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Classification of decay estimate in a 4th-order quasilinear
hyperbolic equation with strong damping

Jiaxin Dou and Fengjie Li

Abstract. This paper deals with a 4th-order quasilinear hyperbolic equation involving strong damp-
ing and superlinear source,

Ut — Apu + Au — Aruy = |u|p_2“, (x,1) € 2 x (0, Tmax)»

subject to homogeneous Navier boundary condition, where 2 is an open bounded domain in R”
(n>2);p>m=>r=>2; Apu = div(|Vu"2Vu); and Ayu; = div(|Vu,|""2Vu;). For the
positive initial energy case, we obtain the existence of global solutions, where the decay estimates
are divided into five kinds for all the exponent regions. When the initial energy is negative, we arrive
at the upper and lower bounds of blow-up time. The L2 inner product (u1,ug) > 0 of the initial data
is not a necessary condition on the existence of blow-up solutions in the region {p > m > 2 = r}.

1. Introduction

In this paper, we study the asymptotic behavior of weak solutions to an initial-boundary
value problem of the 4th-order hyperbolic equation with r-Laplace damping term and
superlinear source:

Urr — At + A?u — Ajuy = [ulP2u,  (x,t) € Q x (0, Tinax).

u=0, Au=0, (x,1) € 02 x (0, Trax), (1
u(x,0) 1= ug(x) € HX(Q) NWy""(Q), xeQ, '
u(x,0) :=ui(x) € L2(Q), x €Q,

where 2 C R” is an open bounded domain with smooth boundary 0€2; Ty (< +00)
denotes the maximal existence time of (1.1); p > m > r > 2; A, denotes the «-Laplace
operator, that is, Aqv := div(|Vv|*~2Vv). High-order hyperbolic problems provide mod-
els for various phenomena in Mathematical Physics, such as the motion of elasto-plastic
bars, nuclear physics, optics, geophysics, which appear naturally in inflation cosmology
and super-symmetric field theory, quantum mechanics, and nuclear physics (see [1, 6]).
The solutions of high-order hyperbolic partial differential equations are usually quite com-
plex. Numerical or analytical methods are required, which vary greatly for different types
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of differential equations. Especially, the asymptotic behaviour of the solution was difficult
to study, namely, the decay rate of global solutions, and the bounds of blow-up time of
solutions.

Mokeddem and Mansour in [11] considered the following p-Laplacian wave equation
with m-Laplacian dissipation (strong damping),

U — Apt — alpuy = blu|'u,  (x,1) € Q x (0, +00),

subject to u = 0 on €2, where a,b > 0 and p,m, r > 2. The authors extended the results
by Ye (in [17, 18]) to the cases of m-Laplacian weak dissipation equations. Using the
potential well theory, they obtained the existence of global solutions. By using different
inequalities, they got the decay estimate of the energy.

The following nonlinear p-Laplacian wave equation with strong damping was studied
in [3],

Urr — Apu — Auy + g(x,1) = f(x), (x,1) € 2x(0,7),

subject to ¥ = 0 on d2, where 2 < p < n and f, g are given functions. The authors
obtained the global existence of this problem under suitable conditions on the initial data
and the functions f, g. For more results, interested readers can refer to the works [9, 16,
19,20].

In [15], Piskin studied the following quasilinear hyperbolic equation with strong
damping,

Ust — At — Aty + |ug |9 Yy = (ulP T, (x,1) e 2 x(0,7),

subject to u = 0 on 92, where m > 0, p,q > 1. The author achieved the decay estimates
of the energy function by utilizing the Nakao inequality and blow-up time estimates of
solutions in different ranges.

Furthermore, the wave equations with different nonlinear damping terms and source
terms,

Uy — Agu — Auy — Agu, + a|u,|m_2u, = b|u|1’_2u, (x,1) € Q x(0,400), (1.2)

subject to u = 0 on the boundary, have been discussed in [10], where a, b, o, 8, m, p > 0.
The authors showed that if p > max{«,m}, « > B, and the initial energy is negative, then
any weak solution of (1.2) cannot exist for all time.

Chen and Xu in [5] considered the following 4th-order dispersive wave equation with
nonlinear weak damping, linear strong damping, and logarithmic nonlinearity,

U — A+ A u — o(Augy + Aug) + [us"tuy, =ulnful,  (x,1) € Q x (0, 400),

subjecttou = Au =0oru = g—:}‘ = 0 on the boundary 92, where v is the unit outward

normal on 02; w € {0, 1}; r > 1. On the basis of the potential well method, the authors
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constructed several initial data conditions that lead to the existence of global solutions or
infinite time blow-up under subcritical initial energy conditions. In addition, they extended
this result to the case of critical initial energy. For other relevant results, interested readers
can refer to [2, 8, 14] and the references cited therein.

Motivated by the work [5, 10, 15], we consider the global existence and finite blow-
up of solutions to high-order problem (1.1) involving strong damping term and nonlinear
source, which has not been discussed before. We found that there was a lack of asymptotic
estimates about the rates of decay solutions and blow-up time of solutions. The rest of this
paper is organized as follows. In the next section, we give the definition of the weak solu-
tion and then introduce the potential well functional, the Nehari functional, and the energy
functional with three preliminary lemmas. In Section 3, we prove the local existence and
uniqueness of weak solutions of (1.1) by using the Banach fixed-point theorem. In Sec-
tion 4, we prove that the solutions of problem (1.1) are globally bounded with positive
initial energy and obtain decay estimates of weak solutions in all of the exponent regions.
In Section 5, we obtain the upper and lower bounds of the blow-up time for negative initial
energy.

2. Preliminaries

We denote by || - ||s the L*(2) norm for 1 < s < co. The norm in HZ () is defined
by ||u||Hg := || Aul|2, and the norm in Wol’m(Q) is defined by |lul|,1m := |[[Vullpm. The
0

inner product in L2(2) is denoted by (£, g) := Jo f(x)g(x)dx. There are the following
two different embedding inequalities, which play important roles in the proof of the main
results, where m and p are the exponents in (1.1).

e If the condition

2n

= n >4,
(H):p<pri=q"*

400, n <4,

holds, then HZ(Q2) < L?(R), i.e., |lul, < S||Aul|2, where S is an embedding con-
stant.

e If the condition
mn

(H2) 1 p < p2:= {"m

n>m,

+o00, n =<m,
holds, then W, (Q) < LP(Q). ie.. |ul, < S||Vt|;. where § is an embedding
constant.

Now, we give the definition of the weak solution of the problem (1.1).

Definition 2.1. The function u(x, t) is called a weak solution of problem (1.1) on € x
[0,T](0 < T < 00),ifu € C([0,T]; H3()) N C([0, T; Wol’m(SZ)), with

up € L7([0, T Wy " (2)) N L2([0, T]; LA(2)), usr € C([0, T (HZ(R2) N W, " (R))),
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satisfying that u(0) = ug, u;(0) = u;, and
/u,ttpdx—i—/ |Vu|'"—2w-v¢dx+/ AuA¢>dx+/ |Vu|""2Vu, - Vodx
Q Q Q Q

= / [u|?2u¢dx,
Q

for any function ¢ € HZ(Q) N W, " () and a.e. ¢ € [0, T].

Then, we introduce the following functionals. For u € HZ(Q) N Wol’m (2), we define

the potential well functional J(u) :

1 1 1
EIIAMIIE + EIIVMIIQ - ;Ilullp, 2.n

the Nehari functional 7(u) := ||Au|3 + || Vu|” — flel| 2 (2.2)
Meanwhile, we introduce the energy functional
1
E(t) = Slludllz + I ). 23)

The following three lemmas will play an important role in the proof of the main results.
Lemma 2.1. Let u be a weak solution of problem (1.1). Then, E(t) < E(0).

Proof. Multiplying (1.1) by u, and then integrating over €2, we obtain
d /1 , 1 , 1 1
E(EMutnz + 31 Aul3 — | Vul; - ;nung) = —[|Vau -

By (2.3), we get %E(t) = —||Vuy||- <0fort € [0, T]. By integration, we have E(¢) <
E(0). |

Lemma 2.2. Let (Hy, #2) hold. Assume ug € HZ(2) N Wy (Q), uy € L2(Q), E(0) >
0, I(up) = 0, and 0y + 0, < 1, where

p—m p=2
2

= (1—a)51’( 2p E(O))i

mp m
p—2

p—m

0, = a§P( E(O))

with0 < a < 1. Then, I(u(t)) > O foranyt € [0, T].
Proof. By continuity, there exists a constant o such that 7(u(¢)) > 0 for any ¢ € [0, #o].
Combining (2.1) with (2.2), we get, for any ¢ € [0, to],

1 1 1
T = 18wl 4+ IVl — el

1 1 1 1 1
= —||Au|? + —||Vul|™ + —I(u) — —||Au|? — — || Vu |
2|| ullz+mll u||m+p (u) pll ull3 pll Ul
p—2 p—m 1
= ——Aul; + —— | Vuly + —1().
2p mp p
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Hence, by (2.3), Lemma 2.1, and /(u(¢)) > O for any ¢ € [0, 9], we have

1 p—2 p—m
~lluell3 + ——IllAul; + ——|Vullj < E(t) < E(0).
2 2p mp
Furthermore, there are the inequalities
2 2
laul? < 2 E@) < =L E0). 2.4)
p—2 p—2
IVullp < 2 gy < 22 E(). 25)
p—m p—m

In addition, combining (2.4), (2.5), and (#1), (#>), we obtain, for 0 < o < 1,

lully = elully + 1 —a)fuly

H - -2
< aSP|Vu| 27" Vullm + (1 — o) SP || Aull5 ™| Aull3

p—m p=2

. m 2 2
sasp( mp E(O)) ||Vu||x+<1—a>sp( P E<0>) A2,
p—m p—2

Denote 0 := a§1’(p”i—’;nE(O))%, 0, :=(1— a)SP(%E(O))pTiz. Then,

< 61[|Vulln + 62 Aul3

llully

for ¢ € [0, 10]. Since 61 + 6> < 1, we have |lu|5 < |[Vul|™ + ||Au||? for any ¢ € [0, 10].
By using the extensibility of solutions, we obtain 7(u(¢)) > 0 for any ¢ € [0, T']. L]

Lemma 2.3 ([11, Lemma 2.4]). Suppose that E is a non-increasing non-negative func-
tion on [0, 00). If there is a non-negative constant 8 and a positive constant A such that
f:oo EP+1(t)dt < AE(s) for 0 < s < +00, then there are the inequalities

E(t) < |:A(1 + %)}Bl_ﬂl, fort >0, >0,

E@) < E(O)exp(l — %) fort >0, g =0.

3. Local existence and uniqueness of weak solution

Before giving the proof of the existence of the weak solution defined in Definition 2.1,
we consider a lemma related to a linear wave equation, which can be proved by Banach’s
fixed-point theorem. Interested readers can refer to [4,7,12, 13].

Lemma 3.1. Let ug € HZ(Q2) N W, ™ (Q) and u; € L*(Q). Then, for any T > 0, u €
C([0,T); HX(Q) N Wy ™ (R)) and u, € L" ([0, T]; W, (R)) N L=([0, T]; L2(Q)), there
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exists a unique function v(x,t), which satisfies
v e C([0, T]; H3(R)) N C(0, T]; Wy ™ (Q)),
v, € L7([0, T]; Wy " (R)) N L2([0, T]; L*(Q)),
ver € C(0, TT: (H(Q) N Wy ™ (R))),
and
Vir — AV + A%0 — Ayv; = |ulP72u, (x,t) € Q x(0,T),
v=0, Av=0, (x,1) €02 x (0, 7T), 3.1
v(x,0) = ug(x), vi(x,0) =u;(x), xeq.
Theorem 3.1. Assume ug € HZ(2) N W, "™ (Q) and uy € L*(RQ). If p satisfies

2n—6
2<p<=Ep, n>4,
2 < p < oo, n<

’

then problem (1.1) admits a unique local solution u on Q2 x [0, T)]. If
Tax = sup{T > 0:u = u(t) exists on [0, T']} < oo,
then lim;—r— (|ull2 + [|Aull2 + || Viu|lm) = +o00. In addition, lim, 7~ ||lu|, = +oc.

max max

Proof. For every T > 0, we consider the space # := C([0, T]; HZ(Q) N Wol’p(Q)) N
C([0, T); L*(R)), endowed with the norm

llle := sup{llucll3 + [Aul3 + IVulz,. ¢ € [0, T}

We use Banach’s fixed-point theorem on a closed Bg(0) C . By Lemma 3.1, for every
u, we get that problem (3.1) admits a unique local solution v € J# with

ve € L7([0, T]; Wy " (R)) N L=([0, T]; L*(Q)),
vie € C([0, T]; (HZ(Q) N Wy ™ (Q))).

Set S(u) = v.
At first, we prove that S maps # into J¢. Multiplying (3.1) by v; and integrating over
Q x [0, ], we obtain

1 1 1 d
Sl + 3 18vE + 9ol + [ [ 1vunpaas
1 2 1 2 1 m ! p—2
— Il + S 0AvolE + Vool + [ [l uvdeds. 62)
m 0 JQ

Applying Young’s inequality and H(Q2) < L?*P~2(2), we get

2p—2
2 & , 4 2p—2 & 2 2 2p—2
[ | < ol + D35 < S+ 2 pant 63)
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where S, is an embedding constant and ¢ is a small constant. Inserting (3.3) into (3.2), we
have

1 1 1 4
SIvel3 + 214013 + Vol +/ / Vo, dxds

2p2

< Sl + 3180013 + - [Vuols + [ o 2ds + 2 [ | Aul2P~2ds.

Hence, we get

: ” ”2 ! ”A ”2 ! ” ”2 = ! ” ”2 + ! ||A ||2 —1 ||V ||m 1171727 -
2 v v + Vu v —_ v v
th2 5 275 m = 5 11Vell2 5+

1 , 1 , 1 m I 2\m2
E—||vl||2+—||AU0||2+—||VUO||m+ Smr

2p 2
/ v 2ds + & / | Auf22~2ds,

which implies

sup v |3+ sup [Av[3+ sup [Vulz,

t€[0,T] t€l0,T] t€l0,T]
eT 8 217 2 2 2
<A+ sup loell3 + || 5"
t€l0,T]

where 2 := J{lv1]3 + 31 Avoll3 + %[ Vvolly: + (zm%)%
By taking % < 1, we have ||v||§€ <A+ 852 || ||2p -2
such that if A < R2 and T < %,then ||v|| <A+ 85277T R2p—2 — R2 Hence,
S:H— H.
Next, we will show that S is a contraction mapping. Let vy := S(u1), vz := S(uz)
and v := vy — vy, ¥ := u; — uy. Then, v is the unique solution to the equation

We choose R large enough

Vir + AP0 — (Apv1 — Apva) — (Apvr — Apvag) = [ug]? 7 2uy — ua|?2uy. (3.4)

Multiplying (3.4) by v; and integrating on 2 x (0,7), we get
1 1 ‘ ) .
E”th% + EHAU”% +/ / (IVv1"72Vu1 — [V "2 V,) - (Vs — Vogs)dxds
0 Ja
t
+ / / (|Vvls|m_zvvls - |Vv2s|m—2vv2S) - (Vvys — Vugg)dxds
0 JQ
t
= / / (lua|P2uy — [uz|?uz)vsdxds.
0o Ja

By applying (|a]”"'a — |b|*"'b)(a — b) > O fora,b, € R", y > 0 and
o — BI" < 2" (|« P — |BI"?B) - (@ — B)
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fora, B,€ R",2 < m < oo, denoting q(u) := |u|?~2u, we get

1

) 1 ) 22—m
Slvel3 + S1Av]3 +

t
Vol < /0 /Q (@) — qua)vsdxds.  (3.5)

Using Lagrange’s theorem, for 0 < o < 1, § := au; + (1 — &)u,, and Young’s inequality,
and Holder’s inequality, we have

/Q (q(u1) — q(uz))ved
:/ q’(é)uvtdx
Q

) 2
ool + 5 [ 1@ Plupax
Q

m

IA

IA

2 -
loell + 5= 1) fg oty + (1 = eyun 772 [ufPdx

n—2 2
2 n T 2
v ll3 + g(l’ - 1)2(/ |u|r122dx) (/ louy + (1 —oz)u2|"(1’_2)dx)
Q Q

2
2 _ n
ol + 5= 124t [ s+ 0ol

2(p—2 2(p—2
lvell2 + Csl Aul3 (| Aur 2772 + | Auz 2772

IA

IA

IA

SHN | S N> NS N S N

2(p—2
< S lvell3 +2Cs | Aullul 5~ (3.6)
where Cj is a positive constant related to §, p and the embedding constants in HOZ(Q) —
L"?=2(Q) and HX(Q) <> L2 ().
Hence, taking (3.6) into (3.5), choosing R large enough and § small enough, we obtain

1 1 2
Sluell3 + S avl3 +

2—m

IVoll < 4CsR*P=IT [[u]| .

m
Choosing T small enough, we obtain that S is a contraction mapping.

If ||u ||§€ remains bounded, then, by the continuation argument, we get that the solution
may be continued. Therefore, if Ti.x < 00, we get

lim [|u]|% = tim (fuell2 + [ Aullz + [|Villm) = +o0. (3.7

max max

In addition, by (2.1), (2.3), and Lemma 2.1, we have

1 1 1 1 1 1 2\ 72
S ell3 + SHAulls + SVl < S el + S 1Aull3 + — I Vully + (-m'")

1 , 1 o (1 272
EO)=J )+ 5 | Aul+— Va4  5m

1 2\m2 1
E(O)+(§m'n) +;||u||1’,’.

IA

It can be checked from (3.7) that lim;7- |u|, = +oc. n

max
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Remark 3.1. If (#;) holds and lim, .7~ _|lu|, = +o0, then lim;7- [[Aull» = co. If

max max

(#>) holds and lim;_,7- |lu|, = +oo0, then

max

lim [|Vull, = oo.

max

4. Decay estimates of global solutions

Theorem 4.1. Let (Hy, Hy) hold. Assume ug € HZ(Q2) N Wy " (Q), u; € L2(), E(0) >
0, and I(ug) > 0. Then, the local solution of problem (1.1) is globally bounded and satis-
fies the following decay estimates.

(1)  Ifm =r =2, then there exists a constant w > 0, which is independent on E (0),
such that p
E(t) < E(0)exp (1 — —) forallt > 0.
1)

(i) Ifm > 2 =r, then there exists a constant t; > 0 depending on E(0) such that

E@t) < (%)m forallt > 0.

(i) If2<r<3andr <m < % then there exists a constant 5 > 0 depending
on E(0) such that

2
E(t) < (%)"2 forallt > 0.

(v) If2<r <3and m > %, then there exists a constant 13 > 0 depending on

3—r’
E(0) such that

m(r—1)
E(t) < (2_3) "7 forallt > 0.

(v)  Ifm > r >3, then there exists a constant t4 > 0 depending on E(0) such that

2

E(t) < (%)j forallt > 0.

Remark 4.1. Theorem 4.1 provides all kinds of decay estimates for the energy function
E(t) of global solutions obtained in the exponent regions m > r > 2. Five kinds of decay
estimates are shown in Figure 4.1, where the decay rates are compatible with each other
on the boundaries of different exponent regions.

Proof of Theorem 4.1. By Lemma 2.2, using E(0) > 0 and /(1) > 0, we derive that
I(u(t)) > 0 for any ¢ € [0, T']. By the definition of J(u), I(u), and E(¢), we have
1 p—2 p—m
E(t) = §||Mt||§ + 7||Au||§ + m—pHVMH'rZ-
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m
m=r

3k

2k

0 é é r

Figure 4.1. The decay estimates of energy.

Hence, by Lemma 2.1, we obtain

2p  mp
Juael3 + I Aul3 + [ Vull < max{2, P

,—}E(t) < CE(0) < +oo,
2 p—m

where C := max{2, %, p"i—’:n . This implies that the weak solution is global.

Next, we will give the decay estimates of the energy function of global solutions.
Multiplying (1.1) by E4(¢)u and integrating over 2 x [S, T'], we get

T T
/ / E4(Ou(us + A%u — Apu — Ayug)dxdt = f / Eq(t)|ulPdxdt, (4.1)
S Q S Q

where 0 < § < T < +o0 and g is a positive constant, which will be given later. Since

T T T
/ / E9(t)uu,,dxdt :/ Eq(x)/(uu,),dxdx—/ / E9(t)|u,|*dxdt,
S Q S Q S Q

by using (4.1), we have

T T
-I—/ / E4(t)|Vu|"dxdt +/ / E9(t)|Vu,|"">Vu, - Vudxdt
s Ja s Ja

T
= f / E9(t)|u|Pdxdr. (4.2)
S Q
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By (4.2), we obtain
T T
[ /Eq(t)(uu,),dxdt+/ /Eq(t)|Vu,|’_2Vu,-Vudxdt
S Q S Q
T
4 [ BB ITul + allaul} + @+ 61 + 62) s Bl
S
T T
- (3+6 +92)/ /Eq(t)|u,|2dxdt+(1—91)/ /Eq(t)|Vu|’”dxdt
S Q S Q
T
+(1—92)/ /Eq(t)|Au|2dxdt
S Q
T T
=/ /Eq(t)(uu,),dxdt—i—/ /Eq(t)|Vu,|’_2Vu,-Vudxdt
S Q S Q
T T
—(3—91—92)/ /Eq(z)|u,|2dxdz+(1—91)/ /Eq(t)(|Vu|m+|u,|2)dxdt
S JQ S JQ
T
+(1—92)/ / E9(t)(Ju, > + |Au|*)dxdt
S Q
T
=/S (= O IVul = O g 12 + Nul|2) E¥ 1)dr <. 43)
For k := min{l — 01,1 — 6,}, we get
e (L 1 > 1 2, 1 m_ 1 p
k g ETT()dt = k g E4(t) 5||u:||2+5||Au||2+n—,[IIVuIIm—;IIuII,, d
g q 1 2 1 m
= =6y [ EYO Flluelly + —lVully Jde
S m
T 1 2 1 2
+=6) [ B0 S1oul+ 53 )ar.
S
Using (4.3), we have
T T
k/ E9T(t)dr < —/ / E9(t)(uu,)dxdt
S S Q
T
—/ /Eq(t)|Vut|’_2Vut'Vudxdt
S Q
T
+ G0~ ) /S E9(0) 34t
Since & (E4(t) [q uu,dx) = E9(1) [q(uu)idx + gET (1) E' (1) o uu,dx, we get

T
k/ EMMY@)dt < Iy + Ir + I3 + 14, (4.4)
S
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where
T d
I .= —/ —(Eq(t)/ uu,dx)dt,
s dt Q
T
I, ::q/ Eq_l(t)E’(t)/ uu dxdr,
S Q
T
I3:=(3-0 - 92)/S E?(t)||lu,3dz,

T
I ;:_/ /Eq(t)|Vu,|’_2Vu,-Vudxdt.
S Q

Now, let us estimate I, I», I3, and 14, respectively.

T
I = —/:g ;(Eq(t)/ uutdx)dt

< |E9(S) /Q u(S)u,(S)dx — E4(T) /Q u(T)uy(T)dx

< Eq(S)/ u(S)u,(S)dx
Q

+ ‘Eq(T)/ u(T)u,(T)dx|.
Q

190

By Lemma 2.1, we have % E(t) =— [ |Vu;|"dx <0, and hence, E(t) is a non-increasing
function in variable ¢, that is, E(T) < E(S). On the other hand, by applying Young’s

inequality, Lemma 2.2, and ||u|3 < SZ||Aul|3, we have

/ ax| < L3 + 51l < 5| ||2+—S32||A I3
uudx| < —|lu =|lu =|lu u
g = HliMeliz = Sz = SllUllz 2
1 , S2 2p p-
= —|lu - Aull; < C1E(¢
Sl + 52l < ¢ B
2
where Cy 1= max{l f}_p} is a positive constant. Hence,

Iy < CLETN(S) + CLET(T) < 2CETT(S).

Also, using (4.5) and Lemma 2.1, we get

T T
L <|q ETYOE'(t) | wu,dxdt §—qC1/ EY(t)E'(¢)dt
s Q s
_ 4C g+ g+1 g+1
=7 S ETTE) - ETTT)) = 2GETT(S).
q

where C; = Z%.

(4.5)

(4.6)

4.7
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For I3, by the embedding [|u||3 < S?|/Vul||?, Lemma 2.1, and Young’s inequality, we

have
T
Iy = (G0 —6) /S E9(0) s | 3de
T 2
<G-6—6) [ BNV Far
S
T 2
=(B—6, —6,)S? / E9(t)(—E' ()7 dt
S
2 s —2 T 2 F2 r ’
< (3—61—02)S2e] —/ Er2(1)dt +(3—61—6,)S2¢e -/ (—E'(1))dt
r S rJs
_r_ T qr —-r
= Cse? / E™2(1)dt + Cae? (E(S) — E(T))
S
_r T qr —-r
< C3s{*2/ Er=2(t)dt + Cae E(S), (4.8)
S

where C3 := (3 — 6, — 92)Sf(r —2)/r,Cqy:=2(3—-6; — 92)Sf/r, and £; > 0.
For 14, by Holder’s inequality, we have

m—1
m(r—1) m
/ |Vu,|""2Vu, - Vudx < (/ |Vu,]| et dx) (/ |Vu|mdx)
Q Q Q

R

mir— m=1
ﬁ 1_m(rfl) m %
< (/ |Vu,|rdx) |Q] " re=D (/ |Vu|mdx)
Q Q
=1Q [V |2Vt . (4.9)

Hence, thanks to Lemma 2.1 and Lemma 2.2, using Young’s inequality and (4.9), we have

Iy <

T
/ / E4(t)|Vus|""2Vu, - Vudxdt
s Ja

T
< || fs B9 [ Va7 | Vo

, n
<2 [ eroeeo (k)

m T
:|Q|"ﬁn‘r’(ﬂ) [SEH%(I)(_E/(I))'%‘d,

p—m
Lo v T T
m—r m -1 L
< Q% (ﬂ) [‘9—2/ E@ (e + "¢ H/ (—E’(t))dt}
S S

p—m r r
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T e T
= Cse, / E@ a7 (1)dt + Coey ™! / (—E'(t))dt
S S

T 1
< Csé} [S E@H T (1)de + Cee, TE(S), (4.10)

— L&t L . =t L
where Cs := +|Q|mr p”i’;n)m, Cs := ==|Q| mr (p”i’;n)m,andez > 0.

By inserting (4.6)—(4.8), (4.10) into (4.4), we arrive at

_r_

T T
k/ ETN(t)dt < (2C) + 2C) ETTI(S) 4 C3e] / E72 (1)dt
S S

N~

. T
+ (Ca8) 2 + Coe, ") E(S) + Cseh / E@ ) (1)dr. (4.11)
S
Now, we give the proof of the decay estimates of global solutions. It could be checked
from Figure 4.1 that the exponent regions in cases i, ii, iii, iv, and v cover the whole region
m > r > 2. In the following, C denotes a positive constant which could be different from
line to line and even in the same line.

Casei. If m = r = 2, we choose ¢ = 0 and small ;. From (4.11), we get
T
/ E?Y()dt < wE(S),
S

where w is a positive constant independent of E£(0). Hence, by Lemma 2.3, we arrive at
E(t) < E(0)exp(l —t/w) forall t > 0.

Case ii. If m > 2 = r, we choose ¢ such that ¢ + 1 = 2(q¢ + %), that is, ¢ = mT—z
Choosing &, small enough, from (4.11), we get

T
[ EY(t)dt < CETTY(S) + C'E(S) < (CEY(0) + C")E(S),
S

where C, C’ are different constants, which are independent of E(0). Hence, by Lem-
ma 2.3,

1 u

E() < [(CE‘I(O) + C/)(l N 1)}"[—; = (2)** forai >0,
q t

where 77 is a positive constant depending on E(0).

2 r—2

Caseiii. If2 <r <3,r <m < 3=, we choose g such that g + 1 = Ao ie, g =52,

and choose o7 such that ¢ + 1 + a1 = (¢ + %)r, ie., o = Lz(r_l) + 5, —1>0.

Setting &5 := ¢E -3 (0) and choosing €1, € small enough, from (4.11), we get

m

T - —r
/ E (1)dr < CEITY(S) + C'E(S) + C"E = tmt=1 (0) E(S)
S

< (CE(0) + C' + C"EZ T t=1 (0)) E(S),
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where C, C’, and C” are different constants, which are independent of E(0). Hence, by
Lemma 2.3,

1
1 1\¢
E(t) < (CE(0) + C’ 4+ C"EZ T 1)(0))«( —)qt‘é
q

2
- (ft—z)"2 forall 7 > 0.

where 7, is a positive constant depending on E(0).

Case iv. If2<r<3andm>3i we choose ¢ such that ¢ + 1 = r(q + 1) ie.,
q:m,andchooseaz such that ¢ + 1 + ap = rqz,1e az::n(?rmz—m>0

Setting &1 = eE~ e (0) and choosing &5, & small enough, from (4.11), we get
r(3m—mr—2)
/ E?T(t)dt < CEITY(S) 4+ C'E(S) + C"E 2mt-D (0)E(S)
S

r(3m—mr—2)
< (CE(0) + C' + C"E 500" (0)) E(S),

where C, C’, and C” are different constants independent of E(0). Hence, by Lemma 2.3,

E(t) < (CE1(0) + C’ +Cu52m<r1>(0));( é)ql_;

m(r—1)

73 m—r
= (7> forallt > 0,

where 73 is a positive constant depending on E(0).

Case v. If m > r > 3, we choose g such that g + 1 = 25, ie., g = and choose

r=2-’ 2 ’
ay suchthatg + 1+ a1 = (¢ + %)r, ie., o = W + £ — 1> 0. Setting &5 =

eE~F (0) and choosing &1, & small enough, from (4.11), we get

T — m—r
[ ET (1)t < CETH(S) + C'E(S) + C"E 7 Fat-1 (0) E(S)
S

m

< (CE(0) + C' + C"EZ T mt—1 (0)) E(S),

where C, C’, and C” are different constants, which are independent of E(0). Hence, by
Lemma 2.3, E(t) < (ft—“)ﬁ for all + > 0, where 74 is a positive constant depending on
E(0). n

5. Blow-up of solutions

5.1. Negative initial energy case

In this section, we get the lower and upper bounds of the blow-up time for the negative
initial energy case.
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Theorem 5.1. Let (H#2) hold. If up € HZ(2) N Wy (R), us € L*(R), E(0) <0, and
p >m >r > 2, then the weak solution u of (1.1) blows up at some finite time T,
in the sense that lim; - _|ul, = +oo, and the blow-up time Ty, satisfies T <

max
1—a m—r m—2
Ta L~ 1% (0), where 0 < a < mm{p(r_l), S }; € is a positive constant;

L(0) := (—E(0)'™® + 8/ uiupdx > 0,
Q
where ¢ is a small constant and will be given below. In addition, if p satisfies

4

2<p<2(" D >4,
2 < p < oo, n =34,

then the blow-up time

+o0 1
Trax > / = ds, (GH))
"7 S s + C (22501

where M(0) := F|lu; I35+ %||Au0||% + [|Vuo |2, and C is the embedding constant in
the embedding HZ () — L>®~D(Q).

Proof. Let H(t) := —E(t). By Lemma 2.1, we get H'(t) = —E’(t) > 0. Therefore, H ()
is a non-decreasing function. By the definition of E(¢), we obtain

1 1 1 1
0<H(©0) =< H() —Ellutllﬁ - EIIAuH% = IVl + ;IIMII},’

IA

1
;||u||ll,’ for every t > 0. (5.2)

We define L(z) := H'™%(t) + ¢ Jq usudx, where & > 0 is a small constant. Taking the
derivative of L(¢) and using (1.1), we obtain

L't)=0-a)H “OH'(t) + 8/ u?dx + s/ usudx
Q Q
=(1—-a)H *)H'(t) + 8/ u?dx —8/ |Au|?dx —8/ |Vu|™dx
Q Q Q
+ 8/ [u|?dx —8/ [Vu,|""2Vu, - Vudx. (5.3)
Q Q
For the last term of (5.3), by applying Young’s inequality,
AT -1 r
/ [Vu,|""2Vu, - Vudx < —/ |Vu|"dx + r—rﬁ/ [Vu,|"dx. (5.4)
Q rJa r Q

Inserting (5.4) into (5.3), we get

L'(t)> (1 —a)H ™ *(t)H’ (t)+8/ zdx—sf |Au| dx—s/ |Vu|™dx

—i—s/ |u|pdx—s—/ |Vul” dx — el A_ﬁ/ [Vu,|"dx.
Q
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Taking A7 1 := M H~%(t), we have

L’(t)2(1—&)H‘“(I)H’(t)+8/ ufdx—e[ |Au|2dx—8[ |Vu|’"dx+8/ |u|Pdx
Q Q Q Q

-1
MIH_“(I)[ [Vu,|"dx.
Q

Ml—r
-1 H"‘(r_l)(t)/ |Vu|’dx—8r
r Q

Denote M := "1 M,. Using E'(t) = —|Vu,|}, we have

L'(t)>(0—a—eM)H *@t)H'(t) +s/ u%dx—s/ |Au|?dx
Q

—8/ |Vu|mdx+8/ |u|pdx—8 H”‘(’ 1)(t)/ |[Vu|"dx.

For some constant k, we get

L®)>A—a—eM)H™ “0)H'(t) + kH() + (g + s)/ u?dx
Q
+ (ﬁ—s)/ |Au|*dx + (E—e)/ |Vu|™dx

(g_—)/ |u|pdx—s | pet- 1’(:)/ |Vu|"dx. (5.5)

Since m > r, combining (5.2) and the embedding WO1 () — LP (), we have

a(r—1) a(r—1)
H"‘('_l)(t)/ |[Vu|"dx < (—) (/ |u|pdx) / |[Vu|"dx
Q

1 a(r—1) pa(r D+r
< C( ) (/ |Vu|mdx) , (5.6)
p

where C is an embedding constant. For any z > 0 and 8 > 0, we have

z”§(z+1)§(l+%)(z+ﬂ) forallz >0, 0 <v <1. 5.7

Since a < p(r 1), by (5.2), (5.7), we get

patr=n)sr
([ |Vu|mdx) (1 + m)(/ |[Vu|™dx + H(O))

= Mz(/ |Vu|™dx + H(t)), (5.8)
Q
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where M, := 1 + -~ Therefore, combining (5.8) and (5.6), (5.5) becomes
H(0) g

L(@t)>(1—a—eMYH“()H'(t) + kH (1) + (% + a) / u2dx
Q

k k k
—I—(——s)/ |Au|2dx+(——s)/ |Vu|mdx+(8——)/ |u|Pdx
2 Q m Q p Q
MI-TC /1 a(r—1)
— g1 (—) Mz(/ |Vu|™dx + H(t))
r p Q

k k
=(l—-a—eM)H *(t)H'(t) + (54-8)/924?(1)64- (5—5)/9|Au|2dx

k Ml_ré 1 a(r—1) k
+[__8_81_(_) Mz]/ |Vu|'"dx+(e——)|lu||5
m r p Q p

MI-rC /1\2C—D
+ [k —e—1 ¢ (—) Mz}H(t).
r p

Setting k = ¢p, we have

L'(t)> (1 —a—eM)H () H'(t) + s(g + 1) / uldx + 8(% - 1) / | Aul?dx
Q Q

MI-TC /1 a(r—1)
+e[£ - (—) M2i|/ V" dx
m r p Q

Ml—ré 1 a(r—1)
+e[p— L (;) Mz}H(f)

r

We choose M large enough so that
L'(t) = (1 —a—eM)H () H'(t) + ey (H(@) + |[ue]l3 + |Aull3 + | Vully),

where y is a positive constant.
By choosing ¢ < lﬁ“, we get L(0) = H!7*(0) + Jo uourdx > 0, and

L'(t) z ey(H(0) + llucl3 + | Aull + [ Vul), (5.9)

Hence, L(t) > L(0) > 0 for¢ > 0.
Now, we estimate L% (2). It is clear that

Lia(r) < 211a{H(t) +sllu(/ utudx)l_a}. (5.10)
Q

Since m > 2, using Holder’s inequality, we get

‘/ usudx
Q

1
1

1 1
—a 2(1—a) 2(1-a)
< (/ uzdx) (/ ufdx)
Q Q
1 _1
m(l—a) 2 2(1—a)
< (/ |u|mdx) (/ utdx) .
Q Q
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By applying Young’s inequality, we obtain

‘/ usudx
Q

0

1 )
T—a 1 m(1—a) 1 2(1—a)
< —(/ |u|mdx) + —(/ ufdx)
u\Ja o\ Ja
_r _0
m(1—a) 2(1—a)
gc*{(/ |u|mdx) + (/ u%dx) } (5.11)
Q Q

where Cy := max{l%, %} and ﬁ + % = 1. Choosing 0 := 2(1 — «), we have u = 21(1_22)
Applying Poincaré’s inequality, (5.11) becomes
1 _ 2
T—a m(1—2a)
‘/ uudx §C{(/ |Vu|mdx) +/ ufdx}.
Q Q Q
Since o < ";—r_nz, ie., m < 1, using (5.7) again, we have
2
m(1—2a)
(/ |Vu|mdx) < Mz([ [Vu|™dx + H(t)).
Q Q
Therefore,
1%
]/uﬂMx < C(HO + 1Al + I3+ IVulzZ).  S.12)
Q
Hence, combining (5.12) and (5.10), we have
1
L=a (1) < C(H(@) + [ Aull + lu 3 + [ Vully). (5.13)

Combining (5.9) and (5.13), we get L' (¢) > é‘Lﬁ (z) for all £ > 0. Integrating this inequal-
ity with respect to ¢ from O to ¢, we get

1
L T—a ([) >
¢
L™ (0) — o=t
Hence, L(t) blows up at finite time Tjay and Typay < ——2—.
faL T-a (0)

Next, it remains to prove that lim; .7, L(¢) = +oo implies lim; 7, ||ull, = +o0.
Case i: [ouu;dx — +o0. Since [o uudx < $uel3 + $lull3 < 2lluel3 + 2 1Aull,
recalling Lemma 2.1, we have

1 1 1 1 1
Shucl + S0 Aul3 < 3wl + 518wl + — | Vul

1 1
E(0) + —luly = E©) + —ul.
P P

l[ull, = +o0.

max

Hence, if [ uu,dx — +oo, then lim,,7,
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Case ii: H(t) — +oo. By (5.2), we get H(¢) < L|ju||?. Hence, if H(t) — ~+o0, then
lim; 7, llull, = +oo.

max

Now, we will give the lower bound of Thax. Define M (1) := % |lu;|3 + 21| Aul3 +
| Vu|™. Taking derivative, we have

M'(t) = m[ U spdx +m/ AuAu,dx +m/ [Vu|"2Vu - Vu,dx
Q Q Q
= m/ ur (=A% + Apu 4+ Ajup + |u|?2u)dx
Q
+ m/ AuAu,dx + m/ |Vu|"2Vu - Vu,dx
Q Q
= —m|Vu,||, +mf Jul?Yu,dx < m[ |u|P~tu,dx.
Q Q

By applying Young’s inequality and HZ(Q) < L?>P~D(Q), we have
1 c oy 1 C(2 pt
[t < Sl + S 1803070 < Smo) + S (ZM@)

Hence, we get M'(t) < M(t) + 5(%)1’_2M1’_1 (1), where C is the best embedding con-
stant in the embedding HZ(Q2) — L2~ (Q). Integrating from 0 to ¢, we have

! 1
/o M(s) + C(2)P 2 Mr=1(s)

dM(s) <t.

Since u will blow up in finite time, lim;.7- M (t) = +o00. We get the lower bound (5.1)

max

of Tinax- [

5.2. Positive initial energy case
Now, we consider the existence of blow-up of solutions with positive initial energy.

Theorem 5.2. Let p>m =r >2o0r p>m >r =2 If ug € HX(Q) N W,"™(Q),

u € L%2(Q), and
me
/ Uiugdx,
m—1 Q

where ¢ is a sufficiently small constant, then the weak solution u of (1.1) blows up in finite
time.

0< E0) <

Proof. We only prove the case p > m = r > 2. The other case p > m > r = 2 can be
proved similarly.

Step 1. We first prove

-1 —1
/ uu dx — ! E(t) > (/ uuodx — r—E(O))eA’ >0,
Q re Q re
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for any ¢ € [0, T'], where A is shown in (5.14). For0 < n < 1,
d
— / uudx
dt Jo
= llu/3 + / UUgpdx
Q

= uel3 = 1 Aul3 = [Vully, — /Q [Vu,|""2Vu, - Vudx + [|ul|}

1 1 1 1

—p(1=mE@) + p(1 - 7’)(5”’““% + EIIAuH% + n—qIIVullﬁ - ;Ilullf,’)
— Aul2 — | Vul? — [ Ve "2V, - Vudx + Ju]l2

Q

p(1—mn) p(1—mn)
=—p(l-nE@)+ [T + l}lluzlli + [T —1{lAul3

p(l _77) m P r—2

+ o L{IVully + nllully — A |Vu:|""*Vu, - Vudx.

For the last term, by using Young’s inequality with small ¢, we get

-1 r—1
'/ Ve "2V, - Vuds| < T 1w+ E vl
Q re r
Hence,
d r—1
— dx — —FE(t
([ = 20
p(l—n) p(l—n)
= p=nEO + |2 iz + [ 22 1y
p(1—1) gt
| ZE il el - vy,

For m = r, using || Au||3 > A1 ||u||3, where A; is a constant, we have

d m—1
— - —F
dt(/ﬂuu,dx P (t))

11— 1—-
= =p( =m0 + | Pl | 2 1 g
_ m—1
e (N1
m m

am—l

Choosing 7, € small enough such that w —1- > 0, we have

d / d m_lE(t)
— uu,dx — ——
dr \ Jo ! me

1 — _
= =p1=nEO+ [ 2D i 20 2 1l

m
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It follows from the Cauchy—Schwarz inequality that

%(/Q uudx — —mm_glE(l))
> p(1l—E® + J% [@ + 1} [M _ 1} /Q vatyd

= A(/ uudx — BE(t)), (5.14)
Q

where 4 = \/4)“[”(12_") + 1][1’(12_’7) -1], B := w. Note that, for small &, B <

-1
o Then,
d —1 -1
—(/ uu;dx — m—E(t)) > A(/ uu,;dx — m—E(l)),
dt \ Jg me Q me

for sufficiently small €. Hence, by applying Gronwall’s inequality, we have

-1 -1
[ uudx — r—E(t) > ([ U ugdx — r—E(O))eAt > 0.
Q re Q re

Step 2. Now, let us prove this theorem by contradiction. Assume that u is a global solu-
tion of problem (1.1). Since m = r > 2, combining Lemma 2.1, Holder’s inequality, and
Poincaré’s inequality, we get

t
u0+/ ugds
0 2

t t
=< lluoll2 +/ usllmds < lluollz 4 (1 + IQI)/ Vs ||mds
0 0

t
2
Jul2 = < luolla + / 1t 2ds
0

t 1
— luolla + (1 + 2] fo (—E'(s))wds

< luolls + (1 + Q¢ " ( /0 (—E’(s))ds)'"

1

m—1 m

— uolla + (1 + 2% (E(O)—Ea)) . (5.15)

Next, we prove that since u(x, ) was a global solution of problem (1.1), then E(¢) > 0
for any ¢ > 0. In fact, by contradiction, there exists ¢y € [0, +00] such that E(#p) < 0.
Choosing u(x, tp) as the new initial datum, Theorem 5.1 indicates that u(x, ¢) blows up
in finite time, which is a contradiction. Thus, we get 0 < E(t) < E(0). Hence, (5.15)
becomes

m—1

lullz < lluolla + (1 + Q™% Ew (0). (5.16)
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m

F 22 p>m=r=>2

2,2)

1

o 2

<~V

Figure 5.1. Blow-up results.

On the other hand,

d -1 -1
d—l||u||% =2/ uuydx 22|:m—E(t)+ (/ uouldx—m—E(O))eAt]
Q me Q me

Integrating the above inequality from O to 7, we obtain
) ) "m—1 ! m—1 4
lullz = lluollz +2/ ——E(s)ds +2/ (/ uoudx — —E(O))e Sds
0 me 0 Q me

2 m—1
> ||u0||§ + Z(eAt — 1)(/Quouldx — WE(O))

which contradicts (5.16) for sufficiently large . ]

Remark 5.1. Theorem 5.1 shows that if the initial energy E(0) < 0 and (—E(0))!™* +
e fg uiuodx > 0, where ¢ is a small constant, then there are blow-up solutions of (1.1)
in the exponent region {p > m > r > 2}. In the exponent region {p > m =r > 2} or
{p>m>r=2},if0< E(0) < ;%5 [qu1uodx, then there are blow-up solutions of (1.1),
too. It can be checked from the following Figure 5.1 that [, u1uedx > 0 is not a necessary
condition on the existence of blow-up solutions in the region {p > m > 2 = r}.
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