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Better estimates of Hölder thickness of fractals

Zoltán Buczolich, Balázs Maga, and Gáspár Vértesy

Abstract. Dimensions of level sets of generic continuous functions and generic Hölder func-
tions defined on a fractal F encode information about the geometry, “the thickness” of F . While
in the continuous case this quantity is related to a reasonably tame dimension notion which is
called the topological Hausdorff dimension of F , the Hölder case seems to be highly nontrivial.
A number of earlier papers attempted to deal with this problem, carrying out investigation in
the case of Hausdorff dimension and box dimension. In this paper we continue our study of
the Hausdorff dimension of almost every level set of generic 1-Hölder-˛ functions, denoted by
D�.˛; F /. We substantially improve previous lower and upper bounds on D�.˛;�/, where �
is the Sierpiński triangle, achieving asymptotically equal bounds as ˛ ! 0C. Using a similar
argument, we also give an even stronger lower bound on the generic lower box dimension of
level sets. Finally, we construct a connected fractal F on which there is a phase transition of
D�.˛; F /, thus providing the first example exhibiting this behaviour.

1. Introduction

The Hausdorff dimension of level sets of the generic continuous function defined on
Œ0; 1�p was determined in [11]. By introducing the concept of topological Hausdorff
dimension, [7] generalized this result to a large class of fractals. The connection of
this new notion of dimension and the geometry of level sets was investigated more
thoroughly in [6]. We note that topological Hausdorff dimension sparked interest on
its own right: in [13] the authors studied topological Hausdorff dimension of fractal
squares, and it was also mentioned and used in Physics papers, see for example [1–4],
and [5].

One might find studying the level sets of continuous functions slightly inconveni-
ent, as such functions depend only on the topology of the domain F , being a subset
of some Euclidean space in what follows. While this independence from the metric
structure is not inherited by the Hausdorff dimension of the level sets, due to Haus-
dorff dimension’s dependence on the metric, it seems reasonable to expect that the
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investigation of other classes of functions, subject to certain metric conditions can
be more fruitful. The simplest and most natural way to impose such a condition is
considering Hölder functions instead of arbitrary continuous functions. More specific-
ally, we investigate the level sets of generic 1-Hölder-˛ functions, where genericity is
understood in the Baire category sense in the topology given by the supremum norm.

We started to deal with this question in [10]. We defined D�.˛; F / as the essen-
tial supremum of the Hausdorff dimensions of the level sets of a generic 1-Hölder-˛
function defined on F , and verified that this quantity is well defined for compact
F . We also showed that if ˛ 2 .0; 1/, then for connected self-similar sets, like the
Sierpiński triangle D�.˛; F / equals the Hausdorff dimension of almost every level-
set in the range of a generic 1-Hölder-˛ function, that is, one can talk about the
Lebesgue-typical dimension of the generic 1-Hölder-˛ function. We extended the
notation D�.˛; F / to ˛ D 0 by taking the Lebesgue-typical dimension of the gen-
eric continuous function.

In a recently published preprint [8], the first two authors investigated the box
dimension of level sets from a similar point of view, by introducing a framework akin
to the one just described. We introduced the quantities DB�.˛; F / and DB�.˛; F /,
analogous to D�.˛; F /, which in some sense correspond to the generic lower and
upper box dimension of level sets.

It turned out that the Hausdorff dimension and the upper box dimension of level
sets are dual in a certain sense: while the generic value of the former one measures
how well the level sets can be compressed inside the fractal, the latter one con-
cerns with how well they can be spread out. The problem of lower box dimension
of level sets remained mostly open: while the generic Hausdorff dimension of level
sets obviously cannot exceed the generic lower box dimension of level sets, that is
D�.˛; F / � DB�.˛; F /, we argued that it seems difficult to actually prove stronger
upper bounds for the former one, as currently we have to rely on the same toolset.
(For details, see discussion surrounding [8, Theorems 3.2-3.3].)

In [9], we carried on our research about D�.˛; F / and presented results of more
quantitative nature. In particular, with � being the Sierpiński triangle, lower and
upper estimates onD�.˛;�/ were provided. One of the main goals of this paper is to
improve these bounds. Capitalizing on new ideas, in Sections 3 and 4, we prove sub-
stantially stronger bounds from both sides. On Figure 1 one can see the improvement:
actually, the new bounds are asymptotically equal as ˛ ! 0C.

In this paper, we also take an important first step for distinguishing the quantit-
ies D�.˛; F /;DB�.˛; F /, which seems to be a delicate problem, as noted above. We
conclude Section 3 by presenting a lower bound onDB�.˛;�/ (also displayed on Fig-
ure 1), which relies on the same approach as the preceding proof of our lower bound
onD�.˛;�/, but exceeds it for any ˛ > 0. While this development does not yield that
D�.˛;�/ < DB�.˛; F / for any ˛, it certainly fuels this hope. It should be noted that
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Figure 1. Earlier and current estimates on D�.˛; �/, new lower box standing for the lower
bound on DB�.˛;�/

the upper bound D�.˛; �/ we provide is also an upper bound on DB�.˛; F /, thus
D�.˛;�/ and DB�.˛; F / are asymptotically equal as ˛ ! 0C, further emphasizing
that they cannot differ by much, while they sharply differ from the analogous quantity
defined for the upper box dimension.

In [9], the notion of phase transition was also introduced, as follows: D�.�; F /
has phase transition, if for some ˛0 > 0, we have D�.˛; F / D D�.0; F / for ˛ < ˛0,
but D�.˛; F / > D�.0; F / for ˛ > ˛0. It is natural to ask whether such an F exists,
and in [9], we answered this question affirmatively. However, the F provided was
not connected, which illustrated that our understanding of phase transition there was
incomplete: disconnected fractals easily exhibit peculiar behaviour due to the fact that
disconnectedness enables one to define functions with less limitation. It remained a
nontrivial question whether a connected example for phase transition can be produced,
one that sparked interest during seminars when we presented our results. In Section 5,
we answer this question affirmatively as well by providing a connected self-similar
example. We note that our construction exhibits phase transition on DB�.˛; F / as
well.

2. Notation and preliminaries

The interior of a set H is denoted by intH .
Following [10], we introduce the following notation: if .M; d / is a metric space,

then let C.M/ be the space of continuous functions fromM to R. Moreover, for every
˛ 2 .0; 1� and c > 0 set

C ˛c .M/ WD
®
f 2 C.M/ W for every a; b 2M we have jf .a/ � f .b/j � c.d .a; b//˛

¯
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and
C ˛c�.M/ WD

[
c02Œ0;c/

C ˛c0.M/:

In what follows, our domain is some compact F � Rp . Let

Df .r; F / D Df .r/ D dimH
�
f �1.r/

�
for any function f W F ! R, that is Df .r/ denotes the Hausdorff dimension of the
function f at level r . We put

Df
� .F / D sup

®
d W �

®
r W Df .r; F / � d

¯
> 0

¯
;

where � denotes the one-dimensional Lebesgue measure.
It is not clear why Df

� .F / should have a generic value over C ˛1 .F /, thus some
extra care is required. We denote by G1;˛.F /, or by simply G1;˛ the set of dense Gı
sets in C ˛1 .F /, and we put

D�.˛; F / D sup
G2G1;˛

inf
®
Df
� .F / W f 2 G

¯
: (2.1)

This quantity was the main object of interest in [10] and [9], to have a short name
for it one can call it the ˛-Hölder-thickness of the fractal F .

Most of the previous framework can be analogously introduced with the Haus-
dorff dimension being replaced by the lower or upper box dimension, as discussed in
[8]. While upper box dimension requires some special care and appropriate modifica-
tions, which we omit here as we do not work with upper box dimension in this paper,
we can setup the same concepts for lower box dimension by simply replacing Haus-
dorff dimension in the original definitions. This is how we defineDf

B .r;F /,D
f
B�.F /,

DB�.˛; F /, as analogues of Df .r; F /, Df
� .F /, D�.˛; F /.

In [10, Theorem 3.3] (resp. [8, Theorem 3.2]), we established thatD�.˛;F / (resp.
DB�.˛; F /) is indeed the generic value of Df

� .F / (resp. Df
B�.F /) over C ˛1 .F /, if

some technical conditions hold.

Theorem 2.1. If 0 < ˛ � 1 and F � Rp is compact, then

• there is a dense Gı subset G of C ˛1 .F / such that for every f 2 G we have
D
f
� .F / D D�.˛; F /.

• there is a dense Gı subset G of C ˛1 .F / such that for every f 2 G we have
D
f
B�.F / D DB�.˛; F /.

This result relies on the following lemma (the original statement for Hausdorff
dimension is [10, Lemma 7.1], while the extension to lower box dimension is [8,
Lemma 3.1]):
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Lemma 2.2. Suppose that 0 < ˛ � 1, F �Rp is compact,E �Rp is open or closed,
and U � C ˛1 .F / is open. If ¹f1; f2; : : :º is a countable dense subset of U, then there
is a dense Gı subset G of U such that

sup
f 2G

Df
� .F \E/ � sup

k2N
D
fk
� .F \E/: (2.2)

The statement is also valid with Df
� , Dfk

� being replaced by Df
B�, D

fk
B�.

We are going to use the mass distribution principle recurringly.

Theorem 2.3. Let � be a mass distribution (measure) on F � Rp . Suppose that for
some s � 0 there are numbers c > 0 and ı > 0 such that �.U / � cjU js for all sets
U with jU j � ı. Then H s.F / � �.F /=c and s � dimF:

We also use the following approximation result ([10, Lemma 4.2]):

Lemma 2.4. Assume that F is compact and c > 0 is fixed. Then the Lipschitz c-
Hölder-˛ functions defined on F form a dense subset C ˛c .F /.

3. Improved lower estimate for the Sierpiński triangle

By its definition, the Sierpiński triangle � D \1nD0�n, where �n is the union of the
triangles appearing at the nth step of the construction. The set of triangles on the nth
level is �n, and � WD [n2N[¹0º�n. If T 2 �n for some n then we denote by V.T / the
set of its vertices.

In [9, Section 3], we obtained a lower estimate on D�.˛; �/ by defining a func-
tion � W � ! .0; 1�, which we called conductivity, and which interacted well with level
sets. The intuition is that if a level set does not intersect triangles of high conduct-
ivity, then it crosses � through badly conducting triangles. Hence it must intersect
many triangles, which yields that it has large Hausdorff dimension. The proof of the
improved lower estimate presented below follows the same strategy, however, with a
more carefully defined conductivity function �. This definition requires some addi-
tional notation.

If n > 0 and T 2 �n, let T � 2 �n�1 be such that T � T �, and set

TC WD ¹T
0
2 �nC1 W T

0
� T º

(on the left half of Figure 2, T � is the large triangle, T is its lower left subtriangle
and T 0, one of the elements of TC is the upper subtriangle of T ). Moreover, let Vn
be the set of the points which are vertices of some T 2 �n, and their union is denoted
by V . We are interested in the Hausdorff dimension of the level sets of a 1-Hölder-
˛ function f W�! R for 0 < ˛ � 1. We show that for almost every r 2 f .�/ the
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level set f �1.r/ intersects “many” triangles yielding a high Hausdorff-dimension for
f �1.r/.

Figure 2. Left: T , T�, and the elements of TC. Right: definition of �1; �2; : : :

We define a function � W � ! .0; 1� and subsets �1; �2; : : : of � inductively. If
T 2 �0 [ �1, we define �.T / D 1. Let �1 WD �1.

Let n 2 N and suppose that:

• we have already defined �n and �j��n where

��n WD ¹T 2 � W 9T
0
2 �n such that T 0 � T º;

• � � [T2�nT ,

• the elements of �n are non-overlapping.

(Observe that these conditions are satisfied for n D 1.) Take a T 2 �n. We denote the
elements of TC by T1, T2 and T3 such that V.T �/ \ V.T1/ ¤ ; (see the right half
of Figure 2). Set �.T1/ WD �.T / and �.T2/ WD �.T3/ WD

1
2
�.T /. Let T1 2 �nC1. If

T0 2 .T2/C [ .T3/C, then set �.T0/ WD 1
2
�.T / and let T0 2 �nC1 (for example, on

the right half of Figure 2 an element of .T3/C is shown as T0 and being shaded darker
than the rest). Observe that the induction hypothesis is satisfied for nC 1 too.

Suppose that f W �! R is a 1-Hölder-˛ function and r … f .V /. We can define
the nth approximation of f �1.r/ denoted by Gn.r/ for any n and r 2 f .�/ as the
union of some triangles in �n. More explicitly, T 2 �n is taken into Gn.r/ if and only
if T has vertices v and v0 such that f .v/ < r < f .v0/, that is, r is in the interior
of the convex hull conv.f .V .T ///. The idea is that in this case f �1.r/ necessarily
intersects T . On Figure 3, the level set corresponding to f �1.r/ is the intersection
of the red curve with �. On the left and right side of the figure the darkest shaded
triangles correspond to Gn.r/ and GnC1.r/ for a suitably chosen n depending on the
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choice of the level of the large triangle T �. Now it is easy to check that

conv
�
f .V .T //

�
�

[
T 02TC

conv
�
f .V .T 0//

�
; (3.1)

hence if Gn.r/ contains a triangle T 2 �n then GnC1.r/ contains a triangle T 0 2 TC.
We introduce the following terminology: we say that T 0 2 �nCk is the r-descendant
of T � Gn.r/ if there exists a sequence T0 D T � T1 � � � � � Tk D T 0 of triangles
such that Ti 2 �nCi and Ti � GnCi .r/ for i D 0; 1; : : : ; k. We denote the set of r-
descendants of T by Dr.T /.

We need two lemmas.

Lemma 3.1. Assume that T 2 �n \ �m and m; n 2 N. Then, we have

�.T / D 2n�m:

Proof. By construction, n �m. Supposem 2N is fixed. We prove by induction on n.
If n D 1, this obviously holds. Suppose that n > 1, and we have proved the statement
for n � 1. Take a T 2 �n \ �m.

If T � 2 �n�1, then by the definition of �n we have �.T / D �.T �/, hence using
the induction hypothesis, we obtain

�.T / D �.T �/ D 2n�1�.m�1/ D 2n�m:

If T � … �n�1, then .T �/� 2 �n�1 and �.T /D 1
2
�..T �/�/, hence using the induc-

tion hypothesis we obtain

�.T / D
1

2
�
�
.T �/�

�
D
1

2
� 2n�1�.m�2/ D 2n�m:

Lemma 3.2. If f W�! R, r 2 conv.f .V .�0/// n f .V /, d1 > 0 and

sup
®
�.T / W T 2 �n and T \ f �1.r/ ¤ ;

¯
< 2�nd1 ; (3.2)

for every large enough n 2 N, then

dimH
�
f �1.r/

�
�

d1

1C d1
:

Proof. Fix f and r . We would like to apply the mass distribution principle, The-
orem 2.3 to f �1.r/, hence we define a Borel probability measure � on it. Due to
Kolmogorov’s extension theorem (see, for example, [14], [15] or [12]) it suffices to
define consistently �.Tr/ for any T 2 � where Tr WD T \ f �1.r/. Set�..�0/r/ WD 1.
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For descendants, we proceed by recursion. Notably, if T is an r-descendant in �n, and
�.Tr/ is already defined, then for an r-descendant T � 2 �nC1 of T , we define

�.T �r / D
�.Tr/

#¹T 0 2 �nC1 W T 0 is an r-descendant of T º
:

We extend � to all Borel subsets B of R2 by setting �.B/ WD �.B \ f �1.r//.

Lemma 3.3. If r 2 conv.f .V .�/// and T 2 � , then

�.T / � �.T /: (3.3)

Proof. Fix r . If T 2 ��1 , then (3.3) holds obviously.
We proceed by induction. Suppose that n > 2 and (3.3) holds if T 2 ��n�1. Take a

TC 2 ��n n ��n�1 and let T 2 �n�1 be such that TC � T .

Figure 3. Level sets intersecting T

If �.T / D �.TC/, then �.TC/ � �.T / � �.T / D �.TC/.
Suppose that �.TC/ D 1

2
�.T /. In this case, either diam.TC/ D 1

2
diam.T / and

TC … �n, or diam.TC/ D 1
4

diam.T / and TC 2 �n. The first case is illustrated on
the left side of Figure 3 while the second case on the right side. In the first case, on
the left side of the figure at one vertex of TC, f takes a value less than r . This vertex
is marked by a green square. At two other vertices of TC, f takes values larger than
r . These vertices are marked by red dots. Now one can consider a graph where the
vertices are the vertices of the triangles in TC and in .T �/C. These are marked on the
left side of Figure 3 by red dots or green rectangles according to whether f is larger
than or smaller than r at these points. The edges of this graph are determined by the
sides of the triangles in TC and .T �/C. One can easily verify that if we remove the
edges of TC from this graph then we can still connect in the graph one of the red



Better estimates of Hölder thickness of fractals 9

dot vertices of TC with its green square vertex. This means that we can find an edge
with red dot and green square endpoints. This means that the corresponding triangle,
which is different from TC is also intersected by f �1.r/. Hence �.TC/ � 1

2
�.T �/.

In our example on the left side of Figure 3, the lower right triangle in .T �/C is the
other triangle intersected by by f �1.r/.

The case diam.TC/ D 1
4

diam.T / and TC 2 �n is illustrated on the right side
of Figure 3. In this case, one is considering the graph determined by the vertices of
TC, and triangles in .T �/C, ..TC/�/C and ...TC/�/�/C. One can again observe
that if we remove from this graph the edges of TC one can still connect any two
vertices of TC in the leftover graph. Arguing as before we can again deduce that
�.TC/ � 1

2
�.T �/.

By the definition of �, we have �.T / D �.T �/. Consequently,

�.TC/ �
1

2
�.T �/ �

1

2
�.T �/ D

1

2
�.T / D �.TC/:

Assume that m 2 N and U � f �1.r/ so that 2�m � jU j � 2�.m�1/. By a simple
geometric argument, one can show that U intersects at most C triangles in �m [
�m�1 for some constant C which is independent of m and U . (One can consider the
triangular lattice formed by triangles with side length 2�m and it is easy to see that
a set with diameter 2�.m�1/ can intersect only a limited number of the triangles.)
Consequently, the number of r-descendants of �0 in �m [ �m�1 intersected by U is
bounded by C . Observe that .�m [ �m�1/ \ .[n2N�n/ covers �.

Suppose that m is large enough, T 2 .�m [ �m�1/ \ �n for some n 2 N and
T \ f �1.r/ ¤ ;. Then, by Lemma 3.1, �.T / D 2n�m or �.T / D 2n�.m�1/. Using
(3.2) as well we obtain

2n�m � �.T / � 2�d1n

n �m � �d1n

n.1C d1/ � m

n �
m

1C d1
:

Hence,

�.T / � 2n�mC1 � 2
m

1Cd1
�mC1

D 2.m�.mCmd1//=.1Cd1/C1 D 2�md1=.1Cd1/C1:

Thus, Lemma 3.3 implies that �.T / � �.T / � 2�md1=.1Cd1/C1. We obtain next
that �.U / � C2�md1=.1Cd1/C1. As jU j � 2�m, the mass distribution principle, The-
orem 2.3 tells us that if there exists C 0; s > 0 independent of m with

C2�md1=.1Cd1/C1 � .2�m/
s
C 0;
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then s � dimH .f �1.r//. Such a C 0 exists if and only if

s �
d1

1C d1
:

This completes the proof of Lemma 3.2.

Theorem 3.4. Assume that f W�! R is a 1-Hölder-˛ function for some 0 < ˛ � 1.
Then for Lebesgue almost every r 2 f .�/, we have

dimH
�
f �1.r/

�
�

h�1.˛/

1C h�1.˛/
(3.4)

where

h.d/ D
�d log d � .1 � d/ log.1 � d/C d log 6

.1C d/ log 2

and the domain of h is .0; 1
2
�.

Consequently, D�.˛;�/ � h�1.˛/.

Proof. First, we prove that h�1.˛/ makes sense for every ˛ 2 .0; 1�. We have

h0.d/ D
.� log d � 1C log.1 � d/C 1C log 6/.1C d/ log 2

..1C d/ log 2/2

�
.�d log d � .1 � d/ log.1 � d/C d log 6/ log 2

..1C d/ log 2/2
;

(3.5)

that is

h0.d/ D
log. 6

d
.1 � d/2/ log 2

..1C d/ log 2/2
:

It is immediate that the numerator is positive for d 2 .0; 1
2
�, hence h0.d/ > 0. Thus h

is strictly increasing and it is invertible indeed. As all terms of the numerator of h.d/
tend to 0 as d ! 0C, we have that limd!0C h.d/ D 0. Moreover,

h
�1
2

�
D
�
1
2

log 1
2
�
1
2

log 1
2
C

1
2

log 6
3=2 � log 2

D
log 2C 1

2
log 6

3=2 � log 2
> 1; (3.6)

hence the domain of h�1 contains .0; 1�.
Since � is compact and connected, f .�/ is a closed interval.
Observe that [T2�nconv.f .V .T /// is also a closed interval for every n 2 N.

Moreover, as V is a countable and dense subset of �, the set f .V / is countable and
dense in f .�/. Suppose that r 2 int.f .�// n f .V /. Then we can find T 2 � such that
r 2 int conv.f .V .T ///. Thus, it is enough to prove that (3.4) holds for every T 2 �
and for almost every r 2 conv.f .V .T ///. We prove it for T D �0 (the other cases
can be treated analogously).
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By Lemma 3.2, it is enough to prove that inequality (3.2) holds for almost every
r 2 conv.f .V .�0/// and every d1 2 .0; h�1.˛//. For every n 2 N, we have

Ln;d1;f WD �
�®
r 2 R W 9T 2 �n for which f �1.r/ \ T ¤ ; and �.T / � 2�nd1

¯�
�

X
T2�n;

�.T /�2�nd1

jf .T /j: (3.7)

For every n0 2 N and T 2 �n0 , the set ¹TC 2 �n0C1 W T
C � T º has 1 element with

conductivity �.T / and 6 elements with conductivity 1
2
�.T /, hence �n has

�
n
k

�
6k ele-

ments with conductivity 2�k . Moreover, if T 2 �n and �.T / D 2�k , then T 2 �nCk
by Lemma 3.1, hence jf .T /j � jT j˛ D 2�.nCk/˛ . Thus

Ln;d1;f �

bnd1cX
kD0

�
n
k

�
6k � 2�.nCk/˛ DWMn;d1;˛: (3.8)

If the series
P
n Ln;d1;f is convergent, then we can apply the Borel–Cantelli

lemma to deduce that (3.2) holds for almost every r 2 conv.f .V .�0///. This can be
guaranteed by the convergence of

P
nMn;d1;˛ . In what follows, we precisely determ-

ine when this latter series is convergent in terms of d1; ˛.
Recall that from (3.6) it follows that d1 < h�1.1/ < 1

2
. As

�
n
k

�
�
�

n
bnd1c

�
and

6k � 2�.nCk/˛ is monotone increasing in k, we obtain�
n
bnd1c

�
6nd1 � 2�.nCnd1/˛ �Mn;d1;˛ � .nd1 C 1/

�
n
bnd1c

�
6nd1 � 2�.nCnd1/˛:

If we take logarithm and divide by n, we find

logMn;d1;˛

n
D

log
�

n
bnd1c

�
n

C
bnd1c

n
log 6 � ˛

nC bnd1c

n
log 2C o.1/:

The floor functions can be removed and the resulting error can be moved into the o.1/
term. Moreover, by Stirling’s formula, lognŠ D n logn � nC o.n/, hence

log
�

n
bnd1c

�
n

D .logn � 1/ �
�
d1 log.nd1/ � d1

�
�
�
.1 � d1/ log

�
n.1 � d1/

�
� .1 � d1/

�
C o.1/:

where the first three expressions in parenthesis correspond to the factorial terms com-
ing from expanding the binomial coefficient. (The floor functions are removed at the
price of an o.1/ error once again.) This can be vastly simplified, as most of the terms
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cancel, and we eventually find

logMn;d1;˛

n

D �
�
d1 log d1 C .1 � d1/ log.1 � d1/

�
C d1 log 6 � ˛.1C d1/ log 2C o.1/

DW c.d1; ˛/C o.1/:

Consequently, X
n

Mn;d1;˛ D

X
n

.ec.d1;˛/Co.1//n:

But this series converges if and only if c.d1; ˛/ < 0, which can be rearranged to
the form h.d1/ < ˛, or equivalently, d1 < h�1.˛/. As noted previously, this yields
that inequality (3.2) indeed holds for almost every r 2 conv.f .V .�0/// and every
d1 2 .0; h

�1.˛//.

Remark 3.5. A potential improvement of this method might come from a different
conductivity scheme, which grasps better the geometry of the level sets. While we
had some candidates using similar patterns, utilizing triangles from more levels, they
seemed to yield minor improvements at best at the cost of a lot of technical subtleties,
thus we opted to use this construction in the paper. Probably one needs some genuine
ideas to come up with a manageable scheme.

Another improvement might come from the revision of the step where we pass
to the series

P
nMn;d1;˛ , as what we are truly after is the convergence of the seriesP

n Ln;d1;f . It would be nice to better understand the relationship of these series, as
that would probably give some insights on the geometry of the level sets.

We conclude the section by verifying a stronger lower bound on DB�.˛;�/. The
proof relies on the observation that the condition of Lemma 3.2 can be weakened
if we want to draw the same conclusion about the lower box dimension of the cor-
responding level sets instead of their Hausdorff dimension. Roughly speaking, in the
Hausdorff case, in order to guarantee that a level set lacks “economic" coverings and
has a large dimension, upon going to deeper levels in the construction of�, one has to
require that eventually it does not intersect well-conducting triangles at all. However,
to guarantee large lower box dimension, it suffices that the level set crosses many
triangles eventually, which can be already achieved by having an upper bound on the
number of intersected well-conducting triangles, instead of completely ruling out such
intersections. This upper bound is hidden in condition (3.9) below.

Lemma 3.6. If f W�! R, r 2 conv.f .V .�0/// n f .V /, d1 > 0 and

lim sup
n!1

X
T2Gn.r/

�.T /�2�nd1

�.T / <
1

2
; (3.9)
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then
dimB

�
f �1.r/

�
� d1: (3.10)

Proof. By (3.9), we can take an n0 2 N such that for every n � n0X
T2Gn.r/

�.T /�2�nd1

�.T / >
1

2
;

hence #Gn.r/ � 2nd1�1. Thus, dimB f
�1.r/ � d1.

Essentially, replacing Lemma 3.2 by Lemma 3.6 in the proof of Theorem 3.4
immediately yields a stronger bound on DB�.˛;�/. We present the core parts of the
argument below. (To visualize the improvement, we refer back to Figure 1.)

Theorem 3.7. Assume that f W�! R is a 1-Hölder-˛ function for some 0 < ˛ � 1.
Then for Lebesgue almost every r 2 f .�/, we have

dimB

�
f �1.r/

�
� h�1B .˛/ (3.11)

where

hB.d/ D
.1 � d/ log.1 � d/ � d log d � .1 � 2d/ log.1 � 2d/C d log 3

log 2

and the domain of hB is .0; 1
3
�.

Consequently, DB�.˛;�/ � h�1B .˛/.

Proof. It follows from a simple calculation that hB is strictly monotone on .0; 1
3
�

and its range contains .0; 1�, thus the proposed bound indeed makes sense for any
˛ 2 .0; 1�.

By Lemma 3.6, it is enough to prove that inequality (3.9) holds for almost every
r 2 conv.f .V .�0/// and every d1 2 .0; h�1B .˛//. For every n 2 N, we have

LB;n;d1 WD �

�²
r 2 R W

X
T2Gn.r/;�.T /�2

�nd1

�.T / �
1

2

³�
� 2

X
T2�n;

�.T /�2�nd1

jf .T /j�.T /:
(3.12)

For every n; n0 2 N and T 2 �n \ �n0 the set ¹TC 2 �n0C1 W T
C � T º has 1 element

with conductivity �.T / (which is in �nC1) and 6 elements with conductivity 1
2
�.T /



Z. Buczolich, B. Maga, and G. Vértesy 14

(which are in �nC2), hence �n has at most 3
�
n�k
k

�
6k elements with conductivity 2�k .

Moreover, jf .T /j � jT j˛ D 2�n˛ . Thus

LB;n;d1 � 2 � 3

bnd1cX
kD0

�
n�k
k

�
6k � 2�n˛2�k

D 6

bnd1cX
kD0

�
n�k
k

�
3k � 2�n˛ DWMB;n;d1;˛:

(3.13)

It is again enough to prove that
P
nMB;n;d1;˛ is convergent. It can be computed

that h.1=3/ > 1, hence d1 < 1=3.
As
�
n�k
k

�
�
�

n
bnd1c

�
, we have

MB;n;d1;˛ � 6.nd1 C 1/
�

n
bnd1c

�
3nd1 � 2�n˛:

Analogously to the proof of Theorem 3.4, we obtain that

logMB;n;d1;˛

n
� .1 � d1/ log.1 � d1/ �

�
d1 log d1 C .1 � 2d1/ log.1 � 2d1/

�
C d1 log 3 � ˛ log 2C o.1/

DW cB.d1; ˛/C o.1/:

But this series converges if and only if cB.d1; ˛/ < 0, which can be rearranged to
the form hB.d1/ < ˛, or equivalently, d1 < h�1B .˛/.

4. Improved upper estimate for the Sierpiński triangle

Our strategy is similar to the one followed in [9, Section 4]. First, one needs to find a
suitably chosen Hölder-˛ function with small level sets in the sense of upper box, and
hence of Hausdorff dimension. Then using this function as building block in suitable
approximations to functions in a dense set of the corresponding Hölder-space one can
obtain the result about generic functions. The key difference is that in [9] we used
functions with “linear” level sets, now we use a tricky construction yielding Hölder-
˛ functions with more flexible non-linear level sets. This yields a substantially more
complicated construction, but the reward is sufficiently engaging: the resulting upper
bound is very close to our lower bound, both numerically and symbolically, in contrast
to our previous upper bound.

The existence of the appropriate building blocks is guaranteed by the following
lemma:
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Lemma 4.1. For every ˛ 2 .0; 1/ and " > 0 there is a Hölder-˛ function 'W�! Œ0; 1�

such that for a.e. r 2 R we have

dimH '�1.r/ � dimB '
�1.r/ �

h�1.˛/

1C h�1.˛/
C "; (4.1)

where

h.t/ D
�.1 � t / log2.1 � t / � t log2.t/C t

1C t
: (4.2)

on the domain .0; 1=2�. Moreover, ' equals 1 at one vertex of � and zero at the other
two.

As the proof is quite complicated, before elaborating it, we first discuss its con-
sequences. Lemma 4.1 can be used to prove an upper bound on DB�.˛; �/ using
precisely the same argument which was used in deducing [9, Theorem 4.5] from [9,
Lemma 4.4]: using the self-similar structure, a function with small level sets can be
used as a building block to create a dense set of functions with small level sets, and
then one can apply on Lemma 2.2. As an argument of this type is presented in detail
to prove Theorem 5.5 from Lemma 5.4, we omit the details here and simply state the
theorem.

Theorem 4.2. For every ˛ 2 .0; 1/, we have

D�.˛;�/ � DB�.˛;�/ �
h�1.˛/

1C h�1.˛/
; (4.3)

where

h.t/ D
�.1 � t / log2.1 � t / � t log2.t/C t

1C t
(4.4)

on the domain .0; 1=2�.

Remark 4.3. In the following, we prove that the upper and the lower bounds for
D�.˛; �/ given by Theorems 3.4 and 4.2 are asymptotically equal as ˛ ! 0C. For
this it is enough to show that h�1

l
(where hl is the function h in the statement of

Theorem 3.4, labelled as “current lower” and is shown in dark green on Figure 1)
is asymptotically equal to h�1u (where hu is the function h in the statement of The-
orem 4.2, labelled as “current upper” and is shown in magenta on Figure 1).

We have for any ˛ 2 .0; 1/ that

h�1u .˛/Z
h�1
l
.˛/

h0l.t/dt D hl
�
h�1u .˛/

�
� hl

�
h�1l .˛/

�
D hl

�
h�1u .˛/

�
� hu

�
h�1u .˛/

�
:
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Using an estimate of the integral, we obtain�
h�1u .˛/ � h

�1
l .˛/

�
� min
t2Œh�1

l
.˛/;h�1u .˛/�

h0l.t/ � hl
�
h�1u .˛/

�
� hu

�
h�1u .˛/

�
:

By rearranging

h�1u .˛/ � h
�1
l .˛/ �

�
hl
�
h�1u .˛/

�
� hu

�
h�1u .˛/

��
� max
t2Œh�1

l
.˛/;h�1u .˛/�

1

h0
l
.t/
:

Therefore,

h�1u .˛/ � h
�1
l
.˛/

h�1u .˛/
�
hl.h

�1
u .˛// � hu.h

�1
u .˛//

h�1u .˛/
� max
t2Œh�1

l
.˛/;h�1u .˛/�

1

h0
l
.t/
:

Since jhu.t/� hl.t/j D t log2 3 and it can be checked that limt!0 h
0
l
.t/D1, the first

factor of the righ- hand side tends to log2 3 as ˛ ! 0 while the second factor tends
to 0, hence the left-hand side tends to 0 as well. This implies that h�1u and h�1

l
are

asymptotically equal indeed.

Proof of Lemma 4.1. Similarly to the proof of Theorem 3.4, simple calculation shows
that h bijectively maps .0; 1=2� to .0; 1�.

The main difficulty of the proof lies in describing the construction of '. We do so
in four steps as follows:

(i) Fixing notation concerning certain subtriangles of �.

(ii) Heuristic description of ', subject to some parameters k�; w to be fixed.

(iii) Defining ' in a subset of �.

(iv) Extending ' to �.

Following these steps, we prove in subsequent claims that for well-chosen k�; w, the
resulting ' has the proposed properties.

Step 1. Fixing notation concerning subtriangles of � relevant to the construction of
the function '.

Let the vertices of � be denoted by A, B , and C . Define orientation preserving
similarities S0;1; S0;2; S1;1; S1;2; S2;1; S2;2; S3;1; S3;2; S3WR2 ! R2 as in Figure 4,
that is � is mapped onto the triangles labelled by the names of the similarities, it is
also shown which vertices are mapped onto the corresponding vertices of the image
triangles. (The first few iterations of the IFS defined by these similarities are visual-
ized in Figure 5.) To be more precise these similarities satisfy the following:

• S3;1 D S3;2 D S3, and S3;1; S3;2; S3 have similarity ratio 1
2

, the other ones have
similarity ratio 1

4
,
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• each of S1;1; S1;2; S2;1; S2;2; S3 can be written as the composition of a uniform
scaling transformation and a translation,

• S0;1.A/ D B , S0;1.C / D AC3B
4

,

• S0;2.A/ D C , S0;2.B/ D AC3C
4

,

• S1;1.C / D
BCC
2

,

• S1;2.B/ D
BCC
2

,

• S2;1.A/ D
ACB
2

,

• S2;2.A/ D
ACC
2

,

• S3.A/ D A.

A=S3(A)

S2, 1(A) =S3(B) S2, 2(A) =S3(C)

S2, 1(B) =S0, 1(C)
S2, 1(C) =S1, 1(A)
S2, 2(B) =S1, 2(A)

S2, 2(C) =S0, 2(B)

B=S0, 1(A) S0, 1(B) =S1, 1(B) S1, 1(C) =S1, 2(B) S1, 2(C) =S0, 2(C) C=S0, 2(A)

S3 =S3, 1 =S3, 2

S2, 1 S2, 2

S0, 1 S1, 1 S1, 2 S0, 2

Figure 4. The definition of the similarities.

Definition 4.4. If k 2N, �D .i1; : : : ; ik/ 2 ¹0;1; 2; 3ºk and �D .l1; : : : ; lk/ 2 ¹1;2ºk ,
let

S�;� WD Si1;l1 ı � � � ı Sik ;lk ;
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Figure 5. The first three steps of the iteration of the iterated function system
¹S0;1; S0;2; S1;1; S1;2; S2;1; S2;2; S3º.

and for every �1; : : : ; �m 2 ¹0; 1; 2; 3ºk let

��1;:::;�m WD
[

�1;:::;�m2¹1;2ºk

S�1;�1 ı � � � ı S�m;�m.�/;

see Figure 6 for some illustrations when k D 3 and m D 1.
If k;m 2 N, �1; : : : ; �m 2 ¹0; 1; 2; 3ºk , we put

I
�
.�1; : : : ; �m/

�
D .i1;1; : : : ; ik;1; : : : ; i1;m; : : : ; ik;m/ 2 ¹0; 1; 2; 3º

km: (4.5)

Observe that
��1;:::;�m D �I.�1;:::;�m/: (4.6)

Claim 4.5. For every � D .i1; : : : ; ik/ 2 ¹0; 2; 3ºk the sets �� \ AB and �� \ AC
are line segments (where AB and AC denote the line segments determined by the
points).

Proof of Claim 4.5. Apply mathematical induction on k. For k D 1 by looking at
Figure 4, one can observe that Si;l.�/ is not intersecting a side AB or AC iff i D 1.
For i 6D 1 the set Si;1.�/ intersects AB while Si;2.�/ intersects AC in one interval.

If k > 1 and we have proved this statement for k � 1, then AB \�.i2;:::;ik/ ¤ ;,
hence AB \ Si1;1.�.i2;:::;ik// ¤ ; and AC \ Si1;2.�.i2;:::;ik// ¤ ;.

Step 2. Heuristic description of the function '.
We define a function 'W� ! R with '.A/ D 1, '.B/ D '.C / D 0, which is

monotone on line segments AB and AC , and it is constant on every \1
kD1

��k where
�k 2 ¹0; 1; 2; 3º

k . It is also constant on �� if a digit of � is 1. The underlying idea
is that we want to concentrate the increase of ' from 0 to 1 to sets \1

kD1
��k with

small dimension, which happens if most digits of the �ks are 3, as it is easy to see
heuristically. Notably, these sets yield the narrowest parts of �.

To this end, we define the set of digit sequences which are dominated by 3s.
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Figure 6. The illustration of different �� sets (same colour, same set, but different sets might
have only slightly different, hardly distinguishable colour), especially the two blue triangles
marked by white Cs are forming �.2;3;3/, the two green triangles belonging to �.0;3;3/ are
marked by black *s, the four orange/japonica triangles belonging to �.0;0;3/ are marked by
tiny white Xs (they are located close to the interior vertices of the lower left and lower right
1=4th triangles), the four blue triangles belonging to �.2;0;3/ are marked by tiny white os.

Definition 4.6. For k�; w 2 N to be fixed later, we set

	 WD
®
.i1; : : : ; ik�/ � ¹0; 2; 3º

k� W #¹k 2 ¹1; : : : ; k�º W ik ¤ 3º � w
¯
; (4.7)

such that #	 � 2.

Remark 4.7. We want to define our function ' in a way that '.B/D '.C /D 0 hence
on the segment BC it does not have to change much and therefore it is constant on
the triangles S1;1.�/ and S1;2.�/ and on their suitable images. This is why in the
definition of 	 we use ¹0; 2; 3ºk� , instead of ¹0; 1; 2; 3ºk� . On the other hand, � is
“narrow” at S3.�/, hence we want to have most of the increase of ' on this triangle
and on its suitable images, that is we want to “squeeze” most of the level sets into
these regions. In case of continuous functions, this can be done completely, however
for Hölder functions the level sets require more space. This motivates the assumption
¹k 2 ¹1; : : : ; k�º W ik ¤ 3º � w in the definition of 	:

Roughly speaking, ' satisfies

j'.��/j D .#	/�1j'.�/j
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for every � 2 	, while it is constant on �� for every � 2 ¹0; 1; 2; 3ºk� n 	, and we
repeat this procedure in the elements of �k� ; �2k� ; �3k� ; : : : to get a self-affine graph
(see Figure 7).

1

1/7 1/7
0 0

1/7 1/7

1/7 1/7
2/7 2/7
3/7 3/7

3/7 3/7
4/7 4/7
5/7 5/7
6/7 6/7

0

1/7

1/7

6/49

6/49
5/49
4/49

4/49
3/49
2/49
1/49

Figure 7. The elements of of ¹�� W � 2 	º are represented on the left by the red triangles for
k� D 3 and w D 1. We can see the values taken by ' at the vertices of these triangles (' is
constant on each connected blue component). On the right, the next step in one of these triangles
is illustrated. Observe that the restriction of ' to this small triangle is a self-affine copy of the
graph of '.

Let us turn now to the precise definition, suppose that we have already fixed k�,
w and 	.

Step 3. Setting how ' grows from 0 to 1 as we go from B and C to A on the sides
of �, and consequently defining '.x/ if x 2 \1mD1��1;:::;�m for some �1; �2; : : : 2
¹0; 2; 3ºk� .

In order to carry out this step, we define an ordering of ¹� 2 ¹0; 2; 3ºk W k 2 Nº.
Recall Claim 4.5.

Definition 4.8. For k; k0 2 N, � 2 ¹0; 2; 3ºk and �0 2 ¹0; 2; 3ºk
0

we say that � <4 �0 if
AB \�� is closer to B than AB \��0 . Recalling (4.5) and (4.6) in general for every
m;m0 2 N and �1; : : : ; �m 2 ¹0; 2; 3ºk and �01; : : : ; �

0
m0 2 ¹0; 2; 3º

k0 , we put

.�01; : : : ; �
0
m0/ <4 .�1; : : : ; �m/ iff I

�
.�01; : : : ; �

0
m0/
�
<4 I

�
.�1; : : : ; �m/

�
:

Claim 4.9. Suppose �1; �2; : : : 2 ¹0; 2; 3ºk� and m 2 N. Then

#
®
.�01; : : : ; �

0
mC1/ 2 	mC1 W .�01; : : : ; �

0
mC1/ <4 .�1; : : : ; �mC1/

¯
� #

®
.�01; : : : ; �

0
mC1/ 2 	mC1 W .�01; : : : ; �

0
m/ <4 .�1; : : : ; �m/

¯
D .#	/ � #

®
.�01; : : : ; �

0
m/ 2 	m W .�01; : : : ; �

0
m/ <4 .�1; : : : ; �m/

¯
DW k0: (4.8)
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Remark 4.10. Setting k WD k0=#	, for every Om 2 N, we have that®
� 2 	mC Om W � <4 .�1; : : : ; �m/

¯
D k.#	/ Om

and 	mC Om have .#	/ Om elements starting with .�1; : : : ; �m/ by the equality in (4.8).

Proof of Claim 4.9. If .i1; : : : ; ik/; .i 01; : : : ; i
0
k
/ 2 ¹0; 2; 3ºk and

.i1; : : : ; ik/ <4 .i
0
1; : : : ; i

0
k/;

then for every ikC1; i 0kC1 2 ¹0; 2; 3º, we have .i1; : : : ; ik; ikC1/ <4 .i 01; : : : ; i
0
k
; i 0
kC1

/

as �.i1;:::;ik ;ikC1/ � �.i1;:::;ik/ and �.i 0
1
;:::;i 0

k
;i 0
kC1

/ � �.i 0
1
;:::;i 0

k
/.

By using Remark 4.10, we can define the following function which connects Œ0; 1�
and ¹0; 2; 3ºN . If �1; �2; : : : 2 ¹0; 2; 3ºk� , then

'	

�
.�1; �2; : : :/

�
WD lim

m!1

#¹.�01; : : : ; �
0
m/ 2 	m W .�01; : : : ; �

0
m/ <4 .�1; : : : ; �m/º

.#	/m
(4.9)

(this limit exists, since the fractions form an increasing sequence by (4.8)).
If we have two different sequences .�1; �2; : : :/; .�001; �

00
2; : : :/ 2 .¹0; 2; 3º

k�/1 and

1\
mD1

��1;:::;�m \

1\
mD1

��00
1
;:::;�00m

¤ ;;

then by induction on m we see that .�1; : : : ; �m/ and .�001; : : : ; �
00
m/ are adjacent with

respect to <4, which implies that replacing .�1; : : : ; �m/ with .�001; : : : ; �
00
m/ in (4.9)

changes the value of the numerator with at most 1, hence the limit in (4.9) remains
the same. Thus, if x 2 \1mD1��1;:::;�m for some �1; �2; : : : 2 ¹0; 2; 3ºk� , we can set

'.x/ WD '	

�
.�1; �2; : : :/

�
: (4.10)

On the set ¹�.i1;:::;ik/ W k 2N and i1; : : : ; ik 2 ¹0;2; 3ºº, we can define an ordering
corresponding to <4 on the indices. With respect to this ordering, A is in the largest
�.i1;:::;ik/ for every k 2 N, while B and C are in the smallest one, hence '.A/ D 1
and '.B/ D '.C / D 0 indeed.

Step 4. Extending ' to �, namely onto sets of the form �.i1;:::;ik ;1/ with i1; : : : ; ik 2
¹0; 2; 3º for some k 2 N [ ¹0º.

We put
'j�.i1;:::;ik;1/

W� '
�
�.i1;:::;ik ;0/ \�.i1;:::;ik ;2/

�
: (4.11)

We need to show that this definition is correct and does not contradict (4.10) (in
some vertices, ' was defined in both (4.10) and (4.11)).
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As we intended to focus the increase of ' on the set considered in Step 3, we
aim to deduce that on such connected complementary pieces ' can be defined to be
constant indeed. Thus further understanding of these sets’ relative location is required.

We start with an example. Suppose that we want to define

'j�.1/ W� '.�.0/ \�.2//:

We use Figure 6 as an illustration. The sequences .0;0;3/ and .2;0;3/ are adjacent
according to <4. The sets �.0;0;3/ and �.2;0;3/ have one common intersection point
P on AB , which coincides with �.0/ \�.2/ on AB . This is the common point of a
blue triangle marked by a white o and an orange/japonica triangle marked by a white
X . Observe the location of those triangles belonging to �.0;0;3/ and �.2;0;3/ which
are not on AB or AC . They have common vertices with the triangles S1;1.�/ and
S1;2.�/ (see Figure 4 as well) and ' takes the constant value '.P / on these triangles.
These two triangles form �1. The sequences .0; 0; 3/ and .2; 0; 3/ are initial slices of
sequences �.0/ and �.2/ such that �

�
.0/

k0
\�

�
.2/

k0
is the same set for every k0 > 0, and its

intersection with AB is a set with one element, namely P .
Hence, ' can take a constant value on the triangles S1;1 and S1;2, and this value is

taken at some vertices of the triangles belonging to �.0;0;3/ and �.2;0;3/, marked by
Xs and os.

Now, we turn to the proof of the statement about the correctness of the extension
of '. Fix a �.i1;:::;ik ;1/. For the sake of simplicity, we assume that .i1; : : : ; ik; 0/ <4
.i1; : : : ; ik; 2/ (the other case can be treated analogously). Extending the sequence
.i1; : : : ; ik; 0/ successively, we can uniquely define a sequence �.0/ 2 ¹0; 2; 3º1 such
that for any k0 > k its starting slice �.0/

k0
is the largest with respect to <4 among the

elements of ¹0; 2; 3ºk
0

starting with i1; : : : ; ik; 0. Similarly, we can uniquely define a
sequence �.2/ 2 ¹0; 2; 3º1 such that for any k0 > k its starting slice �.2/

k0
is the smallest

with respect to <4 among the elements of ¹0; 2; 3ºk
0

starting with i1; : : : ; ik; 2. Thus,
�
�
.0/

k0
\�

�
.2/

k0
is the same set for every k0 > k, and its intersection withAB is a set with

one element, namely it is AB \ \1
k0DkC1

�
�
.0/

k0
D AB \ \1

k0DkC1
�
�
.2/

k0
. Moreover,

�.i1;:::;ik ;1/ \
[

�2¹0;1;2;3ºkC1n.i1;:::;ik ;1/

�� �

1\
k0DkC1

�
�
.0/

k0
[

1\
k0DkC1

�
�
.2/

k0

(this is obvious for k D 0, and for larger ks it can be obtained using the self-similarity
of the IFS).

Claim 4.11. Let m0 2 N and �1; : : : �m0 2 ¹0; 1; 2; 3º
k� . We claim that

'j��1;:::;�m0
is constant if �m0 … 	 for some m0 2 ¹1; : : : ; m0º: (4.12)
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Proof of Claim 4.11. If an �m00 contains a digit 1 for an m00 2 ¹1; : : : ; m0º, then the
claim is obvious from (4.11).

Otherwise (assuming thatm0 is the smallest integer for which �m0 … 	), the numer-
ator in (4.9) is

.#	/m�m
0

� #
®
.�01; : : : ; �

0
m0/ 2 	m

0

W .�01; : : : ; �
0
m0/ <4 .�1; : : : ; �m0/

¯
for every m � m0, hence ' is constant on

�0�1;:::;�m0
WD

[
�m0C1;�m0C2;:::2¹0;2;3º

k�

1\
m00D1

��1;:::;�m00 :

As
'.��1;:::;�m0 / D '.�

0
�1;:::;�m0

/ (4.13)

by (4.11), we are done.

Remark 4.12. If m 2 N and .�1; : : : �m/ is the kth element of 	m, then (4.13) and
Remark 4.10 imply that '.��1;:::;�m/ D Œ

k
.#	/m

; kC1
.#	/m

�.

This concludes the construction of '.
Some important properties of ' are summed up by the following claims, the first

two concerning with how k�; w are related to the dimensions of the level sets and to
the regularity of ', while the third concerning with the optimization of k�; w given
this knowledge.

Claim 4.13. If #	 � 2.k�Cw/˛ , then ' is Hölder-˛.

Claim 4.14. For almost every r 2 '.�/, we have

dimB
�
'�1.r/

�
�

w

k� C w
:

Claim 4.15. We can choose k�; w so that #	 � 2.k�Cw/˛ and

w

k� C w
�

h�1.˛/

1C h�1.˛/
C ": (4.14)

Claim 4.15 implies that the level sets are as small as we proposed and ' is suffi-
ciently regular, respectively due to Claims 4.14 and 4.13. Thus what is left from the
proof is verifying these claims.

Proof of Claim 4.13. Before turning to the details of the proof, here are some com-
ments about the function ', Figure 7 can help to follow them. Using the colouring and
notation of the left half of this figure we call level-1-red triangles those which belong
to ¹�� W � 2 	º, and the other ones are called level-1-blue. Recall that ' is constant
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on the level-1-blue triangles. The vertices A; B; C of � are vertices of level-1-red
triangles. In case we remove the level-1-red triangles, ' is constant on the remaining
level-1-blue connected components. The distance between these level-1-blue com-
ponents is larger than the height of the smallest level-1-red triangle. Our function
' was defined in a way that at common vertices of level-1-red and level-1-blue tri-
angles it is well defined. Now looking at the right half of Figure 7, we see that in
the interior of a level-1-red triangle there are level-2-red triangles of ¹�� W � 2 	2º.
Some new level-2-blue triangles are also showing up. Due to self-similarity any ver-
tex of a level-1-red triangle is the vertex of a level-2-red triangle. Using this fact, and
the properties of level-1-red triangles, one can see again that in case we remove the
level-2-red triangles ' is constant on the remaining level-1 and level-2-blue connected
components. The distance between these blue components is larger than the height of
the smallest level-2-red triangle. By induction analogous statements can be verified
for level-n red and blue triangles.

Take x; y 2 � for which '.x/ < '.y/. Let m 2 N be such that

'.y/ � '.x/ 2
�
3.#	/�m; 3.#	/�.m�1/

�
:

By Remark 4.12, the interval .'.x/; '.y// contains

F WD '.��1;:::;�m/

for some �1; : : : ; �m 2 	, that is x 2 '�1.Œ0;minF // and y 2 '�1..maxF; 1�/. This
remark and Claim 4.11 also imply that for every

.�01; : : : ; �
0
m/ 2

�
¹0; 1; 2; 3ºk�

�m
n
®
.�1; : : : ; �m/

¯
we have '.��0

1
;:::;�0m

/ � Œ0;min F � or '.��0
1
;:::;�0m

/ \ Œ0;min F � D ;. Hence the set
��1;:::;�m “separates” x and y in the sense that if we delete it from � then x and
y is in different connected components of the remaining set. Fix �1; : : : ; �m 2 	 and
�1; : : : ; �m 2 ¹1; 2º

k� . Each of �1; : : : ; �m contains at mostw digits different from 3 by
(4.7). As S3 has similarity ratio 1

2
and S0;1; S0;2; S1;1; S1;2; S2;1; S2;2 have similarity

ratio 1
4

, we have

diam
�
S�1;�1 ı � � � ı S�m;�m.�/

�
� 2�m.k��w/�m�2w D 2�m.k�Cw/: (4.15)

Thus

jx � yj �

p
3

2
2�m.k�Cw/:
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Hence,

j'.x/ � '.y/j˛ � 3˛.#	/˛.m�1/ �
3˛.#	/�.m�1/˛

.
p
3
2
/˛2�m.k�Cw/˛

jx � yj˛

D

�
#	

2.k�Cw/˛

��m˛
�

�
6#	
p
3

�˛
� jx � yj˛:

By the assumption of the claim, this quantity is at most .6#	p
3
/˛ � jx � yj˛ , hence ' is

Hölder-˛.

Proof of Claim 4.14. The set

Rc WD
®
r 2 R W '�1.r/ contains � \ T for some T 2 �n0 and n0 2 N

¯
is obviously countable. By the construction of ', for every r 2 '.�/ n Rc , the level
set can be written in the form \1mD1��r1;:::;�rm for some .�rm/

1
mD1 2 	1. Thus, for these

r’s we have that

dimB
�
'�1.r/

�
D lim sup

n!1

log #¹T 2 �n.k�Cw/ W T \ '
�1.r/ ¤ ;º

log 2n.k�Cw/

�
(4.7)

lim
n!1

log 2nw

log 2n.k�Cw/
D lim
n!1

nw

n.k� C w/
D

w

k� C w
; (4.16)

which completes the proof.

Proof of Claim 4.15. By Claim 4.14, using the notation t WD w
k�

we need to minimize
w

k�Cw
D

t
1Ct

while not hurting the Hölder property. Note that minimizing t
1Ct

is
equivalent to minimizing w

k�
D t , which is equivalent to minimizing g.t/ for any

strictly increasing positive function g on .0; 1=2/, and h is such a function. This is
how we get to (4.14). (Of course, the calculations lead us to the definition of h, rather
than the definition of h motivating the calculations.)

As #	 �
�
k�
w

�
� 2w , for the condition on #	 in Claim 4.13 it suffices to have

2˛.k�Cw/ �
�
k�
w

�
� 2w D

k�Š

.k� � w/Š � wŠ
� 2w : (4.17)

By the Stirling formula,

kkC1=2 � e�k � kŠ � e � kkC1=2 � e�k

for every k 2 N. Thus

k�Š

.k� � w/Š � wŠ
�

k
k�C1=2
� � e�k�

e � .k� � w/k��wC1=2 � e�.k��w/ � e � wwC1=2 � e�w

D
k
k�C1=2
�

e2 � .k� � w/k��wC1=2 � wwC1=2
:
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Writing this into (4.17) and taking the base 2 logarithm of both sides, we obtain that
it is enough to have

˛.k� C w/ � � log2.e
2/C .k� C 1=2/ log2.k�/

� .k� � w C 1=2/ log2.k� � w/ � .w C 1=2/ log2.w/C w

˛
�
1C

w

k�

�
�
� log2.e

2/

k�
C

�
1C

1

2k�

�
log2.k�/ �

�
1 �

w

k�
C

1

2k�

�
log2.k� � w/

�

� w
k�
C

1

2k�

�
log2.w/C

w

k�
: (4.18)

For any "0 > 0 we can take a large enough k� for which

1

k�

ˇ̌̌
� log2.e

2/C
1

2
log2.k�/ �

1

2
log2.k� � w/ �

1

2
log2.w/

ˇ̌̌
� "0:

Thus, (4.18) follows from

˛
�
1C

w

k�

�
� log2.k�/ �

�
1 �

w

k�

�
log2.k� � w/ �

� w
k�

�
log2.w/C

w

k�
� "0

˛
�
1C

w

k�

�
� log2.k�/ �

�
1 �

w

k�

��
log2

�
1 �

w

k�

�
C log2.k�/

�
�

� w
k�

��
log2

� w
k�

�
C log2.k�/

�
C
w

k�
� "0

˛
�
1C

w

k�

�
� �

�
1 �

w

k�

�
log2

�
1 �

w

k�

�
�

� w
k�

�
log2

� w
k�

�
C
w

k�
� "0:

Using the notation t D w
k�

this is equivalent to

˛.1C t / � �.1 � t / log2.1 � t / � t log2.t/C t � "
0

˛ �
�.1 � t / log2.1 � t / � t log2.t/C t � "

0

1C t
;

which follows from

˛ C "0 �
�.1 � t / log2.1 � t / � t log2.t/C t

1C t
: (4.19)

Observe that the right-hand side is h.t/ from the statement of the lemma.
If "0 is small enough, then using the continuity of h we obtain that h�1.˛ C "0/ is

close enough to h�1.˛/ to satisfy

h�1.˛ C "0/

1C h�1.˛ C "0/
<

h�1.˛/

1C h�1.˛/
C ":

We can choose arbitrarily large k� and w such that t � h�1.˛ C "0/ is an arbitrarily
small positive number, hence t satisfies (4.19) (since h is strictly increasing) and

t

1C t
�

h�1.˛/

1C h�1.˛/
C ";
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as claimed, which completes the proof of Claim 4.15.

This also concludes the proof of Lemma 4.1.

5. A connected fractal with phase transition

We start with the construction of the fractal, see Figure 8.

Notation 5.1. Consider the tiling of the unit square Œ0; 1�2 by closed squares of side
length 2�m. Let �1 D �1.m/ be the set remaining from Œ0; 1�2 after omitting certain
squares of this partition. (We suppress m in the notation, as it is fixed during our
arguments.) Notably, we omit a square if its boundary intersects at least one of the
midsegments of Œ0; 1�2, but does not intersect the sides of Œ0; 1�2. (See Figure 8.) The
set of remaining squares is denoted by F1 D F1.m/. Consider the set of similarities
mapping Œ0; 1�2 to the small squares constituting F1. These similarities give rise to
an iterated function system. We denote its attractor by � D �.m/. The cardinality of
F1 is denoted by p D p.m/, while the set of small squares constituting the nth level
of the self-similar construction, is denoted by Fn D Fn.m/, and F D \1nD1Fn. (The
notation is extended by F0 D ¹Œ0; 1�

2º.) The union of all the vertices of squares in Fn

is denoted by V.Fn/, while V D [1nD1V.Fn/.

Note that if Q 2 Fn for n > 0, there exists a unique Q0 2 Fn�1 with Q � Q0.
We say that Q is a vertical (resp. horizontal) thin square of Q0 if Q falls on a vertical
(resp. horizontal) section of Q0 which intersects only two subsquares of Q0 in Fn.
Otherwise, we say that Q is a thick base square. Note that the thick base squares of
Q0 form 4 large squares, to which we refer as thick squares ofQ0. Now ifQ is a thick
base square, andQ �Q0 for the thick squareQ0 �Q0, we say thatQ is of depth l if
its distance from @Q0 is at least 2�nm.l � 1/. It corresponds to the fact that following
a continuous path from such a square, one must traverse at least l � 1 other thick base
squares to reach the boundary of Q0.

We put �thin, hor for the self-similar set which is obtained using only the similarit-
ies given by horizontal thin squares. If we rotate it by �=4 around the centre of Œ0; 1�2,
we obtain �thin, ver.

Now our aim is to prove that for large enoughm, on �D �.m/ we encounter the
phenomenon of phase transition, being the first connected example, we could come
up with. To this end, first we have to introduce notions which are more specific to this
fractal, in a similar manner as we did in [9, Sections 4–5] in which we carried out a
more detailed analysis of the Sierpiński triangle. The first definition is the analogue
of [9, Definition 4.1].
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Figure 8. A visualization of �1.4/, the small squares forming the white cross are omitted from
the large square, while the others are retained. The use of different shades visualizes the proof of
Theorem 5.6 with choice L D 4: gradually lighter shades correspond to higher square type and
hence smaller conductivity, introduced in that proof. One should note that for fixedL, increasing
m in �1.m/ results in the lightest shade, that is Type 4 squares dominating the figure, having
paramount importance in that proof.

Definition 5.2. We say that f W �! R is a piecewise affine function at level n 2 N

on � if it is affine on any Q 2 Fn.
If a piecewise affine function at level n 2 N on � satisfies the property that for

any Q 2 Fn, one can always find adjacent vertices of Q where f takes the same
value, then we say that f is a standard piecewise affine function at level n. (Note that
this property yields that restricted toQ, either f .x; y/ D h.x/ or f .x; y/ D h.y/ for
some h W R! R affine function.)

Finally, f is a strongly piecewise affine function if it is a piecewise affine function
at level n for some n.

The following lemma is the analogue of [9, Lemma 4.2]:

Lemma 5.3. Standard strongly piecewise affine c�-Hölder-˛ functions defined on �
form a dense subset of the c�-Hölder-˛ functions.

Proof. Due to Lemma 2.4, it suffices to prove that for any Lipschitz c�-Hölder-˛
function f , we can construct standard strongly piecewise affine c�-Hölder-˛ func-
tions arbitrarily close to f . Let M be the Lipschitz constant and c0 < c be the Hölder
constant of f .
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The construction is the following: for some n to be fixed later, let Q 2 Fn be
arbitrary. IfQ0 is a thick square ofQ, such that they share the vertex v, let Qf jQ0\� �

f .v/. On the thin squares, we linearly interpolate from the two closest thick base
squares on which Qf is already defined. As f isM -Lipschitz, all these linear parts have
slope at most 2m�1M , which yields that Qf is QM -Lipschitz for QM D 2m�1M . Notice
further that the resulting Qf is standard piecewise affine at level nC 1. Moreover, as
f is uniformly continuous, by choosing n large enough Qf can be arbitrarily close to
f . Hence it suffices to check that it is c-Hölder-˛ as well for large enough n.

Fix c00 2 .c0; c/. As Qf is QM -Lipschitz, for x; y 2 Fn, we have

j Qf .x/ � Qf .y/j � QM jx � yj D QM jx � yj˛jx � yj1�˛ � c00jx � yj˛;

if jx � yj � . c
00

QM
/
1
1�˛ . That is, if x;y are close enough, the desired Hölder bound holds,

where the sufficient proximity is independent of n. Thus, we only have to handle
x; y with jx � yj being separated from 0 by a fixed distance. We proceed as follows
(analogously to the end of the proof of [10, Lemma 4.4]): let x0;y0 be arbitrary vertices
of squares Qx;Qy 2 Fn so that x 2 Qx and y 2 Qy . Then

j Qf .x/ � Qf .y/j � j Qf .x/ � Qf .x0/j C j Qf .y/ � Qf .y0/j C j Qf .x0/ � Qf .y0/j;

where the first two terms can be estimated by using the Lipschitz property of Qf , while
the last term can be estimated by using the Hölder property of f , as f � Qf on vertices
of squares in Fn. Notably, we obtain

j Qf .x/ � Qf .y/j � 2 QM � 2�nm C c0.x � y C 2 � 2�nm/˛;

where the right-hand side tends to c0.x � y/˛ as n tends to infinity. Thus Qf is c00-
Hölder-˛ for large enough n, which concludes the proof.

We also construct a functionˆ for whichDˆ
B�.�/ �

1
m

(and henceDˆ
� .�/ � 1

m
)

holds. This is going to be the building block of a dense set of functions with the same
DB�;D� bounds.

Let
P1
jD1 ij .y/2

�mj be the base 2m representation of y, and let A be the set of
numbers in which this representation uses digits 2m�1 � 1; 2m�1 exclusively. Then A
is a nowhere dense, perfect set, which in fact coincides with �thin, hor’s projection to
the x axis, thus it is strongly related to thin parts of �. For x 2 A, let

'.x/ D

1X
jD1

�
ij .x/ � .2

m�1
� 1/

�
2�j :

Now ' is a monotone function defined on A and takes the same values on endpoints
of intervals contiguous to A. Hence it can be extended to Œ0; 1� continuously. Let '
denote the extension as well. Clearly '.Œ0; 1�/ D Œ0; 1�, and it is straightforward to
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check that ' is c'-Hölder- 1
m

for some c' > 1. Consequently, if ˆ.x; y/ D '.x/, then
aˆ.x; y/C b is 1-Hölder- 1

m
if jaj < c' .

Lemma 5.4. If a ¤ 0, then DaˆCb
B� .�/ D 1

m
.

Proof. It is easy to see that ' only admits countably many values on Œ0; 1� n A, and
' is strictly increasing on Œ0; 1� n '�1.Œ0; 1� n A/, hence almost every level set is of
the form .¹rº � Œ0; 1�/ \� for some r 2 A. However, in this intersection � can be
replaced by �thin, hor for almost every r 2 A (the exceptional rs being the endpoints of
contiguous intervals), and each vertical section of �thin, hor is the same self-similar set
determined by 2 similarities with ratio 2�m, satisfying the strong separation condition.
Consequently, the box dimension of almost every level set is 1

m
.

Theorem 5.5. For every 0 < ˛ < 1
m

, we have that

D�.˛;�/ D DB�.˛;�/ D
1

m
:

Proof. First we prove that 1
m

is an upper bound onDB�.˛;�/, and hence onD�.˛;�/
as well.

Due to Lemma 2.2, it suffices to construct a dense set T of functions with the
property that Df

B�.�/ �
1
m

for f 2 T . Due to Lemma 5.3, it suffices to verify that
for any standard strongly piecewise affine 1�-Hölder-˛ function f0 and " > 0, we can
find f with Df

B�.�/ �
1
m

such that kf � f0k < ". Let M be the Lipschitz constant
of f0. Let n 2 N to be fixed later such that f0 is standard piecewise affine on the
nth level. We define f so that it agrees with f0 on V.Fn/. Moreover, for Q 2 Fn

let ‰ be a similarity which maps Q to Œ0; 1�2 so that if ˆ.‰.v// D ˆ.‰.v0// for
some vertices v; v0 2 Q, then f0.v/ D f0.v0/. Actually, one can find a; b 2 R with
f0.v/D aˆ.‰.v//C b for any vertex v 2Q, and jaj <M . Now define f onQ \�
by f .x/ D aˆ.‰.x// C b. Due to the uniform continuity of f0, this construction
satisfies kf � f0k < " for large enough n. Moreover, if the similarity ratio is large
enough, one quickly obtains that f is 1�-Hölder-˛ in any Q 2 Fn, which yields the
same conclusion globally on �, using a standard argument. (The idea is the following:
f is a perturbation of f0 with a particular structure, where f0 is a Lipschitz function
and f is locally 1�-Hölder-˛. We need to bound the change of f over large distances.
Since any two points can be approximated by auxiliary points in which f coincides
with f0, one can use the Lipschitz bound to effectively bound the change of f and
prove that f satisfies the 1-Hölder-˛ bound over large distances as well. The details
of the calculation are left to the reader, and can be essentially found in the proof of
Lemma 4.4 in [10], in which perturbations of the same type are considered.) Finally,
almost every level set consists of finitely many similar images of level sets of ˆ. That
is,Df

B�.�/ �
1
m

for a dense set of functions. It concludes the proofDB�.˛;�/ � 1
m

.
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For the other direction, notice that B � Œ0; 1� � �, where B D Prx.�thin, ver/ is
a strongly separated self-similar set determined by 2 similarities of ratio 2�m. The
generic 1-Hölder-˛ function f is non-constant on ¹0º � Œ0; 1�, and as this set is
connected, hence f .¹0º � Œ0; 1�/ contains an interval Œa � ı; aC ı�. Then due to con-
tinuity, f .¹xº � Œ0; 1�/ contains Œa � ı

2
; a C ı

2
� for 0 � x � x0, x 2 B . That is, for

any r 2 Œa � ı=2; a C ı=2�, the projection of f �1.r/ to the first coordinate contains
Œ0; x0�\B , which set has dimension 1

m
due to the self-similarity of B . Consequently,

dimH .f �1.r// � 1
m

(resp. dimB.f
�1.r// � 1

m
) for the generic function and a posit-

ive measure of rs. It concludes the proof.

Theorem 5.6. Ifm is large enough, there exists 0 < ˛1 < 1, such thatD�.˛;�/ > 1
m

(resp. DB�.˛;�/ > 1
m

) for ˛ 2 .˛1; 1�.

Proof. It suffices to prove the statement for D�.˛;�/. The constant m > 2 is to be
fixed at the end of our argument.

The proof relies on a well-defined conductivity scheme, similarly to what is intro-
duced in Section 3. However, a simpler construction is sufficient, making the argument
more reminiscent to the proof of [9, Theorem 3.2]. First, we introduce similar termin-
ology. If r … f .V /, which is satisfied for a positive measure of rs if f is non-constant,
that is, it is satisfied generically, we define the nth approximation of f �1.r/ denoted
byGn.r/ for any n and r 2 f .�/ as the union of some squares in Fn. More explicitly,
Q 2 Fn is taken into Gn.r/ if and only if Q has vertices v; v0 such that f .v/ < r <
f .v0/. The idea is that in this case f �1.r/ necessarily intersects Q.

We introduce the following terminology: we consider that Q0 2 FnCk is the r-
descendant ofQ � Fn.r/ if there exists a sequenceQ0 DQ �Q1 � � � � �Qk DQ0

of squares such thatQi 2 FnCi andQi � GnCi .r/ for i D 0; 1; : : : ; k. We denote the
set of r-descendants of Q by Dr.Q/.

Let L > 0 to be fixed later. We assign conductivity values to each element of F .
These values are defined by recursion: �0.Œ0; 1�2/ D 1. Now if Q 2 Fn for n > 0,
there exists a unique Q0 2 Fn�1 with Q � Q0. We separate cases due to the position
of Q inside Q0. To aid understanding, we refer to Figure 8 again.

• Type 1 square. If Q contains a vertex of Q0, let �n.Q/ D �n�1.Q0/. The number
of such squares is t1 D 4.

• Type 2 square. IfQ is the neighbour of a Type 1 square, or ifQ is a thin square of
Q0, let �n.Q/ D 1

2
�n�1.Q

0/. The number t2 of such squares is bounded by some
constant K independent of L and m.

• Type 3 square. If Q is not a Type 1 or Type 2 square, and it is of depth l < L, let
�n.Q/ D

1
3
�n�1.Q

0/. The number t3 of such squares is bounded by aL � 2m for
some constant aL independent of m.
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• Type 4 square. If Q is not a Type 1 or Type 2 square, and it is of depth l � L
2

, let
�n.Q/ D

1
L
�n�1.Q

0/. The number t4 of such squares is bounded by bL � 22m for
some constant bL < 1 independent of m.

We have the following analogue of [9, Lemma 3.1]:

Lemma 5.7. Assume that Q 2 Gn.r/ and k � 1. Then we haveX
Q02� l

nCk
\Dr .Q/

�nCk.Q
0/ � �n.Q/:

Proof of Lemma 5.7. It suffices to consider k D 1. Now if GnC1.r/ contains a Type 1
square or two Type 2 squares, we are done. In other cases, GnC1.r/ must contain a
Type 3 or a Type 4 square. It is also straightforward to check, that ifGnC1.r/ contains
a Type 3 (resp. Type 4) square, then it must contain at least 3 (resp. L) squares with
no lower conductivity, which verifies the statement.

Now assume that r 2 f .�/ n f .V /. Then r 2 int.conv.Q// for someQ 2F . Due
to self-similarity properties, we might assume Q D Œ0; 1�2, that is G0.r/ D ¹Œ0; 1�2º.

For some 1 < ˇ < log3
log2 to be fixed later, we would like to estimate the number of

squares in Gn.r/with conductivity above 2�nˇ . ForQn 2 Gn.r/, we can take Œ0; 1�2D
Q0 � Q1 � � � � � Qn such that each square Qi in the sequence is in Gi .r/. Assume
that �m.Qn/ � 2�nˇ . This yields that out of the squares Q1; : : : ; Qn, the number
of Type 3 squares is at most nˇ log2

log3 , while the number of Type 4 squares is at most

nˇ
log2
logL . (Note that 1 > ˇ

log2
log3 >

1
2

, and for large enough L we have ˇ log2
logL <

1
2

.)
Hence the number of squares in Gn.r/ satisfying �n.Qn/ � 2�nˇ can be estimated
from above by

.t1 C t2/
n
�

�� n

dn.1�ˇ
log2
log3 /e

�
t
dn.1�ˇ

log2
log3 /e

3

�
�

�� n

dnˇ
log2
logL e

�
t
dnˇ

log2
logL e

4

�
DW A12 � A3 � A4:

(The first factor handles the choice of Type 1 and Type 2 squares, the next factor the
choice of Type 3 squares, while the last one the choice of Type 4 squares.)

With the above notation, we know that the union of f -images of such squares has
measure at most

2�nm˛A12A3A4: (5.1)

Recalling the bounds on the numbers t1; t2, we find

A12 � .K C 4/
n; (5.2)
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and due to the bound on t3; t4 and the general inequality
�
M
k

�
� .Me

k
/k � .Me

k
/M ,

A3 �

�
e

1 � ˇ
log2
log3

�n
� .aL2

m/
n.1�.ˇ�"/

log2
log3 /;

A4 �

�
e

ˇ
log2
logL

�n
� .22m/

n.ˇC"/
log2
logL (5.3)

for fixed " > 0, if n is large enough. (This " is used to get rid of ceiling functions.)
Plugging the estimates (5.2)–(5.3) into (5.1), we find that the union of f -images of
such squares has measure at most

2�nm˛ �

�
e

1 � ˇ
log2
log3

�n
� .aL2

m/
n.1�.ˇ�"/

log2
log3 /

�

�
e

ˇ
log2
logL

�n
� .22m/

n.ˇC"/
log2
logL � .K C 4/n DW cn

for large enough n.
We claim that for fixed ˇ, we have c < 1 if m; ˛ are large enough. Indeed, for

fixed ˇ, if we write K1 for all the constant terms above we can infer

c D K1 �
�
2
1�.ˇ��/

log2
log3C2�.ˇC�/

log2
logL�˛

�m
:

Consequently, for large enough m, c < 1 holds if and only if

1 � .ˇ � �/
log 2
log 3

C .ˇ C �/
log 4
logL

< ˛:

As " > 0 can be set to be arbitrarily small by increasing n, this inequality can be
satisfied if and only if 1 � ˇ

� log2
log3 �

log4
logL

�
< ˛. (Note: L can be chosen arbitrarily

large by increasing m, but m is fixed throughout the construction, so it is of minor
importance.) That is, we have achieved that if

1 � ˇ

�
log 2
log 3

�
log 4
logL

�
< ˛ (5.4)

holds, then for large enough n the f -image of squares in Gn.r/ with conductivity
exceeding 2�nˇ is bounded by cn for c < 1. It yields that apart from a null-set of level
sets, the level sets can intersect such squares only for finitely many n. That is, for
almost every level set and large enough n,Gn.r/ contains at least 2nˇ elements of Fn.
In other words, f �1.r/ intersects at least 2nˇ non-overlapping squares of diameter at
least 2�nm. Now applying the mass distribution principle, Theorem 2.3 in the same
spirit as in the proof of [9, Theorem 3.2], we have that apart from a null-set, each level
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set has dimension at least ˇ
m

. As generically, there is a positive measure of nonempty
level sets, it yields that D�.˛;�/ � ˇ

m
.

This result is a nonempty statement if (5.4) can hold for some ˛ < 1 and ˇ > 1,
that is if

log 2
log 3

>
log 4
logL

: (5.5)

In that case, for ˛1 D 1�
log3
log2

� log2
log3 �

log4
logL

�
and ˛ 2 .˛1; 1�, we can find log3

log2 > ˇ > 1

with 1 � ˇ
� log2

log3 �
log4
logL

�
< ˛. However, (5.5) holds if L is large enough. Now if

m is chosen large enough, the above argument works with this choice of L, which
concludes the proof.
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