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Strongly elliptic equations with periodic coefficients
in two-dimensional space

Li-Ming Yeh

Abstract. Regularity for strongly elliptic equations with highly oscillatory "-periodic coefficients
in two-dimensional space is addressed. In each "-cell, the diffusion coefficients of the elliptic equa-
tions are !2 2 .1;1/ in a small disk with radius "�4 .<

1
4 / and 1 outside the disk of the cell. Two

cases are considered. Case one is that ", �, ! are independent in the elliptic equations. So, the
diffusion coefficients of the elliptic equations are "-periodic and discontinuous. Lp-gradient esti-
mate uniformly in ", �, ! for the elliptic solutions is derived. However, the integrability p .> 2/

of the solutions is not a large number. Case two is that ", � .D !�1/ are independent in the ellip-
tic equations. The diffusion coefficients of the elliptic equations are "-periodic, discontinuous, and
L1-bounded. Lipschitz estimate uniformly in ", � .D !�1/ for the elliptic solutions is obtained.

1. Introduction

Regularity for strongly elliptic equations with highly oscillatory "-periodic coefficients in
a domain��R2 is concerned. Let ";� 2 .0; 1/, Y � Œ�1

2
; 1
2
/2, Y� be a disc centered at 0

with radius �
4

, Yf � Y nY�,�."/� ¹x 2� j dist.x;@�/� "º, 	"� ¹j 2Z2 j ".YC j/�
�."/º, �"� � [j2	"".Y� C j/ be a disconnected subset of �, and �"

f
.� � n �"�/ be

a connected sub-region of �. Let K"
ı;�

for ı > 0, "; � 2 .0; 1/ represent the diffusion
coefficients of the elliptic equations defined as

K"
ı;�.x/ �

´
1 if x 2 �"

f
;

ı if x 2 �"�:

The elliptic equations are´
�r �

�
K"
!2;�
rˆCQ

�
D G in �;

ˆ D 0 on @�;
(1.1)

where ! 2 .1;1/, "; � 2 .0; 1/, and Q, G are given functions. Problem (1.1) arises from
flows in fractured media, contaminant flow problems, and the stress in composite materials
(see [4, 5, 20, 21, 27] and references therein). Clearly, H 1

0 .�/ solutions of (1.1) exist and
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are bounded uniformly in ",�, ! ifQ;G 2L2.�/. In this case, a sequence of the solutions
of the strongly elliptic equations (1.1) converges weakly to a limit function in H 1

0 .�/ as
" closes to 0 [19]. If the diffusion coefficients of the strongly elliptic equations (1.1) are
L1-bounded, the sequence of the solutions converges uniformly to the limit function as "
closes to 0 [7,9,10]. Also, the limit function satisfies a constant conduction problem [7,21].
In three-dimensional space, uniform convergence of the solutions may not be true for the
strongly elliptic equations (1.1) [10].

Let us recall the regularity for the elliptic equations with "-periodic coefficients. For
uniform elliptic equations (e.g., " 2 .0; 1/, 0 < ˛1 � ! � ˛2, and � D 1 in (1.1)) with
Hölder "-periodic coefficients, the Hölder estimate,W 1;p estimate, and Lipschitz estimate
uniformly in " for the elliptic solutions are derived [2, 3, 11, 23, 28, 31]. For degenerate
elliptic equations (e.g., "; ! 2 .0; 1/ and � D 1 in (1.1)) with piecewise Hölder "-periodic
coefficients, the Hölder estimate, W 1;p estimate, and Lipschitz estimate uniformly in ",
! for the elliptic solutions are obtained [32, 33]. Regularity for strongly elliptic equations
is different from the above two cases. Lamé system with partially infinite coefficients in
a two-dimensional material is considered in [5]. The material contains two disjoint con-
vex inclusions; Lamé constants are large inside the inclusions and bounded outside the
inclusions. It shows that Lipschitz estimate for the solutions of the limit Lamé system
(obtained as the Lamé constants inside the inclusions tend to1) blows up if the distance
of the two inclusions goes to 0. The perfect and the insulated conductivity problems with
finite multiple inclusions imbedded in a bounded domain are considered in [4]. It shows
that the Lipschitz estimate for the solutions of the limit conductivity problems (as the con-
ductivity inside the inclusions approaches1 or 0) blows up if any two inclusions close to
each other. Regularity for strongly elliptic equations with wire-like stiff inclusions in R3 is
considered in [8]. By separation of variables, the study of the three-dimensional strongly
elliptic equations is reduced to the study of the two-dimensional Helmholtz-type strongly
elliptic equations in "-periodic composites �. The two-dimensional elliptic equations are
similar to (1.1). For the elliptic equations (1.1), W 1;p local estimate and C 1;˛ local con-
vergence uniformly in "; � .D !�1/ in the interior of the region �"

f
are obtained. So, the

W 1;p estimate and C 1;˛ convergence uniformly in "; � .D !�1/ for the solutions of the
original three-dimensional elliptic equations are derived in a region away from the wire-
like stiff inclusions. Elliptic system for elasticity with periodic grain-like stiff inclusions
in Rn for n � 3 is considered in [28]. By the periodicity of the diffusion coefficients, local
Lipschitz estimate uniformly in periodic size for the solutions of the elliptic system is
proved. Recent works [25,26] investigate the regularity of uniform elliptic equations with
multiple oscillating scales in space (similar equations as the elliptic equations in [8] or
the Darcy’s equations in [20]). Without any separation condition on the oscillating scales,
Hölder estimate and large-scale Lipschitz estimate uniformly in oscillating scales of the
elliptic solutions are derived by a technique of reperiodization.

This work is interested in estimate uniformly in ", �, ! for the solutions of the
problem (1.1). Suppose that ", � are independent and !�˛ � 1 for some ˛ 2 .0; 1/ in
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problem (1.1) the solutions for (1.1) behave like the solutions for uniform elliptic equa-
tions in "-periodic domains. In this case, the Lipschitz estimate for the solutions of (1.1)
can be obtained by following the arguments in [2, 3]. Here, we study more general prob-
lems. Indeed, two cases are considered. Case one is that ", �, ! are independent in the
strongly elliptic equations; case two is that ", � are independent and � D !�1. For case
one, the diffusion coefficients of the strongly elliptic equations (1.1) are "-periodic and
discontinuous. Lp-gradient estimate (for p > 2) uniformly in ", �, ! for the solutions
of (1.1) is shown by employing the reverse Hölder inequality [18]. However, the integra-
bility p of the solutions is not a large number. For case two, the diffusion coefficients
of (1.1) are "-periodic, discontinuous, and L1-bounded. Lipschitz estimate uniformly in
"; � .D !�1/ for the elliptic solutions is obtained. This is done by applying the Lipschitz
estimate for the Green’s functions of (1.1). Lipschitz estimate for the Green’s functions is
proved by a three-step compactness argument in [2, 3].

The rest of this work is organized as follows: notations and main results are stated in
Section 2. In Section 3, we study problem (1.1) for case one. (Here, ", �, ! are indepen-
dent.) Lp-gradient estimate uniformly in ", �, ! for the solutions of (1.1) is derived (see
Theorem 2.1). Next, we study problem (1.1) for case two. (Here, "; � .D !�1/ are inde-
pendent.) For this case, we resort to Green’s functions and the corrector functions of the
differential operators in (1.1). Local maximum norm for strongly elliptic equations (1.1)
is shown in Section 4. Interior Lipschitz estimate for strongly elliptic equations (1.1) with
L1-bounded coefficients is considered in Section 5. Maximum norm of the corrector func-
tions of the differential operators in (1.1) is derived in Section 6. Boundary Lipschitz
estimate for strongly elliptic equations with L1-bounded coefficients is obtained in Sec-
tion 7. In Section 8, we prove the Lipschitz estimate uniformly in ";�.D !�1/ for Green’s
functions as well as for the solutions of (1.1). Then, we get Theorem 2.2, which is the
estimate result for case two. The proof of Lipschitz estimate for diffraction equations (i.e.,
Lemma 3.7) is given in Section 9.

2. Notation and main results

C k;˛ , Lp , W k;p , and H k are the Hölder space, Lebesgue space, Sobolev space, and
Hilbert space, respectively, [30]. C10 .R

2/ contains C1 functions with compact support;
H 1
loc
.R2/ contains local H 1 functions. H 1

# .R
2/ � H 1

loc
.R2/ contains periodic functions

with period Y; Lp# .R
2/ and W 1;p

# .R2/ are defined similarly. supp.�/ is the support of �;
.�/B �

R
-
B
� dx � 1

jBj

R
B
� dx;

Œ��C˛.B/ � sup
x;y2B

j�.x/ � �.y/j

jx � yj˛

is the ˛-th Hölder semi-norm of � in B . Br .x/ is a disk centered at x with radius r ; jBj is
the volume of B; xB is the closure of a set B . If r > 0, then �=r � ¹x j rx 2 �º; @�=r
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is defined similarly. B b D means the compact closure of B is a subset of the interior of
the set D; K";r

!;�.x/ � K"
!;�.rx/; ˇ

x
r � dist.x; @�=r/ denotes the distance from x to the

boundary @�=r ; ˇx � ˇx1 . Define S;rR.x/ � BR.x/ \�=r , S";r
f;R
.x/ � BR.x/ \�

"
f
=r ,

and S";r�;R.x/ � BR.x/ \�
"
�=r . Let us make the following statements:

(A1) � is a bounded C 2 domain in R2;

(A2) "; � 2 .0; 1/, !� D 1.

Our first result is the Lp-gradient estimate uniformly in ", �, ! for the strongly elliptic
solutions (1.1). Here, ", �, ! are independent.

Theorem 2.1. Suppose (A1), ! 2 .1;1/, and "; � 2 .0; 1/; there is a number p� > 2

with 1
p�
C

1
p0�
D 1 such that

(I) the solution of (1.1) for G D 0 satisfies

K"
!� ;�rˆ




Lp.�/

� ckK"
!��2;�

QkLp.�/;

where � 2 Œ0; 2�, p 2 .p0�; p�/, and c is a constant independent of ", �, !, � ,

(II) the solution of (1.1) for Q D 0 satisfies

K"
!2;�
rˆ




Lp.�/

� ckGkW �1;p.�/;

where p 2 .p0�; p�/ and c is a constant independent of ", �, !,

(III) the solution of (1.1) for Q D 0 satisfies

K"
!2;�
rˆ




Lp.�/

� ckGkLq.�/;

where p 2 .2; p�/, q �
2p
2Cp
2 .1; 2/, and c is a constant independent of ",

�, !.

Theorem 2.1 is proved in Section 3. For uniform elliptic equations with "-periodic
coefficients (e.g., " 2 .0; 1/, 0 < ˛1 � ! � ˛2, and � D 1 in (1.1)), Lipschitz estimate
uniformly in " for the elliptic solutions is the best possible estimate (see [2, 22, 31]).
Our second result is for problem (1.1) with "-periodic, discontinuous, and L1-bounded
coefficients. We obtain Lipschitz estimate uniformly in "; � .D !�1/ for the solutions of
strongly elliptic equations (1.1).

Theorem 2.2. Under (A1)–(A2) and G 2 Lp.�/ for p > 2, the solution of´
�r � .K"

!2;�
rˆ/ D G in �;

ˆ D 0 on @�
(2.1)

satisfies 

K"
!2;�
rˆ




L1.�/

� ckGkLp.�/;

where c is a constant independent of "; � .D !�1/.

Theorem 2.2 is an extension of (III) of Theorem 2.1 and is proved in Section 8.
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3. Lp-gradient estimate for strongly elliptic equations

This section is to derive Lp-gradient estimate uniformly in ", �, ! for the solutions
of (1.1). It includes four subsections.W k;p estimate for interface problems with soft inclu-
sions is derived in Section 3.1. W k;p estimate for interface problems with stiff inclusions
(direct consequence of the results in Section 3.1) is in Section 3.2. Local Lp-gradient esti-
mate for the solutions of strongly elliptic equations is in Section 3.3 by applying estimates
in Section 3.2 and the reverse Hölder inequality [18]. Global Lp-gradient estimate for the
strongly elliptic equations is derived in Section 3.4 by employing results in Section 3.3,
partition of unity, and a duality argument.

3.1. Interface problems with soft inclusions

Let ı; h > 0; BC
h
.0/ � Bh.0/ \ ¹.z1; z2/jz2 > 0º; B�h .0/ � Bh.0/ \ ¹.z1; z2/jz2 < 0º;

Ih.0/ � Bh.0/ \ ¹.z1; z2/jz2 D 0º; then,´
Tı.x/ � X¹.z1;z2/jz2�0º.x/C ıX¹.z1;z2/jz2<0º.x/;

Pı.x/ � A1X¹.z1;z2/jz2�0º.x/C ıA2X¹.z1;z2/jz2<0º.x/:
(3.1)

Lemma 3.1. Assume �;h 2 .0; 1/ and � 2 Œ0; 2�, and assume A1, A2 in (3.1) are constant
positive definite matrices. Any solution of´

�r � .P�2r� CQ/ D G in Bh.0/;

� D 0 on @Bh.0/

satisfies

kT��r�kL2.Bh.0// � c
�
kT���2QkL2.Bh.0// C kGkH�1.BCh .0// C k�

��2GkH�1.B�
h
.0//

�
;

where c is a constant independent of �, h, � . See (3.1) for Tı , Pı .

Proof. Let c denote a constant independent of�, h, � ; D is eitherBC
h
.0/ orB�

h
.0/; assume

Q 2 H 1
0 .D/. Find a y� 2 H 1

0 .D/ satisfying

�r � .P�2r y� CQ/ D G in D:

By energy method,

kT��r y�kL2.D/ � c
�
kT���2QkL2.D/ C kT���2GkH�1.D/

�
: (3.2)

Note y� 2 H 1
0 .Bh.0//. Suppose  D � � y� in Bh.0/; then,8̂̂̂̂
<̂
ˆ̂̂:
�r � .P�2r / D 0 in BC

h
.0/ and B�

h
.0/;

 D 0 on @Bh.0/;

b c D 0 on Ih.0/;

bP�2r � Ee2c D �bP�2r y� � Ee2c � � on Ih.0/;

(3.3)
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where Ee2 is the unit vector in the second coordinate direction in R2. Here, b .x1; 0/c �
limt&0  .x1; t / � limt%0  .x1; t /; bP�2r � Ee2c is defined similarly. Let M denote the
even extension function of  jBC

h
.0/ with respect to x2 D 0 in Bh.0/. Test (3.3)1 against

 � M to get kr kL2.B�
h
.0// � ckr kL2.BC

h
.0//. So,

kr kL2.Bh.0// � ckr kL2.BCh .0//
: (3.4)

Test (3.3)1 against  to get, by trace theorem [19],

kr kL2.BC
h
.0// � ck�kH�1=2.Ih.0//: (3.5)

Equations (3.2)–(3.5) imply Lemma 3.1 for Q 2 H 1
0 .B

C

h
.0// and Q 2 H 1

0 .B
�
h
.0// case.

For general Q 2 L2.Bh.0//, Lemma 3.1 is proved by a density argument.

Lemma 3.2. Assume � 2 .0; 1/, � 2 Œ0; 2�, 0 < d < A1;A2 2 C 2.B2.0// in (3.1), and
q � 1. Any solution of

�r � .P�2r CQ/ D 0 in B2.0/ (3.6)

satisfies

kT��r kL2.B1=2.0// � ckT���2QkL2.B1.0// C

´
ckT�� kL2.B1.0// or

ckT��r kLq.B1.0//;
(3.7)

where c is a constant independent of �, � , q. See (3.1) for Tı , Pı .

Proof. Let h 2 .0; 1/ (determined later), and let z 2 B1.0/. The proof includes three steps.

Step I. If Bh.z/ \ I1.0/ D ;, take � 2 C10 .Bh.z// to be a non-negative function with
� D 1 in Bh=2.z/ and jr�j � c

h
. Test (3.6) against  �2 to see

kT��r k2L2.Bh=2.z// � c
�
h�2kT�� k2L2.Bh.z// C kT���2Qk

2
L2.Bh.z//

�
; (3.8)

where c is a constant independent of �, � , z, h.

Step II. If z D .z1; 0/ 2 I1.0/, define a piecewise constant function as, for any ı; h > 0,

Aı.x/ �

´
limt&0 A1.z1; t / if x 2 BC

h
.z/;

limt%0 ıA2.z1; t / if x 2 B�
h
.z/:

Let � 2 C10 .Bh.z// be a non-negative function with � D 1 in Bh=2.z/ and jr�j � c
h

.
Multiply (3.6) by � to get8̂̂<̂

:̂
�r �

�
A�2r. �/C .P�2 �A�2/r. �/ �P�2 r�CQ�

�
D �.P�2r CQ/r� in Bh.z/;

 � D 0 on @Bh.z/:
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By Lemma 3.1,

kT��r. �/kL2.Bh.z// � c0
�
k��P kL1.Bh.z//kT��r. �/kL2.Bh.z//

C h�1kT�� kL2.Bh.z// C kT���2QkL2.Bh.z//
�
; (3.9)

where ��P � A1 �P1 and c0 is independent of �, � , h, z. Since A1;A2 2 C 2.B2.0//,
there is a h� 2 .0; 1/ (independent of �, � , h, z) such that c0k��P kL1.Bh� .z// �

1
2

. We
choose h above as h D h�. Then, (3.9) implies

kT��r k2L2.Bh�=2.z//
� c1

�
h�2� kT�� k

2
L2.Bh�

.z//
C kT���2Qk2L2.Bh� .z//

�
; (3.10)

where c1 is independent of �, � , z, h�.

Step III. Find some points ¹PiºkiD1 so that (i) Bh�.Pi / \ I1.0/ D ; or Pi 2 I1.0/ and

(ii) B1=2.0/ �
Sk
iD1 Bh�=2.Pi / �

Sk
iD1 B2h�=3.Pi / � B1.0/. Apply (3.8) or (3.10) with

z D Pi for all i and sum these inequalities to obtain (3.7)1.
If  is a solution of (3.6), then  � d for any d 2 R is also a solution of (3.6).

Equation (3.7)2 follows by employing (3.7)1 with  � d for a proper d 2 R and Sobolev
embedding theorem [19].

Lemma 3.3. Assume � 2 .0; 1/, � 2 Œ0; 2�, 0 < d < A1;A2 2 C 2.B2.0// in (3.1), and
q � 1. There is a constant c independent of �, � , q such that any solution of

�r � .P�2r / D 0 in B2.0/ (3.11)

satisfies

kr kL1.BC1 .0//
C kT��r kL1.B�1 .0// �

´
ckT�� kL2.B2.0// or

ckT��r kLq.B2.0//:

Proof. Let c denote a constant independent of �, � . We claim, for any j D 1; 2; 3,

kr
j kL2.BC

1=2
.0// C kT��r

j kL2.B�
1=2
.0// � ckT�� kL2.B1.0//: (3.12)

If so, Lemma 3.3 follows from (3.12) and Sobolev embedding theorem [19].
Equation (3.12) for j D 1 is from (3.7)1. Differentiate (3.11) with respect to x1 and

apply (3.7)1 to get

kT��r@x1 kL2.B1=2.0// � ckT��r kL2.B2=3.0// � ckT�� kL2.B1.0//: (3.13)

By (3.11) and (3.13),

k@2x2 kL2.BC1=2.0//
C kT�� @2x2 kL2.B�1=2.0// � ckT�� kL2.B1.0//:

So, (3.12) for j D 2 is true. Equation (3.12) for j D 3 is proved by an argument similar
to that for (3.12) for j D 2 case.
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3.2. Interface problems with stiff inclusions

By Lemmas 3.2–3.3 and change of variables, it is not difficult to see the following.

Corollary 3.4. Assume ! 2 .1;1/, � 2 Œ0; 2�, 0 < d < A1;A2 2 C 2.B2.0// in (3.1), and
q � 1. Then,

(I) any solution of �r � .P!2r CQ/ D 0 in B2.0/ satisfies

kT!�r kL2.B1.0// � ckT!��2QkL2.B2.0// C

´
ckT!� kL2.B2.0// or

ckT!�r kLq.B2.0//;

where c is a constant independent of !, � , q;

(II) any solution of �r � .P!2r / D 0 in B2.0/ satisfies

kr kL1.BC1 .0//
C kT!�r kL1.B�1 .0// �

´
ckT!� kL2.B2.0// or

ckT!�r kLq.B2.0//;

where c is a constant independent of !, � , q. See (3.1) for Tı , Pı .

3.3. Local Lp-gradient estimate

For any set D, H 1.D/=R � ¹� 2 H 1.D/ j .�/D D 0º. See Section 2 for .�/D. Now, we
give an extension result.

Lemma 3.5. For any � 2 .0; 1/, there is an operator…� WH
1.Y�/=R!H 1

0 .2Y�/ such
that if � 2 H 1.Y�/=R, then´

…�� D � in Y�;

k…��kH1.2Y�/ � ckr�kL2.Y�/;

where c is a constant independent of �.

Proof. Let c denote a constant independent of �. By Poincaré inequality [19, Theo-
rem 7.25], there is an operator … W H 1.B1.0//=R! H 1

0 .B2.0// such that, for any � 2
H 1.B1.0//=R, ´

…� D � in B1.0/;

k…�kH1.B2.0// � ckr�kL2.B1.0//:

Extend …� 2 H 1
0 .B2.0// from B2.0/ to R2 by 0 and regard H 1

0 .B2.0// � H
1.R2/.

Recall Y� D B�=4.0/. Define an operator …� W H
1.Y�/=R ! H 1

0 .Y/ as follows: set
�.x/ � �.�

4
x/ for any � 2 H 1.Y�/=R and x 2 B1.0/, and set …��.y/ � …�.

4
�
y/ for

…� 2 H 1
0 .B2.0// and y 2 2Y�. Then,´
…�� D � in Y�;

k…��kH1.2Y�/ � ck…�kH1.B2.0// � ckr�kL2.B1.0// � ckr�kL2.Y�/:

So, we prove the lemma.
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If ı; � > 0 and � 2 .0; 1/, a function Kı;� 2 L
1
# .R

2/ (resp., K�
ı;�
2 L1.R2/) is

defined as

Kı;�.z/ �

´
1 if z 2 Yf

ı if z 2 Y�

�
resp., K�

ı;�.z/ � Kı;�

�
z

�

��
: (3.14)

Next is a local L2-gradient estimate for elliptic solutions. The idea is from [28].

Lemma 3.6. Suppose ! 2 .1;1/ and "
r
; r; � 2 .0; 1/; any weak solution of

�r �
�
K"=r

!2;�
r‰ CQ

�
D 0 in

"

r
Y (3.15)

satisfies !2kr‰kL2. "r Y�/ � c.kr‰kL2.2 "r Y�n
"
r Y�/CkQkL2.2 "r Y�//, where c is a constant

independent of ", �, !, r . See (3.14) for K"=r

!2;�
.

Proof. Take a constant h so that the average .‰ � h/ "
r Y� D 0. By Lemma 3.5, there is a

V 2 H 1
0 .2

"
r
Y�/ satisfying´

V D ‰ � h in "
r
Y�;

kV kH1.2 "r Y�/ � ckr‰kL2. "r Y�/;
(3.16)

where c is a constant independent of ", �, !, r . Test (3.15) against V to getZ
2 "r Y�

K"=r

!2;�
r‰rV dx C

Z
2 "r Y�

QrV dx D 0:

By (3.16),

!2kr‰k2
L2. "r Y�/

�
�
kr‰kL2.2 "r Y�n

"
r Y�/ C kQkL2.2 "r Y�/

�
krV kL2.2 "r Y�/

� c
�
kr‰kL2.2 "r Y�n

"
r Y�/ C kQkL2.2 "r Y�/

�
kr‰kL2. "r Y�/:

So, the lemma follows from the above inequality.

Lemma 3.7. Assume ! 2 .1;1/, � 2 .0; 1/, and j ln�j
!2�
� 1. Any solution of

�r � .K!2;�r‰/ D 0 in Y (3.17)

satisfies 8<: kr‰kL1.B1=2.0// � ck‰jL2.YnB1=4.0//;kK!2;�r‰kL1.2Y�/ � ck‰kL2.YnB1=4.0//;
(3.18)

where c is a constant independent of �, !. See (3.14) for K"=r

!2;�
.
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Proof. Equation (3.18)1 is proved in Section 9. Let c be independent of �, !. If �.x/ D
‰.�x/, then

�r �
�
K1=�

!2;�
r�

�
D 0 in Y=�:

By partition of unity, argument [1, pp. 3964–3965], and (II) of Corollary 3.4 for � D 2D q,

K1=�

!2;�
r�




L1.2Y�=�/

� c


K1=�

!2;�
r�




L2.4Y�=�/

: (3.19)

By (3.19), Lemma 3.6, and (3.18)1,

kK!2;�r‰kL1.2Y�/�
c

�
kK!2;�r‰kL2.4Y�/�

c

�
kr‰kL2.4Y�nY�/�ck‰kL2.YnB1=4.0//:

So, (3.18)2 is proved.

Lemma 3.8. Assume (A1), ! 2 .1;1/, "
r
; r; � 2 .0; 1/, � 2 Œ0; 2�, P 2 �=r , and q � 1.

(I) If R 2 .0; "�
r
�, any solution of´

�r �
�
K";r

!2;�
rˆCQ

�
D 0 in S;rR.P/ � BR.P/ \�=r;

ˆ D 0 on BR.P/ \ @�=r
(3.20)

satisfies

K";r
!� ;�rˆ




L2.S;r

R=2
.P//

� c


K";r

!��2;�
Q



L2.S;rR.P//

C

8<: c
R
kK";r

!� ;�ˆkL2.S;rR.P//
or

cR
ˇ̌�
jK";r
!� ;�rˆj

q
�

S;rR.P/

ˇ̌ 1
q ;

where c is a constant independent of ", �, !, r , � , q, R, P. See Section 2 for
.jK";r

!� ;�rˆj
q/S;rR.P/

.

(II) If R 2 . "�
r
; 32 "�

r
�, any solution of (3.20) satisfies

K";r

!� ;�rˆ



L2.S;r

R=2
.P//
� cR

ˇ̌
.jrˆjq/S;rR.P/

ˇ̌1=q
C c



K";r

!��2;�
Q



L2.S;rR.P//

;

where c is independent of ", �, !, r , � , q, R, P. See Section 2 for K";r
!;� and

.jrˆjq/S;rR.P/
.

Proof.

For case (I). If BR.P/ � �"f =r or BR.P/ � �"�=r or P 2 @�=r , then (I) of Lemma 3.8
is true by energy method. If P 2 "

r
@.Y� C j/ for j 2 	"=r , we let P D 0 by translation.

Define  .x/ � ˆ.Rx/;Q.x/ D RQ.Rx/. Then,  , Q satisfy

�r �
�
K";rR

!2;�
r CQ

�
D 0 in B1.0/: (3.21)
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Any solution of (3.21) satisfies, by following the arguments [1, pp. 3964–3965] and (I) of
Corollary 3.4,



K";rR
!� ;�r 




L2.B 1

2
.0//
� c



K";rR

!��2;�
Q



L2.B1.0//

C

8<: c


K";rR

!� ;� 



L2.B1.0//

or

c
ˇ̌�
jK";rR
!� ;�r j

q
�
B1.0/

ˇ̌ 1
q ;

(3.22)
where q � 1 and c is independent of ", �, !, r , � , q, R. (I) of Lemma 3.8 is from (3.22)
and change of variables.

For case (II). By translation, set P D 0. Define h � "�
r

,  .x/ � ˆ.hx/, and Q.x/ �
hQ.hx/. Then,  , Q satisfy´

�r �
�
K";rh

!2;�
r CQ

�
D 0 in S;rh

R=h
.0/ � BR=h.0/ \�=rh;

 D 0 on BR=h.0/ \ @�=rh:
(3.23)

Next, we cover the ballBR=2h.0/ by some small regions. That is, find finite points ¹PiºkiD1
such that

(i) B 1
2
.Pi / \ @

1
�
.Y� C j/ D ; or Pi 2 @ 1� .Y� C j/ for j 2 	"=r and

(ii) B R
2h
.0/ �

Sk
iD1 B 1

2
.Pi / �

Sk
iD1 B2=3.Pi / � BR

h
.0/.

For each Pi , we consider equation (3.23)1 in S;rh
2=3
.Pi / D B2=3.Pi / \�=rh. By follow-

ing the argument [1, pp. 3964–3965] and (I) of Corollary 3.4 with � D 0, any solution
of (3.23)1 satisfies

kr k
L2.S;rh

1=2
.Pi //
� c

�
k k

L2.S;rh
2=3
.Pi //
C


K";rh

!�2;�
Q



L2.S;rh

2=3
.Pi //

�
: (3.24)

Square both sides of (3.24) and sum i from 1 to k to get

kr k2
L2.S;rh

R=2h
.0//
� c

�
k k2

L2.S;rh
R=h

.0//
C


K";rh

!�2;�
Q


2
L2.S;rh

R=h
.0//

�
:

After change of variables, by R 2 . "�
r
; 32 "�

r
�,

krˆk2
L2.S;r

R=2
.0//
� c

�
R�2kˆk2

L2.S;rR.0//
C


K";r

!�2;�
Q


2
L2.S;rR.0//

�
: (3.25)

By Lemma 3.6 and (3.25),

K";r
!� ;�rˆ



2
L2.S;r

R=4
.0//
� c

�
krˆk2

L2.S;r
R=2

.0//
C k!��2Qk2

L2.S;r
R=2

.0//

�
� c

�
R�2kˆk2

L2.S;rR.0//
C


K";r

!��2;�
Q


2
L2.S;rR.0//

�
� c

�
R2
ˇ̌
.jrˆjq/S;rR.0/

ˇ̌ 2
q C



K";r

!��2;�
Q


2
L2.S;rR.0//

�
;

where q � 1. (II) of Lemma 3.8 follows from the above inequality.
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Lemma 3.9. Assume (A1), ! 2 .1;1/, "
r
; r; � 2 .0; 1/, � 2 Œ0; 2�, P 2 �=r , and assume

that ˆ satisfies (3.20) for R > 16 "�
r

. If R
2
� ` � R � 8 "�

r
and � 2 .0; 1/, then

K";r

!� ;�rˆ


2
L2.S;r

`
.P//
�

c

�.R � `/2
kˆk2

L2.S;rR.P//
C

�
c

!2
C �

�
krˆk2

L2.S;rR.P//

C c ��1


K";r

!��2;�
Q


2
L2.S;rR.P//

;

where c is independent of ", �, !, r , � , � , `, R, P. See Section 2 for K";r
!;�.

Proof. Let c be independent of ", �, !, r , � , � , R, `, P; recall S";r
f;R
.P/, S";r�;R.P/, .�/B in

Section 2. By Lemma 3.6 and summing up all "
r
.Y C j/ with "

r
.Y C j/ \ S;r

`
.P/ 6D ;,

K";r

!� ;�rˆ


2
L2.S;r

`
.P//
� c

�
krˆk2

L2.S";r
f;`C

"�
r
.P//
C k!��2Qk2

L2.S;r
`C

"�
r
.P//

�
: (3.26)

Let � be a function in C 10 .BR�3 "�r .P// such that � D 1 in B`C3 "�r .P/ and

jr�j � c

�
R � ` � 6

"�

r

��1
� c.R � `/�1;

where we usedR� `� 8 "�
r

. For each "
r
.Y�C j/with j2	"=r , we find Vj 2H

1
0 .
"
r
.YC j//

and hj 2 R satisfying, by Lemma 3.5,´
Vj D ˆ�

2 � hj in "
r
.Y� C j/;

kVjkH1. "r .YCj// � ckr.ˆ�
2/kL2. "r .Y�Cj//:

(3.27)

Note

hj D

´
0 if "

r
.Y� C j/ n BR.P/ 6D ;

.ˆ�2/ "
r .Y�Cj/ otherwise:

Extend Vj from "
r
.Y C j/ to R2 by 0, and let � D ˆ�2 �

P
j2	"=r

Vj in �=r . Note � 2
H 1
0 .BR.P// and r� D 0 in S";r�;R.P/. Test (3.20) against � to getZ

S";r
f;R
.P/

rˆr� dx C

Z
S";r
f;R
.P/

Qr� dx D 0: (3.28)

By (3.28), (3.27), and Lemma 3.6,ˇ̌̌̌Z
S";r
f;R
.P/

rˆr.ˆ�2/dx

ˇ̌̌̌
�

X
j2	"=r

ˇ̌̌̌Z
"
r .YfCj/

rˆrVj dx

ˇ̌̌̌
C kQr�kL1.S";r

f;R
.P//

� c
X

j2	"=r

krˆkL2. "r .YfCj//kr.ˆ�
2/kL2. "r .Y�Cj// C kQr�kL1.S";r

f;R
.P//
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� c
X

j2	"=r

krˆkL2. "r .YfCj//
�
kˆr�kL2. "r .Y�Cj// C !

�2
krˆkL2. "r .YfCj//

C !�2kQkL2. "r .YCj//
�
C kQkL2.S";r

f;R
.P//kr�kL2.S";r

f;R
.P//:

For any � 2 .0; 1/,ˇ̌̌̌Z
S";r
f;R
.P/

rˆr.ˆ�2/dx

ˇ̌̌̌
�
c

�

Z
S;rR.P/

jˆr�j2dx C

�
c

!2
C �

�Z
S;rR.P/

jrˆj2dx

C c ��1


K";r

1=!2;�
Q


2
L2.S;rR.P//

: (3.29)

The lemma follows from (3.26) and (3.29).

Lemma 3.10. Assume (A1), ! 2 .1;1/, "
r
; r; � 2 .0; 1/, � 2 Œ0; 2�, P 2 �=r , q � 1, and

assume that ˆ is a weak solution of (3.20) for R � 32 "�
r

. Then,

K";r
!� ;�rˆ




L2.S;r

R=2
.P//
� cRj.jrˆjq/S;rR.P/

j
1
q C

1

2
krˆkL2.S;rR.P//

C c


K";r

!��2;�
Q



L2.S;rR.P//

; (3.30)

where c is independent of ", �, !, r , � , q, R, P.

Proof. Let k be the integer such that R

2kC2
< 8 "�

r
�

R

2kC1
. Let

�i D R

�
1 �

1

2i

�
for i 2N. Then, �iC1 � 16

"�
r

and �iC1
2
� �i � �iC1 � 8

"�
r

for 1 � i � k. By Lemma 3.9
with R D �iC1 and ` D �i , for � 2 .0; 1/,

K";r

!� ;�rˆ


2
L2.S;r�i .P//

�
c0

�.�iC1 � �i /2
kˆk2

L2.S;r�iC1 .P//

C

�
c0

!2
C �

�
krˆk2

L2.S;r�iC1 .P//
C c0�

�1


K";r

!��2;�
Q


2
L2.S;r�iC1 .P//

;

where c0 is independent of ", �, !, r , � , � , �i , �iC1, P. Thus, by an iteration argument,

K";r
!� ;�rˆ



2
L2.S;r�1 .P//

�
c0

�

kX
iD1

. c0
!2
C �/i�1

.�iC1 � �i /2
kˆk2

L2.S;rR.P//

C

�
c0

!2
C �

�k
krˆk2

L2.S;rR.P//
C
c0

�

kX
iD1

�
c0

!2
C �

�i�1

K";r

!��2;�
Q


2
L2.S;rR.P//

:
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Since �iC1 � �i D R
2iC1

, we obtain

K";r
!� ;�rˆ



2
L2.S;r

R=2
.P//

� 4c0

Pk
iD1.4

c0
!2
C 4�/i

�. c0
!2
C �/R2

kˆk2
L2.S;rR.P//

C

�
c0

!2
C �

�k
krˆk2

L2.S;rR.P//
C
c0

�

kX
iD1

�
c0

!2
C �

�i�1

K";r

!��2;�
Q


2
L2.S;rR.P//

:

Suppose 4c0
!2
�

1
22

, then take � D 1
24

and

K";r
!� ;�rˆ



2
L2.S;r

R=2
.P//

�
c

R2
kˆk2

L2.S;rR.P//
C

1

22
krˆk2

L2.S;rR.P//
C c



K";r

!��2;�
Q


2
L2.S;rR.P//

� cR2j.jrˆjq/S;rR.P/
j
2
q C

1

22
krˆk2

L2.S;rR.P//
C c



K";r

!��2;�
Q


2
L2.S;rR.P//

:

This gives (3.30) for 4c0
!2
�

1
22

case.
Suppose 4c0

!2
> 1
22

; then, 1 < !2 < 24c0. Equation (3.20) is a uniform elliptic equation.
Let � 2 C10 .BR.P// be a non-negative bell-shaped function with � D 1 in BR=2.P/.
Test (3.20) against ˆ�2 to get (3.30) for 4c0

!2
> 1

22
case.

Lemma 3.11. Assume (A1), ! 2 .1;1/, "
r
; r;� 2 .0; 1/, � 2 Œ0; 2�, P 2�=r , and assume

thatˆ is a weak solution of (3.20) for R 2 .0; 1/. There is a number p� > 2 such that, for
any p 2 .2; p�/,

K";r

!� ;�rˆ



Lp.S;r

R=2
.P//
� cR

2
p�1



K";r
!� ;�rˆ




L2.S;rR.P//

C c


K";r

!��2;�
Q



Lp.S;rR.P//

;

where c is independent of ", �, !, r , � , q, R, P.

Proof. By Lemma 3.8 (for R � 32 "�
r

) and Lemma 3.10 (for R � 32 "�
r

),

�

Z
S;r
R=2

.P/

ˇ̌
K";r
!� ;�rˆ

ˇ̌2
� c

ˇ̌�
jK";r
!� ;�rˆj

q
�

S;rR.P/

ˇ̌2=q
C
1

4
�

Z
S;rR.P/

jrˆj2

C c �

Z
S;rR.P/

ˇ̌
K";r

!��2;�
Q
ˇ̌2
;

where q 2 .1; 2/ and c is a constant independent of ", �, !, r , � , q, R, P. Suppose
s D 2

q
> 1,  D jK";r

!� ;�rˆj
q , and � D jK";r

!��2;�
Qjq ; then,

�

Z
S;r
R=2

.P/

 s � c

�
�

Z
S;rR.P/

 

�s
C
1

4
�

Z
S;rR.P/

 s C c �

Z
S;rR.P/

�s : (3.31)

Lemma 3.11 follows from (3.31) and [18, Proposition 1.1 in p. 122].
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3.4. Global Lp-gradient estimate

By translation, we can move any point P 2 @� to 0. By (A1), there is a 
� > 0 and a C 2

function ‡ W R! R such that8̂̂̂̂
<̂
ˆ̂̂:
‡.0/ D 0;

kr‡kL1.R/ � d1;
B
�.0/ \� D B
�.0/ \ ¹.z1; z2/ 2 R2 j z1 2 R; z2 > ‡.z1/º;

d2 z2 � ˇz � d3 z2 for z D .0; z2/ 2 B
�.0/ \�;

(3.32)

where d1, d2, d3 are constants independent of z. Constant 
� is independent of P 2 @�.
See Section 2 for ˇz . Let Rd4;d5.0/� Œ�d4;d4�� Œ�d5;d5� denote a rectangle for d4;d5 2
Œ3; 4�. If 0 < " � r � 1, Rd4;d5.0/ is chosen such that the volume jRd4;d5.0/ \

"
r
.Y C j/j

for j 2 	"=r is either 0 or j "
r
j2. Note that d4;d5 depend on "

r
. Define8̂̂̂̂

<̂
ˆ̂̂:
Q;r � Rd4;d5.0/ \�=r;

Q
";r
f
� Rd4;d5.0/ \�

"
f
=r;

Q
";r
� � Rd4;d5.0/ \�

"
�=r;

Q
";r
� �

S
"
r .YCj/�Rd4;d5 .0/I j2	"=r

"
r
.Y C j/:

(3.33)

If r D 0, we define �=r � ¹.x1; x2/ j x2 > 0º. From (3.33)1,´
Q;r are Lipschitz domains;

Q;r n Q
";r
� �

®
x 2 �"

f
=r j ˇxr �

3"
r

¯
:

(3.34)

See Section 2 for ˇxr .

Lemma 3.12. Assume (A1), ! 2 .1;1/, "
r
; r; � 2 .0; 1/, and � 2 Œ0; 2�. Any solution of´

�r �
�
K";r

!2;�
rˆCQ

�
D 0 in Q;r ;

ˆ D 0 on @Q;r
(3.35)

satisfies kK";r
!� ;�rˆkL2.Q;r / � ckK

";r

!��2;�
QkL2.Q;r /, where c is a constant independent of

", �, !, r , � .

Proof. For each "
r
.Y� C j/ with j 2 	"=r , we find Vj 2 H

1
0 .
"
r
.Y C j// and hj 2 R satis-

fying, by Lemma 3.5, ´
Vj D ˆ � hj in "

r
.Y� C j/;

kVjkH1. "r .YCj// � ckrˆkL2. "r .Y�Cj//:

Extend Vj from "
r
.Y C j/ to Q;r by 0, and let

� D ˆ �
X

j2	"=r

Vj in Q;r :
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Note r� D 0 in Q
";r
� and � 2 H 1

0 .Q
;r /. Test (3.35) against � to getZ

Q
";r
f

rˆr� dx C

Z
Q
";r
f

Qr� dx D 0: (3.36)

By (3.36) and Lemma 3.6, we obtain

krˆk2
L2.Q

";r
f
/
� c

�
krˆk2

L2.Q
";r
� /
C kQk2

L2.Q
";r
f
/

�
� c

�
!�4krˆk2

L2.Q
";r
f
/
C ckK"

1=!2;�
Qk2

L2.Q;r /

�
:

There is a !0 > 1 so that if ! > !0, then krˆkL2.Q";r
f
/ � ckK"

1=!2;�
QkL2.Q;r /. Applying

Lemma 3.6 again, we see that Lemma 3.12 is true for ! > !0 case. Next, we consider
! 2 .1; !0/. In this case, (3.35) is a uniform elliptic equation. Test (3.35) against ˆ to
obtain Lemma 3.12 for ! 2 .1; !0/ case.

Tracing the proofs of Lemmas 3.8–3.11, Lemma 3.11 is true if S;rR.P/ in Lemma 3.11
is replaced by BR.P/ \ Q;r . By Lemmas 3.11–3.12, we see the following.

Corollary 3.13. Let p� be a number same as Lemma 3.11. Assume (A1), ! 2 .1;1/,
"
r
; r; � 2 .0; 1/, � 2 Œ0; 2�, p 2 .2; p�/, and Q 2 Lp.Q;r /. The solution of (3.35) satisfies

K";r

!� ;�rˆ



Lp.Q;r /

� c


K";r

!��2;�
Q



Lp.Q;r /

;

where c is a constant independent of ", �, !, r , � .

By a duality argument, we have the following lemma.

Lemma 3.14. Let p� be a number same as Lemma 3.11. Assume (A1), ! 2 .1;1/,
"
r
; r;� 2 .0; 1/, � 2 Œ0; 2�, p 2 .2;p�/, 1p C

1
p0
D 1, andQ 2Lp

0

.Q;r /. Then, aW 1;p0.Q;r /

solution of (3.35) exists uniquely and

K";r
!� ;�rˆ




Lp
0
.Q;r /
� c



K";r

!��2;�
Q



Lp
0
.Q;r /

;

where c is a constant independent of ", �, !, r , � .

Proof. Let c be a constant independent of ", �, !, r , � . Suppose Q; � 2 L1.Q;r /; let us
find ˆ 2 H 1

0 .Q
;r / by solving´

�r �
�
K";r

!2;�
rˆCQ

�
D 0 in Q;r ;

ˆ D 0 on @Q;r
(3.37)

and find ' 2 H 1
0 .Q

;r / by solving´
�r �

�
K";r

!2;�
r' C �

�
D 0 in Q;r ;

' D 0 on @Q;r :
(3.38)
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The solutions of (3.37) and (3.38) exist uniquely by Lax–Milgram theorem [19]. By Corol-
lary 3.13, the solution of (3.38) satisfies

K";r

!� ;�r'



Lp.Q;r /

� c


K";r

!��2;�
�



Lp.Q;r /

; (3.39)

where � 2 Œ0; 2� and p 2 .2; p�/. Test (3.37) against the solution ' of (3.38), test (3.38)
against the solution ˆ of (3.37), and apply (3.39) with � D 2 � � to seeˇ̌̌̌Z

Q;r
rˆ� dx

ˇ̌̌̌
D

ˇ̌̌̌Z
Q;r

K";r

!2�� ;�
r'K";r

!��2;�
Qdx

ˇ̌̌̌
� c



K";r
!�� ;��




Lp.Q;r /



K";r

!��2;�
Q



Lp
0
.Q;r /

;

where 1
p
C

1
p0
D 1. Since L1.Q;r / is dense in Lp.Q;r / and in Lp

0

.Q;r /, we obtain

K";r
!� ;�rˆ




Lp
0
.Q;r /
� c



K";r

!��2;�
Q



Lp
0
.Q;r /

by a density argument.

Lemma 3.15. Let p� be a number same as Lemma 3.11. Assume (A1), ! 2 .1;1/,
"
r
; r; � 2 .0; 1/, and p 2 .p0�; p�/. Any solution of´

�r �
�
K";r

!2;�
rˆ

�
D G in Q;r ;

ˆ D 0 on @Q;r
(3.40)

satisfies kK";r

!2;�
rˆkLp.Q;r / � ckGkW �1;p.Q;r /, where c is independent of ", �, !, r .

Proof. Let c denote a constant independent of ", �, !, r . Suppose � 2 L1.Q;r /; find
' 2 H 1

0 .Q
;r / by solving´

�r �
�
K";r

!2;�
r' C �

�
D 0 in Q;r ;

' D 0 on @Q;r :
(3.41)

By Corollary 3.13 and Lemma 3.14,

kr'kLp0 .Q;r / � c


K";r

!�2;�
�



Lp
0
.Q;r /

; (3.42)

where 1
p
C

1
p0
D 1. Test (3.40) against the solution ' of (3.41), test (3.41) against the

solution ˆ of (3.40), and apply (3.42) to seeˇ̌̌̌Z
Q;r
rˆ�

ˇ̌̌̌
D

ˇ̌̌̌Z
Q;r
' G

ˇ̌̌̌
� ckr'kLp0 .Q;r /kGkW �1;p.Q;r /

� c


K";r

!�2;�
�



Lp
0
.Q;r /
kGkW �1;p.Q;r /:

Since L1.Q;r / is dense in Lp
0

.Qr /, the lemma follows by a density argument.
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Corollary 3.16. Let p� be a number same as Lemma 3.11. Assume (A1), ! 2 .1;1/,
"
r
; r; � 2 .0; 1/, and q D 2p

2Cp
2 .1; 2/ for p 2 .2; p�/. Any solution of (3.40) satisfies

K";r

!2;�
rˆ




Lp.Q;r /

� ckGkLq.Q;r /;

where c is a constant independent of ", �, !, r .

Proof. By Lemma 3.15, we should show kGkW �1;p.Q;r / � ckGkLq.Q;r /. If q0� 2p0

2�p0
, then

1

q0
C
1

q
D 1:

By Sobolev embedding theorem [19], W 1;p0.Q;r / � L
2p0

2�p0 .Q;r / D Lq
0

.Q;r /. Therefore,
if � 2 W 1;p0.Q;r /,ˇ̌̌̌Z

Q;r
G � dx

ˇ̌̌̌
� kGkLq.Q;r /k�kLq0 .Q;r / � kGkLq.Q;r /k�kW 1;p0 .Q;r /:

So, we prove the claim.

Proof of Theorem 2.1. From the arguments in this subsection (i.e., Section 3.4), we see if
r D 1 in (3.33) and if d4, d5 in (3.33) are large (e.g., d4; d5 > 5) so that � � Rd4;d5.0/,
Corollaries 3.13–3.16 and Lemmas 3.14–3.15 are still true. Therefore,

• (I) of Theorem 2.1 is a direct consequence of Corollary 3.13 and Lemma 3.14,

• (II) of Theorem 2.1 is from Lemma 3.15,

• (III) of Theorem 2.1 is from Corollary 3.16.

4. Local maximum norm for strongly elliptic equations

First, we recall a local L1 estimate for strongly elliptic equations. By energy method
or [19, Theorem 8.1], we see the following.

Remark 4.1. Assume ! 2 .1;1/, "
r
; r;� 2 .0;1/, and D is a Lipschitz domain. Any weak

solution ‰ 2 H 1.D/ of �r � .K";r

!2;�
r‰/ D 0 in D satisfies

sup
D
‰.�‰/ � sup

@D
‰C.‰�/;

where
‰C � max¹0;‰º; ‰� � max¹0;�‰º;

and c is a constant independent of ", �, !, r . By (II) of Corollary 3.4, the weak solution
‰ is a Lipschitz function in D.

Next is a convergence result.



Strongly elliptic equations with periodic coefficients in two-dimensional space 101

Lemma 4.2. Consider´
�r �

�
K";r

!2;�
r‰

�
D 0 in S;r1 .0/ � B1.0/ \�=r;

‰ D 0 on B1.0/ \ @�=r:
(4.1)

If ¹"k ; �k ; !k ; rk ; ‰k ;S
;rk
1 .0/º satisfies (A1), !k 2 .1;1/,

"k
rk
; rk ; �k 2 .0; 1/, d 2 .1; 2/,

(3.32), (4.1), and

(i) k‰kkW 1;d.S
;rk
1 .0//

are bounded independent of k,

(ii) jS;rk1 .0/ n Sj C jS n S;rk1 .0/j ! 0 as k !1,

(iii) ‰k 2 W
1;d.S;rk1 .0// \ C.S

;rk
1 .0//! ‰ 2 W 1;d.S/ \ C.S/ weakly in W 1;d.S/

as k !1,

then k‰k �‰kL1.S;rk1 .0/\S/ ! 0 as k !1.

Proof. Step I. Define �k � ‰kXS
;rk
1 .0/

. By (i), k�kkW 1;d.B1.0// � c, where c is inde-

pendent of k. There are y‰ 2 C.B1.0// and a subsequence of ¹�kº (same notation for
subsequence) so that, by (ii), (iii), and [17, Theorem 7 on p. 8],´

�k converges quasi-uniformly to y‰ 2 C.B1.0// and y‰jS D ‰;

y‰.x/ D 0 if x 2 B1.0/ n
S
k S;rk1 .0/:

(4.2)

Step II. Claim that the subsequence of �k converges to y‰ in C.B 1
2
.0//. If so, the whole

sequence �k converges to y‰ in C.B 1
2
.0// by a contradiction argument.

Proof of the claim. For any m .2 N/ > 6, by y‰ 2 C.B1.0//, there is a ım 2 .0; 1m / satis-
fying

j y‰.x/ � y‰.y/j < j2mj�1 if x; y 2 B2=3.0/; jx � yj � ım: (4.3)

Let Cs.L/ for s 2 .1;d/ denote the s-capacity of a unit segment L in R2 (see [9, p. 458]).
For any s 2 .1;d/, by (4.2)1 and [17, Theorem 7 on p. 8], there is a relatively open subset
Os;m of B2=3.0/ and a positive number Ns;m 2 N satisfying´

Cs.Os;m/ < Cs.L/jımj
2�s;

j�k.x/ � y‰.x/j < j2mj
�1 if k � Ns;m; x 2 B2=3.0/ nOs;m;

(4.4)

where Cs.Os;m/ is the s-capacity of Os;m. Moreover, by (4.2)2, (4.3), and (A1),

j y‰.x/j < j2mj�1 if k � Ns;m; x 2 B2=3.0/ n S;rk1 .0/: (4.5)

Then, (4.5) and the definition of �k imply

j�k.x/ � y‰.x/j < j2mj
�1 if k � Ns;m; x 2 B2=3.0/ n S;rk1 .0/: (4.6)
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Find a connected component O of Os;m satisfying

xO \ B1=2.0/ 6D ;:

Since O is connected, for any y; z 2 O, there is a curve L .� O � Os;m/ connecting y
and z. By [9, Lemma 2.8] and (4.4)1,

Cs.L/jy � zj
2�s
� Cs.L/ � Cs.Os;m/ � Cs.L/jımj

2�s : (4.7)

By (4.7), we see diam.O/ � ım. (Here, diam.O/ means the diameter of O.) Therefore,

jOj � �jımj
2; xO � B1=2Cım.0/; @O � B2=3.0/ nOs;m: (4.8)

If ¹"k ; �k ; !k ; rk ; �k ;S
;rk
1 .0/º satisfy (4.1), Remark 4.1 implies

min
@.O\�=rk/

�k � �k.x/ � max
@.O\�=rk/

�k for x 2 O \�=rk : (4.9)

By (4.4)2, (4.6), (4.8), and (4.3),´
min@.O\�=rk/ �k � min@.O\�=rk/ y‰ �

1
2m
� y‰.x/ � 1

m

max@.O\�=rk/ �k � max@.O\�=rk/ y‰ C
1
2m
� y‰.x/C 1

m

for k � Ns;m; x 2 xO:

(4.10)
Hence, (4.9)–(4.10) imply k�k � y‰kL1.O\�=rk/ <

1
m

for m 2 N and k � Ns;m. Since
Os;m is the union of its connected components, (4.4)2 implies

k�k � y‰kL1.B1=2.0/\�=rk/ <
1

m

for m 2 N; k � Ns;m. So, we prove the claim.

Lemma 4.3. Assume (A1), ! 2 .1;1/, "
rR
; r; R; � 2 .0; 1/, and d 2 .1; 2/, and assume

that ‰ 2 W 1;d.S;rR.0// is a weak solution of´
�r �

�
K";r

!2;�
r‰

�
D 0 in S;rR.0/ � BR.0/ \�=r;

‰ D 0 on BR.0/ \ @�=r:
(4.11)

Then,
k‰kL1.S;r

R=2
.0// � c

�
.j‰j/S;rR.0/

CR
ˇ̌
.jr‰jd/S;rR.0/

ˇ̌1=d�
; (4.12)

where c is a constant independent of ", �, !, r , R.

Proof. If �.y/ � ‰.Ry/, then � 2 W 1;d.S;rR1 .0// and (4.11) can be written as´
�r �

�
K";rR

!2;�
r�

�
D 0 in S;rR1 .0/ D B1.0/ \�=rR;

� D 0 on B1.0/ \ @�=rR:
(4.13)
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Step I. For B1.0/ b �=rR case. We claim, for any ˛ > 0, there is a constant c˛ so that
the solution of (4.13)1 satisfies

� � .�/B1.0/

L1.B1=2.0// � c˛

� � .�/B1.0/

L1.B1.0// C ˛kr�kLd.B1.0//: (4.14)

Proof of the claim. If not, there are a ˛ > 0 and a sequence ¹"k ; �k ; !k ; rk ; Rk ; �kº sat-
isfying rk ; Rk ! r; R 2 Œ0; 1�, !k 2 .1;1/, �k ;

"k
rkRk

2 .0; 1/, (4.13)1, and

�k � .�k/B1.0/

L1.B 1
2
.0//

> k


�k � .�k/B1.0/

L1.B1.0// C ˛kr�kkLd.B1.0// (4.15)

for any k 2 N. Define

Vk �
�k � .�k/B1.0/

k�k � .�k/B1.0/kL1.B1=2.0//
on B1.0/:

Then, Vk satisfies (4.13)1, Vk 2 W
1;d.B1.0//, and kVkkL1.B1=2.0// D 1. By (4.15),

1 > kkVkkL1.B1.0// C ˛krVkkLd.B1.0//:

Note kVkkL1.B1.0// ! 0 as k !1. By Lemma 4.2, the sequence Vk converges to 0 in
C.B1=2.0//, which contradicts kVkkL1.B1=2.0// D 1. So, (4.14) is true. Therefore,

k�kL1.B1=2.0// � c
�
j.�/B1.0/j C kr�kLd.B1.0//

�
:

After change of variables, we obtain (4.12).

Step II. For 0 2 @�=rR case. We claim, for any ˛ > 0, there is a constant c˛ so that the
solution of (4.13) satisfies

k�k
L1.S;rR

1=2
.0//
� c˛k�kL1.S;rR1 .0//

C ˛kr�k
Ld.S;rR1 .0//

: (4.16)

Proof of claim. If not, there is a ˛ > 0 and a sequence ¹"k ; �k ; !k ; rk ; Rk ; �kº so that
rk ; Rk ! r;R 2 Œ0; 1�, !k 2 .1;1/, �k ;

"k
rkRk

2 .0; 1/, and (4.13) is true and, for k 2 N,

k�kk
L1.S

;rkRk
1=2

.0//
> kk�kk

L1.S
;rkRk
1 .0//

C ˛kr�kk
Ld.S

;rkRk
1 .0//

: (4.17)

Define
Vk �

�k

k�kk
L1.S

;rkRk
1=2

.0//

on S;rkRk1 .0/:

Then, Vk satisfies (4.13), Vk 2 W
1;d.S;rkRk1 .0//, and kVkk

L1.S
;rkRk
1=2

.0//
D 1. By (4.17),

1 > kkVkk
L1.S

;rkRk
1 .0//

C ˛krVkk
Ld.S

;rkRk
1 .0//

:

Note kVkk
L1.S

;rkRk
1 .0//

! 0 as k !1. By Lemma 4.2, the sequence Vk converges to 0

in C.S;rkRk
1=2

.0//, which contradicts kVkk
L1.S

;rkRk
1=2

.0//
D 1. So, (4.16) is true. After change

of variables, we obtain (4.12). So, the lemma is proved.
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5. Interior Lipschitz estimate for strongly elliptic equations

We consider the interior Lipschitz estimate for strongly elliptic equations in �. For any
! 2 .1;1/, � 2 .0; 1/, and i 2 ¹1; 2º, find X!;�;i 2 H 1

# .R
2/ by solving´

�r �
�
K!2;�.rX!;�;i C Eei /

�
D 0 in Y;

.X!;�;i /Y� D 0;
(5.1)

where Eei is the unit vector in the i -th coordinate direction. See (3.14) for K!2;� and
Section 2 for H 1

# .R
2/ and .X!;�;i /Y .

Remark 5.1. A solution of (5.1) exists uniquely by Lax–Milgram theorem. Also,

krX!;�;ikL2.Y/ � c; (5.2)

where c is independent of �, !. Here, �, ! are independent. Equation (5.2) is proved by
tracing the argument of Lemma 3.12. Indeed, by Lemma 3.5, we find V 2 H 1

0 .Y/ so that´
V D X!;�;i in Y�;

kV kH1.Y/ � ckrX!;�;ikL2.Y�/:

Set � � X!;�;i � V . Then, � D 0 in Y� and � 2 H 1
# .Y/. Test (5.1) against � to get

krX!;�;ikL2.Yf / � ckrX!;�;ikL2.Y�/ C c;

where c is independent of �, !. By Lemma 3.6, any solution of (5.1) satisfies

krX!;�;ikL2.Y�/ � ck!
�2
rX!;�;ikL2.Yf / C c;

where c is independent of �, !. So, there is a !0 > 1 such that (5.2) holds if ! � !0.
If ! 2 .1; !0/, then (5.1) is a uniform elliptic equation. In this case, (5.2) follows by
testing (5.1) against X!;�;i .

If y D .y1; y2/ and 'i .y/ D X!;�;i .y/C yi for i D 1; 2, then r � .K!2;�r'i / D 0

in Y. By Lemma 3.6 and (5.2),

K!2;�.rX!;�;i C Eei /



L2.Y/

D


K!2;�r'i




L2.Y/

� kr'ikL2.Yf / � c; (5.3)

where c is independent of �, !. Define a 2 � 2 matrix K!;�, whose .i; j /-entry isZ
Y

K!2;�

�
ıi;j C @jX!;�;i .z/

�
dz; where ıi;j �

´
1 if i D j;

0 if i 6D j:
(5.4)

By remark [21, pp. 43–44] and (5.2)–(5.3), K!;� is a positive function depending only on
�, ! and satisfies´

0 < d6I �K!;� � d7I;
K!;� is continuous in ¹.!; �/ j ! 2 .1;1/; � 2 .0; 1/º;

(5.5)
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where I is the identity matrix and d6, d7 are constants independent of �, !. Let us remark
that (5.2)–(5.3) and (5.5) are true even though �, ! are independent.

By (A2), Lemma 3.7, (5.2), and (5.1)2,´

K!2;�.rX!;�;i C Eei /



L1.Y/

D


K!2;�r'i




L1.Y/

� ckr'ikL2.Y/ � c;

kX!;�;ikL1.Y/ � c;
(5.6)

where c is independent of i; � .D !�1/. If � > 0 and i D 1; 2, define

X�!;�;i .x/ � �X!;�;i .x=�/; X�!;�.x/ �
�
X�!;�;1.x/;X

�
!;�;2.x/

�
: (5.7)

Assume B1.0/ b � in this section.

Lemma 5.2. Under (A2) and ˛ 2 .0; 1/, there are constants �; "0 2 .0; 1/ depending on
˛ such that if 8̂̂<̂

:̂
�r �

�
K�
!2;�
rV

�
D 0 in B1.0/;

�; � 2 .0; "0/;

kVkL1.B1.0// � 1;

(5.8)

then

sup
z2B� .0/

ˇ̌
V .z/ � V .0/ �

�
z CX�!;�.z/

�
b!;�;�

ˇ̌
� �1C˛; (5.9)

where b!;�;� �K�1!;�.K�
!2;�
rV /B� .0/ and K�1!;� is the inverse matrix of K!;�. See Sec-

tion 2 for .K�
!2;�
rV /B� .0/.

Proof. Consider ��V D 0 in B4=5.0/. By [19, Theorem 4.6], there is a small � 2 .0; 1/
such that, for {̨ 2 .˛; 1/,

sup
B� .0/

ˇ̌
V .z/ � V .0/ � z.rV /B� .0/

ˇ̌
� �1C{̨kVkL1.B4=5.0//: (5.10)

We claim (5.9). If not, there is a sequence ¹�; �� ; !� ;V� ;K!� ;�� º satisfying (5.8) and8̂̂<̂
:̂
�; �� ! 0;

zK D lim�!0 K!� ;�� ;

supz2B� .0/
ˇ̌
V�.z/ � V�.0/ �

�
z CX�!� ;�� .z/

�
b!� ;�� ;�

ˇ̌
> �1C˛:

(5.11)

See (5.4) for K!� ;�� . Equation (5.11)2 is due to (5.5). By Lemma 3.6, (A2), and (5.8)3,

K�
!2� ;��

rV�



L2.B4=5.0//

� ckrV�kL2.B5=6.0// � c; (5.12)

where c is independent of �; ��.D !�1� /. By (5.12), Lemma 3.11, Sobolev embedding
theorem [19], (5.8)3, [7, Theorem 1], and remark [21, pp. 43–44], there is a subsequence
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(same notation for subsequence) of ¹V�º such that, as � ! 0,8̂̂̂̂
<̂̂
ˆ̂̂̂:

V� ! V in C.B4=5.0//;

kVkL1.B1.0// � 1;

K�
!2� ;��

rV� ! zKrV in L2.B4=5.0// weakly;

�r � . zKrV / D 0 in B4=5.0/;

(5.13)

where zK is a positive constant satisfying (5.5)1. By (5.11)2 and (5.13)3, we see

lim
�!0

b!� ;�� ;� D lim
�!0

K�1!� ;�� �

Z
B� .0/

K�
!2� ;��

rV� dx D .rV /B� .0/: (5.14)

By (5.11) (5.13), (5.6)–(5.7), (5.14), and (5.10),

�1C˛ � lim
�!0

sup
z2B� .0/

ˇ̌
V�.z/ � V�.0/ �

�
z CX�!� ;�� .z/

�
b!� ;�� ;�

ˇ̌
D sup
z2B� .0/

ˇ̌
V .z/ � V .0/ � z.rV /B� .0/

ˇ̌
� �1C{̨kVkL1.B4=5.0//:

We get contradiction. So, (5.9) holds.

Lemma 5.3. Under (A2) and ˛ 2 .0; 1/, there are constants �; "0 2 .0; 1/ depending on
˛ such that if "; � 2 .0; "0/ and

�r �
�
K"
!2;�
rV

�
D 0 in B1.0/; (5.15)

then, for any k 2 N with "
"0
< �k , there are constants a";k!;�, b";k!;� satisfying´

ja";k!;�j C jb";k!;�j � cJ;
supz2B

�k
.0/

ˇ̌
V.z/ � V.0/ � "a";k!;� �

�
z CX"!;�.z/

�
b";k!;�

ˇ̌
� �k.1C˛/J:

(5.16)

Here, J � kV kL1.B1.0// and c is a constant independent of "; � .D !�1/.

Proof. For kD 1, (5.16) is from Lemma 5.2 with �D " and V D V
J

. In this case, a";1!;�D 0,
b";1!;� DK�1!;�.K"

!2;�
rV /B� .0/. By Lemma 3.6 and (A2), we see jb";1!;�j � cJ , where c is

independent of "; � .D !�1/. If (5.16) holds for some k 2 N with "
"0
< �k , define

V .z/ �
V.�kz/ � V.0/ � "a";k!;� � .�kz CX"!;�.�

kz//b";k!;�
�k.1C˛/J

in B1.0/:

By induction, V satisfies (5.8) with � D "=�k . Apply Lemma 5.2 to obtain

sup
z2B� .0/

ˇ̌
V .z/ � V .0/ �

�
z CX"=�

k

!;� .z/
�
b!;�;"=�k

ˇ̌
� �1C˛; (5.17)
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where b!;�;"=�k �K�1!;�.K
"=�k

!2;�
rV /B� .0/. Define

a";kC1!;� � �X1!;�.0/b
";k
!;� and b";kC1!;� � b";k!;� C J�

k˛b!;�;"=�k : (5.18)

By Lemma 3.6, (A2), and kVkL1.B1.0// � 1, we see that jb!;�;"=�k j are bounded uni-
formly in ";� .D !�1/; k. By (5.6) and (5.18), we obtain (5.16)1. Rewrite (5.17) in terms
of V in B�kC1.0/ and apply (5.18) to obtain (5.16)2.

Lemma 5.4. Under (A2), there is a number "0 2 .0; 1/ such that if "; � 2 .0; "0/, any
solution of (5.15) satisfies

K"

!2;�
rV




L1.B1=2.0//

� ckV kL1.B1.0//; (5.19)

where c is a constant independent of "; � .D !�1/.

Proof. Let ˛, � , "0, J be the same as Lemma 5.3 and c be a constant independent of
"; � .D !�1/. Suppose k 2 N satisfying �kC1 � "

"0
< �k , by Lemma 5.3,

sup
z2B"="0 .0/

ˇ̌
V.z/ � V.0/ � "a";k!;� �

�
z CX"!;�.z/

�
b";k!;�

ˇ̌
� c

ˇ̌̌̌
"

"0

ˇ̌̌̌1C˛
J: (5.20)

Define

V .z/ �
V."z/ � V.0/ � "a";k!;� � ."z C "X1!;�.z//b

";k
!;�

"1C˛J
in B1="0.0/:

Equation (5.20) implies that V satisfies (5.8) with � D 1. Lemma 3.7 implies

K";"

!2;�
rV




L1.B1=2"0 .0//

� c: (5.21)

Equations (5.21), (5.16)1, (5.6) imply (5.19).

Remark 5.5. Let "0 be same as in Lemma 5.4. If � 2 Œ"0; 1�, equation (5.15) is a uniform
elliptic equation by (A2). By [32], we know the following.

Under (A2) and � 2 Œ"0; 1�, any solution of (5.15) satisfies (5.19).

By Lemma 3.7, we see the following.

Under (A2) and " 2 Œ"0; 1�, any solution of (5.15) satisfies (5.19).

Combining with Lemma 5.4, we conclude the following.

Under (A2), any solution of (5.15) satisfies (5.19).

6. Maximum norm of corrector functions

We now study Green’s functions and the corrector functions of the strongly elliptic opera-
tors �r � .K";r

!2;�
r/ in Q";r . We first derive the pointwise estimates of Green’s functions;

then, consider the maximum norm of the corrector functions.
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6.1. Estimates for Green’s functions

Recall a weak Lebesgue L2 space [6, 15]:

L2;1.D/ �
®
� W D.� R2/! R j k�kL2;1.D/ <1

¯
;

where
k�kL2;1.D/ � sup

t�0

t
ˇ̌
¹x 2 D j j�.x/j � tº

ˇ̌1=2
:

Lemma 6.1. Assume (A1), ! 2 .1;1/, "
r
; r; � 2 .0; 1/, and x 2 Q;r . A solution of´

�ry �
�
K";r

!2;�
ryG";r .x; y/C x�y

2�jx�yj2

�
D 0 in Q;r ;

G";r .x; �/ D 0 on @Q;r
(6.1)

exists uniquely in L2;1.Q;r / and satisfies, for any relatively open set O � Q;r ,

K";r

!2;�
rG";r .x; �/




Ld.O/

< cjOj
1
d�

1
2 ; (6.2)

where d 2 Œ1; 2/ and c is independent of ", �, !, r , x, O. See (3.33) for Q;r .

Proof. Uniqueness of the solution G";r .x; y/ of (6.1) is obvious.

Step I. Consider the following problem:´
�r �

�
K";r

!2;�
r‰ CQ

�
D 0 in Q;r ;

‰ D 0 on @Q;r :
(6.3)

Let p� be the positive number in Lemma 3.11. If 1
p�
C

1
p0�
D 1 and p 2 .p0�; p�/, Corol-

lary 3.13 and Lemma 3.14 imply

K";r

!2;�
r‰




Lp.Q;r /

� ckQkLp.Q;r /; (6.4)

where c is independent of ", �, !, r . Define a map T .Q/ D K";r

!2;�
r‰, where ‰ is the

solution of (6.3). By (6.4), T W Lp.Q;r /! Lp.Q;r / for p 2 .p0�; p�/ are bounded linear
operators. By [15, Lemma 1], the map T W L2;1.Q;r /! L2;1.Q;r / is a bounded linear
operator.

Step II. Let us take Q D x�y

2�jx�yj2
2 L2;1.Q;r /. The solution ‰ of (6.3) satisfies ‰ D

G";r .x; �/ and, by (6.4), 

K";r

!2;�
rG";r .x; �/




L2;1.Q;r /

< c; (6.5)

where c is independent of ",�,!, r , x. Equation (6.2) follows from [6, (2.2)] and (6.5).

Lemma 6.2. Assume (A1), ! 2 .1;1/, and "
r
; r;� 2 .0; 1/. The solution of (6.1) satisfiesˇ̌

G";r .x; y/
ˇ̌
� c

�
1C j ln jx � yjj

�
for x; y 2 Q;r ; (6.6)

where c is independent of ", �, !, r .

Proof. This lemma is proved by following the argument for [6, Theorem 2].
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Step I. By (6.2) and Poincaré inequality,

G";r .x; �/



L1.Q;r /

< c


rG";r .x; �/




L1.Q;r /

� c; (6.7)

where c is a constant independent of ",�, !, r , x. For each point x 2Q;r , extend G";r .x; �/

from Q;r to R2 by 0 and define

 .h/ �
1

2�h

Z
@Bh.x/

jG";r .x; y/j dy for any h > 0:

Suppose t > s > 0, by (6.2),

j .t/ �  .s/j �

Z t

s

j 0.h/jdh �

Z t

s

1

2�h

Z
@Bh.x/

jrG";r .x; y/j dydh

�
1

2�s

Z
Bt .x/nBs.x/

jrG";r .x; y/jdy � c
jBt .x/ n Bs.x/j

1
2

s
� c

t

s
; (6.8)

where c is independent of ", �, !, r , x, s, t .
Next, we claim  .h/ � c.1C j ln hj/, where c is independent of ", �, !, r , x, h.

Proof of the claim. (i) If h 2 .1
2
; 1�, then (6.8) can be written as

s .h/ � s .s/C ch for s <
1

2
: (6.9)

Integrate (6.9) with respect to s over .1
4
; 1
2
/ to get, by (6.7),

3

32
 .h/ �

Z 1=2

1=4

s .s/ds C ch � c C ch � c; (6.10)

where c is bounded independent of ", �, !, r , x, h.
(ii) If h > 1, we find m 2 N such that 1

2
< h

2m
� 1. Then, m is the integer part of lnh

ln2 .
Apply (6.8) with t D h

2j
, s D h

2jC1
to see

 

�
h

2j

�
�  

�
h

2jC1

�
�

ˇ̌̌̌
 

�
h

2j

�
�  

�
h

2jC1

�ˇ̌̌̌
� c; (6.11)

where c is independent of ", �, !, r , x, h, j . Sum up (6.11) for 0 � j � m � 1 and
apply (6.10) to get

 .h/ �  

�
h

2m

�
C c m � c.1C ln h/; (6.12)

where c is independent of ", �, !, r , x, h.
(iii) If h � 1

2
, we find m 2 N such that 1

2
< 2mh � 1. Then, m is the integer part of

�1 � lnh
ln2 . Apply (6.8) with t D 2jC1h, s D 2jh to see

 .2jh/ �  .2jC1h/ �
ˇ̌
 .2jh/ �  .2jC1h/

ˇ̌
� c: (6.13)



L.-M. Yeh 110

Sum up (6.13) for 0 � j � m � 1 to get

 .h/ � c.1C j ln hj/; (6.14)

where c is independent of ", �, !, r , x, h. Equations (6.10), (6.12), and (6.14) imply the
claim.

Step II. Derive a bound on the L1 norm of G";r .x; �/ in any annulus.
By the result in Step I, for any � > 0,

kG";r .x; �/kL1.B3�.x/nB2�.x//

D 2�

Z 3�

2�

h .h/dh � c

Z 3�

2�

h.1C j ln hj/dh

�

8̂̂<̂
:̂
c
R 3�
2�
h.1C ln h/dh � c�2.1C j ln �j/ if � � 1

2
;

c
R 3�
2�
h.1C j ln hj/dh � c�2.1C j ln �j/ if 1

3
< � < 1

2
;

c
R 3�
2�
h.1 � ln h/dh � c�2.1C j ln �j/ if � � 1

3
;

(6.15)

where c is independent of ", �, !, r , x, �. Let y� 2 C10 .R
2/ be a bell-shaped function

satisfying jry�j � c
�

, y� D 0 in R2 nB3�.x/, and y� D 1 in B2�.x/. By Sobolev embedding
theorem [19], � D G";r .x; �/ y� satisfies

kG";r .x; �/kL2.B2�.x/nB�=2.x//

� ck�kL2.R2/ � ckr�kL1.R2/

� ckrG";r .x; �/kL1.B3�.x// C
c

�
kG";r .x; �/kL1.B3�.x/nB2�.x//; (6.16)

where c is independent of ", �, !, r , x, �. By (6.2) with d D 1, we know

krG";r .x; �/kL1.B3�.x// � c�; (6.17)

where c is independent of ", �, !, r , x, �. Equation (6.15) implies

��1kG";r .x; �/kL1.B3�.x/nB2�.x// � c�.1C j ln �j/; (6.18)

where c is independent of ", �, !, r , x, �. Therefore, (6.16)–(6.18) imply

kG";r .x; �/kL2.B2�.x/nB�=2.x// � c�.1C j ln �j/; (6.19)

where c is independent of ", �, !, r , x, �. By Lemma 4.3, (6.19), and (6.2),

sup
B3�=2.x/nB�.x/

jG";r .x; �/j �
c

�
kG";r .x; �/kL2.B2�.x/nB�=2.x//

C c�1�
2
d krG";r .x; �/kLd.B2�.x/nB�=2.x//

� c.1C j ln �j/;

where c is independent of ", �, !, r , x, �. So, we prove (6.6).
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Remark 6.3. By Lemmas 6.1–6.2, the solution of (6.1) is the Green function of differ-
ential operator �r � .K";r

!2;�
r/ in Q;r . Also, G";r .x; y/ D G";r .y; x/ for any x; y 2 Q;r

(see [24, p. 62]).

Remark 6.4. Let us recall some results [29, pp. 1579–1580] and [12]. Let D be a bounded
Lipschitz domain in R2.

(i) If ' 2 L1.D/, x 2 D, and � > 0, define

x'x;� �

´
.'/B�.x/ if dist.B�.x/; @D/ > 0;
0 otherwise:

(ii) BMO.D/ is defined as

BMO.D/ �
²
� 2 L1.D/ j k�k�;@D � sup

x2xD;�>0
�

Z
B�.x/\D

ˇ̌
� � x�x;�

ˇ̌
dy <1

³
:

(iii) A 2 L1.D/ is an atom for D if there is a � > 0 such that8̂̂<̂
:̂

supp.A/ � B�.x/ \ D;
kAkL1.D/ �

1
jB�.x/\Dj ;

xAx;� D 0:

(6.20)

g 2 H 1;1.D/ (atomic Hardy space) if g D
P1
iD1 
iAi , where ¹Aiº1iD1 are

atoms and ¹
iº1iD1 2 `
1 sequence space. Also, kgkH1;1.D/ � inf

P1
iD1 j
i j,

where the infimum is taken over all representations of g.

(iv) BMO.D/ is the dual of H 1;1.D/ [12, 29]. So, if � 2 BMO.D/, then

k�k�;@D D sup
²Z

D
�A dy j A is an atom for D

³
: (6.21)

(v) By John–Nirenberg inequality [29] and [12, Theorem 3.6],

BMO.D/ � Lq.D/ � H 1;1.D/ for any q 2 .1;1/: (6.22)

Lemma 6.5. Assume (A1), ! 2 .1;1/, and "
r
; r; � 2 .0; 1/. If A is an atom for Q;r and

‰ is a solution of ´
�r �

�
K";r

!2;�
r‰

�
D A in Q;r ;

‰ D 0 on @Q;r ;
(6.23)

then k‰kL1.Q;r / � c, where c is a constant independent of ", �, !, r .

Proof. Let p� be same as Lemma 3.11 and c a constant independent of ", �, !, r . Set
p 2 .2;1/, m D 2p

2Cp
, 1
p
C

1
p0
D 1, and 1

m
C

1
m0
D 1. Any solution of (6.23) satisfies´

kr‰kLp.Q;r / � ckAkLm.Q;r /;

k‰kLm0 .Q;r / � ckAkW �1;p0 .Q;r /:
(6.24)
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Indeed, (6.24)1 is from Corollary 3.16. Equation (6.24)2 is from Lemma 3.15 and Sobolev
embedding theorem [19].

If z 2Q;r and A is supported inB�.x/\Q;r , by Hölder inequality and Sobolev embed-
ding theorem [19] and m D 2p

2Cp
,

j‰.z/j �
ˇ̌
‰.z/ � .‰/B�.z/\Q;r

ˇ̌
C
ˇ̌
.‰/B�.z/\Q;r

ˇ̌
� c�

1� 2p kr‰kLp.B�.z/\Q;r / C �
2
p�1k‰kLm0 .B�.z/\Q;r /: (6.25)

By (6.20)1;2 and (6.24)1,

kr‰kLp.Q;r / � ckAkLm.B�.z/\Q;r / � c�
2
p�1: (6.26)

For any � 2 W 1;p
0 .Q;r /, by (6.20)3 and Sobolev embedding theorem [19],

(i) if B�.x/ b Q;r , thenˇ̌̌̌Z
Q;r

A � dz

ˇ̌̌̌
D

ˇ̌̌̌Z
B�.z/

A
�
� � .�/B�.x/

�
dz

ˇ̌̌̌
� k� � .�/B�.x/kL1.B�.z// � �

1� 2p kr�kLp.B�.z//I (6.27)

(ii) if dis.B�.x/;Q;r / D 0, thenˇ̌̌̌Z
Q;r

A � dz

ˇ̌̌̌
� k�kL1.B�.z/\Q;r / � �

1� 2p kr�kLp.B�.z/\Q;r /: (6.28)

Equations (6.27)–(6.28) and (6.24)2 imply

k‰kLm0 .Q;r / � ckAkW �1;p0 .Q;r / � c�
1� 2p : (6.29)

The lemma follows from (6.25), (6.26), (6.29).

Lemma 6.6. Assume (A1), ! 2 .1;1/, and "
r
; r;� 2 .0; 1/. The solution of (6.1) satisfies,

for any x 2 Q;r , 

G";r .x; �/



�;@Q;r

� c; (6.30)

where c is a constant independent of ", �, !, r , x.

Proof. This is proved by following the argument for [29, Theorem 4.1]. Let c be a constant
independent of ", �, !, r , x. If g 2 Lp.Q;r / for p > 1, consider the equation´

�r �
�
K";r

!2;�
r�
�
D g in Q;r ;

� D 0 on @Q;r :
(6.31)

For a fixed x 2 Q;r and � > 0, let ‰ be the solution of (6.31) with g D f 2 Lp.Q;r / for
p > 1, and let G�.x; �/ denote the solution of (6.31) with g D

XB�.x/\Q;r

jB�.x/\Q;r j
2 L1.Q;r /. By

Green’s formula, ‰ and G�.x; �/ satisfy

�

Z
B�.x/\Q;r

‰.y/ dy D

Z
Q;r

G�.x; y/f .y/ dy: (6.32)
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If f in (6.32) is an atom, then (6.21), (6.32), and Lemma 6.5 imply

kG�.x; �/k�;@Q;r

� sup
f 2¹atom for Q;r º

ˇ̌̌̌Z
Q;r

G�.x; y/f .y/dy

ˇ̌̌̌
� sup
‰2¹solution of (6.31) with gDf 2¹atom for Q;r ºº

ˇ̌̌̌
�

Z
B�.x/\Q;r

‰.y/dy

ˇ̌̌̌
� c: (6.33)

By Alaoglu’s theorem [14], there is a sequence ¹�j º with limj!1 �j D 0 and a function
zG.x; �/ 2 BMO.Q;r / so that G�j .x; �/ converges to zG.x; �/ in the weak-star topology of
BMO.Q;r /.

If f 2 Lp.Q;r / for p > 1 in (6.32), the solution ‰ of (6.31) with g D f is Hölder
continuous by Corollary 3.16. The left-hand side of (6.32) converges to ‰.x/ as �! 0.
By (6.22), equation (6.32) implies, as �! 0,

‰.x/ D

Z
Q;r

zG.x; y/f .y/ dy for x 2 Q;r :

So, zG.x; �/ is a Green function of (6.1) with pole at x. Unique existence of the Green
function of (6.1) implies zG.x; y/ D G";r .x; y/ (see [24] and Remark 6.3). So, (6.33)
implies that (6.30) is true.

From the above argument, any sequence ¹G�k .x; �/º with limk!1 �k D 0 gives a
subsequence converging to the Green function. Therefore, the entire sequence ¹G�.x; �/º

converges to G";r .x; �/ in the weak-star topology of BMO.Q;r / as �! 0.

Lemma 6.7. Under (A1)–(A2) and "
r
; r; ˛ 2 .0; 1/, the solution of (6.1) satisfies, for any

x; y; z 2 Q;r ,8<:
ˇ̌
G";r .x; y/ �G";r .x; z/

ˇ̌
� c jy�zj

˛

jx�yj˛
if jy � zj � jx�yj

4
;ˇ̌

G";r .y; x/
ˇ̌
D
ˇ̌
G";r .x; y/

ˇ̌
� c j�

y
r j
˛

jx�yj˛
if �yr �

jx�yj
4
;

(6.34)

where c is independent of ";� .D !�1/; r; ˛. Here, �yr � dist.y; @Q;r / is the distance from
y to the boundary @Q;r .

Proof. Clearly, (6.34)2 follows from (6.34)1 and Remark 6.3. So, we only need to show
(6.34)1. Let c be a constant independent of "; � .D !�1/; r; ˛. For x; y 2 Q;r , set h �
jx � yj. We consider (i) �yr < h

4
and (ii) �yr � h

4
separately.

(i) �yr < h
4

case. Define E.z/ � K";r

!2;�
.y C hz/ and  .z/ � G";r .x; y C hz/. Then,´

�r � .Er / D 0 in B3=4.0/ \ .Q;r � ¹yº/=h;

 D 0 on B3=4.0/ \ .@Q;r � ¹yº/=h:

Since G";r .x; �/2BMO.Q;r / by Lemma 6.6,  2BMO..Q;r � ¹yº/=h/. So, (6.22) implies

k kLq.B2=3.0/\.Q;r�¹yº/=h/ � c for any q 2 .1;1/: (6.35)
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If "
rh
> 1, then [19, Theorems 4.15 and 8.17], (II) of Corollary 3.4, Lemma 3.7, and (6.35)

imply

kr kL1.B1=2.0/\.Q;r�¹yº/=h/ � ck kL2.B2=3.0/\.Q;r�¹yº/=h/ � c: (6.36)

If "
rh
� 1, then Lemma 3.11 with � D 0, (A2), Lemma 4.3, (6.35), and (6.2) imply

Œ �C˛.B1=4.0/\.Q;r�¹yº/=h/

� ck kL1.B1=2.0/\.Q;r�¹yº/=h/

� ck kL1.B3=4.0/\.Q;r�¹yº/=h/ C kr kLd.B3=4.0/\.Q;r�¹yº/=h/
� c; (6.37)

where d 2 .1; 2/. So, (6.34)1 is proved for �yr < h
4

case.
(ii) �yr � h

4
case. Define E.z/ � K";r

!2;�
.y C hz/ and  .z/ � G";r .x; y C hz/ �

G";r .x; y/. Then,

�r � .Er / D 0 in B1=4.0/ \ .Q;r � ¹yº/=h:

Repeat the arguments of (6.35)–(6.37) and apply (II) of Corollary 3.4, Lemma 3.7, Remark
5.5, Lemma 4.3, and (6.2) to get (6.34)1 for �yr � h

4
case.

Lemma 6.8. Under (A1)–(A2) and "
r
; r; ˛ 2 .0; 1/, the solution of (6.1) satisfies, for any

x; y 2 Q;r , 8<: jG";r .x; y/j � c
j�xr j

˛ j�
y
r j
˛

jx�yj2˛
if �xr ; �

y
r �

jx�yj
8
;

jryG";r .x; y/j � c r
"

j�xr j
˛ max¹j "r j

˛ ;j�
y
r j
˛º

jx�yj2˛
if �xr ; �

y
r ;

"
r
�
jx�yj
16

;
(6.38)

where c is a constant independent of "; � .D !�1/; r; ˛. See Lemma 6.7 for �xr , �yr .

Proof. Let c be a constant independent of "; � .D !�1/; r; ˛ and define h � jx � yj.

Step I. Proof of (6.38)1. If Qx 2 Bh=4.x/ \ Q;r , then �yr � h
8

implies �yr � 1
4
j Qx � yj.

Then, (6.34)2 implies

jG";r . Qx; y/j � c
j�
y
r j
˛

j Qx � yj˛
� c
j�
y
r j
˛

h˛
for Qx 2 Bh=4.x/ \ Q;r : (6.39)

Next, we trace the proof of Lemma 6.7. Let us define E.z/� K";r

!2;�
.x C hz/ and  .z/�

G";r .x C hz; y/. Since �xr �
h
8

,´
�r � .Er / D 0 in B1=4.0/ \ .Q;r � ¹xº/=h;

 D 0 on B1=4.0/ \ .@Q;r � ¹xº/=h:
(6.40)

If "
rh
> 1, then [19, Theorem 4.15], (II) of Corollary 3.4, Lemma 3.7, and (6.39)–(6.40)

imply

kr kL1.B1=8.0/\.Q;r�¹xº/=h/ � ck kL1.B1=4.0/\.Q;r�¹xº/=h/ � c
j�
y
r j
˛

h˛
: (6.41)
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If "
rh
� 1, then Lemma 3.11 with � D 0, (A2), and (6.39)–(6.40) imply

Œ �C˛.B1=8.0/\.Q;r�¹xº/=h/ � ck kL1.B1=4.0/\.Q;r�¹xº/=h/ � c
j�
y
r j
˛

h˛
: (6.42)

Equation (6.38)1 follows from Remark 6.3, (6.41)–(6.42), and change of variables.

Step II. Proof of (6.38)2. If �xr ; �
y
r ;

"
r
�

h
16

and Qy 2 B "
2r
.y/\ Q;r , we see �xr ; �

Qy
r �

jx� Qyj
8

.
For any ˛ 2 .0; 1/ and Qy 2 B "

2r
.y/ \ Q;r , by (6.38)1,

jG";r .x; Qy/j � c
j�xr j

˛j�
Qy
r j
˛

jx � Qyj2˛
�

8<: c
j�xr j

˛ j�
y
r j
˛

h2˛
if �yr � "

r
;

c
ˇ̌
"
r

ˇ̌˛ j�xr j˛
h2˛

if �yr < "
r
:

(II) of Corollary 3.4 and Lemma 3.7 imply

ryG";r .x; �/



L1.B "

4r
.y/\Q;r /

� c
r

"
kG";r .x; �/kL1.B "

2r
.y/\Q;r /

� c
r

"

j�xr j
˛ max¹j "

r
j˛; j�

y
r j
˛º

h2˛
:

So, (6.38)2 is proved.

6.2. Corrector functions

Assume (3.32)–(3.34) and 0 2 @�. Let � 2 C10 .Rd4;d5.0// be a bell-shaped function
satisfying � 2 Œ0; 1� and � D 1 in Œ�2; 2�2. Note � D 0 on @Q;r \ @Q";r� (see (3.33)). If
0 < " � r � 1, find W ";r

!;�;2 2 H
1.Q;r / by solving8<:�r �

�
K";r

!2;�

�
rW ";r

!;�;2 C Ee2
��
D 0 in Q;r ;

W ";r
!;�;2 D

�
1 � �

�
X"=r!;�;2 on @Q;r ;

(6.43)

where Ee2 is the unit vector in the second coordinate direction. See (5.7) for X"=r!;�;2 and
(3.33) for d4, d5.

Lemma 6.9. Under (A1)–(A2) and "
r

, r 2 .0; 1/, a solution of (6.43) exists uniquely in
H 1.Q";r /. There is a constant c (independent of "; � .D 1

!
/, r , d4, d5) such that

sup
x2Q;r

ˇ̌
W ";r
!;�;2

ˇ̌
.x/ �

c "

r
:

Proof. Let c denote a constant independent of "; � .D 1
!
/, r , d4, d5.

Step I. Unique existence of a solution of (6.43) in H 1.Q;r / is from Lax–Milgram theo-
rem [19]. Note

K";r

!2;�
.y/ D K!2;�.

r

"
y/ in Q

";r
�
:
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Define Y ";r
!;�;2 �W ";r

!;�;2 �X"=r!;�;2 in Q
";r
�

(see (3.33)); then,8<:�r �
�
K";r

!2;�
rY ";r

!;�;2

�
D 0 in Q

";r
�
;

Y ";r
!;�;2 �W ";r

!;�;2 �X"=r!;�;2 on @Q";r
�
:

By [19, Theorem 8.1], (5.6)–(5.7), and (3.34)1,

sup
Q
";r
�

jW ";r
!;�;2j �

c "

r
C sup
@Q

";r
� n@Q

;r

jW ";r
!;�;2j: (6.44)

In (6.44), we use (6.43)2 and � D 0 on @Q;r \ @Q";r
�

. We claim

jW ";r
!;�;2.x/j �

c "

r
for x 2 Q;r n Q

";r
�
: (6.45)

If so, Lemma 6.9 follows from (6.44)–(6.45).

Step II. Proof of (6.45). Set W ";r
!;�;2 � X"=r!;�;2 CU1 CU2 in Q;r , where U1 satisfies´
�r �

�
K";r

!2;�
rU1

�
D 0 in Q;r ;

U1 D ��X
"=r
!;�;2 on @Q;r ;

and U2 satisfies ´
�r �

�
K";r

!2;�

�
rU2 CrX"=r!;�;2 C Ee2

��
D 0 in Q;r ;

U2 D 0 on @Q;r :
(6.46)

By (5.6) and maximal principle [19],

X"=r!;�;2



L1.Q;r /

C kU1kL1.Q;r / �
c "

r
: (6.47)

Set Q;r .ı/c�¹x 2Q;r j ˇxr � ıº for ı > 0, where ˇxr is the distance from x to @�=r (or see
Section 2 for ˇxr ). Find z�2C1.Q;r /with z�2 Œ0;1�, z�D 1 in Q;r .3"

r
/c, supp.z�/�Q;r .4"

r
/c,

and krz�kL1.Q;r / � c r" . By (3.34)2,8̂̂<̂
:̂

supp.rz�/ � Q;r .4"
r
/c n Q;r .3"

r
/c � Q

";r
� ;

K";r

!2;�
.y/ D K!2;�.

r
"
y/ in Q

";r
�
;

Q;r n Q
";r
� � Q;r .3"

r
/c:

(6.48)

See (3.14) for K!2;�. Rd8;d9.x/ � Œx1 � d8; x1 C d8� � Œx2 � d9; x2 C d9� for x D
.x1; x2/ and d8;d9 2 Œ64"r ;

68"
r
� is a rectangle such that the volume jRd8;d9.x/\

"
r
.YC j/j

for j 2 	"=r is 0 or j "
r
j2 for some 0 < "� r � 1. Clearly, @Rd8;d9.x/\�

"
� D ; and d8;d9

depend on x; "
r

. By (6.1), Remark 6.3, (6.48)2, and (5.1), solution U2.x/ of (6.46) for
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x 2 Q;r n Q
";r
�

satisfies

jU2.x/j D

ˇ̌̌̌Z
Q;r
ryG";r .x; y/K";r

!2;�

�
rX!;�;2

�
r

"
y

�
C Ee2

�
dy

ˇ̌̌̌
�

ˇ̌̌̌Z
Q;r\Rd8;d9 .x/

ryG";r .x; y/K";r

!2;�

�
rX!;�;2

�
r

"
y

�
C Ee2

�
dy

ˇ̌̌̌
C

ˇ̌̌̌Z
Q;r . 4"r /

cnRd8;d9 .x/
ryG";r .x; y/z�K";r

!2;�

�
rX!;�;2

�
r

"
y

�
C Ee2

�
dy

ˇ̌̌̌
C

ˇ̌̌̌Z
supp.rz�/nRd8;d9 .x/

G";r .x; y/rz�K";r

!2;�

�
rX!;�;2

�
r

"
y

�
C Ee2

�
dy

ˇ̌̌̌
C

Z
@Rd8;d9 .x/\supp.1�z�/

ˇ̌̌̌
G";r .x; y/.1 � z�/K";r

!2;�

�
rX!;�;2

�
r

"
y

�
C Ee2

�ˇ̌̌̌
d�y :

(6.49)

In the last term of (6.49), boundary condition (6.1)2 is used. By (5.6),

sup
y2Q;r

ˇ̌̌̌
rX!;�;2

�
r

"
y

�
C Ee2

ˇ̌̌̌
� c: (6.50)

By (6.50) and (6.2) with d D 1,ˇ̌̌̌Z
Q;r\Rd8;d9 .x/

ryG";r .x; y/K";r

!2;�

�
rX!;�;2

�
r

"
y

�
C Ee2

�
dy

ˇ̌̌̌
� c

"

r
: (6.51)

If x 2 Q;r n Q
";r
�

and y 2 Q;r .4"
r
/c nRd8;d9.x/, then ˇxr , ˇyr , "

r
�
jx�yj
16

by (3.34)2. See
Section 2 for ˇxr , ˇyr . So, ˛ 2 .1

2
; 1/, (6.38)2, (6.50), and (A2) implyˇ̌̌̌Z

Q;r . 4"r /
cnRd8;d9 .x/

ryG";r .x; y/z�.y/K";r

!2;�

�
rX!;�;2

�
r

"
y

�
C Ee2

�
dy

ˇ̌̌̌
� c

ˇ̌̌̌
"

r

ˇ̌̌̌2˛�1 Z
Q;r . 4"r /

cnRd8;d9 .x/

K";r

!2;�

jx � yj2˛
dy � c

"

r
: (6.52)

If x 2 Q;r n Q
";r
�

and y 2 supp.rz�/ n Rd8;d9.x/, then ˇxr ; ˇ
y
r �

jx�yj
8

by (3.34)2 and
(6.48)1. So, ˛ 2 .1

2
; 1/, (6.38)1, (6.50), and (A2) implyˇ̌̌̌Z

supp.rz�/nRd8;d9 .x/
G";r .x; y/rz�.y/K";r

!2;�

�
rX!;�;2

�
r

"
y

�
C Ee2

�
dy

ˇ̌̌̌
� c

Z
supp.rz�/nRd8;d9 .x/

r

"

jˇxr j
˛jˇ

y
r j
˛K";r

!2;�

jx � yj2˛
� c

"

r
: (6.53)

If x 2 Q;r n Q
";r
�

and y 2 @Rd8;d9.x/, then (3.34)2 implies ˇxr �
jx�yj
4

. By (6.34)2 and
G";r .x; y/ D G";r .y; x/,

sup
@Rd8;d9 .x/\supp.1�z�/

jG";r .x; �/j � c: (6.54)
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Since @Rd8;d9.x/ \�
"
� D ;, K";r

!2;�
.y/ D 1 for y 2 @Rd8;d9.x/. By (6.50) and (6.54),Z

@Rd8;d9 .x/\supp.1�z�/

ˇ̌̌̌
G";r .x; y/.1 � z�/K";r

!2;�

�
rX!;�;2

�
r

"
y

�
C Ee2

�ˇ̌̌̌
d�y

� c
ˇ̌
@Rd8;d9.x/ \ supp.1 � z�/

ˇ̌
� c

"

r
: (6.55)

So, (6.49), (6.51)–(6.53), (6.55) imply kU2kL1.Q;rnQ";r� /
�

c "
r

. Together with (6.47), we
prove (6.45).

7. Boundary Lipschitz estimate for strongly elliptic equations

Assume (3.32)–(3.34), and let 0 2 @�. We plan to derive the Lipschitz estimate for the
solutions of strongly elliptic equations around a neighborhood of 0.

Lemma 7.1. Under (A1)–(A2) and ˛; "
r
; r 2 .0; 1/, there exist constants z�.< �/ and

z"0.< "0/ such that if �; "
r
< z"0,´
�r � .K";r

!2;�
rV / D 0 in B1.0/ \�=r;

V D Vb on B1.0/ \ @�=r;
(7.1)

and ´
Vb.0/ D @TVb.0/ D 0;

kVkL1.B1.0/\�=r/; ŒrVb�C˛.B1.0/\�=r/ � 1;
(7.2)

then
sup

z2Bz� .0/\�=r

ˇ̌
V .z/ �

�
z2 CW ";r

!;�;2.z/
�
d!;";r

ˇ̌
� z�1C

˛
2 : (7.3)

Here, � , "0 are from Lemma 5.2; z D .z1; z2/; @TVb (or @1Vb) is the tangential derivative
of Vb; d!;";r is the second component of K�1!;�.K

";r

!2;�
rV /Bz� .0/\�=r ; and K�1!;� is the

inverse matrix of K!;�.

Proof. Assume r 2 Œ0; 1� and V , Vb satisfy8̂̂<̂
:̂
��V D 0 in B4=5.0/ \�=r;

V D Vb on B4=5.0/ \ @�=r;

Vb 2 C
1;˛.B4=5.0/ \�=r/ with Vb.0/ D @TVb.0/ D 0:

(7.4)

See Section 2 and (3.33)–(3.34) for �=r . By [19, Theorem 4.16], there exist z� 2 .0; 4
5
/

and ˛0 2 .˛
2
; ˛/ such that

sup
z2Bz� .0/\�=r

ˇ̌
V .z/ � z2 .@2V /Bz� .0/\�=r

ˇ̌
� z�1C˛

0�
kVkL1.B4=5.0/\�=r/ C ŒrVb�C˛.B4=5.0/\�=r/

�
; (7.5)

where @2V is the partial derivative with respect to z2 variable.
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We claim (7.3). If not, there is a sequence ¹"; �"; !"; r"; V"; Vb;";K!";�"º satisfy-
ing (7.1)–(7.2) and8̂̂<̂

:̂
�";

"
r"
! 0; r" ! r 2 Œ0; 1�;

zK D lim"!0 K!";�" ;

supz2Bz� .0/\�=r"
ˇ̌
V".z/ �

�
z2 CW ";r"

!";�";2
.z/
�
d!";";r"

ˇ̌
> z�1C

˛
2 :

(7.6)

See (5.4) for K!";�" . Equation (7.6)2 is due to (5.5). By Lemma 3.6, (A2), and (7.2),

K";r"

!2" ;�"
rV"




L2.B4=5.0/\�=r"/

� ckrV"kL2.B5=6.0/\�=r"/ � c; (7.7)

where c is independent of ", �", !", r". By (7.7), Lemma 3.11, Sobolev embedding the-
orem [19], (7.2), [7, Theorem 1], and remark in [21, pp. 43–44], there is a subsequence
(same notation for subsequence) of ¹V";Vb;"º such that8̂̂̂̂

<̂
ˆ̂̂:
kV" � VkL1.B4=5.0/\�=r"\�=r/ ! 0

kVb;" � VbkC 1.B4=5.0/\�=r"\�=r/ ! 0

kVkL1.B1.0/\�=r/; ŒrVb�C˛.B1.0/\�=r/ � 1

K";r"

!2" ;�"
rV" ! zKrV in L2.B4=5.0/ \�=r/ weakly

as
"

r"
! 0; (7.8)

where zK is a positive constant satisfying (5.5)1. Also, the limit functions V , Vb sat-
isfy (7.4). By (7.6)2 and (7.8)4,

lim
"
r"
!0

K�1!";�" �

Z
S;r"
z�
.0/

K";r"

!2" ;�"
rV" dx D .rV /S;r

z�
.0/: (7.9)

By (7.6)3, (7.8)1, Lemma 6.9, (7.9), and (7.5),

z�1C˛=2� lim
"
r"
!0

sup
z2S;r"

z�
.0/

ˇ̌
V".z/ �

�
z2 CW ";r"

!";�";2
.z/
�
d!";";r"

ˇ̌
D sup
z2S;r

z�
.0/

ˇ̌
V .z/ � z2 .@2V /S;r

z�
.0/

ˇ̌
� z�1C˛

0=2
�
kVkL1.S;r

4=5
.0// C ŒrVb�C˛.S;r

4=5
.0//

�
:

We get contradiction if z� is small enough. So, (7.3) holds.

Lemma 7.2. Let z� , z"0 be the same as Lemma 7.1. If (A1)–(A2), ˛ 2 .0; 1/, ";� 2 .0; z"0/,
and ´

�r � .K"
!2;�
rV / D 0 in B1.0/ \�;

V D 0 on B1.0/ \ @�;
(7.10)

then, for any k 2 N with "
z"0
< z�k , there are constants d";k�1!;� satisfying´

jd";k�1!;� j � c zJ ;

supz2Bz�k .0/\�
ˇ̌
V.z/ �

Pk�1
jD0
z�
j˛
2

�
z2 C z�

jW ";z�j

!;�;2

�
z
z�j

��
d";j!;�

ˇ̌
� z�k.1C

˛
2 / zJ ;

(7.11)
where z D .z1; z2/, zJ � kV kL1.B1.0/\�/, and c is independent of "; � .D !�1/.
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Proof. When kD 1, (7.11) holds by Lemma 7.1 with r D 1 and V D V
zJ

. d";0!;� is the second

component of K�1!;�.K"
!2;�
rV /Bz� .0/\�

. By Lemma 3.6 and (A2), we see jd";0!;�j � c zJ ,
where c is independent of "; �.D 1

!
/. Suppose that (7.11) holds for some k 2 N with

"
z"0
< z�k ; define, in B1.0/ \�=z�k ,8<:V .z/ � 1

zJ z�
k.1C ˛2 /

�
V
�
z�kz

�
�
Pk�1
jD0
z�
j˛
2

�
z�kz2 C z�

jW ";z�j

!;�;2

� z�kz
z�j

��
d";j!;�

�
;

Vb.z/ �
�1

zJ z�
k.1C ˛2 /

Pk�1
jD0
z�
j˛
2 z�k z2d";j!;�:

Note ŒrVb�C˛.B1.0/\�=z�k/ D 0. Functions V , Vb satisfy (7.1)–(7.2) with r D z�k . Apply
Lemma 7.1 to get

sup
Bz� .0/\�=

z�k

ˇ̌
V .z/ �

�
z2 CW ";z�k

!;�;2.z/
�
d
!;";z�k

ˇ̌
� z�1C

˛
2 ; (7.12)

where d
!;";z�k

is the second component of K�1!;�.K
";z�k

!2;�
rV /

Bz� .0/\�=
z�k

. By Lemma 3.6

and (A2), jd
!;";z�k

j are bounded uniformly in ";�.D 1
!
/; z�k . Rewrite (7.12) in terms of V

in Bz�kC1.0/ to obtain

sup
Bz�kC1 .0/\�

ˇ̌̌̌
ˇV.z/ � k�1X

jD0

z�
j˛
2
�
z2 C z�

jW ";z�j

!;�;2.z=
z�j /
�
d";j!;�

� z�
k˛
2 zJ

�
z2 C z�

kW ";z�k

!;�;2.z=
z�k/
�
d
!;";z�k

ˇ̌̌̌
ˇ � z� .kC1/.1C ˛

2 / zJ :

If d";k!;� � zJ d
!;";z�k

, then (7.11) holds for k C 1.

Lemma 7.3. Let z"0 be the same as Lemma 7.2. If (A1)–(A2) and "; � 2 .0; z"0/, there is
a constant c independent of "; �.D 1

!
/ such that any solution of (7.10) satisfies

K"

!2;�
rV




L1.B1=2.0/\�/

� ckV kL1.B1.0/\�/: (7.13)

Proof. By (3.32), 0 2 @� and there is a local coordinate z D .z1; z2/ so that

B1.0/ \� D B1.0/ \
®
.z1; z2/ 2 R2 j z1 2 R; z2 > ‡.z1/

¯
:

We claim
sup

.0;z2/2B1=2.0/\�

ˇ̌
K"
!2;�
rV.0; z2/

ˇ̌
� ckV kL1.B1.0/\�/: (7.14)

Proof of claim. Let z� , zJ , ˛ be the same as Lemma 7.2; c is a constant independent of
";� .D 1

!
/; k 2N satisfies z�kC1 � "

z"0
< z�k . For any z � .0; z2/ 2 B1=2.0/\�, we have

either (i) 1
2
z�`C1 � z2 <

1
2
z�` for 0 � ` � k or (ii) 0 � z2 < 1

2
z�kC1.
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For case (i). (i.e., z � .0; z2/, 12
z�`C1 � z2 <

1
2
z�` for 0 � ` � k). By Lemma 7.2,

sup
xD.x1;x2/2Bz�` .0/\�

ˇ̌̌̌
ˇV.x/ � `�1X

jD0

z�
j˛
2

�
x2 C z�

jW ";z�j

!;�;2

�
x

z�j

��
d";j!;�

ˇ̌̌̌
ˇ � c z�`.1C ˛

2 / zJ :

(7.15)
By Lemma 6.9, (3.32)4, (7.11)1, and (7.15),

sup
Bz�` .0/\�

jV j � c zJ
�
z�`.1C

˛
2 / C

�
ˇz C "

��
� c ˇz zJ : (7.16)

See Section 2 for ˇz . Here, x2 � z�` � cz2 � c ˇz and " � z"0 z�k � 2z"0 12
z�` � 2z"0 z2 �

cz"0 ˇ
z in (7.16). We see that if z � .0; z2/ 2 � satisfies 1

2
z�`C1 � z2 <

1
2
z�`, then

sup
Bˇz=2.z/

jV j � c ˇz zJ : (7.17)

Define 8<:E";ˇ
z

!2;�
.y/ � K"

!2;�
.z C ˇz y/

V .y/ � V.zCˇz y/

ˇz zJ

in B1=2.0/:

Then, V satisfies, by (7.17),´
�r �

�
E";ˇ

z

!2;�
rV

�
D 0 in B1=2.0/;

kVkL1.B1=2.0// � c:

Remark 5.5 implies 

K"
!2;�
rV




L1.Bˇz=4.z//

� c zJ :

This proves (7.14) for case (i).

For case (ii). (i.e., 0 � z2 < 1
2
z�kC1). By Lemma 7.2,

sup
xD.x1;x2/2Bz�k .0/\�

ˇ̌̌̌
ˇV.x/ � k�1X

jD0

z�
j˛
2

�
x2 C z�

jW ";z�j

!;�

�
x

z�j

��
d";j!;�

ˇ̌̌̌
ˇ � c z�k.1C ˛

2 / zJ :

Lemma 6.9 and (7.11)1 imply

sup
Bz�k .0/\�

jV j � c" zJ : (7.18)

Define
V .y/ � V." y/=" zJ in B1.0/ \�=":

By (7.18),
kVkL1.B1.0/\�="/ � c:
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Then, V satisfies ´
�r �

�
K";"

!2;�
rV

�
D 0 in B1.0/ \�=";

V D 0 on B1.0/ \ @�=":
(7.19)

Lemma 3.7 and classical regularity result [19] imply kK";"

!2;�
rVkL1.B1=2.0/\�="/ � c. So,

we prove (7.14) for case (ii).
Finally, we repeat the argument for (7.14) (i.e., (7.15)–(7.19)) by varying the origin

along the boundary B1.0/ \ @� and by adjusting the constant c. We conclude that (7.13)
is true.

Remark 7.4. Let z"0 be the same as in Lemma 7.3. If � 2 Œz"0; 1�, (A2) implies that equa-
tion (7.10) is a uniform elliptic equation. By [32], we know that the following.

Under (A1)–(A2) and � 2 Œz"0; 1�, any solution of (7.10) satisfies (7.13).

By Lemma 3.7 and classical regularity results [19], we have the following.

Under (A1)–(A2) and " 2 Œ"0; 1�, any solution of (7.10) satisfies (7.13).

Combining with Lemma 7.3, we conclude the following.

Under (A1)–(A2), any solution of (7.10) satisfies (7.13).

8. Proof of Theorem 2.2

For any x 2 �, consider the following equation:8<:�ry �
�
K"
!2;�
ryG ".x; y/C x�y

2�jx�yj2

�
D 0 in �;

G ".x; �/ D 0 on @�:
(8.1)

Tracing the proofs of Lemmas 6.1, 6.2, 6.5, and 6.6, we see the following.

Lemma 8.1. Assume (A1), ! 2 .1;1/, "; � 2 .0; 1/, and x 2 �. A unique L2;1.�/
solution of (8.1) exists; it is the Green’s function of ry � .K"

!2;�
ry/ in �, and8̂̂<̂

:̂


G ".x; �/




�;@�
� c;

K"

!2;�
rG ".x; �/




Ld.O\�/

< cjO \�j
1
d�

1
2 ;

G ".x; y/ D G ".y; x/ for any x; y 2 �;

(8.2)

where d 2 Œ1; 2/, O is any open set and c is independent of ", !, �, x, O.

Following the proof of Lemma 6.7 and applying Lemma 8.1, we see the following.
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Lemma 8.2. Suppose (A1)–(A2); the solution of (8.1) satisfies8<:
ˇ̌
K"
!2;�

.y/ryG ".x; y/
ˇ̌
�

c
jx�yjˇ̌

K"
!2;�

.x/rxG ".x; y/
ˇ̌
�

c
jx�yj

for any x; y 2 �; (8.3)

where c is a constant independent of "; � .D !�1/.

Proof. Let c denote a constant independent of "; � .D !�1/. For any x; y 2 �, we set
h � 1

2
jx � yj, E";h

!2;�
.z/ D K"

!2;�
.y C hz/, and  .z/ � G ".x; y C hz/. Then,´

�r �
�
E";h
!2;�
r 

�
D 0 in B1.0/ \ .� � ¹yº/=h;

 D 0 on B1.0/ \ .@� � ¹yº/=h:

Since G ".x; �/ 2 BMO.�/ by (8.2)1,  2 BMO.B1.0/ \ .� � ¹yº/=h/. So, (8.2)1 and
(6.22) imply

k kLq.B1.0/\.��¹yº/=h/ � c for any q 2 .1;1/: (8.4)

If h < "� and d 2 Œ1; 2/, [19, Theorems 4.15 and 8.17], (II) of Corollary 3.4, and (8.2)2
imply 

E";h

!2;�
r 




L1.B1=2.0/\.��¹yº/=h/

� c


E";h

!2;�
r 




Ld.B1.0/\.��¹yº/=h/

� c:

If h 2 Œ"�; "/, [19, Theorems 4.15 and 8.17], Lemma 3.7, and (8.4) imply

E";h
!2;�
r 




L1.B1=2.0/\.��¹yº/=h/

� ck kL2.B1.0/\.��¹yº/=h/ � c:

If "
h
� 1, Remarks 5.5 and 7.4, (A2), Lemma 4.3, (8.4), and (8.2)2 imply

E";h

!2;�
r 




L1.B1=4.0/\.��¹yº/=h/

� ck kL1.B1=2.0/\.��¹yº/=h/

� ck kL1.B1.0/\.��¹yº/=h/ C kr kLd.B1.0/\.��¹yº/=h/ � c;

where d 2 .1; 2/. So, we prove (8.3)1. Equation (8.3)2 follows from (8.3)1 and (8.2)3.

Now, we are ready to prove Theorem 2.2. Suppose that ˆ is a solution of (2.1); then,ˇ̌
K"
!2;�
rˆ.x/

ˇ̌
D

ˇ̌̌̌Z
�

K"
!2;�

.x/rxG ".x; y/G.y/dy

ˇ̌̌̌
:

If p > 2 and 1
p
C

1
p0
D 1, then p0 2 .1; 2/. Lemma 8.2 impliesˇ̌

K"
!2;�
rˆ.x/

ˇ̌
�

Z
�

ˇ̌
K"
!2;�

.x/rxG ".x; y/G.y/
ˇ̌
dy

�

�Z
�

c

jx � yjp
0 dy

�1=p0
kGkLp.�/ � ckGkLp.�/:

So, we obtain kK"
!2;�
rˆkL1.�/ � ckGkLp.�/, and the proof of Theorem 2.2 is complete.
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9. Proof of (3.18)1 in Lemma 3.7

Let �.z � y/ denote the fundamental solution of the Laplace equation in R2 [19] and
Br � R2 denote a disc centered at 0 with radius r . Define single-layer and double-layer
potentials as, for any smooth function � on the boundary @Br ,´

S@Br .�/.z/ �
R
@Br

�.z � y/ �.y/ d�y

D@Br .�/.z/ �
R
@Br
ry�.z � y/Eny �.y/ d�y

for z 2 @Br ;

where Eny is the unit vector outward normal to @Br . By [16, pp. 148–151], [13, pp. 226–
227], and a similar proof as [33, Lemma 3.2], we see the following.

Lemma 9.1. For any ˛ 2 .0; 1/, the linear operators´
S@B1 W C

˛.@B1/! C 1;˛.@B1/

D@B1 W C
˛.@B1/! C 1;˛.@B1/

are bounded; I � d10D@B1 for d10 2 Œ�2; 2� are invertible in C 1;˛.@B1/; and

k�kC 1;˛.@B1/ � ck.I � d10D@B1/.�/kC 1;˛.@B1/;

where I is the identity operator and c is a constant independent of d10.

If En is the unit vector outward normal to @Y�, we define, for any y 2 @Y� and any
function � on Y,´

�˙.y/ � limt!0C �.y ˙ t En/; b�c.y/ � �C.y/ � ��.y/;
@˙n � � r�˙ � En; b@n�c.y/ � @

C
n �.y/ � @

�
n �.y/:

(9.1)

Proof of (3.18)1 in Lemma 3.7. Define ˛ � q�2
q

for q � 2,

MJ � k‰kL2.YnB1=4/;

and let c be a constant independent of �, !. By [19, Theorem 4.15], any solution ‰
of (3.17) satisfies

k‰kC 1;˛.B9=20nB7=20/ � c
MJ : (9.2)

Next, we find � 2 C 1;˛.B2=5/ by solving´
��� D 0 in B2=5;

� D ‰ on @B2=5:

By [19, Theorems 4.15 and 4.16],

k�kC 1;˛.B2=5/ � c
MJ : (9.3)
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Recall Y� D B�=4.0/. Define � � ‰ � � in B2=5 and y�.y/ � �.�
4
y/, y�.y/ � �.�

4
y/ in

B8=5�. Then, 8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

��y� D 0 in B 8
5�
n @B1;

by�c D 0 on @B1;

bK4=�

!2;�
r y�c � Eny D G on @B1;

y� D 0 on @B 8
5�
;

(9.4)

where Eny is the unit vector normal to @B1 and G D �bK4=�

!2;�
ry�c � Eny . See (3.14) for

K4=�

!2;�
and (9.1) for by�c; bK4=�

!2;�
r y�c. Note, by (9.2)–(9.3) and definition of single-layer

potential, 8<: kGkC˛.@B1/ � c!2� MJ ;

S@B8=5��@n y�j@B8=5�
�


C 1;˛.@B1/

� c MJ j ln�j;
(9.5)

where @n y�j@B8=5� is the normal derivative of y� on @B8=5�. By Green’s formula, (9.4),
and [16, pp. 148–151],8<:

y�
2
CD@B1.

y�/ D S@B1
�
r y�� � Eny j@B1

�
y�
2
�D@B1.

y�/ D �S@B1
�
r y�C � Eny j@B1

�
C S@B8=5�

�
@�n
y�j@B8=5�

� on @B1:

Therefore,�
I �

2.1 � !2/

1C !2
D@B1

�
y� D

2

1C !2

�
S@B1.�G/C S@B8=5�.@

�
n
y�j@B8=5�/

�
;

where I is the identity matrix. Apply (9.5) and Lemma 9.1 to see

ky�kC 1;˛.@B1/ �
c

!2

�
kGkC˛.@B1/ C



S@B8=5��@n y�j@B8=5�
�


C 1;˛.@B1/

�
� c MJ

�
�C !�2j ln�j

�
: (9.6)

By maximal principle, (9.4), and (9.6),

ky�kW 1;1.B1/ C k
y�kW 1;1.B8=5�nB1/

� c MJ
�
�C !�2j ln�j

�
: (9.7)

By assumptions, (9.7), and the definition of y�, we see kr�kL1.B2=5/ � c MJ , which implies
(3.18)1 in Lemma 3.7.
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