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Denjoy–Carleman solvability of Vekua-type periodic
operators
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Abstract. This paper explores the solvability and global hypoellipticity of Vekua-type differential
operators on the n-dimensional torus within the framework of Denjoy–Carleman ultradifferentiabil-
ity. We provide the necessary and sufficient conditions for achieving these global properties in the
case of constant-coefficient operators, along with applications to classical operators. Additionally,
we investigate a class of variable coefficients and establish conditions for its solvability.

1. Introduction

The theory of generalized analytic functions, as introduced by Vekua in [16], initially dealt
with solutions to equations of the form

@ NzuC AuC B Nu D F;

where @ Nz stands for the Cauchy–Riemann operator and the coefficients A and B belong to
a suitable function space in the complex plane. This theory is closely linked to the theory
of holomorphic functions and relies on specific regularity conditions on the coefficients
to apply the similarity principle. Vekua used this framework to address problems in the
theory of shells and explore problems of infinitesimal bendings of surfaces.

In [15], V. Kravchenko extended this theory by replacing the Cauchy–Riemann opera-
tor with more general complex-valued vector fields. This generalization enabled the study
of classical equations from mathematical physics, including the Schrödinger, Dirac, and
Maxwell equations, among others.

The work of Vekua, Kravchenko, Bers, and other researchers has found extensive
applications in various fields, such as boundary value problems in elasticity theory, hydro-
dynamics, electric potential, mechanics, and more.

In the article [12], we investigated the solvability and global hypoellipticity of the
periodic Vekua-type operator P defined by

Pu D Lu � Au � B Nu; (1.1)
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where A and B are complex constants and L W C1.Tn/! C1.Tn/ is a general constant
coefficient partial differential operator. In this case, we obtained a complete characteriza-
tion of these global properties for this class of operators.

Now, in this article, we address the Denjoy–Carleman solvability problem for the same
class of constant coefficient operators. Additionally, we extend the analysis to a class of
operators with variable coefficients, building on the results obtained in [4, 6].

In this paper, we organize the content as follows. In Section 2, we revisit funda-
mental notations and properties related to Denjoy–Carleman classes of ultradifferentiable
functions. We provide the necessary background and refer the reader to [7] for more com-
prehensive details and proofs. Next, we delve into the analysis of operators with constant
coefficients, outlining the conditions under which they are solvable in the ultradifferen-
tiable sense. This involves establishing a necessary and sufficient condition, linked to a
Diophantine condition, which relates the growth of a value associated with the symbol of
the operator to its solvability. We also demonstrate that global hypoellipticity and solv-
ability are equivalent properties.

In the latter part of the paper, we shift our focus to operators with variable coefficients.
Motivated by the work in [4,6], we consider a class of complex vector fields with variable
coefficients and derive conditions under which these operators are solvable.

Further details on smooth and ultradifferentiable solvability and the regularity of solu-
tions on tori can be found in [1–3, 8]. In the wider context of compact Lie groups, the
reader can see some results in [9–11] and the references cited therein.

2. Notations and Fourier analysis in Denjoy–Carleman classes

Let us begin by recalling the definition and some useful properties of the spaces of ultra-
differentiable functions of Roumieu type defined on the n-dimensional torus

Tn
' Rn=2�Zn:

For more details on the results and their proofs, we refer the reader to [7].
A sequence M D ¹mj ºj2N of positive real numbers is called a weight sequence if it

satisfies the following conditions:

(i) m0 D m1 D 1;

(ii) m2j � mj�1mjC1 for all j 2 N;

(iii) supj;k2N0
.
mjCk
mj mk

/
1

jCk � H for some H � 1.

Given a weight sequence M D ¹mj ºj2N and h > 0, consider the set EM;h.T
n/ of all

smooth functions f W Tn ! C such that

kf kM;h
:
D sup
˛2Nn

0

sup
x2Tn

j@˛f .x/j

hj˛jmj˛j j˛jŠ
<1:
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We observe that EM;h.T
n/ is a Banach space with respect to the norm k � kM;h, and

we define the space of periodic M-ultradifferentiable functions of Roumieu type by

EM.T
n/ D ind lim

h!C1
EM;h.T

n/:

Moreover, its dual space, denoted by D0M.T
n/, is commonly referred to as the space

of periodic M-ultradistributions.
Therefore, a smooth function f W Tn ! C belongs to the space EM.Tn/ if and only

if there exist constants C; h > 0 such that, for all ˛ 2 Nn
0 ,

sup
x2Tn

j@˛f .x/j � Chj˛jmj˛jj˛jŠ:

The best-known example of a space of ultradifferentiable functions is given by the
weight sequence M D ¹mj ºj2N0 , where mj D .j Š/s�1. For each fixed s � 1, EM.Tn/ D

G s.Tn/ is the space of periodic Gevrey functions of order s.
The Fourier coefficients of a function f 2 EM.Tn/ are given by

Of .�/
:
D .2�/�n

Z
Tn

f .x/e�i��x dx; � 2 Zn;

and, as usual, the Fourier coefficients of an ultradistribution u 2 D0M.T
n/ are defined by

Ou.�/ D .2�/�nhu; e�i��xi; � 2 Zn:

The classes of ultradifferentiable functions and ultradistributions on tori can be char-
acterized by the rate of decay or growth of their Fourier coefficients in the following way:

f 2 EM.T
n/, there exist C; ı > 0 such that

j Of .�/j � C inf
j2N0

mj j Š

ıj .1C k�k/j
; � 2 ZnI (2.1)

u 2 D0M.T
n/, for all " > 0; there is C" > 0 such that

j Ou.�/j � C" sup
j2N0

"j .1C k�k/j

mj j Š
; � 2 Zn: (2.2)

Moreover, when f 2 EM.Tn/ and u 2 D0M.T
n/, we have

f .x/ D
X
�2Zn

Of .�/ei��x and u D
X
�2Zn

Ou.�/ei��x ;

with convergences in EM.Tn/ and D0M.T
n/, respectively.

Another important characterization for the development of this work is given by the
partial Fourier series, which can be described as follows: let us write n D p C q, with
p; q 2 N, consider the direct sum Rn D Rp ˚ Rq and write .t; x/ 2 Tn, meaning that
t 2 Tp and x 2 Tq .
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Given f 2 EM.Tn/, for each t 2 Tp , consider the function ft W Tq ! C given by
ft .x/ D f .t; x/. Clearly, for each t 2 Tp , we have ft 2 EM.Tq/ and by the characteri-
zation (2.1), we can write

f .t; x/ D ft .x/ D
X
�2Zq

Of .t; �/ei��x ;

with convergence in EM.Tq/, where

Of .t; �/
:
D .2�/�q

Z
Tq

ft .x/e
�i��x dx:

Moreover, for each � 2 Zq fixed, we have that Of .�; �/ 2 EM.Tp/.
Analogously, given an ultradistribution u 2 D0M.T

n/, for each � 2 Zq , we define the
partial Fourier coefficient of u as the functional Ou.t; �/ W EM.Tp/! C given by

h Ou.t; �/; f i D .2�/�qhu; f .t/˝ e�i��xi; f 2 EM.T
p/:

In this framework, we have the following characterizations:

f 2 EM.T
n/, 9Cp; hp; hq > 0I 8˛ 2 Np

0 ; 8� 2 Zq

sup
t2Tp

j@˛ Of .t; �/j � Cp h
j˛j
p mj˛j j˛jŠ inf

j2N0

mj j Š

h
j
q .1C k�k/j

I (2.3)

u 2 D0M.T
n/, 8" > 0; 9C" > 0I 8f 2 EM.T

p/; 8� 2 Zq

jh Ou.t; �/; f ij � C";hkf kM;h sup
j2N0

"j .1C k�k/j

mj j Š
: (2.4)

3. Constant coefficient operators

Consider the operator P W EM.Tn/! EM.Tn/ defined by

Pu D Lu � Au � B Nu; (3.1)

where A;B 2 C and L is an operator of the form

L D
X

0<j˛j6m

c˛@
˛;

with c˛ 2 C for all ˛ 2 Nn
0 satisfying 0 < j˛j 6 m, and with symbol

�L.�/ D
X

0<j˛j6m

i j˛jc˛�
˛; � 2 Zn:

By the continuity of P , if u.x/ D
P
�2Zn Ou.�/e

i��x 2 D0M.T
n/, we have

Pu.x/ D
X
�2Zn

.�L.�/ � A/ Ou.�/e
i��x
� B

X
�2Zn

Ou.��/ei��x :



Denjoy–Carleman solvability of Vekua-type periodic operators 209

Therefore, the Fourier coefficients of any solution of the equationPuD f must satisfy

.�L.�/ � A/ Ou.�/ � B Ou.��/ D Of .�/:

Taking the conjugate of the previous equation for �� 2 Zn, we obtain

Of .��/ D
�
�L.��/ � xA

�
Ou.��/ � xB Ou.�/;

which gives us, for each � 2 Zn, the following linear system:´ �
�L.�/ � A

�
Ou.�/ � B Ou.��/ D Of .�/;

� xB Ou.�/C
�
�L.��/ � xA

�
Ou.��/ D Of .��/:

Solving this system for Ou.�/, we obtain

�� Ou.�/ D
�
�L.��/ � xA

�
Of .�/C B Of .��/; (3.2)

where �� is the discriminant of the above system, that is,

�� D
�
�L.�/ � A

��
�L.��/ � xA

�
� jBj2: (3.3)

Observe that�� D ��� for all � 2 Zn. In particular,�� D 0 if, and only if,��� D 0.
Inspired by [4, 6, 12], we introduce the following notion of solvability and the main

result of this section.

Definition 3.1. We say that the differential operator P W EM.Tn/ ! EM.Tn/ defined
in (3.1) is M-solvable if there exists a subspace F � EM.Tn/ of finite codimension such
that, for all f 2 F , there exists u 2 EM.Tn/ satisfying Pu D f .

Theorem 3.2. The operator P is M-solvable if and only if, for all " > 0, there exist
constants C"; 
" > 0 such that

k�k � 
") j�� j � C" inf
j2N0

mj j Š

"j .1C k�k/j
: (DCM)

Proof. Firstly, observe that

sup
j2N0

"j .1C k�k/j

mj j Š
�

X
j2N0

"j .1C k�k/j

mj j Š
�

X
j2N0

"j .1C k�k/j

j Š
D e".1Ck�k/:

Therefore, for any " > 0, we have

inf
j2N0

mj j Š

"j .1C k�k/j
D

�
sup
j2N0

"j .1C k�k/j

mj j Š

��1
> 0: (3.4)

Let us assume that (DCM) holds. Then, the set

� D ¹� 2 Zn W �� D 0º
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is finite. This implies that the subspace

F D ¹f 2 EM.T
n/ W Of .�/ D 0 for all � 2 �º

has finite codimension in EM.Tn/.
Given f 2 F , by (2.1), there exist C; ı > 0 such that, for all � 2 Zn,

j Of .�/j � C inf
j2N0

mj j Š

ıj .1C k�k/j
: (3.5)

Let H > 0 be the value specified in condition (iii) of the definition of a weight
sequence, and set " D ı=H in condition (DCM). Then, there exist constants C"; 
" > 0
such that

k�k � 
") j�� j � C" inf
j2N0

mj j Š

"j .1C k�k/j
: (3.6)

Given f 2 F , we seek u 2 EM.Tn/ solution of Pu D f . Consider the formal series

u.x/ D
X
�2Zn

Ou�e
i��x ;

with Fourier coefficients given by

Ou� D �
�1
�

�
.�L.��/ � xA/ Of .�/C B Of .��/

�
; � 2 Zn n�;

and Ou� D 0 when � 2 �. Let us show that u satisfies the desired properties. For k�k � 
",
we have � 2 Zn n�. Therefore, it follows from (3.5) and (3.6) that k�k � 
" implies

j Ou.�/j D j�� j
�1
ˇ̌�
�L.��/ � xA

�
Of .�/C B Of .��/

ˇ̌
�
C

C"

�
j�L.��/ � xAj C jBj

�
inf
j2N0

mj j Š

ıj .1C k�k/j
sup
j2N0

.ı=H/j .1C k�k/j

mj j Š
:

Notice that �L is a polynomial of degree N , where N is the order of the operator L.
Thus, there exists a constant C > 0 such thatˇ̌

�L.��/ � xA
ˇ̌
C jBj � C.1C k�k/N ; � 2 Zn:

Moreover, it follows from Lemma A.1 that

inf
j2N0

mj j Š

ıj .1C k�k/j
sup
j2N0

.ı=H/j .1C k�k/j

mj j Š

�

�
inf
j2N0

mj j Š

.ı=H/j .1C k�k/j

�2�
inf
j2N0

mj j Š

.ı=H/j .1C k�k/j

��1
D inf
j2N0

mj j Š

.ı=H/j .1C k�k/j
:
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Again, from Lemma A.1, and the previous estimates, we have

j Ou.�/j � C 0.1C k�k/N inf
j2N0

mj j Š

.ı=H/j .1C k�k/j

� C 0.1C k�k/N
�

inf
j2N0

mj j Š

.ı=H 2/j .1C k�k/j

�2
� C 0.1C k�k/N

mN NŠ

.ı=H 2/N .1C k�k/N
inf
j2N0

mj j Š

.ı=H 2/j .1C k�k/j

� C 0 hN mN NŠ inf
j2N0

mj j Š

ı
j
0 .1C k�k/

j

for some C 0 > 0, with h D H 2=ı and ı0 D ı=H 2.
Therefore, u 2 EM.Tn/, and Pu D f by (3.3), that is, P is M-solvable.
On the other hand, suppose that (DCM) does not hold. Then, there is " > 0 such that

for each ` 2 N, there is �` 2 Zn with k�`k � ` and

j��` j < inf
j2N0

mj j Š

"j .1C k�`k/j
: (3.7)

We can choose ¹�`º`2N D ¹.�1`; : : : ; �n`/º`2N such that there is m 2 ¹1; : : : ; nº such
that all the �m` are non-zero and have the same sign. This choice will be crucial in order
to construct a singular solution when ��` D 0 for finitely many indices `.

Case 1. ��` D 0 for infinitely many ` 2 N.
Passing to a subsequence, we may assume that��` D 0 for all ` 2N. Thus, from (3.2),

we have .�L.��`/ � xA/ Of .�`/C B Of .��`/ D 0 for all ` 2 N.
From (3.3), we have .�L.�`/�A/ .�L.��`/� xA/D jBj2 for all ` 2N. If B ¤ 0, then

jBj2 ¤ 0, and we conclude that �L.�`/ � A ¤ 0 and �L.��`/ � xA ¤ 0 for all ` 2 N. In
this context, there are infinitely many compatibility conditions for the Fourier coefficients
of f 2 C1.Tn/ to satisfy Pu D f . Consequently, P is not M-solvable.

IfB D 0, the Fourier coefficients of u and f must satisfy .�L.�/�A/ Ou.�/D Of .�/ and

.�L.��/� xA/ Ou.��/D Of .��/ for all � 2Zn. Since Œ�L.�`/�A�Œ�L.��`/� xA�D��` D 0
for all ` 2 N, at least one of the following must hold: �L.�`/�A D 0 or �L.��`/� xA D
0, for each ` 2 N. This implies that for infinitely many indices � 2 Zn, either Of .�/ D
0 or Of .��/ D 0. Therefore, there are infinitely many compatibility conditions for the
Fourier coefficients of f such that Pu D f has a smooth solution. Consequently, P is
not solvable.

Case 2. ��` D 0 for a finite number of indices ` 2 N.
Passing to a subsequence, we may assume that ��` ¤ 0 for all ` 2 N, and consider

the set z� D ¹�` 2 Zn W ` 2 Nº. Observe that � 2 z�) �� … z�, due to the way we took
the sequence ¹�`º`2N . Also, let z�0 � z� be an infinite subset.
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Let us assume first that B ¤ 0 and consider the function

f .x/ D
X
�2z�0

��e
i��x :

It follows from (3.7) and (2.1) that f 2 EM.Tn/. If u 2 D0M.T
n/ is a solution of

Pu D f , proceeding as in [12], the projection of u on the subspace D0M.T
n/ generated

by the frequencies˙z�0 is given by

v.x/ D
X
�2z�0

Be�i��x C
X
�2z�0

�
�L.��/ � xA

�
ei��x 2 D0.Tn/ n C1.Tn/:

Then, v 2 D0M.T
n/ n EM.Tn/, which implies u 2 D0M.T

n/ n EM.Tn/.

Now, consider the case where B D 0. For all � 2 z�0, observe that�
inf
j2N0

mj j Š

."=H/j .1C k�k/j

�2
� inf
j2N0

mj j Š

"j .1C k�k/j
> j�� j D j�L.�/�Aj j�L.��/�Aj:

Therefore, either

j�L.�/ � Aj < inf
j2N0

mj j Š

."=H/j .1C k�k/j
or j�L.��/ � Aj < inf

j2N0

mj j Š

."=H/j .1C k�k/j

holds for infinitely many � 2 z�0.
If

j�L.�/ � Aj < inf
j2N0

mj j Š

."=H/j .1C k�k/j

holds for infinitely many � 2 z�0, we can pass to a subsequence and assume that this
inequality holds for all � 2 z�0. This implies that the function

f .x/ D
X
�2z�0

Œ�L.�/ � A�e
i��x

belongs to EM.Tn/. If u 2 D0M.T
n/ is a solution of Pu D f , proceeding as in [12], the

projection of u on the subspace D0M.T
n/ generated by the frequencies in z�0 is given by

v.x/ D
X
�2z�0

ei��x 2 D0.Tn/ n C1.Tn/:

Thus, v 2 D0M.T
n/ n EM.Tn/, which implies u … EM.Tn/.

The case where

j�L.��/ � Aj < inf
j2N0

mj j Š

."=H/j .1C k�k/j

holds for infinitely many � 2 z�0 is analogous.
Finally, note that this construction holds for any infinite subset z�0 � z�, providing us

with infinitely many linearly independent functions f 2 EM.Tn/ such that there are no
u 2 EM.Tn/ satisfying Pu D f . Therefore, P is not M-solvable.
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Definition 3.3. We say that P is M-globally hypoelliptic when the conditions

u 2 D0M.T
n/ and Pu 2 EM.T

n/ imply u 2 EM.T
n/:

Corollary 3.4. P is M-solvable if, and only if, P is M-globally hypoelliptic.

Proof. If P is M-solvable, we have shown in Theorem 3.2 that for any f 2 EM.Tn/, if
u 2 D0M.T

n/ is a solution of Pu D f , then u 2 EM.Tn/. Therefore, P is M-globally
hypoelliptic.

Conversely, if P is not M-solvable, according to Theorem 3.2, we can find a function
f 2 EM.Tn/ such that if u 2 D0M.T

n/ is a solution of Pu D f , then u … EM.Tn/.
Therefore, P is not M-globally hypoelliptic.

In [4, 12], the notion of (smooth) solvability was introduced as follows. An operator
P W C1.Tn/! C1.Tn/ is said to be solvable if there exists a subspace F � C1.Tn/ of
finite codimension such that for all f 2 F , there exists u 2 C1.Tn/ such that Pu D f .

Moreover, it was shown that P is solvable if and only if there exists 
 > 0 such that

k�k � 
 ) j�� j � .1C k�k/
�
 :

Now, observe that for any " > 0, we have

1

.1C k�k/

D

"


m
 
Š

m
 
Š

"
 .1C k�k/

� C" inf

j2N0

mj j Š

"j .1C k�k/j
;

where C" D "


m
 
Š
. Therefore, (DCM) holds, and we have proved the following result.

Proposition 3.5. If P is solvable, then P is M-solvable.

However, the reciprocal of this statement is generally not true. In [6], the authors
provided a counterexample involving a constant-coefficient vector field and continued
fractions in the context of Gevrey spaces.

Corollary 3.6. If L is an elliptic differential operator, then P is M-solvable and M-
globally hypoelliptic.

Proof. It follows from [12, Theorem 4] that P is solvable. Therefore, by Corollary 3.4
and Proposition 3.5, P is M-solvable and M-globally hypoelliptic.

3.1. Examples

Example 3.7 (Laplace operator). IfLD
Pn
jD1 @

2=@x2j , then the operatorP is M-solvable
and M-globally hypoelliptic because L is elliptic.

Example 3.8 (Heat operator). If L D @=@t � �2
Pn
jD1 @

2=@x2j , where � > 0, then P is
M-solvable and M-globally hypoelliptic because P is solvable (see [12, Theorem 5]).
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Example 3.9 (Wave operator). Let L D @2=@t2 � �2
Pn
jD1 @

2=@x2j , with � > 0. The
operator P is M-solvable and M-globally hypoelliptic if and only if one of the following
conditions holds:

(1) jBj < j Im.A/j;

(2) jAj D jBj, Re.A/ D 0, and � is an irrational non-Liouville number;

(3) condition (DCM) holds.

The conditions above are sufficient for the solvability by Corollary 3.4, Proposition 3.5,
and the smooth solvability established in [12, Theorem 6]. The necessity follows from
Theorem 3.2.

Example 3.10 (Complex vector fields). As a direct consequence of Theorem 3.2, we can
extend the results involving constant-coefficient complex vector fields obtained in [4,6,12]
to the framework of ultradifferentiable solvability and regularity. Consider

L D
@

@t
C

nX
jD1

Cj
@

@xj
;

where Cj 2 C for j D 1; : : : ; n. Then, P is M-solvable if and only if, for all " > 0, there
exist C"; 
" > 0 such that

k�k C j� j � 
") j��;� j � C" inf
j2N0

mj j Š

"j .1C k�k C j� j/j
;

with
��;� D �j� C � � C j

2
C jAj2 � jBj2 � 2i Re.A.� C � � xC//:

In particular, if Im.C / D 0, then P is M-solvable if and only if one of the following
conditions holds:

(1) jBj > jAj;

(2) jBj < jAj and Re.A/ ¤ 0;

(3) condition (DCM) holds.

The proof of this particular case follows the same lines as [6, Theorem 4].

Remark 1. The results for the Gevrey classes obtained by Almeida and Dattori da Silva
in [6] are particular cases of those developed in this paper for the Denjoy–Carleman
classes of Roumieu type. In fact, the Gevrey spaces are obtained when we consider the
weight sequence M D ¹.j Š/s�1ºj2N0 . It is possible to show that

t1=s � s log
�

1

1 � s�1

�
� sup
j2N0

log
�
tj

.j Š/s

�
� s t1=s;

which allows us to demonstrate that the condition (DCM) is equivalent to the (DCs) con-
dition obtained in [6].
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4. A class of operators with variable coefficients

Motivated by references [4, 6], we examine in this section the M-solvability of a class of
Vekua-type operators with variable coefficients.

Let us consider the following complex vector field:

L D
@

@t
�

nX
jD1

�
pj .t/C i�j q.t/

� @
@xj

; (4.1)

where the function q 2 EM.T1IR/ does not change sign, pj 2 EM.T1IR/ for j D
1; : : : ; n, and the constants �1; : : : ; �n 2 R. Furthermore, we can assume, without loss
of generality, that q � 0.

Now, set m.t/ D .m1.t/; : : : ; mn.t//, where

mj .t/ D

Z t

0

.pj .�/ � p0j / d�; p0j D
1

2�

Z 2�

0

pj .�/ d� for j D 1; : : : ; n;

and define the operator T W D0M.T
nC1/! D0M.T

nC1/ by

T u.t; x/ D
X
�2Zn

Ou.t; �/e�im.t/��ei��x ; (4.2)

where the ultradistribution u.t; x/ D
P
�2Zn Ou.t; �/e

i��x 2 D0M.T
nC1/ is expressed in its

partial Fourier series representation.
By [7, Theorem 5.12], the operator T and its restriction T jEM.TnC1/ are automor-

phisms that satisfy

T zLT �1 D
@

@t
�

nX
jD1

.p0j C i�j q.t//
@

@xj
:

4.1. The Vekua-type operator

Consider the operator P W EM.TnC1/! EM.TnC1/ given by

Pu D Lu � .s.t/C iıq.t//u � ˛q.t/ Nu; (4.3)

with

L D
@

@t
�

nX
jD1

.p0j C i�j q.t//
@

@xj
; (4.4)

where the constants ˛ 2C n ¹0º, ı 2R, the vectors �D .�1; : : : ;�n/, p0D .p01; : : : ;p0n/
are in Rn, and the functions q; s 2 EM.T1IR/. Recall that q does not change sign, and
we can assume q � 0. Furthermore, we define

A0
:
D s0 C iıq0; B0

:
D ˛q0; and C0

:
D 2�p0 C i�q0;

where q0
:
D

Z 2�

0

q.�/ d� > 0 and s0
:
D

Z 2�

0

s.�/ d�;
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Theorem 4.1. Assume that the following conditions hold:

(I) j˛j ¤ jıj;

(II) there is no .�; �/ 2 ZnC1 solution to´
Re
�
A0.2�� C � � C0/

�
D 0;

j2�� C � � C0j
2 D jA0j

2 � jB0j
2I

(III) for all " > 0, there exist C"; 
" > 0 such that if � 2 Zn and k�k � 
", then

min
®
je���q0 � es0Ci2���p0 j; j1 � e���q0Cs0Ci2���p0 j

¯
� C" inf

j2N0

mj j Š

"j .1C k�k/j
;

where �� 2 ¹˙
p
.� � � � iı/2 C j˛j2º we choose to satisfy Re.��/ � 0.

Then, for all f 2 EM.TnC1/, there exists u 2 EM.TnC1/ such that Pu D f .

Remark 2. The proof of this result is an adapted version of the proof of Theorem 7
presented in [4], tailored to our case. Due to the intricate nature of ultradifferentiability,
this proof is significantly more extensive and challenging to follow. To assist the reader
in understanding, we have chosen to retain many intermediate steps rather than omitting
them, as usual.

Proof. Given f 2 EM.TnC1/, let us show that there is u 2 EM.TnC1/ such that PuD f .
Consider the partial Fourier series representations:

u.x; t/ D
X
�2Zn

Ou.t; �/ei��x and f .x; t/ D
X
�2Zn

Of .t; �/ei��x :

If Pu D f , then following the procedures in [4, 6], conditions (I) and (II) give us

Ou.t; �/ D ˛ei.��p0/tCS.t/.z1�.t/C z2�.t//; � 2 Zn;

with

z1�.t/ D �

Z 2�

t

e�� .
zQ.t/� zQ.�//e�i.��p0/��S.�/G1�.�/ d�

C e��
zQ.t/

Z 2�

0

e��� .q0C
zQ.�//e�i.��p0/��S.�/

e���q0 � ei.��p0/2�Cs0
G1�.�/ d�;

z2�.t/ D

Z t

0

e�� .Q.�/�Q.t//e�i.��p0/��S.�/G2�.�/ d�

C e���Q.t/
Z 2�

0

e�� .Q.�/�q0/e�i.��p0/��S.�/

1 � e���q0Ci.��p0/2�Cs0
G2�.�/ d�;
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where

Q.t/ D

Z t

0

q.�/ d�; zQ.t/ D �

Z 2�

t

q.�/ d�; S.t/ D

Z t

0

s.�/ d�;

and

G�.t/ D

�
G1�.t/

G2�.t/

�
D
�1

2˛��

�
.� � � � iı/ � �� �˛

�.� � � � iı/C �� ˛

�
�

"
Of .t; �/

Of .t;��/

#
:

Given that �� 2 ¹˙
p
.� � � � iı/2 C j˛j2º and Re.��/ > 0, we have

j�� j
4
D .� � �/4 C 2.j˛j2 C ı2/.� � �/2 C .j˛j2 � ı2/2 � C 0.1C j�j/4;

since .� � �/4C 2.j˛j2C ı2/.� � �/2C .j˛j2 � ı2/2 is a fourth-degree polynomial. There-
fore, there exists a positive constant C such that

j�� j � C.1C j�j/; � 2 Zn: (4.5)

Moreover, we have that

j�� j
4
D .� � �/4 C 2.j˛j2 C ı2/.� � �/2 C .j˛j2 C ı2/2 � .j˛j2 C ı2/2 > 0; � 2 Zn:

Consequently, there exists a positive constant C� such that

j�� j � C�; � 2 Zn:

In particular,
0 < j�� j

�1
� C�1� ; � 2 Zn: (4.6)

Based on (4.6), it follows that the decay of G1� and G2� is the same as that of Of .�; �/.
Since f 2 EM.TnC1/, there exist positive constants CG , hG1 , and hG2 such that for all
N 2 N0, the following inequality holds:ˇ̌̌̌

dN

dtN
Gk�.t/

ˇ̌̌̌
� CG h

N
G1
mN NŠ inf

j2N0

mj j Š

h
j
G2
.1C k�k/j

; for k D 1; 2:

Given N 2 N0, we have

dN

dtN
ei.��p0/t D iN .� � p0/

N ei.��p0/t ;

which yields ˇ̌̌̌
dN

dtN
ei.��p0/t

ˇ̌̌̌
� hNp .1C j�j/

N
jei.��p0/t j D hNp .1C j�j/

N

for some constant hp > 0.
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Similarly, we have ˇ̌̌̌
dN

dtN
e�i.��p0/t

ˇ̌̌̌
� hNp .1C j�j/

N :

Now, employing Faà di Bruno’s formula (Lemma A.2), for N 2 N0, we obtain

dN

dtN
e��
zQ.t/
D e��

zQ.t/
X


2�.N/

NŠ


Š

NY
`D1

�
1

`Š
�
d `

dt`
�� zQ.t/

�
`
D e��

zQ.t/
X


2�.N/

NŠ


Š

NY
`D1

�
��

`Š
�
d `�1

dt`�1
q.t/

�
`
:

Since q 2 EM.TnC1/, there exist Cq0, hq0 > 0 such thatˇ̌̌̌
dk

dtk
q.t/

ˇ̌̌̌
� Cq0 h

k
q0mk kŠ; k 2 N0:

Then,ˇ̌̌̌
dN

dtN
e��
zQ.t/

ˇ̌̌̌
�
ˇ̌
e��
zQ.t/
ˇ̌ X

2�.N/

NŠ


Š
j�� j
j
 j

NY
`D1

�
1

`Š
Cq0 h

`�1
q0 m`�1 .` � 1/Š

�
`
�
ˇ̌
e��
zQ.t/
ˇ̌ X

2�.N/

NŠ


Š
C j
 j.1C k�k/j
 j

NY
`D1

�
1

`
Cq0 h

`
q0m`

�
`
�
ˇ̌
e��
zQ.t/
ˇ̌
hNq0

X

2�.N/

1


Š
.CCq0/

j
 j.1C k�k/j
 j
NY
`D1

�
1

`
m`

�
`
�
ˇ̌
e��
zQ.t/
ˇ̌
hNq0

X

2�.N/

1


Š
C j
 jq .1C k�k/j
 j

mN

mj
 j
:

Notice that we have used the following facts: M is non-decreasing, Lemma A.4, the
estimate (4.5), and that

NY
`D1

�
1

`

�
`
�

NY
`D1

�
1

`

�
D

1

N Š
:

Additionally, in the last inequality, we denoted Cq D CCq0.
Since s 2 EM.TnC1/, there exist Cs0; hs0 > 0 such thatˇ̌̌̌

dk

dtk
s.t/

ˇ̌̌̌
� Cs0 h

k
s0mk kŠ; k 2 N0:

Analogously,ˇ̌̌̌
dN

dtN
eS.t/

ˇ̌̌̌
� jeS.t/jhNs0

X

2�.N/

1


Š
.Cs0/

j
 j mN

mj
 j
; N 2 N0:
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For e�i.��p0/t , e��� zQ.t/ and e�S.t/, the arguments are similar. Then, we have the fol-
lowing estimates, for all N 2 N0:ˇ̌̌̌

dN

dtN
e˙i��p0t

ˇ̌̌̌
� hNp .1C k�k/

N
I (4.7)ˇ̌̌̌

dN

dtN
e˙��

zQ.t/

ˇ̌̌̌
�
ˇ̌
e˙��

zQ.t/
ˇ̌
hNq0

X

2�.N/

1


Š
C j
 jq .1C k�k/j
 j

mN

mj
 j
I (4.8)

ˇ̌̌̌
dN

dtN
e˙S.t/

ˇ̌̌̌
�
ˇ̌
e˙S.t/

ˇ̌
hNs0

X

2�.N/

1


Š
.Cs0/

j
 j mN

mj
 j
: (4.9)

After obtaining all the above estimates, we can now study the decay of the derivatives
of ei��p0tCS.t/z1�.t/. For N 2 N0, we have

dN

dtN

�
ei��p0tCS.t/e��

zQ.t/

Z 2�

t

e���
zQ.�/e�i.��p0/��S.�/G1�.�/ d�

�

D

NX
kD0

�
N

k

�
dN�k

dtN�k

�
ei.��p0/tCS.t/e��

zQ.t/
�

�
dk

dtk

�Z 2�

t

e���
zQ.�/e�i.��p0/��S.�/G1�.�/ d�

�
D

dN

dtN

�
ei.��p0/tCS.t/e��

zQ.t/
��Z 2�

t

e���
zQ.�/e�i.��p0/��S.�/G1�.�/ d�

�

�

NX
kD1

�
N

k

�
dN�k

dtN�k

�
ei.��p0/tCS.t/e��

zQ.t/
� dk�1
dtk�1

�
e���

zQ.t/e�i.��p0/t�S.t/G1�.t/
�
:

Given k D 1; : : : ; N and r D 0; : : : ; k � 1, it follows from (4.8) and (4.9) thatˇ̌̌̌
d r

dt r

�
e���

zQ.t/�S.t/
�ˇ̌̌̌

�

rX
wD0

�
r

w

�ˇ̌̌̌
dw

dtw

�
e���

zQ.t/
�ˇ̌̌̌ ˇ̌̌̌ d r�w
dt r�w

�
e�S.t/

�ˇ̌̌̌

�
ˇ̌
e���

zQ.t/�S.t/
ˇ̌ rX
wD0

�
r

w

��
hwq0

X

2�.w/

1


Š
.Cq/

j
 j.1C k�k/j
 j
mw

mj
 j

�

�

�
hr�ws0

X
�2�.r�w/

1

�Š
.Cs0/

j�jmr�w

mj�j

�
:
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Denoting kr
:
D k � 1 � r , we haveˇ̌̌̌

dkr

dtkr

�
e�i.��p0/tG1�.t/

�ˇ̌̌̌
�

krX
wD0

�
kr

w

�ˇ̌̌̌
dkr�w

dtkr�w
.G1�.t//

ˇ̌̌̌ˇ̌̌̌
dw

dtw
e�i.��p0/t

ˇ̌̌̌

�

krX
wD0

�
kr

w

�
hwp .1C k�k/

wCGh
kr�w
G1

mkr�w.kr � w/Š inf
j2N0

mj j Š

h
j
G2
.1C k�k/j

�

krX
wD0

�
kr

w

�
hwp .1Ck�k/

wCGh
kr�w
G1

mkr�w.kr�w/Š

�
inf
j2N0

mj j Š

.hG2=H/
j .1Ck�k/j

�2
�

krX
wD0

�
kr

w

�
hwp .1C k�k/

wCG h
kr�w
G1

mkr�w.kr � w/Š
mw wŠ

.hG2=H/
w.1C k�k/w

� inf
j2N0

mj j Š

.hG2=H/
j .1C k�k/j

� CG h
kr
G0

krX
wD0

�
kr

w

�
mkr�wmw.kr � w/ŠwŠ inf

j2N0

mj j Š

ı
j
1 .1C k�k/

j

� CG h
kr
G0

krX
wD0

�
kr

w

�
mkrkr Š inf

j2N0

mj j Š

ı
j
1 .1C k�k/

j

� CG h
kr
G mkrkr Š inf

j2N0

mj j Š

ı
j
1 .1C k�k/

j
;

with ı1 D hG2=H , hG0 Dmax¹hp; hG1º and hG D 2hG0, noticing that
Pkr
wD0

�
kr
w

�
D 2kr .

Then, given kD 1 : : : ;N � 1, using Lemmas A.1, A.3, and A.4 and the estimates (4.7),
(4.8), and (4.9), we haveˇ̌̌̌
dk�1

dtk�1

�
e���

zQ.t/e�i.��p0/t�S.t/G1�.t/
�ˇ̌̌̌

�

k�1X
rD0

�
k � 1

r

�ˇ̌̌̌
d r

dt r

�
e���

zQ.t/�S.t/
�ˇ̌̌̌ˇ̌̌̌ dk�1�r
dtk�1�r

�
e�i.��p0/tG1�.t/

�ˇ̌̌̌

�
ˇ̌
e���

zQ.t/�S.t/
ˇ̌ k�1X
rD0

�
k � 1

r

�" rX
wD0

�
r

w

��
hwq0

X

2�.w/

1


Š
.Cq/

j
 j.1C k�k/j
 j
mw

mj
 j

�
�

�
hr�ws0

X
�2�.r�w/

1

�Š
.Cs0/

j�jmr�w

mj�j

�
CG h

kr
G mkrkr Š inf

j2N0

mj j Š

ı
j
1 .1C k�k/

j

#
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�
ˇ̌
e���

zQ.t/�S.t/
ˇ̌ k�1X
rD0

�
k � 1

r

�" rX
wD0

�
r

w

��
hwq0

X

2�.w/

1


Š
.Cq/

j
 j.1C k�k/j
 j
mw

mj
 j

�
�

�
hr�ws0

X
�2�.r�w/

1

�Š
.Cs0/

j�jmr�w

mj�j

�
CG h

kr
G mkrkr Š inf

j2N0

mj j Š

.ı1=H/j .1C k�k/j

�

�
inf
j2N0

mj j Š

.ı1=H 2/j .1C k�k/j

�2#

�
ˇ̌
e���

zQ.t/�S.t/
ˇ̌ k�1X
rD0

�
k � 1

r

�" rX
wD0

�
r

w

��
hwq0

X

2�.w/

1


Š
.Cq/

j
 j.1C k�k/j
 j
mw

mj
 j

�
�

mj
 j j
 jŠ

ı
j
 j
3 .1C k�k/

j
 j

�
hr�ws0

X
�2�.r�w/

1

�Š
.Cs0/

j�jmr�w

mj�j

�
mj�j j�jŠ

ı
j�j
3 .1C k�k/

j�j

� CG h
kr
G mkr kr Š inf

j2N0

mj j Š

ı
j
2 .1C k�k/

j

#

�
ˇ̌
e���

zQ.t/�S.t/
ˇ̌
CGh

k�1
0

k�1X
rD0

�
k � 1

r

�" rX
wD0

�
r

w

�
mwmr�w

� X

2�.w/

j
 jŠ


Š

�
Cq

ı3

�j
 j�
�

� X
�2�.r�w/

j�jŠ

�Š

�
Cs0

ı3

�j�j�
mkr kr Š inf

j2N0

mj j Š

ı
j
2 .1C k�k/

j

#

�
ˇ̌
e���

zQ.t/�S.t/
ˇ̌
CGh

k�1
0

k�1X
rD0

�
k � 1

r

�
mrmk�1�r

"
rX

wD0

�
r

w

�
Cq1.1C Cq1/

w�1

� Cs1.1C Cs1/
r�w�1 .k � 1 � r/Š inf

j2N0

mj j Š

ı
j
2 .1C k�k/

j

#

�
ˇ̌
e���

zQ.t/�S.t/
ˇ̌
CGh

k�1
0 mk�1

k�1X
rD0

�
k � 1

r

�" rX
wD0

�
r

w

�
Cwq2C

r�w
s2 .k � 1 � r/Š

� inf
j2N0

mj j Š

ı
j
2 .1C k�k/

j

#
�
ˇ̌
e���

zQ.t/�S.t/
ˇ̌
CG h

k�1
00 mk�1 .k � 1/Š inf

j2N0

mj j Š

ı
j
2 .1C k�k/

j
;

with ı2 D ı1=H , ı3 D ı1=H 2, h0 D max¹hq0; hs0º, Cq1 D Cq=ı3, Cs1 D Cs0=ı3, Cq2 D
.1C Cq1/, Cs2 D 1C Cs1, and h00 D 3h0, observing that

k�1X
rD0

�
k � 1

r

� rX
wD0

�
r

w

�
D

k�1X
rD0

�
k � 1

r

�
2r D .1C 2/k�1 D 3k�1:
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Given k D 1; : : : ; N , it follows from the estimates (4.8), (4.8), and (4.9) thatˇ̌̌̌
dN�k

dtN�k

�
ei.��p0/tCS.t/e��

zQ.t/
�ˇ̌̌̌

�

N�kX
rD0

�
N � k

r

�ˇ̌̌̌
d r

dt r

�
e��
zQ.t/CS.t/

�ˇ̌̌̌ ˇ̌̌̌ dN�k�r
dtN�k�r

ei.��p0/t
ˇ̌̌̌

�

N�kX
rD0

�
N � k

r

�ˇ̌
e��
zQ.t/CS.t/

ˇ̌ rX
wD0

�
r

w

��
hwq0

X

2�.w/

1


Š
.Cq/

j
 j.1C k�k/j
 j
mw

mj
 j

�
�

�
hr�ws0

X
�2�.r�w/

1

�Š
.Cs0/

j�jmr�w

mj�j

�
hN�k�rp .1C k�k/N�k�r :

Finally, we haveˇ̌̌̌
ˇ NX
kD1

�
N

k

�
dN�k

dtN�k

�
ei.��p0/tCS.t/e��

zQ.t/
� dk�1
dtk�1

�
e���

zQ.t/e�i.��p0/t�S.t/G1�.t/
�ˇ̌̌̌ˇ

�

NX
kD1

�
N

k

�ˇ̌̌̌
dN�k

dtN�k

�
ei.��p0/tCS.t/e��

zQ.t/
�ˇ̌̌̌ ˇ̌̌̌ dk�1
dtk�1

�
e���

zQ.t/e�i.��p0/t�S.t/G1�.t/
�ˇ̌̌̌

�

NX
kD1

�
N

k

�"N�kX
rD0

�
N � k

r

�ˇ̌
e��
zQ.t/CS.t/

ˇ̌ rX
wD0

�
r

w

�
�

�
hwq0

X

2�.w/

1


Š
.Cq/

j
 j.1C k�k/j
 j
mw

mj
 j

�
�

�
hr�ws0

X
�2�.r�w/

1

�Š
.Cs0/

j�jmr�w

mj�j

�
hN�k�rp .1Ck�k/N�k�r

#ˇ̌
e���

zQ.t/�S.t/
ˇ̌
CG0

� hk�100 mk�1 .k � 1/Š

�
inf
j2N0

�
mj j Š

.ı2=H 2/j .1C k�k/j

��4
�

NX
kD1

�
N

k

�"N�kX
rD0

�
N � k

r

�
hrqsh

N�k�r
p

rX
wD0

�
r

w

�� X

2�.w/

1


Š
.Cq/

j
 j.1Ck�k/j
 j
mw

mj
 j

�
mj
 j j
 jŠ

ı
j
 j
4 .1C k�k/

j
 j

� � X
�2�.r�w/

1

�Š
.Cs0/

j�jmr�w

mj�j

mj�j j�jŠ

ı
j�j
4 .1C k�k/

j�j

�#
� .1C k�k/N�k�r

mN�k�r .N � k � r/Š

ıN�k�r4 .1C k�k/N�k�r
CG0 h

k�1
00 mk�1 .k � 1/Š

� inf
j2N0

�
mj j Š

ı
j
4 .1C k�k/

j

�
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� CG0

NX
kD1

�
N

k

�
hk�100 hN�kpqs

"
N�kX
rD0

�
N � k

r

� rX
wD0

�
r

w

�
mw

�

� X

2�.w/

j
 jŠ


Š

�
Cq

ı4

�j
 j�
mr�w

�

� X
�2�.r�w/

1

�Š

�
Cs0

ı4

�j�j�
mN�k�r

1

ıN�k�r4

.N � k � r/Š

#
mk�1 .k � 1/Š

� inf
j2N0

mj j Š

ı
j
4 .1C k�k/

j

� CG0h
N
00

NX
kD1

�
N

k

�
mk�1

N�kX
rD0

�
N � k

r

�
mN�k�rmr

rX
wD0

�
r

w

��
Cq3.1C Cq3/

w�1
�

�
�
Cs3.1C Cs3/

r�w�1
�
.N � r � 1/Š inf

j2N0

mj j Š

ı
j
4 .1C k�k/

j

� CG0 h
N
00

NX
kD1

�
N

k

�
mk�1

N�kX
rD0

�
N � k

r

�
mN�k�rmr

�

rX
wD0

�
r

w

�
Cwq4 C

r�w
s4 .N � r � 1/Š inf

j2N0

mj j Š

ı
j
4 .1C k�k/

j

� C hN mN NŠ inf
j2N0

mj j Š

ı
j
4 .1C k�k/

j
;

with ı4 D ı2=H
2, hqs D max¹hq0; hs0º, hpqs D max¹hp; hqsº, Cq3 D Cq=ı4, Cs3 D

Cs0=ı4, Cq4 D 1CCq3, Cs4 D 1CCs3, hD 2max¹h00; hpqs; Cq4; Cs4º and C D 2CG0.
Using the same arguments, we can obtain similar estimates for the derivatives of

dN

dtN

�
ei.��p0/tCS.t/e��

zQ.t/
��Z 2�

t

e���
zQ.�/e�i.��p0/��S.�/G1�.�/ d�

�
and of

ei.��p0/tCS.t/e��
zQ.t/

Z 2�

0

e��� .q0C
zQ.�//e�i.��p0/��S.�/

e���q0 � ei.��p0/2�Cs0
G1�.�/ d�;

observing thatˇ̌̌̌Z 2�

t
e���

zQ.�/e�i.��p0/��S.�/G1� .�/ d�

ˇ̌̌̌
�

Z 2�

t

ˇ̌
e���

zQ.�/�S.�/G1� .�/
ˇ̌
d�

� 2� sup
ˇ̌
e���

zQ.t/�S.t/
ˇ̌
sup jG1� .t/j

� ChG1 sup
ˇ̌
e���

zQ.t/�S.t/
ˇ̌

inf
j2N0

mj j Š

h
j
G2
.1C k�k/j

;

and that the condition (III) holds.
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The study of the decay of the derivatives of ei.��p0/tCS.t/z2�.t/ is analogous. There-
fore, u 2 EM.Tn/ and Pu D f 2 EM.Tn/ by construction.

Remark 3. For the bidimensional torus T2, conditions (I) and (II) combined with � ¤ 0
imply condition (III) (see [4]). However, in general, this implication does not hold (see [6,
Example 2]).

Theorem 4.2. Let P the Vekua-type operator defined in (4.3) with � D 0. Suppose that
one of the following conditions holds:

(1) jB0j > jA0j;

(2) jB0j � jA0j, j˛j > jıj and there is no .�; �/ 2 ZnC1 solution of´
Re
�
A0.� C .� � p0//

�
D 0

4�2j� C .� � p0/j
2 D jA0j

2 � jB0j
2
I (4.10)

(3) j˛j < jıj and s0 ¤ 0;

(4) j˛j < jıj, s0 D 0, there is no .�; �/ 2 ZnC1 satisfying (4.10) and the following
diophantine condition holds:
for all " > 0, there exist 
"; C" > 0 such that .�; �/ 2 ZnC1, k�k � 
" impliesˇ̌

2�� C .� � p0/2� � q0
p
ı2 � j˛j2

ˇ̌
� C" inf

j2N0

mj j Š

"j .1C k�k/j
: (DC 0M)

Then, for all f 2 C1.TnC1/, there exists u 2 C1.TnC1/ such that Pu D f .

Proof. If (1), (2), (3), or (4) holds, it is not difficult to see that conditions (I) and (II) in
Theorem 4.1 hold. Moreover, if (1), (2), or (3) holds, then there exists C > 0 such thatˇ̌

e���q0 � es0Ci2�.��p0/
ˇ̌
� C and

ˇ̌
1 � e���q0Cs0Ci2�.��p0/

ˇ̌
� C; � 2 Zn:

In fact, first notice that �D 0 gives us that, for all � 2Z, we have �� D
p
j˛j2 � ı2

:
D �.

Suppose that (1) holds. Notice that jA0j2 D s20 C jıj
2q20 and jB0j2 D j˛j2q20 . Since

jA0j < jB0j, we have

j˛j2q0 > s
2
0 C jıj

2q20 � jıj
2q20 ) j˛j > jıj;

which implies � 2 R>0. Suppose there exists � 2 Zn such that e��q0 � ei.��p0/2�Cs0 D 0.
Then, there exists � 2 Z such that

�q0 C i.� � p0/2� C s0 D �i2��:

Comparing the real parts, we obtain �q0 C s0 D 0. Since � D
p
j˛j2 � ı2, we have

q0
p
j˛j2 � ı2 C s0 D 0) .j˛j2 � ı2/q20 D s

2
0

) j˛j2q20 D s
2
0 C ı

2q20

) jA0j
2
D jB0j

2;



Denjoy–Carleman solvability of Vekua-type periodic operators 225

which contradicts (1). Therefore, e��q0 � ei.��p0/2�Cs0 ¤ 0 for all � 2 Zn. Analogously,
we show that 1 � e��q0Ci.��p0/2�Cs0 ¤ 0 for all � 2 Zn. This implies

��q0 ¤ i.� � p0/2� C s0 C i2�k for k 2 N:

Notice that, since j˛j > jıj, we have � 2 R. Then, given � 2 Zn, we haveˇ̌
e��q0 � ei.��p0/2�

ˇ̌
�
ˇ̌
e��q0 � es0

ˇ̌
and

ˇ̌
1 � e��q0Ci.��p0/2�Cs0

ˇ̌
�
ˇ̌
1 � e��q0Cs0

ˇ̌
:

Choosing C D min¹je��q0 � es0 j; j1 � e��q0Cs0 jº > 0, we haveˇ̌
e��q0 � ei.��p0/2�Cs0

ˇ̌
� C and

ˇ̌
1 � e��q0Ci.��p0/2�Cs0

ˇ̌
� C; � 2 Zn:

If (2) or (3) holds, the arguments are similar. Notice that

C D C
m0 � 0Š

"0.1C k�k/0
� C inf

j2N0

mj � j Š

"j .1C k�k/j

for all " > 0. Proceeding as in Theorem 4.1, we show that for all f 2 EM.Tn/, there exists
u 2 EM.Tn/ such that Pu D f .

If (4) holds, we cannot prove that there exists C > 0 like in the other cases. In this
case, we use the arguments of Theorem 4.1 and the Diophantine condition (DC 00M) which
is equivalent to (DC 0M), as proved in the following lemma.

Lemma 4.3. The condition (DC 0M) is equivalent to the following condition.
For all " > 0, there exist 
", C" > 0 such that for � 2 Zn, k�k � 
", we haveˇ̌

ei..��p0/2��q0
p
ı2�j˛j2/

� 1
ˇ̌
� C" inf

j2N0

mj � j Š

"j .1C k�k/j
: (DC 00M)

Proof. This proof is an adaptation of the proof of [4, Lemma 13]. Suppose that (DC 0M)
does not hold. Then, there exists "> 0 such that for each `2N, there exists .�`; �`/2ZnC1

with k�`k � ` andˇ̌
2��` C .�` � p0/2� � q0

p
ı2 � j˛j2

ˇ̌
<
1

2
inf
j2N0

mj j Š

"j .1C k�`k/j
:

Notice thatˇ̌
ei..�`�p0/2��q0

p
ı2�j˛j2/

� 1
ˇ̌2
D
ˇ̌
ei.2��`C.�`�p0/2��q0

p
ı2�j˛j2/

� 1
ˇ̌2

D 2
�
1 � cos.2��` C .�` � p0/2� � q0

p
ı2 � j˛j2/

�
D 2

�
2��` C .�` � p0/2� � q0

p
ı2 � j˛j2

�
sin.�`/

� inf
j2N0

mj j Š

"j .1C k�`k/j

�

�
inf
j2N0

mj j Š

."=H/j .1C k�`k/j

�2
;
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for some �` 2 R. Then,ˇ̌
ei..�`�p0/2��q0

p
ı2�j˛j2/

� 1
ˇ̌
< inf
j2N0

�
mj j Š

."=H/j .1C k�`k/j

�
:

Therefore, (DC 00M) does not hold.
On the other hand, suppose that (DC 00M) does not hold. Then, there exists " > 0 such

that for each ` 2 N, there exists �` 2 Zn with k�`k � ` andˇ̌
ei..�`�p0/2��q0

p
ı2�j˛j2/

� 1
ˇ̌
< inf
j2N0

mj � j Š

"j .1C k�`k/j
:

For each ` 2 Z,

��` D

�
�` p0 �

q0
p
ı2 � j˛j2

2�

�
2 Z;

that is, ��` is the integer part of �` p0 � 1
2�
q0
p
ı2 � j˛j2.

Notice that

0 � �` p0 �
q0
p
ı2 � j˛j2

2�
C �` < 1:

We haveˇ̌
ei.�` p02��q0

p
ı2�j˛j2/

� 1
ˇ̌
< inf
j2N0

mj j Š

"j .1C k�`k/j
�

1

".1C k�`k/
! 0; `!1;

since k�`k � `!1 with `!1. Then,

�` p0 �
q0
p
ı2 � j˛j2

2�
C �` ! 0 or �` p0 �

q0
p
ı2 � j˛j2

2�
C �` ! 1; `!1:

Then, taking ` 2 N sufficiently large, we haveˇ̌
ei.2��`C�` p02��q0

p
ı2�j˛j2/

� 1
ˇ̌2

D 2
�
1 � cos.2��` C �` p02� � q0

p
ı2 � j˛j2/

�
�
1

2

ˇ̌
2��` C �` p02� � q0

p
ı2 � j˛j2

ˇ̌2
;

using the fact that 1� cos.�/� �2=4 for all � in a neighborhood of the origin. This follows
from the Taylor expansion of 1 � cos.�/. Sinceˇ̌

ei.2��`C�` p02��q0
p
ı2�j˛j2/

� 1
ˇ̌
< inf
j2N0

mj j Š

"j .1C k�`k/j
; ` 2 N;

we have ˇ̌
2��` C �` p02� � q0

p
ı2 � j˛j2

ˇ̌
< 2 inf

j2N0

mj j Š

"j .1C k�`k/j
; ` 2 N:

Therefore, (DC 0M) does not hold. We conclude that (DC 0M) and (DC 00M) are equiva-
lent.
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A. Technical results

Lemma A.1. Let M D ¹mj ºj2N0 be a weight sequence and H > 0 from property iii.
Then, for all � > 0, we have�

sup
j2N0

�j

mj j Š

�2
� sup
j2N0

�jH j

mj j Š
:

Proof. See [13, Proposition 3.6].

Remark 4. Equivalently, we have�
inf
j2N0

mj j Š

�j

�2
� inf
j2N0

mj j Š

�jH j
:

In particular, given ı > 0, taking � D ı=H , we obtain�
inf
j2N0

mj j Š

.ı=H/j

�2
� inf
j2N0

mj j Š

ıj
:

Lemma A.2 (Faà di Bruno formula). Given f 2 C1.R/ and k 2 N, we have that

dk

dtk
ef .t/ D ef .t/

X

2�.k/

kŠ


Š

kY
`D1

�
1

`Š

d `

dt`
f .t/

�
`
;

with �.k/ D ¹
 D .
1; : : : ; 
k/ 2 Nk
0 W

Pk
`D1 `
` D kº.

Lemma A.3. Given k 2 N0 and R > 0, we have thatX

2�.k/

j
 jŠ


Š
Rj
 j D R.1CR/k�1;

with �.k/ D ¹
 D .
1; : : : ; 
k/ 2 Nk
0 W

Pk
`D1 `
` D kº.

Proof. See [14, Lemma 1.4.1].

Lemma A.4. Let M be a weight sequence and 
 2 �.k/. Denote j
 j D 
1 C � � � C 
k .
Then,

mj
 jm

1
1 � � �m


k
k
� mk :

Proof. See [5, Proposition 4.4].
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