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On 2-dominated operators on £, spaces

Dumitru Popa

Abstract. We use the Maurey factorization theorem to obtain a new characterization of 2-dominated
operators on a product of £, spaces. This new characterization is used to find the necessary and
sufficient conditions for some diagonal operators on a product of £, spaces to be 2-dominated.

1. Introduction, notation, and background

The main aim of this paper is to use the Maurey factorization theorem in the study of 2-
dominated operators on £, spaces. Let us recall the famous Maurey factorization theorem,
see [ 10, Proposition 43, page 68 and Proposition 44, page 70], [8, page 252], [6, page 233],
[5] or [17].

Maurey factorization theorem. Let 1 < p <2 < r < oo be such that % =1+1
and (2, ¥, u) a measure space. If X has type 2, then each bounded linear operator

U : X — Lp,(u) has a factorization of the form X 1) Lo(w) ﬁ L,(Y), V bounded
linear, g € Ly (1) and Mg (f) = gf. Moreover, [U|| < [[V[ligllr = £ T2(X)I|U|. 4p
is the Khinchin constant and 75 (X) is type 2 constant of X .

For the measure space (N, #(N), card), the Maurey factorization theorem gives us
the following corollary.

1_1,1
Corollary 1. Let 1 < p <2 <r < o0 be such that =2t If X has type 2, then each

14 M,
bounded linear operator U : X — {,, has a factorization of the form X — £, — L, V

bounded linear and a € £,. Moreover, |U|| < |V ||llallr < ALPTZ(X)HUH

Above M, : £, — £, is the multiplication operator M, (x) = ax where, if a = (an)nen,
b = (by)nen are two scalar sequences ab := (a,bp)neN-

Let us fix some notation and notions. In this paper, all spaces considered are Banach
spaces over K = R or C. For a finite system (X;)1<i<m C X, we write w2 ((X;)1<i<m)
to denote by sup”x*nsl(Z;":l |x*(x,-)|2)%. A bounded linear operator U : X — Y is 2-
summing if there exists a constant C > 0 such that, for every x1,. .., x,, € X the following

Mathematics Subject Classification 2020: 46G25 (primary); 47H60, 47B10, 46B20 (secondary).
Keywords: 2-dominated operators, Maurey factorization theorem, p-summing operators, diagonal
operators.


https://creativecommons.org/licenses/by/4.0/

D. Popa 166

relation holds:
m !
(X 1oeor)” < cosrzizn
i=1
and the 2-summing norm of U is m,(U) = inf{C | C as above}, see [8, page 234]. A

bounded linear operator U : X — Y is 2-dominated if there exists a constant C > 0 such
that for every x1,...,Xn € X, y{,..., ¥y € Y™ the following relation holds:

m

DI UE))] < Cwa () 1<izm)w2 (7)) 1<i<m),

i=1
and the 2-dominated norm of U is A,(U) = inf{C | C as above}, see [12, page 236]. Let
n be a natural number and Xy, ..., X;, ¥ Banach spaces. A bounded n-linear operator
U:X; x---xX, =7 is called 2-dominated if there exists C > 0 such that for each
(... XM )1<i<m C X1 X --- X X}, the following relation holds:

i’

(106 aDIF) = Conehzsam) w2 icizn)

i=1

and A,(U) = inf{C | C as above}, see [11]. The class of the all 2-dominated operators
has the so-called ideal property, that is, if in the diagram

Ay, A, U v
Elx---xEn(—l—LXlx---xXn—)Y—)Z,
U is 2-dominated and A4, ..., A, are bounded linear and V is bounded linear, then the
composition V o U o (Ay,..., Ay) is 2-dominated and

Ax(VoUo (Ay,....Ap)) = [VIIA2(U) [ Arll--- [ An]l-

Let us observe that a bounded linear operator U : X — Y is 2-dominated if and only if the
bilinear functional associated to it Yy : X x Y * — K defined by ¥y (x, y*) = y* (T (x))
is 2-dominated. Moreover, A, (U) = A (Yv).

All notation and notions used and not defined in this paper are standard in Banach
space theory, e.g., see, [6,8,12,20].

2. The main result

In a series of the papers, the Maurey factorization theorem is used in the study of various
classes of the operators. Thus, in [7, Lemma 4.5] it is used in the study of unconditionality
of some tensor norms, in [16, 18] is used in the study of multiple 2-summing operators and
in [14] is used in the study of almost summing operators, in [15] is used in the study of
2-summing operators. In the next result, we use again the Maurey factorization theorem
to give a characterization of 2-dominated operators on a Cartesian product of £, spaces.
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Theorem 1. Letn €N, 1 < p; <2 <r; <oobesuchthatpij=%+%foralll§j <n,
keNandU : £, x---x Ly, x X1 X+ x Xy = Y abounded n + k-linear operator.

Then, the following assertions are equivalent:

(i) U is 2-dominated,

(i) UoWMyay,.... My, Ix,,.... Ix;) : o x -+ xp x Xy X+ x X = Y is 2-
dominated for each ay € £, ...,a, € {,,. Moreover,
sup As(U o (Myy,..., Mg, Ix,, ..., Ix,)) < Ax(U)
llaillry =1,ellanllr, <1
1

< sup Ay(Uo(My,,...,Mg,, Ix,,...,Ix,)).
Apy =+ Apy Narllr, <1, llanll, <1

Proof. (1)=(ii) It follows from the ideal property of the class of 2-dominated operators
together with the inequality

sup A(UoMy,,.... Mg, , Ix,,...,Ix,)) < Ax(U).

laillr <1,....llanlly, <1
(i1)=>(i). From (ii) and the uniform boundedness principle, it follows that

La, = sup Ay(Uo(Myy,....Mg,, Ix,,...,Ix,)) < oo.

”a1”r1§15~~~5||an I, <1
For 1 < j <n and (xij)lf,-sm C Ep}., let us define S; : £, — ij in the standard way,
ie., S;(§) = Y/, (£.e;)x/ and note that, as is well-known || S; || = w2((x])1<i<m). see
[12, Proof of Theorem 17.5.3]. Since £, has type 2 (with 75(€,) = 1) and 1 < p; <2,

from the Maurey factorization theorem, it follows that there exist bounded linear operators
Vj 4y — £y and a; € {;; suchthat S; = My, o Vj and ||V |l[lall,;, < % We note that

UO(Sl,...,Sn,IXI,...,]Xk)
=UoMgay,.... Mg, Ix,,...., Ix,) 0o Vi,.... V. Ixy, ..., Ix,).

Let us take also (vl-l, ey v{‘)lfism C X1 X -+ x Xg. By (ii), the ideal property of the
class of 2-dominated operators and the definition of L A, we deduce that

Az(U0(S],...,Sn,lxl,...,IXk))
< AU o Mgy, May, Ixys oo IXO) Vil ==+ ([ Vil
La,
ymew SURE B

IA

Layllarllr - llanllr [IVill--- IVall <

mwz((xil)lfism) e wz((xin)lsifm)-

n
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Then, by the definition of 2-dominated operators and w;((e;)1<i<m:{2) = 1, we get

n+k

m
2 2
(ZHU o(Sl,...,S,,,IXI,...,IXk)(e,-,...,e,-,vl-l,...,v{‘)||n+k)
i=1

SAUo(S1,.... 8 Ix,, ... Ix, ) [wa(ei)1<i<m: €2)]"

X w2((vil)1§i§m) e w2((vlk)1§i§m)

= AU o (St Sns Ixys - Ix ) w2 (W) 12i<m) -+ w2 (V)10 <m),
k
i.e.,
m , nk
(Z||U(x,-1,...,x;',v},...,vf)||w«)
i=1
La, 1 . n ) 1 . k .
= —wz((xi )i<i<m) ---wz((xi )lszgm)wz((vi Vi<i<m) " wz((vi Vi<i<m)-
Apl “'Apn
L,

This means that U is 2-dominated and A>(U) < +—%—.
Pl Dn

3. The case of diagonal operators on a Cartesian product of £, spaces

Let n > 2 be a natural number and 1 < py,..., p, < 00, and let ¥ be a Banach space
and y = (y;)ieN asequence in Y such that for all (§;,...,&,) € £,, x--- x {,, the series
Z?il (§1.€;) - -+ (&n. ei)y; is convergent. In this case, define the operator Dy, : £, x --- x
Ly, — Y by

o0
Dy(51,.. &) = ) (E1ei) - (Ens i) i

i=1
and call it a diagonal operator. Let us mention that in [2] in the particular case p; = -+ =
pn and Y = K are also introduced in the diagonal mappings. A particular case of the diag-
onal operators is the multiplication operators; namely, ifn € N, 1 < py,..., pn, Pn+1 < 00
and a is a sequence of scalars, we define M, : £, x -+ x {,, — {p,,, by the formula
M, (&1, ...,&) = a&r---&,. Asis well known, M, is well defined if and only if a € £ in

1 1 1 R U U | :
the cas? i l> 7 + l—i—pn, where o = 7 + + o + 5, 0race {s in the
. o0
case o—— < .-+ -+ + o-. Since §; s =D 2 (61 i) - (Enyei)e;, we get that

M,(&,....8) = Zfil(él,ei) -+ (&4,ei)a;e;, thatis, M, = Dy, where y = (a;€;)ieN-
The main aim of this section is to apply Theorem 1 to find the necessary and sufficient
conditions for the diagonal operators to be 2-dominated. For other different results, the
reader can consult the papers [2,4]. Let us mention that in the papers of D. Carando, V.
Dimant, P. Sevilla—Peris [2,3] and V. Dimant, R. Villafafie [9] various properties for diag-
onal operators are studied. The main novelty of our results comparatively with those is
that our results use mainly the Maurey factorization theorem.
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Proposition 1. Let n > 2 be a natural number, where 2 < p1,. .., py < 00. Then, the diag-
onal operator D), is 2-dominated if and only if Y ;o || vi ||% < 00. Moreover, A>(Dy) =

2.n
(Z?il lyill=)>.

Proof. Let us suppose that D, is 2-dominated. Since for p > 2, wa(e;; £p) = |[[{px —
2.n . 2. n

£>|| =1, we deduce that (3_;o , || Dy(ei,. ... e)||7)2 <Ax(Dy), thatis, (3 ;o [|yil")r <

A,(Dy). For the converse, we note first that, for all (§;,...,&,) € £,, x -+ x{,,, we have

1Dy Ers o Bl < D 1Er @) - (s ea) i
i=1

(Zlém sn,e,>|ﬁ||yi||5)2,

i=1

Hence, || Dy (1. Ea)lI7 < 352, [(Er, )7 -+« [(n, €)1y |17 . For all

Z < 1.
5=
(“g‘l, o E1<j=m C Ly, x-+- x Ly, by Holder’s inequality,

SO UEL el -1 el < (D )"---(Zu;’,emz)"
j=1 Jj=1
< [wa(E 12 2m) - wa (E")1<7<m)] -
We deduce that

S Iy DI < Zny I D (&1 ei)|7 - |(E8 en)|
j=1

i=1

S\N

< (Znyi ||3)[w2<(s;>15j5m> W (E1<em)] "

i=1

that is, D, is 2-dominated and A, (D)) < (372, |1y [7)2. [
In our next applications, we need the following well-known result whose proof is

omitted.

Proposition 2. Letn € N, 0 < rq,...,r,, r < 00 be such that } > % + -+ % and

define 0 < s < oo by 1 = % +- % + % Let a be a sequence of scalars. Then, the
following assertions are equivalent:

(i) axy-xpedlyforallxy €dly,.... x5 €4y,
(i) aedl.

Moreover, SUD Lyl <1l <1 laxy - xullr = llalls.

In the rest of the paper for 1 < p < oo, we denote by p* its conjugate that is % + # =1.
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Proposition 3. Letn > 2 be a natural numberand 1 < pq,.. ., p,, < 2. Then, the diagonal
operator Dy is 2-dominated if and only if y € £s(Y), where % + t+oE =. Moreover,

Iylls = A2(Dy) = =711 ls.

Proof. By Theorem 1, D, is 2-dominated if and only if D, o (My,,..., Mg,) : {» X
-+ x £, — Y is 2-dominated for each a; € ¢;,,...,a, € {,,, where pL,« = % + % for all
1 < j <n. Since

o0

Dyo(Myy,.... Mg,) (1. 60) = Y (1, ei) - (6 i)z,

i=1

where z; = (ay,e;)--- (an, e;)y;, by Proposition 1 this is equivalent to z € £2(Y), and
moreover, Ay(Dy o (Mg,, ..., Mgy,)) = ||z| 2. Hence, D, is 2-dominated if and only

ifa;---au|ly|| € £2 forall ay € £, ...,a, € ¥{,,. Now, note that the condition % >
%+---+%isequivalentto%>(%—%)+---+(pin—2)or ot e = > 0. By
Proposition 2, D, is 2-dominated if and only if | y| € £, where % = % +- —I— rn + E’

1 1 1
2= = —. u
s pf+ +pif

Since the multiplication operators are diagonal operators from Proposition 3, we get
the following corollary.

Corollary 2. Letn >2 be a natural number, 1 < py,...,pp <2, Mg: €y x---xLp — 4L,
(or co) the multiplication operator defined by My (&1, ...,&,) = a&y---&,. Then, M, is
2-dominated if and only if a € £g, where % = p—l* 4.+ %

1 n

Proposition 4. Let n > 2 be a natural number, 1 < p < 00, a = (ag)reN suchthata € o
forp<norael _»_forp>nandlet D,: L€, x---x{, — K be the diagonal operator
p—n
n-times
defined by Dg(E1, ..., 6n) = Y o (61, €i) -+~ (En, €i)a;. Then, Dg is 2-dominated if and

max(p ,2)

only if Y52 lai|™ n <oo

Proof. First proof If 1 < p < 2, from Proposition 3, D, is 2-dominated if and only
it Y00, |al| n < oo. If p > 2, from Proposition 1, D, is 2-dominated if and only if
pIa |a,|n < o0.

Second proof. The following proof was shown to us by one of the reviewers of our
paper and is included here with his permission. In Section 2 of [3], the limit orders of
scalar-valued r-dominated multilinear forms from £, are obtained. These limit orders give,
essentially, the inverse of the value of s for which D, is r-dominated on £, whenever a
belongs to £5. For r = 2 (i.e., for 2-dominated multilinear forms), equation (2.1) in [3]

states that the limit order is % if 2 < p* <ocand % if 1 < p* < 2. This means that

mdx(p 2)

corresponding s is precisely ]
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From Proposition 4, we deduce that for every n > 2 and every 1 < p < oo there
exist polynomials of degree n on £, which are not 2-dominated. For the case of infinite
dimensional Banach spaces, see [1, Theorem 2.2].

The next results are natural companions of Proposition 3.

Proposition 5. Letn, k e N, 1 < p1,...,pn <2< pusi..... Pnykand Dy, 1 &y x -+ %
Ly, X Lp, X ==X Ly, . — Y be the diagonal operator defined by

o0
Dy(Erseo b Enttseo k) = Y (E1ei) o (o €i) i
i=1
Then, D, is 2-dominated if and only if y € £s(Y), where % = % + pi;‘ + -4 ﬁ.

Proof. By Theorem 1, D, is 2-dominated if and only if D, o (Mg,,..., Mg, I,....I):
ly x -+ x €y — Y is 2-dominated for each a; € ¢,,,...,a, € {,,, where plj = % + ri
forall1 <j <n.Since Dy o (Mg,,....Mg,. I,....1)(&1,....6pqk) = Z;’il(&,ei)---
(n+k,ei)zi, where z; = (a1, e;)--- {an, ei)yi, by Proposition 1 this is equivalent to z €
Kﬁ(Y), and moreover, Ay(Dy o (My,,..., Mg, I,...,1)) = ||z|| 2 . Hence, Dy, is 2-

dominated if and only if a; - --a, || y| € E for alla; € E,l ye.sdp e fr,, The condition
1 1 11 k 1
E>;+m -H+- —i—(——z)or——i-p—;‘-l-

e > 0. By Proposmon 2, D, is 2- dommated if and only if || y|| € €5, where —— =
==

1 _
E+"'+E+E,§——+ *+ + [
In the case of the multiplication operators, Proposition 5 gives us the following corol-
lary.

Corollary 3. Let n, k be natural numbers, where 1 < p1,...,pn <2< Put1s--» Pntk-
Then, the multiplication operator Mg : £y, X --- X Ly, X €p, | X ==X Ly . — Ly (0rco)
defined by My(&1, ..., 5 1k) = a&y “‘§n+k is 2-dominated zfand only if a € £y, where
Lk L4 4L

— 2 p] D
Remark 1. Let n, k be a natural numbers, where 2 < p1,..., pn, 1 < Pty vy Ptk <2
andlet Dy : lp, X=X Ip, X1p, .\ X+ X1y . — Y be the diagonal operator defined by

oo

Dy(Eroee b bntteen k) = Y (Erei) o (Bt €0 i

i=1

Then, D, is 2-dominated if and only if y € [;(Y'), where %

pn+k

In the next example, we give the necessary and sufficient conditions for the linear
multiplication operator between two £, spaces to be 2-dominated, see also [9]. Let us
mention that L. Schwartz in [19] gives the necessary and sufficient conditions for the
multiplication operators between two £, spaces to be 2-summing and that in [13] the
results of L. Schwartz were extended to the case of vector-valued £,, spaces.
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Proposition 6. Let 1 < py, p» < ooand M, : £, — Ly, be the multiplication operator.
i Ifl1< p1 < 2, 2 < p,, then M, is 2-dominated if and only if a € {g, where
1_ pl* +L
(ii) Ifl < p1 < 2 1 < pp <2, then M, is 2-dominated if and only if a € Lg, where
* + 3
(iii) If2 < p1, 1 < py <2, then M, is 2-dominated if and only if a € £.

“|

@ =

iv) If2 < p1, 2 < pa, then M, is 2-dominated if and only if a € £s, where % =

1 1

5T e
Proof. The case 1 < p, < co. By definition, M, is 2- dominated if and only if Y¥ay, : £p, %
£ps — K defined by ¥ar, (§,1) = (Ma(§), 1) =Y e Y(n, ex)ay is 2- dommated

(i) Inthiscase, 1 < p; <2,1 < p; < 2 and by Proposmon 3, ¥y, is 2-dominated if
and only if a € £, where % = # + é.
1

(ii) In this case, 1 < p; < 2,2 < p; and by Proposition 5, ¥y, is 2-dominated if and

only if a € €5, where 1 = L 4+ 1.
K i 2

(iii) In this case, 2 < p1,2 < p;‘ and by Proposition 1, 34, is 2-dominated if and only
ifa e Zl.

@iv) In this case, 2 < p;, | < p; < 2 and by Remark 1, ¥ps, is 2-dominated if and
only ifa € {4, Where% = % + é.

The case p> = 1. By definition, M, is 2-dominated if and only if ¥az, : {p, X £oo = K
defined by Yar, (£, 1) = (Ma(§). n) = (a&,n) = D32, (€, ex){n, ex)ax is 2-dominated. If
1 < p1 <2, by Remark 5 vy, is 2-dominated if and only if a € £;, where % =L 4 %

Py
If p1 > 2, by Proposition 1 ¥y, is 2-dominated if and only if a € £;. ]

Proposition 7. (i) Let 1 < p < oo and M, : £, — £, be the multiplication operator. Then,
for1 < p <2, M, is 2-dominated if and only if a € {5, where % = # + % and for p > 2,
M, is 2-dominated if and only if a € £g, where % = % + %.

(ii) Let P, : £, — £, be the polynomial multiplication operator of degree n > 2 that
is Pg(x) = ax™. Then, P, is 2-dominated if and only if a € £ nux(p*2) -

Proof. (1) is a particular case of Proposition 6.

(ii) By Theorem 6 in [11], P, : £, — {, is 2-dominated if and only if its symmetric
bounded multilinear associated M, = f’; :lp x - x L, — {, is 2-dominated. The equal-
ity M, = 7’; is clear. If 1 < p < 2, by Proposition 3, this is equivalent to a € {5, where
s = pT*. If 2 < p < oo, by Proposition 1, this is equivalent to a € Z%. ]

Proposition 8. (i) Let M, : co — co be the multiplication operator. Then, M, is 2-
dominated if and only if a € {5.

(ii) Let P, : co — co be the polynomial multiplication operator of degree n > 2 that
is Py(x) = ax". Then, P, is 2-dominated if and only ifa € K%.
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Proof. (i) First proof. By definition, M, is 2-dominated if and only if Y57, : co X {1 — K
defined by Y, (5,1) = (Ma(§),n) = (a&,n) = Y gy (€, ex)(n, ex)ax is 2-dominated.
By Proposition 1, ¥y, is 2-dominated if and only if a € £5.

Second proof. If M, is 2-dominated, then is 2-summing, and hence, a € £,.Ifa € {5,

Mg, J > . .. .
then ¢ : ¢o x £4 (———)> ly x Ly LL K is a factorization of s, . Since a € £, My :co — {2

is 2-summing and the canonical inclusion J : £; < £, is 2-summing, we get that ¥y, is
2-dominated.

(i) By Theorem 6 in [11], P, : co — ¢ is 2-dominated if and only if M, = i’; :
Co X +++ X c9 — Cg is 2-dominated. The equality M, = i’; is clear. By Proposition 1, this
is equivalent toa € ¢ 2. |

Proposition 9. Let 1 < p < oo and M, : £, — cg be the multiplication operator. Then,
M, is 2-dominated if and only if a € £pax(p* 2)-

Proof. By definition, M, is 2-dominated if and only if ¥, : £, X £; — K defined by

¥, (§.1) = (Ma(§). 1) = (ak.n) = 332, (€. ex) (n. ex)ax is 2-dominated. If 1 < p <2,
by Proposition 3 v, is 2-dominated if and only if a € £,+. If p > 2, by Proposition 1
Y¥u, is 2-dominated if and only if a € £5. |

Proposition 10. Let 1 < p < 0o and M, : co — £, be the multiplication operator. Then,
the following statements hold.

(i) Forl < p <2, M,is?2-dominated if and only if a € {;.

(i)  For p > 2, M, is 2-dominated if and only if a € {5, where % = % + %.

Proof. By definition, M, is 2-dominated if and only if ¥, : co x £p+ — K defined by
U, (6.m) = (Ma(§). 1) = 342, (. e) (n. ex)ay is 2-dominated.

(1) In this case, by Proposition 1, ¥, is 2-dominated if and only if a € £;.

(ii) In this case, by Proposition 1, ya, is 2-dominated if and only if a € £, where
1_ 1,1
1_1.,.1 |
K} 2 )/

We give in the sequel the necessary and sufficient conditions for some general opera-
tors to be 2-dominated.

Proposition 11. Letn > 2 be a natural number, 1 < p <00, B :co — Y a bounded linear
operator and T : £y x --- x €, — Y defined by T(&1,...,&,) = B(§1---&,). Then, T is
———

n-times
max(p*,2)

2-dominated if and only if Y ;2 | B(e;))|| ™ »

Proof. Since &1 -+ &, = Y72 (€1, ei) -+~ (En, €i)ei, we get that

oo

T 6) = ) (Er,ei) - (En i) Bles).

i=1
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If 1 < p <2, by Proposition 3, T is 2-dominated if and only if > ;o ||B(e,)|| n < oo. If
p > 2, by Proposition 1, T is 2-dominated if and only if ) ;2 ||B(e,)|| n < 00. |

We recall that an infinite matrix of scalar numbers (o) k, j)eNxN is called a method
of summability if for every sequence (x;)jeN € cyp it follows that all the series y; =
Z}il ay;x; are convergent and the sequence (Vi )ken € co. It induces a bounded linear
operator B : ¢o — co defined by B(§) = (3_72; akj (&, €j))ken.

Proposition 12. Let n > 2 be a natural number, 1 < p < 00, (0kj)k,j)eNxN a method
of summability and T : £, x -+ x £, — co defined by

TGt = (Lo 61.6) (.
=1

keN

mdx(p ,2)

Then, T is 2-dominated if and only if ¥ ;2 | (supgen |0ki|) e

Proof. Let B : co — co be defined by B(§) = (Z —1 2k (£, ej))ken. Now, note that

T(1,....60) = B(§1---§4). We have B(e;) = (ki )ken and || B(ei)llc, = supgen |kil-
We apply Theorem 11. [ ]

Let us prove two particular cases of Proposition 12.

Corollary 4. Let n > 2 be a natural number, 1 < p < ooandletC : £, x---x €, = co
be the Cesaro operator defined by

Cr,....6n) = (@1’61)"'(5"’“) +'I'€'+ @l»ek)“-(én,ek))

keN'
Then, C is 2-dominated if and only if p < ;5.

Proof. Let us take

1 . .
£ ifj <k,
Otkj = {k

0 ifj=k+1,
and note as is well known that this is the so-called Cesaro method. Since SqueN logi | = %,
i € N, by Proposition 12, C is 2-dominated if and only if ) 7, m < 00, that is,
w > 1. Since, n > 2 this is equivalent to p* > n, p <n* = 1. (]

Proposition 13. Let n > 2 be a natural number, | < p <ooandletT : €, x---x €, = co
be the operator defined by

(E1,e1)(€n 1) (Er,e2)(Ense2) | .. (Ev.ex)(En.en)
T = [———— =2 T %
In(k + 1)

keN

Then, C is 2-dominated if and only if p < ;2.
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Proof. The matrix

1 g e
ap; = { JWEFD ifj <k,
7o ifj>k+1,
generates the so-called logarithmic method. Since supycn |ki| = m, i € N, by
Proposition 12 T is 2-dominated if and only if
— 1
<00
. . max(p*,2) ’
= GInG + 1)
that is, %”*’2) > 1 or equivalent to p < -5 |

Proposition14. Let 1 < p < oo, Y a Banach space, (y;)ien C Y a bounded sequence and
let Dy, : £y« x{, —Y be the diagonal operator defined by D (§,1) = ;o (§.ei)(n. i) yi.
() If 1 < p <2, then D, is 2-dominated if and only if Y ;o ||yill® < oo, where

1_ 1, 1
1_1,1
K 2 p*
(i) If 2 < p < 00, then Dy, is 2-dominated if and only if Y ;o ||yi || < oo, where
1_ 1.1
1_ 1,
K} )/ 2

Proof. The case p = 2 was proved in Proposition 1.
() If 1 < p < 2, by Proposition 1, D), is 2-dominated if and only if > ;o [|vi[|* < oo,
where % = % + #.
(ii) If 2 < p, by Proposition 5, Dy, is 2-dominated if and only if Y 72, [|yi[|* < oo,
1

1 _ 1,1
where;-z—}—p. [

In the next proposition, (r;);en denotes the sequence of the Rademacher functions.

Proposition 15. Let 1 < p,s <00, a = (a;)ieN € Loo and Dy : Lp+ x £, — L[0, 1] be
the operator defined by Do(§,1) = Y ;o (&, ei)(n, ei)a;r;.
() If1 < p <2, Dy is 2-dominated if and only if a € Ly, where % + L.

K *
() If2 < p < 00, D, is 2-dominated if and only if a € {g, where +

G - ”

D=

1
p
Proof. Let (£, 1) € £+ x £, and note that by Khinchin’s inequality, we have

1

AS(Z|<s,e,-><n,e,->a,-|2)2 < IDutE D)l = BS(Z|<s,e,-><n,e,->a,-|2)2
i=1

i=1

or As[[Ma(§, m)ll2 < [1Da(§, Mls < Bsl|Ma(&, n)ll2, where Mg : €p+ x £, — L5 is the
multiplication operator. Hence, D, is 2-dominated if and only if M, is 2-dominated. We
apply Proposition 14. ]
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