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Bochner representable operators on variable exponent
Lebesgue spaces

Juliusz Stochmal

Abstract. Let LP©) (£2) be a variable exponent Lebesgue space and X denote a Banach space. It

is shown that a bounded linear operator T : L? 0 (2) — X is Bochner representable if and only if
T,y < oo (here || T[|(.) denotes the norm of T in the Dinculeanu sense). As an application, we
study the compactness property of these operators.

1. Introduction and preliminaries

Throughout the paper, assume that (€2, X, ) is a finite measure space and (X, || - ||x) is
a real Banach space. By $(X), we denote the set of all X-simple functions on 2. The
problem of Bochner integral representation for linear operators 7 : L?(2) — X has been
studied intensively (see [3,9, 11,20]). In particular, according to Diestel and Uhl [8, The-
orem 8§, page 110], we have the following result.

Theorem 1.1. Assume that 1 < p < oo and X has the Radon—Nikodym property with
respect to the measure (. Then, for a bounded linear operator T : LP(Q2) — X, the
following statements are equivalent:

@ TN, :=sup{ XF=y o T(La)llx :s = Yofy i la; € S(2). [Isllp < 1} < oo

(ii) T is Bochner representable, that is, there exists a unique function g€ L?” (2, X)
(% + p—l* = 1) such that

Tu) = /Qu(t)g(t)dp, foru € L?(Q).

In this case, ||T |, = 1gllLr* @ x)

Extensions of this result to the Orlicz spaces L®(§2) were obtained by Uhl [19, The-
orem 1], Nowak and Oelke [18, Theorem 3.1]. Compact operators on L®() have been
studied by Uhl [19] and Nowak [17].
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The aim of this paper is to extend these results to the setting of operators defined on
the variable exponent Lebesgue spaces LPO)(Q).

The Lebesgue spaces can be generalized by replacing the constant exponent with
a variable exponent function. In recent years, variable exponent Lebesgue spaces have
been the object of much study (see [2,5,6, 13, 14, 16]). In this paper, we consider the prob-
lem of Bochner integral representation for linear operators on variable exponent Lebesgue
spaces. First, we establish terminology and basic facts concerning variable exponent Leb-
esgue spaces (see [4,7]).

Let L°(Q) be the space of u-equivalence classes of all measurable real functions
defined on 2. We denote by & (£2) the set of all p-measurable functions p : Q2 — (1, 00),
called exponent functions. Given an exponent function p € £ (S2), the variable exponent
Lebesgue space LPO (L) is defined by

LPO(Q) = {u e L°(Q) : 0p()(u/A) < oo for some A > 0},

where

0o = [ @ dp.
Then, L?0 (), equipped with the associated Luxemburg norm || - || ()
lullpey = inf{A > 0: 0py(u/A) < 1} foru e LPY(Q),

is a Banach function space (with respect to the usual pointwise order). In the case of
p() = p is constant, we have the Lebesgue space L7 ($2).

Letusput p_ :=essinf{p(t) : t € Q} and py :=esssup{p(t) : t € Q}. By p*(-), we
denote the conjugate function of p(-), i.e., p*() is the p-measurable function such that
pr@) = p*®) e
Proposition 1.2 ([4, 7], see also [1]). If p € P(RQ) and p;+ < oo, then the following
statements hold:

(1.1) (LPO®Q). ] - | () s an order continuous Banach function space;
(1.2) the Banach dual L?(Q)* of LPO(Q) is given by

LPOQ)* = (@, : v e L7 O(Q)},

where @, (u) := [ u(t)v(t) du foru € LPY(Q);
(1.3) LP"O(Q) coincides with the Kothe dual LPO(Q) of LPY(Q), that is,

LP"OQ) = {v e L) : / lu(t)v(t)| dp < oo forall u € LP(')(Q)},
Q

and for v € LP*O(Q), we have

[llprey < Ivllpecy < Kpoy 0l
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where
V]l = sup {’ /Q u(t)v(t)d/x‘ ‘u e LPO(Q), ullpey) < 1}, 1<Kpy=2

(1.4) the set 8 () of all real simple functions on S is dense in LPO(Q).

The classical Holder’s inequality for L?(€2) can be extended to variable exponent
spaces L? 0 (2) (see [4, Theorem 2.26 and Remark 2.27]).

Theorem 1.3. Let p € P(2). Then, foru € LPO(Q), v e LP?"O(Q), we have uv € L' ()
and

/Q OOl di < Koo Il 1o
where 1 < K,y < 2.

Recall that a function f : Q — X is called strongly measurable, if there exists a se-
quence (h,) of X-valued X-simple functions on €2 such that |4, (t) — f(¢)||lx — O n-a.e.
(see [8, Definition 1, page 41]). Denote by L°(2, X) the space of ju-equivalence classes of
all X -valued strongly measurable functions defined on Q. For p € (), let L?O(Q, X)
denote the variable exponent Bochner—Lebesgue space, that is,

LPOQ.X) = {f € L%Q.X) : | fO)lx € LPO(@)}.
Then, L?O(Q, X), equipped with the norm

I/ Izro@x) = [I£Ollx |, for f € LPO@, X),

is a Banach space.
We now give the definition of the Bochner representable operator on L?) (Q).

Definition 1.4. A bounded linear operator T : L?O(Q) — X is called Bochner repre-
sentable if there exists a unique function g € L?"O(Q, X) such that

T(u) = /S;u(t)g(t)d,u forallu € LPY(Q).

2. Bochner representable operators on L?0 ()

Following [8, Definition 7, page 110] and [10, Section 13.3], for a bounded linear operator
T : LPO(Q) — X, define

n n
T Ml := sup { Dol T(@allx o5 = Y il € () lIslpe) < 1}-

i=1 i=1

Let us assume that p, < oo. Since the set §(X) is dense in L7 (), it follows that
[T < W7, (here || - || denotes the uniform operator norm).
Now, we can state our main result.
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Theorem 2.1. Assume that p € £(2) with p; < oo and X has the Radon—Nikodym
property with respect to ji. For a bounded linear operator T : LP©)(Q) — X the following
statements are equivalent:

@ MTMpey < oo

(i) T is Bochner representable, that is, there exists a unique function
g € LP"O(Q, X) such that

T(u) = / u(t)g(t)du forallu € LPO(Q).
Q
In this case,
||g||Lp*(-)(.Q,X) = |||T|||p(~) = Kp(~)||g||Lp*(-)(sz,X)-
Proof. (1)=(ii) Define a vector measure mr : ¥ — X by
mr(A) :=T1y) fordeX.

Then, mr is finitely additive. Moreover, since T is bounded, in view of [4, Corollary 2.23],
we get

i o
lmr(Dllx = 1T@a)lx < 1T Lallpey = 1T [ max {p(A) 7+, n(A4)?-},

so mr is p-absolutely continuous and countably additive.
Now, set @ := 1/||1q||p(). According to [4, Corollary 2.23], we obtain that

_ B B
min {,LL(Q) P+, pu(2) 1’*} =< ILallpe).

and hence, we observe that 0 < o < co. For any finite partition {4; € ¥ : 1 <i < n} of
Q,wehave alg = Y 7_, aly,. Hence,

n n
a Y lmr(A)lx =Y lleT(@a)lx < WTllpe) < oo

i=1 i=1

and this means that m has bounded variation. Since X has the Radon-Nikodym property
with respect to y, there exists a unique function g € L!(2, X) such that forall 4 € X,

mr(4) = /A g()du and |mr|(4) = [A lg(0)llx die.

Then, for s := > ;_, a; 14, € $(T), we get

T(s) =) a;T(lg) =Y aimr(A;) = ;ai /A ,- g)dp = /Q s()g(t) d

i=1 i=1
and

> fellmrtan = 3l / el = [ sOleix dp

i=1
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Let & > 0 be given and assume that ||s]|,¢) < 1. Then, fori € {1,...,n}, there exists
a finite partition {4; ; € ¥ : 1 < j < n;} of A; such that

|mr|<A><Z||mT(Al,)||x+ Z||T(11A,,>||X+

Jj=

Since Y 7, (Z;”:l aily, ;) = Yi—; aily,, it follows that

n

[ s lg 1 die = S el mrl(4) < 3 (Z i T (L, ,)nx)

i=1 i=1
= TMlpe + &
On the other hand, we have

Z lloi T(La)llx = Z i Imz (Ap)l|x < Z leti |lmr|(A7)

i=1 i=1
- / 5118 0)llx de.
Q

Therefore, we conclude that

N7 Mlpcy = sup {[Q Is@lllg@llx dp s € S(X), Isllpe) = 1}~

Let u € LPO(Q) c L°(2). Then, there exists a sequence (s,) in S(Z) such that
0 < su(t) 1 |u(r)| fort € Q. Since the norm || - || ) is order preserving (see [7, page 77])
and forevery n € N, 5, (¢) < |u(t)| for t € Q, it follows that ||s, [|p¢) < |[u| () forn € N.
Assume that u # 0. Then, the norm of s, /||u|| () is less than or equal to 1. Using Fatou’s
lemma (see [15, Chapter 1, Section 6, Theorem 8]), we get

lu(t)| sn (1)
/ lg()llx due < sup / O @)y die < 1T Ml < 0.
o llullpe n Ja llulpe

Hence, by (1.3), we get |g()|lx € L? O (Q) and ug € L'(L2, X). Moreover, we derive
that

gl ro@.x) = oy = Ty 2.1

Now, define Ty : LPO(Q) — X by

T, () :=/Qu(z)g(t)du foru € LPO(Q).

‘We will show that
To(u) = T(u) forallu € LPO(Q).
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Since § (%) is dense in L?) () (see (1.4)), for u € LPO(Q), there exists a sequence (s,,)

in §(X) such that [|s, — u| ) — 0. Then, ||T(s,) — T(u)|lx — 0. On the other hand,
using Holder’s inequality (see Theorem 1.3), we get

17 (5n) — T o)1 = H /Q sn(Dg () — /Q u(g () du

X
< /Q [5n () — u(0)] 120 x dpe
< Kpoollsn = ullpo [ 1€ x | oy = 0
Then,
T = Ty = [ u(g)du,
as desired.

(ii)=(i) Assume that there exists g € L?" (R, X) such that
T(u) = / u(t)g(t)du foru € LPO(Q).
Q
It follows that

1Tl < [9 u()lg()llx d forall u € LPO(Q).

Then, using Holder’s inequality, for s = >/, a; 14, € () with |ls]|,¢) < 1, we get

;”OHT(]IA,-)”X < Z|Oli|/ﬂ]1Ai(l)||g(f)||X du = /;2 Is()llg@)llx die

i=1

< Kpo sl [IgOlx [ ey = Kpo)llglzoro@,x)-

Hence,
TN, = KpolIgllLero@, x)- (2.2)
Since (1)< (ii) holds, in view of (2.1) and (2.2), we obtain

IgllLrro@,x) = T lpe = Kpo)lgllLro@,x)- u

Remark 2.2. It should be noted that in the proof of Theorem 2.1, we use deep results
concerning the topological and order structure of the variable exponent Lebesgue space
LPO(Q). In particular, we use the fact that the set of simple functions §(X) is dense
in L?O () and the Banach dual L?®(Q)* of L?O(Q) coincides with the Kothe dual
LPO(Q) when p; < co. Moreover, the Holder’s inequality for the space L?)(Q) is of
importance.

As a consequence of Theorem 2.1, we have the following corollary.
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Corollary 2.3. Suppose that 1 < p_ < p4 < oo and X has the Radon—Nikodym property
with respect to . Then, every linear operator T : LPO(Q) — X with T, < oois
compact.

Proof. In view of Theorem 2.1, there exists a function g € L?" (€, X) such that
T(u) = / u(t)g(t)du forallu € LPO(Q),
Q

where ﬁ + ﬁ =1 p-ae. Since p— > 1, then we have p} < oo. In view of [12,
Section 1.C, Theorem 6], there exists a sequence (/1,,) of X -valued X-simple functions on
Q such that ||h, () — g(®)|lx — 0 p-a.e. and ||h,(¢)||lx < llg(®)|lx n-a.e. foralln € N.
Hence, ||h,(t) — g(t)|lx < 2||g(t)|lx n-a.e. for all n € N. This means that the sequence
(I(hn — &) |lx) is order convergent to 0 in L? (). Since P} < oo, we know that
LP*©)(Q) is an order continuous Banach function space, and it follows that

n
I = gllLr o x) = [1An©) = gO)lx | =y = 0.

Now, for n € N, we define the linear operator 7, : LP(‘)(Q) — X by
T, (u) := / u()hu()dpn  foru € LPO(Q).
Q

Then, T}, are bounded operators of finite dimensional range, so 7,, are compact. Note that,
in view of Holder’s inequality (see Theorem 1.3), we have

|T —Tull = sup
lullpy=<1

[ u()(g — ha)(1) dps
Q

X

< sup [Q 1l — k)0 x dp

lull,y<1

IA

Kp() || (g —hn)()llx

p*()

n
Kpyllg — hn ||Lp*(')(Q,X) — 0.

Thus, 7" is a compact operator as the limit of compact operators. ]

Acknowledgments. The author would like to thank the referee for valuable remarks and
suggestions that helped to improve the paper.

References

[1] A. Amenta, J. M. Conde-Alonso, D. Cruz-Uribe, and J. Ocariz, On the dual of variable
Lebesgue spaces with unbounded exponent. 2019, arXiv:1909.05987v1


https://arxiv.org/abs/1909.05987v1

(2]

(3]

(4]

(3]

(6]

(7]

(8]
(9]

(10]

(1]

[12]

(13]

[14]
(15]
(16]
(17]

(18]

[19]

(20]

J. Stochmal 136

R. E. Castillo, O. M. Guzman, and H. Rafeiro, Linear functionals on variable exponent
Bochner-Lebesgue spaces. Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 30 (2019), no. 3,
583-597 Zbl 1455.46029 MR 4002212

J. Chaney, Banach lattices of compact maps. Math. Z. 129 (1972), 1-19 Zbl 0231.46020

MR 0312329

D. V. Cruz-Uribe and A. Fiorenza, Variable Lebesgue spaces: Foundations and harmonic anal-
ysis. Appl. Numer. Harmon. Anal., Birkhéduser/Springer, Heidelberg, 2013 Zbl 1268.46002
MR 3026953

J. Delgado and M. Ruzhansky, The bounded approximation property of variable Lebesgue
spaces and nuclearity. Math. Scand. 122 (2018), no. 2, 299-319 Zbl 1403.46027

MR 3789445

J. Delgado, M. Ruzhansky, and B. Wang, Grothendieck—Lidskii trace formula for mixed-norm
and variable Lebesgue spaces. J. Spectr. Theory 6 (2016), no. 4, 781-791 Zbl 1432.46014
MR 3584183

L. Diening, P. Harjulehto, P. Hésto, and M. RuZicka, Lebesgue and Sobolev spaces with vari-
able exponents. Lecture Notes in Math. 2017, Springer, Heidelberg, 2011 Zbl 1222.46002
MR 2790542

J. Diestel and J. J. Uhl, Jr., Vector measures. Math. Surveys Monogr. 15, American Mathemat-
ical Society, Providence, RI, 1977 Zbl 0369.46039 MR 0453964

N. Dinculeanu, Integral representation of linear operators. I, II. Stud. Cerc. Mat. 18 (1966),
349-385; 483-536 Zbl 0156.14901 MR 0213505

N. Dinculeanu, Vector measures. International Series of Monographs in Pure and Applied
Mathematics 95, Pergamon Press, Oxford-New York-Toronto; VEB Deutscher Verlag der Wis-
senschaften, Berlin, 1967 Zbl 0142.10502 MR 0206190

N. Dinculeanu, Linear operations on L?-spaces. In Vector and operator valued measures and
applications (Proc. Sympos., Alta, Utah, 1972), pp. 109-124, Academic Press, New York,
1973 Zbl 0293.46032 MR 0341066

N. Dinculeanu, Vector integration and stochastic integration in Banach spaces. Pure Appl.
Math. (New York), Wiley-Interscience, New York, 2000 Zbl 0974.28006 MR 1782432

P. Gorka and A. Macios, Almost everything you need to know about relatively compact sets in
variable Lebesgue spaces. J. Funct. Anal. 269 (2015), no. 7, 1925-1949 Zbl 1343.46026
MR 3378865

F. L. Hernandez, C. Ruiz, and M. Sanchiz, Weak compactness in variable exponent spaces.
J. Funct. Anal. 281 (2021), no. 6, article no. 109087 Zbl 1475.46030 MR 4257979

L. V. Kantorovich and G. P. Akilov, Functional analysis. 2nd edn., Pergamon Press, Oxford,
N.Y., 1982 Zbl 0484.46003 MR 0664597

J. Lukes, L. Pick, and D. Pokorny, On geometric properties of the spaces L? ) Rev. Mat.
Complut. 24 (2011), no. 1, 115-130 Zbl 1223.46015 MR 2763369

M. Nowak, Compactness of Bochner representable operators on Orlicz spaces. Positivity 13
(2009), no. 1, 193-199 Zbl 1172.47024 MR 2466237

M. Nowak and A. Oelke, Linear operators on non-locally convex Orlicz spaces. In Function
spaces VIII, pp. 157-165, Banach Center Publ. 79, Institute of Mathematics of the Polish
Academy of Sciences, Warsaw, 2008 Zbl 1145.46018 MR 2404990

J. J. Uhl, Jr., On a class of operators on Orlicz spaces. Studia Math. 40 (1971), 17-22

Zbl 0228.47020 MR 0303342

T. K. Wong, On a class of absolutely p-summing operators. Studia Math. 39 (1971), 181-189
Zbl 0211.44603 MR 0308835


https://doi.org/10.4171/RLM/861
https://doi.org/10.4171/RLM/861
https://zbmath.org/?q=an:1455.46029
https://mathscinet.ams.org/mathscinet-getitem?mr=4002212
https://doi.org/10.1007/BF01229536
https://zbmath.org/?q=an:0231.46020
https://mathscinet.ams.org/mathscinet-getitem?mr=0312329
https://doi.org/10.1007/978-3-0348-0548-3
https://doi.org/10.1007/978-3-0348-0548-3
https://zbmath.org/?q=an:1268.46002
https://mathscinet.ams.org/mathscinet-getitem?mr=3026953
https://doi.org/10.7146/math.scand.a-102962
https://doi.org/10.7146/math.scand.a-102962
https://zbmath.org/?q=an:1403.46027
https://mathscinet.ams.org/mathscinet-getitem?mr=3789445
https://doi.org/10.4171/JST/141
https://doi.org/10.4171/JST/141
https://zbmath.org/?q=an:1432.46014
https://mathscinet.ams.org/mathscinet-getitem?mr=3584183
https://doi.org/10.1007/978-3-642-18363-8
https://doi.org/10.1007/978-3-642-18363-8
https://zbmath.org/?q=an:1222.46002
https://mathscinet.ams.org/mathscinet-getitem?mr=2790542
https://doi.org/10.1090/surv/015
https://zbmath.org/?q=an:0369.46039
https://mathscinet.ams.org/mathscinet-getitem?mr=0453964
https://zbmath.org/?q=an:0156.14901
https://mathscinet.ams.org/mathscinet-getitem?mr=0213505
https://zbmath.org/?q=an:0142.10502
https://mathscinet.ams.org/mathscinet-getitem?mr=0206190
https://doi.org/10.1016/B978-0-12-702450-9.50016-6
https://zbmath.org/?q=an:0293.46032
https://mathscinet.ams.org/mathscinet-getitem?mr=0341066
https://doi.org/10.1002/9781118033012
https://zbmath.org/?q=an:0974.28006
https://mathscinet.ams.org/mathscinet-getitem?mr=1782432
https://doi.org/10.1016/j.jfa.2015.06.024
https://doi.org/10.1016/j.jfa.2015.06.024
https://zbmath.org/?q=an:1343.46026
https://mathscinet.ams.org/mathscinet-getitem?mr=3378865
https://doi.org/10.1016/j.jfa.2021.109087
https://zbmath.org/?q=an:1475.46030
https://mathscinet.ams.org/mathscinet-getitem?mr=4257979
https://zbmath.org/?q=an:0484.46003
https://mathscinet.ams.org/mathscinet-getitem?mr=0664597
https://doi.org/10.1007/s13163-010-0032-9
https://zbmath.org/?q=an:1223.46015
https://mathscinet.ams.org/mathscinet-getitem?mr=2763369
https://doi.org/10.1007/s11117-008-2179-x
https://zbmath.org/?q=an:1172.47024
https://mathscinet.ams.org/mathscinet-getitem?mr=2466237
https://doi.org/10.4064/bc79-0-12
https://zbmath.org/?q=an:1145.46018
https://mathscinet.ams.org/mathscinet-getitem?mr=2404990
https://doi.org/10.4064/sm-40-1-17-22
https://zbmath.org/?q=an:0228.47020
https://mathscinet.ams.org/mathscinet-getitem?mr=0303342
https://doi.org/10.4064/sm-39-2-181-189
https://zbmath.org/?q=an:0211.44603
https://mathscinet.ams.org/mathscinet-getitem?mr=0308835

Bochner representable operators on variable exponent Lebesgue spaces 137

Received 26 April 2024; revised 12 November 2024.

Juliusz Stochmal
Institute of Mathematics, Kazimierz Wielki University in Bydgoszcz, ul. Powstaficéw
Wielkopolskich 2, 85-090 Bydgoszcz, Poland; juliusz.stochmal @ gmail.com


mailto:juliusz.stochmal@gmail.com

	1. Introduction and preliminaries
	2. Bochner representable operators on L^p(·)(Ω)
	References

