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Spherical Heinz transform of operator tuples
Hranislav Stankovié

Abstract. In this paper, we introduce the concept of the spherical Heinz transform for operator
tuples, thereby extending the notion of the generalized mean transform in one-dimensional case
to a multivariable operator setting. We study some of its properties and prove several inequalities
involving the joint numerical radius and the joint operator norm of the spherical Aluthge and Heinz
transforms. Moreover, several generalizations and refinements of some fundamental inequalities are
also obtained.

1. Introduction

Let J¢ denote a complex Hilbert space, and let B(H) be the algebra of bounded linear
operators on J¢. An operator T is said to be normal if T*T = T T*, quasinormal if T
commutes with T*T, i.e., TT*T = T*T?, subnormal if T = N |g, where N is normal
and N(H#) C J, and hyponormal it T*T > T T*. It is well known that

normal = quasinormal = subnormal = hyponormal.

The previous notions have been also transferred to a multivariable operator theory set-
ting. First, for T = (T}, ..., Ty) € B(H)?, by T* we denote the operator d-tuple T* =
(T¢,....Ty) € B(H)?. For operators S, T € B(H), set [S,T] := ST — TS. We say

thata d-tuple T = (T4, ..., Ty) of operators on H is (jointly) hyponormal if the operator
matrix
(T7. 7] [T).Th] --- [T].Ti]
T L
(77, T4) (TS, Tal -+ [T).Tal

is positive on the direct sum of n copies of J (cf. [3, 16, 19]). The n-tuple T is said to be
normal if T is commuting and each 7; is normal, and subnormal if T is the restriction of
a normal n-tuple to a common invariant subspace. For i, j, k € {1,2,...,n}, T is called
matricially quasinormal if each T; commutes with each T]* Ty, T is (jointly) quasinormal
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if each T; commutes with each TI.*Tj , and spherically quasinormal if each T; commutes
with Z;-’zl TI.*Tj (see [28]). As shown in [4,28], we have

normal = matricially quasinormal = (jointly) quasinormal
=> spherically quasinormal = subnormal.
Ty

) as an operator

Letd € N. For Ty, ..., T; € B(H), consider a d-tuple T = (
Ty

from J¢ into # @ --- @ H, that is,

H

T, ®
T=1]:]:H—>
T, (&)

H

We define (canonical) spherical polar decomposition of T (cf. [21,22,32]) as
Tl Vl V] P
T=|:|=]|:]|P= : =VP,
Ty Vi VaP

where P = \/T;"Ty +--- + T Ty is a positive operator on J, and

H

1 ®

V=| i |: H—>
Vi (&)

H

is a spherical partial isometry from J into # @ --- @ H. In other words, V*V; + --- +
V[ Va is the (orthogonal) projection onto the initial space of the partial isometry V which

1S
d 1 d
N (D = (ﬂ N(ﬂ)) = N(P)t = (ﬂ av(v,-))
i=1

i=1

€L

Using the spherical polar decomposition, we have the following useful characteriza-
tions of spherically quasinormal tuples.

Theorem 1.1 ([23, Lemma 2.1]). Let T=VP = (V, P,..., V4 P) € B(H)? be the polar
decomposition of a d-tuple T. Then, T is spherically quasinormal if and only if V; P =
PVi,i=1,....d.
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Theorem 1.2. Let T = (T},...,Ty) € B(H)? be a d-tuple of commuting operators. The
following conditions are equivalent:

(i) T is spherically quasinormal;
(i) PV = VP, where

Vi 0 0

V=1]:
Vg O 0

and

P

P =

P
Proof. The proof follows from Theorem 1.1 and direct computation. |

For an account on various related notions of quasinormality in several variables, one
may refer to [18,41,42].

Operator d-tuple T € B(H)? is said to be Taylor invertible if its associated Koszul
complex K (T, #) is exact. For d = 2, the Koszul complex K (T, #) associated to T =
(T1, T,) on J is given by

T (=T> T1)
KT, H): 0>H>HDH ———> H — 0,

where T = (%)

The Taylor spectrum of a commuting d-tuple T = (T}, ..., Ty) € B(H)? is denoted
by o7 (T) and it is defined as

or(T) = {(A1. ..., Aq) € C? K((Ty — A, ... Ta — Ag), K) is not exact}.

Recall that o7 (T) is a nonempty compact subset of C¢. The joint spectral radius of T is
defined by
r(T) = max{||A|l2, A = (A1,...,4g) € or(T)},

where || - ||, denotes the Euclidean norm on C¢. For more information on the Taylor
invertibility and Koszul complexes, we refer the reader to [33,44,45].
The spherical norm (or simply, norm) of T = (T, ..., Ty) € B(H)? is given by

1
d p
Il := SUP{(Z ||TkXI|2) cxedH, x| = 1},
k=1

while the Euclidean norm is defined as

ITle:= sup  MTi+ -+ AaTull
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where B, denotes the open unit ball of C?¢ with respect to the Euclidean norm || - ||,.
As shown recently, it turns out that || T|| and ||T|, are always equivalent on B(#)? (see
[38, Theorem 1.18] and [25, Proposition 2.1]):

1
Vd

For T = (T},...,T;) € B(H)?, we define the joint (or spherical) numerical radius
of T as

IT < [IT]le < [T, TeBH) .

d 3
o(T) = sup{(Z |(Tkx,x)|2> xeH, x| = 1}.
k=1

For more details, see [15]. It was shown in [38, Proof of Theorem 1.19] that w(T) coin-
cides with the Euclidean numerical radius w,(T) given by

we(T) := sup oMTy + -+ AqTy).

KT =(T1,...,T;) € %(J()d is a commuting d-tuple, then it was shown in [5, Theorem
2.2] and [6, Theorem 2.4] that

FT) < max{#nTn, r(T)} < o(T) < |T] < |T]. (1)

2Vd B

Next, recall the definition of the 2-variable weighted shifts. Let Z4 denote the set
of all non-negative integers. Consider double-indexed non-negative bounded sequences
o, Pk € Z°°(Z3_), where k = (k, k;) € Z2, and let lz(Zﬁ_) be the Hilbert space of
square-summable complex sequences indexed by Zi. We define the 2-variable weighted
shift Wa,p) = (T1, T2) by

Tie(, kz) = Cky k)€ (k1 +1,k2)

and
T2e(k ky) = By ka)€(kr ka+1)-

For all (k1,k») € Z2, it is easy to see that

'To = 2Tt <= By +1,k2) %k ka) = Uk ka+1)Blker o) -

For the basic properties of the 2-variable weighted shift W, gy, we refer the reader to
[17,20].

The Aluthge transform T of operator T = U|T| € B(H) is T = |T|V2U|T|"2, the
Duggal transform TP of T is TP = |T|U, and the mean transform T of T is

~ 1 1
T'=SWUITI+|TIU) = (T +T?).



Spherical Heinz transform of operator tuples 143

Let 7 € [0, 1]. The generalized Aluthge transform of T is defined as T'(r) = |T|'U|T|"".
Obviously, 7(0) =T, T(1)=TP,and T = %(T(O) + T'(1)). The authors in [7] recently
introduced the generalized mean transform of T as

T@t) = é(f(r) + T —1)).

For more details on the Aluthge and Duggal transform, see, for instance, [2, 14, 30]. In
recent years, the mean transform also attracted considerable attention (see [10, 11,35]).

In a multivariable case, for T = VP = (V1 P,...,V4P) € ?B(Jf)d, the following
analogous concepts are introduced:

* spherical Aluthge transform:
T=(Ti....Ty) = (P2V,P2,... P2V P?);
» spherical Duggal transform:
TP = (1P,...,T)) = (PV,..., PVy);
* spherical mean transform:
T= %(T +1P).
Recently, the authors in [8] introduced the generalized spherical Aluthge transform as
T(t) = (T1(1), ..., Ta(t)) = (P'Vi P, ..., PV, P17,

where ¢ € [0, 1].

For more details on the mentioned concepts, we refer the reader to [21, 22, 26, 32,
43]. Naturally, we extend the notion of the generalized mean transform to a multivariable
setting as well.

Definition 1.1. Let T = VP = (V, P,...,V;P) € B(H)? be the canonical spherical
polar decomposition of a d-tuple T, and let ¢ € [0, 1]. The spherical Heinz transform (or
generalized spherical mean transform) of T is defined as

~ 1 ~ ~
T = 3@ + T -1). (12)
In other words, T(r) = (T1(¢), ..., T4(t)), where
A 1
T;(t) = E(P’V,-Pl_’ + PV PY), ief{l,....d}.

Obviously, T(r) = T(1 — 1), T(0) = T(1) = T,and T(}) = T.

Remark 1.1. Leti € {1,...,d}. Observe that T; () in the previous definition is not the
generalized mean transform of 7;, as 7; = V; P is not the standard polar decomposition
of T;.
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Remark 1.2. The motivation for the name “spherical Heinz transform” follows from the
fact that the Heinz means for operators A, B € B(J) are defined by
A(xBl—oc + Al—ocBot

2 b

H(A,B) =
where 0 <o < 1and A, B > 0 (see [31]).

In the paper, for brevity, we will use the following notation: for an operator d-tuple
T=(Ty,...,T;),and A, B € B(H), ATB means

ATB = (AT B,...,AT;B).
Also, for two operator d-tuples A = (Ay,...,Ag) and B = (By,..., Bg), we write
AB = (A1 By,...,A3By).

Finally, 0 and I stand for operator tuples (of the appropriate dimension) (0, ..., 0) and
(1,..., 1), respectively.

The paper is organized as follows. In Section 2, we give some properties of the spher-
ical Heinz transform, which presents the basis for the further study on the topic. In Section
3, we describe how 2-variable weighted shifts behave under the transform. Finally, in Sec-
tion 4, we give several norm and numerical radius inequalities related to the spherical
Aluthge and Heinz transforms. We also generalize the known results in one-dimensional
case to a multivariable operator theory setting.

2. General properties

In this section, we derive some general properties of the spherical Heinz transform. In
many theorems, the case t = 0 (and # = 1) is excluded as it is already considered in [43].

We start with the following characterizations of injective spherically quasinormal
tuples.

Theorem 2.1. Let T = (Ty,...,Ty) € B(H)? be a d-tuple of commuting operators such
that N (T) = {0}, and let t € (0,1) \ {%} The following conditions are equivalent:

(i) T is spherically quasinormal;

i) T()=T@);

(i) T() = T(1 —1).
Proof. ()= (ii): leti € {1,...,d} be arbitrary. By Theorem 1.1, V; P = PV}, and so,
V; P* = P*V; for all « > 0. Therefore,

N 1 ~
T;(¢) = E(P’V,-Pl_’ + PV PY) = PV P =T (0).
Hence, 'i‘(t) = rI“(t).
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(ii)=>(i): without loss of generality, we may assume that 0 <7 < % Leti € {1,...,d}
be arbitrary. From 'f‘(t) = ’T(t), it follows that 'i‘l- (1) = T; (1), 1.e.,
Ptl/l‘Pl_t 4 Pl—tl/iPt — 2PtI/l‘P1_t.
From here,
PtP172tI/iPt — PII/ipllePl. (21)
Since N (T) = {0}, it follows that N (P?) = N (P) = {0}. Thus, P’ is one-to-one and
has dense range. Equality (2.1) now yields
Pl—Zl‘ Vi = V‘P1_2t
r 1 ’

and so, PV; = V; P. Theorem 1.1 implies that T is spherically quasinormal.
(ii) < (iii): this is obviously true in general for any T € B(H)?. ]

Theorem 2.2. Let T = (Ty,...,Ty) € B(H)? be a d-tuple of commuting operators such
that N (T) = {0}. The following conditions are equivalent:

(i) T is spherically quasinormal;

(ii)  there existt,s € [0,1], t # s, such that ’T(t) = rI‘(s).
Proof. (i)=>(ii): if T is spherically quasinormal, then Theorem 1.1 implies that ’i"(t) =T
forallz € [0, 1].

(ii)=(@): leti € {1,...,d} be arbitrary. Without loss of generality, we may assume
that ¢ < s. From T(z) = T(s), we have

PtI/iPI_t — PSI/iPI—S,
ie.,
PtI/iPs_tPI_s — PIPS—tWPl—S.

Since N (P%) = N (T) = {0} for any « € [0, 1], it follows that V; PS~" = P5~'V;. Since
s —t > 0, we have that V; P = PV}, and thus, Theorem 1.1 yields that T is spherically
quasinormal. [ ]

Our next results explore the equality of kernels of the original operator tuple and its
spherical Heinz and Duggal transforms.

Theorem 2.3. Let T=VP = (Vi P,..., V4 P) € B(H)? be a d-tuple of operators such
that N (V) C N(V*), and let t € (0, 1). Then,

N(T(1)) = N(T).
Proof. Letx € N(T). Since N (T) = N (P) = N (P%) = N (V) (Where @ > 0), we have
that P*x = Vix =O0foralla > Oandalli € {1,...,d}. Thus,

- 1
Ti(t)x = E(P’ViPlftx + PViP'x) =0, i=1,....d.

Hence, x € N_, N (Ti (1)) = N (T(¢)), and so, N (T) € N (T(1)).
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Conversely, assume that x € N (T(z)), andleti € {1,...,d} be arbitrary. Without loss
of generality, we may assume that ¢ € (0, %]. First, consider the case when ¢ # % We have
that

0="Ti(1)x
= %(va,-Pl—f + P17V PT)x
= %Pt(ViPl_Z’ + P!V Plx
= %PI(V,-PI_ZI + P72y,
where y = P!x. Since
N(P') = N(P) = N(V) S N(V*) SNV, (22)

it follows that
I/i*l/iPI_ZZy + I/i*Pl—ZZI/iy =0.

Summing over i € {1,...,d}, and using the fact that Z;l=1 V.*V; is the orthogonal pro-
jection onto R(P) = R(P172%), we have

d
Plfzty +ZI/i*P172ZI/iy =0.

i=1
Thus,

d
(P'™2y,y) + Y (P'7'Viy, Viy) = 0.

i=1
Since operator P is positive, it follows that y € N (P %) = N(P'7), and so,
Px =Py =0.
Therefore, x € N (P) = N (T), and thus,
N (A1) € N (D).
The case t = % can be proved in a similar manner. ]

Directly from the previous theorem, we have the following corollary.
Corollary 2.4. Let T=VP = (V, P,...,VyP) € B(H)? be a d-tuple of operators, and
lett € (0,1). The following conditions are equivalent:

O T=0;

Gi) T@) =0and N(V) C N(V*5).
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Theorem 2.5. Let T=VP = (Vi P,...,V;P) € B(#)? be a d-tuple of operators such
that N (V) € N (V*). If T(t) = T(t) for some t € (0,1) \ {3}, then

N(T) = N(TP).
Proof. Since ’i‘(t) = T(t), we have that (2.1) holds, i.e.,
PY(P2V, —V; P12 P! = 0.
By (2.2), we have that
(VP72 — VXV P2 Pl =0, i=1,...,d,
and so,

d
<ZI/i*P1_2t‘/i _PI—Zt)PZ =0.

i=1

Thus,
d
pl-2t _ Z v P2y, (2.3)
i=1

on R(P). Obviously, (2.3) also holds on N (P), and so, it is true on whole
H = R(P)d N(P).
Therefore,

N(T) = N(P) = N(P'7?)

d
— N(Z Vi*Pl_ZtVi>

i=1
d 1-2 1-2

=N(§]Pz Vi) P w)
i=1

d d
= (\N(PZV) =\ NEPV)
i=1 i=1

= N(TD). u

The following theorem, similar in spirit to Corollary 2.4, is a generalization of [43,
Theorem 2.4] to an arbitrary d-tuple of operators, and also to any ¢ € [0, 1]. Note that
the case t = 0 (and ¢ = 1) proved in the mentioned theorem actually does not require the
hyponormality condition imposed for ¢ € (0, 1).
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Theorem 2.6. Let T=VP = (Vi P,..., V4 P) € B(H)¢ be a d-tuple of operators, and
lett € (0, 1). The following conditions are equivalent:

G T=I
(ii) T(t) =1L V; are hyponormal, i €{1,...,d}, andV,-Vj* = Vj*V,- = %Ifori # 7,
i,je{l,....d};

(i) T@) =1 Zle Vi is hyponormal and } ;. ; V;*V; = (d — DI

Proof. ()= (ii): if T =1, then, obviously, P = JdI and Vi = ﬁ] foralli e {1,...,d}.
This immediately yields (ii).

(ii)=(iii): since V; and V5, are hyponormal and V; commutes with V", it is easy
to see that V7 4 V> must also be hyponormal. Thus, V3 and V; + V, are hyponormal
and V3 commutes with (V7 4+ V»)*, which implies that V; + V5 + V3 is hyponormal. By
continuing this process, we conclude that Zle V; is hyponormal. Also,

1
Y VY = dd—1):—I =(d -1l
i

(iii))=(i): now, assume that (iii) holds, and without loss of generality, we may also
assume that ¢ € (0, %]. Foreachi € {1,...,d}, T(t) = I implies that

PV, Pt 4 Py Pt =2, (2.4)

ie.,
P[([/[_Plfzt + P172tI/i)Pt =2I.

From here, it follows that P? is invertible, and so,
I/iPl—Zt _|_ Pl_ZtI/l‘ — 2P_2t.

By multiplying from the left-hand side by V;* and summing over all i € {1,...,d}, we
obtain

d d
P1—2t + Z I/i*Pl_ZtI/i — 2(2 I/i*)P_Zt. (25)

i=1 i=1

It follows that J J
P2’(Z Vi> = (ZV,-*)PZ’ >0, (2.6)
i=1 i=1
and so,

d d *
P—2’<ZV,»>P2’ = (ZV,) . 2.7)
i=1 i=1

Since operator P2 is positive and invertible, we have that 0 ¢ ‘W(P2?), where W (P??)
denotes the numerical range of P2?. Using [46, Theorem 1] (also cf. [40]), we conclude
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that Zle V; is self-adjoint. Now, (2.7) implies that Z?’:l V; commutes with P?*, and
so, it also commutes with P% for any o > 0. Inequality (2.6) now yields

d
P"(Z V,-) P >0,
i=1

and by multiplying from both sides by P?, we get that Zle V; is positive. Also, observe
that since Zle V;*V; is an orthogonal projection onto R(P) = #, we have that

VitV =1,

d
i

4

(54 - (E)(E7)

d
=D Vit YV
i=1 i#j
=1+(d-DI
=dl.

1

and so,

From the uniqueness of a positive square root, it follows that Z,d:l Vi = v/dI. Now,
summing over i € {1,...,d} in (2.4), we get

2VdP =2dl,

and thus, P = ~/dI. Furthermore, for each i € {1,...,d}, equation (2.4) now implies
that 2+/d V; = 21, and so,

1
Vi=—I, ie{l,...,d}.
1 ﬁ
Finally, we conclude that T = L. |

Remark 2.1. Observe that the condition (iii) of the previous theorem can also be replaced
with the following one:

(ii") T() =1, Zid=1 V; is hyponormal and

1-2¢ d
S P1_2t < Z I/i*Pl_2tI/,'. (28)

i=1
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Indeed, as in the proof of (iii)=>(i), we may conclude that Zle V; is positive and com-
mutes with P. Therefore, (2.8) implies that Zle V; < P.From (2.5) and (2.8), we then
have

2pl=2 —optppt

d
> 2P“<Z Vi> pt

i=1
d
— 2(2 I/l) P—Zt
i=1

d

— Pl—Zl‘ + ZI/i*Pl—ZZI/i
i=1

> 2P172t'

Thus, (Zf;l V;)P™2" = P172! and so, Zf;l V; = P. Summing overi € {1,...,d}
in (2.4), we get

2P% =2dl,
and thus, P = ~/d I. We now deduce that T = I in the same way as in Theorem 2.6. This

proves (iii")=(i). Implication (i)=>(iii") follows from the fact that, under the assumption
that T = I, the inequalities in (2.8) are actually equalities.

Let us now introduce the following notation: for T = (71, ..., T;,) € B(H)™ and
S=(S1,...,8y) € B(H)", we write

ToS:= (T1S1,...,TISn,...,Tmsl,...,TmSn).

Theorem 2.7. Let T =VP = (Vi P,..., V4 P) € B(H)? be a d-tuple of operators and
lett € (0, 1]. The following conditions are equivalent:

i T@) =iT(1 1)

Gi) T@) =0;
(i) ToT=0;
(iv) VoV =0.

Proof. (1)< (ii): this is obvious.
(ii)=> (iii): assume that T(¢) = 0. Then, forall j € {1,...,d}, we have P'V; P17! =0.
Therefore,

T;T; = ViPV;P = V;P''P'V;P'7'P' =0

foralli, j € {1,...,d}. This implies that To T = 0.
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(iii)=>(ii): now, assume that To T = 0, and let i, j € {1, ..., d} be arbitrary. Then,
ViPV;iP =T;T; =0.

By multiplying on the left-hand side by V;* and summing over i € {1,...,d}, we have
that PV; P = 0. Thus, PV; = 0 on R(P), and obviously, PV; = 0 on N (P). Thus,
PV; = 0, and using the fact that N/ (P) = N (P"), we immediately get that

PV, P =0

forall j € {1,...,d}. Therefore, (ii) holds.

(iii)=(iv): leti, j €{1,...,d} be arbitrary. As in the proof of the previous implication,
we have that PV; P =0 forall j € {1,...,d}. Since N(P) C N (V;), it follows that
V;V; P =0.Thus, V;V; =0o0n R(P), and obviously, V;V; =0on N (P). Thus, V;V; =0,
ie, VoV =0.

(iv)=(iii): leti, j € {1,...,d} be arbitrary and assume that Vo V = 0. Then, V;V; =
0, and so, R(V;) € N(V;) foralli € {1,...,d}. Thus,

d
R(V;) S N(P) = [\ NW),

i=1
and so, PV; = 0. From here, we get
;T = V;PV; P =0,
which implies that To T = 0. u

As the immediate corollaries of the previous theorem, we obtain the following known
results in one-dimensional case.

Corollary 2.8 ([10, Lemma 2.4]). Lett € (0,1] and T € B(H). Then,
Tt)=0 < T?=0.

Corollary 2.9 ([27, p. 73]). Let T = U|T| be the polar decomposition of an operator T .
Then, T? = 0 ifand only if U? = 0.

The following theorem shows that the spherical Heinz transform respects unitary equi-
valence.

Theorem 2.10. Let T = (Ty,...,T;) € B(H)?, and let U € B(H) be a unitary operator:
Then,

UTU*(1) = UT()U*

forallt € [0,1].
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Proof. LetS = UTU* = (UThU*,...,UT4U%). Consider the spherical polar decom-
positions T = VP and S = W Pg. As in the proof of [43, Theorem 2.5], we can show that
Ps =UPU* and W = UVU*. Now, for an arbitrary t € [0,1] andi € {1,...,d},

o 1
Si(t) = §(P§W,~PS1—’ + P¢T'W; PL)
1
= 5(UP’U*UV,-U*UPHU* + UP'U*UV,U*UP'U*)
_ Pt[/'iPI—t+P1—tI/'iPt .
N 2
=UT;(t)U*
fori =1,...,d, which yields the wanted result. ]

Our next result considers the behaviour of the spherical partial isometry under the
spherical Heinz transform. As we will see from Theorem 2.12 and Remark 2.2 below, the
casest € (0,1) and ¢ = 0 (¢ = 1) differ. First, we need to recall the following definition
and theorem. Observe that we use a slightly different approach than the one used in [43].

Definition 2.1. Let A = (A4y,...,A4,) and B = (By,..., B,) be two n-tuples of operators
on J¢. We say that A and B criss-cross commute (or that A criss-cross commutes with B)
ifA,‘BjAk = AkBin and B,‘AJ‘Bk = BkAjBi for all i,j,k =1,...,n.

Theorem 2.11 ([13, Corollary 3.4]). Let A = (A,...,A)and B = (By,..., By) be criss-
cross commuting. If A is normal, then o (AB) = o7 (BA).

Theorem 2.12. Let V = (Vi,...,Vy) € B(H)? be a spherical partial isometry, and let
t € (0,1). Then,
V() =VP

and

or (V) = or(V(1)).

Proof. The spherical polar decomposition of Vis givenby V; = V; P,i =1,...,d, where
P = (Zf;l Vi*Vi)%. Since P is an orthogonal projection, it is easy to see that P* = P
for each @ > 0. Now, fori € {1,...,d}, we have

- 1
Vi(t) = E(PtViPl_’ + PV, PY)

1
= S(PViP + PV;P)
1
= E(PVi + PV;)
=PV,

which proves the first part of the claim.
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Next, we will show that V = (V1,.. ., V) criss-cross commutes with P = (P, ..., P).
Using the fact that V; P = V;,i = 1,...,d and that V is commuting, we have that

ViPV;i = ViVi = V;Vi = V; PVi, i.j €{l,....d}.

By definition, V criss-cross commutes with P as the other condition in cross-commuta-
tivity trivially holds. Also, observe that we can write V(¢) = PV. Theorem 2.11 now yields

or (V(1)) = o7 (PV) = a7 (VP) = or(V). .

Remark 2.2. The case t = 0 (and ¢ = 1) in the analogue of the previous theorem was
considered in [43, Theorem 2.8], where it was shown that

~ I +P
2

We now deal with the continuity property of the map T ’IT(?) where ¢ € (0, 1).
Although the next theorem was originally stated for an operator pair, it also works for any
d-tuple.

Theorem 2.13 (Proposition 4.2 [24]). Let T = (T, ..., Ty) € B(H)? be a d-tuple of
commuting operators, and let t € (0, 1). Then, the generalized spherical Aluthge transform
map T +— T(t) is (|||, ||||)-continuous.

Directly from (1.2) and the previous theorem, we have the following corollary.

Theorem 2.14. Let T = (T4,...,T;) € B(H)? be a d-tuple of commuting operators, and
lett € (0, 1). Then, the generalized spherical mean transform map T +— T(t) is (|||, ||-])-
continuous.

3. Spherical Heinz transform of 2-variable weighted shifts

In this brief section, our main goal is the derivation of the formula of the spherical Heinz
transform of an arbitrary 2-variable weighted shift.

Theorem 3.1. Let W(a g) = (T1, T») be a 2-variable weighted shift, and let t € [0, 1].
Then, W, ,g)(t) = (Wl(t) Wz(t)) is given by

1—¢

( 2+/3 ) (ak+gl+ﬁk+gl)2+(ak +/3 ) (ak+al+/3k+£1) 2

Wi(t) ex = ¥ 5 ke s
- (@2 +B2) 2 (o, + B syt + @2+ B2 (@, +BEs) T
Wz(t) ek — Sk k k-‘ré‘z k-‘ré‘z 2 k k k-‘ré‘z k+82 k+32

forallk € Z2, where g1 = (1,0), &5 = (0, 1),

ak i aZ + 2 O,
D N oo+ P # 3.1)
0 ifag + B2 =0,
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and
By e 2 2
P a2 4 0,
S = 4 VB Feic+ P # (3.2)
0 ifo + B =0.

Proof. Letk = (k1,k3) € Zi be arbitrary. First, note that

(T7Th + T3 T2)eky ko) = (“(Zkl,kz) + ﬂ(zkl,kz))e(kl,kz)~

and thus,

Pe, ky) = \/a(zkl,kz) + '3(2k1,k2)e(k1,k2)'
It is now easy to see that
Vi€t k) = Vikrka)€(ki+1k) A Vel ky) = Sy k)€ (kr ot 1)
where Yk, k,) and §(, k) are given by (3.1) and (3.2), respectively.
It now follows that

- 2 2 =t
P'ViP ™ ek, o) = (X, sy + Bl ) > P V1K1 k)

2 2 15t
= V(kl,kz)(a(kl,kz) +13(k1,k2)) 2 Pleky+1k2)
1—,

2

EN
N~

2 2 2 2
= Yik1,k2) (a(kl,kz) + ﬁ(kl,kz)) (a(k1+1,k2) + 'B(k1+l,kz)) ’

and similarly,

NI~

1—t
1—t t _ 2 2 2 2 2
PUVIP ey k) = Vi) (@G o) F Blerkn)” (@G 11.00) + Bl +12) ~ -

Analogously,

1— 2 2 5t
PVaP e, ky) = (a(kl,kz) + ﬁ(kl,kz)) 2 P'Vae(ky k)

Lo, 2
2 (@Gey deo+1) T Bllr o s1)

NI~

2 2
= 81 o) (s ) T Bty k)
and
1—t

2

1- 2 2 502 2
PV Pl e k) = S0kt k) (X, k) T Biier ) (@Gt dea+1) + Blier 1))
Using the notation k = (kq, k»), &1 = (1,0), &2 = (0, 1), we immediately obtain that
~ 1
Wi (1) ex = E(P’VlPl_’ + P17V PY)ey
1t i i 1=t
, (g +B0) 7 (op,, +Bere)? + (g +BD)2 (., +Biye) ?
k
2

€k+eq >
and

" 1
Wa(t) ex = E(P’V2P1_t + PV, PY)ey

1—¢

1=t L L
_ s B e+ BRre)® + (O + B (e + By 2

k 2
This completes the proof. ]

€ktey-
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Remark 3.1. Let W, g) = (71, T) be a 2-variable weighted shift, and let ¢ € [0, 1]. From
the previous theorem, we have that m(r) = (Wl (1), W, (1)) is a 2-variable weighted
shift as well.

Corollary 3.2. Let Wy gy = (T1, T») be a 2-variable weighted shift such that o + BE #
0 for eachk € Z2, and let t € [0, 1]. Then, Wq py(1) = (Wl(t), Wz(t)) is given by

2 2 L 2 2 e
~ o o + 2 o + 2
Wl (l‘) ex = _k (( k+e¢1 ﬂk+81 ) + ( k+e; ﬂk+€1 ) )ek+81 ,

2 o + By o + Bp
I 1—t
~ B (e, T Bires \? | (kre, T Pite, ) 2
Wa(r) ek = — —7 | T\ €k+e;
2 o + By o + By

forallk € 72, where g1 = (1, 0), &2 = (0, 1).

By taking t = 0 (¢ = 1), we obtain the already known formula disclosed in [43, Corol-
lary 3.3].

4. Joint norm and joint numerical radius of the spherical Heinz
transform

In this section, we derive several inequalities involving the joint numerical radius and the
joint operator norm of the spherical Aluthge and Heinz transforms. In order to prove our
results, we need the following two lemmas.

Lemma 4.1 ([1, Lemma 2.1]). Let T = (Ty,...,Ty) € B(H)?. Then,
Tl = [IT1,
where T denotes the following operator matrix on Hg = @;1:1 H:

T, 0 -+ 0

Ty 0 -+ 0

Lemma 4.2 ([26, Lemma 2.1]). Let T = (T4, ..., Ty) € B(H)?. Then,

2

d
Z T} Ty

k=1

Tl =

Note that the previous formula can be viewed as a natural definition of the norm of
operator tuples in the following way: by considering B(#)? as a Hilbert C *-module over
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C *-algebra B(H), we directly have that

ITllg ey = I{T.T) llwo Tk

’

where T = (T1,...,T;) € B(H)2.

For more details on the Hilbert C *-modules, we refer the reader to [34,36]. We believe
that utilizing the Hilbert C*-module approach may lead to further developments. For
example, using the mentioned approach, we are able to give another proof of the following
lemma which appears in [26].

Lemma 4.3 ([26, Lemma 2.2]). Let A, Xy € B(HK) fork =1,2,...,d. Then,

d

D XFAX

k=1

d

Z X} Xy

k=1

1Al

=

Proof. Let X = (X1,...,Xg) and Y = (A4X4, ..., AX},). Using the Cauchy—Schwarz
inequality for Hilbert C *-modules and [37, Proposition 2.3], we have

d
DO XEAX | = (X Y) |mee)
< [IXllwgeya 1Yl e)2
d 3| d 3
= D XiXe| | xpArAX,
k=1 k=1
d 3 3
= > Xi X YA*, Xi)
k=1 k=1
d 3| d 3
< ' ZXZXk ZIIA*IIZ(Xk,Xk)
k=1 k=1
d 3| d 3
= | 4| Zxkxk D Xi Xk
k=1 k=1
d
= [|A4]] Z n

In the following theorem, we present a refinement of the inequality obtained in [26,
Theorem 1].

Theorem 4.4. Let T = (Ty,...,Ty) € B(H)?. Then,
1T < IT) < 1| 4.1)
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foranyt € [0, 1]. In particular,
ITI < 1T < ). 42)

Proof. Lett € [0, 1] be arbitrary, and let T = VP = (V1 P, ..., V4 P) be the spherical
polar decomposition of T. Let V and PP be as in Theorem 1.2. Observe that the operator
P is positive. Using Lemma 4.1, we have

P'ViPt 4 Pty Pt 0 .o 0

N =

1Tl : : :
PV, Pt 4 Pty Pt 0 ... 0

= %”IP”VIP’I_‘ + P VP
Now, recall the following Heinz inequality [29]: for positive operators A, B € B(J),
|AY'TB! + A'TB'™!|| < |AT + TB)|| 4.3)
forany 7 € B(H) and any 0 < ¢ < 1. It follows now that
IR0l = S1PY + VE] = .
Also, by triangle inequality and Lemma 4.1,

~ 1
IT = SIPV + VP

IA

1
SUPVI+IVEID

IA

IV
= [2[IVI

d
S

i=1

1
2

= [Tl

<|T].

Here, we used the facts that Z?:l V;*V; is the orthogonal projection onto R(P) and
|IT|| = || P]l, by Lemma 4.2. This proves inequality (4.1). Inequality (4.2) follows directly

from (4.1) by taking t = % ]
Theorem 4.5. Let T = (T, ..., T;) € B(H)2. Then,

ITOlle < I Tlle < T (44)
foranyt € [0, 1]. In particular,

ITle < IT]le < Tl (4.5)
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Proof. Lett € [0, 1] be arbitrary, and let
T=VP =(1P,...,V4P)

be the spherical polar decomposition of T. First, observe that, by definition,

=R PtUAPI_t—i-Pl_tUAPt

IOl = sup : , (4.6)
(/11 ..... )Ld)G]Bd
where Uy = Zid=1 AV
Let (A1,...,A,) € B, be arbitrary. Using inequality (4.3), we have
P'U, Pt 4+ Py, P! - UpP + PU,

2 - 2 ’
By taking supremum in the last inequality over all (A;,...,Ag) € By, (4.6) directly
implies (4.4) (and (4.5) by taking # = ). n

In order to prove our next theorem, we need the following result which was first proved
in [39].

Lemma 4.6 ([9, Lemma 3.2]). Let A, X € B(H) be such that A is positive. Then,

1 1 AaXAl—a + Al—aXAa
w(AZXA?) < w 5

forall0 <a < 1.
Theorem 4.7. Let T = (T4, ..., Ty) € B(H)?. Then,

o) = o) = 20T @7

foranyt € [0,1].

Proof. Lett € [0, 1] be arbitrary, and let T = VP = (V1 P, ..., Vz P) be the spherical
polar decomposition of T. Since the joint numerical radius and Euclidean numerical radius
coincide for any d-tuple of operators, we have that

oT@) = sup w(PUP', (4.8)

and

PLU, Pt 4 Py, P!
A + A ) (4.9)

o) =  sup a)( >

(A1seshg)EBy

where U := Z?zl AiVi.
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Now, let (A1, ...,A,) € By be arbitrary. Using Lemma 4.6, it follows that

PIU,L P 4 PI-tU, P!
w(PéUAPé)ga)( A + A )

2
- w(P'U; P1™1) + w(P1TU, PY)
= 2

o(T(t)) + o(T(1 — 1))
= 2
_ oM+ T
==

where the last inequality is obtained using [1, Theorem 2.3]. By taking supremum over all
(A1,...,Aq) € By, and using (4.8) and (4.9), we promptly obtain (4.7). [ ]

By inspecting the proof of the previous theorem, we also get a generalization of [26,
Theorem 2.2].

Corollary 4.8. Let T = (Ty,...,T;) € B(H)?. Then,

o(T) < %a)('f‘(t)) + %w(i‘(l —1)

foreacht € [0, 1].
In a case of commuting tuples, Theorem 4.7 takes the following, more compact, form.

Theorem 4.9. Let T = (T4, ..., T;) € B(H)? be a commuting d-tuple of operators.
Then,

o(T) < o(T) < o(T). (4.10)

Proof. The first inequality follows from (4.7) by taking t = 0. Considering the second
inequality, first, observe that

o) = %a)(T +1P) < %w(T) + %w(TD). 4.11)

By careful examination of the proof of [26, Theorem 2.3], we note that w(T?) < w(T).
Therefore, (4.11) now implies that w(T) < w(T), which completes the proof. |

In a single variable case, we obtain as a corollary the following result which was
proved in [9].

Corollary 4.10 ([9, Corollary 3.3]). Let T € B(H). Then,
o(T) = o(T) < o(T).

In the case of jointly hyponormal tuples, we can obtain an even stronger inequality
than (4.10).
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Theorem 4.11. Let T = (Ty,...,T;) € B(H)? be ajointly hyponormal d-tuple of oper-
ators. Then,

o(T) < o(T()) < o(T)
foranyt € [0,1].
Proof. Using [12, Lemma 3.10], and bearing in mind Lemma 4.2, it follows that r(T) =

| T||. Since r(T) < w(T) < ||T|| always holds for the commuting tuples (see (1.1)), the
conclusion directly follows from Theorem 4.7. ]

We finish the section by providing a simpler proof of the inequality (4.12) which first
appeared in [1] and which is closely related to the previously established inequalities.

Theorem 4.12 ([1, Theorem 2.6]). Let T = (T4, ..., Ty) € B(H)?. Then,

1 d t d 1—t
o(T) < ZH(ZHHZ) + (Zmﬁ)
i=1

+ %w('f(t)) (4.12)
i=1

foreacht € [0,1].

Proof. Let t € [0, 1] be arbitrary, and let T = VP = (V1 P, ..., V4 P) be the spherical
polar decomposition of 7. From [, Theorem 2.2] and Lemma 4.2, we have that

1 1 ~ 1 1 =~
T) < —|T -w(T@®)) = =|| P —w(T(1)).
o) = S|+ 50(F0) = 1P| + JoT@)
Using the fact that for any commuting positive operators A, B € B(H),

,_ABSA—;B,

we have that

t d 1—¢
p2t 4 p2(1-0) 1 d
P:,/pztpz(l—t)5+—:§ 2:|Ti|2 + Z|Ti|2 ’

2 i=1 i=1
and thus,
o(T) = 5||P|I+ w(T(t))
1 d t d 1—¢ 1 B
< (ZlTiF) + <Z|n|2) + 5 oT0). =
i=1 i=1

Specially, from the proof of the previous theorem, we observe that the following norm

equality holds:
d 1—t
(ZW) (sz) :
i=1

IT|| == mln
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