see Proposition 3.3) and so, m}f < @ (ta1),
which contradicts (3.15). This proves the claim.
Using Claim 2, we have
@ (un) = @ (11).

Consequently, from (3.12), we have @, (1) = m;{' and 71 € N;'. [

In the next proposition, we show that i is a critical point of ¢, (thatis, 1t € K, ). This
means that N ;r is a natural constraint for @), (-) (see Papageorgiou—Radulescu—Repovs [27,
p. 425)).

Proposition 3.7. If hypotheses (H) hold, 0 < A < A% and it € N ;‘ is the minimizer of
(pﬂNf (see Proposition 3.6), then i € K, .

Proof. Consider the C !-functionals v/, k: WOI’"(SZ) — R defined by

Ya(u) == (@3 (u),u) and k(u):= / B(@)|u|*dz forallu € Wol’"(Q).
Q
From Propositions 3.3 and 3.6, we have

¢(@) = inf{ps () | u € Wy (2) \ {0}, ¥ (u) = 0 and k(u) > 0}

Invoking the Lagrange multiplier rule of Ioffe—Tihomirov [14, Theorem 4, p. 74], we can
find 1 € R and p, < 0 such that

93 (@) = Yy @) + pak' (@) in Wy ()% and pok(@) =0. (3.16)

Recall that k(1z) > 0 (since @ € Nf). So, from the second equality in (3.16), we have
M2 = 0. Then, the first equality in (3.16) becomes

Ol () = i @) in Wy ()" (3.17)
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On (3.17), we act with i € Wol’”(Q). Since 7 € N;", we obtain

0 = iy ). 0) = i (62)"(1). (3.18)

Since i € N/{", we have (91%)"(1) > 0, and so, from (3.18), it follows that ©; = 0. Then,
we have

Phl@) =0 (see (3.17)).

Therefore, it holds # € K, . ]

Remark 3.8. We can have an alternative proof of Proposition 3.7. The continuity of k(-)
implies that the set D4 := {u € WOI’H(Q) | k(u) > 0} is open. Proposition 3.3 implies
that

Nf =N,NDy = Nf C N, is open (for the subspace topology).
Then, on account of Proposition 3.6, we have that
i is a local minimizer of @ |, .

Invoking the classical Lagrange multiplier rule (see Papageorgiou—Radulescu—Repovs
[27, Theorem 5.5.9, p. 422]), we can find 1 € R such that

03 () = pyy (@) in Wy (Q)*. (3.19)
On (3.19), we act with 7 € Nf. Then, since 1 € N;’, we have
0=pn{y,@.0) = pOH'1)=0 = p=0 (sincedt € N;").

From (3.19), we conclude that it € K, .
Now, we are ready for the multiplicity result to the “sublinear” case.

Theorem 3.9. If hypotheses (H) hold and 0 < A < A%, then problem (1.1) has a solution
i€ Wy'(Q) N L®(RQ) \ {0} such that

0<u and ¢)u) <DO.

Moreover, since ) (u) = @, (|u|) forallu € Wol’"(Q), we have that 0 = —u < 0 is also
another solution of problem (1.1).

Proof. Letui € N ;‘ be the minimizer of ¢, | N} produced in Proposition 3.6. We may
assume that 2 > 0. From Proposition 3.7, we know that & € K, . Hence,

—A%0(z) — Agii(z) = Aa(2)i(z)? 4+ B2)u(z)™" inQ,
u=20 on 0€2.



Indefinite perturbations of an unbalanced growth eigenvalue problem 51
The condition on the exponents p, g (see hypotheses (H)) and Gasinski—Winkert [11,
Theorem 3.1] imply that & € Wol’"(Q) N L*°(£2). Moreover, we have
pa(@) =mj <0.
Evidently, = —uz < 0 is also a solution of problem (1.1). [

We conclude our study of the “sublinear” case by examining what happens as A —
ag)".
Proposition 3.10. If hypotheses (H) hold and [ B(z)i5dz > 0, then mjf — —00 as
A= (A%

Proof. For pu € (0, 1), we set ity := uiiy. By hypotheses, we have [, B(z)ui{dz > 0. Then,
Propositions 3.1 and 3.3 imply that there is unique zy = #o() > 0 such that

foiy € N3 (3.20)
From (3.2), we see that, by taking u € (0, 1) small, it holds
to>1 and /Q,B(z)zz{dz — | Dii1 |2 — Qg = A)pyo(iir) > 0. (3.21)
From (3.2) and (3.20), we have

(277G — Aoy, (i) + 18| Dy |9 = /Q B(z)itdz

= TR~ Do + D] = [ pritd
where we have used the facts (3.21) and ¢ < g < p. This indicates that
Jo B(2)ildz P
" [(X‘f — D)pno(@1) + ||Dﬁ1||z} ’

Using (3.21) and since t < g < p, we obtain

[(X‘i’ — M)pno (1) + | Dita 1§ — /Q /3(2)7715612]

\%

lo
P
- 1[ _ Jaberid: }”’g

P LAY = X)pyo (i) + || Di ||
with § = (A — X)py, (i11) + | D1 |7 — [ B(2)ii{dz < 0. Hence,

IA

@ (totiy)

/
limAsup @ (toti1) < —i—m ’
A—>(9)- pu Pt

with & = [M]ﬁ(HDﬂl 19— [q B(2)idz) < 0. Since u € (0, 1) can be arbi-

] 1D lIg
trarily small, we conclude that

my — —oo asl— a9~ n
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4. Superlinear perturbation

In this section, we study problem (1.2). Suppose that u € Wol’"(Q) \ {0} with

| pemraz <o
Q
We have
(62 (0) = 177 [pyy (Du) = Apyy )] + 147" || Du 4
— 1’71/ B(2)|u|"dz >0 forallz > 0 (see (2.1))
Q
= (93)(-) is strictly in increasing on R4 (with 93 (0) =0).

Then, from (1.2), it follows that N; = @. This suggests that we should focus on those
ue Wol’"(Q) \ {0} with [ B(z)|u|"dz > 0 (see Proposition 4.3 below).

We start with a result similar to Proposition 3.1, but now the behavior of the fibering
function is different.

Proposition 4.1. If hypotheses (H) hold, 0 < A < A% and u € WOI’"(Q) satisfies

/ B(2)|ul"dz > 0,
Q

then there exists unique t, > 0 such that t,u € N.

Proof. In this case, since ¢ < p < r, we see that
01(1) >0, forr € (0,1)small, 6}() <0, fort > 1 large.
So, we can find ¢, > 0 such that

eg(tu)zrpaécej(t) = BHt)=0 = nueN; (see(3.).

‘We have : :
trfp[pno(Du)—?tpno(u)] + tr—_qIIDMIIZ = /Qﬁ(Z)IMI’dZ- 4.1)
u u

In this equation, the left-hand side as a function of ¢ > 0 is strictly decreasing, while the
right-hand side is a constant (independent of ¢ > 0). So, the solution #, > 0 of (4.1) is
unique. ]

Reasoning as in the proof of Proposition 3.2, we obtain the following result.
Proposition 4.2. If hypotheses (H) hold and 0 < A < A%, then N, 2 # 0.

In contrast to the sublinear case, the relevant component of N, for the superlinear case
is N, . The other two components N ):" and N f are empty.
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Proposition 4.3. If hypotheses (H) hold and 0 < A < A%, then
0#N, = {u € N, | / B(2)|u|"dz > 0} and Nf,Nf = 0.
Q
Proof. Let éJr ={ueN,| fQ B(2)|ul"dz > 0}. If u € N, then by definition we have
6)"(1) <0
= (p = Dlpno(Du) — Appy )] + (¢ — DIIDull§ — (r = 1) /Q B)|u|"dz <0
= = Dlow (D) = Apsg(0) + 1Dulg] < ¢ =) [ p)luldz
(since ¢ < p and A € (0, X'{‘))
= (r —q)f B(z)|u|"dz >0 (sinceu € N, C N;)
Q
= / B(2)|u|"dz >0 (sincegq <r)
Q
On the other hand, if u € C +, then
(62)"(1) = (p = Dlogy (Du) = Appy )] + (g = D[ Dulg — (r = 1) /Q B(2)|ul"dz
= (p = Dlpyo (Du) = Apyo () + [ Du|g] — (r — 1) /Q B(@)|ul"d:z
(since ¢ < p and A € (0, X‘i‘))
=(p —r)/ B(@)|u|"dz <0 (sinceu € Ny and p <r).
Q

Then, we have 6+ - NA_. So, we conclude that NA_ = 6+.
Ifue Nyand A € (O,X‘i‘), then
Pno (D) — Apny(u) + | Dul|g >0 (see (2.1)). 4.2)

Whereas, from u € Nj, (4.2) and p < r, we have
(0;)"(1) = (p = Dlpgy (D) — Apy, )] + (g — D Dulld — (r — 1) /Q B(z)|u|"dz

< (P = Dlony (Du) = Apgy () + | Du|g] — (r — 1)/Qﬁ(2)lulrd2

= (p = oo (Du) = Apgy ) + [ Dullg]  (since u € Ny)
<0 (see(4.2)andrecall p <r).

Thisimpliesthatﬂ;éN;:N,l ande,N/{’zﬂ. [
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Proposition 4.4. If hypotheses (H) hold and 0 < A < X‘f, then there exists ¢; > 0 such
that ¢ < |lul| forallu € Ny = N, .

Proof. Letu € N and without any loss of generality, we assume that ||u|| < 1. Then, we
have

o (D) — Apyo (1) + | D4 = /Q Bl dz.

o
1

(see (2.1), hypotheses (H) and Proposition 2.1)

A
N (1 - X—)pnowu) T 1Dulg < exull”

pn(Du) < ca|lul|”  forsome ¢z = c2(A) >0 (since A € (0, X‘f))

4

= Jull®? < ca|lu|” (since |Ju|| < 1, see Proposition 2.2)

1
1 \r»
= 0<(—) < |lu|| forallu e Ny
(&)

for some ¢y > 0. This completes the proof of the proposition. ]

So, according to the above proposition, the elements of the Nehari manifold Ny = N,
are bounded away from zero. We will use this fact to show that ¢, |y, is coercive.

Proposition 4.5. If hypotheses (H) hold and 0 < A < /A\‘l" then @) |n, is coercive and
0< CI =@ |N/\-

Proof. Letu € Ny = N, . We have

1 1
pa(u) = ;[pno(Du) = Apno () + [ Dulg] = — /Q B(@)ul"dz
(since ¢ < p and A € (0, i‘f))

1 1

- (; - ;)[pnowu) ~ Apno0) + [ Dulle] (since u € Ny, see (3.2)

r—p
rp

v

(1 — Ai),om,(Du) (see (3.2))
A

- A
> - (1 — A—) min{||u|?, |lu]|9} (see Proposition 2.2).
rp A

From the estimates above and Proposition 3.3 as well as p < r and A € (0, /A\‘{‘), we see

that @, | v, is coercive. |

Let m) = infy;- ;. From Proposition 4.5, we see that m, > 0. We show that this
minimization problem has a solution.

Proposition 4.6. If hypotheses (H) hold and 0 < A < A%, then there exists lig € N, such
that @y (ilg) = my.
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Proof. Let{uy}nen € N, be a minimizing sequence, that is,
¢ (un) L m; asn — oo.

From Proposition 4.5, we know that {u, },en C Wol’n (2) is bounded. So, we may assume
that
U, — o weakly in Wol’"(Q) and u, — tgin L"(Q) asn — oo 4.3)

thanks to r < ¢* and Proposition 2.1. Since u, € N, = N, foralln € N and g < p, we
have

o (up) < (cl] — %) /Q B@)|un|"dz

= 0<m,; < (l — l)/ B(2)|to|"dz  (see (4.3)).
q T1)Jg

This reveals that 179 # 0.
In addition, we have the following claim.

Claim 3. u, — tio in Wy'"(R) as n — oo.

As before, we proceed indirectly. So, we assume that the assertion of Claim 3 is not
true. Then, on account of (4.3), the following strict inequality holds:

pn(Dity) < liminf p, (Duy). 4.4
n—>oo

Since u, € N, = N, foralln € N, we have

u(Duun) = Apny ) = [ sz =
= pp(Dilg) — Apy, (ito) — /Q B@)|io|"dz <0 (see (4.3) and (4.4)), (4.5)
= / B(2)|to| dz > 0. (4.6)
Q

From Proposition 4.1 and its proof, we know that there exists unique 7o = 7, > 0 such
that
i (fotio) = 07 (to) = max 07(t) = lofig € Ny (see (3.1)). 4.7)

From the properties of the fibering function 930 and (4.5), it follows that 7y < 1. Since
Uy € NA_ = N,, we have

(p,l(foun) <@)(u,) forallmeN = (p,x(foﬁo) < rh; (see (4.4)).

But this contradicts (4.6) (see (4.7) and Proposition 4.3). This proves the claim.
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Notice that
Pn (D) — App, () —/ B(2)|uy|"dz =0 foralln € N,
Q

= pp(Dilg) — Apy, (ito) — / B()|io|"dz =0 (see Claim 3)
Q
= Ug€ Ny = NA_
Finally, we have m; = ¢, (iig) € N . L]

Reasoning as in the proof of Proposition 3.7 (again we have two proofs), we show that
N, = N, is a natural constraint for ¢ (-).

Proposition 4.7. If hypotheses (H) hold, 0 < A < 2%, and g € Ny is the minimizer of
¢A|N;y then iy € Km.

This leads to the following multiplicity theorem for problem (1.2). Recall that if €
L*°(£2), then we write 0 < & if for all K € Q compact we have 0 < cx < h(z) for a.a.
z e K.

Theorem 4.8. If hypotheses (H) hold and 0 < A < A%, then problem (1.2) has a solution
fip € Wy () N L=(2)\ {0}, 0 < i,

with @) (tig) > 0 (positive energy). Also, 1o = —iig < 0 is another solution of problem (1.2)
with positive energy.

Proof. From Propositions 4.6 and 4.7, we can find #ip € N, such that
0< m; = gﬂ/\(ﬁo) and 120 S K(PA'

Since @) (1) = ¢, (|u|) forall u € WOI’" (R2), we may assume that 79 > 0. Then,

{—Agao — Aglig = Aa(2)al ™" + B(2)ap™" inQ, “5)

o =0 on 092.

This combined with [11] implies iy € W, " () N L®(R). Let 0 = ||{i¢]|0o- Since B €
L*>(82) (see hypotheses (H)) and r > p, we can find §, > 0 such that

A+ §,,)x1"1 +B(z)x" ' >0 foraa.zeQ,all0<x <o,
= — A%l — Agilg +E,15 T 20 inQ  (see (4.8)).
= 0<1p (see[30,Proposition 4]).
Clearly, 59 = —tip < 0 is also a solution of problem (1.2) and ¢, (7¢) > 0. (]

Finally, as we did in the sublinear case, we examine what happens to the ground state
energy as A — (A{)™.
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Proposition 4.9. If hypotheses (H) hold and [, B(2)ligdz > 0, then m; — 0" as A —
s

Proof. The reasoning is similar to that in the proof of Proposition 3.10. Let i« > 1 and set
i1 = pilo. Then, using the fact [, B(2)i}dz > 0 and Proposition 4.1, we can find unique

¢ > 0 such that
fi € N; = Ny (4.9)

On account of (3.2), if u > 1 is large, then
f<1 and /Q,B(z)ﬁqdz— Dty || >0 (sinceq < p <r).
From (4.9), we have
735 = a0 + Dl = 7 [ pyiga:

= fp(i‘i‘ —N)pno(y) <" [/ B(z)idz — ||D121||Zi| (sincef < landg < p <r)
Q

~ 1
a _ i r—p
. fz[ (A% ~rk)pn0(u1)~ q} 7 (4.10)
Jo B2 dz — || Dty |
Also, we have
~ » . _1
oo [ =Mpng 1) + [ Dita llg |7 (4.11)
= o Bt dz ' '

Then, using (4.10) and (4.11), we have

q

QA% = XYy, (Dily) + | Dty |2 ]
[Q ﬂ(z)z}{dz

r

1 Qe =npi) T
r| Jo B(2)ijdz — || Dit||g
(sinceqg < p <r)

q

. RV 1

= 11msup<px(tu1)§—( — — .
=G~ 4\ Jo By dz

e 1
paltiy) < —|:
q

Since 1 > 1 can be arbitrarily large, we infer that

limsup ¢, (t1i1) <O0.
A=)~

Therefore, we conclude that m; — 0t as A — (i‘{‘)_ (see (4.9) and Proposition 4.5). =
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