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Denjoy-Carleman solvability of Vekua-type periodic
operators

Alexandre Kirilov, Wagner Augusto Almeida de Moraes, and Pedro
Meyer Tokoro

Abstract. This paper explores the solvability and global hypoellipticity of Vekua-type differential
operators on the n-dimensional torus within the framework of Denjoy—Carleman ultradifferentiabil-
ity. We provide the necessary and sufficient conditions for achieving these global properties in the
case of constant-coefficient operators, along with applications to classical operators. Additionally,
we investigate a class of variable coefficients and establish conditions for its solvability.

1. Introduction

The theory of generalized analytic functions, as introduced by Vekua in [16], initially dealt
with solutions to equations of the form

osu + Au + Bu = F,

where 9z stands for the Cauchy—Riemann operator and the coefficients A and B belong to
a suitable function space in the complex plane. This theory is closely linked to the theory
of holomorphic functions and relies on specific regularity conditions on the coefficients
to apply the similarity principle. Vekua used this framework to address problems in the
theory of shells and explore problems of infinitesimal bendings of surfaces.

In [15], V. Kravchenko extended this theory by replacing the Cauchy—Riemann opera-
tor with more general complex-valued vector fields. This generalization enabled the study
of classical equations from mathematical physics, including the Schrodinger, Dirac, and
Maxwell equations, among others.

The work of Vekua, Kravchenko, Bers, and other researchers has found extensive
applications in various fields, such as boundary value problems in elasticity theory, hydro-
dynamics, electric potential, mechanics, and more.

In the article [12], we investigated the solvability and global hypoellipticity of the
periodic Vekua-type operator P defined by

Pu = Lu — Au — Bii, (1.1)
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where A and B are complex constants and L : €*°(T") — €°°(T") is a general constant
coefficient partial differential operator. In this case, we obtained a complete characteriza-
tion of these global properties for this class of operators.

Now, in this article, we address the Denjoy—Carleman solvability problem for the same
class of constant coefficient operators. Additionally, we extend the analysis to a class of
operators with variable coefficients, building on the results obtained in [4, 6].

In this paper, we organize the content as follows. In Section 2, we revisit funda-
mental notations and properties related to Denjoy—Carleman classes of ultradifferentiable
functions. We provide the necessary background and refer the reader to [7] for more com-
prehensive details and proofs. Next, we delve into the analysis of operators with constant
coefficients, outlining the conditions under which they are solvable in the ultradifferen-
tiable sense. This involves establishing a necessary and sufficient condition, linked to a
Diophantine condition, which relates the growth of a value associated with the symbol of
the operator to its solvability. We also demonstrate that global hypoellipticity and solv-
ability are equivalent properties.

In the latter part of the paper, we shift our focus to operators with variable coefficients.
Motivated by the work in [4,6], we consider a class of complex vector fields with variable
coefficients and derive conditions under which these operators are solvable.

Further details on smooth and ultradifferentiable solvability and the regularity of solu-
tions on tori can be found in [1-3, 8]. In the wider context of compact Lie groups, the
reader can see some results in [9—11] and the references cited therein.

2. Notations and Fourier analysis in Denjoy—Carleman classes

Let us begin by recalling the definition and some useful properties of the spaces of ultra-
differentiable functions of Roumieu type defined on the n-dimensional torus

T" ~ R"/2nZ".

For more details on the results and their proofs, we refer the reader to [7].
A sequence M = {m;};en of positive real numbers is called a weight sequence if it
satisfies the following conditions:

i mo=m =1

(i) mj2 <mj_ymjy forall j € N;

eee m; ik -1
. Jtk < >
(iii) SuP_;,keNo(mj mg) < H for some H > 1.

Given a weight sequence M = {m;};en and & > 0, consider the set &y 5 (T") of all
smooth functions f : T” — C such that

. [0% f ()]
I/ llac,, = sup sup W
aeNp xeT” Mg |or|!



Denjoy—Carleman solvability of Vekua-type periodic operators 207

We observe that &, (T") is a Banach space with respect to the norm | - || 5, and
we define the space of periodic M-ultradifferentiable functions of Roumieu type by

Ex(T™) = indlim Ex 4 (T").
h—+o0

Moreover, its dual space, denoted by D’ (T"), is commonly referred to as the space
of periodic M-ultradistributions.

Therefore, a smooth function f : T — C belongs to the space &¢(T") if and only
if there exist constants C, # > 0 such that, for all @ € N,

sup 3% £ ()] < Chllmg el

xeTn

The best-known example of a space of ultradifferentiable functions is given by the
weight sequence M = {m;};eN,, where m; = (j!)*~!. For each fixed s > 1, & (T") =
G5(T™) is the space of periodic Gevrey functions of order s.

The Fourier coefficients of a function f € &¢(T") are given by

fe = e [ fmettrax, gez
T»
and, as usual, the Fourier coefficients of an ultradistribution u € D/, (T") are defined by
() = Qm) " (u,e YY), Eem.

The classes of ultradifferentiable functions and ultradistributions on tori can be char-
acterized by the rate of decay or growth of their Fourier coefficients in the following way:

f € Ex(T") & there exist C, § > 0 such that
A . m; j!
<C inf — 2
FON= € T a ey
u € D) (T") & forall € > 0, there is C; > 0 such that

X e/ (1 + ||E])’
)] < €, sap ST IEDT
J€Ng mjJj-:

Eez 2.1)

, ez 2.2)

Moreover, when f € Ex(T") and u € D (T"), we have

f(x) = Z f(%-)eif-x and u = Z ﬁ(é‘)eié'x,

Eezn gezn

with convergences in ¢ (T") and D’ (T"), respectively.

Another important characterization for the development of this work is given by the
partial Fourier series, which can be described as follows: let us write n = p + ¢, with
P, q € N, consider the direct sum R” = R? @ R? and write (¢, x) € T", meaning that
teT?andx € TY.
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Given f € &y (T"), for each t € T2, consider the function f; : T9 — C given by
fi(x) = f(t,x). Clearly, for each t € T?, we have f; € & (T?) and by the characteri-
zation (2.1), we can write

f.x) = filx) = Y f(t.6)e*™,

Eez4

with convergence in Ey,¢(T?), where
a6 =0 [ et ax
T4

Moreover, for each £ € Z4 fixed, we have that f(~, £) € Ex(TP).
Analogously, given an ultradistribution u € D’ (T"), for each § € Z4, we define the
partial Fourier coefficient of u as the functional # (¢, ) : &) (T?) — C given by

((t.£). f) = Qm) 4 u. f() ® e E*),  f € & (TP).
In this framework, we have the following characterizations:

/€ 6x(T") < 3Cp. hp,hg > 0; Yo € NJ, V& € 21

A . m; j!
sup [0 £ (1, 8)| < Cp B myg ||! inf ——LL——;
e1r 77 T en g (14 gl
u € Dy (T") & Ve >0, 3C, > 0; Vf € Ex(T?), V& € 77
R el (1 + |gl)/
(@@ &), )l = Conll fllven sup ——————. (2.4
jeNo  MjJ:
3. Constant coefficient operators
Consider the operator P : Ex¢(T") — & (T") defined by
Pu = Lu— Au — Bu, 3.1

where A, B € C and L is an operator of the form

L = Z cq0%,

0<|x|<m

with ¢ € C for all @ € N satisfying 0 < || < m, and with symbol

o= ) it fez”.

o<|a|<m

By the continuity of P, if u(x) = Y ¢ezn (g)eit> e D’ (T™), we have

Pu(x) = Z (oL (&) — Ai(§)e's™ — B Z ACEeET,

Eezn Eezn
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Therefore, the Fourier coefficients of any solution of the equation Pu = f must satisfy

(o1.(§) — A)iu(§) — Ba(=§) = f(&).

Taking the conjugate of the previous equation for —§ € Z”", we obtain

f(=6) = (00(=8) — A)a(~§) — Ba(®).
which gives us, for each £ € Z", the following linear system:
{ (0(6) = A)a(©) — BA(=6) = [ ©),

~Bi(§) + (oL(=5) ~ A)a(=) = /().

Solving this system for 7 (&), we obtain

Agi(€) = (00(=§) — A) [ (€) + B (=6), (3.2)
where Ag is the discriminant of the above system, that is,
Ag = (oL(§) — A)(oL(=§) — 4) — |BI*. (3.3)

Observe thatA_g = A_¢ forall § € Z". In particular, Ag = 0 if, and only if, A_¢ = 0.
Inspired by [4, 6, 12], we introduce the following notion of solvability and the main
result of this section.

Definition 3.1. We say that the differential operator P : &y¢(T") — &Ex¢(T") defined
in (3.1) is M-solvable if there exists a subspace ¥ C &x¢(T") of finite codimension such
that, for all f € ¥, there exists u € &y¢(T") satisfying Pu = f.

Theorem 3.2. The operator P is M-solvable if and only if, for all ¢ > 0, there exist

constants Cg, y. > 0 such that

. mj j!
€l = ve = |Ag] = C¢ inf J

S T+ €D (PO

Proof. Firstly, observe that

0 e/ (L+ g7 _ )3 el (1 + [€ID’ =3 el (1+ gD’ — oEU+ED

; m; j! m; j! il N
jeNy jJ jeNo jJ jeNo J

Therefore, for any ¢ > 0, we have

i i AN
mR (s SN o
J€Np

inf —————
jeNo &7 (1 + |€])) mj j!
Let us assume that (DCM) holds. Then, the set

Q={£€Z": As =0
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is finite. This implies that the subspace
F={fe&(T": f()=0forall & € Q)

has finite codimension in & (T").
Given f € ¥, by (2.1), there exist C, § > 0 such that, for all £ € Z",

mj j!
f®l=cC i A ST e (3.5)

Let H > 0 be the value specified in condition (iii) of the definition of a weight
sequence, and set ¢ = §/H in condition (DCM). Then, there exist constants Cg, y, > 0
such that

. m; j!
IE] = ye = |A¢| > Ce inf i J (3.6)

© jeNo &7 (1 + €N

Given [ € ¥, we seek u € &»(T") solution of Pu = f. Consider the formal series

u(x) = Z ﬁge"‘g'x,

Eezn

with Fourier coefficients given by

g = A [(0L(=6) — D fE) + Bf(-§)]. £ez"\Q.

and 7ig = 0 when £ € Q. Let us show that u satisfies the desired properties. For ||£]| > y,,
we have £ € Z" \ Q. Therefore, it follows from (3.5) and (3.6) that ||§]| > y, implies

i(8)| = |8l [or.(=8) — A| £ (§) + Bf (=¢)|
_Ci——= mj j! (8/H) (1 + ||£]))/
< a(ldL(—E) A|+|B|) 31(1+IISII)J ]EuNpO o i

Notice that o7, is a polynomial of degree N, where N is the order of the operator L.
Thus, there exists a constant C > 0 such that

loL(=§) — A| + |B| = C(1 + €Y. Eez”.
Moreover, it follows from Lemma A.1 that

mj j! (8/H) (1 + ||E])7
1 < T N
jeNo 87 (1 + [IEID7 jen, mj j!

<( mj j! )2( of mj j! )_1
= eNo (8/H)7 (1 + |I&l)/ jeNo (8/H)/ (1 + |1&l)/

inf mj j!
= jeN, 8/H) (1 + [IEN7
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Again, from Lemma A.1, and the previous estimates, we have

A < 4 N mJ]'
@ = A+ 1SN Il T+ e

<C’ N Wk ’
<C'(1+ & (;;go (8/H2)J (1 + ||$||)f)

c N my N inf i F LR
=C A+ gD (S/HHN (1 + €)Y jlerll\lo (8/H?)7 (1 + ||&])/
m; j!

<C'hNmyN! inf —L—
7€No 83 (1 + [1&1)7

for some C’' > 0, with h = H?/§ and 8y = §/H?.

Therefore, u € &)¢(T"), and Pu = f by (3.3), thatis, P is M-solvable.

On the other hand, suppose that (DCM) does not hold. Then, there is ¢ > 0 such that
for each £ € N, there is & € Z" with ||&| > £ and

ij!

Ag,| < inf ———————, 3.7
|8 jeNo &7 (1 + [|&¢ 1) G
We can choose {&/}ren = {(§1¢, ..., Ene) been such that there is m € {1,...,n} such

that all the £,,; are non-zero and have the same sign. This choice will be crucial in order
to construct a singular solution when Ag, = 0 for finitely many indices £.

Case 1. Ag, = O for infinitely many £ € N.
Passing to a subsequence, we may assume that Ag, = 0 for all £ € N. Thus, from (3.2),

we have (o7 (—&¢) — A) f (&) + B f (—&) = O forall £ € N.
From (3.3), we have (o (&) — A) (01 (—&;) — A) = |B|? forall £ € N.If B # 0, then
|B|? # 0, and we conclude that o7, (&) — A # 0 and o7 (&) — A # O forall £ € N. In

this context, there are infinitely many compatibility conditions for the Fourier coefficients
of f € €*°(T") to satisfy Pu = f. Consequently, P is not M-solvable.

If B = 0, the Fourier coefficients of u and f must satisfy (o7 (§) — A)ui(§) = f (&) and
(oL(=§) — A)it(=§) = f(=§) forall § € Z". Since [or (§¢) — Al [or(—§¢) — A] = Ag, =0
for all £ € N, at least one of the following must hold: o7 (§¢) — A =0orop(—&) — A =
0, for each £ € N. This implies that for infinitely many indices & € Z", either f &) =
0 or f (—&) = 0. Therefore, there are infinitely many compatibility conditions for the
Fourier coefficients of f such that Pu = f has a smooth solution. Consequently, P is
not solvable.

Case 2. Ag, = 0 for a finite number of indices £ € N.

Passing to a subsequence, we may assume that Ag, # 0 for all £ € N, and consider
the set Q@ = {& € Z" : £ € N}. Observe that § € Q@ = —§¢ ¢ 2, due to the way we took
the sequence {&;}¢en - Also, let Q¢ C €2 be an infinite subset.
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Let us assume first that B # 0 and consider the function
f(X) = Z Ageig’:.x.
£eSlo

It follows from (3.7) and (2.1) that f € &y (T"). If u € D) (T") is a solution of
Pu=Ff, proceedlng as in [12], the projection of u on the subspace D', (T") generated
by the frequencies +Qq is given by

v(x) = Y Be ¥ 4 Y [or(=§) — A]e’tF € D(T") \ C=(T").
£elo £elo
Then, v € D (T") \ En(T"), which implies u € D (T") \ En(T™).

Now, consider the case where B = 0. For all £ € Qo, observe that

mj j! 2 mj j! _ _ ey
(feNfo(s/H)f<1+||5||>f) Z T ey 1A or® — Allon (=5 — 4l
Therefore, either
mj j! mj j!
oL@ = Al= W Tmiasey & O A< B+ ey

holds for infinitely many & € Qo.
If

. . mj j!
o @) = Al < W ST+ e

holds for infinitely many & € o, we can pass to a subsequence and assume that this
inequality holds for all £ € Q. This implies that the function

fx) =) lov(E) — At~
£eQp

belongs to Ex¢(T"). If u € D) (T") is a solution of Pu = f, proceedmg as in [12], the
projection of u on the subspace D’ (T™) generated by the frequencies in Qo is given by

v(x) = Y €F¥ e D(T")\ C®(T").
£eQ

Thus, v € D) (T") \ &n¢(T"), which implies u ¢ Ex¢(T").
The case where

mj j!
loL(=§) — 4] < ln :
eNo (e/H)7 (1 + [I€]))/
holds for infinitely many & € Qo is analogous.
Finally, note that this construction holds for any infinite subset 2¢ C €2, providing us
with infinitely many linearly independent functions f € &¢(T") such that there are no
u € &\ (T") satisfying Pu = f. Therefore, P is not M-solvable. |
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Definition 3.3. We say that P is M-globally hypoelliptic when the conditions
u € Dy (T") and Pu € Ex(T") imply u € En(T").
Corollary 3.4. P is M-solvable if, and only if, P is M-globally hypoelliptic.

Proof. If P is M-solvable, we have shown in Theorem 3.2 that for any f € &x¢(T"), if
u € D) (T") is a solution of Pu = f, then u € &¢(T"). Therefore, P is M-globally
hypoelliptic.

Conversely, if P is not M-solvable, according to Theorem 3.2, we can find a function
f € &x(T") such that if u € D’(T") is a solution of Pu = f, then u ¢ & (T").
Therefore, P is not M-globally hypoelliptic. ]

In [4, 12], the notion of (smooth) solvability was introduced as follows. An operator
P . €®°(T") — €°°(T") is said to be solvable if there exists a subspace ¥ C €*°(T") of
finite codimension such that for all f € ¥, there exists u € €°°(T") such that Pu = f.

Moreover, it was shown that P is solvable if and only if there exists y > 0 such that

€Il =y = [Agl = (1 + [EINT7.

Now, observe that for any ¢ > 0, we have

1 g¥ my y! : mj j!

= > f —————
T+ [EDY ~ myyler(L+ [EDY — *jeNo &1 (1 + [E])J

where C, = miyy!. Therefore, (DCM) holds, and we have proved the following result.

Proposition 3.5. If P is solvable, then P is M-solvable.

However, the reciprocal of this statement is generally not true. In [6], the authors
provided a counterexample involving a constant-coefficient vector field and continued
fractions in the context of Gevrey spaces.

Corollary 3.6. If L is an elliptic differential operator, then P is M-solvable and M-
globally hypoelliptic.

Proof. Tt follows from [12, Theorem 4] that P is solvable. Therefore, by Corollary 3.4
and Proposition 3.5, P is M-solvable and M-globally hypoelliptic. |

3.1. Examples

n

Example 3.7 (Laplace operator). If L =3} 7_, 02/ ij?, then the operator P is M-solvable
and M-globally hypoelliptic because L is elliptic.

Example 3.8 (Heat operator). If L = 3/9t — 1> }_}_, 3°/9x7, where n > 0, then P is
M-solvable and M-globally hypoelliptic because P is solvable (see [12, Theorem 5]).
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Example 3.9 (Wave operator). Let L = 3%/dt% — n? Z;’zl 02/ 3x/2, with 7 > 0. The
operator P is M-solvable and M-globally hypoelliptic if and only if one of the following
conditions holds:

(1) |B| < [Im(A)[;

(2) |A] = |B|,Re(A) = 0, and 7 is an irrational non-Liouville number;

(3) condition (DCM) holds.
The conditions above are sufficient for the solvability by Corollary 3.4, Proposition 3.5,

and the smooth solvability established in [12, Theorem 6]. The necessity follows from
Theorem 3.2.

Example 3.10 (Complex vector fields). As a direct consequence of Theorem 3.2, we can
extend the results involving constant-coefficient complex vector fields obtained in [4,6,12]
to the framework of ultradifferentiable solvability and regularity. Consider

where C; € C for j = 1,...,n. Then, P is M-solvable if and only if, for all & > 0, there
exist Cg, e > 0 such that

) mj j!
+ 17l = ye = |Age| = Ce inf — I A
IS+ Tl 2 ye = Aeel 2 Ce inf e e

with
Agr=—|t+&-CI>+ |A” — |B|> —2i Re(A(r + £ - C)).

In particular, if Im(C') = 0, then P is M-solvable if and only if one of the following
conditions holds:

(1) |B| > |A[;

(2) |B| < |A| and Re(A) # 0;

(3) condition (DCM) holds.
The proof of this particular case follows the same lines as [6, Theorem 4].
Remark 1. The results for the Gevrey classes obtained by Almeida and Dattori da Silva
in [6] are particular cases of those developed in this paper for the Denjoy—Carleman

classes of Roumieu type. In fact, the Gevrey spaces are obtained when we consider the
weight sequence M = {(j!)*~!},en,. It is possible to show that

1 t/
tl/s—slog( )5 sup log( - )fstl/s,
l_s_l Jj€Np (J ')S

which allows us to demonstrate that the condition (DCM) is equivalent to the (DCy) con-
dition obtained in [6].
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4. A class of operators with variable coefficients

Motivated by references [4, 6], we examine in this section the M-solvability of a class of
Vekua-type operators with variable coefficients.
Let us consider the following complex vector field:

R ) ]
L=o=2 (p®+ i44(0)7 @.1)

J=1

where the function ¢ € &3(T!; R) does not change sign, p; € &y (T R) for j =
1,...,n, and the constants A, ..., A, € R. Furthermore, we can assume, without loss
of generality, that g > 0.

Now, set m(t) = (mq(t),...,my,(t)), where

t 1 2m )
m;(t) =/ (pj(t) — poj)dr. poj = 2—/ pj(m)ydr forj =1,....n,
0 T Jo
and define the operator 7' : D, (T"*!) — D) (T"+!) by

Tu(t.x) = Y it £)e MO, (4.2)
Eezn

where the ultradistribution u(t, x) = Y ¢czn (7, £)e't* € D) (T"+') is expressed in its
partial Fourier series representation.

By [7, Theorem 5.12], the operator 7" and its restriction T'|g, (n»+1) are automor-
phisms that satisfy

- 9 " d
-1 __ _ . IR -
TLT ' = o jEZl(po, +iAjq(1)) .

4.1. The Vekua-type operator

Consider the operator P : 5 (T" 1) — &3(T"*!) given by

Pu = Lu—(s(t) +idq(t))u —aq(t)u, 4.3)
with
L= S oyt ihg () (4.4
BT =R 7 '

where the constants @ € C \ {0}, § € R, the vectors A = (A1,...,4,), po = (Po1,---» Pon)
are in R”, and the functions ¢, s € &5 (T!;R). Recall that g does not change sign, and
we can assume ¢ > 0. Furthermore, we define

Ao =50 +1i8qo, Bo =aqo, and Cy =2mpo+ilrqo,

2 2w
where gg = / q(t)dt >0 and 59 = / s(t)dr,
0 0
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Theorem 4.1. Assume that the following conditions hold:

D el # 815

(II)  there is no (£, t) € Z"*! solution to

Re(Ao(2mt 4§ - Cp)) =0,
1277 4 & - Col> = |Ao|> — | Bo|%;

()  for all € > 0, there exist Cg, ye > 0 such that if € € Z" and ||| > ye, then
min{le—pgqo _ eso+i27r€~po|, 11— e—pgqo+s0+i2n$~p0|}

>C, inf —————,
= CjeNo &7 (1 + €I

where ps € {£+/(A-£ —i8)% + |a|2} we choose to satisfy Re(pg) > 0.
Then, for all f € &x(T"*Y), there exists u € En(T" 1) such that Pu = f.

Remark 2. The proof of this result is an adapted version of the proof of Theorem 7
presented in [4], tailored to our case. Due to the intricate nature of ultradifferentiability,
this proof is significantly more extensive and challenging to follow. To assist the reader
in understanding, we have chosen to retain many intermediate steps rather than omitting
them, as usual.

Proof. Given f € & (T"*1), let us show that there is u € E5¢(T"*!) such that Pu = f.
Consider the partial Fourier series representations:

u(x,t) = Z ﬁ(f,é)e’f-x and  f(x,1) = Z f(tvi_.)eig.x.

gezn gezn
If Pu = f, then following the procedures in [4, 6], conditions (I) and (II) give us
i0(1.8) = ae’ P TIO(16(1) + 256 (1), § € 27,

with

2r ~ ~ X
() = — f P @W-0@) i EPo=S@) G, (o) do
t

~ 21 ,—pe(q0+0(0)) ,~i(&-po)o—S(0)
e e
+eng(t)/ Gig(0) do,
0

e PEqdo ei (&-po)2m+so

t
Z2e(1) = / P00 =i E:Po=S©) G, () do
0

27 ,pe(Q(0)—q0) ,—i(§-po)o—S(0)
e e
4 P00 /
0

1 — e—Pedo+i(€-po)2m+so Gat(0) do,
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where
t - 2w t
00 = [awdr. 30 =~ [ awdr s0= [ swx
0 t 0
and

Gae(t)| — 2ape | —(A- S-—18)+-ps ol Lf@e.=§)

Given that pg € {£ VA -E—i8)? + |af?} and Re(pg) > 0, we have

Gé(t):[clg(z)} —1 [(x £_if)— —a]{f(t,@]

loel* = (- +2(le)? + 8) (X - ©) + (o> = 8%)% = C"(1 + [ED*,

since (A - £)* + 2(|a|? + 862)(X - €)% + (Ja|* — §2)? is a fourth-degree polynomial. There-
fore, there exists a positive constant C such that

lpgl = C(1+§). §eZ. (4.5)
Moreover, we have that
gl = (- O +2(lal? + 8 (A - £) + (o> +6%)? = (le|* + 6> >0, £eZ".
Consequently, there exists a positive constant C, such that
logl = Co. £ €27

In particular,
0<lpel™' <CY, Eez". (4.6)

Based on (4.6), it follows that the decay of G¢ and G, is the same as that of f(-, £).
Since f € &y (T"*1), there exist positive constants Cg, hg,, and hg, such that for all
N € Ny, the following inequality holds:

<Cgh ,mn N! inf mjJ!

Gk{:([) Jj€Ng m

fork =1,2.

N
‘a’tN

Given N € Ny, we have

av . )
_el(S'po)t — iN(E . po)Nel(‘S'pO)t,

dtN

which yields

<hY (1 + DN EPr = nl (1 + DN

N
A7 i por
dtN

for some constant /1, > 0.
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Similarly, we have

N
A7 —iepon
dtN

Now, employing Faa di Bruno’s formula (Lemma A.2), for N € Ny, we obtain

aN ~ ~ N! N 1 dﬁ _ Ve
0@) _ ,p:Q()
e = ) WII(E'WEQ(”)
=1

< hy (1+ 1ED".

yeA(N)
a0 Ny (pe dih T
— ,P - =
00 ¥ S )
yeA(N) =1

Since g € &) (T" 1), there exist Cgo, g0 > 0 such that

dk
WQ(I) < Cgohkomi k!, k € No.
Then,
av 5 . 2
‘dt P00 < ‘ePéQ(t)| Z _|p§|ly|H(€' Cqohs Uiy 1(@_1)')

yEA(N) =1

f{epfé(t)| Z V_CV|(1+||§||)VIH( quh )w

yeEA(N)

< [0y, 3 y—(ccqo)y(wnsn)yr[( me)

yeA(N)

Ve

5 1 m
< |ep5Q(t)|hN Z Clyl(l + ”E”)Iyl N
yeA(N) |1’|

Notice that we have used the following facts: M is non-decreasing, Lemma A .4, the

estimate (4.5), and that
N

N Ve
1Y i)~
{=1 =1
Additionally, in the last inequality, we denoted C; = C Cyp.
Since s € &5 (T"F1), there exist Cyg, hs0 > 0 such that

'—s(t) Cso h§gmi k!, k € No.
Analogously,
dN s m
) 5@ N —(Cs)" X N e N,
‘dtN =1%o D ( o ’

yeA(N)
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For e~ i€ po) e=Pe0(®) and ¢—S ® | the arguments are similar. Then, we have the fol-
lowing estimates, for all N € Ny:

av N ¥
e <y (L g DY @7
aN 5 ~
‘dt—Neing(t) < |eipsQ(t)|hN Z Cly\(1+”§”)|y\ : (4.8)
yEAN) Miy|
av 1 m
eSO <[0T —(Coo) T 4.9)
a : miy|
yYEA(N) 4

After obtaining all the above estimates, we can now study the decay of the derivatives
of e6P!+5M 7 . (1). For N € Ny, we have

av ) ~ 2 ~ )
95 (ezs-poz+S(r>eng(r) / ¢~ 0©)=iE0-5@) G (i) d(,)
t

N N—k 5
_ (N) d (e,'(g.po)z+S(t)eng(t))

N—-k
o k ) dt
dk 27w ~ )
x yr (/ e—psQ(U)e—t(E~po)0—S(o)GIE(G) do)
t

dN 2n ~ .
= (SO ep;Q(t))( / 0@ EPISO G (i) dg)
t

- AN epon+s@) oy 4 3(t) —i(E-po)i—S(1)
P - —i(§-po)t—
Z( )dtN ACRE e T (e e Gz (1)).

Givenk =1,...,Nandr =0,...,k — 1, it follows from (4.8) and (4.9) that

dr
4 e pe (1) S(z>)‘

d™~

= Z( )‘drw _pgém)’ ‘drr—‘u; (E_S(t))’
< |e—pgé(t)—S(t)| Z ( r)[h;”o Z —(Cq)lyl(l + ||E||)|V| i|
weo \W y! myy|

yeA(w)

r_ my—
5 ber]

neA(r—w)
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Denoting k, = k — 1 — r, we have

i

G ()

dk —w
<Z( )‘dik (Gt

‘ e~ i o)t

] mj j!
< hy (U [E)” Coh,™ mi (ke = w)! inf =2
Z( ) T vy

ky . 2
kr ke — I’I/l']'
< E hY(1+ YCohT Y my —y(kr—w (mf J )
wzo(w) p (WD CaliG, i ter =) 08 G TH (T T

My w!

(he,/H)* (1 +[IE)¥

k
[k, _
< Z(w)h;“(l e Ca H ik — w)!
w=0

< inf m;j Jj!

in

jeNo (hg,/H)7 (1 + [|£1)/

< Cg h*r 5 (k’) (kr —w)!w! inf mjJ!

< Cg hg, M, —wMy (ky —w)!lw! inf —————-—
oo\ w jeNo 8] (1 + ||£]I)/
kr k m_j|

< Cg hig, ( ’)mk,k,!.inf L
wX;:, w J€No 87 (1 + (&)

!
< Cg h mk,k inf m]—]
seNo 5] (1 + gl
with 8, = hg,/H, hgo = max{hp,hg,} and hg = 2hgo, noticing that Z (k’) = 2kr,
Then, givenk =1..., N — 1, using Lemmas A.1, A.3, and A.4 and the estimates (4.7),
(4.8), and (4.9), we have

dk—1 ~ ) s
= (e—psQ(t)e—z(S-po)t— (I)Gw(l))
so-son|| 4“7 _iepor
- —i
_Z( r ) ar e ) ‘d; rerd GRS Glé(f))‘

< |ereB0- S(t)|2( )[

_ my_— m~j|
x | g —(c o) “’}c W mp k! inf ——L
[ ' neA(Zr—w) M JGN°8’(1+IIEII)J

Z(;)[hw > e ) M}

w=0 yeA(w)
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k—
< s8OS Z‘i(k - 1)[
.

r=0

> (;)[’1“’ > —(cq>'y'(1 + [lg ! '"l'” }

w=0 yeA(w) Myl

|
x [hip™ Loy r= “’}c hfg my k! inf r
[SO neA(Zr_m T MR &N G /H)T (1 [ED)

)
j€No (81 /1‘12)1(1 + [€ID/

< [P 050 - (k—l)[ -
2 [
r=0

S (1) X Scaasien” M}

w=0 yeA(w)
miy| |y |! - m miy| |n]!
— 4 - hw Z —(C )Inl n; w - n p
8711+ g enirm M il 485t + g

mj j!
x Cg h% my k! inf ——2"
¢ J€No (1 + |I£ 1)/

. B — _ k—1 " (r ylt(C. Iy
< |e=PeQD=SO) |- p~1 —w LLALY s
<le [Cahs Z( r )[Z(w)m’”m’ [ 2 i3,
r=0 w=0 yeA(w)
! CS \7I| . '
X [ Z ﬂ(_o) :|mkr ky! inf jL}
vehGowy 1\ 5 j<No 87 (1 + ||€])

k—1 r
.1 _ k—1 r we
< ’e pe O (1) S(t)|CGhlg 1 E ( . )mrmk—l—r[ § (w)cql(l + qu) 1

r=0 w=0

|
x Cs1(1+ C)™ ™V (k=1 =) inf —2 "
J€No &7 (1 + ||€[])/

k—1 r
~1
< e CO=SO|Cohk " mpy :( )[} j(r)c;;c;;%kq—r)!
w
r=0 w=0

|
X inf Mt
i€No 81 (1 + ]/

i
’e peQ(1)— SU)‘CG hkolmk 1 (k=1)! inf L
jeNo 871 + €Il

with 52 = 81/H, 83 = 81/H2, I’lo = maX{hqo,hso}, qu = Cq/53, Csl = CS0/83, qu =
(I 4+ C41), Cs2 = 1+ Cgy, and hoo = 3hy, observing that

k—1 k—1

() (e

r=0 w=0 r=0
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Givenk =1, ..., N, it follows from the estimates (4.8), (4.8), and (4.9) that

dN—k
‘dr

( i(§-po)t+S(2) ng(t))
KIN—k
r

N—

Z
< N =k peB@)+5a) [hw 1 Wl oy m }
_;( )i E |Z(w) q0 Z y(Cq) a+1&h ,

yEA(w)

N—k—
(Pt B0 +50)) ‘d " i o)

dtN_k_r

e

x[hzo’” > —(cso)'"’”’w}h}f’”(wnsn)“'.

neA(r—w) M|

Finally, we have

SN AV Epits© B0 DT 0B i po—5®)
;(k)dﬂv—k(e PR G (e G ()
N N dN-k . s ~ -1 ~ ) s
< Z(k)‘dtN—k (/P50 ,0:0)) ‘dtk—l (e-:80) =i pon- (t)GIE(t))‘

k=1
N N—k r
N N —k 5 r
3)+5)
sz(k)[z( T emeorsop y (1)
k=1 r=0 w=0
x[hw > € ) ||]
]/

yeA(w)

X[h&?w > —(C )‘"'m’ ’”]h;"—k—’(1+||g||)N—k—r]|e—pgém—s<z>|CGo
neA(r—w) mip|

k—1 m; Jt 4
X hoo " mi—1 (k= 1)! [,2&((52/112)1(1 + IIEII)')}

N—k
(Z)[Z(N;k)hzshﬁ ()] T Lerariap e
yeA(w)V

N
=2
k=1 r=0 w=0 myy|
myy y|! me_ miy n|!
x b IIH ) —'(c o el IH
8 (L+ 1§D IL, cAGowy T Il 8, (1 + (1§D

m—k-r (N =k = 1)!
SR (U eV

A G
"N\ 571 + 1)

x (14 [lEHN Coohgt my_y (k — 1)!
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N N N—k N—k r r
fccoz(k)hsalhyq;k[z( (2 )
k=1

r=0 w=0
| [yl
NI DAL £ Ry M
y! \dq
yeA(w)
1 Cs Il 1
x[ 3 5(540) :|mN_k_,W(N—k—r)!}mk_l(k—l)!
neA(r—w) 4
m;j j!

€N 8 (1 + ]/

N (N NE N -k Ty
< Coohl} Z( ’ )mk_l )3 ( r )mN_k_rmr ) (w)[cq3<1 +C) ]
k=1 r=0 w=0

% [Coa(1 + Coay ™ (N —r = 1) inf —U 2
[Cea(1 + Cy3 ] i<No 81 (1 + ||&]l)/

N N—k
N N —k
ECGOh%E (k)mk—l E ( . )mN—k—rmr
k=1 r=0

r .

r _ ) mj j!
x Z( )C"gcq (N —r—1)! inf —L——
wmo W/ 1R 81 (1 + €]/
R

<Ch¥my Nl inf —1°
7€No 83 (1 + [I£1)7

with 84 = 82/1‘12, hqs = maX{hqo,hso}, hpqs = max{hp,hqs}, Cq3 = Cq/84, CS3 =
Cs0/84, Cq4 =1+ Cq3, Ciy=1+Cg3,h = 2max{h00,hpqs, Cq4, Cs4} and C = 2Cgy.

Using the same arguments, we can obtain similar estimates for the derivatives of

dN . ~ 2w ~ .

R L ( / P00 i EPISO G () da)
t

and of

27 ,—p(q0+0(0)) p—i(§-po)o—S(0)

e*pg‘lo _ ei(§~p0)2ﬂ+3‘0

ol EPOIHS() 0 O(1) / G1¢(0) do.

0
observing that

2 ~ .
/ ePs0(0) =108, (g) do

27 ~
< / =285 G (6)| do
t t

<2 supfe_pfé(t)_s(t)’ sup |G ¢ (?)]

B »
< Chg, suple £ QO=SO| jnp WL
J€No hig, (1 + (€1

and that the condition (IIT) holds.



A. Kirilov, W. A. A. de Moraes, and P. M. Tokoro 224

The study of the decay of the derivatives of ¢! P0)+S (’)225 (t) is analogous. There-
fore, u € &3(T") and Pu = f € & (T") by construction. L]

Remark 3. For the bidimensional torus T2, conditions (I) and (II) combined with A # 0
imply condition (IIT) (see [4]). However, in general, this implication does not hold (see [6,
Example 2]).

Theorem 4.2. Let P the Vekua-type operator defined in (4.3) with A = 0. Suppose that
one of the following conditions holds:

(1) |Bol > |Aol;

(2) |Bo| < |Aol, o] > |8] and there is no (§,t) € Z™! solution of

{Re(AO(t + (- po)) =0 ; (4.10)

472|T 4+ (€ - po)|*> = |40]> — |Bo|?

3) || < |8 and s¢ # O,

@) || < |8], so = 0, there is no (§,7) € Z"T! satisfying (4.10) and the following
diophantine condition holds:
for all & > 0, there exist vy, Cs > 0 such that (§,7) € Z" 1, ||&|| = y, implies

. mj j!
2 - 10)27 — qo /82 — |a? | A — DC!
|2t + (§ - po)2m — qo o] |2C€jler%\70 0+ IED (DCy)

Then, for all f € C®(T"+1), there exists u € C°(T" 1) such that Pu = f.

Proof. 1f (1), (2), (3), or (4) holds, it is not difficult to see that conditions (I) and (I) in
Theorem 4.1 hold. Moreover, if (1), (2), or (3) holds, then there exists C > 0 such that

|emPedo — 0 Hi27EP)| > € and |1 — eTPedo R H2TER) | > € £ e 7,

In fact, first notice that A = 0 gives us that, for all § € Z, we have pz = /|a|? — §2 = p.
Suppose that (1) holds. Notice that |Ag|* = 53 + |§|>¢3 and |Bo|* = |a|*q3. Since
|Ag| < | Bo|, we have

lel*q0 > 55 + 181°q5 = 181*q5 = ler| > 18],

which implies p € R~¢. Suppose there exists £ € Z” such that e ™90 — ¢ (-P0)27+50 — (),
Then, there exists T € Z such that

pqo + 1 (§ - po)2mw + 5o = —i27T.
Comparing the real parts, we obtain pge + so = 0. Since p = /|a|?> — §2, we have
gVl =8 +50 = 0= (o —6%)q5 = 55
= lel®q5 = 55 + 6745
= |40> = |Bo/?,
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which contradicts (1). Therefore, e °90 — ' (¢:P0)27+50 L () for all £ € Z". Analogously,
we show that 1 — e~P20 1 Po)27+s0 —£ () for all £ € Z". This implies

—pqo F i(§- po)2m + so +i2nk fork € N.

Notice that, since |«| > |3|, we have p € R. Then, given £ € Z", we have

}e—ﬂqo _ ei(E'P0)2ﬂ| > |e—pqo _ eS0| and ’1 _ e—pqo+i($'1?o)27f+so| > }1 — e~ Pdo+so ]|

Choosing C = min{|e P90 — ¢%|, |1 — e P90F50|} > 0, we have

|e—/0110 _ei(§~po)2n+so| >C and |1 _ e-ﬁqo+i(€'170)2n+so| >C, Eez"

If (2) or (3) holds, the arguments are similar. Notice that

mg - 0! . mj - j!
€= Coarene = C A Ta e
for all £ > 0. Proceeding as in Theorem 4.1, we show that for all f € &5¢(T"), there exists
u € &y (T") such that Pu = f.
If (4) holds, we cannot prove that there exists C > 0 like in the other cases. In this
case, we use the arguments of Theorem 4.1 and the Diophantine condition (D C;) which
is equivalent to (D C} ), as proved in the following lemma. ]

Lemma 4.3. The condition (D C3 ) is equivalent to the following condition.
For all € > 0, there exist y,, C; > 0 such that for £ € 7", ||| > ye, we have

, o)
el (EP02m—g0/52=10P) _ | > ¢, inf —— (DCLL)
E *jeNo &7 (1 + [I€]])7 M

Proof. This proof is an adaptation of the proof of [4, Lemma 13]. Suppose that (D )
does not hold. Then, there exists & > 0 such that for each £ € N, there exists (&, t¢) € Z"+!
with [|&]| > £ and

1 m; j!
2ty + (E¢ - po)2m — 82 — |af?| < = inf ——L——.
|27t + (¢ - po) o ot |?] 2 T+ B
Notice that

|ei((Ee~po)2ﬂ—qo\/82—|a|2) _ 1|2 = |ei(2me+(&-po)2n—qo«/52—|a\2) _ 1}2

= 2(1 —cos(2mty + (&¢ - po)2mw — qo+/82 — |oe|2))
=2(277; + (& - po)27 — go+/8% — |ar|?) sin(€r)
. mj j!
< inf ———1J4°
= jeNo &7 (1 + &l
m; j!

2
= [,»‘e“Nfo /H)(1+ IISZII)J} ’
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for some & € R. Then,

|ei((5@'P0)2ﬂ—¢10«/32—_\a|2) 1| < inf ( m; J! )
jeNo\ (¢/H)I (1 + [|&ell)!

Therefore, (D C;/;) does not hold.
On the other hand, suppose that (D C 3/\/{) does not hold. Then, there exists € > 0 such
that for each £ € N, there exists & € Z" with ||&| > £ and

| (EcPo2m—a0/5—la®) _ 1| o inf — mj-jt
jeNo &7 (1 + [[€cll)/

/82 _ |al?

that is, —ty is the integer part of & po — %qo V62 — |a?.

Notice that
qo+/82 — |af?

21

Foreach{ € Z,

0 <& po— +1 < 1.

We have

‘ei(&pohfqo\/«?LIalz) _ 1| < inf — mj J! _ < ! -0, {— oo,
jeNo &/ (L + ||&l)Y — (1 + |I&])

since ||&¢|| = £ — oo with £ — co. Then,

qo /8% — |af?

2w
Then, taking £ € N sufficiently large, we have

|1 Gt Po2m—qo/82—lef?) _ 1|2
= 2(1 — cos(2mt + & po2m — qo+/82 — |a?))

1 2
> §|27TT13 + &0 po2m — qo /8% — |af?|”,

o /8% — |af?

+1—>1, {— cc.
21

& po — +1—>0 or & po—

using the fact that 1 — cos(#) > 62 /4 for all § in a neighborhood of the origin. This follows
from the Taylor expansion of 1 — cos(f). Since

|f@mretE po2m—ao /B aP) _ | < jpp T /L gen,
jeNo &/ (1 + [|&¢ 1)/
we have
i
|27t + & po2m — qo/82 — ||| < 2 inf _MJE e,

jeNo &/ (14 [l&el)/”

Therefore, (D C}) does not hold. We conclude that (D C;) and (D Cy) are equiva-
lent. ]
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A. Technical results

Lemma A.l. Let M = {m;};eN, be a weight sequence and H > 0 from property iii.
Then, for all p > 0, we have

ol )2 yze
(Sup - ) f Sup —.
jeNy Mj J! jeNg Mj J!

Proof. See [13, Proposition 3.6]. ]

Remark 4. Equivalently, we have

i\ 2 7
inf ML) s gy MU0
jeNo pJ jeNo pl HJ

In particular, given § > 0, taking p = §/H , we obtain

S\ 2 T
inf I s g TS
jeNy (8/H)J jeNg 87

Lemma A.2 (Faa di Bruno formula). Given f € C*®°(R) and k € N, we have that

dk k! k 1 d(i Ye
el i (9 R ()] i (——f(t))
e e E | |
k | 1 44 ?
dt yeA(k)y'£=1 L dt
with A(k) = {y = (y1,....yx) € Nk - Y5 ty, = k).
Lemma A.3. Given k € Ng and R > 0, we have that

!
Y MR = ka4 Ry,

yeAwk)
with A(k) = {y = (y1,....yx) € Nk - Y5 tyy = k).
Proof. See [14, Lemma 1.4.1]. [

Lemma A.4. Let M be a weight sequence and y € A(k). Denote |y| = y1 + -+ + Vk.
Then,

Y1 Yk
Myy|my -y < mg.

Proof. See [5, Proposition 4.4]. [
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