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Indefinite perturbations of an unbalanced growth
eigenvalue problem

Yunru Bai, Nikolaos S. Papageorgiou, and Shengda Zeng

Abstract. We consider indefinite perturbations of a double-phase eigenvalue problem. The pertur-
bation is sublinear or superlinear, and it is in general sign-changing. Using the Nehari manifold,
we prove the existence of two constant sign solutions for both cases (sublinear and superlinear),
when the parameter � 2 .0; y�˛1 / with y�˛1 > 0 being the principal eigenvalue of Dirichlet weighted
p-Laplace operator ��˛p .

1. Introduction

Let � � RN be a bounded domain with a C 2-boundary @�. In this paper, we study the
following unbalanced growth Dirichlet problems:´
��˛pu.z/ ��qu.z/ D �˛.z/ju.z/j

p�2u.z/C ˇ.z/ju.z/j��2u.z/ in �;

u D 0 on @�;
(1.1)

with 1 < � < q < p < N , and´
��˛pu.z/ ��qu.z/ D �˛.z/ju.z/j

p�2u.z/C ˇ.z/ju.z/jr�2u.z/ in �;

u D 0 on @�;
(1.2)

with 1 < q < p < r < min¹q�; N º.
For ˛ 2 L1.�/ n ¹0º with ˛.z/ � 0 for a.a. z 2 � and for 1 < s <1, by �˛s we

denote the weighted s-Laplace differential operator defined by

�˛s u D div.˛.z/jDujs�2Du/:

If ˛ � 1, then we have the usual s-Laplace differential operator. In both problems (1.1)
and (1.2), the equations are driven by the sum of two such operators and the differential
operator is not homogeneous (since q < p). This differential operator is related to the
so-called unbalanced growth integral functional

u 7!

Z
�

Œ˛.z/jDujp C jDujq�dz:
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The density of this integral functional is

�.z; t/ D ˛.z/tp C tq for all z 2 �; all t � 0:

This is, in general, a Carathéodory function (that is, for all t � 0, z 7! �.z; t/ is measurable,
and for a.a. z 2�, t 7! �.z; t/ is continuous). Hence, .z; t/ 7! �.z; t/ is jointly measurable.
Since we do not assume that 0 < essinf� ˛, this density function exhibits an unbalanced
growth, namely,

tq � �.z; t/ � c0Œ1C t
p� for a.a. z 2 �; all t � 0; for some c0 > 0:

Such functionals were first examined by Marcellini [20,21] and Zhikov [34,35] in the con-
text of problems of the calculus of variations (including the Lavrentiev gap phenomenon)
and of nonlinear elasticity. Double-phase operators are used to describe diffusion-type
phenomena in a space where certain subdomains are distinguished from others (compos-
ite materials). The unbalanced growth implies that the classical Lebesgue and Sobolev
spaces do not suffice to study these problems. We need to pass to the broader classes
of Orlicz-Lebesgue and Orlicz-Sobolev spaces. Moreover, for such boundary value prob-
lems, there is no global regularity theory analogous to the one existing for balanced growth
problems (see Lieberman [15]). There are only local regularity results. The papers of
Marcellini [22, 23] and of Mingione–Rǎdulescu [24] provide an up-to-date presentation
of the existing local regularity results. This lack of a global regularity theory removes
from consideration some powerful tools and techniques which are readily available in
the case of balanced growth problems. One way to overcome this obstacle is to use
the Nehari method. This is done in the works of Liu–Dai [16], Deregowska–Gasiński–
Papageorgiou [7], Gasiński–Papageorgiou [10], Gasiński–Winkert [12], Papageorgiou–
Vetro–Vetro [31], Fiscella–Mishra–Tripathi [8], Mishra–Silva–Tripathi [25], Liu–Dai–
Papageorgiou–Winkert [17], Liu–Papageorgiou [18], and Papageorgiou–Zhang [33].
More recently, Papageorgiou–Rǎdulescu–Zhang [29], Papageorgiou–Pudelko–Rǎdulescu
[26], and Papageorgiou–Rǎdulescu–Wang [28] proved some spectral properties of the
weighted �˛p differential operator and used them to study resonant double-phase prob-
lems. Problems (1.1) and (1.2) can be viewed as perturbations of the eigenvalue problem
considered in [26, 28, 29]. In problem (1.1), the perturbation is .p � 1/-sublinear (since
� < q <p), but in (1.2) the perturbation is .p� 1/-superlinear (since q <p < r). The inter-
esting feature in both problems is that this perturbation is in general indefinite (that is, the
coefficient ˇ.�/ is sign-changing). Such indefinite perturbations of the eigenvalue problem
for the Laplace differential operator were first studied using the Nehari method by Brown–
Zhang [5] and Brown [4]. A possible alternative approach can be based on critical groups
as it was done in the recent work of Liu–Papageorgiou [19]. Finally, we mention the
work of Bai–Papageorgiou–Zeng [2], who studied a different class of parametric unbal-
anced growth problems by using critical point theory, and the recent interesting works of
Aberqi–Benslimane–Knifda [1] and of Chen–Yang [6]. In [1], the authors studied systems
with unbalanced growth on Riemannian manifolds using the Nehari method, while in [6]
the authors dealt with a critical Choquard equation using variational methods.
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2. Mathematical background

As we already mentioned in the Introduction, the unbalanced growth of �.z; �/ leads to a
functional framework based on generalized Orlicz spaces. A comprehensive presentation
of the theory of these spaces can be found in the book of Harjulehto–Hästö [13].

By C 0;1.x�/ we denote the space of Lipschitz continuous functions on x�. Also, by Ap
we denote the class of all p-Muckenhoupt weights (see Harjulehto–Hästö [13, p. 114]).
Our hypotheses on the weight function ˛.�/, the coefficient ˇ.�/, and the exponents 1 <
q < p are the following:

.H/ : ˛ 2 C 0;1.x�/ \ Ap with ˛.z/ > 0 for all z 2 �, ˇ 2 C.�/ \ L1.�/ with
ˇC ¤ 0 and p

q
< 1C 1

N
.

Let L0.�/ be the space of all measurable functions uW�! R. We identify two such
functions which differ only on a Lebesgue-null subset of �. Recall that

�.z; t/ D ˛.z/tp C tq for all z 2 �; all t � 0:

The generalized Lebesgue-Orlicz space L�.�/ is defined by

L�.�/ D

²
u 2 L0.�/ j ��.u/ WD

Z
�

�.z; juj/dz <1

³
:

The function ��.�/ is known as the modular function corresponding to the density �. We
equip this space with the so-called “Luxemburg norm” k � k� defined by

kuk� D inf
²
� > 0 j ��

�
u

�

�
� 1

³
:

With this norm, L�.�/ becomes a Banach space which is separable and reflexive. In
fact, L�.�/ is uniformly convex, since the density function �.z; �/ is uniformly convex.
Recall that a uniformly convex space is reflexive (by the Milman–Pettis theorem, see
Papageorgiou–Winkert [32, p. 225]).

Using L�.�/, we can define the corresponding Orlicz-Sobolev space W 1;�.�/ given
by

W 1;�.�/ D ¹u 2 L�.�/ j jDuj 2 L�.�/º;

with Du being the weak gradient of u. The norm k � k1;� of W 1;�.�/ is defined by

kuk1;� D kuk� C kDuk� for all u 2 W 1;�.�/:

Here, kDuk� D kjDujk� . Also, we set

W
1;�
0 .�/ D C1c .�/

k�k1;�
:

The Poincaré inequality is valid on W 1;�
0 .�/. So, on W 1;�

0 .�/, we can consider the
norm k � k defined by

kuk D kDuk� for all u 2 W 1;�
0 .�/:
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Evidently, W 1;�.�/ and W 1;�
0 .�/ are Banach spaces which are separable and reflexive

(in fact, uniformly convex).
We have some useful embeddings involving these spaces.

Proposition 2.1. Let u 2 W 1;�
0 .�/. The following statements hold:

(a) for all 1 � s � q, we have

L�.�/ ,! Ls.�/ and W
1;�
0 .�/ ,! W

1;s
0 .�/ continuouslyI

(b) for all 1 � s � q� D Nq
N�q

(resp., all 1 � s < q�), we have

W
1;�
0 .�/ ,! Ls.�/ continuously (resp., W 1;�

0 .�/ ,! Ls.�/ compactly):

The modular function ��WW
1;�
0 .�/! RC is clearly continuous and convex. There-

fore, it is weakly lower semicontinuous (by using Mazur’s lemma). We point out that the
norm k � k of W 1;�

0 .�/ and the modular function ��.�/ are closely related.

Proposition 2.2. The following statements hold:

(a) if u ¤ 0, then kuk D �, ��.
Du
�
/ D 1.

(b) kuk � 1 (resp.,D 1;� 1),, ��.Du/ � 1 (resp.,D 1;� 1).

(c) kuk � 1) kukp � ��.Du/ � kukq .

(d) kuk � 1) kukq � ��.Du/ � kukp .

(e) kuk ! 1 (resp.,! 0), ��.Du/!1 (resp.,! 0).

Let �0.z; t/ D ˛.z/tp and consider the corresponding generalized Orlicz spaces
W
1;�0
0 .�/ and L�0.�/. These are separable, reflexive Banach spaces and W 1;�0

0 .�/ ,!

L�0.�/ compactly (see [26]). Let ��0.u/ WD
R
�
�0.z; juj/dz be the modular function

corresponding to the density �0.z; x/. We consider the following nonlinear eigenvalue
problem: ´

��˛pu.z/ D �˛.z/ju.z/j
p�2u.z/ in �;

u D 0 on @�:

From [26, 29], we know that this eigenvalue problem has the smallest eigenvalue y�˛1 > 0,
which has the following variational characterization:

y�˛1 D inf
²
��0.Du/

��0.u/
j u 2 W

1;�0
0 .�/; u ¤ 0

³
: (2.1)

This eigenvalue is simple; that is, if Ou, Ov are eigenfunctions corresponding to y�˛1 , then OuD
� Ov for some � 2R n ¹0º. Also, y�˛1 is isolated in the spectrum. The infimum in (2.1) is real-
ized on the corresponding one-dimensional eigenspace, the elements of which have fixed
sign. Let Ou1 denote the positive, L�0.�/-normalized eigenfunction (that is, k Ou1k�0 D 1).
We know that

Ou1 2 W
1;�0
0 .�/ \ L1.�/;
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and if K � � is compact, then there exists cK > 0 such that

cK � Ou1.z/ for a.a. z 2 K:

In what follows, for every u 2 L0.�/ with the above property, we write 0 � u. In the
sequel, in order to simplify our notation, we write

��0.u/ WD

Z
�

˛.z/jujpdz for all u 2 L�0.�/;

and
��0.Du/ WD

Z
�

˛.z/jDujpdz for all u 2 W 1;�0
0 .�/:

These are continuous and convex functions on the corresponding spaces. Hence, they are
also weakly lower semicontinuous.

If u 2 L0.�/, then recall that

uC D max¹u; 0º; u� D max¹�u; 0º:

Then, u D uC � u�, juj D uC C u� and if u 2 W 1;�
0 .�/, then u˙ 2 W 1;�

0 .�/. If X is a
Banach space and ' 2 C 1.X/, then K' WD ¹u 2 X j '0.u/ D 0º (the critical set of ').

For problem (1.1), the energy functional '�WW
1;�
0 .�/! R is defined by

'�.u/ WD
1

p
��0.Du/C

1

q
kDukqq �

�

p
��0.u/�

1

�

Z
�

ˇ.z/juj�dz for all u 2 W 1;�
0 .�/:

Given u 2 W 1;�
0 .�/, the corresponding fibering function ��u WRC ! R is defined by

��u .t/ D
tp

p
��0.Du/C

tq

q
kDukqq �

�tp

p
��0.u/ �

t �

�

Z
�

ˇ.z/juj�dz for all t � 0:

Evidently, '� 2 C 1.W
1;�
0 .�// and ��u 2 C

2.RC/. Similarly, for problem (1.2), the energy
functional '�.�/ is given by

'�.u/ WD
1

p
��0.Du/C

1

q
kDukqq �

�

p
��0.u/�

1

r

Z
�

ˇ.z/jujrdz for all u 2 W 1;�
0 .�/:

Also, for u 2 W 1;�
0 .�/, the corresponding fibering function ��u W RC ! R is given by

��u .t/ WD
tp

p
��0.Du/C

tq

q
kDukqq �

�tp

p
��0.u/ �

t r

r

Z
�

ˇ.z/jujrdz for all t � 0:

Again, we have '� 2 C 1.W
1;�
0 .�// and ��u 2 C

2.RC/. Then, for both problems, the
Nehari manifold is defined by

N� WD
®
u 2 W

1;�
0 .�/ j h'0�.u/; ui D 0 with u ¤ 0

¯
:
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We decompose N� as follows:

N� D N
C

�
[N�� [N

0
� ;

where

NC
�
WD ¹u 2 N� j .�

�
u /
00.1/ > 0º (local minima);

N�� WD ¹u 2 N� j .�
�
u /
00.1/ < 0º (local maxima);

N 0
� WD ¹u 2 N� j .�

�
u /
00.1/ D 0º (inflection points):

3. Sublinear perturbation

In this section, we study problem (1.1). Indeed, we have

.��u /
0.t/ D tp�1Œ��0.Du/ � ���0.u/�C t

q�1
kDukqq � t

��1

Z
�

ˇ.z/juj�dz;

and

.��u /
00.t/ D .p � 1/tp�2Œ��0.Du/ � ���0.u/�C .q � 1/t

q�2
kDukqq

� .� � 1/t ��2
Z
�

ˇ.z/juj�dz;

and

h'0�.u/; ui D ��0.Du/C kDuk
q
q � ���0.u/ �

Z
�

ˇ.z/juj�dz for all u 2 W 1;�
0 .�/:

This implies that

tu 2 N�, .��u /
0.t/ D 0; hence u 2 N�, .��u /

0.1/ D 0: (3.1)

Moreover, we observe the following:

“if u 2 W 1;�
0 .�/ n ¹0º satisfies

R
�
ˇ.z/juj�dz � 0 and 0 < � < y�˛1 , then .��u /.�/ is

strictly increasing and .��u /.0/ D 0”.

Therefore, for t > 0, we have tu … N� (see (3.1)). In addition, since ��u D �
�
juj

, we infer
that for all t < 0 it holds tu … N�.

Proposition 3.1. If hypotheses .H/ hold, 0 < � < y�˛1 , and u 2 W 1;�
0 .�/ satisfiesZ

�

ˇ.z/juj�dz > 0;

then there exists unique tu > 0 such that tuu 2 N�.
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Proof. Since � < q < p and � 2 .0; y�˛1/, we see that

��u .t/ < 0 for t 2 .0; 1/ small enough, and ��u .t/!C1 as t !C1:

On account of the continuity of ��u .�/, we can find tu > 0 such that

��u .tu/ D min
t�0

��u .t/ < 0) .��u /
0.tu/ D 0) tuu 2 N� (see (3.1)).

Hence,

tp��u Œ��0.Du/ � ���0.u/�C t
q��
u kDukqq D

Z
�

ˇ.z/juj�dz: (3.2)

In equation (3.2), we see that the left-hand side as a function of t � 0 is strictly increasing,
while the right-hand side is constant (does not depend on t � 0). Therefore, the solution
tu > 0 of (3.2) is unique.

Proposition 3.2. If hypotheses .H/ hold and 0 < � < y�˛1 , then N� ¤ ;.

Proof. Let�C D ¹z 2 � j ˇ.z/ > 0º. Then,�C � � is nonempty, open (see hypotheses
.H/). Let u 2C 10 .�C/ n ¹0º. We have

R
�
ˇ.z/juj�dz > 0, and then using Proposition 3.1,

we see that there exists unique tu > 0 such that tuu 2 N�. Hence, N� ¤ ;.

Proposition 3.3. If hypotheses .H/ hold and 0 < � < y�˛1 , then

; ¤ NC
�
D

²
u 2 N� j

Z
�

ˇ.z/juj�dz > 0

³
:

Proof. Let CC WD ¹u 2 N� j
R
�
ˇ.z/juj�dz > 0º. From Proposition 3.2 and its proof, we

know that CC ¤ ;. Let u 2 NC
�

. By definition, we have

.p � 1/Œ��0.Du/ � ���0.u/�C .q � 1/kDuk
q
q > .� � 1/

Z
�

ˇ.z/juj�dz;

) .p � 1/Œ��0.Du/ � ���0.u/C kDuk
q
q� > .� � 1/

Z
�

ˇ.z/juj�dz .since q < p/;

) .p � �/

Z
�

ˇ.z/juj�dz > 0 .since u 2 NC
�
� N�/;

)

Z
�

ˇ.z/juj�dz > 0 .since � < �/;

) NC
�
� CC:

Conversely, suppose u 2 CC. Then, since u 2 CC � N�, and � < q < p, we have

.p � 1/Œ��0.Du/ � ���0.u/�C .q � 1/kDuk
q
q

> .� � 1/Œ��0.Du/ � ���0.u/C kDuk
q
q�

D .� � 1/

Z
�

ˇ.z/juj�dz > 0;

) .��u /
00.1/ > 0;

) CC � N
C

�
:
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So, we have

; ¤ NC
�
D CC D

²
u 2 N� j

Z
�

ˇ.z/juj�dz > 0

³
:

In the beginning of this section, we remarked that if u 2 W 1;�
0 .�/ n ¹0º satisfiesZ

�

ˇ.z/juj�dz � 0;

then u … N�. This observation and Proposition 3.3 imply that we should focus on NC
�

.

Proposition 3.4. If hypotheses .H/ hold and 0<�< y�˛1 , thenN��W
1;�
0 .�/ is bounded.

Proof. We argue by contradiction. So, suppose that there is a sequence ¹unºn2N � N�
such that

kunk ! 1:

Let yn D un
kunk

for all n 2 N. Then, kynk D 1 for all n 2 N. Hypotheses p
q
< 1C 1

N
and

.H/ imply that p < q�. So, using Proposition 2.1, we may assume that

yn ! y weakly in W 1;�
0 .�/ and yn ! y in Lp.�/: (3.3)

Since un 2 N�, we have

��0.Dun/ � ���0.yn/C kDunk
q
q D

Z
�

ˇ.z/junj
�dz;

) ��0.Dyn/ � ���0.yn/C
1

kunkp�q
kDynk

q
q

D
1

kunkp��

Z
�

ˇ.z/jynj
�dz for all n 2 N: (3.4)

In (3.4), we pass to the limit as n!1 and use (3.3) as well as the fact that � < q < p to
obtain

��0.Dy/ � ���0.y/ ) y D 0 .since � 2 .0; y�˛1/; see (2.1)/: (3.5)

We have the following claim.

Claim 1. yn ! y in W 1;�
0 .�/ as n!1.

Suppose that the assertion of this claim is not true. On account of (3.3), at least one of
the following strict inequalities holds:

��0.Dy/ < lim inf
n!1

��0.Dyn/; (3.6)

kDykqq < lim inf
n!1

kDynk
q
q : (3.7)
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If (3.6) holds, then from (3.4) in the limit as n!1 we obtain

��0.Dy/ < ���0.y/ .see (3.3)/ ) y ¤ 0:

This contradicts with (3.5). Then, by Urysohn’s criterion for the convergence of sequence
(see Gasiński–Papageorgiou [9, p. 33]), we have

��0.Dyn/! ��0.Dy/: (3.8)

Next, suppose that (3.7) holds. Since � 2 .0; y�˛1/, from (3.4), we have

kDynk
q
q �

1

kunkq��

Z
�

ˇ.z/jynj
�dz ) kDykqq < 0:

This is impossible. Therefore, for that sequence too, we have

kDynk
q
q ! kDyk

q
q : (3.9)

From (3.8) and (3.9), we infer that

��.Dyn/! ��.Dy/:

Then, using the Brézis–Lieb lemma (see [3], and Papageorgiou–Winkert [32, p. 291]), we
have

��.Dyn �Dy/! 0 ) yn ! y in W 1;�
0 .�/ .see Proposition 2.2/:

This proves the claim. The claim implies kyk D 1 and this contradicts (3.5). Therefore,
we conclude that N� � W

1;�
0 .�/ is bounded.

Corollary 3.5. If hypotheses .H/ hold and 0 < � < y�˛1 , thenNC
�
�W

1;�
0 .�/ is bounded.

Now, we will use the boundedness of NC
�

to show that '�jNC
�

admits a minimizer.

Proposition 3.6. If hypotheses .H/ hold and 0 < � < y�˛1 , then there exists Ou 2 NC
�

such
that

'�. Ou/ D inf
NC
�

'� DW m
C

�
< 0:

Proof. Let ¹unºn2N � N
C

�
be a minimizing sequence, that is,

'�.un/ # m
C

�
as n!1:

Since � < q < p, for each n 2 N, we have

'�.un/ �
1

q
Œ��0.Dun/ � ���0.un/C kDunk

q
q� �

1

�

Z
�

ˇ.z/junj
�dz

D

�
1

q
�
1

�

�Z
�

ˇ.z/junj
�dz

< 0;
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where we have used the fact that un 2NC� �N�. This means thatmC
�
< 0 owing to � < q

and Proposition 3.3. From Corollary 3.5, we know that ¹unºn2N � W
1;�
0 .�/ is bounded.

So, we may assume that

un ! Ou weakly in W 1;�
0 .�/ and un ! Ou in Lp.�/ as n!1: (3.10)

Since un 2 NC� , we have

0 <

Z
�

ˇ.z/junj
�dz .see Proposition 3.3/ ) 0 �

Z
�

ˇ.z/j Ouj�dz;

where we used the facts (3.10) and � < q < p. If
R
�
ˇ.z/j Ouj�dz D 0, then since un 2NC� ,

we have

��0.Dun/ � ���0.un/C kDunk
q
q D

Z
�

ˇ.z/junj
�dz

) ��0.D Ou/ � ���0. Ou/C kD Ouk
q
q � 0;

(see (3.10)). This together with � 2 .0; y�˛1/ and Proposition 2.2 implies

Ou D 0: (3.11)

Note that

��.Dun/ D ���0.un/C

Z
�

ˇ.z/junj
�dz for all n 2 N .since un 2 NC� /;

so, we have

��.Dun/! 0 .see (3.10) and (3.11)/

) un ! 0 in W 1;�
0 .�/ .see Proposition 2.2/

) '�.un/! 0:

But, '�.un/! mC
�
< 0 leads to a contradiction. Therefore, we obtain

0 <

Z
�

ˇ.z/j Ouj�dz: (3.12)

Moreover, we need the following claim.

Claim 2. un ! Ou in W 1;�
0 .�/ as!1.

We argue by contradiction. So, suppose that this claim is not true. On account of (3.10)
and the weak lower semicontinuity of the modular function ��.�/, we have

��.D Ou/ < lim inf
n!1

��.Dun/: (3.13)
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Since un 2 NC� , for all n 2 N, we have

��.Dun/ D ���0.un/C

Z
�

ˇ.z/junj
�dz for all n 2 N

) ��.D Ou/ < ���0. Ou/C

Z
�

ˇ.z/j Ouj�dz;

where we have used (3.10) and (3.13). Hence,

.��
Ou /
0.1/ < 0: (3.14)

From (3.12) and Proposition 3.1, we know that there exists unique t Ou > 0 such that t Ou Ou 2
N�. On account of (3.14) and the properties of the fibering function (recall � < q < p),
we have t Ou > 1. It follows that

'�.t Ou Ou/ � '�. Ou/ < lim inf
n!1

'�.un/ D m
C

�
: (3.15)

But t Ou Ou 2 N� and (3.12) imply t Ou Ou 2 N
C

�
(see Proposition 3.3) and so, mC

�
� '�.t Ou Ou/,

which contradicts (3.15). This proves the claim.
Using Claim 2, we have

'�.un/! '�. Ou/:

Consequently, from (3.12), we have '�. Ou/ D mC� and Ou 2 NC
�

.

In the next proposition, we show that Ou is a critical point of '� (that is, Ou 2 K'� ). This
means thatNC

�
is a natural constraint for '�.�/ (see Papageorgiou–Rǎdulescu–Repovš [27,

p. 425]).

Proposition 3.7. If hypotheses .H/ hold, 0 < � < y�˛1 , and Ou 2 NC
�

is the minimizer of
'�jNC

�
(see Proposition 3.6), then Ou 2 K'� .

Proof. Consider the C 1-functionals  �; kWW
1;�
0 .�/! R defined by

 �.u/ WD h'
0
�.u/; ui and k.u/ WD

Z
�

ˇ.z/juj�dz for all u 2 W 1;�
0 .�/:

From Propositions 3.3 and 3.6, we have

'�. Ou/ D inf
®
'�.u/ j u 2 W

1;�
0 .�/ n ¹0º;  �.u/ D 0 and k.u/ > 0

¯
:

Invoking the Lagrange multiplier rule of Ioffe–Tihomirov [14, Theorem 4, p. 74], we can
find �1 2 R and �2 � 0 such that

'0�. Ou/ D �1 
0
�. Ou/C �2k

0. Ou/ in W 1;�
0 .�/� and �2k. Ou/ D 0: (3.16)

Recall that k. Ou/ > 0 (since Ou 2 NC
�

). So, from the second equality in (3.16), we have
�2 D 0. Then, the first equality in (3.16) becomes

'0�. Ou/ D �1 
0
�. Ou/ in W 1;�

0 .�/�: (3.17)
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On (3.17), we act with Ou 2 W 1;�
0 .�/. Since Ou 2 NC

�
, we obtain

0 D �1h 
0
�. Ou/; Oui D �1.�

�
Ou /
00.1/: (3.18)

Since Ou 2 NC
�

, we have .��
Ou
/00.1/ > 0, and so, from (3.18), it follows that �1 D 0. Then,

we have
'0�. Ou/ D 0 .see (3.17)/:

Therefore, it holds Ou 2 K'� .

Remark 3.8. We can have an alternative proof of Proposition 3.7. The continuity of k.�/
implies that the set DC WD ¹u 2 W

1;�
0 .�/ j k.u/ > 0º is open. Proposition 3.3 implies

that

NC
�
D N� \DC ) NC

�
� N� is open (for the subspace topology):

Then, on account of Proposition 3.6, we have that

Ou is a local minimizer of '�jN� :

Invoking the classical Lagrange multiplier rule (see Papageorgiou–Rǎdulescu–Repovš
[27, Theorem 5.5.9, p. 422]), we can find � 2 R such that

'0�. Ou/ D � 
0
�. Ou/ in W 1;�

0 .�/�: (3.19)

On (3.19), we act with Ou 2 NC
�

. Then, since Ou 2 NC
�

, we have

0 D �h 0�. Ou/; Oui ) �.��
Ou /
00.1/ D 0 ) � D 0 .since Ou 2 NC

�
/:

From (3.19), we conclude that Ou 2 K'� .

Now, we are ready for the multiplicity result to the “sublinear” case.

Theorem 3.9. If hypotheses .H/ hold and 0 < � < y�˛1 , then problem (1.1) has a solution
Ou 2 W

1;�
0 .�/ \ L1.�/ n ¹0º such that

0 � Ou and '�. Ou/ < 0:

Moreover, since '�.u/ D '�.juj/ for all u 2 W 1;�
0 .�/, we have that Ov D �Ou � 0 is also

another solution of problem (1.1).

Proof. Let Ou 2 NC
�

be the minimizer of '�jNC
�

produced in Proposition 3.6. We may
assume that Ou � 0. From Proposition 3.7, we know that Ou 2 K'� . Hence,´

��˛p Ou.z/ ��q Ou.z/ D �˛.z/ Ou.z/
p�1 C ˇ.z/u.z/��1 in �;

u D 0 on @�:
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The condition on the exponents p, q (see hypotheses .H/) and Gasiński–Winkert [11,
Theorem 3.1] imply that Ou 2 W 1;�

0 .�/ \ L1.�/. Moreover, we have

'�. Ou/ D m
C

�
< 0:

Evidently, Ov D �Ou � 0 is also a solution of problem (1.1).

We conclude our study of the “sublinear” case by examining what happens as �!
.y�˛1/

�.

Proposition 3.10. If hypotheses .H/ hold and
R
�
ˇ.z/ Ou�1dz > 0, then mC

�
! �1 as

�! .y�˛1/
�.

Proof. For� 2 .0;1/, we set Qu1 WD� Ou1. By hypotheses, we have
R
�
ˇ.z/ Qu�1dz > 0. Then,

Propositions 3.1 and 3.3 imply that there is unique t0 D t0.�/ > 0 such that

t0 Qu1 2 N
C

�
: (3.20)

From (3.2), we see that, by taking � 2 .0; 1/ small, it holds

t0 > 1 and
Z
�

ˇ.z/ Qu�1dz � kD Qu1k
q
q � .
y�˛1 � �/��0. Qu1/ > 0: (3.21)

From (3.2) and (3.20), we have

t
p��
0 .y�˛1 � �/��0. Qu1/C t

q��
0 kD Qu1k

q
q D

Z
�

ˇ.z/ Qu�1dz

) t
p��
0

�
.y�˛1 � �/��0. Qu1/C kD Qu1k

q
q

�
�

Z
�

ˇ.z/ Qu�1dz;

where we have used the facts (3.21) and � < q < p. This indicates that

t0 �

" R
�
ˇ.z/ Qu�1dz

.y�˛1 � �/��0. Qu1/C kD Qu1k
q
q

# 1
p��

:

Using (3.21) and since � < q < p, we obtain

'�.t0 Qu1/ �
t �0
p

�
.y�˛1 � �/��0. Qu1/C kD Qu1k

q
q �

Z
�

ˇ.z/ Qu�1dz

�
�
1

p

" R
�
ˇ.z/ Qu�1dz

.y�˛1 � �/��0. Qu1/C kD Qu1k
q
q

# �
p��

�

with � D .y�˛1 � �/��0. Qu1/C kD Qu1k
q �

R
�
ˇ.z/ Qu�1dz < 0. Hence,

lim sup
�!.y�˛1 /

�

'�.t0 Qu1/ �
� 0

p�
.q��/�
p��

;

with � 0 D Œ
R
� ˇ.z/ Ou

�
1dz

kD Ou1k
q
q
�
�
p�� .kD Qu1k

q �
R
�
ˇ.z/ Qu�1dz/ < 0. Since � 2 .0; 1/ can be arbi-

trarily small, we conclude that

mC
�
! �1 as �! .y�˛1/

�:
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4. Superlinear perturbation

In this section, we study problem (1.2). Suppose that u 2 W 1;�
0 .�/ n ¹0º withZ

�

ˇ.z/jujrdz � 0:

We have

.��u /
0.t/ D tp�1Œ��0.Du/ � ���0.u/�C t

q�1
kDukqq

� t r�1
Z
�

ˇ.z/jujrdz > 0 for all t > 0 (see (2.1))

) .��u /.�/ is strictly in increasing on RC .with ��u .0/ D 0/:

Then, from (1.2), it follows that N� D ;. This suggests that we should focus on those
u 2 W

1;�
0 .�/ n ¹0º with

R
�
ˇ.z/jujrdz > 0 (see Proposition 4.3 below).

We start with a result similar to Proposition 3.1, but now the behavior of the fibering
function is different.

Proposition 4.1. If hypotheses .H/ hold, 0 < � < y�˛1 , and u 2 W 1;�
0 .�/ satisfiesZ

�

ˇ.z/jujrdz > 0;

then there exists unique tu > 0 such that tuu 2 N�.

Proof. In this case, since q < p < r , we see that

��u .t/ > 0; for t 2 .0; 1/ small; ��u .t/ < 0; for t > 1 large:

So, we can find tu > 0 such that

��u .tu/ D max
t�0

��u .t/ ) .��u /
0.tu/ D 0 ) tuu 2 N� .see (3.1)/:

We have
1

t
r�p
u

Œ��0.Du/ � ���0.u/�C
1

t
r�q
u

kDukqq D

Z
�

ˇ.z/jujrdz: (4.1)

In this equation, the left-hand side as a function of t > 0 is strictly decreasing, while the
right-hand side is a constant (independent of t > 0). So, the solution tu > 0 of (4.1) is
unique.

Reasoning as in the proof of Proposition 3.2, we obtain the following result.

Proposition 4.2. If hypotheses .H/ hold and 0 < � < y�˛1 , then N� ¤ ;.

In contrast to the sublinear case, the relevant component ofN� for the superlinear case
is N�

�
. The other two components NC

�
and N 0

�
are empty.
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Proposition 4.3. If hypotheses .H/ hold and 0 < � < y�˛1 , then

; ¤ N�� D

²
u 2 N� j

Z
�

ˇ.z/jujrdz > 0

³
and NC

�
; N 0

� D ;:

Proof. Let yCC WD ¹u 2 N� j
R
�
ˇ.z/jujrdz > 0º. If u 2 N�

�
, then by definition we have

.��u /
00.1/ < 0

) .p � 1/Œ��0.Du/ � ���0.u/�C .q � 1/kDuk
q
q � .r � 1/

Z
�

ˇ.z/jujrdz < 0

) .q � 1/Œ��0.Du/ � ���0.u/C kDuk
q
q� < .r � 1/

Z
�

ˇ.z/jujrdz

.since q < p and � 2 .0; y�˛1//

) .r � q/

Z
�

ˇ.z/jujrdz > 0 .since u 2 N�� � N�/

)

Z
�

ˇ.z/jujrdz > 0 .since q < r/

) N�� �
yCC:

On the other hand, if u 2 yCC, then

.��u /
00.1/ D .p � 1/Œ��0.Du/ � ���0.u/�C .q � 1/kDuk

q
q � .r � 1/

Z
�

ˇ.z/jujrdz

� .p � 1/Œ��0.Du/ � ���0.u/C kDuk
q
q� � .r � 1/

Z
�

ˇ.z/jujrdz

.since q < p and � 2 .0; y�˛1//

D .p � r/

Z
�

ˇ.z/jujrdz < 0 .since u 2 N� and p < r/:

Then, we have yCC � N�� . So, we conclude that N�
�
D yCC.

If u 2 N� and � 2 .0; y�˛1/, then

��0.Du/ � ���0.u/C kDuk
q
q > 0 .see (2.1)/: (4.2)

Whereas, from u 2 N�, (4.2) and p < r , we have

.��u /
00.1/ D .p � 1/Œ��0.Du/ � ���0.u/�C .q � 1/kDuk

q
q � .r � 1/

Z
�

ˇ.z/jujrdz

� .p � 1/Œ��0.Du/ � ���0.u/C kDuk
q
q� � .r � 1/

Z
�

ˇ.z/jujrdz

D .p � r/Œ��0.Du/ � ���0.u/C kDuk
q
q� .since u 2 N�/

< 0 .see (4.2) and recall p < r/:

This implies that ; ¤ N�
�
D N� and NC

�
; N 0

�
D ;.
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Proposition 4.4. If hypotheses .H/ hold and 0 < � < y�˛1 , then there exists Oc� > 0 such
that Oc� � kuk for all u 2 N� D N�� .

Proof. Let u 2 N� and without any loss of generality, we assume that kuk � 1. Then, we
have

��0.Du/ � ���0.u/C kDuk
q
q D

Z
�

ˇ.z/jujrdz;

)

�
1 �

�

y�˛1

�
��0.Du/C kDuk

q
q � c1kuk

r

.see (2.1), hypotheses .H/ and Proposition 2.1/

) ��.Du/ � c2kuk
r for some c2 D c2.�/ > 0 .since � 2 .0; y�˛1//

) kukp � c2kuk
r .since kuk � 1, see Proposition 2.2/

) 0 <

�
1

c2

� 1
r�p

� kuk for all u 2 N�

for some c1 > 0. This completes the proof of the proposition.

So, according to the above proposition, the elements of the Nehari manifoldN� DN��
are bounded away from zero. We will use this fact to show that '�jN� is coercive.

Proposition 4.5. If hypotheses .H/ hold and 0 < � < y�˛1 , then '�jN� is coercive and
0 < c�

�
� '�jN� .

Proof. Let u 2 N� D N�� . We have

'�.u/ �
1

p
Œ��0.Du/ � ���0.u/C kDuk

q
q� �

1

r

Z
�

ˇ.z/jujrdz

.since q < p and � 2 .0; y�˛1//

D

�
1

p
�
1

r

�
Œ��0.Du/ � ���0.u/C kDuk

q
q� .since u 2 N�, see (3.2)/

�
r � p

rp

�
1 �

�

y�˛1

�
��0.Du/ .see (3.2)/

�
r � p

rp

�
1 �

�

y�˛1

�
min¹kukp; kukqº .see Proposition 2.2/:

From the estimates above and Proposition 3.3 as well as p < r and � 2 .0; y�˛1/, we see
that '�jN� is coercive.

Let m�
�
D infN�

�
'�. From Proposition 4.5, we see that m�

�
> 0. We show that this

minimization problem has a solution.

Proposition 4.6. If hypotheses .H/ hold and 0 < � < y�˛1 , then there exists Ou0 2 N�� such
that '�. Ou0/ D m�� .
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Proof. Let ¹unºn2N � N
�
�

be a minimizing sequence, that is,

'�.un/ # m
�
� as n!1:

From Proposition 4.5, we know that ¹unºn2N �W
1;�
0 .�/ is bounded. So, we may assume

that
un ! Ou0 weakly in W 1;�

0 .�/ and un ! Ou0 in Lr .�/ as n!1 (4.3)

thanks to r < q� and Proposition 2.1. Since un 2 N�� D N�, for all n 2 N and q < p, we
have

'�.un/ �

�
1

q
�
1

r

�Z
�

ˇ.z/junj
rdz

) 0 < m�� �

�
1

q
�
1

r

�Z
�

ˇ.z/j Ou0j
rdz .see (4.3)/:

This reveals that Ou0 ¤ 0.
In addition, we have the following claim.

Claim 3. un ! Ou0 in W 1;�
0 .�/ as n!1.

As before, we proceed indirectly. So, we assume that the assertion of Claim 3 is not
true. Then, on account of (4.3), the following strict inequality holds:

��.D Ou0/ < lim inf
n!1

��.Dun/: (4.4)

Since un 2 N�� D N� for all n 2 N, we have

��.Dun/ � ���0.un/ �

Z
�

ˇ.z/junj
rdz D 0;

) ��.D Ou0/ � ���0. Ou0/ �

Z
�

ˇ.z/j Ou0j
rdz < 0 .see (4.3) and (4.4)/; (4.5)

)

Z
�

ˇ.z/j Ou0j
rdz > 0: (4.6)

From Proposition 4.1 and its proof, we know that there exists unique Ot0 D Ot Ou0 > 0 such
that

'�.Ot0 Ou0/ D �
�
Ou0
.t0/ D max

t�0
��
Ou0
.t/ ) Ot0 Ou0 2 N� .see (3.1)/: (4.7)

From the properties of the fibering function ��
Ou0

and (4.5), it follows that Ot0 < 1. Since
un 2 N

�
�
D N�, we have

'�.Ot0un/ � '�.un/ for all n 2 N ) '�.Ot0 Ou0/ < Om
�
� .see (4.4)/:

But this contradicts (4.6) (see (4.7) and Proposition 4.3). This proves the claim.
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Notice that

��.Dun/ � ���0.un/ �

Z
�

ˇ.z/junj
rdz D 0 for all n 2 N;

) ��.D Ou0/ � ���0. Ou0/ �

Z
�

ˇ.z/j Ou0j
rdz D 0 .see Claim 3/

) Ou0 2 N� D N
�
� :

Finally, we have m�
�
D '�. Ou0/ 2 N

�
�

.

Reasoning as in the proof of Proposition 3.7 (again we have two proofs), we show that
N�
�
D N� is a natural constraint for '�.�/.

Proposition 4.7. If hypotheses .H/ hold, 0 < � < y�˛1 , and Ou0 2 N�� is the minimizer of
'�jN�� , then Ou0 2 K'� .

This leads to the following multiplicity theorem for problem (1.2). Recall that if h 2
L1.�/, then we write 0 � h if for all K � � compact we have 0 < cK � h.z/ for a.a.
z 2 K.

Theorem 4.8. If hypotheses .H/ hold and 0 < � < y�˛1 , then problem (1.2) has a solution

Ou0 2 W
1;�
0 .�/ \ L1.�/ n ¹0º; 0 � Ou0;

with '�. Ou0/ > 0 (positive energy). Also, Ov0D�Ou0 � 0 is another solution of problem (1.2)
with positive energy.

Proof. From Propositions 4.6 and 4.7, we can find Ou0 2 N�� such that

0 < m�� D '�. Ou0/ and Ou0 2 K'� :

Since '�.u/ D '�.juj/ for all u 2 W 1;�
0 .�/, we may assume that Ou0 � 0. Then,´

��˛p Ou0 ��q Ou0 D �˛.z/ Ou
p�1
0 C ˇ.z/ Our�10 in �;

Ou0 D 0 on @�:
(4.8)

This combined with [11] implies Ou0 2 W
1;�
0 .�/ \ L1.�/. Let % D k Ou0k1. Since ˇ 2

L1.�/ (see hypotheses .H/) and r > p, we can find y�% > 0 such that

.�C y��/x
p�1
C ˇ.z/xr�1 � 0 for a.a. z 2 �; all 0 � x � %;

) ��˛p Ou0 ��q Ou0 C
y�� Ou

p�1
0 � 0 in � .see (4.8)/;

) 0 � Ou0 .see [30, Proposition 4]/:

Clearly, Ov0 D �Ou0 � 0 is also a solution of problem (1.2) and '�. Ov0/ > 0.

Finally, as we did in the sublinear case, we examine what happens to the ground state
energy as �! .y�˛1/

�.
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Proposition 4.9. If hypotheses .H/ hold and
R
�
ˇ.z/ Our0dz > 0, then m�

�
! 0C as �!

.y�˛1/
�.

Proof. The reasoning is similar to that in the proof of Proposition 3.10. Let � > 1 and set
Qu1 D � Ou0. Then, using the fact

R
�
ˇ.z/ Qur1dz > 0 and Proposition 4.1, we can find unique

Ot > 0 such that
Ot Qu1 2 N� D N

�
� : (4.9)

On account of (3.2), if � > 1 is large, then

Ot < 1 and
Z
�

ˇ.z/ Qur1dz � kD Qu1k
q
q > 0 .since q < p < r/:

From (4.9), we have

Otp.y�˛1 � �/��0. Qu1/C Ot
q
kD Qu1k

q
q D
Ot r
Z
�

ˇ.z/ Qur1dz

) Otp.y�˛1 � �/��0. Qu1/ � Qt
r

�Z
�

ˇ.z/ Qur1dz � kD Qu1k
q
q

�
.since Ot < 1 and q < p < r/

) Ot �

�
.y�˛1 � �/��0. Qu1/R

�
ˇ.z/ Qur1dz � kD Qu1k

q
q

� 1
r�p

: (4.10)

Also, we have

Ot �

�
.y�˛1 � �/��0. Qu1/C kD Qu1k

q
qR

�
ˇ.z/ Qur1dz

� 1
r�q

: (4.11)

Then, using (4.10) and (4.11), we have

'�.Ot Qu1/ �
1

q

"
.y�˛1 � �/��0.D Qu1/C kD Qu1k

q
qR

�
ˇ.z/ Qur1dz

# q
r�q

�
1

r

"
.y�˛1 � �/��0. Qu1/R

�
ˇ.z/ Qur1dz � kD Qu1k

q
q

# r
r�p

.since q < p < r/

) lim sup
�!.y�˛1 /

�

'�.t Qu1/ �
1

q

�
kD Ou1k

q
q

�r�q
R
�
ˇ.z/ Our1dz

� q
r�q

:

Since � > 1 can be arbitrarily large, we infer that

lim sup
�!.y�˛1 /

�

'�.t Qu1/ � 0:

Therefore, we conclude that m�
�
! 0C as �! .y�˛1/

� (see (4.9) and Proposition 4.5).
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[24] G. Mingione and V. Rǎdulescu, Recent developments in problems with nonstandard growth
and nonuniform ellipticity. J. Math. Anal. Appl. 501 (2021), no. 1, article no. 125197
Zbl 1467.49003 MR 4258810

[25] P. K. Mishra, K. Silva, and V. M. Tripathi, Extremal parameter for double phase problem
with concave-convex nonlinearity. Commun. Nonlinear Sci. Numer. Simul. 126 (2023), article
no. 107463 Zbl 1528.35067 MR 4626392

[26] N. S. Papageorgiou, A. Pudelko, and V. D. Rădulescu, Non-autonomous .p; q/-equations with
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