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Bochner representable operators on variable exponent
Lebesgue spaces

Juliusz Stochmal

Abstract. Let Lp.�/.�/ be a variable exponent Lebesgue space and X denote a Banach space. It
is shown that a bounded linear operator T W Lp.�/.�/! X is Bochner representable if and only if
jjjT jjjp.�/ <1 (here jjjT jjjp.�/ denotes the norm of T in the Dinculeanu sense). As an application, we
study the compactness property of these operators.

1. Introduction and preliminaries

Throughout the paper, assume that .�;†; �/ is a finite measure space and .X; k � kX / is
a real Banach space. By �.†/, we denote the set of all †-simple functions on �. The
problem of Bochner integral representation for linear operators T W Lp.�/! X has been
studied intensively (see [3, 9, 11, 20]). In particular, according to Diestel and Uhl [8, The-
orem 8, page 110], we have the following result.

Theorem 1.1. Assume that 1 < p < 1 and X has the Radon–Nikodym property with
respect to the measure �. Then, for a bounded linear operator T W Lp.�/ ! X , the
following statements are equivalent:

(i) jjjT jjjp WD sup
®Pn

iD1 k˛iT .1Ai
/kX W s D

Pn
iD1 ˛i1Ai

2 �.†/;kskp � 1
¯
<1;

(ii) T is Bochner representable, that is, there exists a unique function g2Lp�.�;X/

. 1
p
C

1
p�
D 1/ such that

T .u/ D

Z
�

u.t/g.t/d� for u 2 Lp.�/:

In this case, jjjT jjjp D kgkLp� .�;X/.

Extensions of this result to the Orlicz spaces Lˆ.�/ were obtained by Uhl [19, The-
orem 1], Nowak and Oelke [18, Theorem 3.1]. Compact operators on Lˆ.�/ have been
studied by Uhl [19] and Nowak [17].
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The aim of this paper is to extend these results to the setting of operators defined on
the variable exponent Lebesgue spaces Lp.�/.�/.

The Lebesgue spaces can be generalized by replacing the constant exponent with
a variable exponent function. In recent years, variable exponent Lebesgue spaces have
been the object of much study (see [2,5,6,13,14,16]). In this paper, we consider the prob-
lem of Bochner integral representation for linear operators on variable exponent Lebesgue
spaces. First, we establish terminology and basic facts concerning variable exponent Leb-
esgue spaces (see [4, 7]).

Let L0.�/ be the space of �-equivalence classes of all measurable real functions
defined on�. We denote by P .�/ the set of all �-measurable functions p W �! .1;1/,
called exponent functions. Given an exponent function p 2 P .�/, the variable exponent
Lebesgue space Lp.�/.�/ is defined by

Lp.�/.�/ WD
®
u 2 L0.�/ W %p.�/.u=�/ <1 for some � > 0

¯
;

where
%p.�/.u/ WD

Z
�

ju.t/jp.t/ d�:

Then, Lp.�/.�/, equipped with the associated Luxemburg norm k � kp.�/,

kukp.�/ WD inf
®
� > 0 W %p.�/.u=�/ � 1

¯
for u 2 Lp.�/.�/;

is a Banach function space (with respect to the usual pointwise order). In the case of
p.�/ D p is constant, we have the Lebesgue space Lp.�/.

Let us put p� WD ess inf¹p.t/ W t 2 �º and pC WD ess sup¹p.t/ W t 2 �º. By p�.�/, we
denote the conjugate function of p.�/, i.e., p�.�/ is the �-measurable function such that

1
p.t/
C

1
p�.t/

D 1 �-a.e.

Proposition 1.2 ([4, 7], see also [1]). If p 2 P .�/ and pC < 1, then the following
statements hold:

(1.1) .Lp.�/.�/; k � kp.�// is an order continuous Banach function space;

(1.2) the Banach dual Lp.�/.�/� of Lp.�/.�/ is given by

Lp.�/.�/� D
®
ˆv W v 2 L

p�.�/.�/
¯
;

where ˆv.u/ WD
R

�
u.t/v.t/ d� for u 2 Lp.�/.�/;

(1.3) Lp�.�/.�/ coincides with the Köthe dual Lp.�/.�/0 of Lp.�/.�/, that is,

Lp�.�/.�/ D

²
v 2 L0.�/ W

Z
�

ju.t/v.t/j d� <1 for all u 2 Lp.�/.�/

³
;

and for v 2 Lp�.�/.�/, we have

kvkp�.�/ � kvk
0
p�.�/ � Kp.�/kvkp�.�/;
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where

kvk0p�.�/ WD sup
²ˇ̌̌̌ Z

�

u.t/v.t/d�

ˇ̌̌̌
W u 2 Lp.�/.�/;kukp.�/ � 1

³
; 1 �Kp.�/ � 2I

(1.4) the set �.†/ of all real simple functions on � is dense in Lp.�/.�/.

The classical Hölder’s inequality for Lp.�/ can be extended to variable exponent
spaces Lp.�/.�/ (see [4, Theorem 2.26 and Remark 2.27]).

Theorem 1.3. Let p 2P .�/. Then, for u2Lp.�/.�/, v 2Lp�.�/.�/, we have uv 2L1.�/

and Z
�

ju.t/v.t/j d� � Kp.�/kukp.�/kvkp�.�/;

where 1 � Kp.�/ � 2.

Recall that a function f W �! X is called strongly measurable, if there exists a se-
quence .hn/ of X -valued†-simple functions on� such that khn.t/� f .t/kX ! 0 �-a.e.
(see [8, Definition 1, page 41]). Denote byL0.�;X/ the space of�-equivalence classes of
all X -valued strongly measurable functions defined on�. For p 2 P .�/, let Lp.�/.�;X/

denote the variable exponent Bochner–Lebesgue space, that is,

Lp.�/.�;X/ WD
®
f 2 L0.�;X/ W kf .�/kX 2 L

p.�/.�/
¯
:

Then, Lp.�/.�;X/, equipped with the norm

kf kLp.�/.�;X/ WD


kf .�/kX

p.�/

for f 2 Lp.�/.�;X/;

is a Banach space.
We now give the definition of the Bochner representable operator on Lp.�/.�/.

Definition 1.4. A bounded linear operator T W Lp.�/.�/! X is called Bochner repre-
sentable if there exists a unique function g 2 Lp�.�/.�;X/ such that

T .u/ D

Z
�

u.t/g.t/d� for all u 2 Lp.�/.�/:

2. Bochner representable operators on Lp.�/.�/

Following [8, Definition 7, page 110] and [10, Section 13.3], for a bounded linear operator
T W Lp.�/.�/! X , define

jjjT jjjp.�/ WD sup
² nX

iD1

k˛iT .1Ai
/kX W s D

nX
iD1

˛i1Ai
2 �.†/; kskp.�/ � 1

³
:

Let us assume that pC < 1. Since the set �.†/ is dense in Lp.�/.�/, it follows that
kT k � jjjT jjjp.�/ (here k � k denotes the uniform operator norm).

Now, we can state our main result.



J. Stochmal 132

Theorem 2.1. Assume that p 2 P .�/ with pC < 1 and X has the Radon–Nikodym
property with respect to�. For a bounded linear operator T WLp.�/.�/!X the following
statements are equivalent:

(i) jjjT jjjp.�/ <1;

(ii) T is Bochner representable, that is, there exists a unique function
g 2 Lp�.�/.�;X/ such that

T .u/ D

Z
�

u.t/g.t/d� for all u 2 Lp.�/.�/:

In this case,
kgkLp�.�/.�;X/ � jjjT jjjp.�/ � Kp.�/kgkLp�.�/.�;X/:

Proof. (i))(ii) Define a vector measure mT W †! X by

mT .A/ WD T .1A/ for A 2 †:

Then,mT is finitely additive. Moreover, since T is bounded, in view of [4, Corollary 2.23],
we get

kmT .A/kX D kT .1A/kX � kT kk1Akp.�/ � kT kmax
®
�.A/

1
pC ; �.A/

1
p�

¯
;

so mT is �-absolutely continuous and countably additive.
Now, set ˛ WD 1=k1�kp.�/. According to [4, Corollary 2.23], we obtain that

min
®
�.�/

1
pC ; �.�/

1
p�

¯
� k1�kp.�/;

and hence, we observe that 0 < ˛ <1. For any finite partition ¹Ai 2 † W 1 � i � nº of
�, we have ˛1� D

Pn
iD1 ˛1Ai

. Hence,

˛

nX
iD1

kmT .Ai /kX D

nX
iD1

k˛T .1Ai
/kX � jjjT jjjp.�/ <1;

and this means thatmT has bounded variation. SinceX has the Radon–Nikodym property
with respect to �, there exists a unique function g 2 L1.�;X/ such that for all A 2 †,

mT .A/ D

Z
A

g.t/d� and jmT j.A/ D

Z
A

kg.t/kX d�:

Then, for s WD
Pn

iD1 ˛i1Ai
2 �.†/, we get

T .s/ D

nX
iD1

˛iT .1Ai
/ D

nX
iD1

˛imT .Ai / D

nX
iD1

˛i

Z
Ai

g.t/d� D

Z
�

s.t/g.t/ d�

and
nX

iD1

j˛i jjmT j.Ai / D

nX
iD1

j˛i j

Z
Ai

kg.t/kXd� D

Z
�

js.t/jkg.t/kX d�:
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Let " > 0 be given and assume that kskp.�/ � 1. Then, for i 2 ¹1; : : : ; nº, there exists
a finite partition ¹Ai;j 2 † W 1 � j � niº of Ai such that

jmT j.Ai / �

niX
jD1

kmT .Ai;j /kX C
"

nj˛i j
D

niX
jD1

kT .1Ai;j
/kX C

"

nj˛i j
:

Since
Pn

iD1

�Pni

jD1 ˛i1Ai;j

�
D
Pn

iD1 ˛i1Ai
, it follows thatZ

�

js.t/jkg.t/kX d� D

nX
iD1

j˛i jjmT j.Ai / �

nX
iD1

� niX
jD1

k˛iT .1Ai;j
/kX

�
C "

� jjjT jjjp.�/ C ":

On the other hand, we have

nX
iD1

k˛iT .1Ai
/kX D

nX
iD1

j˛i jkmT .Ai /kX �

nX
iD1

j˛i jjmT j.Ai /

D

Z
�

js.t/jkg.t/kX d�:

Therefore, we conclude that

jjjT jjjp.�/ D sup
²Z

�

js.t/jkg.t/kX d� W s 2 �.†/; kskp.�/ � 1

³
:

Let u 2 Lp.�/.�/ � L0.�/. Then, there exists a sequence .sn/ in �.†/ such that
0 � sn.t/ " ju.t/j for t 2 �. Since the norm k � kp.�/ is order preserving (see [7, page 77])
and for every n 2N, sn.t/ � ju.t/j for t 2�, it follows that ksnkp.�/ � kukp.�/ for n 2N.
Assume that u ¤ 0. Then, the norm of sn=kukp.�/ is less than or equal to 1. Using Fatou’s
lemma (see [15, Chapter 1, Section 6, Theorem 8]), we getZ

�

ju.t/j

kukp.�/

kg.t/kX d� � sup
n

Z
�

sn.t/

kukp.�/

kg.t/kX d� � jjjT jjjp.�/ <1:

Hence, by (1.3), we get kg.�/kX 2 Lp�.�/.�/ and ug 2 L1.�; X/. Moreover, we derive
that

kgkLp�.�/.�;X/ D


kg.�/kX

p�.�/

� jjjT jjjp.�/: (2.1)

Now, define Tg W L
p.�/.�/! X by

Tg.u/ WD

Z
�

u.t/g.t/d� for u 2 Lp.�/.�/:

We will show that
Tg.u/ D T .u/ for all u 2 Lp.�/.�/:
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Since �.†/ is dense in Lp.�/.�/ (see (1.4)), for u 2 Lp.�/.�/, there exists a sequence .sn/
in �.†/ such that ksn � ukp.�/ ! 0. Then, kT .sn/ � T .u/kX ! 0. On the other hand,
using Hölder’s inequality (see Theorem 1.3), we get

kT .sn/ � Tg.u/kX D





 Z
�

sn.t/g.t/d� �

Z
�

u.t/g.t/ d�






X

�

Z
�

jsn.t/ � u.t/jkg.t/kX d�

� Kp.�/ksn � ukp.�/



kg.�/kX

p�.�/
! 0:

Then,

T .u/ D Tg.u/ D

Z
�

u.t/g.t/d�;

as desired.
(ii))(i) Assume that there exists g 2 Lp�.�/.�;X/ such that

T .u/ D

Z
�

u.t/g.t/d� for u 2 Lp.�/.�/:

It follows that

kT .u/kX �

Z
�

ju.t/jkg.t/kX d� for all u 2 Lp.�/.�/:

Then, using Hölder’s inequality, for s D
Pn

iD1 ˛i1Ai
2 �.†/ with kskp.�/ � 1, we get

nX
iD1

k˛iT .1Ai
/kX �

nX
iD1

j˛i j

Z
�

1Ai
.t/kg.t/kX d� D

Z
�

js.t/jkg.t/kX d�

� Kp.�/kskp.�/



kg.�/kX

p�.�/
� Kp.�/kgkLp�.�/.�;X/:

Hence,
jjjT jjjp.�/ � Kp.�/kgkLp�.�/.�;X/: (2.2)

Since (i),(ii) holds, in view of (2.1) and (2.2), we obtain

kgkLp�.�/.�;X/ � jjjT jjjp.�/ � Kp.�/kgkLp�.�/.�;X/:

Remark 2.2. It should be noted that in the proof of Theorem 2.1, we use deep results
concerning the topological and order structure of the variable exponent Lebesgue space
Lp.�/.�/. In particular, we use the fact that the set of simple functions �.†/ is dense
in Lp.�/.�/ and the Banach dual Lp.�/.�/� of Lp.�/.�/ coincides with the Köthe dual
Lp.�/.�/0 when pC <1. Moreover, the Hölder’s inequality for the space Lp.�/.�/ is of
importance.

As a consequence of Theorem 2.1, we have the following corollary.
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Corollary 2.3. Suppose that 1 < p� � pC <1 andX has the Radon–Nikodym property
with respect to �. Then, every linear operator T W Lp.�/.�/! X with jjjT jjjp.�/ <1 is
compact.

Proof. In view of Theorem 2.1, there exists a function g 2 Lp�.�/.�;X/ such that

T .u/ D

Z
�

u.t/g.t/d� for all u 2 Lp.�/.�/;

where 1
p.t/
C

1
p�.t/

D 1 �-a.e. Since p� > 1, then we have p�C < 1. In view of [12,
Section 1.C, Theorem 6], there exists a sequence .hn/ of X -valued†-simple functions on
� such that khn.t/ � g.t/kX ! 0 �-a.e. and khn.t/kX � kg.t/kX �-a.e. for all n 2 N.
Hence, khn.t/ � g.t/kX � 2kg.t/kX �-a.e. for all n 2 N. This means that the sequence
.k.hn � g/.�/kX / is order convergent to 0 in Lp�.�/.�/. Since p�C < 1, we know that
Lp�.�/.�/ is an order continuous Banach function space, and it follows that

khn � gkLp�.�/.�;X/ D


khn.�/ � g.�/kX




p�.�/

n
�! 0:

Now, for n 2 N, we define the linear operator Tn W L
p.�/.�/! X by

Tn.u/ WD

Z
�

u.t/hn.t/d� for u 2 Lp.�/.�/:

Then, Tn are bounded operators of finite dimensional range, so Tn are compact. Note that,
in view of Hölder’s inequality (see Theorem 1.3), we have

kT � Tnk D sup
kukp.�/�1





 Z
�

u.t/.g � hn/.t/ d�






X

� sup
kukp.�/�1

Z
�

ju.t/jk.g � hn/.t/kX d�

� Kp.�/



k.g � hn/.�/kX




p�.�/

D Kp.�/kg � hnkLp�.�/.�;X/

n
�! 0:

Thus, T is a compact operator as the limit of compact operators.
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