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Strongly elliptic equations with periodic coefficients
in two-dimensional space

Li-Ming Yeh

Abstract. Regularity for strongly elliptic equations with highly oscillatory e-periodic coefficients
in two-dimensional space is addressed. In each e-cell, the diffusion coefficients of the elliptic equa-
tions are w? € (1, 00) in a small disk with radius % (< %) and 1 outside the disk of the cell. Two
cases are considered. Case one is that ¢, u, w are independent in the elliptic equations. So, the
diffusion coefficients of the elliptic equations are ¢-periodic and discontinuous. LP?-gradient esti-
mate uniformly in €, @, @ for the elliptic solutions is derived. However, the integrability p (> 2)
of the solutions is not a large number. Case two is that &, i (= w™!) are independent in the ellip-
tic equations. The diffusion coefficients of the elliptic equations are e-periodic, discontinuous, and
L!-bounded. Lipschitz estimate uniformly in €, ;1 (= w~!) for the elliptic solutions is obtained.

1. Introduction

Regularity for strongly elliptic equations with highly oscillatory e-periodic coefficients in
a domain  C R2 is concerned. Let ¢, pne(0,1),¥Y = [_71 %)2, Y,, be a disc centered at 0
withradius &, ¥, =Y\ Y, Q(e) = {x € Q| dist(x,0Q) > &}, [, ={j € Z* | e(¥ +])) C
Q(e)}, 2}, = Ujer,e(Y, +J) be a disconnected subset of €2, and Q;'L (=Q\Qj) be
a connected sub-region of . Let Kg,u for § > 0, &, u € (0, 1) represent the diffusion
coefficients of the elliptic equations defined as

1 &
1 1fxe§2f,

& x) =
o) {5 if x € Q5.

The elliptic equations are

{—v (K, VO+0)=G inQ, 0

d=0 on 092,
where w € (1,00), &, u € (0, 1), and Q, G are given functions. Problem (1.1) arises from

flows in fractured media, contaminant flow problems, and the stress in composite materials
(see [4,5,20,21,27] and references therein). Clearly, HO1 (£2) solutions of (1.1) exist and
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are bounded uniformly in &, i, @ if Q, G € L?(R2). In this case, a sequence of the solutions
of the strongly elliptic equations (1.1) converges weakly to a limit function in HO1 () as
¢ closes to 0 [19]. If the diffusion coefficients of the strongly elliptic equations (1.1) are
L'-bounded, the sequence of the solutions converges uniformly to the limit function as &
closes to 0 [7,9,10]. Also, the limit function satisfies a constant conduction problem [7,21].
In three-dimensional space, uniform convergence of the solutions may not be true for the
strongly elliptic equations (1.1) [10].

Let us recall the regularity for the elliptic equations with e-periodic coefficients. For
uniform elliptic equations (e.g., € € (0,1),0 < o; < ® < &y, and . = 1 in (1.1)) with
Holder e-periodic coefficients, the Holder estimate, W L.p estimate, and Lipschitz estimate
uniformly in ¢ for the elliptic solutions are derived [2, 3, 11,23, 28, 31]. For degenerate
elliptic equations (e.g., &,w € (0,1) and u = 1 in (1.1)) with piecewise Holder e-periodic
coefficients, the Holder estimate, W1:P estimate, and Lipschitz estimate uniformly in &,
o for the elliptic solutions are obtained [32,33]. Regularity for strongly elliptic equations
is different from the above two cases. Lamé system with partially infinite coefficients in
a two-dimensional material is considered in [5]. The material contains two disjoint con-
vex inclusions; Lamé constants are large inside the inclusions and bounded outside the
inclusions. It shows that Lipschitz estimate for the solutions of the limit Lamé system
(obtained as the Lamé constants inside the inclusions tend to co) blows up if the distance
of the two inclusions goes to 0. The perfect and the insulated conductivity problems with
finite multiple inclusions imbedded in a bounded domain are considered in [4]. It shows
that the Lipschitz estimate for the solutions of the limit conductivity problems (as the con-
ductivity inside the inclusions approaches oo or 0) blows up if any two inclusions close to
each other. Regularity for strongly elliptic equations with wire-like stiff inclusions in R3 is
considered in [8]. By separation of variables, the study of the three-dimensional strongly
elliptic equations is reduced to the study of the two-dimensional Helmholtz-type strongly
elliptic equations in e-periodic composites 2. The two-dimensional elliptic equations are
similar to (1.1). For the elliptic equations (1.1), W17 local estimate and C % local con-
vergence uniformly in &, it (= @™ ') in the interior of the region Qj, are obtained. So, the
WP estimate and C 1% convergence uniformly in &, i (= w™!) for the solutions of the
original three-dimensional elliptic equations are derived in a region away from the wire-
like stiff inclusions. Elliptic system for elasticity with periodic grain-like stiff inclusions
in R” for n > 3 is considered in [28]. By the periodicity of the diffusion coefficients, local
Lipschitz estimate uniformly in periodic size for the solutions of the elliptic system is
proved. Recent works [25,26] investigate the regularity of uniform elliptic equations with
multiple oscillating scales in space (similar equations as the elliptic equations in [8] or
the Darcy’s equations in [20]). Without any separation condition on the oscillating scales,
Holder estimate and large-scale Lipschitz estimate uniformly in oscillating scales of the
elliptic solutions are derived by a technique of reperiodization.

This work is interested in estimate uniformly in &, p, @ for the solutions of the
problem (1.1). Suppose that ¢, p are independent and wu®* < 1 for some o € (0, 1) in
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problem (1.1) the solutions for (1.1) behave like the solutions for uniform elliptic equa-
tions in e-periodic domains. In this case, the Lipschitz estimate for the solutions of (1.1)
can be obtained by following the arguments in [2, 3]. Here, we study more general prob-
lems. Indeed, two cases are considered. Case one is that ¢, u, w are independent in the
strongly elliptic equations; case two is that &, j are independent and & = w~!. For case
one, the diffusion coefficients of the strongly elliptic equations (1.1) are e-periodic and
discontinuous. L?-gradient estimate (for p > 2) uniformly in &, i, w for the solutions
of (1.1) is shown by employing the reverse Holder inequality [18]. However, the integra-
bility p of the solutions is not a large number. For case two, the diffusion coefficients
of (1.1) are e-periodic, discontinuous, and L!-bounded. Lipschitz estimate uniformly in
e, ;L (= w™') for the elliptic solutions is obtained. This is done by applying the Lipschitz
estimate for the Green’s functions of (1.1). Lipschitz estimate for the Green’s functions is
proved by a three-step compactness argument in [2, 3].

The rest of this work is organized as follows: notations and main results are stated in
Section 2. In Section 3, we study problem (1.1) for case one. (Here, ¢, i, @ are indepen-
dent.) L?-gradient estimate uniformly in &, , @ for the solutions of (1.1) is derived (see
Theorem 2.1). Next, we study problem (1.1) for case two. (Here, &, u (= 0™ !) are inde-
pendent.) For this case, we resort to Green’s functions and the corrector functions of the
differential operators in (1.1). Local maximum norm for strongly elliptic equations (1.1)
is shown in Section 4. Interior Lipschitz estimate for strongly elliptic equations (1.1) with
L'-bounded coefficients is considered in Section 5. Maximum norm of the corrector func-
tions of the differential operators in (1.1) is derived in Section 6. Boundary Lipschitz
estimate for strongly elliptic equations with L!-bounded coefficients is obtained in Sec-
tion 7. In Section 8, we prove the Lipschitz estimate uniformly in &, u (= w™') for Green’s
functions as well as for the solutions of (1.1). Then, we get Theorem 2.2, which is the
estimate result for case two. The proof of Lipschitz estimate for diffraction equations (i.e.,
Lemma 3.7) is given in Section 9.

2. Notation and main results

Cke P, wkr and H¥ are the Holder space, Lebesgue space, Sobolev space, and
Hilbert space, respectively, [30]. C$°(R?) contains C* functions with compact support;
H llo . (R?) contains local H! functions. H,}!(R?) C H 110 ¢ (IR?) contains periodic functions
with period ¥; LY (R?) and W#l’p (IR?) are defined similarly. supp(¢) is the support of ¢;
O = fBé-dx = |T}@\f3§dx§

_ 1$(x) = ()]
[Clcesy = sup —————
xyeB |[x—

is the a-th Holder semi-norm of ¢ in B. B, (x) is a disk centered at x with radius r; | B| is
the volume of B; B is the closure of a set B. If r > 0, then Q/r = {x | rx € Q}; 0Q/r
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is defined similarly. B € D means the compact closure of B is a subset of the interior of
the set D; K1, (x) = K5, . (rx); By = dist(x, 92/ r) denotes the distance from x to the
boundary dQ/r; * = By. Define Sk (x) = Br(x) N Q/r, S;’;e(x) = Br(x) N Q%/r,
and 87" (x) = Br(x) N R, /r. Let us make the following statements:

(Al) € is abounded C? domain in R?;

(A2) e, € (0,1), ou = 1.
Our first result is the L?-gradient estimate uniformly in €, u, @ for the strongly elliptic
solutions (1.1). Here, &, 1, w are independent.
Theorem 2.1. Suppose (Al), € (1,00), and &, u € (0, 1); there is a number py > 2

g1 1 _

with mt = 1 such that

@D the solution of (1.1) for G = 0 satisfies

”Kfo’,MVCDHLp(Q) <Kz, QllLr (@),

where T € [0,2], p € (pk, p«), and c is a constant independent of &, |, o, T,
()  the solution of (1.1) for Q = 0 satisfies

”Kz)Z,MVCD”LP(Q) < c[|Gllw-1r (@),

where p € (pl., px) and ¢ is a constant independent of ¢, |1, w,
(IIT)  the solution of (1.1) for Q = 0 satisfies

”Kiﬂ,uvq’”u(g) < c||GllLan).

where p € (2, px), ¢ = 22

=54 € (1, 2), and c is a constant independent of ¢,
W, .

Theorem 2.1 is proved in Section 3. For uniform elliptic equations with e-periodic
coefficients (e.g., ¢ € (0,1), 0 < a3 < w < ap, and u = 1 in (1.1)), Lipschitz estimate
uniformly in ¢ for the elliptic solutions is the best possible estimate (see [2, 22, 31]).
Our second result is for problem (1.1) with e-periodic, discontinuous, and L!-bounded
coefficients. We obtain Lipschitz estimate uniformly in e, u (= w™1) for the solutions of
strongly elliptic equations (1.1).

Theorem 2.2. Under (A1)-(A2) and G € LP(R2) for p > 2, the solution of
{—V-(Ksz Vd) =G inS,
o1 2.1
=0 on 02

satisfies
[KS2 V] Loy = €lGllr@,

where c is a constant independent of €, i (= 0™ V).

Theorem 2.2 is an extension of (IIT) of Theorem 2.1 and is proved in Section 8.
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3. L’-gradient estimate for strongly elliptic equations

This section is to derive L?-gradient estimate uniformly in &, i, @ for the solutions
of (1.1). It includes four subsections. W*:? estimate for interface problems with soft inclu-
sions is derived in Section 3.1. WX-? estimate for interface problems with stiff inclusions
(direct consequence of the results in Section 3.1) is in Section 3.2. Local L?-gradient esti-
mate for the solutions of strongly elliptic equations is in Section 3.3 by applying estimates
in Section 3.2 and the reverse Holder inequality [18]. Global L?-gradient estimate for the
strongly elliptic equations is derived in Section 3.4 by employing results in Section 3.3,
partition of unity, and a duality argument.

3.1. Interface problems with soft inclusions

Let §,h > 0; B;7(0) = Bj,(0) N {(z1.22)|z2 > 0}; B; (0) = Bx(0) N {(z1,22)|z2 < O};
I,(0) = B,(0) N {(z1, z2)|z2 = 0}; then,

{T8 (%) = X{(z1,22)122204(X) + 8X((z1,25) |22 <0} (X), 3.1

Ps(x) = A1X{(z,25)12,201(X) + A2 X (2, 25) |2, <0} (X).

Lemma 3.1. Assume j1,h € (0,1) and © € [0,2], and assume A1, A, in (3.1) are constant
positive definite matrices. Any solution of

=V (P 2Vd + Q) =G in By(0),
¢=0 on 0By (0)

satisfies
ITu: Vo200 = c(ITu2Qllz2a,00 + 1C 1518 0 + "Gl a-1(8; 09
where ¢ is a constant independent of |, h, t. See (3.1) for Tg, Ps.

Proof. Let ¢ denote a constant independent of w, 4, ; D is either B ;r (0) or B, (0); assume
Q € H} (D). Find a ¢ € H} (D) satisfying

~V-(£,2V$+Q)=G inD.
By energy method,
T Voll2@) < c(ITur2Qll2@y + 1 Tu2Gllg-1m))- 3.2)

Note $ € H}(B(0)). Suppose ¥ = ¢ — <$ in B (0); then,

V- (£,2V¥) =0 in B;"(0) and B; (0),
v =0 on dB(0), (3.3)
ly] =0 on I, (0),

| P2V -&] = —| P2V -] =¢ onl,(0),
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where &, is the unit vector in the second coordinate direction in R2. Here, [ (x1,0)] =
lim;\ o ¥ (x1,1) —lim; =9 ¥ (x1,1); | P2V - €3] is defined similarly. Let ¥ denote the
even extension function of | BF(0) with respect to x, = 0 in By (0). Test (3.3); against

Y- ‘Z’ to get ||VW||L2(B;(0)) = C||V‘/f||L2(B;r(o))~ So,
||VW||L2(B;,(0)) = C“VW”LZ(B;(O))- (34

Test (3.3); against ¥ to get, by trace theorem [19],
”VW”U(B;(O)) = C”;”H*I/Z(]Ih(o)y (3.5)

Equations (3.2)—(3.5) imply Lemma 3.1 for Q € H;} (B}‘lF (0)) and Q € H} (B}, (0)) case.
For general Q € L?(B},(0)), Lemma 3.1 is proved by a density argument. |

Lemma 3.2. Assume v € (0,1), T €[0,2], 0 <d < A1, Ay € C2(B5(0)) in (3.1), and
q > 1. Any solution of

=V (P2VYy +Q) =0 in B>(0) (3.6)
satisfies

clITus¥ 2B, 0 OF

(3.7)
Ty VY |lLaB, 0))

ITue V¥ llL2s, 500 =< clTue—2QlliL2(8,0) + {

where c is a constant independent of |, T, q. See (3.1) for Tg, Ps.
Proof. Leth € (0, 1) (determined later), and let z € B;(0). The proof includes three steps.

Step 1. If Bp(z) N1;(0) = @, take n € C5°(Bp(z)) to be a non-negative function with
n = lin By/2(z) and |Vy| < 7. Test (3.6) against ¥n? to see

2 -2 2 2
||TM1 vw”LZ(Bh/z(z)) = C(h ”T,u’l/f”LZ(Bh(z)) + ||TMT_2Q||L2(Bh(Z)))’ (3~8)

where c is a constant independent of u, t, z, h.

Step Il. If z = (z1,0) € 11(0), define a piecewise constant function as, for any 8,2 > 0,

limnoA1(z1,1)  ifx € B (2),

A =
3(x) { lim; g §As(z1,1) ifx € B, (2).

Let n € C§°(By(z)) be a non-negative function with n = 1 in By/,(z) and |Vp| < %
Multiply (3.6) by n to get

—V - (A2 V) + (P2 — A2)V(Yn) — P2V + Qn)
= —(P2Vy +Q)Vn in By (z),
yn=20 on 0B,(z).
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By Lemma 3.1,
ITue VD lL2(8, 2y < co(IATP Lo, o) 1T VWMl L2 (8, 2))
+ h Ty 28, @) + 1T Qllz2s,2)))- (3.9)

where ATP = A; — P and ¢ is independent of 1, 7, h, z. Since A1, A, € C2(B,(0)),
there is a i+ € (0, 1) (independent of u, , h, z) such that C0||ATe(P||L°°(BhT(z)) < % We
choose /i above as & = h+. Then, (3.9) implies

2 -2 2 2
”T"‘IVI'””LZ(B;,T/Z(Z)) = Cl(}HL IITw%”IILz(BhT(Z)) + ”TMFZQ”Lz(BhT(z)))’ (3.10)

where ¢y is independent of u, 7, z, h+.

Step II1. Find some points {P; }f-‘zl so that (i) By, (P;) N 11(0) = @ or P; € I,(0) and

(i) B1/2(0) € US—; Bhy/2(Pi) € S~y Banyya(Pi) C B1(0). Apply (3.8) or (3.10) with
z = P; for all i and sum these inequalities to obtain (3.7);.

If v is a solution of (3.6), then ¥ — d for any d € R is also a solution of (3.6).
Equation (3.7), follows by employing (3.7); with ¢ — d for a proper d € R and Sobolev
embedding theorem [19]. [

Lemma 3.3. Assume p € (0,1), 1 €[0,2], 0 <d < Ay,A; € C2(B»(0)) in (3.1), and
q > 1. There is a constant ¢ independent of |, T, q such that any solution of

=V (P, 2VY) =0 in B2(0) (3.11)
satisfies

TV ll2By0))  OF

IVl zoocg+(0y) + ITur V¥ o8 (0)) =<
(O ' Ty VY |lLa(B,(0))-

Proof. Let ¢ denote a constant independent of u, . We claim, forany j = 1,2, 3,
||Vj1/f||L2(Bl+/2(0)) + ||vaj¢||L2(B;/2(o)) = clITu= ¥ ll 28, (0y)- (3.12)

If so, Lemma 3.3 follows from (3.12) and Sobolev embedding theorem [19].
Equation (3.12) for j = 1 is from (3.7);. Differentiate (3.11) with respect to x; and
apply (3.7); to get

ITweVox, ¥liL2s, 500 = clITue V¥ IiL28,500) = T ¥ llL2(8,(0))- (3.13)
By (3.11) and (3.13),
||3;2¢21/f||Lz(31+/2(0)) + e 03, ¥ L2y, 00 = €l Tur ¥ llL2(a, o))

So, (3.12) for j = 2 is true. Equation (3.12) for j = 3 is proved by an argument similar
to that for (3.12) for j = 2 case. ]
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3.2. Interface problems with stiff inclusions
By Lemmas 3.2-3.3 and change of variables, it is not difficult to see the following.
Corollary 3.4. Assume w € (1,00), 1 €[0,2],0 <d < Aq,A; € C2(Bz(0)) in (3.1), and
q > 1. Then,

(D any solution of =V - (P2 V¥ + Q) = 0 in B2(0) satisfies

clTor ¥ llL2(By0)) O
I T V¥ 28,0 < €I T2 Q28,000 + { oo ()

| Tor VY || La(B,(0))
where c is a constant independent of w, t, ¢,

L)  any solution of =V - (P2 Vi) = 0in B,(0) satisfies

clTor ¥ llL2(By0) o
IV | Lo+ o)) T I Tor V¥ Lo By (0)) < ?
(Bron ' | Tor VY | La (B, (0))
where ¢ is a constant independent of w, t, q. See (3.1) for Tg, Ps.

3.3. Local L?-gradient estimate

For any set D, H'(D)/R = {¢ € H'(D) | ({)p = 0}. See Section 2 for (¢)p. Now, we
give an extension result.

Lemma 3.5. Forany p € (0, 1), there is an operator T, : H'(¥,,)/R — Hg (2¥,,) such
that if ¢ € H'(¥Y,)/R, then

Nu0=¢ inY,,
T8 ey, < cllVElL2@w,).

where c is a constant independent of |L.

Proof. Let ¢ denote a constant independent of w. By Poincaré inequality [19, Theo-
rem 7.25], there is an operator IT : H'(B1(0))/R — H{J (B2(0)) such that, for any ¢ €
H'(B1(0))/R,

Il¢p = ¢ in B1(0),

TSl a1 (By0)) = VP28, (0))-
Extend I1¢ € H{(B>(0)) from B,(0) to R? by 0 and regard H (B»(0)) C H'(R?).
Recall ¥, = B,,/4(0). Define an operator 1, : H'(¥,)/R — H}(¥Y) as follows: set
¢(x) = ¢(4x) forany { € H'(Y,)/R and x € By(0), and set I1,,{(y) = Hgb(ﬁy) for
¢ € H} (B2(0)) and y € 2Y,,. Then,

Nu=¢ inY,,
Il a2y, < Tl a0y < clVelLasio) < clVElL@,)-

So, we prove the lemma. [



Strongly elliptic equations with periodic coefficients in two-dimensional space 91

If §,1 > 0 and p € (0, 1), a function K; ,, € LL(R?) (resp., Kéu e L*®(R?)) is
defined as

1 ifzelYy ( A (z))
Ks ,(2) = resp., Kg (z) =K -1]. 3.14
8.(2) {8 itz e, p.. K5 ,(2) Ny (3.14)

Next is a local L2-gradient estimate for elliptic solutions. The idea is from [28].

Lemma 3.6. Suppose w € (1,00) and £, r, i € (0, 1); any weak solution of

V(K VU4 Q) =0 inY (3.15)

w2, r
satisfies w? || V‘If||L2(§y”) < C(||V‘IJ||L2(2§3/,L\§:!/,L) +|Q ||Lz(2§y“)), where ¢ is a constant

elr

independent of ¢, [, w, r. See (3.14) for K -

Proof. Take a constant h so that the average (¥ — h)%yﬂ = 0. By Lemma 3.5, there is a
V € Hy (2£Y,,) satisfying

{V =W—h infY,,
(3.16)
IVl @ey,) < cllV¥lLzey,).
where ¢ is a constant independent of ¢, i, w, r. Test (3.15) against V' to get
/ Ko VWV dx + QVV dx = 0.
28y, 289,
By (3.16),
O* [V T2ey,y < (IV¥I2eey0 9, + 1QlL2@ey) IVV I2¢ey,)
<c(IV¥irreeyney,) + 1QlL2@ey)) IVPIlL2(ey,).-
So, the lemma follows from the above inequality. ]
Lemma 3.7. Assume o € (1,00), u € (0, 1), and % < 1. Any solution of
V- (Ky2, ,V¥) =0 in¥Y (3.17)
satisfies
VWl Loo(By 500 = W2\ B, 4(0)) (3.18)

IKw2,u V¥lLeey,) < cllVlL2@\B, 400

elr

where c is a constant independent of p, w. See (3.14) for K "
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Proof. Equation (3.18); is proved in Section 9. Let ¢ be independent of u, w. If ¢(x) =
W(ux), then
—V- (K4 V$) =0 inY/p.

By partition of unity, argument [ 1, pp. 3964—3965], and (II) of Corollary 3.4 fort =2 =g¢q,
l/u 1/#
1K 2 Ve ooy, = €NK 2 Ve 1203,/ (3.19)

By (3.19), Lemma 3.6, and (3.18);,
C C
Koz, V¥ Lo 2y,) < " IKo2,, V¥ 249, < " IV¥IL2@ay,0\9,0 =cl¥llL2@\B, 400

So, (3.18), is proved. ]

Lemma 3.8. Assume (Al), w € (1, 00), f r,ue(0,1),t€[0,2],PeQ/r, andqg > 1.
(D IfR € (0, 22, any solution of

(3.20)

—V- (K5 VO +0) =0 inS{(P) = Br(P)NQ/r,
®=0 on BR(P) N aQ/r

satisfies

|%5 V®||L2(SR/2(?))

7 IKGe  Pllasr iy or

<K 0 ooy + cR|(IK%, VD)

)

Sp(P)

where c is a constant independent of €, |, w, r, T, g, R, P. See Section 2 for
e,r
(KEE V@1
(D) If R € (£,32%L], any solution of (3.20) satisfies

IR V@ agsy oy < CRINVOI g7 + KL

L) = w22 27

where ¢ is independent of €, i, , T, T, ¢, R, P. See Section 2 for K}, o, and
(IVO[D)sr (5)-

Proof.

For case (I). If BR(P) C Q}/r or BR(P) C Qf /r orP € 9Q/r, then (I) of Lemma 3.8
is true by energy method. If P € 29(Y,, + j) for j € I/,, we let P = 0 by translation.
Define ¥ (x) = ®(Rx), Q(x) = RQ(Rx). Then, , Q satisfy

-V (K TR V¥ +Q) =0 inBy(0). (3.21)
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Any solution of (3.21) satisfies, by following the arguments [1, pp. 3964-3965] and (I) of
Corollary 3.4,

” K&'R Vl//“ C” K&'R Q” ¢ ”Ki)’fil/f ||L2(Bl(0)) or
T 2 = -2 2
0T, 0 L (31 (0)) 0T, 0 L2(B1(0)) mKs /R VIH )Bl(o) 7

(3.22)
where ¢ > 1 and c is independent of ¢, u, w, r, 7, ¢, R. (I) of Lemma 3.8 is from (3.22)
and change of variables.

For case (II). By translation, set P = 0. Define h = %, Y(x) = ®(hx), and Q(x) =
hQ(hx). Then, ¥, Q satisfy

{wv (K& Th V¥ +Q)=0 in s,;j’h(O) = Br/n(0) N S2/rh, (3.23)

=0 OHBR/h(O)ﬂaQ/rh.

Next, we cover the ball Bg/»,(0) by some small regions. That is, find finite points {P; }le
such that

@  Bi(P)N 05 (Y +J)=0o0rPi € 35, (Yy +j) forj € Iy and
.. k k
(i1) B%(O) C Ui:l B%(Ti) C Ui:l 32/3(33,') C B%(O).
For each P;, we consider equation (3.23) in S’zr/h3 (Pi) = By/3(P;) N Q/rh. By follow-
ing the argument [1, pp. 3964-3965] and (I) of Corollary 3.4 with t = 0, any solution
of (3.23); satisfies
e,rh
VY2 s7t i = C(W”m(s;’;(ﬂ%)) + K ,MQHLZ(Sz L (P »): (3-24)
/ / /
Square both sides of (3.24) and sum i from 1 to k to get
K& rh
” I//”LZ(S rh (0)) = (HI/IHLZ(S rh (0)) + ” Q||L2(Sk/h(0)))
After change of variables, by R € (24, 32%£],
2 -2 2 &r 2
”VCI)”LZ(S’I;/Z(O)) = C(R ”qDHLZ(s’Ig(o)) + “Kw—Z,uQ“U(s’Ig(o)))- (3.25)
By Lemma 3.6 and (3.25),

e,r 2 2 -2 2
”wa,uch”LZ(s;;M(o)) = C(”VCI)”LZ(S” ,(0)) + lo* Q”L2(S’1§/2(o)))

= (RPN 70y + 1K, 025700

< (R [V )gg0) |7 + [KE 2, Q325 o)

where g > 1. (I) of Lemma 3.8 follows from the above inequality. |
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(0,1), t €10,2], P € 2/r, and assume

Lemma 3.9. Assume (A1), w € (1, 00), €
<R—-8% andf € (0, 1), then

£
r
. R
that @ satisfies (3.20) for R > 16%. If3 =<

~—

&r 2 ¢ 2 ¢ 2
HKw’,MV(D”LZ(S’[(?)) = m”q’”u(s;;(?)) T (E + 9)||vq)||L2(s;g(ﬂ>))
-1 e,r 2
+cb ” Kwr—z,,LQ “LZ(S’IQ((P))’
where c is independent of ¢, |1, o, 1, T, 0, {, R, P. See Section 2 for K;',.

Proof. Let c be independent of &, i, w, r, 7, 0, R, £, P; recall Sj{;z (P, Sf/:’rR(fP), (O)p in
Section 2. By Lemma 3.6 and summing up all £(¥ + j) with £(¥ +j) N S (P) # 4,

|| &,r

2 2 —29|12
Kw,,MVq>||L2(S,[(?))5c(||Vq>||L2(S;,Z+%(T))+||wr Q||L2(s;+%(o>)))- (3.26)

Let 7 be a function in C} (Bg_3:x (P)) such that n = 1 in By, 3eu (P) and

-1
|Vl < c(R —0— 6%) <c(R-07",
r

where we used R — £ > 82 For each £(Y,, 4 j) withj € I,/,, we find V; € H{ G +))
and h; € R satisfying, by Lemma 3.5,

{ Vi=®n? —h; in&(Y,+)), (3.27)

IVillzr e i < V(@) llz2ce @+

Note
o it 5T+ 1)\ Br(®) # 0
! (®n?) £(y,+j) Otherwise.

Extend Vj from £(¥ + j) to R? by 0, and let { = ®p* — Yjer,, Viin Q/r. Note { €
Hy (BR(P)) and V¢ = 0in 87", (P). Test (3.20) against { to get

/ VOVEdx + / OVidx =0. (3.28)
SR (P) S7R(P)

By (3.28), (3.27), and Lemma 3.6,

/ VOV(®n?)dx
SS

7 R(P)
<y / VOVVidx| + [ QVEllLiser oy
jez, 1V E D ’

<c Y IV®lLac @, +ip IV @) L2z @, 40 + IOVEllLi sy
jele/r
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<c Y IV®lac s+ (19022 @, 4 + @ IVl 22 )4
jEIs/r

o721 Qll2+in) + 11 L2sern IV Sl L2(str -

For any 6 € (0, 1),

/ VOV (Pn?)dx| < 5[ |®Vy|2dx + (% + 0)/ |V®|>dx
S5 (P) 0 Jsp) g Sp(P)
1 2
+c 07 K. 0 ”LZ(S};(?))' (3.29)
The lemma follows from (3.26) and (3.29). [

Lemma 3.10. Assume (Al), w € (1, 00), f, r,uwe0,1),7t€[0,2,Pe/r,q>1,and
assume that ® is a weak solution of (3.20) for R > 32%. Then,
IKS: Vol < CR|(IVO|9)gr o] +1||V<1>|| r
w1 L2(Sg,(P) — Sk (P) ) L2(Sp(P)

+ c||KET

0T 2,1 “LZ(S’IZ(T))’ (330)

where c is independent of &, U, o, 1, T, ¢, R, P.

Proof. Let k be the integer such that z,fu < 8% < z,fH Let

1
pi=R(1-5

fori € N. Then, p; 4+ > 16%* and p"% < pi <pit+1—8% forl <i <k.ByLemma3.9
with R = p; 41 and £ = p;, for 6 € (0, 1),

G L o

Co 2
S o 1Pl
0(pit1—pi)?" L Chn D

Co 2 1 2
+ (ﬁ + 9) ”VCDHLZ(S L) + ot ”Kwr 219 ”Lz(s;,’l.+1 ()’
where ¢ is independent of ¢, u, w, r, 7, 8, p;, pi+1, P. Thus, by an iteration argument,

2
I KZ){,MV(D 22657, o

o +6)!
9 Z(pt+

@75
2 1N L2 (st ()
= pi) R

k k i—1
€o 2 Co Co or 2
+ (E + 9) qu)”LZ(S’Is(fP)) + 0 Z(E + '9) “Kwr 219 ”LZ(s’,;(:P))'

i=1

1—
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Since p;j+1 — pi = 2,.%, we obtain

K, V0 sy o

21—1(4 + 40
9( [ + Q)RZ ” ”LZ(S’,Q(?))

< dcy

k i—1
Co 2 €o Co
+ (E + 9) ”VCDHLZ(S’I;(T)) + 0 Z(E + 9) “Kwr 2 MQ ||L2(SR(T))

i=1

Suppose = 4o 22, then take 6 = 24 and

K, V0 2o

¢ 2 1 2 2
= 1Pl sgy + 2_z||vq’”L2(s”(:J>)) +c|Kpr, 0 ||L2(S’1§(:P))

2 2
= CR2|(|Vq>|q)SI;(’P) | 14 = ”Vq)”LZ(S ) +c “Kwr 2.1 Q “LZ(S’IQ(T))'
This gives (3.30) for 4c° < 22 case
Suppose deo 22 ; then 1 < w? < 2*cy. Equation (3.20) is a uniform elliptic equation.

Let n e C °°(B Rr(P)) be a non-negative bell- shaped function with n = 1 in Bg/»(?P).
Test (3.20) against <I>77 to get (3.30) for ﬂ > 22 case. [

Lemma 3.11. Assume (Al), w € (1,00), £,r,;u € (0,1), T €[0,2], P € Q/r, and assume
that ® is a weak solution of (3.20) for R € (0, 1). There is a number py > 2 such that, for
any p € (2, px),

< cR7TV|KEE

K5, V0] s o =

vq)”LZ(SR((P)) + | K5 ;LQ||L1’(S’1$(T))’
where c is independent of ¢, U, o, 1, T, ¢, R, P.

Proof. By Lemma 3.8 (for R < 32%£) and Lemma 3.10 (for R > 32¢£),
1
Ko, Vo|* < c|(K Vol 2la -][ Vo[
f}:/z(ﬂ))i w*, 1 | |( T, 1 )S ((P)| 4 S);(TP)

+c][ K% 0
s;;(9>| @T

where ¢ € (1,2) and c is a constant independent of ¢, u, w, r, 7, ¢, R, P. Suppose
s = % > 1,9 =K VO, and { = [KDT 2, Q1% then,

|
][ wsfc(][ w) +—][ W+c][ ¢, (3.31)
S/2(P) SH(P) 4 Jst ) SE(P)

Lemma 3.11 follows from (3.31) and [18, Proposition 1.1 in p. 122]. ]

2

’
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3.4. Global L?-gradient estimate

By translation, we can move any point P € 92 to 0. By (A1), there is a yx > 0 and a C?
function Y : R — R such that

T(0) =0,

VY Lem) < di,

By*(O) nQe = By*(O) N {(21,22) e R? | z1 €R, zp > T(Zl)},
dyz; < B7 <dzz; forz =(0,22) € B,,(0) N,

(3.32)

where d;, d,, d3 are constants independent of z. Constant y. is independent of P € 9€2.
See Section 2 for B7. Let Rq, .45 (0) = [~d4,d4] X [—d5,ds] denote a rectangle for d4,d5 €
[3.4].1f0 < & <r < 1, Ry,.45(0) is chosen such that the volume |Rq,,a5(0) N (¥ + j)|
for j € I/, is either 0 or |£|>. Note that d4, ds depend on £. Define

Qr = eRd4’d5(0) n Q/r,
Q;’r = Rd4,d5 (O) n Q;/r,

(3.33)
Q" = Rayas(0) N Qy/r,
9" = Ue@pcrayos sietyy, + & +I)-
If r = 0, we define Q/r = {(x1, x2) | x2 > 0}. From (3.33),,
Q7 are Lipschitz domains,
r &r £ X 3¢ (334)
Qr\ Q" C {erf/r | By < 32},

See Section 2 for 8.

Lemma 3.12. Assume (Al), € (1,00), £,7,u € (0, 1), and t € [0, 2]. Any solution of

e,r _ . N
{—v. (K37 VO+0Q)=0 inQ, (335)

®=0 on 09"

satisfies ||K§;Z,MVCI>||L2(Q¢) < c||KfD’:,27MQ l22(q.ry, where c is a constant independent of
& W, w7, T.

Proof. For each Z(Y,, +j) with j € I,/,, we find V} € Hol(f(y +j)) and h; € R satis-
fying, by Lemma 3.5,
Vi=®—hy in<(Y, +j)
Vil @iy < cIV@lL2ce @, +iy-
Extend Vj from £(¥ + j) to Q" by 0, and let
(=®— )V inQ".

jEIs/r



L.-M. Yeh 98

Note V¢ = 01in Qf;" and { € Hj (Q"). Test (3.35) against { to get

J.

By (3.36) and Lemma 3.6, we obtain

VOVEdx + / OVidx = 0. (3.36)
;,r Q;,r

2 2 2
”VCDHLz(Q?') = C(”Vq)”LZ(QZJ) + ”Q”LZ(Q;”))
—4 2 2
= C(a) ”Vq)”LZ(Q;J) + C” i/wZ’MQ”LZ(QJ‘))'
There is a wp > 1 so that if v > wy, then ||V<I>||L2(Q;,r) < c||K§/w2,MQ lz2(a.ry- Applying
Lemma 3.6 again, we see that Lemma 3.12 is true for v > wg case. Next, we consider

o € (1, wp). In this case, (3.35) is a uniform elliptic equation. Test (3.35) against ® to
obtain Lemma 3.12 for w € (1, wg) case. |

Tracing the proofs of Lemmas 3.8-3.11, Lemma 3.11 is true if S () in Lemma 3.11
is replaced by Br(P) N Q-". By Lemmas 3.11-3.12, we see the following.

Corollary 3.13. Let ps be a number same as Lemma 3.11. Assume (Al), o € (1, 00),
2rue(0,1), T €[0,2], p € (2, p«), and Q € LP(Q"). The solution of (3.35) satisfies

||Kfo’f’MV<I> HLP(QJ) =c H KZ;:—Z,;L 0 “LP(QJ)’

where c is a constant independent of ¢, U, , 1, T.
By a duality argument, we have the following lemma.

Lemma 3.14. Let p« be a number same as Lemma 3.11. Assume (Al), w € (1, 00),
Erue(0,1),1€[0,2, pe 2 ps) 5+ 2 =1,and Q € LP(Q"). Then,a W7 (Q")
solution of (3.35) exists uniquely and

”Kfl;:,ltvq)”LP'(Q”) = CHKZ:—Z,MQ “LP’(QJ)’
where c is a constant independent of ¢, U, w, r, T.

Proof. Let ¢ be a constant independent of &, u, w, r, t. Suppose @, € L>°(Q""); let us
find ® € Hy (Q") by solving

—V- (K V& + =0 inQ",
(K 9) (3.37)
=0 on Q"
and find ¢ € H}(Q") by solving
&e,r — : ,r
-V. (KwZ,MVgo +¢)=0 inQ7, 3.38)
(p = 0 on aQ’r.



Strongly elliptic equations with periodic coefficients in two-dimensional space 99

The solutions of (3.37) and (3.38) exist uniquely by Lax—Milgram theorem [ 19]. By Corol-
lary 3.13, the solution of (3.38) satisfies

HKS{’,MV?””LP(QJ) = CHKZLZ,MZ”LP(QJ)’ (3.39)

where o € [0,2] and p € (2, p«). Test (3.37) against the solution ¢ of (3.38), test (3.38)
against the solution ® of (3.37), and apply (3.39) with 0 = 2 — 7 to see

/ Vo dx
Q.r

K VeK, 0
Q.

< c|KG" KZZ—Z,M Q ”Lp’(QJ)’

ublLran

where % + % = 1. Since L°(Q"") is dense in L?(Q"") and in L?'(Q""), we obtain

|‘K2:,MV¢HLP’(QJ) = CHKZ:’:*,MQ HLP’(Q!’)
by a density argument. ]

Lemma 3.15. Let p« be a number same as Lemma 3.11. Assume (Al), o € (1, 00),
21,1 €(0,1), and p € (pi, p«). Any solution of

{—v (KEL VO) =G inQr, (3.40)

=0 on 097
satisfies | K2, WV@lLrr) = cllGllw-10(ar), where ¢ is independent of &, p, o, r.

Proof. Let ¢ denote a constant independent of &, u, w, r. Suppose { € L*°(Q7); find
/NS HO1 (Q7) by solving

V(K Ve 1) =0 inQr. e
=0 on 09",

By Corollary 3.13 and Lemma 3.14,
IVellLr o < K5 8] L o) (3.42)

where % + # = 1. Test (3.40) against the solution ¢ of (3.41), test (3.41) against the
solution ® of (3.40), and apply (3.42) to see

fvod=lL e

Since L>(Q") is dense in L? (Q"), the lemma follows by a density argument. |

= clVellr @nlGliw-1r@r

=c HKE;ZM§ “Lp’(g,r) || G || W-1.p(Q:r)-
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Corollary 3.16. Let ps be a number same as Lemma 3.11. Assume (Al), @ € (1, 00),
£, €(0,1), and g = 55 € (1,2) for p € (2, ps). Any solution of (3.40) satisfies
”Kiﬁg,uvq)”u(gr) < c[|GllLaan,

where c is a constant independent of &, |1, , T.

Proof. By Lemma 3.15, we should show ||G || y-1.p(q.ry < ¢||GllLaor). If ¢’ = 22_—1;;,, then

+-=1

1

q
/ 27/ !

By Sobolev embedding theorem [19], W1-#(Q7) C L2—pp/ (Q7) = L9(Q7). Therefore,

ifp € Whr'(Q"),

'/;’rngdx

So, we prove the claim. [

= Gliza@nldllLe @ry = IGlLacen lPllwrr or-

Proof of Theorem 2.1. From the arguments in this subsection (i.e., Section 3.4), we see if
r = 11in (3.33) and if d4, ds in (3.33) are large (e.g., d4,d5 > 5) so that 2 C Rq,.q5(0),
Corollaries 3.13-3.16 and Lemmas 3.14-3.15 are still true. Therefore,

* (D) of Theorem 2.1 is a direct consequence of Corollary 3.13 and Lemma 3.14,
e (II) of Theorem 2.1 is from Lemma 3.15,
* (III) of Theorem 2.1 is from Corollary 3.16. ]

4. Local maximum norm for strongly elliptic equations
First, we recall a local L™ estimate for strongly elliptic equations. By energy method
or [19, Theorem 8.1], we see the following.
Remark 4.1. Assume w € (1, 00), f r, i € (0,1), and D is a Lipschitz domain. Any weak
solution ¥ € H'(D) of -V - (K ,V¥) = 0in D satisfies
sup U(—W) < sup ¥t (W),
D aD
where
Ut = max{0, ¥}, ¥~ = max{0, -V},

and c is a constant independent of ¢, i, w, r. By (II) of Corollary 3.4, the weak solution
W is a Lipschitz function in D.

Next is a convergence result.
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Lemma 4.2. Consider

{ —V- (K5 V¥) =0 inS](0) = Bi(0) NQ/r, @

v =0 on B1(0)Na2/r.

If {ex, L, 0k, i, Y, S’lrk (0)} satisfies (A1), w € (1,00), f—:, re, ux € (0,1),d € (1,2),
(3.32), (4.1), and

CORN 1 773 [ s (o)) 4re bounded independent of k,
1
() 1S7*0)\ S| + IS\ S{*(0)] = 0 as k — oo,

(i) W € WS (0)) N C(S7*(0)) — W € WH4(S) N C(S) weakly in W'4(S)
as k — oo,

then ||V — 0ask — oo.

- II’”Loo(s’l’k (0)NS)
Proof. Step I. Define ¢ = Wi Xy " By (i), ¢k llwas, (o)) < ¢, where ¢ is inde-
1

pendent of k. There are VecC (B1(0)) and a subsequence of {¢} (same notation for
subsequence) so that, by (ii), (iii), and [17, Theorem 7 on p. 8],

{ bk converges quasi-uniformly to U € C(B1(0)) and \Tl|s =V, 42)

U(x) =0 ifx e B1(0)\ U ST*(0).

Step II. Claim that the subsequence of ¢ converges to UinC (B 1 (0)). If so, the whole

sequence ¢y converges to UinC (B 1 (0)) by a contradiction argument. |

Proof of the claim. For any m (€ N) > 6, by T e C(B1(0)), there is a 8,, € (0, %) satis-
fying

W) = I < 2m[™ ifx.y € B2/3(0), |x = y| < 6m. (4.3)
Let €4(R) for s € (1,d) denote the s-capacity of a unit segment € in R? (see [9, p. 458]).
For any s € (1,d), by (4.2); and [17, Theorem 7 on p. 8], there is a relatively open subset
Os,m of B;3(0) and a positive number Ny ;, € N satisfying

{ Cs(Osm) < Cs()18m >, | -
|¢k(x) - \Il(x)| < |2m|_1 if k = :Ns,ma X € 32/3(0) \ (9s,m,
where € (0y,,) is the s-capacity of O . Moreover, by (4.2), (4.3), and (Al),

|Tx)| < 2m|™' itk > Ny, x € Byy3(0) \ S7*(0). (4.5)

Then, (4.5) and the definition of ¢y imply

| (x) — B(x)| < [2m|™1 itk > Ny, x € Byy3(0) \ 87%(0). (4.6)
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Find a connected component @ of Oy ,, satisfying
O N By/2(0) # 0.

Since O is connected, for any y,z € @, there is a curve L (C O C Oy,,,) connecting y
and z. By [9, Lemma 2.8] and (4.4),

Cs(®)y — 277 < €5(L) < €5(Os.m) < C(L)8m|*~". 4.7)
By (4.7), we see diam(O) < §,,. (Here, diam((©) means the diameter of ().) Therefore,
10| < 7|8ml>. O C Bij24,(0). 90 C B/3(0) \ Ogm. 4.8)
If {eg, ti, 0K, e, Pk, S’lrk (0)} satisfy (4.1), Remark 4.1 implies

min < x) < ma forx e ONQ/ry. 4.9
a(OmQ/rk)¢k < ¢i( )_a(@m’;rk)d)k [Tk 4.9)

By (4.4),, (4.6), (4.8), and (4.3),

{mina(om/rk)¢k > mingone/r) ‘Ii— 5 > A( L fork =Ny, x € @
maxyene/r) Pk < maxaone/r) ¥ + 5 < W(x) + ’

(4.10)
Hence, (4.9)~(4.10) imply |¢x — ¥l zo@ng/r) < % for m € N and k > N Since
Os,m is the union of its connected components, (4.4), implies

N 1
11 = Wllzoo (s, o0/ < o

form € N,k > Ny . So, we prove the claim. [

Lemma 4.3. Assume (Al), © € (1,00), 5.7, R, € (0, 1), and d € (1,2), and assume
that W € W'4(S%(0)) is a weak solution of

&,r _ . Na _
i v (sz,MV‘IJ) =0 inSE(0) = Br(0)NQ/r, @10
=0 on BR(0) N a2/ r.
Then, ,
1/d
1¥llLoo(sy 00 = ¢((¥Dsz o) + RIGVE sz ) (4.12)
where c is a constant independent of ¢, U, w, r, R.
Proof. If ¢(y) = W(Ry), then ¢ € Wl’d(S’er (0)) and (4.11) can be written as
&,rR _ . ,’R _
=V (K35, Ve) =0 in Sy (0) = B1(0) N Q/rR, @.13)
¢=0 on B1(0) N 02/rR.
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Step I. For B1(0) € /7R case. We claim, for any o > 0, there is a constant ¢, so that
the solution of (4.13); satisfies

H¢’ —(9)B1(0) HLOO(Bl/z(O)) = Ca ”¢ —(#)B10) ”Ll(Bl(O)) + al|VollLag o).  (4-14)
| |

Proof of the claim. 1f not, there are a « > 0 and a sequence {&g, g, Wk, ', Rk, P} sat-
isfying ri, Ry — r, R € [0,1], wy € (1,00), g, r,f_fek € (0,1), (4.13), and

||¢k - (¢k)Bl(0) ||Loo(31 0)) >k “ ¢k - (¢k)B|(0) “Ll (B1(0) + “”V‘Pk ”Ld(B](O)) (4.15)
2

for any k € N. Define

V, = &k — (Px) B, (0)
lék — (D) B, (0) L= (B, 5 (0))

Then, Vy satisfies (4.13)1, Vi € WH4(B1(0)), and || Vi || (B, 500 = 1. By (4.15),

on B1(0).

1> k| VillLia, oy + @IV VillLaa, o))

Note ||V ll1(B,(0)) — 0 as k — oo. By Lemma 4.2, the sequence Vi converges to 0 in
C(B1/2(0)), which contradicts || Vi||Loo(B,,,(0)) = 1. So, (4.14) is true. Therefore,

@1l (8,500 < (18| + IVPlLac8, 0)))-
After change of variables, we obtain (4.12).

Step 1. For 0 € dQ2/rR case. We claim, for any @ > 0, there is a constant ¢y so that the
solution of (4.13) satisfies

”¢”L°°(S’1r/§(0)) = Cq ”¢”L1(S’1’R(0)) + O‘”V‘p”Ld(s{R(o))‘ (4.16)
]

Proof of claim. If not, there is a @ > 0 and a sequence {&f, ik, Wk, Ik, Ri, P} so that

re, Rp > r, R €[0,1], wx € (1,00), g, r:—fgk € (0,1), and (4.13) is true and, for k € N,

1l st oy > KPRl g + Vil s - (4.17)

Define
x

= ””— on S’lrkRk (0)
¢k Loo(s’l'/kZRk 0))

Vi

Then, Vy, satisfies (4.13), Vi € Wl’d(S’lr"R" (0)), and || V|| 1. By (4.17),

TR =
L8757 (0)

1> k|| Vi + o[ VVil

L1(s7% "k 0y) LAk 0y

Note || Vg ||L1(s,1rkRk o 0 as k — oco. By Lemma 4.2, the sequence Vj converges to 0

: T R : ;
in C(Syf, *(0)), which contradicts || Vi |, (5745 )
of variables, we obtain (4.12). So, the lemma is proved. [

= 1. So, (4.16) is true. After change
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5. Interior Lipschitz estimate for strongly elliptic equations

We consider the interior Lipschitz estimate for strongly elliptic equations in 2. For any
w € (1,00), u € (0,1),and i € {1,2}, find X, . ; € Hy (R?) by solving

{_V (Koo (Vo i +8)) =0 inY. (5.1

(Xw,u,i)yu = 07

where ¢; is the unit vector in the i-th coordinate direction. See (3.14) for K2, and
Section 2 for H,} (R?) and (X4 11.i)y-

Remark 5.1. A solution of (5.1) exists uniquely by Lax—Milgram theorem. Also,
IVXwuillzy < c. (5.2)

where c is independent of u, . Here, i, @ are independent. Equation (5.2) is proved by
tracing the argument of Lemma 3.12. Indeed, by Lemma 3.5, we find V € H{ (¥) so that

V =Xopu: in¥Y,,
{ VIgr @) = cllVXo,willLz@,)-
Set { = Xy, pu,i — V. Then, { = 0in Y, and ¢ € H,}(Y). Test (5.1) against ¢ to get
IVXoillLzw,) = cllVXouillL2@,) + ¢
where ¢ is independent of u, w. By Lemma 3.6, any solution of (5.1) satisfies
IVXo,illL2, < clo™>VXowill2@,) + ¢

where ¢ is independent of w, w. So, there is a wp > 1 such that (5.2) holds if w > wy.
If w € (1, wp), then (5.1) is a uniform elliptic equation. In this case, (5.2) follows by
testing (5.1) against X, 4, ;.

If y = (y1,y2) and ¢; (y) = X i (y) + yi fori = 1,2, then V- (K2, Vi) =0
in ¥. By Lemma 3.6 and (5.2),

”Ka)z,u(vxw,u,i + Ei)”LZ(;y) = HKM,MV(P:‘ ”Lz(y) = “V¢t ||L2(3/f) =c, (5.3)
where c is independent of , w. Define a 2 x 2 matrix K, ,,, whose (i, j)-entry is
1 ifi =,
0 ifi # j.
By remark [21, pp. 43—44] and (5.2)-(5.3), K¢, is a positive function depending only on
I, w and satisfies

/ Kaﬂ,u(‘gi,f + anw,M’i(z))dz, where §; ; = { 5.4)
Yy

(5.5)

0<dgl < J(a),u <d;I,
Ko, s continuous in {(w, u) | w € (1,00), u € (0, 1)},
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where [ is the identity matrix and d¢, d are constants independent of i, w. Let us remark
that (5.2)—(5.3) and (5.5) are true even though p, w are independent.
By (A2), Lemma 3.7, (5.2), and (5.1),,

{ 1K w2, (Ve i + gi)”Loo(:y) = |Kp2,, Vi ||Loo(y) <c|Vgille2) < ¢, 5.6)

X, millLee@) = c,
where ¢ is independent of i, jt (= w™1). If v > O and i = 1,2, define

Xy i) =X i (x/v), Xp  (x) = (X}, (0).XE 5 (x). 5.7
Assume Bj(0) € Q2 in this section.

Lemma 5.2. Under (A2) and o € (0, 1), there are constants 0, &y € (0, 1) depending on
o such that if
-V (K>, Mvv) =0 in B(0),
v, i € (0, &), (5.8)
[VilLe ) < 1.

then

sup |V(z) = V(0) = (z + X}, ,(2))bo | < 67, (5.9)
z€By(0)

where by, 0 = K1 (K, 1V V)B,(0) and K}, is the inverse matrix of Ko . See Sec-
tion 2 for (K7 , MVV)BG(O)'

Proof. Consider —AV = 0in By4/5(0). By [19, Theorem 4.6], there is a small 6 € (0, 1)
such that, for @ € («, 1),

su(p)W(z) —V(0) = 2(VV)B,0] < O V|Lo(84500))- (5.10)
By(0

We claim (5.9). If not, there is a sequence {v, Ly, Wy, Vy, Ko, 4, } satisfying (5.8) and

V, l‘(/l) - 0»
K = limy 0 Ko, 1, - (5.11)
SUp e, (0| Vo (2) = Vu(0) — (z + X}, (2))booy puyw| > 01

See (5.4) for Ky, u,- Equation (5.11); is due to (5.5). By Lemma 3.6, (A2), and (5.8)3,

||KV VYV, ||L2(B4/5(0)) = CHVVV||L2(B5/6(O)) =c, (5.12)

2
Wy, vy

where ¢ is independent of v, u, (= w, . By (5.12), Lemma 3.11, Sobolev embedding
theorem [19], (5.8)3, [7, Theorem 1], and remark [21, pp. 43—44], there is a subsequence
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(same notation for subsequence) of {V, } such that, as v — 0,

Vy, =V in C(B4/5(0)),
Vil 0)) < 1.
o) =1 | (5.13)
K:}z M VV, — KVV in L?(By4/5(0)) weakly,
—V-(KVV)=0 in By;5(0),
where X is a positive constant satisfying (5.5);. By (5.11), and (5.13)3, we see
. . . —1 .
l}1_r)no b, v = 35% Koyt ]ig(o) Kz)g’quVv dx = (VV)p,(0)- (5.14)
By (5.11) (5.13), (5.6)—(5.7), (5.14), and (5.10),
1% < lim  sup Vi (2) = V,(0) — (z + X, i (2)) Doy .|
v=>0 2By (0) ’
= sup |V(2) = V(0) = 2(VV)g, (0] < 0"V Loo(,5000-
ZEBQ(O)
We get contradiction. So, (5.9) holds. ]

Lemma 5.3. Under (A2) and o € (0, 1), there are constants 0, ey € (0, 1) depending on
o such that if e, u € (0, &9) and

~V- (K, VV) =0 in By(0). (5.15)

then, for any k € N with - < 6k, there are constants aZ,’{CM, bfgi satisfying

a5k, | + b5k, < cJ,
{I ol + Dol < (5.16)

.k k
SUPze g, 0] V(2) = V(0) — eally — (2 + X5, ,,(2))bG| < 640+,

Here, J = ||V || Lo (B, (o)) and ¢ is a constant independent of &, ju (= w™1).

Proof. Fork =1,(5.16)is from Lemma 5.2 withv =cand V = % In this case, ai;,lu =0,
bZ,’}M = JC;,IM (KZZ’MVV)BQ(O)' By Lemma 3.6 and (A2), we see |bi,lu| <cJ,wherecis
independent of &, i (= w™1). If (5.16) holds for some k € N with % < 6%, define

V(0Kz) — V(0) — eals, — (0Fz + X5, (6F2)bSE,
gk(+a) J

V(z) = in B1(0).

By induction, V satisfies (5.8) with v = £/6%. Apply Lemma 5.2 to obtain

sup |V(z2) = V(0) = (z + X% (2))bg i.ep0t| < 6" (5.17)
z€By(0)
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k
where b,, . . jgr = KL, (K2 VV)g, ). Define
aghl =X} (ObS%, and BEEIT =b5E, + 765D, , 0. (5.18)

By Lemma 3.6, (A2), and ||V LB, (0)) < 1. we see that |b,, , /g« | are bounded uni-
formly in &, u (= @™ 1), k. By (5.6) and (5.18), we obtain (5.16);. Rewrite (5.17) in terms
of V' in By+1(0) and apply (5.18) to obtain (5.16),. |

Lemma 5.4. Under (A2), there is a number gy € (0, 1) such that if e, u € (0, &), any
solution of (5.15) satisfies

”KZZ,MVV ”L‘X’(Bl/z(O)) = C” V”LO"(BI(O))a (519)
where c is a constant independent of €, L (= 0™ V).

Proof. Let «, 0, g9, J be the same as Lemma 5.3 and ¢ be a constant independent of
e, (= w™"). Suppose k € N satisfying 9% *1 < o< 6%, by Lemma 5.3,

1+«
sup  [V(2) = V(0) —eaSk, — (z + X, @)bEE, | <c|—| . (5.20)
2€B, /5, (0) ’ ’ ’
Define
V(ez) — V(0) — ealh, — (62 + XL, (2))b5Y,

V(z) = NE in By/gy(0)-

Equation (5.20) implies that V satisfies (5.8) with v = 1. Lemma 3.7 implies
£,&
IKS2 V| oo Bujaeg @) = € (5.21)

Equations (5.21), (5.16)1, (5.6) imply (5.19). ]

Remark 5.5. Let g9 be same as in Lemma 5.4. If i € [gg, 1], equation (5.15) is a uniform
elliptic equation by (A2). By [32], we know the following.

Under (A2) and |1 € [eg, 1], any solution of (5.15) satisfies (5.19).
By Lemma 3.7, we see the following.

Under (A2) and ¢ € [gg, 1], any solution of (5.15) satisfies (5.19).
Combining with Lemma 5.4, we conclude the following.

Under (A2), any solution of (5.15) satisfies (5.19).

6. Maximum norm of corrector functions

We now study Green’s functions and the corrector functions of the strongly elliptic opera-
tors —V - (Kz)’; MV) in Q%”. We first derive the pointwise estimates of Green’s functions;
then, consider the maximum norm of the corrector functions.
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6.1. Estimates for Green’s functions
Recall a weak Lebesgue L? space [6, 15]:
L¥®(D) = {{ : D(CR?) = R | [¢]lL200m) < 00},

where ;
1 2
[¢ll200m) = suptl{x €D [E(x)] = 1}]

Lemma 6.1. Assume (Al), w € (1,00), £,7r, 0 € (0,1), and x € Q". A solution of

{—vy-(K” VyGoT (X, ¥) + g yp) =0 in Q7. (6.1)

G (x,)=0 on 09"
exists uniquely in L>°°(Q") and satisfies, for any relatively open set O C Q,
1_1

IK52 VG (x.)| ooy < clO72, (6.2)
where d € [1,2) and c is independent of &, |, w, r, x, Q. See (3.33) for Q.
Proof. Uniqueness of the solution G*" (x, y) of (6.1) is obvious.
Step 1. Consider the following problem:

-V (K7 V¥ +Q) =0 inQ", ©3)

=0 on 09",

Let p4 be the positive number in Lemma 3.11. If ﬁ + pi/ = land p € (p,, px), Corol-
lary 3.13 and Lemma 3.14 imply

”Ka)2 /LV\IJHLP(QJ‘) = C”Q”LP(QJ), (6.4)

where ¢ is independent of ¢, i, @, r. Define a map T (Q) = K®; V¥, where W is the
solution of (6.3). By (6.4), T : LP(Q") — LP(Q") for p € (p*, p*) are bounded linear
operators. By [15, Lemma 1], the map T : L%%(Q") — L2%(Q"") is a bounded linear
operator.

Step II. Let us take Q =
G®"(x,-) and, by (6.4),

m € L2°°(Q"). The solution ¥ of (6.3) satisfies ¥ =

K52 VG (6. )| faogory < € (6.5)
where c is independent of €, u, w, r, x. Equation (6.2) follows from [6, (2.2)] and (6.5). =
Lemma 6.2. Assume (Al), w € (1,00), and %, r, ju € (0,1). The solution of (6.1) satisfies

|G*"(x.y)| <c(l+|In|x—y|]) forx,y€Q”, (6.6)
where c is independent of €, 4, w, 1.

Proof. This lemma is proved by following the argument for [6, Theorem 2].
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Step 1. By (6.2) and Poincaré inequality,
|G () 1@y < VG () | 1oy =€ 6.7)

where ¢ is a constant independent of €, i, w, r, x. For each point x € Q'", extend G*" (x,-)
from Q" to R? by 0 and define

1
V(h) = — |G*"(x, y)|dy foranyh > 0.
27h Jom,(x)

Suppose ¢t > s > 0, by (6.2),

(1) — ¥ (s)] < / |w<h)|dh</ /aB()WG“(x Wl dydh

1 B B t
< — VG (x, y)|dy < CM <c-, (6.8)
S S

278 JB,(x)\By(x)

where c is independent of ¢, i, w, r, X, 5, t.
Next, we claim ¥ (h) < ¢(1 + | Inh|), where c is independent of &, u, w, r, x,h. m

Proof of the claim. (i) If h € (%, 1], then (6.8) can be written as
1
sy(h) <sy(s)+ch fors < > (6.9)
Integrate (6.9) with respect to s over (% 7 2) to get, by (6.7),
1/2
—1/f(h) [ sy(s)ds +ch <c+ch<c, (6.10)
1/4

where ¢ is bounded independent of €, u, a), r, x h.
() Ifh > 1, we ﬁnd meN such that 3 —m < 1. Then, m is the integer part of igg
Apply (6.8) with t = 2/ , 8 = 21+1

h h < h h <c 6.11
w 2_/ _l/f 2j+1 — I/f 2_J _W 2]+1 —C’ ( )

where ¢ is independent of ¢, u, w, r, x, h, j. Sum up (6.11) for 0 < j <m — 1 and
apply (6.10) to get

to see

1/f(h)<¢( )+cm<c(1~|—lnh) (6.12)

where ¢ is independent of ¢, u, w, r, x, h.
i) If h < %, we find m € N such that % < 2™h < 1. Then, m is the integer part of

—1— I Apply (6.8) witht = 2741, s = 27 to see

V@R =y @) < [y @) -y )| <. (6.13)
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Sum up (6.13) for0 < j <m — 1to get
Y(h) <c(l 4+ |Inhl), (6.14)

where c is independent of ¢, i, w, r, x, h. Equations (6.10), (6.12), and (6.14) imply the
claim.

Step Il. Derive a bound on the L* norm of G*” (x, -) in any annulus.
By the result in Step I, for any p > 0,

IG5 (x. L1 (Bap 0\ Bop )

3p 3p
=21 | hy(hydh<c | h(+|Inh|)dh
2p 2p
¢ [P h(1+Inh)dh < cp?(1 +|Inpl)  ifp> 1,
<[P h(L+ [Inhldh < cp*(1+ npl) if 3 <p <1, 6.15)

¢ [P h(1—Inhydh < cp*(1+ |Inpl)  ifp <3,

where ¢ is independent of &, u, w, r, x, p. Let 7 € Cse (R?) be a bell-shaped function
satisfying | V7| < %, 7 =0inR?\ Bs,(x),and 7j = 1 in B,,(x). By Sobolev embedding
theorem [19], ¢ = G (x, -) 7] satisfies

IG*" (%, ) L2(Byp(x)\B, 2 ()
<clllLzw2) = cllVllLi w2
< c[IVGH (x, ) IL1(Bs,(x)) + %HG"?J(X, I L1 (Bsp @)\ Bap () (6.16)
where c is independent of ¢, u, w, r, x, p. By (6.2) withd = 1, we know
IVG®" (x, )1 (B3, = P (6.17)
where ¢ is independent of ¢, i, w, r, x, p. Equation (6.15) implies
PG (. MLt (Bay o)\ Bap(xy < (1 + [ 1np)), (6.18)
where ¢ is independent of ¢, i, w, r, x, p. Therefore, (6.16)—(6.18) imply
IG*" (x, ) L2(Byp(x)\B, 2 (x)) = (1 + [Inp]), (6.19)

where ¢ is independent of €, i, w, r, x, p. By Lemma 4.3, (6.19), and (6.2),

C
sup  [GH(x, ) = =[G (X, ) L2(Bay(x)\ B, 2 (x))
B3,/2(x)\Bp(x) o

_2
+ep'TTIVG (x, )| La(Bop e\ B, () = (1 + [Inp)),

where c is independent of ¢, i, w, r, x, p. So, we prove (6.6). [
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Remark 6.3. By Lemmas 6.1-6.2, the solution of (6.1) is the Green function of differ-
ential operator —V - (KZ; MV) in Q. Also, G*"(x,y) = G*"(y, x) for any x,y € Q"
(see [24, p. 62]).

Remark 6.4. Let us recall some results [29, pp. 1579-1580] and [12]. Let D be a bounded
Lipschitz domain in R2.
(i) Ifp e L'(D),x eD,and p > 0, define

B { (@)B,00) if dist(By(x),dD) > 0,

Px.p = .
0 otherwise.

(ii) BMO(D) is defined as

BMO(D)E{zeLl(DH||z||*,apz sup ][ |§—Ex,pydy<oo}.
x€D,p>0 Y Bp(x)ND

(iii)) A € L°°(D) is an atom for D if there is a p > 0 such that

supp(A) C By(x) N D,
||;A||L°°(D) = m, (6.20)
Ax,p=0.

g € H"*(D) (atomic Hardy space) if g = Y {2, y;.Ai, where {A;}?2, are

atoms and {y;}2, € £' sequence space. Also, ||g||lg100m) = inf > o, il
where the infimum is taken over all representations of g.

(iv) BMO(D) is the dual of H1:*°(D) [12,29]. So, if { € BMO(D), then

I¢]l«,0p = sup{/ CAdy | Ais an atom for D}. (6.21)
D

(v) By John—Nirenberg inequality [29] and [12, Theorem 3.6],
BMO(D) c LY(D) c H"*®(D) foranyq € (1, 00). (6.22)

Lemma 6.5. Assume (Al), o € (1,00), and £,r, u € (0, 1). If A is an atom for Q" and
W is a solution of

(6.23)

V(K VW) =A inQ,
(27
\I] = O on aQ’r,

then |V||Loo(qry < ¢, where c is a constant independent of €, |1, , T.

Proof. Let p, be same as Lemma 3.11 and ¢ a constant independent of ¢, u, w, r. Set

peE2,00),m= 22+—”p, % =1, and % + % = 1. Any solution of (6.23) satisfies

1
— +
{ ” VU ”LP(QJ) = CH-A”L’"(QJL

(6.24)
Wil @.ry < €l Ally-1.0 0r)-
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Indeed, (6.24); is from Corollary 3.16. Equation (6.24), is from Lemma 3.15 and Sobolev
embedding theorem [19].
If z € Q" and A is supported in B, (x) N Q°", by Holder inequality and Sobolev embed-
ding theorem [19] and m = %,
W (2)| < |¥(2) = (¥)B,)nor | + |[(¥)B,)nor
_2 2_
<cp'T? IVW|lLr(B,)nar) + p? 1||‘IJ||Lm’()_l;p(z)mg,r)~ (6.25)

By (6.20); 5 and (6.24)1,

2
IVUlLrary < cllAllLms,nan <cp? " (6.26)
For any ¢ € Wol’p (Q7), by (6.20)3 and Sobolev embedding theorem [19],
(i) if Bp(x) € Q7, then

Atdz
Q.r

/ A — @5, 0))dz
By(2)

_2
<= @, LB,y < P 7 IVELrB,cp:  (6.27)
Gi) if dis(B,(x). Q") = 0, then

‘/ Aldz
Q.r

Equations (6.27)—(6.28) and (6.24), imply

_2
< I¢llzoes,ynary < P 7 IVElLrs,nan.- (6.28)

_2
1l gy < A1 (qry S cp' 7. (6.29)
The lemma follows from (6.25), (6.26), (6.29). ]

Lemma 6.6. Assume (Al), w € (1,00), and f, r, i € (0, 1). The solution of (6.1) satisfies,
forany x € Q7

657 () g <. 630

where c is a constant independent of €, |, w, 1, X.

Proof. This is proved by following the argument for [29, Theorem 4.1]. Let ¢ be a constant
independent of ¢, , w, r, x. If g € L?(Q7) for p > 1, consider the equation

{—v -(KSD VE) =g inQ”,

(6.31)
(=0 on 0Q".

For a fixed x € Q" and p > 0, let ¥ be the solution of (6.31) with g = f € L?(Q") for
XB,(x)na:r

p > 1, and let &, (x, -) denote the solution of (6.31) with g = IB%E% € L*=(97). By

Green’s formula, ¥ and &, (x, ) satisfy

][ W(y)dy = / (. ) £ () dy. 6.32)
B,(x)NQ" Qr
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If £ in (6.32) is an atom, then (6.21), (6.32), and Lemma 6.5 imply
”(S'p(x’ w00

< sup
f €{atom for Q-7'}

/ (. y)f(y)dy‘

< sup
We{solution of (6.31) with g= f €{atom for Q" }}

(6.33)

][ W(y)dy| < ¢
B,(x)NQ-"

By Alaoglu’s theorem [14], there is a sequence {p;} with lim;_,, p; = 0 and a function
(S’(x -) € BMO(Q") so that &, (x, -) converges to (S’(x -) in the weak-star topology of
BMO(Q").

If f e LP(Q7) for p > 1in (6.32), the solution ¥ of (6.31) with g = f is Holder
continuous by Corollary 3.16. The left-hand side of (6.32) converges to W(x) as p — 0.
By (6.22), equation (6.32) implies, as p — 0,

Y(x) = /Qr @(x,y)f(y) dy forx e Q’.

So, & (x,-) is a Green function of (6.1) with pole at x. Unique existence of the Green
function of (6.1) implies @’(x y) = G*"(x, y) (see [24] and Remark 6.3). So, (6.33)
implies that (6.30) is true.

From the above argument, any sequence {&,, (x, )} with limg_,o px = 0 gives a
subsequence converging to the Green function. Therefore, the entire sequence {&,(x,-)}
converges to G®” (x, -) in the weak-star topology of BMO(Q"") as p — 0. |

Lemma 6.7. Under (A1)~(A2) and ,r,a € (0, 1), the solution of (6.1) satisfies, for any
x,y,z € QT

G5 (x,y) = G* (x.2)| < c =2 iy —z < B
|Gsr(y x)| _ |Gsr(x y)| <c &1 ifgl < Iny\,

[x—y[*

(6.34)

where c is independent of e, ;. (= w™ '), r,a. Here, & = dist(y, 0Q°") is the distance from
y to the boundary dQ°".

Proof. Clearly, (6.34), follows from (6.34); and Remark 6.3. So, we only need to show
(6.34)1. Let ¢ be a constant independent of e, (=w™ '), r,a. Forx,y € Q7, seth =
|x — y|. We consider (i) & < 2 and ()& =2 separately.

(i) & < 2 case. Define E(z) K7 (v +hz)and ¥ (z) = G*' (x, y + hz). Then,

{—v S(EVY) =0 in Bs4(0) N (27 — {y})/h,
¥ =0 on Bs/4(0) N (92" — {y})/ h.

Since G*" (x,-) eBMO(Q") by Lemma 6.6, e BMO((Q" — {y})/ h). So, (6.22) implies

¥ 1lLa (B, 5 0n(r—(yh/ny < ¢ forany g € (1,00). (6.35)
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If % > 1, then [19, Theorems 4.15 and 8.17], (II) of Corollary 3.4, Lemma 3.7, and (6.35)
imply
IV Lo By p@n@r—pn/m = NV llL2(B,50n@r—pn/m = ¢ (6.36)
If % <1, then Lemma 3.11 with 7 = 0, (A2), Lemma 4.3, (6.35), and (6.2) imply

[V]ce B, .0n@r—iyn/h
= cl¥llLees, L@ 1/ h)
= cl¥liLiasaon@r—oh/my + IVVIlLas, ,0n@r—n/m = ¢ (6.37)
where d € (1,2). So, (6.34) is proved for &} < % case.
(i) & > % case. Define E(z) = Kft;;u(y + hz) and ¥ (z) = G (x,y + hz) —
G®"(x, y). Then,
~V-(EVyY) =0 in By/4(0) N (Q" —{y})/h.

Repeat the arguments of (6.35)—(6.37) and apply (II) of Corollary 3.4, Lemma 3.7, Remark
5.5, Lemma 4.3, and (6.2) to get (6.34); for éry > % case. [

Lemma 6.8. Under (A1)~(A2) and Z,r,a € (0, 1), the solution of (6.1) satisfies, for any
x,y €Qr,

x|y | —
G5 (x. y)| < clEEIET ifer & < 2l s
|V Gs,r( < r\$f|amax(\%|a’\§ry|a} eex &Y & o |x—yl (6.38)
y x»)’)|_cg [x—y[2« lfér»éra;_ 16 °

where ¢ is a constant independent of &, ;L (= 0™ ), r, . See Lemma 6.7 for £, & .
Proof. Let ¢ be a constant independent of ¢, it (= w™!), r, o and define 1 = |x — y|.

Step 1. Proof of (6.38)1. If ¥ € Bpa(x) N Q7 then & < % implies & < 1% — y|.
Then, (6.34), implies
3 &7 1 (4
G®" (x, <c— <c
IG*"(x, y)| = 5 yp = e

for X € Bp/a(x) N Q7. (6.39)

Next, we trace the proof of Lemma 6.7. Let us define E(z) = KZ; M(x + hz)and Y (z) =
G*®"(x + hz, y). Since £ < %,

{_v ~(EVY) =0 in By/4(0) N (Q" —{x})/h, (6.40)

Y =0 on By4(0) N (02" —{x})/ h.
If % > 1, then [19, Theorem 4.15], (II) of Corollary 3.4, Lemma 3.7, and (6.39)-(6.40)
imply

|§_.y o
VY[l (B, s0n@r—txh/ny < cll¥ Lo, s0n@r—xh/n) < ¢ };a

(6.41)
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If % <1, then Lemma 3.11 with t = 0, (A2), and (6.39)—(6.40) imply
3 _ g o
[W]ce (B, sn@r—xp/m) = VLo, 0n@r—ixp/m) = ¢ a (6.42)

Equation (6.38); follows from Remark 6.3, (6.41)—(6.42), and change of variables.

Step 11. Proof of (6.38),. If £*, &7, £< ﬁ and y € B¢ (y) N Q7, wesee & Erj’ < |x§y~|.

Forany o € (0,1) and y € B?(y) N Q" by (6. 38)1,

~ x|a|gY o .
grelelle _ | et e >

— v|2¢ — a|EX|le .
|x — ¥l cle|* Bl irgy < 2.

1G> (x.y)[ = ¢

(II) of Corollary 3.4 and Lemma 3.7 imply

e,r . i &,r .
[V,G*" (x, )HL°°(Bﬁ(y)ﬂer) = 1G™ (x e 4 6anany
r|§F1* max{| 7|, |&7)

— ¢ h2«

So, (6.38), is proved. [

6.2. Corrector functions

Assume (3.32)—(3.34) and 0 € 0Q. Let n € C§°(Rq,,a5(0)) be a bell-shaped function
satisfying 7 € [0, 1] and n = 1 in [-2,2]*. Note 7 = 0 on 99" N 9Q" (see (3.33)). If
0<e<r<IfindW;7 , e H'(Q") by solving

~V- (K (VWS +8)) =0 inQ”,

L, ek (6.43)
W,uz_( )X w12 on 49",
where &, is the unit vector in the second coordinate direction. See (5.7) for Xfu/ .o and

(333) for d4, d5.
Lemma 6.9. Under (A1)~(A2) and £, r € (0, 1), a solution of (6.43) exists uniquely in
H'(Q®T). There is a constant ¢ (independent of €, ji (= %), r, dg, ds) such that

sup |W” (x) < —

w,0,2
x€Q.r 1

Proof. Let ¢ denote a constant independent of &, u (= %), r,dy, ds.

Step 1. Unique existence of a solution of (6.43) in H!(Q") is from Lax—Milgram theo-
rem [19]. Note

r .
Ksr (y) wz,u(gy) an?r~
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Define Y:)’,L,z = W;LZ - XZLZ in er’r (see (3.33)); then,

~V- (K35 VYST ) =0 inQf,

W, 1,2
Vo= W, —Xi, on 007"
By [19, Theorem 8.1], (5.6)—(5.7), and (3.34)1,
o |W;L2| = cr_s + sup |W£Lz| (6.44)

Q 892 \dQ"

¥

In (6.44), we use (6.43), and n = 0 on 9Q" N anr’r. We claim
IWET ()] < Cr—e for x € Q7 \ Q2. (6.45)

If so, Lemma 6.9 follows from (6.44)—(6.45).

Step II. Proof of (6.45). Set Wi;z = Xfo/;z + U; 4+ U,y in Q", where U; satisfies

{ -V (K VU)) =0 inQ",

Ul = —anU/sz on 8Q”,

and U, satisfies

V- (K (VU + VXL, 482)) =0 inQ, o6
U, =0 on 09",
By (5.6) and maximal principle [19],
ce
1% 2l Loy + 1Utllogary < = (6.47)

Set Q7 (§)¢ ={x € Q" | BF <} for § > 0, where B is the distance from x to 92/ r (or see
Section 2 for 7). Find 7 € C°*(Q") with 7 € [0.1]. 7 = 1in Q" (3)°, supp(i)) € 2" (),
and ||V geo(ary < ¢Z. By (3.34)s,

supp(V#) C Q7 (4£)¢ \ Q7 (38)e € Q2
KZ)’;’M(y) =Ky2,,(3y) in Q’;’r, (6.48)
Qr\ Q‘;’r C Q”(%)c.
See (3.14) for K2 ;. Rag,a,(x) = [x1 — dg, x1 + dg] X [x2 — dg, x5 + do] for x =
(x1,x2) and dg,dy € [6%48, 6788] is a rectangle such that the volume |Rqg,do (x) N £(¥ + )|

forje I,/,is0or |§|2 for some 0 < ¢ <r < 1. Clearly, 0:Rgq,4,(x) N QZ =@ and dg, do
depend on x, £. By (6.1), Remark 6.3, (6.48),, and (5.1), solution Us(x) of (6.46) for
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x € Q7 \ QY7 satisfies

e,r r -
Uy (x)| = ‘Lr vyGE”(x,y)Kw’z’M (wa,u,z(g)’) + ez)dy‘

r -
< / VyGS," (x, y)KZ)’; " (wa,u,z(—y) + 62) dY'
QT NRag g (x) ’ €
~ r .
+ / VyGE”(X,y)an;QM(VXw,M,z (—y) + ez)dy‘
07 (4)\ Rag ag (x) : €
- / G (x. y)VIKS} | (VX(»,M,Z(K)’) + 52) dy'
supp(Vi)\Rag a9 (X) ’ €
r -
+ / G*"(x, y)(1 = MK, M(wa,u,Z(—y) + ez) doy.
R ag ag (x) Nsupp(1—77) ’ €
(6.49)
In the last term of (6.49), boundary condition (6.1); is used. By (5.6),
sup vxw,u,z(f y) +& <. (6.50)
yeQr &
By (6.50) and (6.2) withd = 1,
f V,G5 (x, y)K (wa,u,z(f y) + zz)dy <t (6.51)
Q7 NRag d () o e r

Ifx € Q" \ QY and y € Q7 (48)° \ Ry, 0 (x). then ¥, A7, £ < E2l by (3.34),. See
Section 2 for B, B7. So, a € (%, 1), (6.38),, (6.50), and (A2) imply

~ r e
/ Vng,r(-x9 y)n(y)Kfo’; M(VX(,_),M,2(_))) + eZ)dy'
Q7 (32)\ Rag.ag (x) ’ )
&,r

20—1 2 e
/ ——dy <c-. (6.52)
O (42)e\ Rgg a0 (¥) 1 X — V| r

&

r

<c

If x € Q7 \ QY and y € supp(V7) \ Rag.ao(x), then B, B < @ by (3.34), and
(6.48);. So, e € (L,1), (6.38);. (6.50), and (A2) imply

r i
/ G (x. y) V(K (wa,u,z(—Y) m)dy’
supp(V)\ Rag do (x) H €
<c / r —|ﬁf|“|ﬂ3’—|“Ki§M <.t (6.53)
T Jupp(Vi\Ragay () € X —yPPE T

If x € Q7 \ QY and y € 9Rqy,00(x), then (3.34), implies B} < ‘xZ—yl. By (6.34), and
G (x,y) = G*"(y, x),

sup |G (x,)| <c. (6.54)
aﬁﬂdg ,dg (x)Nsupp(1—17)
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Since dRag.a0(X) N Q4 = 0, K>7  (y) = 1fory € dRqg.a,(x). By (6.50) and (6.54),

w2,

r >
G (x, »)(1 = MK | (wa,u,z (EJ’) + 62)

doy,

»/f;ﬁdg Jdg (x)Nsupp(1—77)
&
< c|8JRd8,d9 (x) N supp(1 — 77')| < c;. (6.55)

So, (6.49), (6.51)—(6.53), (6.55) imply ||U2||Loo(9,r\9;,r) < ££. Together with (6.47), we
prove (6.45). [

7. Boundary Lipschitz estimate for strongly elliptic equations
Assume (3.32)—(3.34), and let 0 € 2. We plan to derive the Lipschitz estimate for the
solutions of strongly elliptic equations around a neighborhood of 0.

Lemma 7.1. Under (A1)-(A2) and «, f r € (0, 1), there exist constants §(< 0) and
o(< &o) such that if i, & < 2o,

V(K25 YY) =0 in Bi(0) N Q/r. o
V:Vb OnBl(O)ﬂaQ/V,
and
V5 (0) = a7V, (0) =0,
»(0) = a7 Vp(0) 72)
IVliLeosi@ne/r)» [VVelcasona/mn <1,
then B
sup  |V(2) — (22 + Wj;);az(z))dw,gﬁ <@tz (7.3)

zEBg(O)ﬂQ/r

Here, 0, &g are from Lemma 5.2; z = (z1,22), 07 Vp, (or 01 Vy) is the tangential derivative
of Vp; dy ¢ is the second component of JC(;’IM (KZ’S’MVV)B‘;(O)QQ/,; and JK;}M is the
inverse matrix of K 4.

Proof. Assume r € [0, 1] and V, V,, satisfy
—AV =0 in Bys5(0) N Q/r,

V=YV, on B4/5(0) N a2/ r, (7.4)
Vp € Cl’“(B4/5(0) NQ/r) with V5(0) = a7V, (0) = 0.

See Section 2 and (3.33)—(3.34) for Q/r. By [19, Theorem 4.16], there exist 0 e (0, %)
and @’ € (5, @) such that

sup |V (2) = 22 32 V) 0)neyr |
z€BZ(0)NK2/r

< 0" (IIV|zoo By s@ng/r) + [V Vblce(s, s@ne/n)- (7.5)

where 0,V is the partial derivative with respect to z, variable.
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We claim (7.3). If not, there is a sequence {e, is, Ws, I's, Ve, Vp ¢, Koo, } satisfy-
ing (7.1)—~(7.2) and
H’E?,%_)Oa rE_)re[()’l],
K = limg—o Ko, 1. (7.6)
SUP e B;(0)NQ/ 7 |Vg(z) — (22 + Wj;t;hz(z))dws,s,rs\ > g1+5

See (5.4) for K, ... Equation (7.6), is due to (5.5). By Lemma 3.6, (A2), and (7.2),

1K VVel L2m, sy = NV Velz2se@nayn < . 7.7
where c is independent of ¢, (g, wg, 1. By (7.7), Lemma 3.11, Sobolev embedding the-
orem [19], (7.2), [7, Theorem 1], and remark in [21, pp. 43—44], there is a subsequence

(same notation for subsequence) of {V;, Vj .} such that

Ve = VLo (B, /5(00n2/ren2/r) = 0

Vpe—V —0
1Vo,e = Villci(s,sn/rena/r) s o, (78)
IVlLoo(B, n2/r) [VVblees ne/rmn =1 Te

Ko VVe— KVV  in L2(B4/s5(0) N Q/r) weakly

where X is a positive constant satisfying (5.5);. Also, the limit functions V, V; sat-
isfy (7.4). By (7.6), and (7.8)4,

lim K;lm][ K% VVedx = (VV)gr (g (7.9)
$7°(0) o

%_)0 € Wz e
By (7.6)3, (7.8)1, Lemma 6.9, (7.9), and (7.5),
012 < lim  sup |Ve(2) = (22 + WS, ,(2))du e

B We, e,
e 0 2€87*(0)

= sup |V(z) -2, (32V)sg(0)‘ f91+a,/2(”V||L°°(S;{/5(O)) + [VVb]Ca(S;{/S(O)))'
z€S7 (0)
]

We get contradiction if 6 is small enough. So, (7.3) holds. ]

Lemma 7.2. Let 5, €0 be the same as Lemma 7.1. If (A1)-(A2), @ € (0, 1), &, u € (0,%p),
and

~V.(KE, VV)=0 inB(0)NQ,
ol (7.10)
V=0 on B1(0) N 02,
then, for any k € N with gio < G there are constants dﬁ)k[ ! satisfying
{|di;§:1| <cl.
k—1 7o 5iwed J T(1+2) T
Supzeng(o)r\Q|V(Z) - Z_j:(l) 672 (z2 + 6/ Wci,u,Z(é))df!),jM’ < gk+5) T
(7.11)

where z = (21, 22), J = IV | Lo(B, (0)ns2), and c is independent of &, ju (= ™).
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Proof. Whenk =1, (7.11)holds by Lemma 7.1 withr =1l and V = %. d;; M is the second
component of JCw’M(Kw MVV)Bg(O)ﬂQ. By Lemma 3.6 and (A2), we see |dw,M| <ecl,

where ¢ is independent of ¢, u(= %). Suppose that (7.11) holds for some k € N with
£ < 0*; define, in By (0) N Q/6,

0 k—1 yie (7, ~ . "éj gk J
V(2) = sy (V(0F2) = X550 02 (0% 22 + 07 W, 5 (57))dah).
V(@) = strgy Lo 0 2 0F 2205,

Note [VVb]Ca(Bl(o)mQ/ék) = 0. Functions V, V,, satisfy (7.1)—(7.2) with r = ok Apply
Lemma 7.1 to get

sup |[V(2) = (22 + Wsuz(z)) wegi| <02 (7.12)
B5(0)n%2/ Bk

where d | , 5 is the second component of K, (K's g VV)B 0)nQ/F- By Lemma 3.6

and (A2), |[d , 7| are bounded uniformly in &, u(: al)) 6% . Rewrite (7.12) in terms of V
in By, (0) to obtain

k=1
sup V()= Y 07 (2 + 0/ WS 9’2( /67))d57,
Bgr+1(0)NQ j=0

—§% T (22 + 0 WED(2/5%))a,, k| S OEFDAED T

Ifd5Y, = Jd,, 5. then (7.11) holds for k + 1. .

Lemma 7.3. Let £y be the same as Lemma 7.2. If (A1)~(A2) and ¢, u € (0, 2y), there is
a constant ¢ independent of &, jL(= %) such that any solution of (7.10) satisfies

HKZ)Z,/LVV“L"°(Bl/2(0)052) < clVlreB one)- (7.13)
Proof. By (3.32), 0 € 92 and there is a local coordinate z = (z1, z) so that
Bi(0)N Q= B1(0)N{(z1.22) e R* | z; € R,z > Y(z1)}.
We claim
sup K., VV(0,22)| < ¢Vl 0)ne)- (7.14)

(0,22)€B1/2(0)NQ2 ]

Proof of claim. Let 5, J , o be the same as Lemma 7.2; ¢ is a constant independent of
e, (= %); k € N satisfies F+! < % < 6% Forany z = (0,2,) € B1/2(0) N 2, we have
either (i) %5“1 <z, < %56 for0<{ <kor(i)0 <z, < %5"“.
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For case (i). (i.e.,z = (0,22), 284! <z, < 16 for 0 < € < k). By Lemma 7.2,

V(x)— Z ks (Xz +O0WE sz(ex] ))df;{u

< g0+,

sup
x=(x1 xz)eB 70 (0)NQ2
(7.15)
By Lemma 6.9, (3.32)4, (7.11)1, and (7.15),
sup |V] =T (01T 4 (B7 +¢)) <c B (7.16)

B'e'[ 0)nQ

See Section 2 for BZ. Here, x, < gt <czy; <cffande <% gk < ZEO%W <280z <
c&o B in (7.16). We see that if z = (0, z) € Q satisfies %9“1 <z, < %95, then

sup |V|<cB?J. (7.17)
Bgz5(2)
Define
EY () =K, (G+B7y) Bn)
m by/2 .
V() = —V‘i;:ﬂ; 2

Then, V satisfies, by (7.17),
{ V. (]Ei)’f’MVV) =0 in By/5(0).
[VILoo(By 000 =€

Remark 5.5 implies

||K2)2,MVV||LOO(B¢;Z,4(Z)) =ct.
This proves (7.14) for case (i).
For case (ii). (ie.,0 <2z, < %5"“). By Lemma 7.2,

k—1

sup V(x)_zg%a (X2+9’W59]( ))d‘” <cHFU+D T,
x=(x1,x2)€ng )N j=0 67
Lemma 6.9 and (7.11); imply
sup |V < celJ. (7.18)
ng )N
Define
V(y) =V(ey)/eJ in B1(0)NQ/e.
By (7.18),

IV lzoo(B, (0)n0/e) < C-
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Then, V satisfies

{ —V- (K% VV) =0 inBi(0)NQ/e, (7.19)

V=0 on B1(0) N a2/e.
Lemma 3.7 and classical regularity result [19] imply ||K®3 WV Ve, ,0ng/e < c. So,
we prove (7.14) for case (ii).
Finally, we repeat the argument for (7.14) (i.e., (7.15)—(7.19)) by varying the origin

along the boundary B (0) N d$2 and by adjusting the constant ¢. We conclude that (7.13)
is true. m

Remark 7.4. Let gy be the same as in Lemma 7.3. If i € [gp, 1], (A2) implies that equa-
tion (7.10) is a uniform elliptic equation. By [32], we know that the following.

Under (A1)—~(A2) and i € [gy, 1], any solution of (7.10) satisfies (7.13).
By Lemma 3.7 and classical regularity results [19], we have the following.

Under (A1)—~(A2) and ¢ € [gg, 1], any solution of (7.10) satisfies (7.13).
Combining with Lemma 7.3, we conclude the following.

Under (A1)—-(A2), any solution of (7.10) satisfies (7.13).

8. Proof of Theorem 2.2
For any x € €2, consider the following equation:

v, - (K

w?,

(V9 )) + 5 Sn) =0 inQ, 8.1)
£5(x.) = 0 on 0%2.

Tracing the proofs of Lemmas 6.1, 6.2, 6.5, and 6.6, we see the following.
Lemma 8.1. Assume (Al), w € (1,00), &, € (0, 1), and x € Q. A unique L>*(Q)
solution of (8.1) exists; it is the Green’s function of V, - (Kz)2 MVy) in 2, and
54,0 <
11
||KZ2’MV§€(X, ) HLd((QnQ) <clONQa~z, 8.2)
G%(x,y) = §%(y,x) foranyx,y € 2,
where d € [1,2), O is any open set and c is independent of €, w, |, x, O.

Following the proof of Lemma 6.7 and applying Lemma 8.1, we see the following.
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Lemma 8.2. Suppose (A1)—(A2); the solution of (8.1) satisfies

Ke, ()Y, 8°(x. )| < ﬁ

forany x,y € €2, (8.3)
KE, L(OVE°(x, y)| <

Ix vl

where c is a constant independent of &, i (= 0™").

Proof Let ¢ denote a constant independent of ¢, u (= w™!). For any x, y € Q, we set
|x -yl IE (z) (y + hz),and ¥ (z) = §%(x, y + hz). Then,

{ V. (Ez;é’,uvw) =0 inB1(0) N (2 —{y)/h,
¥ =0 on B1(0) N (32 — {y})/ h.

Since §%(x,-) € BMO(R2) by (8.2)1, ¥ € BMO(B1(0) N (2 — {y})/h). So, (8.2); and
(6.22) imply

¥ lLe (B, )n@—{yp/n) < ¢ forany g € (1,00). (8.4)
If h <euandd € [1,2), [19, Theorems 4.15 and 8.17], (II) of Corollary 3.4, and (8.2),
imply

< c|E3!

,h
IES: VY e 8, n0n@-t3mm) 2V sz 0n@-nim =

Ifh € [ew, €), [19, Theorems 4.15 and 8.17], Lemma 3.7, and (8.4) imply

,h
HEZ,Z,MW”HLoo(Bl/z(O)ﬂ(Q_{y})/h) < cll¥llLz s, n@—y/m) = C-
If% < 1, Remarks 5.5 and 7.4, (A2), Lemma 4.3, (8.4), and (8.2), imply

”Eeh Vw”LOO(BIM(O)O(Q—{y})/h)
< cll¥liLe,0n@—tyn/h
= cl¥llLi s on@-on/m + IVYIlLaa, on@-yy/mn < ¢
where d € (1, 2). So, we prove (8.3);. Equation (8.3), follows from (8.3); and (8.2);. m

Now, we are ready to prove Theorem 2.2. Suppose that @ is a solution of (2.1); then,
K, Vo()| = ] /Q Ko, (0)Ve8(x, »)G(y)dy|.

If p > 2 and % + % = 1, then p’ € (1,2). Lemma 8.2 implies
2, Vo) < /Q K2, ()2 (x. 1) G()|dy

1/p
= —d G <clG )
B (/sz |x — y|? y) 1GllLr@) = clGlLr )

So, we obtain ||K2)2,MVCI> L) <clGllLr (@), and the proof of Theorem 2.2 is complete.
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9. Proof of (3.18); in Lemma 3.7

Let I'(z — y) denote the fundamental solution of the Laplace equation in R? [19] and
B, C R? denote a disc centered at 0 with radius r. Define single-layer and double-layer
potentials as, for any smooth function ¢ on the boundary dB,,

{SaB,(i)(z) = fop, Tz =) E(y) doy forz € 0B

Dap, (§)(2) = [yp, VyT (z = y)ny {(y) do,

where ﬁy is the unit vector outward normal to dB,. By [16, pp. 148-151], [13, pp. 226—
227], and a similar proof as [33, Lemma 3.2], we see the following.

Lemma 9.1. For any « € (0, 1), the linear operators

Sap, : C¥(0B1) — C1*(dBy)
Dap, : C*(3B1) — C1¥(dB)

are bounded; I — d10Dyp, for dio € [—2,2] are invertible in C*(dB;); and

IZllcre@p,y < ¢l —dioDap, ) ()l cre@s,).
where [ is the identity operator and c is a constant independent of dy.

If n is the unit vector outward normal to 9¥,,, we define, for any y € 0¥, and any
function { on ¥,

{ Ce(y) = lim, o+ Ly £10), [E](0) = L(0) — L), o

0T = Vs -n, [0nt](y) = 05 C(») — 05 ().

Proof of (3.18)1 in Lemma 3.7. Define o = ‘1‘1;2 forg > 2,

T = 1%ll2@\8,,)

and let ¢ be a constant independent of u, w. By [19, Theorem 4.15], any solution ¥
of (3.17) satisfies

W1l cra By s0\Byjzo) = €J- 9.2)
Next, we find ¢ € C%(By/5) by solving

—Aé‘ =0 in 32/5,
é' =y on 8B2/5.

By [19, Theorems 4.15 and 4.16],

||é°||c1va(32/5) <ecl. 9.3)
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Recall ¥, = B4 0). Define ¢ = W — £ in Byjs and $(3) = ¢(%), £(») = {(4y) in
38/511«' Then,

—Ap =0 inBs \ B,
m
lp] =0 on 9B,
9.4)
[KV V-8, =G ondBy,
¢ =0 on 83%,
where n,, is the unit vector normal to 3By and G = —UK4/“ Vé‘J ny. See (3.14) for

K** and (9.1) for L¢J LKM“ V(])J Note, by (9.2)—(9.3) and definition of single-layer

(1)2
potent1al

IGllcep,) < cw?ud, s
[8084/5, (3 ¢|aBS/5u)”C1°‘(3B1) cJ|1npl,

where 8n$|338 /s, 18 the normal derivative of ¢> on 0Bg/s,. By Green’s formula, (9.4),
and [16, pp. 148-151],

$ 4 Dyp, (@) = Som, (Vo - iy los,)

- N . R on 0B;.
$ — Dop, (@) = —8op, (V1 Ty las,) + Sosys, (95 Plonys,)

Therefore,

2(1 — w?) ~ 2
(I - H‘—Cl)ztDaBl)(b 1+ (SBBI( G) +SaBg/5M(a ¢|aBg/5M))

where [ is the identity matrix. Apply (9.5) and Lemma 9.1 to see

~ C ~
I¢llcrean = —5(1Glce@n) + [Says, (lizys) | crea,y)
<cJ(u+ o2 np). 9.6)
By maximal principle, (9.4), and (9.6),

I@llwroo(sy) + 1@llwroc(sg s 81y < € (1 + @7 Inpl). ©.7)

By assumptions, (9.7), and the definition of $ we see [Vl Leos,s) = ¢J, which implies
(3.18)1 in Lemma 3.7. ]
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