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Hardy-Littlewood maximal operator in a new vanishing
Orlicz—Morrey space

Fatih Deringoz

Abstract. We study mapping properties of maximal operator in a new vanishing subspace of Orlicz—
Morrey spaces. We show that the vanishing property defining that subspace is preserved under
the action of maximal operator. As an application, we also investigate the behavior of fractional
operators.

1. Introduction

Morrey spaces MP*(R") play an important role in the study of local behaviour and
regularity properties of solutions to PDE. It is well known that the Morrey spaces are
non-separable if A > 0. The lack of approximation tools for the entire Morrey space has
motivated the introduction of appropriate subspaces, like vanishing spaces. The defini-
tion of the vanishing Morrey spaces involves several vanishing conditions. Each condition
generates a closed subspace of M?*(R"). We use the notation of [3] and show these
conditions as (Vp), (Voo), and (V'*).

The space Vo MP*(R"), often called in the literature just by vanishing Morrey space,
was already introduced in [5, 19, 20] motivated by regularity results of elliptic equations.
The subspaces Voo MP*(R”) and V *) MP-A(R") were recently introduced in [3] to study
the delicate problem in the approximation of Morrey functions by nice functions. A dis-
cussion on this approximation problem in generalized Morrey spaces can be found in [4].
Boundedness of many classical operators from harmonic analysis such as maximal oper-
ators, singular operators, potential operators, and Hardy operators, in these new vanishing
Morrey and generalized Morrey spaces is investigated in the papers [1,2].

A natural step in the theory of functions spaces was to study Orlicz—-Morrey spaces

M (R"),

where the “Morrey-type measuring” of regularity of functions is realized with respect to
the Orlicz norm over balls instead of the Lebesgue one.
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We refer to [10,12-16,21] for the preservation of the vanishing property (}) and to [6,
7] for the preservation of the vanishing property (Vo) of M®#(R") by some classical
operators, respectively.

In this paper, we focus on the condition (V*). More precisely, the purpose of this
paper is to introduce new vanishing Orlicz—Morrey space V) M P (R") and to show
that vanishing property (V*) is preserved under the action of maximal operator.

We use the following notation: B(x, r) is the open ball in R” centered at x € R” and
radius 7 > 0. The (Lebesgue) measure of a measurable set £ C R” is denoted by |E|
and y g denotes its characteristic function. We use C as a generic positive constant, i.e.,
a constant whose value may change with each appearance. The expression A < B means
that A < CB for some independent constant C > 0, and A ~ B means A < B < A.

2. Preliminaries

We recall the definition of Young functions.

Definition 2.1. A function ® : [0, co] — [0, o0] is called a Young function if @ is convex,
left-continuous, lim;—. 1o ®(r) = ®(0) = 0, and lim, o0 P(r) = ®(c0) = 0.

A Young function @ is said to satisfy the A,-condition, denoted also by ® € A,, if
PQ2r) <Co(r), r>0

for some C > 0.
A Young function P is said to satisfy the V,-condition, denoted also by ® € V,, if

1
d(r) < fé(Cr), r>0

for some C > 1.
Next, we recall the generalized inverse of Young function ®. For a Young function ®
and 0 < s < o0, let

O (s) =inf{r >0: ®(r) > s} (infd = o00).

We have
r<®'(r)® '(r)<2r forr >0, .1

where ®(r) is the complementary function of ® defined by
&)(r) _ {sup{rs —®(s): 5 €[0,00)}, re]0,00),

o0, r = 0oQ.

Definition 2.2 (Orlicz space). For a Young function ®, the Orlicz space L®(R") is defined
by

loc

LeR") = {f e Ll (R"): / @ (k| f(x)])dx < oo for some k > 0 }
]Rn
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The space Lfgc(]R{") is defined as the set of all measurable functions f such that fyp €

L®(R") for all balls B C R”.

L®(R") is a Banach space under the Luxemburg—Nakano norm

1f o = inf{x -0 / <I>(|f§x)|)dx < 1}.

For Q C R”, let

I llLe@ = Il fxallLe-

A tacit understanding is that f is defined to be zero outside 2.
The following analog of the Holder inequality is well known.

Theorem 2.3. Let Q@ C R” be a measurable set, and let  and g be measurable functions
on Q2. For a Young function ® and its complementary function ®, the following inequality
is valid:

[ 1 eldr < 217 Il s

By elementary calculations, we have the following property.

Lemma 2.4. Let ® be a Young function, and let B be a set in R"™ with finite Lebesgue
measure. Then,

1
lxBllLe = (B’
By Theorem 2.3, Lemma 2.4, and (2.1), we get the following estimate.

Lemma 2.5. For a Young function ® and a ball B, the following inequality is valid:

/B |fD)Idy < 2[BI® (Bl f Lo s)-

We have the following scaling law.

Lemma 2.6 ([9, Lemma 10]). Let 8 > 0, ® a Young function, ®g(t) = ®(¢'/#), and B
a ball. Then,

117120 128 gy = 1S W o(a)

for all measurable functions f.

Now, we define operators investigated in this paper.
The Hardy—Littlewood maximal operator is one of the most central operators in mod-
ern harmonic analysis and theory of partial differential equations. It is defined by

1
Mf(x) = P e | f)ldy.
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It is well known that the maximal operator controls various other important operators
of harmonic analysis. This is the case of the sharp maximal function

1
M* (x) ;=sup ——— () — o ldy,
! r=0 [BCx, )] B(x’,)|fy Teeenldy

where fp = ﬁ [ f(2)dz. By straightforward calculations, we have

(MFf)(x) <2M[)(x). xeR". 22)
The multidimensional Hardy operators H and J are defined by
1 S
Hf(x) = — / f(y)dy and JH f(x):= / —=dy.
X1 Jyi<ix yl=lxl [V

Using that |x — y| < 2|x| in the integral defining H, we get the pointwise estimate
H(lf)(x) <2"v,Mf(x), xeR" (2.3)

We will consider more general Hardy-type operator Hy and #Hy, 0 < o < n, defined
for appropriate functions f by

Ho f0) = |+l |

[yl<|x]|

fdy and  Hof(x) = |x|“/ ),

yi=lxl 1"
It can be easily shown that operator H,, is now dominated by the fractional maximal
operator M, and the Riesz potential operator I, for x € R”:

|f()ldy, Iaf(x):/ e
) R

e

1
My f(x) = sup ——————— /
¢ r>0 |BCx,r)[1=2/n Jgi s

More precisely, for 0 < o < n, there holds
|Ho f(X)] < va2" (Mo f)(x) < 2" %La(| fD(x), x €R™ 24

The Hardy operator #, is also dominated by the Riesz potential operator (cf. [1,
Lemma 2.3]) as follows:

|Ha f(X)] = 2" Lo (| f)(x). x €R" (25

In [11], the Orlicz-Morrey space M %% (R") was introduced to unify Orlicz spaces
and generalized Morrey spaces. The definition of M %% (R") is as follows.

Definition 2.7. Let ¢ be a positive measurable function on (0, o0) and ® any Young
function. The Orlicz—Morrey space M (R") is the space of functions f € L (R")

loc
such that

I/ Lo B,y
[fllpee = sup ———= <00
Y x€R",r>0 o(r)

For a Young function ®, we denote by ¢ the set of all almost increasing ¢ : (0, 00) —
(0, 00) functions such that ¢ € (0, 00) > ¢(t)®~!(¢t™") is almost decreasing.

It will be assumed that the functions ¢ are of the class ¥ in the sequel. We refer to
[9, Section 5] for more information about these spaces.
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3. Auxiliary estimates

In the next section where we prove our main estimates, we take into account the next
results.

Theorem 3.1 ([18]). If ® € Vs, then the operator M is bounded on L®(R™).

Theorem 3.2 ([11, Theorem 4.6]). Let ® be a Young function with ® € V, and ¢ € 5.
Then, the maximal operator M is bounded on M®? (R™).

The following pointwise estimate also plays an essential role in the proof of our results.

Lemma 3.3 ([8]). Let ® be a Young function, ¢ € §p, and B € (0, 1). If the condition
o * a —1/,—n dt B
o) + | Te)T () = S 0(t) (3.D
r

holds, then there exists a positive constant C such that, for all f € M®*(R") and for
every x € R”,

I f(x) < COMLCEDPI S 1, (3.2)

4. Main result

In this section, we show that the subspace V) MP#(R") is invariant with respect to
maximal and fractional operators.
We consider the following subspace of M (R").

Definition 4.1. The vanishing Orlicz—Morrey space V™ M®#(R") is defined as the
spaces of functions f € M®¢(R") such that

li A = i =0,
Jim Na(f) Jim xseungn I fxNn LBy

with the notation yn := yr=\B(o,n), N € N.
The idea of the proof of the following theorem comes from [1].
Theorem 4.2. Let ® be a Young function with ® € V, and ¢ € §g. Let also

Jlim e()® 1) = 0. .1

Then, M is bounded on V™) M®¢ (R").

Proof. Since M is bounded on M®%(R") (cf. Theorem 3.2), we only have to show that
it preserves the vanishing property (V*), that is,

lim Aye(f)=0 = lim Ayeo(Mf)=0.
N —o00 N—o00
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Given x € R” and N € N, we split f into
S =+ o with fii= fre, v, J2= FIRMQ, N0
where, for short, we use the notation
Qx.nN = B(x,2) N (R"\ B(0, N)).
Since M is sublinear, we have
ANo(Mf) < ANno(Mf1) + ANne(Mf2). 4.2)

We show next that both quantities on the right-hand side of (4.2) tend to zero as N — oo.
From the boundedness of M in L®(R") (cf. Theorem 3.1), we get

IMf1-xnllLe@ey < IMfillLeny < I /lle@n = 1/ lLe@, y/)

with the implicit constant independent of x, N, and f. Since f € VI MP?(R"), the
right-hand side above tends to zero uniformly on x as N — oo. (Note that the property
(V*) does not depend on the particular value of the radius taken in the balls centered at x,
cf. [3, Lemma 3.4].) Therefore,

lim Aye(Mf1)=0.
N—o0

Now, we deal with the second term of the sum in (4.2). Let ¢ > 0 be arbitrary. By
condition (4.1), there exists #; > 1 such that ¢(¢)®~1(+=") < & for all ¢ > #,. For such
fixed #1, we have

[Mfz2- xnllLeBeny < 11(x, N) + Ix(x, N),

where

1
Li(x,N):=|xn() sup ——— [ f @) xR\, /2 (2)dZ ]| Lo (B(x,1))
o<t<r; |BC.D)| JB(n)

and
1
LG N) = [ xn() sup ——— / O xrma, v )z Lo n)-
=t 1BCO| Jaen \2xy2 Lo Be1)

First, we estimate /5 (x, N). By Lemma 2.5, we have
1

—— | f@)dz S ') fllLeB.0)-
IB(y.t)| JB(y,0) (BO-0)

Hence, we have
L(x,N) <| sup ' f ey llLede.y)
>h

= IIsup O MO f oo lLoBee 1y < el laoe.
Zh
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Now, we estimate /;(x, N). There are two different cases to be analyzed for z €
B(y,t)and z ¢ Qx n/2. If z € B(0, Ny thent > |z —y| = |y —|z| > % Thus, there
is no contribution to the supremum on ¢ € (0, ¢;) for N > 2#;. If z ¢ B(x,2), then ¢t >
|z —y| > |z —x|—|y — x| > 1. Hence, it remains to handle /; (x, N) when the supremum
is taken over all ¢ € (1, t1). For such values of ¢, we have

a /B(y,t) | f @) xrm\@, v, (2)dz < [ ) | f(z)|dz = /

|f(y —2)ldz.
B(y,n1 B(0,11)

Using Minkowski’s inequality for L%, which is a special case of [17, Theorem 3.1],
and making a simple change of variables yield

Ii(x,N) <

w0 fB NI

L®(B(x,1))

<

/ XBG,DN®R\BO,N)) () XBO,)(2)] (- —2)|dz
R Le(R")

< / I XBGx—z,)n®\B(~z,N)) [ | Lo®myd2
B(O,ll)

< / AN a(f)dz.

B(0,t1)

There is an M > 0 such that forany N > M
Li(x,N) S tf Av-ma(f),

which implies that

I1(x,N) — O uniformly on x, as N — oo
since f € V) MP2(R?). n

In view of the inequalities (2.2) and (2.3), we get the following corollary.

Corollary 4.3. Under the same assumptions of Theorem 4.2, the operators M* and H
are bounded in V™ M® (R").

We end this section by showing that the vanishing property (V' *) is also preserved by
the operators T, where T, stands for any of the operators I, M, Hy, and H,,.

Theorem 4.4. Let O be a Young function with ® € V,, and let ¢ € §p. Let B € (0, 1)
and define n(t) = ¢(t)? and W(t) = ®(t'/P). If conditions (3.1) and (4.1) hold, then T,
is bounded from V) M®2(R") o VI MY (R™).

Proof. Since the operators M,,, Hy, and J,, are pointwise dominated by the Riesz poten-

tial operator Iy (cf. (2.4) and (2.5)), it suffices to show the result for the latter operator.
From (3.2) and Lemma 2.6, we get

Anw(Taf) S IFINE AL 5 (MS),
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with the implicit constant not depending on f and N € N. If f € V) MP¢(R™), then
Mf e VO MP2(R™) by Theorem 4.2. Consequently, we also have I, f €V ® M¥7(R™)
by the previous estimate. ]
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