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On 2-dominated operators on p̀ spaces

Dumitru Popa

Abstract. We use the Maurey factorization theorem to obtain a new characterization of 2-dominated
operators on a product of p̀ spaces. This new characterization is used to find the necessary and
sufficient conditions for some diagonal operators on a product of p̀ spaces to be 2-dominated.

1. Introduction, notation, and background

The main aim of this paper is to use the Maurey factorization theorem in the study of 2-
dominated operators on p̀ spaces. Let us recall the famous Maurey factorization theorem,
see [10, Proposition 43, page 68 and Proposition 44, page 70], [8, page 252], [6, page 233],
[5] or [17].

Maurey factorization theorem. Let 1 � p < 2 � r < 1 be such that 1
p
D

1
2
C

1
r

and .�; †; �/ a measure space. If X has type 2, then each bounded linear operator

U W X ! Lp.�/ has a factorization of the form X
V
�! L2.�/

Mg

��! Lp.Y /, V bounded
linear, g 2 Lr .�/ and Mg.f / D gf . Moreover, kU k � kV kkgkr � 1

Ap
T2.X/kU k, Ap

is the Khinchin constant and T2.X/ is type 2 constant of X .
For the measure space .N;P .N/; card/, the Maurey factorization theorem gives us

the following corollary.

Corollary 1. Let 1 � p < 2 � r <1 be such that 1
p
D

1
2
C

1
r

. IfX has type 2, then each

bounded linear operator U W X ! p̀ has a factorization of the form X
V
�! `2

Ma
��! p̀ , V

bounded linear and a 2 `r . Moreover, kU k � kV kkakr � 1
Ap
T2.X/kU k.

AboveMa W `2! p̀ is the multiplication operatorMa.x/D ax where, if aD .an/n2N ,
b D .bn/n2N are two scalar sequences ab WD .anbn/n2N .

Let us fix some notation and notions. In this paper, all spaces considered are Banach
spaces over K D R or C. For a finite system .xi /1�i�m � X , we write w2..xi /1�i�m/
to denote by supkx�k�1.

Pm
iD1 jx

�.xi /j
2/

1
2 . A bounded linear operator U W X ! Y is 2-

summing if there exists a constantC � 0 such that, for every x1; : : : ; xm 2X the following
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relation holds: � mX
iD1

kU.xi /k
2

� 1
2

� Cw2..xi /1�i�m/;

and the 2-summing norm of U is �2.U / D inf¹C j C as aboveº, see [8, page 234]. A
bounded linear operator U W X ! Y is 2-dominated if there exists a constant C � 0 such
that for every x1; : : : ; xm 2 X , y�1 ; : : : ; y

�
m 2 Y

� the following relation holds:

mX
iD1

jy�i .U.xi //j � Cw2..xi /1�i�m/w2..y
�
i /1�i�m/;

and the 2-dominated norm of U is�2.U / D inf¹C j C as aboveº, see [12, page 236]. Let
n be a natural number and X1; : : : ; Xn, Y Banach spaces. A bounded n-linear operator
U W X1 � � � � � Xn ! Y is called 2-dominated if there exists C � 0 such that for each
.x1i ; : : : ; x

n
i /1�i�m � X1 � � � � �Xn the following relation holds:� mX
iD1

kU.x1i ; : : : ; x
n
i /k

2
n

� n
2

� Cw2..x
1
i /1�i�m/ � � �w2..x

n
i /1�i�m/

and �2.U / D inf¹C j C as aboveº, see [11]. The class of the all 2-dominated operators
has the so-called ideal property, that is, if in the diagram

E1 � � � � �En
.A1;:::;An/
�������! X1 � � � � �Xn

U
�! Y

V
�! Z;

U is 2-dominated and A1; : : : ; An are bounded linear and V is bounded linear, then the
composition V ı U ı .A1; : : : ; An/ is 2-dominated and

�2.V ı U ı .A1; : : : ; An// � kV k�2.U /kA1k � � � kAnk:

Let us observe that a bounded linear operator U WX ! Y is 2-dominated if and only if the
bilinear functional associated to it  U W X � Y �! K defined by  U .x; y�/D y�.T .x//
is 2-dominated. Moreover, �2.U / D �2. U /.

All notation and notions used and not defined in this paper are standard in Banach
space theory, e.g., see, [6, 8, 12, 20].

2. The main result

In a series of the papers, the Maurey factorization theorem is used in the study of various
classes of the operators. Thus, in [7, Lemma 4.5] it is used in the study of unconditionality
of some tensor norms, in [16,18] is used in the study of multiple 2-summing operators and
in [14] is used in the study of almost summing operators, in [15] is used in the study of
2-summing operators. In the next result, we use again the Maurey factorization theorem
to give a characterization of 2-dominated operators on a Cartesian product of p̀ spaces.
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Theorem 1. Let n 2N, 1� pj < 2� rj <1 be such that 1
pj
D

1
2
C

1
rj

for all 1� j � n,
k 2 N and U W p̀1 � � � � � p̀n � X1 � � � � � Xk ! Y a bounded nC k-linear operator.
Then, the following assertions are equivalent:

(i) U is 2-dominated,

(ii) U ı .Ma1 ; : : : ; Man ; IX1 ; : : : ; IXk / W `2 � � � � � `2 � X1 � � � � � Xk ! Y is 2-
dominated for each a1 2 `r1 ; : : : ; an 2 `rn . Moreover,

sup
ka1kr1�1;:::;kankrn�1

�2.U ı .Ma1 ; : : : ;Man ; IX1 ; : : : ; IXk // � �2.U /

�
1

Ap1 � � �Apn
sup

ka1kr1�1;:::;kankrn�1

�2.U ı .Ma1 ; : : : ;Man ; IX1 ; : : : ; IXk //.

Proof. (i))(ii) It follows from the ideal property of the class of 2-dominated operators
together with the inequality

sup
ka1kr1�1;:::;kankrn�1

�2.U ı .Ma1 ; : : : ;Man ; IX1 ; : : : ; IXk // � �2.U /:

(ii))(i). From (ii) and the uniform boundedness principle, it follows that

L�2 D sup
ka1kr1�1;:::;kankrn�1

�2.U ı .Ma1 ; : : : ;Man ; IX1 ; : : : ; IXk // <1:

For 1 � j � n and .xji /1�i�m � p̀j , let us define Sj W `2 ! p̀j in the standard way,
i.e., Sj .�/ D

Pm
iD1h�; ei ix

j
i and note that, as is well-known kSj k D w2..x

j
i /1�i�m/, see

[12, Proof of Theorem 17.5.3]. Since `2 has type 2 (with T2.`2/ D 1) and 1 � pj < 2,
from the Maurey factorization theorem, it follows that there exist bounded linear operators
Vj W `2 ! `2 and aj 2 `rj such that Sj DMaj ı Vj and kVj kkakrj �

kSj k

Apj
. We note that

U ı .S1; : : : ; Sn; IX1 ; : : : ; IXk /

D U ı .Ma1 ; : : : ;Man ; IX1 ; : : : ; IXk / ı .V1; : : : ; Vn; IX1 ; : : : ; IXk /:

Let us take also .v1i ; : : : ; v
k
i /1�i�m � X1 � � � � � Xk . By (ii), the ideal property of the

class of 2-dominated operators and the definition of L�, we deduce that

�2.U ı .S1; : : : ; Sn; IX1 ; : : : ; IXk //

� �2.U ı .Ma1 ; : : : ;Man ; IX1 ; : : : ; IXk //kV1k � � � kVnk

� L�2ka1kr1 � � � kankrnkV1k � � � kVnk �
L�2

Ap1 � � �Apn
kS1k � � � kSnk

D
L�2

Ap1 � � �Apn
w2..x

1
i /1�i�m/ � � �w2..x

n
i /1�i�m/:
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Then, by the definition of 2-dominated operators and w2..ei /1�i�mI `2/ D 1, we get� mX
iD1

kU ı .S1; : : : ; Sn; IX1 ; : : : ; IXk /.ei ; : : : ; ei ; v
1
i ; : : : ; v

k
i /k

2
nCk

� nCk
2

� �2.U ı .S1; : : : ; Sn; IX1 ; : : : ; IXk //Œw2..ei /1�i�mI `2/�
n

� w2..v
1
i /1�i�m/ � � �w2..v

k
i /1�i�m/

D �2.U ı .S1; : : : ; Sn; IX1 ; : : : ; IXk //w2..v
1
i /1�i�m/ � � �w2..v

k
i /1�i�m/;

i.e.,� mX
iD1

kU.x1i ; : : : ; x
n
i ; v

1
i ; : : : ; v

k
i /k

2
nCk

� nCk
2

�
L�2

Ap1 � � �Apn
w2..x

1
i /1�i�m/ � � �w2..x

n
i /1�i�m/w2..v

1
i /1�i�m/ � � �w2..v

k
i /1�i�m/:

This means that U is 2-dominated and �2.U / �
L�2

Ap1 ���Apn
.

3. The case of diagonal operators on a Cartesian product of p̀ spaces

Let n � 2 be a natural number and 1 � p1; : : : ; pn <1, and let Y be a Banach space
and y D .yi /i2N a sequence in Y such that for all .�1; : : : ; �n/ 2 p̀1 � � � � � p̀n the seriesP1
iD1h�1; ei i � � � h�n; ei iyi is convergent. In this case, define the operator Dy W p̀1 � � � � �

p̀n ! Y by

Dy.�1; : : : ; �n/ D

1X
iD1

h�1; ei i � � � h�n; ei iyi

and call it a diagonal operator. Let us mention that in [2] in the particular case p1 D � � � D
pn and Y DK are also introduced in the diagonal mappings. A particular case of the diag-
onal operators is the multiplication operators; namely, if n2N, 1�p1; : : : ;pn;pnC1 <1
and a is a sequence of scalars, we define Ma W p̀1 � � � � � p̀n ! p̀nC1 by the formula
Ma.�1; : : : ; �n/D a�1 � � � �n. As is well known,Ma is well defined if and only if a 2 `s in
the case 1

pnC1
> 1

p1
C � � � C

1
pn

, where 1
pnC1

D
1
p1
C � � � C

1
pn
C

1
s

, or a 2 `1 in the
case 1

pnC1
�

1
p1
C � � � C

1
pn

. Since �1 � � � �n D
P1
iD1h�1; ei i � � � h�n; ei iei , we get that

Ma.�1; : : : ; �n/ D
P1
iD1h�1; ei i � � � h�n; ei iaiei , that is, Ma D Dy , where y D .aiei /i2N .

The main aim of this section is to apply Theorem 1 to find the necessary and sufficient
conditions for the diagonal operators to be 2-dominated. For other different results, the
reader can consult the papers [2, 4]. Let us mention that in the papers of D. Carando, V.
Dimant, P. Sevilla–Peris [2,3] and V. Dimant, R. Villafañe [9] various properties for diag-
onal operators are studied. The main novelty of our results comparatively with those is
that our results use mainly the Maurey factorization theorem.
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Proposition 1. Let n� 2 be a natural number, where 2�p1; : : : ;pn <1. Then, the diag-
onal operator Dy is 2-dominated if and only if

P1
iD1 kyik

2
n <1. Moreover, �2.Dy/ D

.
P1
iD1 kyik

2
n /

n
2 .

Proof. Let us suppose that Dy is 2-dominated. Since for p � 2, w2.ei I p̀/ D k p̀� ,!
`2kD 1, we deduce that .

P1
iD1 kDy.ei ; : : : ; ei /k

2
n /

n
2 ��2.Dy/, that is, .

P1
iD1 kyik

2
n /

n
r �

�2.Dy/. For the converse, we note first that, for all .�1; : : : ; �n/ 2 p̀1 � � � � � p̀n , we have

kDy.�1; : : : ; �n/k �

1X
iD1

jh�1; ei i � � � h�n; ei ijkyik

�

� 1X
iD1

jh�1; ei i � � � h�n; ei ij
2
n kyik

2
n

� n
2

;

since 2
n
� 1. Hence, kDy.�1; : : : ; �n/k

2
n �

P1
iD1 jh�1; ei ij

2
n � � � jh�n; ei ij

2
n kyik

2
n . For all

.�1j ; : : : ; �
n
j /1�j�m � p̀1 � � � � � p̀n , by Hölder’s inequality,

mX
jD1

jh�1j ; ei ij
2
n � � � jh�nj ; ei ij

2
n �

� mX
jD1

jh�1j ; ei ij
2

� 1
n

� � �

� mX
jD1

jh�nj ; ei ij
2

� 1
n

�
�
w2..�

1
j /1�j�m/ � � �w2..�

n
j /1�j�m/

� 2
n :

We deduce that

mX
jD1

kDy.�
1
j ; : : : ; �

n
j /k

2
n �

1X
iD1

kyik
2
n

mX
jD1

jh�1j ; ei ij
2
n � � � jh�nj ; ei ij

2
n

�

� 1X
iD1

kyik
2
n

��
w2..�

1
j /1�j�m/ � � �w2..�

n
j /1�j�m/

� 2
n I

that is, Dy is 2-dominated and �2.Dy/ � .
P1
iD1 kyik

2
n /

n
2 .

In our next applications, we need the following well-known result whose proof is
omitted.

Proposition 2. Let n 2 N, 0 < r1; : : : ; rn; r <1 be such that 1
r
> 1

r1
C � � � C

1
rn

and
define 0 < s <1 by 1

r
D

1
r1
C � � � C

1
rn
C

1
s

. Let a be a sequence of scalars. Then, the
following assertions are equivalent:

(i) ax1 � � � xn 2 `r for all x1 2 `r1 ; : : : ; xn 2 `rn ,

(ii) a 2 `s .

Moreover, supkx1kr1�1;:::;kxnkrn�1 kax1 � � � xnkr D kaks .

In the rest of the paper for 1� p �1, we denote by p� its conjugate that is 1
p
C

1
p�
D1.
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Proposition 3. Let n� 2 be a natural number and 1� p1; : : : ;pn < 2. Then, the diagonal
operatorDy is 2-dominated if and only if y 2 `s.Y /, where 1

s
D

1
p�1
C � � � C

1
p�n

. Moreover,

kyks � �2.Dy/ �
1

Ap1 ���Apn
kyks .

Proof. By Theorem 1, Dy is 2-dominated if and only if Dy ı .Ma1 ; : : : ; Man/ W `2 �

� � � � `2 ! Y is 2-dominated for each a1 2 `r1 ; : : : ; an 2 `rn , where 1
pj
D

1
2
C

1
rj

for all
1 � j � n. Since

Dy ı .Ma1 ; : : : ;Man/.�1; : : : ; �n/ D

1X
iD1

h�1; ei i � � � h�n; ei izi ;

where zi D ha1; ei i � � � han; ei iyi , by Proposition 1 this is equivalent to z 2 ` 2
n
.Y /, and

moreover, �2.Dy ı .Ma1 ; : : : ; Man// D kzk 2
n

. Hence, Dy is 2-dominated if and only

if a1 � � � ankyk 2 ` 2
n

for all a1 2 `r1 ; : : : ; an 2 `rn . Now, note that the condition 1
2
n

>

1
r1
C � � � C

1
rn

is equivalent to n
2
> . 1

p1
�
1
2
/C � � � C . 1

pn
�
1
2
/ or 1

p�1
C � � � C

1
p�n
> 0. By

Proposition 2, Dy is 2-dominated if and only if kyk 2 `s , where 1
2
n

D
1
r1
C � � � C

1
rn
C

1
s

,
1
s
D

1
p�1
C � � � C

1
p�n

.

Since the multiplication operators are diagonal operators from Proposition 3, we get
the following corollary.

Corollary 2. Let n� 2 be a natural number, 1�p1; : : : ;pn<2,Ma W p̀1 � � � � � p̀n! p̀

(or c0) the multiplication operator defined by Ma.�1; : : : ; �n/ D a�1 � � � �n. Then, Ma is
2-dominated if and only if a 2 `s , where 1

s
D

1
p�1
C � � � C

1
p�n

.

Proposition 4. Let n� 2 be a natural number, 1� p <1, aD .ak/k2N such that a 2 `1
for p � n or a 2 ` p

p�n
for p > n and letDa W p̀ � � � � � p̀„ ƒ‚ …

n-times

!K be the diagonal operator

defined by Da.�1; : : : ; �n/ D
P1
iD1h�1; ei i � � � h�n; ei iai . Then, Da is 2-dominated if and

only if
P1
iD1 jai j

max.p�;2/
n <1.

Proof. First proof. If 1 � p < 2, from Proposition 3, Da is 2-dominated if and only

if
P1
iD1 jai j

p�

n < 1. If p � 2, from Proposition 1, Da is 2-dominated if and only ifP1
iD1 jai j

2
n <1.

Second proof. The following proof was shown to us by one of the reviewers of our
paper and is included here with his permission. In Section 2 of [3], the limit orders of
scalar-valued r-dominated multilinear forms from p̀ are obtained. These limit orders give,
essentially, the inverse of the value of s for which Da is r-dominated on p̀ whenever a
belongs to `s . For r D 2 (i.e., for 2-dominated multilinear forms), equation (2.1) in [3]
states that the limit order is n

p�
if 2 � p� � 1 and n

2
if 1 � p� � 2. This means that

corresponding s is precisely max.p�;2/
n

.
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From Proposition 4, we deduce that for every n � 2 and every 1 � p < 1 there
exist polynomials of degree n on p̀ which are not 2-dominated. For the case of infinite
dimensional Banach spaces, see [1, Theorem 2.2].

The next results are natural companions of Proposition 3.

Proposition 5. Let n, k 2N, 1� p1; : : : ; pn < 2� pnC1; : : : ; pnCk andDy W p̀1 � � � � �
p̀n � p̀nC1 � � � � � p̀nCk ! Y be the diagonal operator defined by

Dy.�1; : : : ; �n; �nC1; : : : ; �nCk/ D

1X
iD1

h�1; ei i � � � h�nCk ; ei iyi :

Then, Dy is 2-dominated if and only if y 2 `s.Y /, where 1
s
D

k
2
C

1
p�1
C � � � C

1
p�n

.

Proof. By Theorem 1, Dy is 2-dominated if and only if Dy ı .Ma1 ; : : : ;Man ; I; : : : ; I / W

`2 � � � � � `2 ! Y is 2-dominated for each a1 2 `r1 ; : : : ; an 2 `rn , where 1
pj
D

1
2
C

1
rj

for all 1 � j � n. SinceDy ı .Ma1 ; : : : ;Man ; I; : : : ; I /.�1; : : : ; �nCk/D
P1
iD1h�1; ei i � � �

h�nCk ; ei izi , where zi D ha1; ei i � � � han; ei iyi , by Proposition 1 this is equivalent to z 2
` 2
nCk
.Y /, and moreover, �2.Dy ı .Ma1 ; : : : ;Man ; I; : : : ; I // D kzk 2

nCk
. Hence, Dy is 2-

dominated if and only if a1 � � �ankyk 2 ` 2
nCk

for all a1 2 `r1 ; : : : ; an 2 `rn . The condition
1
2

nCk

> 1
r1
C � � � C

1
rn

is equivalent to nCk
2
> . 1

p1
�
1
2
/ C � � � C . 1

pn
�
1
2
/ or k

2
C

1
p�1
C

� � � C
1
p�n
> 0. By Proposition 2,Dy is 2-dominated if and only if kyk 2 `s , where 1

2
nCk

D

1
r1
C � � � C

1
rn
C

1
s

, 1
s
D

k
2
C

1
p�1
C � � � C

1
p�n

.

In the case of the multiplication operators, Proposition 5 gives us the following corol-
lary.

Corollary 3. Let n, k be natural numbers, where 1 � p1; : : : ; pn < 2 � pnC1; : : : ; pnCk .
Then, the multiplication operatorMa W p̀1 � � � � � p̀n � p̀nC1 � � � � � p̀nCk ! p̀ (or c0)
defined by Ma.�1; : : : ; �nCk/ D a�1 � � � �nCk is 2-dominated if and only if a 2 `s , where
1
s
D

k
2
C

1
p�1
C � � � C

1
p�n

.

Remark 1. Let n, k be a natural numbers, where 2� p1; : : : ;pn, 1� pnC1; : : : ;pnCk < 2
and let Dy W lp1 � � � � � lpn � lpnC1 � � � � � lpnCk ! Y be the diagonal operator defined by

Dy.�1; : : : ; �n; �nC1; : : : ; �nCk/ D

1X
iD1

h�1; ei i � � � h�nCk ; ei iyi :

Then, Dy is 2-dominated if and only if y 2 ls.Y /, where 1
s
D

n
2
C

1
p�nC1
C � � � C

1
p�
nCk

.

In the next example, we give the necessary and sufficient conditions for the linear
multiplication operator between two p̀ spaces to be 2-dominated, see also [9]. Let us
mention that L. Schwartz in [19] gives the necessary and sufficient conditions for the
multiplication operators between two p̀ spaces to be 2-summing and that in [13] the
results of L. Schwartz were extended to the case of vector-valued p̀ spaces.
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Proposition 6. Let 1 � p1; p2 <1 and Ma W p̀1 ! p̀2 be the multiplication operator.

(i) If 1 � p1 < 2, 2 < p2, then Ma is 2-dominated if and only if a 2 `s , where
1
s
D

1
p�1
C

1
p2

.

(ii) If 1 � p1 < 2, 1 � p2 � 2, then Ma is 2-dominated if and only if a 2 `s , where
1
s
D

1
p�1
C

1
2

.

(iii) If 2 � p1, 1 < p2 < 2, then Ma is 2-dominated if and only if a 2 `1.

(iv) If 2 � p1, 2 � p2, then Ma is 2-dominated if and only if a 2 `s , where 1
s
D

1
2
C

1
p2

.

Proof. The case 1 < p2 <1. By definition,Ma is 2-dominated if and only if  Ma W p̀1 �

p̀�2
! K defined by  Ma.�; �/ D hMa.�/; �i D

P1
kD1h�; ekih�; ekiak is 2-dominated.

(i) In this case, 1 � p1 < 2, 1 < p�2 < 2 and by Proposition 3,  Ma is 2-dominated if
and only if a 2 `s , where 1

s
D

1
p�1
C

1
p2

.

(ii) In this case, 1 � p1 < 2, 2 � p�2 and by Proposition 5,  Ma is 2-dominated if and
only if a 2 `s , where 1

s
D

1
p�1
C

1
2

.

(iii) In this case, 2� p1, 2 < p�2 and by Proposition 1,  Ma is 2-dominated if and only
if a 2 `1.

(iv) In this case, 2 � p1, 1 < p�2 < 2 and by Remark 1,  Ma is 2-dominated if and
only if a 2 `s , where 1

s
D

1
2
C

1
p2

.
The case p2 D 1. By definition,Ma is 2-dominated if and only if  Ma W p̀1 � `1!K

defined by  Ma.�; �/D hMa.�/; �i D ha�; �i D
P1
kD1h�; ekih�; ekiak is 2-dominated. If

1 � p1 < 2, by Remark 5  Ma is 2-dominated if and only if a 2 `s , where 1
s
D

1
p�1
C

1
2

.
If p1 � 2, by Proposition 1  Ma is 2-dominated if and only if a 2 `1.

Proposition 7. (i) Let 1� p <1 andMa W p̀! p̀ be the multiplication operator. Then,
for 1 � p < 2,Ma is 2-dominated if and only if a 2 `s , where 1

s
D

1
p�
C

1
2

and for p � 2,
Ma is 2-dominated if and only if a 2 `s , where 1

s
D

1
2
C

1
p

.
(ii) Let Pa W p̀ ! p̀ be the polynomial multiplication operator of degree n � 2 that

is Pa.x/ D axn. Then, Pa is 2-dominated if and only if a 2 `max.p�;2/
n

.

Proof. (i) is a particular case of Proposition 6.
(ii) By Theorem 6 in [11], Pa W p̀ ! p̀ is 2-dominated if and only if its symmetric

bounded multilinear associatedMa DcPa W p̀ � � � � � p̀! p̀ is 2-dominated. The equal-
ity Ma D cPa is clear. If 1 � p < 2, by Proposition 3, this is equivalent to a 2 `s , where
s D p�

n
. If 2 � p <1, by Proposition 1, this is equivalent to a 2 ` 2

n
.

Proposition 8. (i) Let Ma W c0 ! c0 be the multiplication operator. Then, Ma is 2-
dominated if and only if a 2 `2.

(ii) Let Pa W c0 ! c0 be the polynomial multiplication operator of degree n � 2 that
is Pa.x/ D axn. Then, Pa is 2-dominated if and only if a 2 ` 2

n
.
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Proof. (i) First proof. By definition,Ma is 2-dominated if and only if  Ma W c0 � `1! K
defined by  Ma.�; �/ D hMa.�/; �i D ha�; �i D

P1
kD1h�; ekih�; ekiak is 2-dominated.

By Proposition 1,  Ma is 2-dominated if and only if a 2 `2.
Second proof. If Ma is 2-dominated, then is 2-summing, and hence, a 2 `2. If a 2 `2,

then W c0 � `1
.Ma;J /
�����! `2 � `2

h;i
�!K is a factorization of Ma . Since a2 `2,Ma W c0! `2

is 2-summing and the canonical inclusion J W `1 ,! `2 is 2-summing, we get that  Ma is
2-dominated.

(ii) By Theorem 6 in [11], Pa W c0 ! c0 is 2-dominated if and only if Ma D cPa W
c0 � � � � � c0! c0 is 2-dominated. The equality Ma DcPa is clear. By Proposition 1, this
is equivalent to a 2 ` 2

n
.

Proposition 9. Let 1 � p <1 and Ma W p̀ ! c0 be the multiplication operator. Then,
Ma is 2-dominated if and only if a 2 `max.p�;2/.

Proof. By definition, Ma is 2-dominated if and only if  Ma W p̀ � `1 ! K defined by
 Ma.�; �/D hMa.�/; �i D ha�; �i D

P1
kD1h�; ekih�; ekiak is 2-dominated. If 1� p < 2,

by Proposition 3  Ma is 2-dominated if and only if a 2 p̀� . If p � 2, by Proposition 1
 Ma is 2-dominated if and only if a 2 `2.

Proposition 10. Let 1 � p <1 and Ma W c0 ! p̀ be the multiplication operator. Then,
the following statements hold.

(i) For 1 � p � 2, Ma is 2-dominated if and only if a 2 `1.

(ii) For p > 2, Ma is 2-dominated if and only if a 2 `s , where 1
s
D

1
2
C

1
p

.

Proof. By definition, Ma is 2-dominated if and only if  Ma W c0 � p̀� ! K defined by
 Ma.�; �/ D hMa.�/; �i D

P1
kD1h�; ekih�; ekiak is 2-dominated.

(i) In this case, by Proposition 1,  Ma is 2-dominated if and only if a 2 `1.
(ii) In this case, by Proposition 1,  Ma is 2-dominated if and only if a 2 `s , where

1
s
D

1
2
C

1
p

.

We give in the sequel the necessary and sufficient conditions for some general opera-
tors to be 2-dominated.

Proposition 11. Let n� 2 be a natural number, 1� p <1,B W c0! Y a bounded linear
operator and T W p̀ � � � � � p̀„ ƒ‚ …

n-times

! Y defined by T .�1; : : : ; �n/ D B.�1 � � � �n/. Then, T is

2-dominated if and only if
P1
iD1 kB.ei /k

max.p�;2/
n <1.

Proof. Since �1 � � � �n D
P1
iD1h�1; ei i � � � h�n; ei iei , we get that

T .�1; : : : ; �n/ D

1X
iD1

h�1; ei i � � � h�n; ei iB.ei /:
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If 1 � p < 2, by Proposition 3, T is 2-dominated if and only if
P1
iD1 kB.ei /k

p�

n <1. If
p � 2, by Proposition 1, T is 2-dominated if and only if

P1
iD1 kB.ei /k

2
n <1.

We recall that an infinite matrix of scalar numbers .˛kj /.k;j /2N�N is called a method
of summability if for every sequence .xj /j2N 2 c0 it follows that all the series yk DP1
jD1 ˛kjxj are convergent and the sequence .yk/k2N 2 c0. It induces a bounded linear

operator B W c0 ! c0 defined by B.�/ D .
P1
jD1 ˛kj h�; ej i/k2N .

Proposition 12. Let n � 2 be a natural number, 1 � p <1, .˛kj /.k;j /2N�N a method
of summability and T W p̀ � � � � � p̀ ! c0 defined by

T .�1; : : : ; �n/ D

� 1X
jD1

˛kj h�1; ej i � � � h�n; ej i

�
k2N

:

Then, T is 2-dominated if and only if
P1
iD1.supk2N j˛ki j/

max.p�;2/
n <1.

Proof. Let B W c0 ! c0 be defined by B.�/ D .
P1
jD1 ˛kj h�; ej i/k2N . Now, note that

T .�1; : : : ; �n/D B.�1 � � � �n/. We have B.ei /D .˛ki /k2N and kB.ei /kc0 D supk2N j˛ki j.
We apply Theorem 11.

Let us prove two particular cases of Proposition 12.

Corollary 4. Let n � 2 be a natural number, 1 � p <1 and let C W p̀ � � � � � p̀ ! c0
be the Cesarò operator defined by

C.�1; : : : ; �n/ D

�
h�1; e1i � � � h�n; e1i C � � � C h�1; eki � � � h�n; eki

k

�
k2N

:

Then, C is 2-dominated if and only if p < n
n�1

.

Proof. Let us take

˛kj D

´
1
k

if j � k;

0 if j � k C 1;

and note as is well known that this is the so-called Cesaro method. Since supk2N j˛ki j D
1
i
,

i 2 N, by Proposition 12, C is 2-dominated if and only if
P1
iD1

1

i
max.p�;2/

n

<1, that is,
max.p�;2/

n
> 1. Since, n � 2 this is equivalent to p� > n, p < n� D n

n�1
.

Proposition 13. Let n� 2 be a natural number, 1� p <1 and let T W p̀ � � � � � p̀! c0
be the operator defined by

T .�1; : : : ; �n/ D

 
h�1;e1i���h�n;e1i

1
C
h�1;e2i���h�n;e2i

2
C � � � C

h�1;eki���h�n;eki
k

ln.k C 1/

!
k2N

:

Then, C is 2-dominated if and only if p < n
n�1

.



On 2-dominated operators on p̀ spaces 175

Proof. The matrix

˛kj D

´
1

j ln.kC1/ if j � k;

0 if j � k C 1;

generates the so-called logarithmic method. Since supk2N j˛ki j D
1

i ln.iC1/ , i 2 N, by
Proposition 12 T is 2-dominated if and only if

1X
iD1

1

.i ln.i C 1//
max.p�;2/

n

<1;

that is, max.p�;2/
n

> 1 or equivalent to p < n
n�1

.

Proposition 14. Let 1�p <1, Y a Banach space, .yi /i2N �Y a bounded sequence and
letDy W p̀�� p̀!Y be the diagonal operator defined byDy.�;�/D

P1
iD1h�; ei ih�;ei iyi .

(i) If 1 � p < 2, then Dy is 2-dominated if and only if
P1
iD1 kyik

s < 1, where
1
s
D

1
2
C

1
p�

.
(ii) If 2 � p < 1, then Dy is 2-dominated if and only if

P1
iD1 kyik

s < 1, where
1
s
D

1
p
C

1
2

.

Proof. The case p D 2 was proved in Proposition 1.
(i) If 1 � p < 2, by Proposition 1,Dy is 2-dominated if and only if

P1
iD1 kyik

s <1,
where 1

s
D

1
2
C

1
p�

.
(ii) If 2 < p, by Proposition 5, Dy is 2-dominated if and only if

P1
iD1 kyik

s <1,
where 1

s
D

1
2
C

1
p

.

In the next proposition, .ri /i2N denotes the sequence of the Rademacher functions.

Proposition 15. Let 1 � p; s <1, a D .ai /i2N 2 `1 and Da W p̀� � p̀ ! LsŒ0; 1� be
the operator defined by Da.�; �/ D

P1
iD1h�; ei ih�; ei iairi .

(i) If 1 � p < 2, Da is 2-dominated if and only if a 2 `s , where 1
s
D

1
2
C

1
p�

.
(ii) If 2 � p <1, Da is 2-dominated if and only if a 2 `s , where 1

s
D

1
p
C

1
2

.

Proof. Let .�; �/ 2 p̀� � p̀ and note that by Khinchin’s inequality, we have

As

� 1X
iD1

jh�; ei ih�; ei iai j
2

� 1
2

� kDa.�; �/ks � Bs

� 1X
iD1

jh�; ei ih�; ei iai j
2

� 1
2

or AskMa.�; �/k2 � kDa.�; �/ks � BskMa.�; �/k2, where Ma W p̀� � p̀ ! `2 is the
multiplication operator. Hence, Da is 2-dominated if and only if Ma is 2-dominated. We
apply Proposition 14.
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