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Classification of decay estimate in a 4th-order quasilinear
hyperbolic equation with strong damping

Jiaxin Dou and Fengjie Li

Abstract. This paper deals with a 4th-order quasilinear hyperbolic equation involving strong damp-
ing and superlinear source,

ut t ��muC�
2u ��rut D juj

p�2u; .x; t/ 2 � � .0; Tmax/;

subject to homogeneous Navier boundary condition, where � is an open bounded domain in Rn

.n > 2/; p > m � r � 2; �mu WD div.jrujm�2ru/; and �rut WD div.jrut jr�2rut /. For the
positive initial energy case, we obtain the existence of global solutions, where the decay estimates
are divided into five kinds for all the exponent regions. When the initial energy is negative, we arrive
at the upper and lower bounds of blow-up time. TheL2 inner product .u1; u0/ > 0 of the initial data
is not a necessary condition on the existence of blow-up solutions in the region ¹p > m > 2 D rº.

1. Introduction

In this paper, we study the asymptotic behavior of weak solutions to an initial-boundary
value problem of the 4th-order hyperbolic equation with r-Laplace damping term and
superlinear source:8̂̂̂̂

<̂
ˆ̂̂:
ut t ��muC�

2u ��rut D juj
p�2u; .x; t/ 2 � � .0; Tmax/;

u D 0; �u D 0; .x; t/ 2 @� � .0; Tmax/;

u.x; 0/ WD u0.x/ 2 H
2
0 .�/ \W

1;m
0 .�/; x 2 �;

ut .x; 0/ WD u1.x/ 2 L
2.�/; x 2 �;

(1.1)

where � � Rn is an open bounded domain with smooth boundary @�; Tmax.� C1/

denotes the maximal existence time of (1.1); p > m � r � 2; �˛ denotes the ˛-Laplace
operator, that is,�˛v WD div.jrvj˛�2rv/. High-order hyperbolic problems provide mod-
els for various phenomena in Mathematical Physics, such as the motion of elasto-plastic
bars, nuclear physics, optics, geophysics, which appear naturally in inflation cosmology
and super-symmetric field theory, quantum mechanics, and nuclear physics (see [1, 6]).
The solutions of high-order hyperbolic partial differential equations are usually quite com-
plex. Numerical or analytical methods are required, which vary greatly for different types
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of differential equations. Especially, the asymptotic behaviour of the solution was difficult
to study, namely, the decay rate of global solutions, and the bounds of blow-up time of
solutions.

Mokeddem and Mansour in [11] considered the following p-Laplacian wave equation
with m-Laplacian dissipation (strong damping),

ut t ��pu � a�mut D bjuj
r�1u; .x; t/ 2 � � .0;C1/;

subject to u D 0 on @�, where a; b > 0 and p;m; r � 2. The authors extended the results
by Ye (in [17, 18]) to the cases of m-Laplacian weak dissipation equations. Using the
potential well theory, they obtained the existence of global solutions. By using different
inequalities, they got the decay estimate of the energy.

The following nonlinear p-Laplacian wave equation with strong damping was studied
in [3],

ut t ��pu ��ut C g.x; t/ D f .x/; .x; t/ 2 � � .0; T /;

subject to u D 0 on @�, where 2 � p < n and f , g are given functions. The authors
obtained the global existence of this problem under suitable conditions on the initial data
and the functions f , g. For more results, interested readers can refer to the works [9, 16,
19, 20].

In [15], Piskin studied the following quasilinear hyperbolic equation with strong
damping,

ut t ��mu ��ut C jut j
q�1ut D juj

p�1u; .x; t/ 2 � � .0; T /;

subject to u D 0 on @�, where m � 0, p; q � 1. The author achieved the decay estimates
of the energy function by utilizing the Nakao inequality and blow-up time estimates of
solutions in different ranges.

Furthermore, the wave equations with different nonlinear damping terms and source
terms,

ut t ��˛u ��ut ��ˇut C ajut j
m�2ut D bjuj

p�2u; .x; t/ 2 � � .0;C1/; (1.2)

subject to uD 0 on the boundary, have been discussed in [10], where a; b; ˛; ˇ;m;p > 0.
The authors showed that if p > max¹˛;mº, ˛ > ˇ, and the initial energy is negative, then
any weak solution of (1.2) cannot exist for all time.

Chen and Xu in [5] considered the following 4th-order dispersive wave equation with
nonlinear weak damping, linear strong damping, and logarithmic nonlinearity,

ut t ��uC�
2u � !.�ut t C�ut /C jut j

r�1ut D u ln juj; .x; t/ 2 � � .0;C1/;

subject to u D �u D 0 or u D @u
@v
D 0 on the boundary @�, where v is the unit outward

normal on @�; ! 2 ¹0; 1º; r � 1. On the basis of the potential well method, the authors
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constructed several initial data conditions that lead to the existence of global solutions or
infinite time blow-up under subcritical initial energy conditions. In addition, they extended
this result to the case of critical initial energy. For other relevant results, interested readers
can refer to [2, 8, 14] and the references cited therein.

Motivated by the work [5, 10, 15], we consider the global existence and finite blow-
up of solutions to high-order problem (1.1) involving strong damping term and nonlinear
source, which has not been discussed before. We found that there was a lack of asymptotic
estimates about the rates of decay solutions and blow-up time of solutions. The rest of this
paper is organized as follows. In the next section, we give the definition of the weak solu-
tion and then introduce the potential well functional, the Nehari functional, and the energy
functional with three preliminary lemmas. In Section 3, we prove the local existence and
uniqueness of weak solutions of (1.1) by using the Banach fixed-point theorem. In Sec-
tion 4, we prove that the solutions of problem (1.1) are globally bounded with positive
initial energy and obtain decay estimates of weak solutions in all of the exponent regions.
In Section 5, we obtain the upper and lower bounds of the blow-up time for negative initial
energy.

2. Preliminaries

We denote by k � ks the Ls.�/ norm for 1 � s � 1. The norm in H 2
0 .�/ is defined

by kukH2
0
WD k�uk2, and the norm in W 1;m

0 .�/ is defined by kuk
W
1;m
0
WD krukm. The

inner product in L2.�/ is denoted by .f; g/ WD
R
�
f .x/g.x/dx. There are the following

two different embedding inequalities, which play important roles in the proof of the main
results, where m and p are the exponents in (1.1).

• If the condition

.H1/ W p < p1 WD

´
2n
n�4

; n > 4;

C1; n � 4;

holds, then H 2
0 .�/ ,! Lp.�/, i.e., kukp � Sk�uk2, where S is an embedding con-

stant.

• If the condition

.H2/ W p < p2 WD

´
mn
n�m

; n > m;

C1; n � m;

holds, then W 1;m
0 .�/ ,! Lp.�/, i.e., kukp � zSkrukm, where zS is an embedding

constant.

Now, we give the definition of the weak solution of the problem (1.1).

Definition 2.1. The function u.x; t/ is called a weak solution of problem (1.1) on � �
Œ0; T �.0 < T <1/, if u 2 C.Œ0; T �IH 2

0 .�// \ C.Œ0; T �IW
1;m
0 .�//, with

ut 2L
r .Œ0;T �IW

1;r
0 .�//\L1.Œ0;T �IL2.�//; ut t 2C.Œ0;T �I .H

2
0 .�/\W

1;m
0 .�//0 /;



J. Dou and F. Li 182

satisfying that u.0/ D u0, ut .0/ D u1, andZ
�

ut t�dx C
Z
�

jrujm�2ru � r�dx C
Z
�

�u��dx C
Z
�

jrut j
r�2
rut � r�dx

D

Z
�

jujp�2u�dx;

for any function � 2 H 2
0 .�/ \W

1;m
0 .�/ and a.e. t 2 Œ0; T �.

Then, we introduce the following functionals. For u 2 H 2
0 .�/\W

1;m
0 .�/, we define

the potential well functional J.u/ WD
1

2
k�uk22 C

1

m
krukmm �

1

p
kukpp ; (2.1)

the Nehari functional I.u/ WD k�uk22 C kruk
m
m � kuk

p
p : (2.2)

Meanwhile, we introduce the energy functional

E.t/ WD
1

2
kutk

2
2 C J.u/: (2.3)

The following three lemmas will play an important role in the proof of the main results.

Lemma 2.1. Let u be a weak solution of problem (1.1). Then, E.t/ � E.0/.

Proof. Multiplying (1.1) by ut and then integrating over �, we obtain

d
dt

�
1

2
kutk

2
2 C

1

2
k�uk22 �

1

m
krukmm �

1

p
kukpp

�
D �krutk

r
r :

By (2.3), we get d
dtE.t/ D �krutk

r
r � 0 for t 2 Œ0; T �. By integration, we have E.t/ �

E.0/.

Lemma 2.2. Let .H1;H2/ hold. Assume u0 2H 2
0 .�/\W

1;m
0 .�/, u1 2 L2.�/, E.0/ >

0, I.u0/ � 0, and �1 C �2 � 1, where

�1 WD ˛ zS
p
� mp

p �m
E.0/

� p�m
m
; �2 WD .1 � ˛/S

p
� 2p

p � 2
E.0/

� p�2
2

with 0 < ˛ < 1. Then, I.u.t// � 0 for any t 2 Œ0; T �.

Proof. By continuity, there exists a constant t0 such that I.u.t// � 0 for any t 2 Œ0; t0�.
Combining (2.1) with (2.2), we get, for any t 2 Œ0; t0�,

J.u/ D
1

2
k�uk22 C

1

m
krukmm �

1

p
kukpp

D
1

2
k�uk22 C

1

m
krukmm C

1

p
I.u/ �

1

p
k�uk22 �

1

p
krukmm

D
p � 2

2p
k�uk22 C

p �m

mp
krukmm C

1

p
I.u/:
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Hence, by (2.3), Lemma 2.1, and I.u.t// � 0 for any t 2 Œ0; t0�, we have

1

2
kutk

2
2 C

p � 2

2p
k�uk22 C

p �m

mp
krukmm � E.t/ � E.0/:

Furthermore, there are the inequalities

k�uk22 �
2p

p � 2
E.t/ �

2p

p � 2
E.0/; (2.4)

krukmm �
mp

p �m
E.t/ �

mp

p �m
E.0/: (2.5)

In addition, combining (2.4), (2.5), and .H1/; .H2/, we obtain, for 0 < ˛ < 1,

kukpp D ˛kuk
p
p C .1 � ˛/kuk

p
p

� ˛ zSpkrukp�mm krukmm C .1 � ˛/S
p
k�uk

p�2
2 k�uk22

� ˛ zSp
�

mp

p �m
E.0/

� p�m
m

krukmm C .1 � ˛/S
p

�
2p

p � 2
E.0/

� p�2
2

k�uk22:

Denote �1 WD ˛ zSp. mpp�m
E.0//

p�m
m , �2 WD .1 � ˛/Sp. 2pp�2E.0//

p�2
2 . Then,

kukpp � �1kruk
m
m C �2k�uk

2
2

for t 2 Œ0; t0�. Since �1 C �2 < 1, we have kukpp � krukmm C k�uk
2
2 for any t 2 Œ0; t0�.

By using the extensibility of solutions, we obtain I.u.t// � 0 for any t 2 Œ0; T �.

Lemma 2.3 ([11, Lemma 2.4]). Suppose that E is a non-increasing non-negative func-
tion on Œ0;1/. If there is a non-negative constant ˇ and a positive constant A such thatR C1
s

EˇC1.t/dt � AE.s/ for 0 � s < C1, then there are the inequalities

E.t/ �

�
A

�
1C

1

ˇ

�� 1
ˇ

t
�1
ˇ ; for t > 0; ˇ > 0;

E.t/ � E.0/ exp
�
1 �

t

A

�
; for t � 0; ˇ D 0:

3. Local existence and uniqueness of weak solution

Before giving the proof of the existence of the weak solution defined in Definition 2.1,
we consider a lemma related to a linear wave equation, which can be proved by Banach’s
fixed-point theorem. Interested readers can refer to [4, 7, 12, 13].

Lemma 3.1. Let u0 2 H 2
0 .�/ \W

1;m
0 .�/ and u1 2 L2.�/. Then, for any T > 0, u 2

C.Œ0;T �IH 2
0 .�/\W

1;m
0 .�// and ut 2Lr .Œ0;T �IW

1;r
0 .�//\L1.Œ0;T �IL2.�//, there
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exists a unique function v.x; t/, which satisfies

v 2 C.Œ0; T �IH 2
0 .�// \ C.Œ0; T �IW

1;m
0 .�//;

vt 2 L
r .Œ0; T �IW

1;r
0 .�// \ L1.Œ0; T �IL2.�//;

vt t 2 C.Œ0; T �I .H
2
0 .�/ \W

1;m
0 .�//0 /;

and 8̂̂<̂
:̂
vt t ��mv C�

2v ��rvt D juj
p�2u; .x; t/ 2 � � .0; T /;

v D 0; �v D 0; .x; t/ 2 @� � .0; T /;

v.x; 0/ D u0.x/; vt .x; 0/ D u1.x/; x 2 �:

(3.1)

Theorem 3.1. Assume u0 2 H 2
0 .�/ \W

1;m
0 .�/ and u1 2 L2.�/. If p satisfies´

2 < p < 2n�6
n�4

; n > 4;

2 < p <1; n � 4;

then problem (1.1) admits a unique local solution u on � � Œ0; T �. If

Tmax WD sup¹T > 0 W u D u.t/ exists on Œ0; T �º <1;

then limt!T�max
.kutk2 C k�uk2 C krukm/DC1. In addition, limt!T�max

kukp DC1.

Proof. For every T > 0, we consider the space H WD C.Œ0; T �IH 2
0 .�/ \ W

1;p
0 .�// \

C 1.Œ0; T �IL2.�//, endowed with the norm

kuk2H WD sup¹kutk22 C k�uk
2
2 C kruk

2
m; t 2 Œ0; T �º:

We use Banach’s fixed-point theorem on a closed BR.0/ � H . By Lemma 3.1, for every
u, we get that problem (3.1) admits a unique local solution v 2 H with

vt 2 L
r .Œ0; T �IW

1;r
0 .�// \ L1.Œ0; T �IL2.�//;

vt t 2 C.Œ0; T �I .H
2
0 .�/ \W

1;m
0 .�//0 /:

Set S.u/ D v.
At first, we prove that S maps H into H . Multiplying (3.1) by vt and integrating over

� � Œ0; t �, we obtain

1

2
kvtk

2
2 C

1

2
k�vk22 C

1

m
krvkmm C

Z t

0

Z
�

jrvsj
rdxds

D
1

2
kv1k

2
2 C

1

2
k�v0k

2
2 C

1

m
krv0k

m
m C

Z t

0

Z
�

jujp�2uvsdxds: (3.2)

Applying Young’s inequality and H 2
0 .�/ ,! L2p�2.�/, we getˇ̌̌̌ Z

�

jujp�2uvsdx
ˇ̌̌̌
�
"

4
kvtk

2
2 C

4

"
kuk

2p�2
2p�2 �

"

4
kvtk

2
2 C

4S
2p�2
2

"
k�uk

2p�2
2 ; (3.3)
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where S2 is an embedding constant and " is a small constant. Inserting (3.3) into (3.2), we
have

1

2
kvtk

2
2 C

1

2
k�vk22 C

1

m
krvkmm C

Z t

0

Z
�

jrvsj
rdxds

�
1

2
kv1k

2
2 C

1

2
k�v0k

2
2 C

1

m
krv0k

m
m C

"

4

Z t

0

kvsk
2
2ds C

4S
2p�2
2

"

Z t

0

k�uk
2p�2
2 ds:

Hence, we get

1

2
kvtk

2
2 C

1

2
k�vk22 C

1

2
kruk2m �

1

2
kvtk

2
2 C

1

2
k�vk22 C

1

m
krvkmm C

�
1

2
m

2
m

� m
m�2

�
1

2
kv1k

2
2 C

1

2
k�v0k

2
2 C

1

m
krv0k

m
m C

�
1

2
m

2
m

� m
m�2

C
"

4

Z t

0

kvsk
2
2ds C

4S
2p�2
2

"

Z t

0

k�uk
2p�2
2 ds;

which implies

sup
t2Œ0;T �

kvtk
2
2 C sup

t2Œ0;T �

k�vk22 C sup
t2Œ0;T �

kruk2m

� �C
"T

2
sup
t2Œ0;T �

kvtk
2
2 C

8S
2p�2
2 T

"
kuk

2p�2

H
;

where � WD 1
2
kv1k

2
2 C

1
2
k�v0k

2
2 C

1
m
krv0k

m
m C .

1
2
m

2
m /

m
m�2 .

By taking "T
2
< 1, we have kvk2

H
� �C

8S
2p�2
2 T

"
kuk

2p�2

H
. We chooseR large enough

such that if � <R2 and T < ".R2��/

8S
2p�2
2 R2p�2

, then kvk2
H
� �C

8S
2p�2
2 T

"
R2p�2 �R2. Hence,

S W H 7! H .
Next, we will show that S is a contraction mapping. Let v1 WD S.u1/, v2 WD S.u2/

and v WD v1 � v2, u WD u1 � u2. Then, v is the unique solution to the equation

vt t C�
2v � .�mv1 ��mv2/ � .�rv1t ��rv2t / D ju1j

p�2u1 � ju2j
p�2u2: (3.4)

Multiplying (3.4) by vt and integrating on � � .0; t/, we get

1

2
kvtk

2
2 C

1

2
k�vk22 C

Z t

0

Z
�

�
jrv1j

m�2
rv1 � jrv2j

m�2
rv2

�
� .rv1s � rv2s/dxds

C

Z t

0

Z
�

�
jrv1sj

m�2
rv1s � jrv2sj

m�2
rv2s

�
� .rv1s � rv2s/dxds

D

Z t

0

Z
�

�
ju1j

p�2u1 � ju2j
p�2u2

�
vsdxds:

By applying .jaj
�1a � jbj
�1b/.a � b/ � 0 for a; b;2 Rn, 
 > 0 and

j˛ � ˇjm � 2m�2.j˛jm�2˛ � jˇjm�2ˇ/ � .˛ � ˇ/
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for ˛; ˇ;2 Rn, 2 � m <1, denoting q.u/ WD jujp�2u, we get

1

2
kvtk

2
2 C

1

2
k�vk22 C

22�m

m
krvkmm �

Z t

0

Z
�

.q.u1/ � q.u2//vsdxds: (3.5)

Using Lagrange’s theorem, for 0 < ˛ < 1, � WD ˛u1C .1� ˛/u2, and Young’s inequality,
and Hölder’s inequality, we haveZ

�

.q.u1/ � q.u2//vtdx

D

Z
�

q0.�/uvtdx

�
ı

2
kvtk

2
2 C

2

ı

Z
�

jq0.�/j2juj2dx

�
ı

2
kvtk

2
2 C

2

ı
.p � 1/2

Z
�

j˛u1 C .1 � ˛/u2j
2.p�2/

juj2dx

�
ı

2
kvtk

2
2 C

2

ı
.p � 1/2

�Z
�

juj
2n
n�2 dx

� n�2
n
�Z

�

j˛u1 C .1 � ˛/u2j
n.p�2/dx

� 2
n

�
ı

2
kvtk

2
2 C

2

ı
.p � 1/2kuk22n

n�2

�Z
�

ju1 C u2j
n.p�2/dx

� 2
n

�
ı

2
kvtk

2
2 C Cık�uk

2
2

�
k�u1k

2.p�2/
2 C k�u2k

2.p�2/
2

�
�
ı

2
kvtk

2
2 C 2Cık�uk

2
2kuk

2.p�2/

H
; (3.6)

where Cı is a positive constant related to ı, p and the embedding constants in H 2
0 .�/ ,!

Ln.p�2/.�/ and H 2
0 .�/ ,! L

2n
n�2 .�/.

Hence, taking (3.6) into (3.5), choosingR large enough and ı small enough, we obtain

1

2
kvtk

2
2 C

1

2
k�vk22 C

22�m

m
krvkmm � 4CıR

2.p�2/T kuk2H :

Choosing T small enough, we obtain that S is a contraction mapping.
If kuk2

H
remains bounded, then, by the continuation argument, we get that the solution

may be continued. Therefore, if Tmax <1, we get

lim
t!T�max

kuk2H D lim
t!T�max

.kutk2 C k�uk2 C krukm/ D C1: (3.7)

In addition, by (2.1), (2.3), and Lemma 2.1, we have

1

2
kutk

2
2 C

1

2
k�uk22 C

1

2
kruk2m �

1

2
kutk

2
2 C

1

2
k�uk22 C

1

m
krukmm C

�
1

2
m

2
m

� m
m�2

� E.0/�J.u/C
1

2
k�uk22C

1

m
krukmmC

�
1

2
m

2
m

� m
m�2

D E.0/C

�
1

2
m

2
m

� m
m�2

C
1

p
kukpp :

It can be checked from (3.7) that limt!T�max
kukp D C1.
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Remark 3.1. If (H1) holds and limt!T�max
kukp D C1, then limt!T�max

k�uk2 D 1. If
(H2) holds and limt!T�max

kukp D C1, then

lim
t!T�max

krukm D1:

4. Decay estimates of global solutions

Theorem 4.1. Let .H1;H2/ hold. Assume u0 2H 2
0 .�/\W

1;m
0 .�/, u1 2L2.�/,E.0/>

0, and I.u0/ � 0. Then, the local solution of problem (1.1) is globally bounded and satis-
fies the following decay estimates.

(i) IfmD r D 2, then there exists a constant ! > 0, which is independent on E.0/,
such that

E.t/ � E.0/ exp
�
1 �

t

!

�
for all t > 0:

(ii) If m > 2 D r , then there exists a constant �1 > 0 depending on E.0/ such that

E.t/ �
��1
t

� m
m�2

for all t > 0:

(iii) If 2 < r < 3 and r � m � 2
3�r

, then there exists a constant �2 > 0 depending
on E.0/ such that

E.t/ �
��2
t

� 2
r�2

for all t > 0:

(iv) If 2 < r < 3 and m > 2
3�r

, then there exists a constant �3 > 0 depending on
E.0/ such that

E.t/ �
��3
t

�m.r�1/
m�r

for all t > 0:

(v) If m � r � 3, then there exists a constant �4 > 0 depending on E.0/ such that

E.t/ �
��4
t

� 2
r�2

for all t > 0:

Remark 4.1. Theorem 4.1 provides all kinds of decay estimates for the energy function
E.t/ of global solutions obtained in the exponent regions m � r � 2. Five kinds of decay
estimates are shown in Figure 4.1, where the decay rates are compatible with each other
on the boundaries of different exponent regions.

Proof of Theorem 4.1. By Lemma 2.2, using E.0/ > 0 and I.u0/ � 0, we derive that
I.u.t// � 0 for any t 2 Œ0; T �. By the definition of J.u/, I.u/, and E.t/, we have

E.t/ �
1

2
kutk

2
2 C

p � 2

2p
k�uk22 C

p �m

mp
krukmm:
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r

m

2 3

2

3

O

.2; 2/

m D r

r D 2

.3; 3/

r D 3

m D 2
3�r

(i)

(ii)
(iii)

(v)
(iv)

Figure 4.1. The decay estimates of energy.

Hence, by Lemma 2.1, we obtain

kutk
2
2 C k�uk

2
2 C kruk

m
m � max

°
2;

2p

p � 2
;
mp

p �m

±
E.t/ � xCE.0/ < C1;

where xC WD max¹2; 2p
p�2

; mp
p�m
º. This implies that the weak solution is global.

Next, we will give the decay estimates of the energy function of global solutions.
Multiplying (1.1) by Eq.t/u and integrating over � � ŒS; T �, we getZ T

S

Z
�

Eq.t/u.ut t C�
2u ��mu ��rut /dxdt D

Z T

S

Z
�

Eq.t/jujpdxdt; (4.1)

where 0 � S � T � C1 and q is a positive constant, which will be given later. SinceZ T

S

Z
�

Eq.t/uut tdxdt D
Z T

S

Eq.t/

Z
�

.uut /tdxdt �
Z T

S

Z
�

Eq.t/jut j
2dxdt;

by using (4.1), we haveZ T

S

Z
�

Eq.t/.uut /tdxdt �
Z T

S

Z
�

Eq.t/jut j
2dxdt C

Z T

S

Z
�

Eq.t/j�uj2dxdt

C

Z T

S

Z
�

Eq.t/jrujmdxdt C
Z T

S

Z
�

Eq.t/jrut j
r�2
rut � rudxdt

D

Z T

S

Z
�

Eq.t/jujpdxdt: (4.2)
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By (4.2), we obtainZ T

S

Z
�

Eq.t/.uut /tdxdt C
Z T

S

Z
�

Eq.t/jrut j
r�2
rut � rudxdt

C

Z T

S

Eq.t/Œ�1kruk
m
m C �2k�uk

2
2 C .2C �1 C �2/kutk

2
2�dt

� .3C �1 C �2/

Z T

S

Z
�

Eq.t/jut j
2dxdt C .1 � �1/

Z T

S

Z
�

Eq.t/jrujmdxdt

C .1 � �2/

Z T

S

Z
�

Eq.t/j�uj2dxdt

D

Z T

S

Z
�

Eq.t/.uut /tdxdt C
Z T

S

Z
�

Eq.t/jrut j
r�2
rut � rudxdt

� .3��1��2/

Z T

S

Z
�

Eq.t/jut j
2dxdtC.1 � �1/

Z T

S

Z
�

Eq.t/.jrujmCjut j
2/dxdt

C .1 � �2/

Z T

S

Z
�

Eq.t/.jut j
2
C j�uj2/dxdt

D

Z T

S

�
� �1kruk

m
m � �2kutk

2
2 C kuk

p
p

�
Eq.t/dt � 0: (4.3)

For k WD min¹1 � �1; 1 � �2º, we get

k

Z T

S

EqC1.t/dt D k
Z T

S

Eq.t/

�
1

2
kutk

2
2 C

1

2
k�uk22 C

1

m
krukmm �

1

p
kukpp

�
dt

� .1 � �1/

Z T

S

Eq.t/

�
1

2
kutk

2
2 C

1

m
krukmm

�
dt

C .1 � �2/

Z T

S

Eq.t/

�
1

2
k�uk22 C

1

2
kutk

2
2

�
dt:

Using (4.3), we have

k

Z T

S

EqC1.t/dt � �
Z T

S

Z
�

Eq.t/.uut /tdxdt

�

Z T

S

Z
�

Eq.t/jrut j
r�2
rut � rudxdt

C .3 � �1 � �2/

Z T

S

Eq.t/kutk
2
2dt:

Since d
dt .E

q.t/
R
�
uutdx/ D Eq.t/

R
�
.uut /tdx C qEq�1.t/E 0.t/

R
�
uutdx, we get

k

Z T

S

EqC1.t/dt � I1 C I2 C I3 C I4; (4.4)
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where

I1 WD �

Z T

S

d
dt

�
Eq.t/

Z
�

uutdx
�

dt;

I2 WD q

Z T

S

Eq�1.t/E 0.t/

Z
�

uutdxdt;

I3 WD .3 � �1 � �2/

Z T

S

Eq.t/kutk
2
2dt;

I4 WD �

Z T

S

Z
�

Eq.t/jrut j
r�2
rut � rudxdt:

Now, let us estimate I1, I2, I3, and I4, respectively.

I1 D �

Z T

S

d
dt

�
Eq.t/

Z
�

uutdx
�

dt

�

ˇ̌̌̌
Eq.S/

Z
�

u.S/ut .S/dx �Eq.T /
Z
�

u.T /ut .T /dx
ˇ̌̌̌

�

ˇ̌̌̌
Eq.S/

Z
�

u.S/ut .S/dx
ˇ̌̌̌
C

ˇ̌̌̌
Eq.T /

Z
�

u.T /ut .T /dx
ˇ̌̌̌
:

By Lemma 2.1, we have d
dtE.t/D�

R
�
jrut j

rdx� 0, and hence,E.t/ is a non-increasing
function in variable t , that is, E.T / � E.S/. On the other hand, by applying Young’s
inequality, Lemma 2.2, and kuk22 � S

2
3 k�uk

2
2, we haveˇ̌̌̌ Z

�

uutdx
ˇ̌̌̌
�
1

2
kutk

2
2 C

1

2
kuk22 �

1

2
kutk

2
2 C

S23
2
k�uk22

D
1

2
kutk

2
2 C

S23
2

2p

p � 2

p � 2

2p
k�uk22 � C1E.t/; (4.5)

where C1 WD max
°
1;
S23p

p�2

±
is a positive constant. Hence,

I1 � C1E
qC1.S/C C1E

qC1.T / � 2C1E
qC1.S/: (4.6)

Also, using (4.5) and Lemma 2.1, we get

I2 �

ˇ̌̌̌
q

Z T

S

Eq�1.t/E 0.t/

Z
�

uutdxdt
ˇ̌̌̌
� �qC1

Z T

S

Eq.t/E 0.t/dt

D
qC1

q C 1
.EqC1.S/ �EqC1.T // � 2C2E

qC1.S/; (4.7)

where C2 WD qC1
qC1

.
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For I3, by the embedding kuk22 � S
2
4 kruk

2
r , Lemma 2.1, and Young’s inequality, we

have

I3 D .3 � �1 � �2/

Z T

S

Eq.t/kutk
2
2dt

� .3 � �1 � �2/

Z T

S

Eq.t/.S r4krutk
r
r /

2
r dt

D .3 � �1 � �2/S
2
4

Z T

S

Eq.t/.�E 0.t//
2
r dt

� .3��1��2/S
2
4 "

r
r�2
1

r � 2

r

Z T

S

E
qr
r�2 .t/dtC.3��1��2/S24 "

�r
2
1

2

r

Z T

S

.�E 0.t//dt

D C3"
r
r�2
1

Z T

S

E
qr
r�2 .t/dt C C4"

�r
2
1 .E.S/ �E.T //

� C3"
r
r�2
1

Z T

S

E
qr
r�2 .t/dt C C4"

�r
2
1 E.S/; (4.8)

where C3 WD .3 � �1 � �2/S24 .r � 2/=r , C4 WD 2.3 � �1 � �2/S24=r , and "1 > 0.
For I4, by Hölder’s inequality, we haveZ

�

jrut j
r�2
rut � rudx �

�Z
�

jrut j
m.r�1/
m�1 dx

�m�1
m
�Z

�

jrujmdx
� 1
m

�

"�Z
�

jrut j
rdx

�m.r�1/
r.m�1/

j�j
1�

m.r�1/
r.m�1/

#m�1
m �Z

�

jrujmdx
� 1
m

D j�j
m�r
mr krutk

r�1
r krukm: (4.9)

Hence, thanks to Lemma 2.1 and Lemma 2.2, using Young’s inequality and (4.9), we have

I4 �

ˇ̌̌̌ Z T

S

Z
�

Eq.t/jrut j
r�2
rut � rudxdt

ˇ̌̌̌
� j�j

m�r
mr

Z T

S

Eq.t/krutk
r�1
r krukmdt

� j�j
m�r
mr

Z T

S

Eq.t/.�E 0.t//
r�1
r

�
mp

p �m
E.t/

� 1
m

dt

D j�j
m�r
mr

�
mp

p �m

� 1
m
Z T

S

EqC
1
m .t/.�E 0.t//

r�1
r dt

� j�j
m�r
mr

�
mp

p �m

� 1
m
�
"r2
r

Z T

S

E.qC
1
m /r .t/dt C

r � 1

r
"
� 1
r�1

2

Z T

S

.�E 0.t//dt
�
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D C5"
r
2

Z T

S

E.qC
1
m /r .t/dt C C6"

� 1
r�1

2

Z T

S

.�E 0.t//dt

� C5"
r
2

Z T

S

E.qC
1
m /r .t/dt C C6"

� 1
r�1

2 E.S/; (4.10)

where C5 WD 1
r
j�j

m�r
mr . mp

p�m
/
1
m , C6 WD r�1

r
j�j

m�r
mr . mp

p�m
/
1
m , and "2 > 0.

By inserting (4.6)–(4.8), (4.10) into (4.4), we arrive at

k

Z T

S

EqC1.t/dt � .2C1 C 2C2/EqC1.S/C C3"
r
r�2
1

Z T

S

E
qr
r�2 .t/dt

C
�
C4"
� r2
1 C C6"

� r
r�1

2

�
E.S/C C5"

r
2

Z T

S

E.qC
1
m /r .t/dt: (4.11)

Now, we give the proof of the decay estimates of global solutions. It could be checked
from Figure 4.1 that the exponent regions in cases i, ii, iii, iv, and v cover the whole region
m � r � 2. In the following, C denotes a positive constant which could be different from
line to line and even in the same line.

Case i. If m D r D 2, we choose q D 0 and small "2. From (4.11), we getZ T

S

EqC1.t/dt � !E.S/;

where ! is a positive constant independent of E.0/. Hence, by Lemma 2.3, we arrive at
E.t/ � E.0/ exp.1 � t=!/ for all t > 0.

Case ii. If m > 2 D r , we choose q such that q C 1 D 2.q C 1
m
/, that is, q D m�2

m
.

Choosing "2 small enough, from (4.11), we getZ T

S

EqC1.t/dt � CEqC1.S/C C 0E.S/ � .CEq.0/C C 0/E.S/;

where C , C 0 are different constants, which are independent of E.0/. Hence, by Lem-
ma 2.3,

E.t/ �

�
.CEq.0/C C 0/

�
1C

1

q

�� 1
q

t
� 1q D

��1
t

� m
m�2

for all t > 0;

where �1 is a positive constant depending on E.0/.

Case iii. If 2 < r < 3, r � m � 2
3�r

, we choose q such that q C 1 D qr
r�2

, i.e., q D r�2
2

,
and choose ˛1 such that q C 1 C ˛1 D .q C 1

m
/r , i.e., ˛1 D

.r�2/.r�1/
2

C
r
m
� 1 > 0.

Setting "2 WD "E�
˛1
r .0/ and choosing "1, " small enough, from (4.11), we getZ T

S

EqC1.t/dt � CEqC1.S/C C 0E.S/C C 00E
r�2
2 C

m�r
m.r�1/ .0/E.S/

� .CEq.0/C C 0 C C 00E
r�2
2 C

m�r
m.r�1/ .0//E.S/;
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where C , C 0, and C 00 are different constants, which are independent of E.0/. Hence, by
Lemma 2.3,

E.t/ �
�
CEq.0/C C 0 C C 00E

r�2
2 C

m�r
m.r�1/ .0/

� 1
q

�
1C

1

q

� 1
q

t
� 1q

D

��2
t

� 2
r�2

for all t > 0;

where �2 is a positive constant depending on E.0/.

Case iv. If 2 < r < 3 and m > 2
3�r

, we choose q such that q C 1 D r.q C 1
m
/, i.e.,

q D m�r
m.r�1/

, and choose ˛2 such that q C 1 C ˛2 D qr
r�2

, i.e., ˛2 D
r.3m�mr�2/
m.r�2/.r�1/

> 0.

Setting "1 D "E�
r�2
r ˛2.0/ and choosing "2, " small enough, from (4.11), we getZ T

S

EqC1.t/dt � CEqC1.S/C C 0E.S/C C 00E
r.3m�mr�2/
2m.r�1/ .0/E.S/

� .CEq.0/C C 0 C C 00E
r.3m�mr�2/
2m.r�1/ .0//E.S/;

where C , C 0, and C 00 are different constants independent of E.0/. Hence, by Lemma 2.3,

E.t/ �
�
CEq.0/C C 0 C C 00E

r.3m�mr�2/
2m.r�1/ .0/

� 1
q

�
1C

1

q

� 1
q

t
� 1q

D

��3
t

�m.r�1/
m�r

for all t > 0;

where �3 is a positive constant depending on E.0/.

Case v. If m � r � 3, we choose q such that q C 1 D qr
r�2

, i.e., q D r�2
2

, and choose
˛1 such that q C 1C ˛1 D .q C 1

m
/r , i.e., ˛1 D

.r�2/.r�1/
2

C
r
m
� 1 > 0. Setting "2 D

"E�
˛1
r .0/ and choosing "1, " small enough, from (4.11), we getZ T

S

EqC1.t/dt � CEqC1.S/C C 0E.S/C C 00E
r�2
2 C

m�r
m.r�1/ .0/E.S/

� .CEq.0/C C 0 C C 00E
r�2
2 C

m�r
m.r�1/ .0//E.S/;

where C , C 0, and C 00 are different constants, which are independent of E.0/. Hence, by
Lemma 2.3, E.t/ � . �4

t
/
2
r�2 for all t > 0, where �4 is a positive constant depending on

E.0/.

5. Blow-up of solutions

5.1. Negative initial energy case

In this section, we get the lower and upper bounds of the blow-up time for the negative
initial energy case.
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Theorem 5.1. Let .H2/ hold. If u0 2 H 2
0 .�/ \W

1;m
0 .�/, u1 2 L2.�/, E.0/ < 0, and

p > m > r � 2, then the weak solution u of (1.1) blows up at some finite time Tmax

in the sense that limt!T�max
kukp D C1, and the blow-up time Tmax satisfies Tmax �

1�˛
�˛
L�

˛
1�˛ .0/, where 0 < ˛ < min¹ m�r

p.r�1/
; m�2
2m
º; � is a positive constant;

L.0/ WD .�E.0//1�˛ C "

Z
�

u1u0dx > 0;

where " is a small constant and will be given below. In addition, if p satisfies´
2 < p < 2.n�2/

n�4
; n > 4;

2 < p <1; n D 3; 4;

then the blow-up time

Tmax �

Z C1
M.0/

1

s C zC. 2
m
/p�2sp�1

ds; (5.1)

where M.0/ WD m
2
ku1k

2
2 C

m
2
k�u0k

2
2 C kru0k

m
m, and zC is the embedding constant in

the embedding H 2
0 .�/ ,! L2.p�1/.�/.

Proof. LetH.t/ WD �E.t/. By Lemma 2.1, we getH 0.t/D�E 0.t/� 0. Therefore,H.t/
is a non-decreasing function. By the definition of E.t/, we obtain

0 < H.0/ � H.t/ D �
1

2
kutk

2
2 �

1

2
k�uk22 �

1

m
krukmm C

1

p
kukpp

�
1

p
kukpp for every t � 0: (5.2)

We define L.t/ WD H 1�˛.t/C "
R
�
utudx, where " > 0 is a small constant. Taking the

derivative of L.t/ and using (1.1), we obtain

L0.t/ D .1 � ˛/H�˛.t/H 0.t/C "

Z
�

u2t dx C "
Z
�

ut tudx

D .1 � ˛/H�˛.t/H 0.t/C "

Z
�

u2t dx � "
Z
�

j�uj2dx � "
Z
�

jrujmdx

C "

Z
�

jujpdx � "
Z
�

jrut j
r�2
rut � rudx: (5.3)

For the last term of (5.3), by applying Young’s inequality,Z
�

jrut j
r�2
rut � rudx �

�r

r

Z
�

jrujrdx C
r � 1

r
��

r
r�1

Z
�

jrut j
rdx: (5.4)

Inserting (5.4) into (5.3), we get

L0.t/ � .1 � ˛/H�˛.t/H 0.t/C "

Z
�

u2t dx � "
Z
�

j�uj2dx � "
Z
�

jrujmdx

C "

Z
�

jujpdx � "
�r

r

Z
�

jrujrdx � "
r � 1

r
��

r
r�1

Z
�

jrut j
rdx:
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Taking ��
r
r�1 WDM1H

�˛.t/, we have

L0.t/ � .1�˛/H�˛.t/H 0.t/C"

Z
�

u2t dx�"
Z
�

j�uj2dx�"
Z
�

jrujmdxC"
Z
�

jujpdx

� "
M 1�r
1

r
H˛.r�1/.t/

Z
�

jrujrdx � "
r � 1

r
M1H

�˛.t/

Z
�

jrut j
rdx:

Denote M WD r�1
r
M1. Using E 0.t/ D �krutkrr , we have

L0.t/ � .1 � ˛ � "M/H�˛.t/H 0.t/C "

Z
�

u2t dx � "
Z
�

j�uj2dx

� "

Z
�

jrujmdx C "
Z
�

jujpdx � "
M 1�r
1

r
H˛.r�1/.t/

Z
�

jrujrdx:

For some constant k, we get

L0.t/ � .1 � ˛ � "M/H�˛.t/H 0.t/C kH.t/C

�
k

2
C "

�Z
�

u2t dx

C

�
k

2
� "

�Z
�

j�uj2dx C
�
k

m
� "

�Z
�

jrujmdx

C

�
" �

k

p

�Z
�

jujpdx � "
M 1�r
1

r
H˛.r�1/.t/

Z
�

jrujrdx: (5.5)

Since m > r , combining (5.2) and the embedding W 1;m
0 .�/ ,! Lp.�/, we have

H˛.r�1/.t/

Z
�

jrujrdx �
�
1

p

�˛.r�1/�Z
�

jujpdx
�˛.r�1/ Z

�

jrujrdx

� xC

�
1

p

�˛.r�1/�Z
�

jrujmdx
� p˛.r�1/Cr

m

; (5.6)

where xC is an embedding constant. For any z � 0 and ˇ > 0, we have

zv � .z C 1/ �

�
1C

1

ˇ

�
.z C ˇ/ for all z � 0; 0 < v � 1: (5.7)

Since ˛ < m�r
p.r�1/

, by (5.2), (5.7), we get

�Z
�

jrujmdx
� p˛.r�1/Cr

m

�

�
1C

1

H.0/

��Z
�

jrujmdx CH.0/
�

�

�
1C

1

H.0/

��Z
�

jrujmdx CH.t/
�

DM2

�Z
�

jrujmdx CH.t/
�
; (5.8)
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where M2 WD 1C
1

H.0/
. Therefore, combining (5.8) and (5.6), (5.5) becomes

L0.t/ � .1 � ˛ � "M/H�˛.t/H 0.t/C kH.t/C

�
k

2
C "

�Z
�

u2t dx

C

�
k

2
� "

�Z
�

j�uj2dx C
�
k

m
� "

�Z
�

jrujmdx C
�
" �

k

p

�Z
�

jujpdx

� "
M 1�r
1
xC

r

�
1

p

�˛.r�1/
M2

�Z
�

jrujmdx CH.t/
�

D .1 � ˛ � "M/H�˛.t/H 0.t/C

�
k

2
C "

�Z
�

u2t dx C
�
k

2
� "

�Z
�

j�uj2dx

C

�
k

m
� " �

"M 1�r
1
xC

r

�
1

p

�˛.r�1/
M2

� Z
�

jrujmdx C
�
" �

k

p

�
kukpp

C

�
k � "

M 1�r
1
xC

r

�
1

p

�˛.r�1/
M2

�
H.t/:

Setting k D "p, we have

L0.t/ � .1 � ˛ � "M/H�˛.t/H 0.t/C "
�p
2
C 1

� Z
�

u2t dx C "
�p
2
� 1

� Z
�

j�uj2dx

C "

�
p

m
� 1 �

M 1�r
1
xC

r

�
1

p

�˛.r�1/
M2

� Z
�

jrujmdx

C "

�
p �

M 1�r
1
xC

r

�
1

p

�˛.r�1/
M2

�
H.t/:

We choose M1 large enough so that

L0.t/ � .1 � ˛ � "M/H�˛.t/H 0.t/C "
.H.t/C kutk
2
2 C k�uk

2
2 C kruk

m
m/;

where 
 is a positive constant.
By choosing " � 1�˛

M
, we get L.0/ D H 1�˛.0/C

R
�
u0u1dx > 0, and

L0.t/ � "
.H.t/C kutk
2
2 C k�uk

2
2 C kruk

m
m/; (5.9)

Hence, L.t/ � L.0/ > 0 for t � 0.
Now, we estimate L

1
1�˛ .t/. It is clear that

L
1
1�˛ .t/ � 2

1
1�˛

²
H.t/C "

1
1�˛

�Z
�

utudx
� 1
1�˛
³
: (5.10)

Since m > 2, using Hölder’s inequality, we getˇ̌̌̌ Z
�

utudx
ˇ̌̌̌ 1
1�˛

�

�Z
�

u2dx
� 1
2.1�˛/

�Z
�

u2t dx
� 1
2.1�˛/

�

�Z
�

jujmdx
� 1
m.1�˛/

�Z
�

u2t dx
� 1
2.1�˛/

:
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By applying Young’s inequality, we obtainˇ̌̌̌ Z
�

utudx
ˇ̌̌̌ 1
1�˛

�
1

�

�Z
�

jujmdx
� �
m.1�˛/

C
1

�

�Z
�

u2t dx
� �
2.1�˛/

� C�

²�Z
�

jujmdx
� �
m.1�˛/

C

�Z
�

u2t dx
� �
2.1�˛/

³
; (5.11)

where C� WD max¹ 1
�
; 1
�
º and 1

�
C

1
�
D 1. Choosing � WD 2.1� ˛/, we have � D 2.1�˛/

1�2˛
.

Applying Poincaré’s inequality, (5.11) becomesˇ̌̌̌ Z
�

utudx
ˇ̌̌̌ 1
1�˛

� C

²�Z
�

jrujmdx
� 2
m.1�2˛/

C

Z
�

u2t dx
³
:

Since ˛ � m�2
2m

, i.e., 2
.1�2˛/m

� 1, using (5.7) again, we have�Z
�

jrujmdx
� 2
m.1�2˛/

�M2

�Z
�

jrujmdx CH.t/
�
:

Therefore, ˇ̌̌̌ Z
�

utudx
ˇ̌̌̌ 1
1�˛

� C
�
H.t/C k�uk22 C kutk

2
2 C kruk

m
m

�
: (5.12)

Hence, combining (5.12) and (5.10), we have

L
1
1�˛ .t/ � C

�
H.t/C k�uk22 C kutk

2
2 C kruk

m
m

�
: (5.13)

Combining (5.9) and (5.13), we getL0.t/� �L
1
1�˛ .t/ for all t � 0. Integrating this inequal-

ity with respect to t from 0 to t , we get

L
˛
1�˛ .t/ �

1

L�
˛
1�˛ .0/ � �˛

1�˛
t
:

Hence, L.t/ blows up at finite time Tmax and Tmax �
1�˛

�˛L
˛
1�˛ .0/

.

Next, it remains to prove that limt!Tmax L.t/ D C1 implies limt!Tmax kukp D C1.

Case i:
R
�
uutdx ! C1. Since

R
�
uutdx � 1

2
kutk

2
2 C

1
2
kuk22 �

1
2
kutk

2
2 C

1
2
k�uk22,

recalling Lemma 2.1, we have

1

2
kutk

2
2 C

1

2
k�uk22 �

1

2
kutk

2
2 C

1

2
k�uk22 C

1

m
krukmm

D E.t/C
1

p
kukpp � E.0/C

1

p
kukpp :

Hence, if
R
�
uutdx !C1, then limt!Tmax kukp D C1.
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Case ii: H.t/! C1. By (5.2), we get H.t/ � 1
p
kuk

p
p . Hence, if H.t/! C1, then

limt!Tmax kukp D C1.
Now, we will give the lower bound of Tmax. Define M.t/ WD m

2
kutk

2
2 C

m
2
k�uk22 C

krukmm. Taking derivative, we have

M 0.t/ D m

Z
�

utut tdx Cm
Z
�

�u�utdx Cm
Z
�

jrujm�2ru � rutdx

D m

Z
�

ut .��
2uC�muC�rut C juj

p�2u/dx

Cm

Z
�

�u�utdx Cm
Z
�

jrujm�2ru � rutdx

D �mkrutk
r
r Cm

Z
�

jujp�1utdx � m
Z
�

jujp�1utdx:

By applying Young’s inequality and H 2
0 .�/ ,! L2.p�1/.�/, we haveZ

�

jujp�1utdx �
1

2
kutk

2
2 C
zC

2
k�uk

2.p�1/
2 �

1

m
M.t/C

zC

2

�
2

m
M.t/

�p�1
:

Hence, we getM 0.t/ �M.t/C zC. 2
m
/p�2Mp�1.t/, where zC is the best embedding con-

stant in the embedding H 2
0 .�/ ,! L2.p�1/.�/. Integrating from 0 to t , we haveZ t

0

1

M.s/C zC
�
2
m

�p�2
Mp�1.s/

dM.s/ � t:

Since u will blow up in finite time, limt!T�max
M.t/ D C1. We get the lower bound (5.1)

of Tmax.

5.2. Positive initial energy case

Now, we consider the existence of blow-up of solutions with positive initial energy.

Theorem 5.2. Let p > m D r � 2 or p > m > r D 2. If u0 2 H 2
0 .�/ \ W

1;m
0 .�/,

u1 2 L
2.�/, and

0 < E.0/ <
m"

m � 1

Z
�

u1u0dx;

where " is a sufficiently small constant, then the weak solution u of (1.1) blows up in finite
time.

Proof. We only prove the case p > m D r � 2. The other case p > m > r D 2 can be
proved similarly.

Step 1. We first proveZ
�

uutdx �
r � 1

r"
E.t/ �

�Z
�

u1u0dx �
r � 1

r"
E.0/

�
eAt > 0;
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for any t 2 Œ0; T �, where A is shown in (5.14). For 0 < � < 1,

d
dt

Z
�

uutdx

D kutk
2
2 C

Z
�

uut tdx

D kutk
2
2 � k�uk

2
2 � kruk

m
m �

Z
�

jrut j
r�2
rut � rudx C kukpp

D �p.1 � �/E.t/C p.1 � �/

�
1

2
kutk

2
2 C

1

2
k�uk22 C

1

m
krukmm �

1

p
kukpp

�
� k�uk22 � kruk

m
m �

Z
�

jrut j
r�2
rut � rudx C kukpp

D �p.1 � �/E.t/C

�
p.1 � �/

2
C 1

�
kutk

2
2 C

�
p.1 � �/

2
� 1

�
k�uk22

C

�
p.1 � �/

m
� 1

�
krukmm C �kuk

p
p �

Z
�

jrut j
r�2
rut � rudx:

For the last term, by using Young’s inequality with small ", we getˇ̌̌̌ Z
�

jrut j
r�2
rut � rudx

ˇ̌̌̌
�
r � 1

r"
krutk

r
r C

"r�1

r
krukrr :

Hence,

d
dt

�Z
�

uutdx �
r � 1

r"
E.t/

�
� �p.1 � �/E.t/C

�
p.1 � �/

2
C 1

�
kutk

2
2 C

�
p.1 � �/

2
� 1

�
k�uk22

C

�
p.1 � �/

m
� 1

�
krukmm C �kuk

p
p �

"r�1

r
krukrr :

For m D r , using k�uk22 � �1kuk
2
2, where �1 is a constant, we have

d
dt

�Z
�

uutdx �
m � 1

m"
E.t/

�
� �p.1 � �/E.t/C

�
p.1 � �/

2
C 1

�
kutk

2
2 C �1

�
p.1 � �/

2
� 1

�
kuk22

C

�
p.1 � �/

m
� 1 �

"m�1

m

�
krukmm:

Choosing �, " small enough such that p.1��/
m
� 1 � "m�1

m
> 0, we have

d
dt

�Z
�

uutdx �
m � 1

m"
E.t/

�
� �p.1 � �/E.t/C

�
p.1 � �/

2
C 1

�
kutk

2
2 C �1

�
p.1 � �/

2
� 1

�
kuk22:
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It follows from the Cauchy–Schwarz inequality that

d
dt

�Z
�

uutdx �
m � 1

m"
E.t/

�
� �p.1 � �/E.t/C

s
4�1

�
p.1 � �/

2
C 1

��
p.1 � �/

2
� 1

� Z
�

uutdx

D A

�Z
�

uutdx � BE.t/
�
; (5.14)

where A WD
q
4�1Œ

p.1��/
2
C 1�Œp.1��/

2
� 1�, B WD p.1��/

A
. Note that, for small ", B �

m�1
m"

. Then,

d
dt

�Z
�

uutdx �
m � 1

m"
E.t/

�
� A

�Z
�

uutdx �
m � 1

m"
E.t/

�
;

for sufficiently small ". Hence, by applying Grönwall’s inequality, we haveZ
�

uutdx �
r � 1

r"
E.t/ �

�Z
�

u1u0dx �
r � 1

r"
E.0/

�
eAt > 0:

Step 2. Now, let us prove this theorem by contradiction. Assume that u is a global solu-
tion of problem (1.1). Since m D r � 2, combining Lemma 2.1, Hölder’s inequality, and
Poincaré’s inequality, we get

kuk22 D





u0 C Z t

0

usds





2

� ku0k2 C

Z t

0

kusk2ds

� ku0k2 C

Z t

0

kuskmds � ku0k2 C .1C j�j/
Z t

0

kruskmds

D ku0k2 C .1C j�j/

Z t

0

.�E 0.s//
1
m ds

� ku0k2 C .1C j�j/t
m�1
m

�Z t

0

.�E 0.s//ds
� 1
m

D ku0k2 C .1C j�j/t
m�1
m

�
E.0/ �E.t/

� 1
m

: (5.15)

Next, we prove that since u.x; t/was a global solution of problem (1.1), thenE.t/� 0
for any t � 0. In fact, by contradiction, there exists t0 2 Œ0;C1� such that E.t0/ � 0.
Choosing u.x; t0/ as the new initial datum, Theorem 5.1 indicates that u.x; t/ blows up
in finite time, which is a contradiction. Thus, we get 0 � E.t/ � E.0/. Hence, (5.15)
becomes

kuk2 � ku0k2 C .1C j�j/t
m�1
m E

1
m .0/: (5.16)
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r

m

2

2

O

p

.2; 2/

p > m D r � 2
p > m > r D 2

p > m > r � 2

Figure 5.1. Blow-up results.

On the other hand,

d
dt
kuk22 D 2

Z
�

uutdx � 2
�
m � 1

m"
E.t/C

�Z
�

u0u1dx �
m � 1

m"
E.0/

�
eAt

�
:

Integrating the above inequality from 0 to t , we obtain

kuk22 � ku0k
2
2 C 2

Z t

0

m � 1

m"
E.s/ds C 2

Z t

0

�Z
�

u0u1dx �
m � 1

m"
E.0/

�
eAsds

� ku0k
2
2 C

2

A
.eAt � 1/

�Z
�

u0u1dx �
m � 1

m"
E.0/

�
;

which contradicts (5.16) for sufficiently large t .

Remark 5.1. Theorem 5.1 shows that if the initial energy E.0/ < 0 and .�E.0//1�˛ C
"
R
�
u1u0dx > 0, where " is a small constant, then there are blow-up solutions of (1.1)

in the exponent region ¹p > m > r � 2º. In the exponent region ¹p > m D r � 2º or
¹p >m> r D 2º, if 0<E.0/ < m"

m�1

R
�
u1u0dx, then there are blow-up solutions of (1.1),

too. It can be checked from the following Figure 5.1 that
R
�
u1u0dx > 0 is not a necessary

condition on the existence of blow-up solutions in the region ¹p > m > 2 D rº.
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