Z. Anal. Anwend. 45 (2026), 231-250 © 2024 European Mathematical Society
DOI 10.4171/ZAA/1788 Published by EMS Press
This work is licensed under a CC BY 4.0 license

On some parametric elliptic systems at resonance
Anass Ouannasser

Abstract. In this paper, we study the resonance for some parametric elliptic systems in which the
nonlinearities involve convection and convolution of the solution. By applying a topological method
based on fixed point theory, we establish the existence of at least one weak solution without using
Landesman-Lazer-type conditions. Furthermore, we deal with a gradient-type system at resonance
and prove the existence of a solution by using a variational approach.

1. Introduction

In recent years, the study of (p;, p»)-Laplacian systems has yielded crucial insights into
nonlinear interactions between equations and the impact of coupling on system behavior.
These systems offer profound mathematical implications, aiding in identifying solution
existence, multiplicity, stability properties, and pattern or singularity formation. Simulta-
neously, their relevance extends to various physical applications. In fluid dynamics, they
serve as models for intricate flows (such as multiphase flows or flows in porous media),
and resonance analysis within these systems illuminates resonance-induced instabilities,
vortex shedding, and wave amplification, thereby providing valuable insights into fluid
flow dynamics. Similarly, in materials science and solid mechanics, these systems capture
phenomena, such as crack propagation and fracture mechanics.

On the other hand, convolution is crucial for understanding how systems process input.
In parametric elliptic systems with convolution and convection terms at resonance, study-
ing convolution is vital. It reveals the intricate interplay between parameters and system
dynamics, providing profound insights into the phenomena of resonance. This operation
is extensively used in signal processing, particularly in convolutional neural networks for
image analysis (Goodfellow et al. [11]), and in physics and engineering for solving differ-

ential equations and understanding complex systems (Strang [19] and Evans [9]).
In this paper, given a bounded domain  C RY (N > 3) with Lipschitz boundary, we
will study the following parametric elliptic system with convolution and convection terms

Mathematics Subject Classification 2020: 35A15 (primary); 35162, 35B38 (secondary).
Keywords: (p1, p2)-Laplacian systems, resonance, convolution, convection terms, existence.


https://creativecommons.org/licenses/by/4.0/

A. Ouannasser 232

at resonance

— Ay py U — 1 Ay gyt = Apw(x)|u|® ™ 2u|v]%2

+ f(x,p1 xu,p2 xv,V(p1 *u),V(p2 xv))+hi1(x) in €,
=Dy, prV — U2 Buwy,g,V = Alw(x)|v|0‘272U|M|m1

+8(x, p1 xu, p2 % v, V(pr *u), V(p2 * v))+h2(x) inQ,
u=v=0 on 02,
(1.1)

where, fori € {1,2}, we have —A, p,u = —div(w; (x)|Vu|Pi=2Vu),1 < q; < pi <N,
frg 12 xR xR — R are functions of Carathéodory satisfying some conditions that will
be specified later, w € C(Q2) N L%°(RQ) satisfying wt = max{w(x), 0} # 0, ; are posi-
tive constants and /; € (Wol’pi (w;, 2))*. Let be associated to system (1.1) the following
eigenvalue problem:

—div(w; (X)|VulP72Vu) = Aw(x)[u|* 2ulv]*?  in Q,
—div(w(x)|Vv[P272Vv) = Aw(x)[v[*22vju|®  inQ, (1.2)
u=v=20 on 92,

where, fori € {1,2}, a; verify

o1,00 >0 and ﬂ—i—gzl forall x € Q.
P1 P2

Define the functionals ¢, ¢ : X = Wol’p1 (wy, ) x Wol’p2 (w2, 2) — R as
o(u,v) = ﬂ/ wy (x)|VulPrdx + %/ wa (x)|Vv|P2dx,
P1JQ P2 JQ

o(u,v) =/ w(x)|u|* o2 tyvdx,
Q

and the manifold
T ={u.v)eX ouv) =1}
One can easily prove that ¢ (u, v) and ¢(u, v) are (p, ¢)-homogeneous, i.e.,

SV Pyt P2y) = tp(u,v) and @tV P u, tV/P20) = to(u, v)

forall¢ > 0 and (u#,v) € X. We also have X as a symmetric manifold in X . Using the same
arguments as in Zographopoulos [21], the eigenvalue problem (1.2) admits a sequence of
eigenvalues where they can be variationally characterized as follows:

A = inf  sup ¢(u,v),
A€ (u,v)eA

where

Sk = {A € T : there exists a continuous, odd and surjective function ¥ : sk=1 A},
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with S*~1 is the unit sphere in R¥. We also have
O<Ay <Ay < <A+, A — 400 ask — 4oo0.

Now, let us define the following:

K= inf % @)Vl + %fng(x)WvV’zdx. (13)
Hence, A is the first eigenvalue of (1.2) as well, and taking the definition of A, into
account, one can easily derive that /\’1 = A;. Moreover, A; is a simple, positive, and
isolated principal eigenvalue of (1.2). In view of the fact that ¢ (u, v) and ¢(u, v) are
(p, q)-homogeneous, the eigenfunction space corresponding to the first eigenvalue A is

E}Ll = {(U,U) €X :¢(u,v) = A](ﬂ(u, U)},

where (t1/71u,t'/P2v) € E;, forall £ > 0 and (u,v) € Ej,. In addition, there exists ¢y > 0

such that

1/p1 D1
t u
” 0 0||W01,p1 (w1,Q

1/p2 )2
ty'?v =1,
) + | 0 0||W01,p2(w2,9)

where (19, vo) is a normalized eigenvalue satisfying

”uO”WOl’pl (w1,R) + ||U0||W01’p2(w2,§2) =1

It can be seen that Ej, is not a linear subspace of X of dimension one, unlike some
results in the literature, see, e.g., Alves et al. [1], where this property holds true for a
problem with a single equation. This distinction can be clarified by examining the struc-
ture of Ej,. Consider two elements (tll/p‘u, tll/p2 v) and (tzl/plu, tzl/pzv) belonging to
E,,, where t1,t; > 0. Their sum, given by (tll/plu + tzl/plu, tll/pzv + tzl/pzv), generally
fails to satisfy the defining scaling properties of £, due to the lack of a single parameter
t > 0 satisfying both components simultaneously. Similarly, applying scalar multiplication
c eRto (tYP1u,t1/P2p) does not yield an element of the same form unless ¢ = +1. These
observations underscore that £, does not exhibit closure under addition or scalar multi-
plication, as required for a linear subspace. Instead, its structure reflects a symmetric, non-
linear manifold arising from the inherent (p, ¢)-homogeneity of the functionals ¢ and ¢.

Recently, Ouannasser and El Hachimi [18] studied a similar problem as in (1.1) for
the non-resonance case, but with variable exponents. More specifically, they obtained exis-
tence and uniqueness results for the following system:

—Ap o1 — 1A U1 = f1(x,ur, uz, Vuy, Vuz) + hi(x) in Q,
—Ap, U2 — U2 A gtz = fa(x,ur, uz, Vui, Vuz) + ha(x) in Q, (1.4)
Uy =u, =0 on dL2.

In addition, we also refer to another interesting paper that has dealt with non-resonance
for quasilinear elliptic problems, see El Hachimi and Gossez [8]. Because of the lack of
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information on the first eigenvalue in the case of variable exponents when dealing with
resonance, we limit ourselves to the study of problem (1.1) for constant exponents. Even
when the exponents are constant, there is limited knowledge regarding resonance and non-
resonance issues in the context of the Lusternik—Schnirelmann spectrum for the eigenvalue
problem (1.2) of the function

Sfx.s.1.6.m)s + g(x,s.1.6 )t

(s,t) — W) 5[ [1]°2 . (1.5)

The same observation holds true when considering gradient-type systems, and it applies
to functions f and g that do not have a dependency on Vu and Vv within the function

F(x,s,t)

S ) —
0= sl

where %—f(x, s,t) = f(x,s,t). The study of resonance has been of a great deal of impor-
tance. In our case, it follows that the function should be, in some sense, greater than the
first eigenvalue but remain below the second eigenvalue. In other words, we have

f(x,p1*xu,prxv,V(p1 xu), V(o2 x v))u

A < lim sup
(01 %14,02 %) |0o—>00 w(x)[p1 * ul*|py * v|*2
X, 01 xU, Py *xv,V *u),V * V))v
n g(x, p1 02 (p1 * u), V(pz * v)) <.

w(x)|pr * u|*[py * v|*2

with |(p1 * U, p2 * V)|o = max{|p; * ul, |p2 * v|}. There are many works dedicated to
the study of quasilinear elliptic problems at resonance, we cite Alves et al. [1], Benouhiba
and Belyacine [2], De Népoli and Mariani [5], Haddaoui et al. [12], Ou [15, 16], Ou and
Tang [17], and the references therein. Most of these studies established the existence of
weak solutions under Landesman—Lazer-type conditions. For example, Ou [15] studied
the following system at resonance:

—Apu = Ara(x)|ul?u + )le(x)|u|“|v|ﬂv + g1(x,u) —hi(x) inQ,
—Agv = dic(X)]7720 + Ab(x)[ul*|vPu + g2(x,v) — ha(x) in R, (1.6)
u=v=20 on 092,

where he established the existence of solutions for the system (1.6) under Landesman—
Lazer-type conditions.

In this work, we extend the aforementioned works to a parametric (p1, p2)-Laplacian
system, where the nonlinearities depend on the gradient of the solution, and we obtain
the existence of the solution without using Landsman-Lazer-type conditions. In addition,
we adopt a distinct parameterization involving functions p; and p, in L'(R”") incorpo-
rated through convolutions p; * u and p, * v with the solution (u, v) in Wol’p "(wy, Q) x
Wol’p * (w2, 2). To facilitate our analysis, it is convenient to consider the weighted Sobolev
space W, *?' (w1, 2) embedded in W -21 (w;, RN) by associating each u € Wy "' (wy, Q)
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with its extension & € W21 (wy, RY ), taking the value zero outside €2, and henceforth
replicating a similar approach with v € Wol’p 2 (wa, ).

The lack of variational structure in problem (1.1), caused by convection terms, pre-
vents the use of variational methods. Instead, we employ a topological method based on
the surjectivity result of pseudomonotone operators. To the best of our knowledge, this
is the first paper that deals with resonance for parametric elliptic systems where the non-
linearities are dependent on the gradient and the convolution of the solution, and without
using Landesman—Lazer-type conditions. Such problems bring about many issues to over-
come, such as the interaction of the variational spectrum with the function given in (1.5).

Similarly, we address the scenario of a gradient-type system and establish the exis-
tence of at least one weak solution, following a variational method similar to that used
by El Hachimi and de Thélin [7]. More specifically, we deal with the following system at
resonance:

_Awlaplu - /LlAwl,thu = )Llw(x)|u|al_2u|vla2

aF .
+ o (et xupp x0) + hi(x) in 2,

=Dy, pyV — U2 Dy g,V = )Llw(x)|U|0Q_ZU|U|O!1 (1.7
oF
+%(x,p1*u,p2*v)+h2(x) in 2,
u=v=20 on 4€2.

Many studies have dealt with similar problems to the system (1.7), studied their reso-
nance, and obtained the existence of solutions using different methods, such as Zhao and
Tang [20]. In this section, we extend the works of Lv and Ou [14], El Hachimi and de
Thélin [7], Ouannasser and El Hachimi [18], Ou [16], De Népoli, and Mariani [5], Zhao
and Tang [20], and deal with a more general class of systems where we obtain the exis-
tence of a solution at resonance.

The remainder of this paper is organized as follows. In Section 2, we present the nec-
essary elements regarding the weighted Sobolev spaces in relation to our system (1.1). In
addition, we provide a few convolution properties in the case of weighted Sobolev spaces.
Moreover, we establish the existence of at least one weak solution using the surjectivity
result of pseudomonotone operators. Finally, in Section 3, we delve into the case of a
gradient-type system at resonance and prove the existence of a solution using a variational
approach.

2. Functional framework and main results

Fori € {1,2}, let w; be a measurable and a.e. finite function in R¥ such that

—1
(a1) w; € L}, (@) andw/ ™" € L} (),

(a2) w; " € LN(Q) for s; € |5, +-00[ N [517, +oo.
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In what follows, let X = Wy """ (w1, Q) x Wy (w5, ) be the product space endowed
with the norm

1t 0l = max {0, gy 19072

where

€1
P1

el = ([ n9uimax) ™,

1
P2
— D2
ol ) = ( [ wstorval dx)

for every (u,v) € X. It is important to note that condition (a;) is mandatory in order for
Wol’pi (w;, ) to be a Banach space, for i € {1, 2}. Furthermore, we recall a few more
results related to this space, such as continuous and compact embeddings.

Theorem 2.1 (Kufner and Opic [13]). Assume that (a;) is verified. Then, fori € {1,2},
the weighted Sobolev space Wol’p "(w;, Q) is a Banach space.

Theorem 2.2 (Dribek et al. [6]). Let @ C RY be an open set and assume that (ay) is
verified. Then, fori € {1, 2}, we have the following continuous and compact embeddings.

(i)  Foranyr; verifying 1 <r; §p;’:5i = %ﬂ)r pisi <N(s; +1),andr; > 1
is arbitrary for p;s; > N(s; + 1), the embedding Wol’pi (w;, Q) — L () is
continuous.

Npisi

(i)  Forany r; verifying 1 < r; < p} 5 = the embedding

N(si+1)—pisi’
Wol’pi (w;, Q) << L' (RQ) is compact.
(iii) In particular, if s; > % then pzsi > p;. Consequently, the embedding

Wol,pi (w;, Q) —><— L"(Q) is compact.

Remark 2.3. Using Theorem 2.2, and for every r; € [1, P; 5] with i € {1,2}, there exists
a positive constant Sy, such that

lellzri @) = Srillullyini o, ) @1)

for all u € Wy P (w;, Q).

To obtain a well-defined convolution, p; * u (resp., p2 * v), with p; € L' (RY) (resp.,
p2 € L'RY))andu e Wol’pl (w1, Q) (resp., v € Wol’p2 (w3, Q)), it should be noted that
the space W, ?' (wy, ) (resp., W, *?*(w,, Q)) is embedded in W21 (w;, RY) (resp.,
W P2 (wy, RN)) by identifying every u € W, P' (wy, Q) (resp., v € Wy P> (w2, 2)) with
its extension equal to zero outside 2. Henceforth, the convolution p; x u can be defined
as follows:

pyru = /RN (& — ()i ()dy,
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see Brezis [3, Sections 4.4 and 9.1]. Furthermore, the weak partial derivatives of p; * u
are given by

0 i
Z(p1 xu) = p1 % ~— € LP (w1, RY) 2.2)
an an
for all j € {1,..., N}. Now, using Fubini’s and Tonelli’s theorems alongside Holder’s
inequality, we derive
o1 * ullLr wy mYy = 1l emyllullir g, ) (2.3)

for r1 € [1, pi ;,]- In addition, we have

ou

o 2.4)

ou
o1 * a_”LPl(wl,RN) < el wn)y
Xj LP1(wy,9)

forall j € {1,..., N}. From (2.2), (2.3), and (2.4), we derive that u € Wol’p1 (w1, Q) —
p1 * u € WHPr(wy,RY) is continuous. Now, using Minkowski’s inequality, the convexity
oft —tPLonR™T alongside (2.2) and (2.4), we find

V1 #0150y = [, 21V or #2017

N

du\*\ 2
(o 2)) o

1

N D1
/ wl(x)(z P1 *—) dx
— (2.5)
D1
ax, LP1(w;,RN)
ou
< N2 pg |12 x;
LI(RV) = 0x;j LP1(wy,9)

< N”'p [

”Ll(RN)”u 1111( Q)

We adopt a similar approach when p, € L'(RV) and v € Wol’p2 (w2, ) to obtain the
same estimations. Next, we define

Nyt WPt (wy, RN ) x Wy P2 (wy, RV) € L RV)x L2 (RN ) — LT (RV) x L2 (RV),
Ng : WP (wi, RY)x W P2 (wy, RV) € L' RV ) x L2 (RN ) — LT (RV) x L2 (RV),
the Nemytskij operators associated with f and g. In addition, let
FoLNRN) x L RY) = (Wy P (wn, RN x (Wy P2 (w2, RY))*,
J3 LERN) x L2 (RN) — (Wo " (wi, RY))* x (W P2 (wa, RN))*
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be the adjoint operators for the embeddings
Ji: Wo Pt i, RN x Wy P2 (wa, RY) — L7 (RV) x L2 (RY),
J2 Wy Pt (wi. RY) x Wy P2 (wa, RY) — L™ (RN) x L™ (RY).
Furthermore, we define
Ny = ji o Np: WP (wi, RY) x Wy -P2 (wy, RY)
- (Wol,Pl (wl, RN))* x (WolaPZ(wz, RN))*,
Ng = jSfoNg: Wol’p‘ (w1, RY) x Wol’m(wz,RN)
= Wy (w1, RY))* x (W " (wa, RY))™.
Let the map B : W, P (wy, Q) x Wy P2 (wy, Q) — WHPH (wy, RV) x W72 (wy, RN),

which is given by the extension outside €2 with 0, to obtain B (1, v) = (i, V) as mentioned
in Section 1. We denote by

B* (WP (wy, RM))* x (W22 (wa, RN ))* — (W P (w1, 2))* x (W, P2 (w2, R))*

the adjoint mapping of B, and we introduce I : X — X* as a nonlinear operator defined
by
I(us v) = I(uv U) - A'1"4(1"» U) - £*(Nf(p1 * ﬁ& P2 * ﬁ))

— B*(Ng(p1 *ﬁ,pz*ﬁ))—/ hludx—/ havdx
Q Q

for all (u,v) € X, where

(2.6)

f(u,v)=/ W), gy B0 G g g
Q D q1

ws(x) wa(x) @7
+/ 2—|Vv|p2+m—2|Vv|q2dx,
Q P2 q2

and

A(u,v)z/ w(x)|u|* v|*?dx.
Q

Definition 2.4. Let X be a reflexive Banach space, X * its dual space and denote by (-, )
the duality pairing. Consider an application I : X — X*. Then, I is called

(a) to verify the (ST)-property if

U, — uin X and limsup{Zuy,,u, —u) < 0imply u, — u in X,
n—>o0

(b) pseudomonotone if

U, — uin X and limsup(Zu,,u, —u) < 0imply Tu,
n—>o0

— Tuand (Tu,,u,) = (Tu,u),
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(c) coercive if
(Lu,u)

lim
lully—>oo ||u]lx

In order to prove the existence result, we need the following assumptions.
Hy) f,g: Q2 xR xR — R are Carathéodory functions such that, for i € {1, 2},
there exist three positive continuous functions o, ¢/, and §;, and a nonnegative function

vi
e; € Lv~1(Q) with1 < y; < p¥ 5;» satisfying the following conditions:

qi af oy y1—1
O<af<pf. —1, 0<68 <—, L42= ,
LS Pis Y@ v r 7

and nonnegative constants a;, b;, such that for a.e. x € Q and all 5,7 € R, we have

P LT
£ Geos.t. 6ol = als 1% + b (6 + Inl 0 ) + ea(x)
and
oot b2a1 8
g0 5.1, 6| < aals|* 1] 4+ ba (1612 + 9l ) + e2(0).
(Hp) Ye > 0,38, > 0,3C, € L1(Q),V(s.t) € R? with max{|s|, |t|} > 8. V(£,n) €

R2N vx € Q, we have

f(x,syl»g,ﬂ)S‘Fg(X’S,f»g’ Tl)f
< (A2 +wX)[s|*1[** + c (w1 ()T + wa(x)[n]?) + Ce(x),

where the constant ¢ satisfies

min{u1, 2}

O S (N [T N pa B}
LI(RN)’ 21N

The main tool in this section is based on the surjectivity result for pseudomonotone
operators from Carl et al. [4, Theorem 2.99], which we now state.

Theorem 2.5 (Carl et al. [4]). Let X be a real reflexive Banach space, and assume that
I:X — X*is a bounded, pseudomonotone, and coercive operator. Then, there exists a
solution to the equation I(u) = v, where v € X*.

Lemma 2.6. The operator I:X->Xx* defined in (2.7) is bounded, continuous, monotone
(hence maximal monotone), and of type (S).

Proof. The proof bears resemblance to the proof given by Fan and Zhang [10, Theorem
3.1] for a single equation when u; = 0 fori € {1, 2} and is omitted here. ]

Theorem 2.7. Suppose that the hypotheses (Hy) and (Hy) are verified. Then, for all
(h1,hp) € X*, the system (1.1) admits at least one weak solution (u,v) € X.
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Proof. First, it is worth mentioning that both the Nemytskij operators Ny and N are
well-defined based on hypothesis (H;). The arguments above, along with (2.5), imply
that operator I is bounded and continuous. Going back to (2.6), the couple (u,v) € X is
said to be a weak solution for the system (1.1) if and only if

(T(u,v),(p,¥)) =0 forall (¢,¥) € X.

Hence, proving the surjectivity of the operator Z : X — X* allows us to obtain the exis-
tence of a weak solution. In this regard, in order to prove that I is surjective, we employ
Theorem 2.5. Using hypothesis (H;) alongside Holder’s inequality, we find

' /Q f(x,p1 *u, pr*xv,V(py *u), V(pa x v))widx

af al
<llerl a1y o Ihonlen @) +arllon x wlyh, gy 1oz« vl gy lor e @)
a2
b1 (I G1 %0138, oy + 1V 02 % D)) 0y [

for all (u,v) € X, where (u, v) is identified with B(u, v) = (i, V). Moreover, using rela-
tions (2.1) and (2.3) together, we obtain

‘ /Q FCeap1 %14, p % 0.V (o1 % 1), V(pz % v))wrdx

< ||€1|| ||wl||LVI(Q)
ol af af
+ arllprll i gy Syl ||u||ui01,pl(w1,9)||P2||L1(RN) s ||U|| WP ||w1||L71 @)

1 (191 % 10124, gy + 1902+ 0) gt ]

L4 _81 (Q)
Ultimately, by relation (2.5), it follows that
‘ /Q S x.p1*u, p2 x v, V(p1 xu), V(o2 * v))widx
=< llex || 2 @) ||wl||LV1(Q)
+ alnplniiw) QN 1 s P PN LAY e

8 81
o (N ol ey ey

N al 2.8
+ 1||P2||L1(]RN)|| v WP (2.8)

w .
))n il o o
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Applying similar arguments for g, we derive

‘ / g(x,p1 xu, p2 xv, V(o1 xu), V(p2 * v))wrdx
Q
=< ||€2|| ||w2||LVZ(Q)

al
o)l

+a2||p1||L1(RN) S 1p1( )||Pz||L1(RN) Wi gy 1022 @ (2.9)

ql

b (N2 or )22 )
2 01 LI(RN) lpl( Q)

N )
Nl Py 00 VIl

for all (u,v) € X.
Now, let us prove that I : X — X™* is pseudomonotone. To do this, let (1, vy )nen C
Wol’p1 (wy, Q) x Wol’pz (w3, 2) be a sequence such that

(Un,vp) = (u,v) inX (2.10)
and

limsup(Z (uy, vy), (Uy —u, v, —v)) <O0. 2.11)

n—>oo

Because (1, v, )neN is bounded in X, then there exist two constants Cy, C, > 0 such that

NllpotlLr@myllunllyr g, gy = C1. o1
N”p2”L1(]RN)”vn”WOlal’z(wz,Q) = C2-

Using (2.8) and (2.12), we obtain
‘Lf@mwmwhﬂ%Vm*w)Wm*wa—ww
= ||€1|| ||un —ulln @) + @18y, CO(1 ngzcaz lun —ullLr (@)
+ bl(C31 +C, bl Matn — ul o o

for all n € N. Similarly for g, using (2.9) and (2.12), we find
'fg@mumwhﬂmvm*wLWm*wa—wW
Q
=leall 2, ||v,, — V@) + @285 CESECE vy — vln @)

8,4
+h(c, o +C82)||v,, —|
qu 52 Q)
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for all n € N. Taking into account (u,, v,) — (u,v) in X as well as the compact embed-
4
ding of Wol’pi (wi, R)in L7 (Q), LY () and L %% (Q) fori € {1,2}, it follows that

lim / £ p1 %t 2 % Vn. V(o1 % 1n). V(03 % v0)) (1t — w)dx = O,
- Q

(2.13)
lim [Q (s 01 % thms P+ 0y V(pr ). V(P2 % 0n)) (v — w)dx = 0.

n—>oo

Using (2.13), we deduce that

lim sup(f(un, Vn), (Uy —u, v, —v)) = limsup(I (up, vy), Uy —u, v, —v)) <O0.

n—>oo n—>00
(2.14)
Because I satisfies the (ST)-property as seen in Lemma 2.6, and from (2.10) and (2.14),
we obtain
(Up,vy) > (u,v) in X.

Ultimately, as I is continuous, we find I (u,, vy) — I(u,v) in X*. Thus, I is pseu-
domonotone.

The final step is to verify that the operator / : X — X ™* is coercive. Using hypothesis
(Hz) and (2.5), we find

/Q S(x,p1*u, pr*v,V(pr xu), V(pz x v))u
+ g(x, p1 *u, p2 x v, V(p1 * u), V(p2 * v))vdx

< /Q (a + w1 * ul® [(pz * )| dx
4 /Q Wi ()| (o1 % 0|1+ wa ()| V(03 % v)|%)dx + Co(x)

= [ (“”)(ﬂwl(x)|v<m*u>|m + (0] V(s # )] )
Q I p2

A
+cN? ||p1||§11(RN)/Qwl(x)|Vu|q1dx+cN‘”IIszIfl(RN)/;Zwz(x)|Vv|qux
+ 1Ce(X) 1 (@)- (2.15)

On the other hand, we have

(I(u.v), (u,v)) z/ w1 ()| VulP' + wa(x)|Vv|P2dx
@ (2.16)
#min{ur, az} [ w01Vl + wa)| Vol
Q
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Now, using the embedding theorem, there exist 8y, 8; > 0 such that
o| [ an@val + wacorvoieas |
= 6oL (01 (01l -+ w2 ()| Vo ])dx] ~ 6, @17)

where
§ = min{u. o} — e max {N o1 12 gy N 1021 % v, -

Therefore, from (2.15) and (2.16), we deduce that

(TG v). (u.))
> / w1 () V|t + s ()| Vo] P2dx
Q

—1—8(/ w1 (x)|Vul?' + wz(x)|Vv|‘12dx)

Q

—/ (ﬂwl(x)|Vu|"’1 + 05—2wz(x)|Vv|1’2)abc
Q \ /1 P2

_ (M 5 8)/ (ﬂwl(xnv(pl W7+ “Zwa ()| V(p2 * ”)'pz)dx
Q \P1 b2

A
—1Ce) 1@ — 1. V) lx |1 ) [lx -

Now, using (2.17), it follows that
(T, v). (. v))
- (14 %)[ [ wrcorvur + w2<x>|w|”2dx} _o,
Q

min{a;, o
_ M(/ wy (x)|[ V| P + wz(x)IVvlde) — [ Ce() 10
max{p1, p2} \ Ja

)Lz—f—s o1 » ” )
_( Al )[ZN 1||pl||L1(RN)/;Zwl(x)|Vu| tdx

X vip 2 P

+ ENP Il [ w201V 2dx}
)l )

> [(1 +6o) — min{ay, oz}

max{pi, pa}

Az+8 o1 1 »1 (05} P2 D2
() { SN 1 oy N e

- ( /Q 0 (1) Vul ' + w2<x)|Vv|P2dx) B — 1)

— [1Ge. V) Ix [ (1. h2) [l x -
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min{ay, o
> [ 1 4 ) — minter.a2}
max{pi, p2}
Ay +e
—( A )m { NP1 ” 1||L1(RN)’ Np2||p2||Ll(RN)}i|

oo
(8 gy + IO ) = 6 = o)y = Z2 e 0

/
h2) k-

where

T
0 <ap <1 <min{py, pp} witht' = —
T —

Thus, we obtain
(Z(u,v), (u,v))

E[HQ_M %o

max{pi, p2} T
()&2 + ¢

A

2
) (N o1 ey 2N oy N 0

— 01 — |Cs(0) |21 () — ho)ll%.

Choosing appropriate values for ¢ and o« such that

min{al s 052}
max{p1, p2}

Ay + e oy o
+ (20 max LN o1 Ly 2N 2l | + %2

leads to the coerciveness of .I.

1+ 6>
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Thus, all assumptions of Theorem 2.5 are verified. Therefore, there exists (u,v) € X

such that I (u, v) = 0. This completes the proof.

Example 2.8. Let the functions f and g be defined by
_ di(x)
— |el@1—2 a2 q1
S(x,s,t, 6 n) = |s|* st (al(x)+ 1+|s|°‘1|t|°‘2|§| .

and

- dz(x)
_ 31 ar—2 2 q2
g(x,s,t,&,m) = |s|* [t t(az(x) +1s S |nl )

where a7 and o, are defined in Section 1, and a1, as, dq, d> € L°°(2) with the condition
lai + az||Lo(@) < A2 are satisfied. Then, f and g satisfy the hypotheses in Theorem 2.7.
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3. Case of a gradient-type system

In this section, we focus our study on a gradient-type system. In other words, we consider
the following system:

—Awyy,py ¥ — 1By, q U = )Llw(x)|”|m1_2u|v|m2
oF .
+$(x,p1*u,p2*v)+h1(x) in 2,
_sz,sz - /'LZsz,qzv = )Llw(x)|v|az—20|u|011 3.1
oF .
+%(x,p1*u,pz*v)+hz(X) in Q,
u=v=0 on 0L2.

Similarly, in order to prove the existence of at least one weak solution, we need the fol-
lowing assumptions on F'.

(Fy) 38—1; and %—}; : Q2 xR xR — R are Carathéodory functions such that there exist
positive continuous functions o, nonnegative functions e; € L' (Q) verifying 1 <
af < p},,and nonnegative constants a; fori € {1,2}, such that forall (s.7) € R2,

we have
aF (x*—l Ol*
g(x,s,t) < arw(x)[s|*171[*2 + e1(x)
and oF
5065 0| < aw@)sT % + ea().

(F,) There exist a nonnegative constant C; and a nonnegative function C, € L!()
such that, for all x € 2, we have

|F(x,s,1)| < Crw(x)|s|*']t]** + Ca(x).

(F3) Foo(x) = lim Sup(s )| —>+oo0 % < Ay uniformly for a.e. x € Q.

Define

I(u,v):f(u,v)—klA(u,v)—/ F(x,p1 xu,pp xv)dx — (hy,u) — (ha,v), (3.2)
Q

where
f(u,v):/ wl_(x)|vu|p1 +M|Vu|qldx
Q PN q1 (3.3)
+/ w2l0) Gy o2 4 K202 Gy
Q D2 q2
and

A(u,v):/ w(x)|u|* |v|*?dx.
Q

Next, we state and prove the existence result for the system (3.1) at resonance.
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Theorem 3.1. Suppose that hypotheses (F1)—(F3) are verified. Then, the system (3.1)
admits at least one weak solution.

Proof. In order to obtain the desired result, we need to minimize the energy functional
associated with the system (3.1), that is,

I(u,v) = f(u,v) —A1A(u,v) —/Q F(x,p1 xu,py xv)dx — (hy,u) — (ha, v).

To this end, we show that I is weakly lower semicontinuous and coercive. Let (4, Uy )neN
be a sequence such that
(Up, V) = (u,v) inX.

Taking the compact embedding WOI’IJ "(w;, Q) =< L' (Q) into consideration, we obtain
(Un,vy) = (u,v) in L™(R) x L"(Q).

Since r; € [1, p;’:si] for i € {1, 2}. In addition, there exists (01, 6) € L™ (2) x L™(Q2)
such that
{ 1 ()] < 61 (x).
[un (x)] < 62(x)
for a.e. x € Q. Therefore, using hypothesis (F,) as well as the properties of convolution
and mollifiers, we obtain
F(x, p1 *x un(x), p2 * va(x)) < Crw(x)|p1 * un|*[p2 * v4[** + C2(x)
< Crw(x)|p1 * 01|*|p2 * 62]% + Ca(x).

Using the fact that F(x, p; * u,(x), p2 * v,(x)) = F(x, p1 > u(x), p2 * v(x)), for a.e.
x €  and applying Fatou’s lemma, we derive

limsup/ F(x,p1 x up(x), p2 x vy(x))dx < / F(x,p1 xu(x), pz x v(x))dx.
Q Q

n—-+o00

Thus, we find
I(u,v) = f(u,v) —A1A(u,v) —/ F(x,p1 xu,pyxv)dx — (hy,u) — (hp,v)
Q

§liminff(un,vn)—)tl lim A(uy,vy,)
n—+oo n—+oo

—limsup/ F(x,p1 *up, p2 xvy)dx — lim (hy,u,)— lim (hy,v,)
Q n—+o0o

n—+o00 n—+o00

n—+o0o

< liminf{f(un,vn)—)tlA(un,vn)—/ F(x,p1 * Uy, p2 * Vy)dx
Q

— (h1, un) _(thvn>}
< }liinirgcf)l(un, Vy)-

Thus, I is weakly lower semicontinuous.
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The final step involves proving that .I is coercive. Using hypotheses (F3), and for all
e > 0, there exist §; > 0 and C, € L1 () such that

F(x,pr* 1, p2 % v) = (Foo(x) + &)w(x)|p1 * ul* |p2 * v|*? + Ce(x) (34
for every (u,v) € R? satisfying
[(p1 %, p2 * V)00 > 8¢
for a.e. x € Q2. On the other hand, applying the embedding theorem, there exist 19, 71 > 0

such that

Wy (X)

min{jer. 12} / W10, gy 4 2200 gy a2
Q q1

(3.5)

>;70/ wl_(x)|vu|p1 2(x)|v 172dx — ;.
Q D1

Therefore, from (2.16) and (3.4), we derive

I(M,U)Z/ wl(x)w |71 4 Mwmthdx
Q PN q1

+f wa(x )|V 74 Mzwz(x)|vv|q2dx

Q P2 q2
—Alf w () |u|* |v|**dx
Q
~Ga-te) [ wenlon wul oz vl
Q

- /Q Co)dx — [[0a.v) x| (1 o) -

It follows then

I(u,v)z/( l(x)w 17t 4 2(")|V |P2)dx
Q
—i—mln{m,uz}/ (wl(x)w 4 wzq(x)w |q2) dx — |Cc()llL1 @)

ARVAE P A WHr(X
—/Q (%()IWI“ ; %()van)dx G )l N Grs )

- (“ * 8) / (“lwl(")mpl cur + 22 g0 v)|l’2)dx.
A Q D1 D2
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Now, using (3.5), we find

1+
Tuv) > —0t10) / (W1 (V| + wa () V8]7)dx — 11 — [Co () s
max{pi, p2} Ja
MO0} [ ) VU [P wa ()| Vol P2 — [t ) x| . o)
max{p1, p2} Ja

Ay +¢ )
( M )[pl 1”pl”LIGRN)[wl(X)IVuI 1dx

[2%)
+ 22 NP2y )22 / wz(x)|vv|p2dx}
D L1(RN) Q

- (I+mno)  min{ay, oz}
max{pi, p2} max{pi, p2}

Ay + ¢ %1 pi P2
_( T )max{;N ||Iol||L1(]RN)’ N ”szLl(RN)

o
(e g I ))—771—||Ca(x)||L1(sz)—7”(“,0)”;}

- W||(hl»h2)“§”

where 0 < B¢ < p < min{py, p2}, with o’ = —£-. Thus, we obtain

(1 + no) — min{ay, az}
max{p1, p2}

A2t o1 v D2 Po 14
—( 5 max [N 1y SEN P 2 gy = 22 [ w01

I(u,v)z[

1
m||(h1,h2)||x,—m-

Choosing appropriate values for ¢ and ¢ such that

—1Ce)llp1() —

(1 + no) — min{ay, @z} (Az +e

Bo
P1 P2 Po
max{p1, p2} A )m { N ”leLl(]RN) 2N ||P2||L1(RN)}+ o

leads to the coerciveness of I.

Hence, I is weakly lower semicontinuous and coercive, then I admits a minimum
point (1, v) in X . Owing to hypothesis (F;), I is a C!-functional. Furthermore, (u,v) € X
is a weak solution for the system (3.1) if and only if (1, v) is a critical point. This completes
the proof. |
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