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Constraint minimizers for Choquard equations
with different potentials

Min Liu and Rui Sun

Abstract. This paper is devoted to the normalized solutions of the Choquard equations and the mag-
netic Choquard equations involving different external potentials. Under the L?-norm constraint, we
apply the variational method and the Gagliardo—Nirenberg-type inequality with the Riesz potential
to prove the existence of constraint minimizers of the energy functionals. Particularly, we obtain the
compactness of minimizing sequences by establishing the relationship between minimal energies
with respect to different mass. We extend and improve the research by Alves and Ji [J. Geom. Anal.
32 (2022), no. 5, article no. 165].

1. Introduction

In this paper, we are concerned with the normalized solutions of the following Choquard
equation:
—Av + (V(xX) + p)v = (Ig * [|D|v|[7 20 inRY, (1.1)

under the constraint

[ Jveprar = (12)
RN
where the Riesz potential I for 6 € (0, N) is defined as

N—6
=)

—2 " x|V, xeRN\{0).
N
20727 (8)

Ig(x) =

The Choquard equations appeared in many physical models. When N =3,60 =2,and g =
2, equation (1.1) is the well-known Pekar—Choquard equation [8], which was proposed
by Pekar in 1954 to describe the quantum mechanics of a polaron at rest [20] and was
also introduced by Choquard in 1976 in the modelling of a one-component plasma [15].
Moreover, the Choquard equations are often known as the Schrodinger—Newton equations
in the models coupling Schrodinger equations of quantum physics with nonrelativistic
Newtonian gravity [19].
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There are usually two perspectives to study equation (1.1). One is to fix & € R as
a constant, in which case equation (1.1) belongs to the fixed frequency problems and
has been investigated widely. For instance, Moroz and Van Schaftingen [18] proved the
existence, regularity, positivity, radial symmetry, and decay asymptotics at infinity of the
ground state solutions for equation (1.1) when V(x) = 0 and u = 1. The other is to treat
1 € R as a Lagrange multiplier, in which case equation (1.1) is a fixed mass problem and
its solutions are called the normalized solutions under the constraint (1.2). The pioneering
result for equation (1.1) with (1.2) comes from [15], where Lieb proved the existence
and uniqueness of the normalized solution by using symmetric decreasing rearrangement
inequalities when V(x) =0, N =3, 6 = 2, and g = 2. Later, Ye [29] studied the existence
of normalized solutions of equation (1.1) by using an alternative method for ¢ = N+T9+2,
0<V(x)e L‘l’;’c(RN), and V(x) — oo as |x| — oo.

Over the years, normalized solutions of Choquard equations have received more and
more attention. Cao, Jia, and Luo [7] studied the existence, multiplicity, and asymptotic
behavior of normalized solutions for equation (1.1) with V(x) = 0 and the nonlinearity
replaced by v(|x|™% * [v|*)v 4+ (|x|™# % [v|?)v, and they also studied the stability of the
corresponding standing waves for the related time-dependent problem. Jia and Luo [14]
continued to analyze the case of 8 = 4. Cingolani and Tanaka [9] proved the existence of
radially symmetric normalized solutions for

—Av 4 uv = (Ig * G())G'(v) inRY, (1.3)

where G € C!(R,R) satisfies Berestycki-Lions-type conditions. Xia and Zhang [27] also
considered equation (1.3) and established the existence of saddle-type normalized solu-
tions under suitable assumptions on G by concentration compactness principle with a
minimax procedure in the saddle-type symmetric subspace. Ao, Zhao, and Zou [4] proved
the compactness of every minimizing sequence and the existence of normalized solutions
for

—Av 4+ (V(x) + p)v = (Ig * GW))G'(v) inRY

by imposing appropriate conditions on V' and G.

For other results about normalized solutions, we also refer to [3,22,23,25] for nonlin-
ear Schrodinger equations and [2,5, 10, 13, 17,28] for the elliptic equations with external
potentials. Specifically, Alves and Ji [2] considered

—Av+ (V(x)+p)v = |[v]7 % inRY

and studied the existence of normalized solutions under different types of V(x) when g €
2, %) and N > 2. They also proved some similar results for the nonlinear magnetic
Schrodinger equations.

Driven by physical relevance and motivated by above works, we aim to study the
existence of normalized solutions for equation (1.1) under the constraint (1.2). Different
from the cases of Schrodinger equations, we need to develop new analytic techniques to
overcome the lack of compactness due to the nonlocal convolution term. Towards this
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purpose, we assume that V(x) > 0 is continuous and characterized by the following four
distinct features.

(V1) Vis 1-periodic in x1, X2, ..., XpN.

(V2) V is asymptotically periodic: there is a 1-periodic function Vp : RY — R such
that V(x) < Vp(x) for x € R" and

[V(x) = Vp(x)] > 0 as|x| — oo. (1.4)
(V3) V(x) = K(ex), where ¢ > 0 is a parameter, K € L>®°(R%Y) and

Ky :=liminf K(x) > Ko := inf K(x) > 0. (1.5)
|x|—>00 xeRN
(V4) V(x) = AW(x), where A > 0 is a parameter, W € L®(R¥), and there is a
constant My > 0 such that

[{x e RY : W(x) < Mp}| < cc. (1.6)

We would like to remark that the periodic potential (V1) was considered by Ackerman
in [1] to address the non-coercive functionals. Stimulated by (V1), it is natural to consider
the asymptotically periodic potential (V2). Rabinowitz [21] proposed (V3) in studying the
existence of solutions for a class of nonlinear Schrodinger equations. The potential (V4)
can be found in [2, 6], and it implies that AW (x) represents a potential well whose depth
is controlled by A. It is worth mentioning that (V4) is weaker than the usual coercivity
assumption: V(x) — oo as |x| — oo. The presence of V(x) breaks translation invariance
and makes the problem more interesting.

For simplicity, we introduce some notations. B, (x) is an open ball centered at x with
radius 7 > 0 and BS(x) := RV \ B,(x). The symbol C denotes any positive constant,
whose values may change from line to line. [|v]| := [[v||g1(®n~y and [[v]|, = [v]Lr@w)
for p € [1, +00]. 0,(1) denotes real sequences tending to 0 as n — oco. H~'(RY) is the
dual space of H'(RN).

Before stating our results, we give the definition of the normalized ground state solu-
tions for equation (1.1) under the constraint (1.2).

Definition 1.1. v € H!(R") is called a normalized ground state solution of equation (1.1),
provided that it solves equation (1.1) for some i € R and has minimal energy among all
the functions satisfying (1.2).

Now, we state our main results for equation (1.1).

Theorem 1.2. Let g € (8, Y4042y yish N > 2 and 6 € (0, N).

(1) If V satisfies (V1), then, for each a > 0, there exists § = 5(a) > 0 such that, for
[V]eo < 8, equation (1.1) possesses a positive normalized ground state solution
for some > 0.
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(2) If V satisfies (V2), then, for each a > 0, there exists 6 = 6(a) > 0, such that for
[Vploo < 6, equation (1.1) possesses a positive normalized ground state solution
for some > 0.

(3) If V satisfies (V3), then, for each a > 0, there exist § = §(a) > 0 and £* = £*(a) >
0, such that for Koo < 8 and all ¢ € (0, €*), equation (1.1) possesses a positive
normalized ground state solution for some p > 0.

(4) IfV satisfies (V4), then, for each a > 0, there exist § = §(a) > 0 and A* = A*(a) >
0, such that for all A € [A*, +00) and AW | < 6, equation (1.1) possesses a
positive normalized ground state solution for some p > 0.

We mainly apply the constraint variational method to prove Theorem 1.2. The main
difficulty is to analyze the compactness of minimizing sequences for the energy function-
als. To achieve this, we establish the relationship between minimal energies with respect to
different mass a. Particularly, we extend the results in [2] to the nonlocal case. Compared
with [2], we relax the requirements of V'(x) in the third and fourth existence results and
we improve some proof. The nonemptiness of the interior of W~1(0) in [2] is removed
here.

The other part of this paper is dedicated to the following magnetic Choquard equation:

(=iV + A% + (V(x) + v = (Ig * v|9)|v]?2v  inRY, (1.7)

where i € R is unknown as the Lagrange multiplier, V(x) > 0 is continuous, and the
magnetic potential A : RY — R¥ is continuous and bounded. Denote
A = sup |A(x) — A(0)]. (1.8)
x€RN

The definition of normalized ground state solutions of equation (1.7) is the same as that
of equation (1.1). We have the following existence results about equation (1.7).

Theorem 1.3. Let g € (Y32 NE842) vith N > 2 and 6 € (0, N).

(1) If A is 1N -periodic and V satisfies (V1), then, for each a > 0, there exists § =
8(a) > 0 such that equation (1.7) possesses a normalized ground state solution
for some j1 > 0, when |V |oo < 8 and A < 8.

(2) If A is 1N -periodic and V satisfies (V2), then, for each a > 0, there exists § =
8(a) > 0 such that equation (1.7) possesses a normalized ground state solution
for some 1 > 0, when |Vp|oo < 8 and A < 6.

(3) IfV satisfies (V3), A(x) = o/ (ex) and there exists oo € RY satisfying | o7 (ex) —
Dol = 0 as |x| — oo, then, for each a > 0, there exist § = §(a) > 0 and * =
e*(a) > 0 such that, for all ¢ € (0, e*), equation (1.7) possesses a normalized
ground state solution for some p > 0, when Koo < 8§ and A% < 8.

4) IfV satisfies (V4), then, for each a > 0, there exist § = §(a) > 0and A* = 1*(a) >
0 such that, for all A € [A*, +00), equation (1.7) possesses a normalized ground
state solution for some 1 > 0, when LW |oo < 8 and A% < 6.
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The rest of this paper is organized as follows. Section 2 contains some preliminary
results playing an important role in the arguments of main theorems. Sections 3 and 4 give
the proof of the existence of normalized solutions for equations (1.1) and (1.7), respec-
tively.

2. Preliminary results

In this section, we give some results which are necessary for the proof of our main theo-
rems.

We first recall some useful facts about the Riesz potential. The Riesz potential with
order # € (0, N) of a function f € L! (R™N) is defined as

loc
r¥=24
(o D= [ St

RV 2075 T(§) lx—y[N=0

2.1)

The integral in equation (2.1) converges in the classical Lebesgue sense for a.e. x € RY
if and only if
f e L'(RY, (14 |x)?P~N). (2.2)

Moreover, if (2.2) does not hold, then (2.1) diverges to 400 everywhere in R¥. The
Riesz potential g is well defined as an operator from L?(RY) to L°(R¥) if and only if
pell, &), whereo := NIX";I,. Furthermore, if p € (1, &), then Iy : LP(RY) — L (RV)
is a bounded linear operator, which is a consequence of the following Hardy—Littlewood—
Sobolev inequality.

Lemma 2.1 ([12, Theorem 382]). Let 6 € (0, N) and p € (1, ). Then, for any f €
N,
LP(RN), we have Ig x f € L - (RN and there exists a constant Cn,6,p > 0 such that

Ig % NNfIéde L <C Pdx %
([, 1o 17 ax) wan( | 1/17ax)

By Lemma 2.1 and the Holder inequality, we have the following result.

Lemma 2.2 ([19, equation (3.3)]). Let 8 € (0, N) and p € [1, +00). Then, for any v €
2N,
L+e (RN), there exists a constant C N,0 > 0 such that

N N+6
[ o toinotras < o [ 1w1#¥ax) 7
RN RN

Lemma 2.1 also yields the Brézis—Lieb-type lemma for the convolution term.

Lemma 2.3 ([18, Lemma 2.4]). Let 6 € (0, N), p € [1, 15—59), and {v,} be a bounded

. 2Np .
sequence in LN+6 (RN). If v, — v almost everywhere in RN asn — oo, then as n — oo,

/(19*|vn|P>|vn|de—/ <Ia*|vn—v|l’>|vn—v|f’dxa/ (Ig * [v]?)]v]?dx.
RN RN RN
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By Lemma 2.2 and the classic Gagliardo—Nirenberg inequality [24, Lemma 2.4], we
have the following result which is basic to show the boundedness from below of the energy
functional.

Lemma 2.4 (29, equation (1.6)]). Let 6 € (0, N), p € (2, ¥48) with N > 3, and
e (X+8 4 o0) with N = 1,2. Then, for any v € H'(RN), there exists a constant

Cn.6,p > 0 such that

Np—N-6 N+6-p(N-2)
/ (Ig * [v|")|v|Pdx < CN,g,p</ |VU|2dx) 2 (/ |U|2dx) 2 .
RN RN RN

Finally, we give the lemma from P. L. Lions in 1984. Let 2* := 13_72 for N > 3 and
2% ;= 4+oofor N =1,2.

Lemma 2.5 ([26, Lemma 1.21]). Let R>0and p € [2,2*). If {v,,} is bounded in H(RN)
and

sup / v (x)|Pdx — 0 asn — oo,
yeRN JBRr(»)

then v, — 0in L'(RN) forany t € (2,2*).

3. Proof of Theorem 1.2

In this section, we always assume that g € (N+‘9 N+9+2) with N > 2 and 8 € (0, N).
For equation (1.1), we define the energy functional ¢ : H'(RY) — R by

1 1 1
I) = —/ [Vv|?dx + —/ V(x)|v|?dx — —f (Ig * [v|?)|v|?dx,
2 RN 2 RN 2q RN

and consider the existence of minimizers of the L?-constraint minimization problem

D, = f
velg(a) g(v)

where
S(a):={ve H'R"Y): v, = a}.

Lemma 3.1. The energy functional §(v) is bounded from below on S(a) for any a > 0.

Proof. By Lemma 2.4, for v € S(a), we have

CNgan+9_q(N_2) Ng—N-6

1 , , , 2
F) > E/RNIWI dx — 7 ([RNWM dx) RN

Since g € (N+‘9 N+9+2) we get N¢g — N — 6 < 2 and then ¢ is bounded from below
on S(a) for any a > 0. [
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Lemma 3.2. If V € L®(RY), then, for any a > 0, there exists a constant § = §(a) > 0
such that 9, < 0 when |V |0 < 6.

Proof. Forany a > 0, we choose wy € S(a). Lets € R and set F(wo,s)(x) = e’ wo(e®x)
for x € RY. By direct computations, we have

[ P seoax = a2 (32)
RN
/I;N|VF(wo,s)|2dx = e /RN|Vw0|2dx, (3.3)

/ , (o % 1F(wo, )(0)I)IF (wo, 5)(x)“dx = eNsa=N=f [ , (o [wo| Hlwoldx.
R R

(3.4)
Combining (3.2), (3.3) with (3.4), we obtain F(wg, s) € S(a) and
2 Va2 equ—Ns—sO
3P = 5 [ [VuoPar + = [ 0w fwofra.
2 RN 2 2q RN
Note that g € (NTJ“Q, N+T9+2), there exists a constant s; < 0 such that
eZsl e(Nq—N—@)sl
Ks, = / [Vwe|?dx — / (Ig * |wo|?)|we|?dx < 0.
2 RN 2q RN
. — Ky
Fix § := = L and for |V | < 8, we get
K K.
I(F(wo.51)) < K5, — — = 2L <.
2 2
Thus, ¢, < 0. n

Now, we establish the crucial relationship between minimal energies of § with respect
to different parameters a.

Lemma 3.3. I[f0 < a; < ap and ¥, < 0, then ¥4, < 0 and a3¥q, < a3Vq,.

Proof. Let k > 1 satisfy a, = ka;. Choose {v,} C S(a1) as a minimizing sequence of
Ua,, then §(v,) — ¥4, asn — oo. Setting z, = kv,, we get z, € S(az) and

) K2 _ K2q
Dor = 1) = )+ [ s a0
2q RN
Now, we show that there are C > 0 and n¢ € N such that

/N(Ie * |vp|D)|vp|9dx > C Vn > ny.
R
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By contradiction method, going if necessary to a subsequence, we suppose f]RN (Ig *
[vn]9)|vs|9dx — 0 as n — oo. It follows from

1
Bay + 0n(1) = F(vn) = —— / (Tg * [0nl®)|va|7dx
2q RN

that ¥,, > 0 by letting n — oo, which contradicts with the assumption. Since k2 — k29 < 0,

we have
(k%2 — k29 C

2q

which implies ¥4, < 0 and a30,, < a3d,,. [

2 2
19(12 S K 29al + K ﬁals

We next use Lemma 3.3 to prove the compactness of minimizing sequences.

Lemma 3.4. Assume that V. € L®°(RY). Let {v,} C S(a) be a minimizing sequence of
Ve < 0withv, — vin H'(RY), v,(x) = v(x) a.e. in RN asn — oo, and v # 0. Then,
vy = vin H'RY) asn — oo, v € S(a), and g (v) = V.

Proof. If |v|p := b # a, by Fatou’s lemma and the assumption v # 0, we get b € (0, a).
Set z;, = v, — v and w, = |z,|2, then we may assume w, — w as n — oco. By the Brézis—
Lieb lemma [26], we obtain |v,|3 = |zx|3 + |v]3 + 0a(1), a® = b* + w?, and w, € (0,a)
for sufficiently large n. By Lemma 2.3, we have

[ o s lonllunltax = [ tox aftzattax + [ o il + 0,0,
RN RN RN
Together with Vv, |3 = [Vz,]5 + [Vv|3 + 0,(1), we conclude that

Va +on(1) = F(vn) = $(zn) + () + 0,(1) = ﬁwn + 9 +on(1). (3.5)

If ¥y, < O for all sufficiently large n in (3.5), we obtain from Lemma 3.3 that

2
w
Vg > a—;ﬂa + Uy + 0n(1).

Letting n — oo, we get b2, > a?¥. Then, it follows from ¥, < 0 that 1%, < 0, which
implies a2, > b%¥, and it is impossible. If B%,,, > 0 for some n large enough in (3.5),
which together with ¥, < 0 implies that ¥ < 0. By Lemma 3.3 again, we have

b2
Vg > a_zlaa + P, +on(1),

then w2, > a?dy,, + 0,(1), which is impossible. Hence, |v|, = a and v € S(a). Since
v, =~ vin L2(RY) asn — oo and |v,|> = |v]2 = a, we get v, — vin L2(RY) as n — oco.
By Lemma 2.4, [pn (g * |2,|7)|z4]|9dx — 0 as n — oo, which together with Lemma 2.3
implies that

/RN(IQ * vy |9)|vp|9dx — /RN(IQ * [v|?)|v|[?dx asn — oo. (3.6)
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Since fRN(|VU|2 + V(x)|v|?)dx is continuous and convex in H!(RY), by the weakly
lower semicontinuous, we obtain

liminf/ (|Vun|® + V(x) v, *)dx > / (|Vv[* + V(x)|v]*)dx.
n—oo JrN RN

Noticing
Uy = nlim F(vp) = $(), veS(a),

—00

we get §(v) = 4. Thus, (v,) — $(v) as n — oo, which jointly with (3.6), ensures that
v, = vin H'(RY) as n — oo. n

3.1. The case of (V1)

We assume (V1) holds in this subsection. The periodicity of V is essential to find the
nontrivial minimizer of .

Lemma 3.5. Assume that 9, < 0 for a > 0. Then, any minimizing sequence of ¥, is
bounded and the minimizing sequence {v,} C S(a) of ¥4 can be chosen such that v, — v
in HY(R™) and v, (x) = v(x) a.e. in RN asn — oo with v # 0.

Proof. Let {u,} C S(a) be a minimizing sequence of ¥,, then ¢ (u,) — ¥, as n — oo.
Noticing ¢ € (NT‘W, N+T9+2) and (3.1), we get that |Vu,|, is bounded, from which it
follows that {u,} is bounded in H'(R"). Similar to the proof of Lemma 3.3, there exists
a constant C; > 0 such that

[ o+ bl ftar = € 37)
RN
for sufficiently large n, since ¥, < 0. Additionally, there exist R > 0,0 > O and ¢, € RN

such that
/ [un|?dx > o. (3.8)
BR(ln)

Otherwise, by Lemma 2.5, u, — 0 in L*(R") as n — oo for any ¢ € (2,2*), which
together with Lemma 2.2 implies that

/N(Ie * |up | |uy|?dx — 0 asn — oo
R

which is a contradiction with (3.7). We may choose ¢, € 7N and increase R if necessary in
(3.8). Setting v, (x) = u,(x + t,), we get that {v,,} C S(a) is also a bounded minimizing
sequence of ¥, in view of (V1). Hence, there exists v € H 1(]R{N ) such that v, — v in
HYRY) and v, (x) — v(x) a.e. in RY asn — oo up to a subsequence. By (3.8), we have
S840 |VnI?dx > o, which implies v # 0. n

Proposition 3.6. For each a > 0, there exists a constant § = 6(a) > 0 such that if |V | <
8, then ¥, < 0 and 9, is attained by a positive function.
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Proof. By Lemma 3.2, for any a > 0, there is § = §(a) > 0 such that ¥, < 0 when |V | <
8. By Lemma 3.5, there exists a minimizing sequence {v,} C S(a) of ¥, such that v, — v
in H'(R"Y) and v, (x) = v(x) a.e. in RY as n — oo with v # 0. By Lemma 3.4, v € S(a),
g() = ¥, and v, — vin H'(RY) as n — oo. Applying the Lagrange multiplier rule,
there exists i, € R such that

') + pna®(v) =0 in H-Y(RN), (3.9)

where ® : H'(RY) — R is given by ®(v) = jiRN|v|2dx for v € H'(R"). Following
(3.9), we conclude that (v, i,) is a couple of solution to the following equation:

—Av 4+ (V(X) + pa)v = (Ig * [v|D)[v|?"2v inRV.

Multiplying the above equation by v and integrating, we obtain
/ |Vv|?dx +/ (V(x) + pg)v3dx = / (Ig * [v|?)|v|?dx.
RN RN RN
Since 9, < Oand g € (NTM, N+T9+2), we get
2 _ -1 \[pl?
faa® = =204 + (g * [v[")|v|?dx > 0.
q JRY

which shows that u, > 0.

Next, we will prove that v can be chosen to be positive. Obviously, if v € H'(RY),
then |v| € H'(RY) with |V|v||2 = |Vv|3. Moreover, v € S(a) implies that |v| € S(a).
Then, we get that 9, = (v) = (Jv]). Thus, we can replace v by |v|. By the standard
regularity theory [19], v € C2(R¥). Assume by contradition that there exists x; € RY
such that v(x;) = 0. Since v # 0, there is x, € R¥ such that v(x,) > 0. Then, fix R > 0
large enough such that x;, x, € Br(0). By [11, Theorem 8.20], there exists a constant
C > 0 such that

sup v(z) <C inf wv(z),

z€BR(0) Z€BR(0)
which is impossible, since
sup v(z) >0 and inf wv(z) =0. |
ze€BR(0) z€BR(0)

3.2. The case of (V2)

We assume (V2) holds in this subsection and V' % Vp. Then, there exists a measurable
set 2 C RN with |2| > 0 such that V(x) < Vp(x) for all x € 2. We consider Jp :
H'(RY) - R given by

1 1 1
Idp(v) := —/ |Vv|?dx + —/ Vp (x)|v]?dx — —/ (Ig * [v|?)|v|9dx
2 RN 2 RN 2q RN
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and define
Vg, p = inf V).
a,P ves(a) gP( )

According to Theorem 1.2 (1) there exists a positive function vp € S(a) such that {p (vp) =
U4,p < 0 when |Vp|oo < 8(a), where 6(a) is the existing constant in Theorem 1.2 (1).
Since V(x) < Vp(x) for x € 2 with |2]| > 0, we get that, for |Vp | < §(a),

Vg = ig{)g(v) < dwp) < gp(vp) =,p <O0. (3.10)

In view of Lemma 3.1, £ (v) is bounded from below on S(a) for any a > 0.

Lemma 3.7. For each a > 0, there exists a constant § = §(a) > 0 such that if |Vp |eo < 6,
then any minimizing sequence of U, is bounded and the minimizing sequence {v,} C S(a)
of ¥4 can be chosen such that v, — v in H'(RY) and v, (x) = v(x) a.e. in RN asn — oo
with v # 0.

Proof. 1t follows from g € (NTH, N+T9+2) and (3.1) that any minimizing sequence of ¥,
is bounded in H!(R"). Hence, there exist v € H!(R") and a subsequence of {v,}, still
denoted by itself such that v, — v in H'(RY) and v, (x) — v(x) a.e.in RY as n — oo.
Suppose v = 0, then v, — 0in leoc (RN) as n — oo, which together with the assumption
(1.4) implies that

/ (V(x) — Vp(x))|va)?dx = 0 asn — oco.
RN
Observe that
Vg +0n(1) = $(vn) = Vg,p + %[N(V(x) — Vp(x))|vn|?dx. (3.1D)
R

Letting n — 0o in (3.11), we get ¥, >, p, which contradicts with (3.10). Thus, v#0. =

Proposition 3.8. For each a > 0, there exists a constant § = §(a) > 0 such that if |Vp |eo <
8, then ¥, < 0 and 9, is attained by a positive function.

Proof. By Lemma 3.2, for any a > 0, there is § = §(a) > 0 such that ¥, p < 0 when
|[VPloo < 8. Due to (3.10), ¥, < 0. By Lemma 3.7, there exists a minimizing sequence
{v,} C S(a) of ¥, such that v, — vin H'(RY) and v,(x) — v(x) a.e.inRY asn — oo
with v # 0. By Lemma 3.4, we obtain v € S(a), (v) = ¥, and v, — v in H'(R") as
n — oo. The following arguments are similar to that of Proposition 3.6 and the details are
omitted. ]

3.3. The case of (V3)

We assume (V3) holds in this subsection. The third result is associated with the energy
functional ¢, : H'(RY) — R defined by

1 1 1
Fe(v) := —/ |Vv|?dx + —/ K(ex)|v|?dx — —/ (Ig * [v|?)|v|?dx
2 RN 2 RN 2q RN
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and the minimization problem

Das = inf ge(0)

By Lemma 3.1, §.(v) is bounded from below on S(a) for any a > 0.
Denote by Jo. doo : H'(RY) — R the following functionals:

1 1 1
Jo(v) := —/ |Vv|?dx + —/ Kol|v|?dx — —/ (Ig * [v]|?)|v]|?dx,
2 RN 2 RN 2q RN

1 1 1
Foo(V) := —/ |Vv|?dx + —/ Koo|v[?dx — —/ (Ig * [v|?)|v|?dx.
2 RN 2 RN 2q RN
Define

D40 = inf ,
a,0 velg(a) Jo(v)

Dace 1= inf Fool0).

Applying Theorem 1.2 (1) and (1.5), we get that, for each a > 0, there exists § = §(a) > 0
such that if Ko < 8, then there exist positive functions vy, Vo € S(a) such that $o(vg) =
V4,0 and Joo(Voo) = Dg,00- Moreover, when Ko, < §, we have

Va0 < Pg,00 < 0. (3.12)
Lemma 3.9. We have limsup,_, o+ Va,c < D4q.0.

Proof. Let {x;} C RY satisfy K(xx) — Ko as k — oo. If |xz| — oo as k — oo, then
Ko > Ko, which contradicts with (1.5). Thus, there is xo € RY such that K(xo) = K.
Set ug(x) = vo(x — 22). Then, u.(x) € S(a) and

1

1
Vae < Fe(ue) = > /RNWUO|2dx + 3 /]RN K(ex +xo)|v0|2dx

1
=50 || o xluoDluolas.
Zq RN
Noticing K € L>®(R¥), we have

limsup ¥g,e < lim Fe(ue) = §o(vo) = Va0 n
g0t g0t

Remark 3.10. By Lemma 3.9 and (3.12), there exists a constant ¢* = ¢*(a) > 0 such that

forall e € (0,e%), ¥4 < Ug.00 <0, when Koo < 4.

Lemma 3.11. If Ko < 8, then for all € € (0, &*), any minimizing sequence of U4 ¢ is
uniformly bounded with respect to & in H'(RN) and the minimizing sequence {v, ¢} C
S(a) of ¥a.c can be chosen such that v, ¢ — ve in H'(RN) and v, ¢(x) — ve(x) a.e. in
RN asn — oo with v, # 0, where €* is given in Remark 3.10.
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Proof. Due to Remark 3.10, ¥, < 0, which together with ¢ € (W, N+T9+2) and (3.1),
implies that any minimizing sequence of ¥, is uniformly bounded with respect to ¢ in
H'(RN). Thus, there are v, € H'(R") and a subsequence of {v, }, still denoted by
itself, such that v, ; — v in H'(RY) and v, ¢(x) — ve(x) a.e. in RV as n — oo. By
(V3), for any given ¢ > 0, there is R > 0 such that K(x) > Ko — ¢ for all [x| > R. If
ve = 0, then v, o — 0in LZ(Bg(O)) as n — oo. Noting that

1
e+ 00(1) = Fe(tn) = Fos(0n) + 5 [ (K(EX) = Kool x

> Foo(Vne) + %/

1
(K(ex) — Koo)[vmePdx — o / fom.e 2,
B (0) 27 JBs, 0

&

we obtain ¥, > ¥4,00 — ¢C. Since ¢ > 0 is arbitrary, we get ¥, > ¥4,00, Which con-
tradicts with Remark 3.10. Hence, v, # 0. ]

Proposition 3.12. For each a > 0, there exist constants § = §(a) > 0 and ¢* = £*(a) > 0
such that if Koo < 8, then ¥4, < 0 and ¥4 ¢ is attained by a positive function for all
g€ (0,&%).

Proof. By Lemma 3.2 and Remark 3.10, for any a > 0, there are § = §(a) > 0 and &* =
£*(a) > 0 such that 9, . < O for all ¢ € (0, &*) when Ko, < 6. By Lemma 3.11, there
exists a minimizing sequence {v, .} C S(a) of ¥, ¢ such that v, , — v, in H'®RYN) and
Un.e(X) = ve(x) ae. in RN as n — oo with v, # 0. By Lemma 3.4, we get that v, € S(a),
Fe(ve) = ¥4 and vy ¢ — Ve in H'! (RN) as n — oo. The following arguments are similar
to the proof of Proposition 3.6. ]

3.4. The case of (V4)

We assume (V4) holds in this subsection. For v € H l(]RN ), we choose the equivalent

norm .

2
Ivlly = [/RN (IVo> + AW (x) + 1)|v|2)dx} .
We study the energy functional §; : H'(RY) — R given by
1 2 1 2 1
Fa(v) == |[Vul]dx + = AW (x)|v]"dx — — (Ig * [v|?)|v|?dx
2 RN 2 RN 2q RN
and the minimization problem

Y, 5 ;= inf V),
a ves(a)élx()

where ¢, (v) is bounded from below on S(a) for any a > 0 by Lemma 3.1.
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Lemma 3.13. Forany a > 0, there exists a constant § = §(a) > 0 such that if \|W | <,
then ¥, ) < 0 and

timint [ (T % on 21l = .
n—oo RN
where {v, ;} C S(a) is a minimizing sequence of U, and y = y(a) > 0 is a constant.

Proof. Similar to the proof of Lemma 3.2, we can find § = §(¢) > O and y = y(a) > 0
such that 9, 5 < —% when A|W |5 < 6. Since

1 A
mx+%m=gu%n=—/|wmfm+—/ W) oma 2
2 RN 2 RN

1
=50 [ o+ onatloalva
q JrN

we have |
4
g onz =5 [ o lopalDlualta
q 2q Jrw
which implies that this lemma holds. ]

Lemma 3.14. If A|W | < 8, then any minimizing sequence {v, ;} of U, ; is uniformly
bounded with respect to A in H'(RN), where 8 is defined in Lemma 3.13.

Proof. Due to Lemma 3.13, we have ¥, 3 < 0, which combines with ¢ € (N+9 N+9+2)

and (3.1) ensures that Vv, ;| is uniformly bounded with respect to A. Observe that
{Jxn AW(x)|vp.2]?dx} is also uniformly bounded with respect to A when A|W |o < 8.
Hence, {v, 1} is uniformly bounded with respect to A in H!(R¥). |

Lemma 3.15. There exist R > 0 and A* = A*(a) > 0 such that if A € [A*, +00) and
AW oo < 6, then,

lmw/ (Io * [om A1) [vn.4|7dx <
B%(0)

n—->oo R

=

where {v, ;} C S(a) is a minimizing sequence of 0,4 5 and 8,y are given in Lemma 3.13.
Proof. Similar to [6], for any r > 0, we consider
A(r) == {x e RN 1 x| > r,W(x) = My}, B(r):={x e RN :|x| > r,W(x) < Mo}.

where M is given in (1.6). By Lemma 3.14, there is M > 0 independent of A such that
lvn.2ll3 < M. Thus, we obtain

nald /AWI,,d
AWW*'X—AM_+1 () + Dl s P

/(WWM+@Wm+m%umx

= g2
= My + 1A =

_/\M()-i-l
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By the Holder inequality, we have

1

V4
/ [un,2?dx < (/ |vn,g|2pdx) (/ dx)p
B(r) B(r) B(r)

1
7

1
< (/ Ivn,AIZde)p(/ dx)p
RN B(r)

1 1
7 7

< ClluaalIf1B()|? < CM|B(r)]|7,

3~

where p € (1, %) with % + % = 1. By Lemma 2.4, we get

/ (Ig * o2l lom ] 9dx
B (0)

< c( / Ian,AIZdX) ( / |vn,x|2dx)
B£(0) B;7 (0)
Ng—N—96
= C”Un,)L”] E (/ |Un,)t|2dx +/ |Un,)k|2dx)
A(r) B(r)

N+9—q(N—2)
2
=< C(/ |vn,/1|2dx +/ |vn,/\|2dx)
A(r) B(r)

1 N+6—g(N—-2)
1 2

<c(——— +1B()|”

= (AM0+1+| (7

The first term on the right-hand side of the above inequality can be arbitrarily small for A
large enough. The second term on the right-hand side of the above inequality can be also
arbitrarily small if r is large enough, since |B(r)| — 0 as r — oo. ]

Ng—N—9 N+6—qg(N—2)
2

N+0—q(N-2)
2

Lemma 3.16. Forall A € [A*, 400) and A|W |« < 8, the minimizing sequence {v, } C
S(a) of V4,5 can be chosen such that v, 5 — vy in H'RYN) and Uy A (X) = v3(x) ae.
in RY as n — oo with v, # 0, where A* and § are given in Lemmas 3.15 and 3.13,

respectively.

Proof. By Lemma 3.14, there is v; € H'(R") such that Up,p — V3 in H'RN)yasn —
oo along a subsequence. Assume by contradiction that vy = 0. Note that v, 3 — 0 in
L?(BRr(0)) as n — oo for R > 0 given in Lemma 3.15, it follows from Lemmas 2.4, 3.13,

and 3.15 that

y < lim inf/ (I * vy A |D)|vp,2]9dx = liminf (Ig * [vg A |D)|vp 2 ]9dx
n—o0 JRN B§(0)

n—oo

n—00

< lim sup / (T * Jom 2 [vn s l7dx < L.
B4,(0) 2

which is impossible. Thus, v; # 0. [
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Lemma 3.17. Let {v, »} C S(a) be a minimizing sequence of ¥4 5 < 0 with v, 5 — v,
in H'(RN), Upa(x) = va(x) ae in RY asn — oo, and vy, # 0. Then, Upp — Uy in
H'RN)asn — oo, vy, € S(a) and (vy) = Va1

The proof of Lemma 3.17 is similar to that of Lemma 3.4 and so is omitted.

Proposition 3.18. For each a > 0, there exist constants § = §(a) > 0and A\* = A*(a) > 0
such that if A € [A*, 400) and A|W | oo < 8, then ¥,,) < 0 and ), is attained by a positive
function.

Proof. By Lemma 3.13, for any a > 0, there is § = §(a) > 0 such that ¥, ; < 0 when
AW o < 6.By Lemmas 3.14, 3.15, and 3.16, there exists a minimizing sequence {v, } C
S(a) of ¥4 5 such that v, , — v, in H'(RYN), Up,a(x) = vy(x) ae. in RY asn — o0
with v; # 0. By Lemma 3.17, we have vy € S(a), #a1(vy) = U412 and v, 2 — vy in
H'(RM) as n — oo. The following proof is similar to that of Proposition 3.6. ]

4. Proof of Theorem 1.3

In this section, we set V4 := —i V + A and assume that the magnetic potential 4 : RY —
R¥ is continuous with A € L>®°(RY,R¥). We consider the Hilbert space H j RN, C)
with the inner product

(u,v) 1= E}%e(/ (VauVav + uﬁ)dx)
RN

and the norm
ol = [ (940 +oPa
RN
Lemma 4.1 ([16] Diamagnetic inequality). Ifv € H}(RY,C), then |v| € H'(RY) and
IVv](x)] < |Vav(x)] V¥x e RV,

As a consequence of Lemma 4.1, the embeddings H/i (RN ,C) — LP?(RY,C) is con-
tinuous for p € [2,2*] and H}(RY,C) — LP (RN, C) is compact for p € [2,2%).

loc

Define the energy functional g4 : H}(RY,C) — R by

1 1 1
ga0yi=5 [ Valars 5 [ veowPar- oo [ e i,
2 RN 2 RN 2q RN
and define the minimization problem

V4.4 ;= inf ,
a,A egl @ gA (U)

v

where
Sa(a) := {v e H{R"Y,C): v, = a}.
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By Lemmas 4.1 and 2.4, we have

Cyo an+9—q(N—2) Ng—N—9

1 2 ,0, 2 2
4A(v)zEAN|V|v|| dx - (/RNIVIUII @) T . @

Since g € (M2, N£0+2) we infer that Ng — N — 6 < 2 and g4 is bounded from below
on S4(a) for any a > 0.

Lemma 4.2. Assume that V€ L®°(RN). For each a > 0, there exists a constant § =
8(a) > 0 such that if |V |so < 8 and A% < 8, then 94 4 < 0, where 4 is given by (1.8).

Proof. Forany a > 0, we choose wg € Sq(a). Let s € R and set F(wy,s)(x) = e’ el A0)x

wo(e’x) for x € RY . By direct computations, we have
/ |F(wo. 5)(x)|*dx = a?, 4.2)
RN
/ |V4F(wo,s)?dx = eZS/ |Vwe|2dx + / |A(0) — A(e™x)|?|wo|?dx, (4.3)
RN RN RN
[ o < 1F 0. )N o, )01 = X504 [ (1 s o) 1a.
RN RN
4.4)
Combining (4.2), (4.3) with (4.4), we obtain
Fa(F(wo.s))

25 1
<< / Vo 2dx + & / A®0) — Ae™x)Plwo *dx
2 ]RN 2 ]RN

|V|ooa2
+
2

e2s
< —/ |Vwe|2dx +
2 Jry

Nsq—Ns—s6
[ o ol ax
2(] RN

(,A)z—l—IVloo)aZ qu Ns—s6
2

/ (Ip * |wo|®)]woldx.

Since g € (NTJFQ, N+T9+2), there exists a constant s, < 0 such that

o252 e(Nq N—0)s2
Foi= S5 [ IVwnlPax = S [l ¢ ol ol <0,
2 JrN 2q RN
Fix § := _2?22 f V] < 8 and A2 < 8, then
N7 ¥
Fa(F(wo,52)) < Fy, = =2 = 5> <0,

which implies ¥, 4 < 0. m
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Similar to Lemmas 3.3-3.4, we can also establish the relationship between mini-
mal energies of §4 with respect to different parameters a, and prove the compactness
of minimizing sequences of ¥, 4. The periodicity assumption of A in Theorem 1.3 (1)
and Theorem 1.3 (2) is used to find the nontrivial normalized solution for equation (1.7).
When V satisfies (V1) or (V2), the discussion for equation (1.7) is similar to that of equa-
tion (1.1), so we omit the details.

Now, let us assume that V' satisfies (V3). The associated energy functional is J4.¢ :
HJ(RN, C) — R given by

1 1 1
Fue(v) = / Vs enyolPdx + / K(ex)[v]Pdx — —— / (T * || [v]9dx
2 RN 2 RN 2q RN

and we define
ﬁa,A,s = inf; )&’A,s(v)-

veSy(a

In addition, we assume that there exists 2o, € R¥ such that

lim |&7(ex) — | = 0. 4.5)

|x]—>00

Denote by $4,0, $4,00 : Hj (RN, C) — R the following functionals:

1 1 1

Jao0)i= 5 [ VaonPar+3 [ KoloPax— o [ty s pmpopras,
2 RN 2 RN 2q RN
1 1 1

Iaoe)i=5 [ WaroPax 3 [ KloPar—5- [ (axlol)loar

’ 2 RN 2 RN 26] RN
and define

v, ;= inf , 0 = inf .
a,A,0 vegfq(a) gA,O(U) a,A,00 velég(a) gA,oo(U)

Due to Theorem 1.3 (1), for each a > 0, there exists § = §(a) > 0 such that if K, <
8 and A% < §, then there exist V4,0, V4,00 € Sa(a) such that $4.0(v4,0) = %440 and

é”A,oo(vA,oo) = 19a,A,oo-
The following result plays a key role in the proof of Theorem 1.3 (3).

Lemma 4.3. There holds ¥4,4,0 = V4,0 and ¥4,4,00 = Va,00-

Proof. We prove 94,40 = U4,0. By Lemma 4.1, we get ¥4, 4,0 = U4,0. Consider 0o (x) =
et Oxy0(x) for x € RN, where vy € S(a) is defined in Section 3.3 satisfying Jo(vo) =
Uq,0. By direct computations, we get U9 € S4(a) and

Ua,4,0 < $4,0(00) = Fo(vo) = Va0.
Similarly, ¥4, 4,00 = Va,00- [ ]

Remark 4.4. It follows from Lemmas 4.2, 4.3 and (3.12) that ¥4 4,0 < ¥4.4,00 < 0 when
Koo < & and A% < 6.
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Lemma 4.5. The following holds: imsup,_, o+ ¥4,4,6 < ¥4,4,0-

Proof. Similar to the proof of Lemma 3.9, there is xo € RV satisfying K(x¢) = Kp.
Define u,(x) = e'“0) ¥y, (x — 22), where v € S(a) is defined in Subsection 3.3. Then,
Ug(x) € Sq(a) and

ﬁa,A,e =< gA,s (“s)

1 1 1
= _/ |V;z¢(sx)u£|2dx + _/ K(Ex)|ue|2dx - / ({g * |M8|q)|u£|qu
2 RN 2 RN 2q RN

1

1
= —/ |Vvol?dx + —/ |7 (x0) — o7 (ex + x0)|?|vo|?dx
2 JrN 2 JrN

1 1
45 [ Keex +xololax = 5 [ o ool lvoltar.
2 RN 2q RN
Letting ¢ — 0" and by Lemma 4.3, we have

lim sup ﬁa,A,e < lim gA’g(ug) = 5(0(1)0) = l’a,() = ﬂa,A,O- [ ]
e—>0t e—>0%

Remark 4.6. By Lemma 4.5 and Remark 4.4, there exists a constant £* = £*(a) > 0 such
that ¥, 4, < ¥4,4,00 < Oforall e € (0,&*), when Ko, < § and A% < 8.

Lemma 4.7. If Koo < § and A% < §, then for all € € (0, €*), any minimizing sequence of
Ua,4,¢ is uniformly bounded with respect to € in H /} (RN, C) and the minimizing sequence
{Vn,a,e} C Sal(a) of ¥4, 4,c can be chosen such that its weak limit vy ¢ is nontrivial, where
&* is given in Remark 4.6.

Proof. Inview of g € (NTJFG, N+T9+2) and Remark 4.6, we get that any minimizing sequence
of 94,4, is uniformly bounded by (4.1). Suppose by contradiction that v4,, = 0. By
Lemma 4.1 and (4.5), we obtain

Dt + 0n(1) = FasCtnne) = Foollon ) + [ (K(ex) = Koo)lonad

Similar to the proof of Lemma 3.11 and applying Lemma 4.3, we have ¥4, 4. > ¥4, 4,00,
which contradicts Remark 4.6. ]

Finally, we assume V satisfies (V4) and study the energy functional
1 1 1
Fa () = —/ |Vav[2dx + —/ AW(x)|v|?dx — —/ (Ig * [v]T)|v|9dx
’ 2 JrN 2 JrN 2q JrN
and the minimization problem
s = inf v).
aasr = inf Fa.(v)

By Lemmas 3.1 and 4.1, 4, (v) is bounded from below on S4(a) for any a > 0. As the
proof of Lemma 4.2, we have the following lemma.
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Lemma 4.8. For each a > 0, there exists a constant § = §(a) > 0 such that if \|W oo < §
and A? < §, then Ua,4,0 <O.

Furthermore, we can find A* = A*(a) > 0 such that for all A € [A*, 4+00), any min-
imizing sequence of ¥, 4, is bounded uniformly in A with nontrivial weak limit and
¥4.4. can be attained, when A|W|oo < § and A% < §. Similar to the proof in Section 3,
we can complete the proof of Theorem 1.3 by combining Lemmas 4.7 and 4.8.
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