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Spherical Heinz transform of operator tuples

Hranislav Stanković

Abstract. In this paper, we introduce the concept of the spherical Heinz transform for operator
tuples, thereby extending the notion of the generalized mean transform in one-dimensional case
to a multivariable operator setting. We study some of its properties and prove several inequalities
involving the joint numerical radius and the joint operator norm of the spherical Aluthge and Heinz
transforms. Moreover, several generalizations and refinements of some fundamental inequalities are
also obtained.

1. Introduction

Let H denote a complex Hilbert space, and let B.H / be the algebra of bounded linear
operators on H . An operator T is said to be normal if T �T D T T �, quasinormal if T
commutes with T �T , i.e., T T �T D T �T 2, subnormal if T D N jH , where N is normal
and N.H / � H , and hyponormal if T �T � T T �. It is well known that

normal ) quasinormal ) subnormal ) hyponormal:

The previous notions have been also transferred to a multivariable operator theory set-
ting. First, for T D .T1; : : : ; Td / 2 B.H /d , by T� we denote the operator d -tuple T� D
.T �1 ; : : : ; T

�
d
/ 2 B.H /d . For operators S; T 2 B.H /, set ŒS; T � WD ST � TS . We say

that a d -tuple T D .T1; : : : ; Td / of operators on H is (jointly) hyponormal if the operator
matrix

ŒT�;T� WD

266664
ŒT �1 ; T1� ŒT �2 ; T1� � � � ŒT �

d
; T1�

ŒT �1 ; T2� ŒT �2 ; T2� � � � ŒT �
d
; T2�

:::
:::

: : :
:::

ŒT �1 ; Td � ŒT �2 ; Td � � � � ŒT �
d
; Td �

377775
is positive on the direct sum of n copies of H (cf. [3, 16, 19]). The n-tuple T is said to be
normal if T is commuting and each Ti is normal, and subnormal if T is the restriction of
a normal n-tuple to a common invariant subspace. For i; j; k 2 ¹1; 2; : : : ; nº, T is called
matricially quasinormal if each Ti commutes with each T �j Tk , T is (jointly) quasinormal
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if each Ti commutes with each T �j Tj , and spherically quasinormal if each Ti commutes
with

Pn
jD1 T

�
j Tj (see [28]). As shown in [4, 28], we have

normal )matricially quasinormal ) (jointly) quasinormal

) spherically quasinormal ) subnormal:

Let d 2 N. For T1; : : : ; Td 2 B.H /, consider a d -tuple T D

 
T1
:::
Td

!
as an operator

from H into H ˚ � � � ˚H , that is,

T D

0B@T1:::
Td

1CA W H !

H

˚

:::

˚

H

:

We define (canonical) spherical polar decomposition of T (cf. [21, 22, 32]) as

T D

0B@T1:::
Td

1CA D
0B@V1:::
Vd

1CAP D
0B@V1P:::
VdP

1CA D VP;

where P D
p
T �1 T1 C � � � C T

�
d
Td is a positive operator on H , and

V D

0B@V1:::
Vd

1CA W H !

H

˚

:::

˚

H

is a spherical partial isometry from H into H ˚ � � � ˚H . In other words, V �1 V1 C � � � C
V �
d
Vd is the (orthogonal) projection onto the initial space of the partial isometry V which

is

N .T/? D

 
d\
iD1

N .Ti /

!?
D N .P /? D

 
d\
iD1

N .Vi /

!?
:

Using the spherical polar decomposition, we have the following useful characteriza-
tions of spherically quasinormal tuples.

Theorem 1.1 ([23, Lemma 2.1]). Let TDVP D .V1P; : : : ; VdP / 2B.H /d be the polar
decomposition of a d -tuple T. Then, T is spherically quasinormal if and only if ViP D
PVi , i D 1; : : : ; d .
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Theorem 1.2. Let TD .T1; : : : ; Td / 2B.H /d be a d -tuple of commuting operators. The
following conditions are equivalent:

(i) T is spherically quasinormal;

(ii) PV D VP , where

V D

0B@V1 0 � � � 0
:::

:::
:::

Vd 0 � � � 0

1CA
and

P D

0B@P :: :

P

1CA :
Proof. The proof follows from Theorem 1.1 and direct computation.

For an account on various related notions of quasinormality in several variables, one
may refer to [18, 41, 42].

Operator d -tuple T 2 B.H /d is said to be Taylor invertible if its associated Koszul
complex K.T;H / is exact. For d D 2, the Koszul complex K.T;H / associated to T D
.T1; T2/ on H is given by

K.T;H / W 0! H
T
�! H ˚H

.�T2 T1/
������! H ! 0;

where T D
�
T1
T2

�
.

The Taylor spectrum of a commuting d -tuple T D .T1; : : : ; Td / 2 B.H /d is denoted
by �T .T/ and it is defined as

�T .T/ D
®
.�1; : : : ; �d / 2 Cd

WK..T1 � �1; : : : ; Td � �d /;H / is not exact
¯
:

Recall that �T .T/ is a nonempty compact subset of Cd : The joint spectral radius of T is
defined by

r.T/ D max¹k�k2; � D .�1; : : : ; �d / 2 �T .T/º;

where k � k2 denotes the Euclidean norm on Cd : For more information on the Taylor
invertibility and Koszul complexes, we refer the reader to [33, 44, 45].

The spherical norm (or simply, norm) of T D .T1; : : : ; Td / 2 B.H /d is given by

kTk WD sup

´ 
dX
kD1

kTkxk
2

! 1
2

W x 2 H ; kxk D 1

µ
;

while the Euclidean norm is defined as

kTke WD sup
.�1;:::;�d /2Bd

k�1T1 C � � � C �dTdk;
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where Bd denotes the open unit ball of Cd with respect to the Euclidean norm k � k2:
As shown recently, it turns out that kTk and kTke are always equivalent on B.H /d (see
[38, Theorem 1.18] and [25, Proposition 2.1]):

1
p
d
kTk � kTke � kTk; T 2 B.H /d :

For T D .T1; : : : ; Td / 2 B.H /d , we define the joint (or spherical) numerical radius
of T as

!.T/ D sup

´ 
dX
kD1

jhTkx; xij
2

! 1
2

W x 2 H ; kxk D 1

µ
:

For more details, see [15]. It was shown in [38, Proof of Theorem 1.19] that !.T/ coin-
cides with the Euclidean numerical radius !e.T/ given by

!e.T/ WD sup
.�1;:::;�d /2Bd

!.�1T1 C � � � C �dTd /:

If T D .T1; : : : ; Td / 2 B.H /d is a commuting d -tuple, then it was shown in [5, Theorem
2.2] and [6, Theorem 2.4] that

r.T/ � max
²

1

2
p
d
kTk; r.T/

³
� !.T/ � kTke � kTk: (1.1)

Next, recall the definition of the 2-variable weighted shifts. Let ZC denote the set
of all non-negative integers. Consider double-indexed non-negative bounded sequences
˛k; ˇk 2 l

1.Z2C/, where k D .k1; k2/ 2 Z2C, and let l2.Z2C/ be the Hilbert space of
square-summable complex sequences indexed by Z2C. We define the 2-variable weighted
shift W.˛;ˇ/ D .T1; T2/ by

T1e.k1;k2/ D ˛.k1;k2/e.k1C1;k2/

and
T2e.k1;k2/ D ˇ.k1;k2/e.k1;k2C1/:

For all .k1; k2/ 2 Z2C, it is easy to see that

T1T2 D T2T1” ˇ.k1C1;k2/˛.k1;k2/ D ˛.k1;k2C1/ˇ.k1;k2/:

For the basic properties of the 2-variable weighted shift W.˛;ˇ/, we refer the reader to
[17, 20].

The Aluthge transform zT of operator T D U jT j 2 B.H / is zT D jT j1=2U jT j1=2, the
Duggal transform TD of T is TD D jT jU , and the mean transform yT of T is

yT D
1

2
.U jT j C jT jU/ D

1

2
.T C TD/:
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Let t 2 Œ0; 1�. The generalized Aluthge transform of T is defined as zT .t/ D jT jtU jT j1�t .
Obviously, zT .0/D T , zT .1/D TD , and yT D 1

2
. zT .0/C zT .1//. The authors in [7] recently

introduced the generalized mean transform of T as

yT .t/ D
1

2
. zT .t/C zT .1 � t //:

For more details on the Aluthge and Duggal transform, see, for instance, [2, 14, 30]. In
recent years, the mean transform also attracted considerable attention (see [10, 11, 35]).

In a multivariable case, for T D VP D .V1P; : : : ; VdP / 2 B.H /d , the following
analogous concepts are introduced:

• spherical Aluthge transform:

zT D .zT1; : : : ; zTd / D .P
1
2V1P

1
2 ; : : : ; P

1
2VdP

1
2 /I

• spherical Duggal transform:

TD D .TD1 ; : : : ;T
D
d / D .PV1; : : : ; P Vd /I

• spherical mean transform:
yT D

1

2
.TC TD/:

Recently, the authors in [8] introduced the generalized spherical Aluthge transform as

zT.t/ D .zT1.t/; : : : ; zTd .t// D .P tV1P 1�t ; : : : ; P tVdP 1�t /;

where t 2 Œ0; 1�.
For more details on the mentioned concepts, we refer the reader to [21, 22, 26, 32,

43]. Naturally, we extend the notion of the generalized mean transform to a multivariable
setting as well.

Definition 1.1. Let T D VP D .V1P; : : : ; VdP / 2 B.H /d be the canonical spherical
polar decomposition of a d -tuple T, and let t 2 Œ0; 1�. The spherical Heinz transform (or
generalized spherical mean transform) of T is defined as

yT.t/ D
1

2
.zT.t/C zT.1 � t //: (1.2)

In other words, yT.t/ D .yT1.t/; : : : ; yTd .t//, where

yTi .t/ D
1

2

�
P tViP

1�t
C P 1�tViP

t
�
; i 2 ¹1; : : : ; dº:

Obviously, yT.t/ D yT.1 � t /, yT.0/ D yT.1/ D yT, and yT.1
2
/ D zT.

Remark 1.1. Let i 2 ¹1; : : : ; dº. Observe that yTi .t/ in the previous definition is not the
generalized mean transform of Ti , as Ti D ViP is not the standard polar decomposition
of Ti .
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Remark 1.2. The motivation for the name “spherical Heinz transform” follows from the
fact that the Heinz means for operators A;B 2 B.H / are defined by

H.A;B/ D
A˛B1�˛ C A1�˛B˛

2
;

where 0 � ˛ � 1 and A;B � 0 (see [31]).

In the paper, for brevity, we will use the following notation: for an operator d -tuple
T D .T1; : : : ; Td /, and A;B 2 B.H /, ATB means

ATB D .AT1B; : : : ; ATdB/:

Also, for two operator d -tuples A D .A1; : : : ; Ad / and B D .B1; : : : ; Bd /, we write

AB D .A1B1; : : : ; AdBd /:

Finally, 0 and I stand for operator tuples (of the appropriate dimension) .0; : : : ; 0/ and
.I; : : : ; I /, respectively.

The paper is organized as follows. In Section 2, we give some properties of the spher-
ical Heinz transform, which presents the basis for the further study on the topic. In Section
3, we describe how 2-variable weighted shifts behave under the transform. Finally, in Sec-
tion 4, we give several norm and numerical radius inequalities related to the spherical
Aluthge and Heinz transforms. We also generalize the known results in one-dimensional
case to a multivariable operator theory setting.

2. General properties

In this section, we derive some general properties of the spherical Heinz transform. In
many theorems, the case t D 0 (and t D 1) is excluded as it is already considered in [43].

We start with the following characterizations of injective spherically quasinormal
tuples.

Theorem 2.1. Let TD .T1; : : : ; Td / 2B.H /d be a d -tuple of commuting operators such
that N .T/ D ¹0º, and let t 2 .0; 1/ n ¹1

2
º. The following conditions are equivalent:

(i) T is spherically quasinormal;

(ii) yT.t/ D zT.t/;
(iii) zT.t/ D zT.1 � t /.

Proof. (i))(ii): let i 2 ¹1; : : : ; dº be arbitrary. By Theorem 1.1, ViP D PVi , and so,
ViP

˛ D P ˛Vi for all ˛ > 0. Therefore,

yTi .t/ D
1

2

�
P tViP

1�t
C P 1�tViP

t
�
D P tViP

1�t
D zTi .t/:

Hence, yT.t/ D zT.t/.
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(ii))(i): without loss of generality, we may assume that 0 < t < 1
2

. Let i 2 ¹1; : : : ; dº
be arbitrary. From yT.t/ D zT.t/, it follows that yTi .t/ D zTi .t/, i.e.,

P tViP
1�t
C P 1�tViP

t
D 2P tViP

1�t :

From here,
P tP 1�2tViP

t
D P tViP

1�2tP t : (2.1)

Since N .T/ D ¹0º, it follows that N .P t / D N .P / D ¹0º. Thus, P t is one-to-one and
has dense range. Equality (2.1) now yields

P 1�2tVi D ViP
1�2t ;

and so, PVi D ViP . Theorem 1.1 implies that T is spherically quasinormal.
(ii),(iii): this is obviously true in general for any T 2 B.H /d .

Theorem 2.2. Let TD .T1; : : : ; Td / 2B.H /d be a d -tuple of commuting operators such
that N .T/ D ¹0º. The following conditions are equivalent:

(i) T is spherically quasinormal;

(ii) there exist t; s 2 Œ0; 1�, t ¤ s, such that zT.t/ D zT.s/.

Proof. (i))(ii): if T is spherically quasinormal, then Theorem 1.1 implies that zT.t/ D T
for all t 2 Œ0; 1�.

(ii))(i): let i 2 ¹1; : : : ; dº be arbitrary. Without loss of generality, we may assume
that t < s. From zT.t/ D zT.s/, we have

P tViP
1�t
D P sViP

1�s;

i.e.,
P tViP

s�tP 1�s D P tP s�tViP
1�s :

Since N .P ˛/ D N .T/ D ¹0º for any ˛ 2 Œ0; 1�, it follows that ViP s�t D P s�tVi . Since
s � t > 0, we have that ViP D PVi , and thus, Theorem 1.1 yields that T is spherically
quasinormal.

Our next results explore the equality of kernels of the original operator tuple and its
spherical Heinz and Duggal transforms.

Theorem 2.3. Let TD VP D .V1P; : : : ; VdP / 2B.H /d be a d -tuple of operators such
that N .V/ � N .V�/, and let t 2 .0; 1/. Then,

N .yT.t// D N .T/:

Proof. Let x 2N .T/. Since N .T/DN .P /DN .P ˛/DN .V/ (where ˛ > 0), we have
that P ˛x D Vix D 0 for all ˛ > 0 and all i 2 ¹1; : : : ; dº. Thus,

yTi .t/x D
1

2

�
P tViP

1�tx C P 1�tViP
tx
�
D 0; i D 1; : : : ; d:

Hence, x 2
Td
iD1 N .yTi .t// D N .yT.t//, and so, N .T/ � N .yT.t//.
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Conversely, assume that x 2N .yT.t//, and let i 2 ¹1; : : : ; dº be arbitrary. Without loss
of generality, we may assume that t 2 .0; 1

2
�. First, consider the case when t ¤ 1

2
. We have

that

0 D yTi .t/ x

D
1

2

�
P tViP

1�t
C P 1�tViP

t
�
x

D
1

2
P t
�
ViP

1�2t
C P 1�2tVi

�
P tx

D
1

2
P t
�
ViP

1�2t
C P 1�2tVi

�
y;

where y D P tx. Since

N .P t / D N .P / D N .V/ � N .V�/ � N .V �i /; (2.2)

it follows that
V �i ViP

1�2ty C V �i P
1�2tViy D 0:

Summing over i 2 ¹1; : : : ; dº, and using the fact that
Pd
iD1 V

�
i Vi is the orthogonal pro-

jection onto R.P / D R.P 1�2t /, we have

P 1�2ty C

dX
iD1

V �i P
1�2tViy D 0:

Thus,

hP 1�2ty; yi C

dX
iD1

hP 1�2tViy; Viyi D 0:

Since operator P is positive, it follows that y 2 N .P
1�2t
2 / D N .P 1�t /, and so,

Px D P 1�ty D 0:

Therefore, x 2 N .P / D N .T/, and thus,

N .yT.t// � N .T/:

The case t D 1
2

can be proved in a similar manner.

Directly from the previous theorem, we have the following corollary.

Corollary 2.4. Let TD VP D .V1P; : : : ; VdP / 2B.H /d be a d -tuple of operators, and
let t 2 .0; 1/. The following conditions are equivalent:

(i) T D 0;

(ii) yT.t/ D 0 and N .V/ � N .V�/.
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Theorem 2.5. Let TD VP D .V1P; : : : ; VdP / 2B.H /d be a d -tuple of operators such
that N .V/ � N .V�/. If yT.t/ D zT.t/ for some t 2 .0; 1/ n ¹1

2
º, then

N .T/ D N .TD/:

Proof. Since yT.t/ D zT.t/, we have that (2.1) holds, i.e.,

P t .P 1�2tVi � ViP
1�2t /P t D 0:

By (2.2), we have that

.V �i P
1�2tVi � V

�
i ViP

1�2t /P t D 0; i D 1; : : : ; d;

and so,  
dX
iD1

V �i P
1�2tVi � P

1�2t

!
P t D 0:

Thus,

P 1�2t D

dX
iD1

V �i P
1�2tVi (2.3)

on R.P /. Obviously, (2.3) also holds on N .P /, and so, it is true on whole

H D R.P /˚N .P /:

Therefore,

N .T/ D N .P / D N .P 1�2t /

D N

 
dX
iD1

V �i P
1�2tVi

!

D N

 
dX
iD1

.P
1�2t
2 Vi /

�P
1�2t
2 Vi

!

D

d\
iD1

N .P
1�2t
2 Vi / D

d\
iD1

N .PVi /

D N .TD/:

The following theorem, similar in spirit to Corollary 2.4, is a generalization of [43,
Theorem 2.4] to an arbitrary d -tuple of operators, and also to any t 2 Œ0; 1�. Note that
the case t D 0 (and t D 1) proved in the mentioned theorem actually does not require the
hyponormality condition imposed for t 2 .0; 1/.
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Theorem 2.6. Let TD VP D .V1P; : : : ; VdP / 2B.H /d be a d -tuple of operators, and
let t 2 .0; 1/. The following conditions are equivalent:

(i) T D I;

(ii) yT.t/D I, Vi are hyponormal, i 2 ¹1; : : : ;dº, and ViV �j D V
�
j Vi D

1
d
I for i ¤ j ,

i; j 2 ¹1; : : : ; dº;

(iii) yT.t/ D I,
Pd
iD1 Vi is hyponormal and

P
i¤j V

�
i Vj D .d � 1/I .

Proof. (i))(ii): if TD I, then, obviously, P D
p
dI and Vi D 1p

d
I for all i 2 ¹1; : : : ; dº.

This immediately yields (ii).
(ii))(iii): since V1 and V2 are hyponormal and V1 commutes with V �2 , it is easy

to see that V1 C V2 must also be hyponormal. Thus, V3 and V1 C V2 are hyponormal
and V3 commutes with .V1 C V2/�, which implies that V1 C V2 C V3 is hyponormal. By
continuing this process, we conclude that

Pd
iD1 Vi is hyponormal. Also,X

i¤j

V �i Vj D d.d � 1/ �
1

d
I D .d � 1/I:

(iii))(i): now, assume that (iii) holds, and without loss of generality, we may also
assume that t 2 .0; 1

2
�. For each i 2 ¹1; : : : ; dº, yT.t/ D I implies that

P tViP
1�t
C P 1�tViP

t
D 2I; (2.4)

i.e.,
P t .ViP

1�2t
C P 1�2tVi /P

t
D 2I:

From here, it follows that P t is invertible, and so,

ViP
1�2t
C P 1�2tVi D 2P

�2t :

By multiplying from the left-hand side by V �i and summing over all i 2 ¹1; : : : ; dº, we
obtain

P 1�2t C

dX
iD1

V �i P
1�2tVi D 2

 
dX
iD1

V �i

!
P�2t : (2.5)

It follows that

P�2t

 
dX
iD1

Vi

!
D

 
dX
iD1

V �i

!
P�2t � 0; (2.6)

and so,

P�2t

 
dX
iD1

Vi

!
P 2t D

 
dX
iD1

Vi

!�
: (2.7)

Since operator P 2t is positive and invertible, we have that 0 … W.P 2t /, where W.P 2t /

denotes the numerical range of P 2t . Using [46, Theorem 1] (also cf. [40]), we conclude
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that
Pd
iD1 Vi is self-adjoint. Now, (2.7) implies that

Pd
iD1 Vi commutes with P 2t , and

so, it also commutes with P ˛ for any ˛ > 0. Inequality (2.6) now yields

P�t

 
dX
iD1

Vi

!
P�t � 0;

and by multiplying from both sides by P t , we get that
Pd
iD1 Vi is positive. Also, observe

that since
Pd
iD1 V

�
i Vi is an orthogonal projection onto R.P / D H , we have that

dX
iD1

V �i Vi D I;

and so,  
dX
iD1

Vi

!2
D

 
dX
iD1

V �i

! 
dX
iD1

Vi

!

D

dX
iD1

V �i Vi C
X
i¤j

V �i Vj

D I C .d � 1/I

D dI:

From the uniqueness of a positive square root, it follows that
Pd
iD1 Vi D

p
dI . Now,

summing over i 2 ¹1; : : : ; dº in (2.4), we get

2
p
dP D 2dI;

and thus, P D
p
dI . Furthermore, for each i 2 ¹1; : : : ; dº, equation (2.4) now implies

that 2
p
dVi D 2I , and so,

Vi D
1
p
d
I; i 2 ¹1; : : : ; dº:

Finally, we conclude that T D I.

Remark 2.1. Observe that the condition (iii) of the previous theorem can also be replaced
with the following one:

(iii0) yT.t/ D I,
Pd
iD1 Vi is hyponormal andˇ̌̌̌

ˇ dX
iD1

Vi

ˇ̌̌̌
ˇ
1�2t

� P 1�2t �

dX
iD1

V �i P
1�2tVi : (2.8)
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Indeed, as in the proof of (iii))(i), we may conclude that
Pd
iD1 Vi is positive and com-

mutes with P . Therefore, (2.8) implies that
Pd
iD1 Vi � P . From (2.5) and (2.8), we then

have

2P 1�2t D 2P�tPP�t

� 2P�t

 
dX
iD1

Vi

!
P�t

D 2

 
dX
iD1

Vi

!
P�2t

D P 1�2t C

dX
iD1

V �i P
1�2tVi

� 2P 1�2t :

Thus, .
Pd
iD1 Vi /P

�2t D P 1�2t , and so,
Pd
iD1 Vi D P . Summing over i 2 ¹1; : : : ; dº

in (2.4), we get
2P 2 D 2dI;

and thus, P D
p
dI . We now deduce that T D I in the same way as in Theorem 2.6. This

proves (iii0))(i). Implication (i))(iii0) follows from the fact that, under the assumption
that T D I, the inequalities in (2.8) are actually equalities.

Let us now introduce the following notation: for T D .T1; : : : ; Tm/ 2 B.H /m and
S D .S1; : : : ; Sn/ 2 B.H /n, we write

T ı S WD .T1S1; : : : ; T1Sn; : : : ; TmS1; : : : ; TmSn/:

Theorem 2.7. Let T D VP D .V1P; : : : ; VdP / 2 B.H /d be a d -tuple of operators and
let t 2 .0; 1�. The following conditions are equivalent:

(i) yT.t/ D 1
2
zT.1 � t /;

(ii) zT.t/ D 0;

(iii) T ı T D 0;

(iv) V ı V D 0.

Proof. (i),(ii): this is obvious.
(ii))(iii): assume that zT.t/D 0. Then, for all j 2 ¹1; : : : ; dº, we have P tVjP 1�t D 0.

Therefore,

TiTj D ViPVjP D ViP
1�tP tVjP

1�tP t D 0

for all i; j 2 ¹1; : : : ; dº. This implies that T ı T D 0.
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(iii))(ii): now, assume that T ı T D 0, and let i; j 2 ¹1; : : : ; dº be arbitrary. Then,

ViPVjP D TiTj D 0:

By multiplying on the left-hand side by V �i and summing over i 2 ¹1; : : : ; dº, we have
that PVjP D 0. Thus, PVj D 0 on R.P /, and obviously, PVj D 0 on N .P /. Thus,
PVj D 0, and using the fact that N .P / D N .P t /, we immediately get that

P tVjP
1�t
D 0

for all j 2 ¹1; : : : ; dº. Therefore, (ii) holds.
(iii))(iv): let i; j 2 ¹1; : : : ;dº be arbitrary. As in the proof of the previous implication,

we have that PVjP D 0 for all j 2 ¹1; : : : ; dº. Since N .P / � N .Vi /, it follows that
ViVjP D 0. Thus, ViVj D 0 on R.P /, and obviously, ViVj D 0 on N .P /. Thus, ViVj D 0,
i.e., V ı V D 0.

(iv))(iii): let i; j 2 ¹1; : : : ; dº be arbitrary and assume that V ıVD 0. Then, ViVj D
0, and so, R.Vj / � N .Vi / for all i 2 ¹1; : : : ; dº. Thus,

R.Vj / � N .P / D

d\
iD1

N .Vi /;

and so, PVj D 0. From here, we get

TiTj D ViPVjP D 0;

which implies that T ı T D 0.

As the immediate corollaries of the previous theorem, we obtain the following known
results in one-dimensional case.

Corollary 2.8 ([10, Lemma 2.4]). Let t 2 .0; 1� and T 2 B.H /. Then,

zT .t/ D 0 ” T 2 D 0:

Corollary 2.9 ([27, p. 73]). Let T D U jT j be the polar decomposition of an operator T .
Then, T 2 D 0 if and only if U 2 D 0.

The following theorem shows that the spherical Heinz transform respects unitary equi-
valence.

Theorem 2.10. Let TD .T1; : : : ;Td / 2B.H /d , and letU 2B.H / be a unitary operator.
Then,

2UTU �.t/ D U yT.t/U �

for all t 2 Œ0; 1�.



H. Stanković 152

Proof. Let S D UTU � D .UT1U �; : : : ; U TdU �/. Consider the spherical polar decom-
positions TD VP and SDWPS . As in the proof of [43, Theorem 2.5], we can show that
PS D UPU

� and W D UVU �. Now, for an arbitrary t 2 Œ0; 1� and i 2 ¹1; : : : ; dº,

ySi .t/ D
1

2
.P tSWiP

1�t
S C P 1�tS WiP

t
S /

D
1

2
.UP tU �UViU

�UP 1�tU � C UP 1�tU �UViU
�UP tU �/

D U
P tViP

1�t C P 1�tViP
t

2
U �

D U yTi .t/U �

for i D 1; : : : ; d , which yields the wanted result.

Our next result considers the behaviour of the spherical partial isometry under the
spherical Heinz transform. As we will see from Theorem 2.12 and Remark 2.2 below, the
cases t 2 .0; 1/ and t D 0 (t D 1) differ. First, we need to recall the following definition
and theorem. Observe that we use a slightly different approach than the one used in [43].

Definition 2.1. Let AD .A1; : : : ;An/ and BD .B1; : : : ;Bn/ be two n-tuples of operators
on H . We say that A and B criss-cross commute (or that A criss-cross commutes with B)
if AiBjAk D AkBjAi and BiAjBk D BkAjBi for all i; j; k D 1; : : : ; n.

Theorem 2.11 ([13, Corollary 3.4]). Let AD .A; : : : ;A/ and BD .B1; : : : ; Bn/ be criss-
cross commuting. If A is normal, then �T .AB/ D �T .BA/.

Theorem 2.12. Let V D .V1; : : : ; Vd / 2 B.H /d be a spherical partial isometry, and let
t 2 .0; 1/. Then,

yV.t/ D VD

and
�T .V/ D �T .yV.t//:

Proof. The spherical polar decomposition of V is given by Vi D ViP , i D 1; : : : ; d , where
P D .

Pd
iD1 V

�
i Vi /

1
2 . Since P is an orthogonal projection, it is easy to see that P ˛ D P

for each ˛ > 0. Now, for i 2 ¹1; : : : ; dº, we have

yVi .t/ D
1

2

�
P tViP

1�t
C P 1�tViP

t
�

D
1

2
.PViP C PViP /

D
1

2
.PVi C PVi /

D PVi ;

which proves the first part of the claim.
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Next, we will show that VD .V1; : : : ; Vd / criss-cross commutes with PD .P; : : : ;P /.
Using the fact that ViP D Vi , i D 1; : : : ; d and that V is commuting, we have that

ViPVj D ViVj D VjVi D VjPVi ; i; j 2 ¹1; : : : ; dº:

By definition, V criss-cross commutes with P as the other condition in cross-commuta-
tivity trivially holds. Also, observe that we can write yV.t/D PV. Theorem 2.11 now yields

�T .yV.t// D �T .PV/ D �T .VP/ D �T .V/:

Remark 2.2. The case t D 0 (and t D 1) in the analogue of the previous theorem was
considered in [43, Theorem 2.8], where it was shown that

yV D
I C P

2
V:

We now deal with the continuity property of the map T 7! bT.t/, where t 2 .0; 1/.
Although the next theorem was originally stated for an operator pair, it also works for any
d -tuple.

Theorem 2.13 (Proposition 4.2 [24]). Let T D .T1; : : : ; Td / 2 B.H /d be a d -tuple of
commuting operators, and let t 2 .0;1/. Then, the generalized spherical Aluthge transform
map T 7! zT.t/ is .k�k; k�k/-continuous.

Directly from (1.2) and the previous theorem, we have the following corollary.

Theorem 2.14. Let TD .T1; : : : ;Td /2B.H /d be a d -tuple of commuting operators, and
let t 2 .0; 1/. Then, the generalized spherical mean transform map T 7! yT.t/ is .k�k;k�k/-
continuous.

3. Spherical Heinz transform of 2-variable weighted shifts

In this brief section, our main goal is the derivation of the formula of the spherical Heinz
transform of an arbitrary 2-variable weighted shift.

Theorem 3.1. Let W.˛;ˇ/ D .T1; T2/ be a 2-variable weighted shift, and let t 2 Œ0; 1�.
Then, 2W.˛;ˇ/.t/ D . yW1.t/; yW2.t// is given by

yW1.t/ ek D 
k
.˛2kCˇ

2
k/

1�t
2 .˛2kC"1Cˇ

2
kC"1/

t
2C.˛2k C ˇ

2
k/

t
2 .˛2kC"1Cˇ

2
kC"1/

1�t
2

2
ekC"1 ;

yW2.t/ ek D ık
.˛2kCˇ

2
k/

1�t
2 .˛2kC"2Cˇ

2
kC"2/

t
2C.˛2kCˇ

2
k/

t
2 .˛2kC"2Cˇ

2
kC"2/

1�t
2

2
ekC"2

for all k 2 Z2C, where "1 D .1; 0/, "2 D .0; 1/,


k D

8<: ˛kp
˛2kCˇ

2
k

if ˛2k C ˇ
2
k ¤ 0;

0 if ˛2k C ˇ
2
k D 0;

(3.1)
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and

ık D

8<: ˇkp
˛2kCˇ

2
k

if ˛2k C ˇ
2
k ¤ 0;

0 if ˛2k C ˇ
2
k D 0:

(3.2)

Proof. Let k D .k1; k2/ 2 Z2C be arbitrary. First, note that

.T �1 T1 C T
�
2 T2/e.k1;k2/ D .˛

2
.k1;k2/

C ˇ2.k1;k2//e.k1;k2/:

and thus,
Pe.k1;k2/ D

q
˛2
.k1;k2/

C ˇ2
.k1;k2/

e.k1;k2/:

It is now easy to see that

V1e.k1;k2/ D 
.k1;k2/e.k1C1;k2/ and V2e.k1;k2/ D ı.k1;k2/e.k1;k2C1/;

where 
.k1;k2/ and ı.k1;k2/ are given by (3.1) and (3.2), respectively.
It now follows that

P tV1P
1�te.k1;k2/ D

�
˛2.k1;k2/ C ˇ

2
.k1;k2/

� 1�t
2 P tV1e.k1;k2/

D 
.k1;k2/
�
˛2.k1;k2/ C ˇ

2
.k1;k2/

� 1�t
2 P te.k1C1;k2/

D 
.k1;k2/
�
˛2.k1;k2/ C ˇ

2
.k1;k2/

� 1�t
2
�
˛2.k1C1;k2/ C ˇ

2
.k1C1;k2/

� t
2 ;

and similarly,

P 1�tV1P
te.k1;k2/ D 
.k1;k2/

�
˛2.k1;k2/ C ˇ

2
.k1;k2/

� t
2
�
˛2.k1C1;k2/ C ˇ

2
.k1C1;k2/

� 1�t
2 :

Analogously,

P tV2P
1�te.k1;k2/ D

�
˛2.k1;k2/ C ˇ

2
.k1;k2/

� 1�t
2 P tV2e.k1;k2/

D ı.k1;k2/
�
˛2.k1;k2/ C ˇ

2
.k1;k2/

� 1�t
2
�
˛2.k1;k2C1/ C ˇ

2
.k1;k2C1/

� t
2 ;

and

P 1�tV2P
te.k1;k2/ D ı.k1;k2/

�
˛2.k1;k2/ C ˇ

2
.k1;k2/

� t
2
�
˛2.k1;k2C1/ C ˇ

2
.k1;k2C1/

� 1�t
2 :

Using the notation k D .k1; k2/, "1 D .1; 0/, "2 D .0; 1/, we immediately obtain that

yW1.t/ ek D
1

2
.P tV1P

1�t
C P 1�tV1P

t /ek

D 
k
.˛2kCˇ

2
k/

1�t
2 .˛2kC"1Cˇ

2
kC"1/

t
2 C .˛2kCˇ

2
k/

t
2 .˛2kC"1Cˇ

2
kC"1/

1�t
2

2
ekC"1 ;

and

yW2.t/ ek D
1

2
.P tV2P

1�t
C P 1�tV2P

t /ek

D ık
.˛2kCˇ

2
k/

1�t
2 .˛2kC"2Cˇ

2
kC"2/

t
2 C .˛2k C ˇ

2
k/

t
2 .˛2kC"2Cˇ

2
kC"2/

1�t
2

2
ekC"2 :

This completes the proof.
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Remark 3.1. Let W.˛;ˇ/D .T1;T2/ be a 2-variable weighted shift, and let t 2 Œ0;1�. From
the previous theorem, we have that 2W.˛;ˇ/.t/ D . yW1.t/; yW2.t// is a 2-variable weighted
shift as well.

Corollary 3.2. Let W.˛;ˇ/ D .T1; T2/ be a 2-variable weighted shift such that ˛2k C ˇ
2
k ¤

0 for each k 2 Z2C, and let t 2 Œ0; 1�. Then, 2W.˛;ˇ/.t/ D . yW1.t/; yW2.t// is given by

yW1.t/ ek D
˛k

2

 �
˛2kC"1 C ˇ

2
kC"1

˛2k C ˇ
2
k

� t
2

C

�
˛2kC"1 C ˇ

2
kC"1

˛2k C ˇ
2
k

� 1�t
2

!
ekC"1 ;

yW2.t/ ek D
ˇk

2

 �
˛2kC"2 C ˇ

2
kC"2

˛2k C ˇ
2
k

� t
2

C

�
˛2kC"2 C ˇ

2
kC"2

˛2k C ˇ
2
k

� 1�t
2

!
ekC"2

for all k 2 Z2C, where "1 D .1; 0/, "2 D .0; 1/.

By taking t D 0 (t D 1), we obtain the already known formula disclosed in [43, Corol-
lary 3.3].

4. Joint norm and joint numerical radius of the spherical Heinz
transform

In this section, we derive several inequalities involving the joint numerical radius and the
joint operator norm of the spherical Aluthge and Heinz transforms. In order to prove our
results, we need the following two lemmas.

Lemma 4.1 ([1, Lemma 2.1]). Let T D .T1; : : : ; Td / 2 B.H /d . Then,

kTk D kTk;

where T denotes the following operator matrix on Hd D
Ld
iD1 H :

T D

0B@T1 0 � � � 0
:::

:::
:::

Td 0 � � � 0

1CA :
Lemma 4.2 ([26, Lemma 2.1]). Let T D .T1; : : : ; Td / 2 B.H /d . Then,

kTk D






 dX
kD1

T �k Tk







1
2

:

Note that the previous formula can be viewed as a natural definition of the norm of
operator tuples in the following way: by considering B.H /d as a Hilbert C �-module over
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C �-algebra B.H /, we directly have that

kTkB.H/d D khT;Tik
1
2

B.H/
D






 dX
kD1

T �k Tk







1
2

;

where T D .T1; : : : ; Td / 2 B.H /d .
For more details on the Hilbert C �-modules, we refer the reader to [34,36]. We believe

that utilizing the Hilbert C �-module approach may lead to further developments. For
example, using the mentioned approach, we are able to give another proof of the following
lemma which appears in [26].

Lemma 4.3 ([26, Lemma 2.2]). Let A;Xk 2 B.H / for k D 1; 2; : : : ; d . Then,




 dX
kD1

X�kAXk






 �





 dX
kD1

X�kXk






kAk:
Proof. Let X D .X1; : : : ; Xd / and Y D .AX1; : : : ; AXn/. Using the Cauchy–Schwarz
inequality for Hilbert C �-modules and [37, Proposition 2.3], we have




 dX

kD1

X�kAXk






 D khX;YikB.H/

� kXkB.H/d kYkB.H/d

D






 dX
kD1

X�kXk







1
2





 dX
kD1

X�kA
�AXk







1
2

D






 dX
kD1

X�kXk







1
2





 dX
kD1

hXk ; A
�
ihA�; Xki







1
2

�






 dX
kD1

X�kXk







1
2





 dX
kD1

kA�k2hXk ; Xki







1
2

D kAk






 dX
kD1

X�kXk







1
2





 dX
kD1

X�kXk







1
2

D kAk






 dX
kD1

X�kXk






:
In the following theorem, we present a refinement of the inequality obtained in [26,

Theorem 1].

Theorem 4.4. Let T D .T1; : : : ; Td / 2 B.H /d . Then,

kyT.t/k � kyTk � kTk (4.1)
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for any t 2 Œ0; 1�. In particular,

kzTk � kyTk � kTk: (4.2)

Proof. Let t 2 Œ0; 1� be arbitrary, and let T D VP D .V1P; : : : ; VdP / be the spherical
polar decomposition of T. Let V and P be as in Theorem 1.2. Observe that the operator
P is positive. Using Lemma 4.1, we have

kyT.t/k D
1

2









0B@P

tV1P
1�t C P 1�tV1P

t 0 � � � 0
:::

:::
:::

P tVdP
1�t C P 1�tVdP

t 0 � � � 0

1CA









D
1

2
kP tVP1�t C P1�tVP tk:

Now, recall the following Heinz inequality [29]: for positive operators A;B 2 B.H /,

kA1�tTB t C AtTB1�tk � kAT C TBk (4.3)

for any T 2 B.H / and any 0 � t � 1. It follows now that

kyT.t/k �
1

2
kPV C VPk D kyTk:

Also, by triangle inequality and Lemma 4.1,

kyTk D
1

2
kPV C VPk

�
1

2
.kPVk C kVPk/

� kPkkVk

D kP kkVk

D kTk






 dX
iD1

V �i Vi







1
2

� kTk:

Here, we used the facts that
Pd
iD1 V

�
i Vi is the orthogonal projection onto R.P / and

kTk D kP k, by Lemma 4.2. This proves inequality (4.1). Inequality (4.2) follows directly
from (4.1) by taking t D 1

2
.

Theorem 4.5. Let T D .T1; : : : ; Td / 2 B.H /d . Then,

kyT.t/ke � kyTke � kTke (4.4)

for any t 2 Œ0; 1�. In particular,

kzTke � kyTke � kTke: (4.5)



H. Stanković 158

Proof. Let t 2 Œ0; 1� be arbitrary, and let

T D VP D .V1P; : : : ; VdP /

be the spherical polar decomposition of T. First, observe that, by definition,

kyT.t/ke D sup
.�1;:::;�d /2xBd





P tU�P 1�t C P 1�tU�P t2





; (4.6)

where U� D
Pd
iD1 �iVi .

Let .�1; : : : ; �n/ 2 xBd be arbitrary. Using inequality (4.3), we have



P tU�P 1�t C P 1�tU�P t2





 � 



U�P C PU�2





:
By taking supremum in the last inequality over all .�1; : : : ; �d / 2 xBd , (4.6) directly
implies (4.4) (and (4.5) by taking t D 1

2
).

In order to prove our next theorem, we need the following result which was first proved
in [39].

Lemma 4.6 ([9, Lemma 3.2]). Let A;X 2 B.H / be such that A is positive. Then,

!.A
1
2XA

1
2 / � !

�
A˛XA1�˛ C A1�˛XA˛

2

�
for all 0 � ˛ � 1.

Theorem 4.7. Let T D .T1; : : : ; Td / 2 B.H /d . Then,

!.zT/ � !.yT.t// �
!.T/C kTk

2
(4.7)

for any t 2 Œ0; 1�.

Proof. Let t 2 Œ0; 1� be arbitrary, and let T D VP D .V1P; : : : ; VdP / be the spherical
polar decomposition of T. Since the joint numerical radius and Euclidean numerical radius
coincide for any d -tuple of operators, we have that

!.zT.t// D sup
.�1;:::;�d /2xBd

!.P tU�P
1�t /; (4.8)

and

!.yT.t// D sup
.�1;:::;�d /2xBd

!

�
P tU�P

1�t C P 1�tU�P
t

2

�
; (4.9)

where U� WD
Pd
iD1 �iVi .
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Now, let .�1; : : : ; �n/ 2 xBd be arbitrary. Using Lemma 4.6, it follows that

!.P
1
2U�P

1
2 / � !

�
P tU�P

1�t C P 1�tU�P
t

2

�
�
!.P tU�P

1�t /C !.P 1�tU�P
t /

2

�
!.zT.t//C !.zT.1 � t //

2

�
!.T/C kTk

2
;

where the last inequality is obtained using [1, Theorem 2.3]. By taking supremum over all
.�1; : : : ; �d / 2 xBd , and using (4.8) and (4.9), we promptly obtain (4.7).

By inspecting the proof of the previous theorem, we also get a generalization of [26,
Theorem 2.2].

Corollary 4.8. Let T D .T1; : : : ; Td / 2 B.H /d . Then,

!.zT/ �
1

2
!.zT.t//C

1

2
!.zT.1 � t //

for each t 2 Œ0; 1�.

In a case of commuting tuples, Theorem 4.7 takes the following, more compact, form.

Theorem 4.9. Let T D .T1; : : : ; Td / 2 B.H /d be a commuting d -tuple of operators.
Then,

!.zT/ � !.yT/ � !.T/: (4.10)

Proof. The first inequality follows from (4.7) by taking t D 0. Considering the second
inequality, first, observe that

!.yT/ D
1

2
!.TC TD/ �

1

2
!.T/C

1

2
!.TD/: (4.11)

By careful examination of the proof of [26, Theorem 2.3], we note that !.TD/ � !.T/.
Therefore, (4.11) now implies that !.yT/ � !.T/, which completes the proof.

In a single variable case, we obtain as a corollary the following result which was
proved in [9].

Corollary 4.10 ([9, Corollary 3.3]). Let T 2 B.H /. Then,

!. zT / � !. yT / � !.T /:

In the case of jointly hyponormal tuples, we can obtain an even stronger inequality
than (4.10).
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Theorem 4.11. Let TD .T1; : : : ; Td / 2B.H /d be a jointly hyponormal d -tuple of oper-
ators. Then,

!.zT/ � !.yT.t// � !.T/

for any t 2 Œ0; 1�.

Proof. Using [12, Lemma 3.10], and bearing in mind Lemma 4.2, it follows that r.T/ D
kTk. Since r.T/ � !.T/ � kTk always holds for the commuting tuples (see (1.1)), the
conclusion directly follows from Theorem 4.7.

We finish the section by providing a simpler proof of the inequality (4.12) which first
appeared in [1] and which is closely related to the previously established inequalities.

Theorem 4.12 ([1, Theorem 2.6]). Let T D .T1; : : : ; Td / 2 B.H /d . Then,

!.T/ �
1

4







 

dX
iD1

jTi j
2

!t
C

 
dX
iD1

jTi j
2

!1�t




C 1

2
!.zT.t// (4.12)

for each t 2 Œ0; 1�.

Proof. Let t 2 Œ0; 1� be arbitrary, and let T D VP D .V1P; : : : ; VdP / be the spherical
polar decomposition of T . From [1, Theorem 2.2] and Lemma 4.2, we have that
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Using the fact that for any commuting positive operators A;B 2 B.H /,
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;

we have that
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and thus,

!.T/ �
1

2
kP k C

1

2
!.zT.t//

�
1

4







 

dX
iD1

jTi j
2

!t
C

 
dX
iD1

jTi j
2

!1�t




C 1

2
!.zT.t//:

Specially, from the proof of the previous theorem, we observe that the following norm
equality holds:
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[42] H. Stanković, Subnormal n-th roots of matricially and spherically quasinormal pairs. Filomat
37 (2023), no. 16, 5325–5331 MR 4579569
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