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A quadratic Roth theorem for sets with large Hausdorff
dimensions

Junjie Zhu

Abstract. Many results in harmonic analysis and geometric measure theory ensure the exis-
tence of geometric configurations under the largeness of sets, which are sometimes specified via
the ball condition and Fourier decay. Recently, Kuca, Orponen, and Sahlsten, and also Bruce and
Pramanik proved Sarkozy-like theorems, which remove the Fourier decay condition and show
that sets with large Hausdorff dimensions contain two-point patterns. This paper explores the
existence of a three-point configuration that relies solely on the Hausdorff dimension.

1. Introduction

1.1. Pattern Recognition

Finding the maximum size of a set that avoids certain patterns is an intriguing task
with many applications. A well-known result by K. F. Roth [19] shows that if a set
AC[N]:={1,2,...,N}and A avoids any non-trivial 3-term arithmetic progressions,
then |A| = O(N/loglog N). An analog question in the continuum is also studied. If
aset A C [0, 1] avoids any arithmetic progressions, it is Lebesgue null (Lemma 4.1).
Many works have examined the existence and avoidance of three-term arithmetic pro-
gressions of Lebesgue null sets. A set contains a three-term arithmetic progression if
it supports a measure with a ball and a Fourier decay condition.

Theorem A ([12]). Let Cy, C, and B be positive real numbers and 8 € (%, 1]. Then,
there exists gg > 0 such that the following statement holds. Suppose that E C [0, 1] is
a closed set and . € M(E) has the following properties, for an a € (1 — &g, 1):

(1) (ball condition) u([x,x +r]) < Cir* forall x € [0,1] and r € (0, 1],
(2) (Fourier decay condition) |[t(k)| < C2(1 — oc)_B|k|_§f0r allk # 0.

Then, E contains a non-trivial 3-term arithmetic progression.
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The number o depends on the numbers Cy, C,, B, and 8. In addition, the ball
condition is stronger than dimg (E) > « and the Fourier decay condition is stronger
than dimg (E) > B, as there are conditions on the constants in the ball and Fourier
decay conditions. In contrast, some sets of full Hausdorff dimension [10] and Salem
sets [21], which are traditionally considered large fractal sets, avoid any three-term
arithmetic progressions.

A similar problem is finding the maximum size of the sets A C [N] avoiding
the pattern {x, x + z2} for some x,z € N as studied by [7,20]. One variant of this
pattern is the three-point quadratic pattern {x,x +t,x +t*} in R. Any set E C R
with a positive Lebesgue measure contains x, x + ¢, x + t2 for some x, ¢ € R with
t # 0. This is a special case of a general statement in the appendix (Lemma 4.1).
From [2], if S C [0, N] with |S| > &N, then S also contains {x, x + ¢, x + ¢2} for
some x,t € R and ¢ greater than an absolute constant that depends on N and €. One
direction of study is to identify criteria for Lebesgue null sets to contain the same
quadratic pattern. Fraser, Guo, and Pramanik [6] obtained the following result on the
three-term polynomial pattern.

Theorem B ([6]). Let P : R — R be a polynomial without a constant term and
deg P > 2. There exists so > 0 such that the following statement holds. For C1,C5, B
positive real numbers, and 8 € (1 — sg, 1], there exists g9 > 0 such that if E C [0, 1]
is a closed set and | € M(E) has the following properties:

(1) (ball condition) u([x,x +r]) < C1r® forana € (1 —gg, 1) and all x € [0, 1],
re(0,1],

(2) (Fourier decay condition) |ji(k)| < Ca(1 — a)_B|k|_§f0r all k € 7Z\{0},

then E contains three points x,x + t,x + P(t) for real numbers x,t witht # 0.

Another variant is the two-point quadratic pattern {(x,y), (x + z,y + z?)} in
R2. Kuca, Orponen, and Sahlsten [11] studied the problem of identifying two-point
quadratic patterns in R? for Lebesgue null sets using the Hausdorff dimension only.

Theorem C ([11]). There is an absolute constant € > 0 such that the following holds.
Let K C R? with dimg (K) > 2 — . Then, there exist x, y,z € R with z # 0, such
that

{(x, y),(x+z,y+ 22)} C K.

The three-point quadratic pattern in R (Theorem B) and the two-point quadratic
pattern in R? (Theorem C) have different criteria to ensure their existence. We would
like to understand their fundamental differences. Specifically, we investigate whether
having a large Hausdorff dimension alone is sufficient to ensure the existence of the
three-point quadratic pattern. Our conjecture is as follows.
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Conjecture 1.1. For all (Borel) E C [0, 1] with dimg (E) > % there exist x,t € R
with t # 0 such that
{x,x+t,x+ t2} C E.

We require dimg (E) > % because of the following result.

Theorem D ([14]). There exists a compact set E C R of Hausdorf{f dimension % such
that E does not contain 3 distinct points x, y, z satisfying (z — x) = (y — x)2.

In this manuscript, we present results from adapting methods in [11] and [3] that
partly address Conjecture 1.1.

1.2. Main Results
The main theorem is as follows.

Theorem 1.2. Given gg € [0, 1), there exists B = B(qo) € (0, 1) with the following
property. For every (Borel) E C R with dimg (E) > B, one can find 0 < ag < ay such
that for every (a, q) with ag < |a| < az, |9] < qo,

{x,x +t x4+ Pa,q(t)} CE

for some x,t € R, t # 0. Here, P, 4(t) = at® + qt.

Remarks. (1) As qo increases, B increases.

(2) Therange [ag,a1] depends on the set £, which is different from similar results
[1,4,16—18] in the discrete setting, in which the coefficient of 2 can be chosen
independently from the coefficient of ¢ or the set. The dependency of the range
is further discussed in the remark at the end of Section 2.

(3) The dependence of the range [ag, a1] is due to the configuration not being
dilation invariant. Suppose x, x + ¢, x + at> + gt € E for x,t,a,q € R and
b>0.Lety =bx,s =bt, theny,y+s,y+ $s*>+qs € bE.

The proof of Theorem 1.2 follows from the proposition below, which uses the
dyadic Hausdorff content defined as

HE(S) = inf{ZJ(Q,-)/8 | S c | 0i.dyadic 0; c 0. 1]} (1.1)

foraset S C [0, 1]. Here, the set Q; is dyadic if it is an interval of the form
[ki2™™i, (ki + 1)27N1]

for integers N; > 0,0 < k; < 2Vi. The length of Q; is denoted as /(Q;).
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Proposition 1.3. Let pg < p1 be positive real numbers and qo € [0, 1). Then, there
exist B € (0,1) and § > 0 such that the following statement holds: for all (Borel)
E C [0, 1] with E(E) > 1 — 8 and for all (p, q) with po < |p| < p1 and |q| < qo,

{x,.x+1.x+ Ppg(t)} CE

for some x,t € R witht # 0. Here, P, 4(t) = pt? + qt.

This is the first result confirming 3-point nonlinear patterns in sets of large Haus-
dorff dimensions alone. A key idea in the proof is that even though a set with a large
Hausdorff dimension may not support a measure with any Fourier decay, a set with
a large Hausdorff content supports a measure satisfying the spectral gap condition
as stated in (3.3) below. This idea applies to many pattern recognition problems. For
example, Bruce and Pramanik [3] adapted this idea to find two-point non-linear pat-
terns for sets in R? (d > 2) with large Hausdorff dimensions.

We note that the proof strategy and many estimates are analogous to those in [11].
A key difference is that one remainder term in the proof of [ 1 1] uses the Fourier decay
of measures supported on the parabola on R?, an application of oscillatory integrals.
In contrast, in this setting, the Sobolev improving estimate (Propositions 3.1 and H)
is the application of oscillatory integrals that utilize the non-vanishing Gaussian cur-
vature of the curve (¢, Py 4(t)) in R.

1.3. Application: Configuration set
An object to study in pattern recognition is the 3-point configuration set defined as

(z—x)—q(y —x)
(y —x)?

The number a € A, (E) if and only if {x,x + ¢, x + at? + qt} C E for some x,7 € R
with ¢ # 0, by letting y = x + ¢ and z = x + at? + gt. If E contains two points,

Aq(E)::{ |x,y,zeE,x;éy,x7éz}.

A4(E) is not empty. We remark that Conjecture 1.1 is equivalent to 1 € Ag(E) if
dimg (E) > % The conjecture is also equivalent to

(0,00) C Ap(E)

whenever dimg (E) > % since the Hausdorff dimension is invariant under scaling. For
example, let a > 0 and suppose that there exist y,s € R such that {y,y + s,y + 52} C
aE.Bylettingx =a 'y andt = a~'s, we have {x,x +¢,x + at?} C E.

Greenleaf, losevich, and Taylor [8] studied 3-point configuration sets of general
patterns for sets E C R4, where d > 2. Our Theorem 1.2 extends their result to sets
in R. One corollary of Theorem 1.2 is as follows.
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Corollary 1.4. Given qg € [0, 1), there exists B = B(qo) € (0, 1) with the following
property. If dimg (E) > B, there exist 0 < ag < ay, such that for all ¢ € [—qo, qo],

[—a1,—ao] U [ag,a1] C Ay(E).

This corollary is a different generalization of [8], as it establishes the existence of
the same interval in a family of configuration sets.

1.4. Notations

The length of an interval Q is denoted as /(Q). The set of Schwartz functions from
R to C is denoted as § (R). We denote M (S) as the set of Borel probability measures
supported on S, and £ as the Lebesgue measure. The support of a measure u is

spt = ﬂ{C closed | u(C¢) = 0}.

The s-energy integral of a measure is given by

I(w) = / / I — Y[ dp()du(y) = ps / ROPIEFE (2

where -
s = ns—l/z F(T)
r(3)

and T" is the Gamma function. We refer readers to [15] for details on the s-energy
integral and its relation to the Hausdorff dimension.
The Sobolev norm is given by

el s i=/|ﬁ(é‘)|2(1+ §17)* s (1.3)

for a measure p supported on R and s € R.
For two functions f, g : D — R with a domain D, we write f < g to denote
that there exists a ¢ > 0, such that for all x € D, f(x) < cg(x).

2. Proof of Theorem 1.2 given Proposition 1.3

We denote the dyadic intervals as follows. For j > 0, let O; be the set of dyadic
intervals [k277, (k + 1)27/] where k € {0,1,...,2/ —1}. Let D = U;50D;. For
an interval Q € D; C D, its diameter is /(Q) = 27/ . The associated re-scaling map
To: Q — [0,1]is To(y) = 2/(y — xg), where x is the left endpoint of Q. Then
To(Q) = [0.1]



J. Zhu 190

For a measure i € M([0, 1]), it u(Q) > 0, we can define g € M([0, 1]) to be
o = u(Q) ' To(nlQ),

where 1| Q(S) = (S N Q).
Given po, p1,q0 With 0 < py < p; and g¢ € [0, 00), we obtain 8 and § via Propo-

sition 1.3. Now, suppose that dimg (E) > B. Let H := Jféi(E) € (0, 1]. We claim
that there exists Q € O depending on E, such that

HE(ENQ) = (1-8)1Q)PF. Q.1

Suppose, for a contradiction, that the claim is false. For a 7 > 0 sufficiently small such
that (1 —8)(H + 1) < H, there exists { O }jen C D, such that Zj l(Qj)’S <H+r.
Since (2.1) is false for all Q € D,

H=HL(E) <) HELENQ) <(1-8) 1(0)°
J J

IA

(1—8)(H + 1) < H.

Using Q from the claim above, we deduce that

HE(TQ(ENQ) =1(QPHE(ENQ) >1-56.

%

By Proposition 1.3, when pg < |p| < p1, and |¢| < qo, there exists y, s with s # 0,
such that
v,y +5,9+ ps*> +gs} C To(ENQ).

Suppose that /(Q) = 277 fora J > 0. Then,
{Z_Jy—i-xQ,Z_J(y +s)+xQ,2_J(y +p52+qs)+xQ} CENQCE.

Finally, we perform a substitution x =27/ y + xq,¢ = 27/ s such that there exist x, ¢
with ¢ # 0, such that

{(x.x+t,x+2' pt> +qt} CE,

and the conclusion of Theorem 1.2 holds if we let ag = 27/ Po, a1 = 27 P1-

Remark. From the proof above, Theorem 1.2 can be stated as follows: for positive
real numbers pg, p; and go € [0, 1), there exist 8 € (0, 1) and § > 0 such that the
following holds: for E C [0, 1] and a dyadic cube Q € D such that (2.1) holds, let
ap = 1(Q) ! po and a; = I[(Q)~! p;. Then, for every (a, g) with ag < |a| < a; and
lg| < qo, we have

{x,x +t,x + Pa,q(t)} CE

for some x,7 € R, ¢ # 0. Here, Py 4(t) = at? + gt.
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3. Proof of Proposition 1.3

The existence of a pattern is ensured by the finiteness and positivity of the configura-
tion integral (3.2). Thus, to prove Proposition 1.3, we show that the integral in (3.2)
is bounded below by a positive constant if € is sufficiently small. To prove positivity,
we decompose the configuration integral into one main term and 8 remainder terms.
The main term, which consists of low-frequency parts, is bounded below as shown in
Lemma 3.3. The technical bulk of the proof consists of showing that the contributions
from the remainder terms, which involve medium and high-frequency parts, are small.
This is achieved with the Sobolev improving estimates exploiting the non-linearity of
the pattern in Proposition 3.1 and the existence of measures with a spectral gap in
Lemma F.

Let / € N and 7 € $(R), where t(x) = 1 if x € [1,2], sptt C [27},22], and
77(x) = t(2'x). We apply the following proposition, which allows us to examine
pattern recognition problems with analytical tools. Let ¢ € S(R) be even, real, non-
negative,

$0) = / $()dx = 1.p(x) = 27 if || <271, G.1)

spt ¢ C [—1,1], and ¢e(x) = e L (e 1x).

Proposition E ([6, Section 6]). Suppose that for y > 0 andl € N,

lim inf/ / pe(x + 1) pe(x + Ppg(t)) T (1)dtdu(x) > 0, (3.2)

e—0

where i € M(E), e = 1 * ¢¢, and 11—, (1) is finite. Then, there exist x € E and
t € 27171, 271%2) such that {x,x +t,x + P, 4(t)} C E.

The integral in (3.2) is often called the configuration integral. A technical tool used
to bound the configuration integral is the Sobolev improving estimate stated below.
We use the Sobolev norm defined in (1.3).

Proposition 3.1 ([6]). There exist yo € (0, 1) and k > 0 such that the following state-
ment holds. Let y € (0, yo), po > 0, and qo > 0. Then, there exists Cy, p, 4, > 0 such
that

‘/ x4+ 0g(x + Ppg())u@)dtdu(x)| < Cypo.q02 | f Il gz lpell -

foralll e Nandall f,g € S(R) if Pp4(t) = pt? + qt for|p| = po and |q| < qo.

The constant Cy, p, 4, increases if y increases, po decreases, or go increases. We
note that 7; in the integrand of (3.2) is used to enable the application of the Sobolev
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improving estimate (Proposition 3.1), and the integral in (3.2) is finite for each ¢ > 0
by applying Proposition 3.1. We refer readers to Section 4.3 for more discussion.

The measure we use satisfies special properties that hold when the Hausdorff con-
tent is large. The s-energy I is provided in (1.2).

Lemma F ([11]). Given 0 < A < B with A sufficiently large, there exist § = §(A, B)
and B = B(A, B), such that the following statements hold. For E C [0, 1], suppose

HE(E) > 1-6.

Then, there exists a measure 4 € M(E), such that

(1) Ifs < B, then
12Cs

’

Ig(p) <1+

where C is an absolute constant from Frostman’s lemma (Theorem G).

(2) The measure | satisfies the spectral gap condition that
[o_m@pPas [, @@EE=Ac 63
A5 <|¢|<B? A5 <|§|<B?

Lemma F is a one-dimensional variant of Section 3 in [11]. A proof of Lemma F
is also given in Section 4.2. Hence, Proposition 1.3 follows from the lemma below.

Lemma 3.2. Given numbers py, p1,qo0 € Ry with gy < 1, there exist B > A > 0,
[ =logy, A + 3, § > 0 sufficiently small, B € (0, 1), such that when

HE(E) = 1 -8,

for E C [0, 1], there exists a measure jp € M(E) from Lemma F, such that if ¢ > 0 is
sufficiently small, then

[ [ e+ onels + Pra)rdrani z 47 (3.4

for po < |p| < p1and |q| < qo.

3.1. Positivity of the configuration integral
The strategy to prove Lemma 3.2 is to apply
Pe = pg-1 + (p-1 — ftg—1) + (le — tp-1) = pg—1 + Hmid + Hnigh

to rewrite the first two factors of the integrand in (3.4). Then, (3.4) is decomposed into
nine terms. The main term of (3.4) is

[ [ a1 D (4 Prg@)aodrduco.
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The rest of the terms are remainder terms. We call a remainder term Type I if the
function (ftg — jLg—1) = Unign is Not part of the integrand. Otherwise, the remainder
term is categorized as a Type II remainder term. There are 3 Type I remainder terms
and 5 Type II remainder terms.

Table 1 records the estimates of all nine terms. Except for the main term, all
bounds are upper bounds. Additionally, unless stated otherwise all remainder terms

are Type I
Ha-1(x + Ppg () | tmia(x + Ppg(1)) | [hign(X + Ppg(t))
Main: > A™! Type L: 271 4-3 C32¢ o
Hg-1(x + 1)
(3.5) (3.12) (3.13)
Mmia(x + 1) Type I: 271 4-3 Type I: 27lA=% | 2l a3 B0
ngn(x +1) | C32¥BTHeT | CoAm3B T | €3BTS

Table 1. Bounds on all terms assuming I (u), I1—y (n) < CforaC > 0.

The lower bound on the main term (3.5) is shown in Lemma 3.3, and an overview
of the upper bounds of all remainder terms is provided in Section 3.3, where Lem-
mas 3.6 and 3.7 contain detailed proofs of the bounds (3.12) and (3.13), respectively.

Proof of Lemma 3.2. We use y and « from Proposition 3.1. First, we choose two pos-
itive real numbers s, 8’ suchthat0 <1 —y <s < f < 1.LetC =1+ }32,515
We choose I, A = 2!73, such that A is sufficiently large to apply Lemma F, the

lower bound of the main term (3.5) is large, and the upper bounds on the Type I

remainder terms are small. Finally, we choose B so that the Type II remainder terms
are small. Then, we apply Lemma F with the chosen 4, B to obtain 8 and §. If
E C [0, 1] satisfies

Hm BB () 21—,

there is a measure y € M(E) with I;(u), 11—, (1) < C that satisfies (3.3). The bound
(3.3) yields Lemma 3.4 and the upper bounds of 5 error terms in Table 1 that involve
Umid- Then, we use the estimates in Table 1 for a lower bound on the main term and
upper bounds on the 8 remaining terms. With the appropriate choice of /, 4, and B,
Lemma 3.3 applies, and the norm of each remainder term is smaller than a multiple
of A71, n
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Remark. For values pg, p;, and ¢o that bound the range of p and ¢, po and go
are used in Proposition 3.1, whereas p; and the requirement that gy < 1 are from
Lemma 3.3.

3.2. The main term
Lemma 3.3. If (44)™' = 2! for an | € N and A is sufficiently large such that
|Ppg(t)| < |t| when |t| < (44)~", we have

//,uAl(x + )y -1 (x + Pp,q(z))q (H)dtdu(x) = 27102471, 3.5

forac > 0.

Proof. The key to obtain (3.5) is the following estimate. For ¢ > 0, let
D, := {x | Iry € (0, 1],/L(B(x,rx)) < crx}. (3.6)
We claim that there exists ¢ > 0, with u(D.) < 27!, Note that

D. C U B(x,ry).

x€D¢

By applying the Vitali covering lemma [5, Theorem 1.24] to Uxep. B(x, rx/5), there
exist {x;}jen C D and {r;}jen C R, such that

o0
D. C U B(xj,rj),
j=1
and p(B(x;,r;)) < crj. Inaddition, B(xj,r;/5) N B(xk,rr/5) = 0 if j # k, but
o0
U x],r,/S [-2,2].
j=1
Then,
o0
u(De) < u(B(xj. 1))

j=1
o0 5¢ —
<Y erj= 72«36(3(%”/5))
= j=1
5c

5 —£([-2.2]) = 10c.

The claim holds when ¢ = 2071.
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Suppose that x satisfies the condition that for all » € (0, 1), w(B(x,r)) > cr.
Then, for || < (44)7!,

pa G40 = 4 [ $(AGx + 1= 9)dr)
%/L(B(x +1,(24)7Y)), from (3.1), ¢(x) > 271 if x| < 27!

A
> EM(B(X, “4A™)
> gc(zm)—l - %

since x € (D.)°.
Similarly, since | Py 4(r)| < |t] < (44)~", we also have j4—1 (x + P 4(1)) > §.
To complete the proof,

[ a1+ 0iege (6 + Pra@)aodrduco

= et (5 + g (¥ + Py g (0) 7 (0)dedpa(x)
(De)e Jre(0,(44)~1)

>271(2730)2£((0, @A) n (271,271

=2710:2 4. [

3.3. Estimate of remainder terms

In this section, we present the estimates of the Type I and Type II remainder terms.
We first record some basic estimates that will prove useful later. From our choice of ¢
in (3.1), since

g—?(O) = —/27tix¢(x)dx =0
and ¢ € S(R), we have
16(5) — ¢(0)] < |52, up EP°1¢(5)] < 0. (3.7)

First, since p is a probability measure, |i(§)| < 1. By a change of variable, as
¢ € S(R),
| moIpeola < 4 (338)
Next, from the definition of the Sobolev norm in (1.3) and the s-energy integral (1.2),
we have
a1z Il < iy (). 3.9)

Here are estimates obtained via the spectral gap condition.
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Lemma 3.4. Assuming the spectral gap condition (3.3), if A is sufficiently large, then
e e ~ _z _

/IM(E)IItﬁ(B '6) —p(AT'9IdE S AT5, g — a1 |- S AT (3.10)

Proof. To show the first equation of (3.10), we decompose the integral into three

parts:
/ /‘g Al /Al g Bz /g BZ ‘
||S 5 Sfllf ||Z

For the first integral, using |$(§‘) — $(O)| < €2 by (3.7) and ||[i||Le = 1,

/| RG®IFBTE) — pA e

§l<A5
~ -~ ~ ~ _z
<[ BB -F01+ GO -G e s a7
For the second integral, by the spectral gap condition (3.3) and
(B7'E) — p(A7'9)| <2

by the choice of ¢ in (3.1), we have

/ | [AE)1P(B™'E) —p(A'E)|dE <2 / 1 (E)|dE <2473,
A5 <|g|<B? 2

A5 <|¢|<B
For the third integral, since [£(§)] < 1 and |$(E)| < |£]7° by (3.7), we have
[lwzm@nlaw—ls) —p(A7p)ldE
< / BBIE)] + [B(A7E)|dt
|€|>=B2

5 5
5/ BY A% o g
1§12 B2

§1°
As A < B, we combine the above to obtain the inequality required for A > 1. The
proof of the second equation of (3.10) is similar. |

The final estimate we need is as follows.

Lemma 3.5. For B sufficiently large, given 1 > s > 1 —y > 0 from the proof of

Lemma 3.2,
1—s—y

e — pp=1 17— S B 5 Is(1). (3.11)
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Proof. To show (3.11), we decompose
—_~ — _Z
l1te = g1l 7> Z/IMs(S)—MB—l(S)IZ(l +[E*) 72 dE

= / AE)PID(eE) — pBTER(1 + |E2) 2 dk

[ = oot Lo
gl<B5  Jigl=B5

For the first integral, using 16(§) — p(0)] < €2 by (3.7) and ||TE]|zee = 1,

/| BEPIES) — BT HR(1+ 6P) 2 dt

£|<B5

into two parts

< / | 13(e8) — B(B')2dE < B,
|§]<B5
For the second integral, since 1 —s —y < 0,

[ IFOPBEE GO+ 16) s

<4 / REPO + 1E2) 2 ag
|&

|=B5

1—s—y

<4B'S / IR©Plerdg = 4B
|£|=B 5

1—s—y

Is(1).

We note that 1 —s — y > —y > —1 from Proposition 3.1. Thus, for B sufficiently
1—s—y

large, e — tp-11F— < B 5 Ls(p). .

Therefore, we can deduce the following Type I remainder term estimate.

Lemma 3.6. Under the spectral gap condition (3.3),

i —-
<27'475. (3.12)

[ [ a1+ sl + Prg@)ardedpco

Proof of Lemma 3.6. By applying the Fourier transform (or (4.1)), we have

[ 115 5 Dt + P ©)r 0o

=2!

[ 76+ ma@acomm@ s - )
/e—2ni(2_lt5+Pp_q(2_lt)n)T(l)dtdgdn‘

<270zl f )P4 E)|dE / [AmII$(Bn) — (A n)|dy

<2l 43
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by (3.8) and Lemma 3.4. |

The estimates of the other error Type I remainder terms are similar. All Type II
remainder terms’ estimates are obtained by applying Proposition 3.1. Here is one
example.

Lemma 3.7. Assuming the spectral gap condition (3.3) and Is(1), 11—y () < C,

[ / pat (X + (e — pp-1) (& + ) ()didp(x)| < €328 B 0", (3.13)
Proof. Using Proposition 3.1,
‘ [ [ a6 D0 = g0 Dy @dedpin
< Cypogo2 lita—1 L= e — g1 = | il 1~
< 2Ly ] [B =5 L] [y 0]
by (3.9) and Lemma 3.5. ]

4. Appendix

The following identity is used to study the configuration integral in the frequency
space.

/ / Fx 4 08(x + Ppg(0)@)n(t)d1dp(x)
= [ [ac+nT@zm [ et raomywaagan @
=2 / / A+ 07 ©FM) / 2T P IO L () d gy,

4.1. Positive Lebesgue measure sets

In the introduction, we state that every set with positive Lebesgue measure contains
the pattern {x, x + ¢, x + t2}. We prove a more general statement below.

Lemma 4.1. Let f; : R4 — R be continuous functions with Ji(0) =0 for j €
{1,....n). If E C R? and the Lebesgue measure £(E) > 0, then there exist x,t € R?,
t # 0, such that {x + fj(t)};_, C E.

Proof. Let

I(t) = cf( ﬁ(E —f,-(t))).

Jj=1
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Then, for r € R?, I(¢) < I(0) = £(E) > 0. In addition,
100)— 1(1) < :E(E\ N(E - fj(t))) < S 2[E\(E - £;,0)].
j=1 ji=1

We note that by the L!-modulus of continuity,
/ |f(x+h)— f(x)|dx - 0ash —0
R4

for f € L'(R?). Therefore, by applying the above with f = 1z, we have
L[E\(E — fj(1))] > 0

ast — 0. [

4.2. Existence of a measure with a spectral gap

We present the one-dimensional version of Section 3 in [11], where dyadic rectangles
of size 27T x 4T are examined fora T > 1. For R, we use dyadic intervals of length
27T,

Proof of Lemma F. Here, we use the dyadic intervals as stated in the proof of Theo-
rem 1.2 in Section 2. Let

@ € C®R),spte C (0, 1),/<p(x)dx =1, and ||¢]||Le < 2. 4.2)

For N € N large, there exists Cyy, such that |£|V|@(£)| < Cn. Hence,

T4

P(E)ld Ndg =
[ pousscy [ = o

If N =21, 2L < A4, then
Let T € N such that

-~ —1 4-3
[t PE)IdE <2714,

2_T+27TB4 < 2_1A_3.

Suppose that 2 (E) > 1 — 8, where § = 27373, We denote ch(Q) C D to be the
generation-7" children of Q = [0, 1]. Equivalently, ch(Q) = Dr. We claim that if
1 — B issmall, ¥2(E n Q) > 2711(Q)B for all Q € ch(Q).

To see that the claim holds, let

g ={0 ech(Q) | #E(En Q) =27""1(0)"}.
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If § < ch(Q),
1-273T3 21-5 < #B (ENQ)
<Y HEENOH+ D HE(ENOQ)

Qec¥ Qech(Q)\§

<> e +a-27H > 1)
Qc¥ Qech(Q\¥

< Y WQF-27"27TF since [ch(Q)\¥] > 1
Qech(Q)

=2"TPT — 27,

However, for 8 sufficiently close to 1, 1 —2737=3 > 2=T# (2T _ 2~1) which contra-
dicts the inequality above.

We apply Frostman’s lemma (Theorem G) to £ N Q for each Q € ch(Q) to obtain
a Borel measure i), where spt (1, C E N Q. The measure 1, satisfies the following:

(1) The ball condition holds, where ,u,% (B(x,r)) <CrP forallx e R, r > 0, and
C does not depend on Q.

(2) The measure pL(’Q is not the zero measure, where

1H(Q) = HE(EN Q) =271(0)F. 4.3)

To construct the measure u supported on E, we first normalize each u"Q according
to ¢. Let

ho = ;L’Q((QQ))M‘)Q, where () = | p(wa.
Then by (4.2),
1o (0) = w(Q) < llpllL=l(Q) < 21(Q) = 2", 4.4)
In addition, by (4.3),
po(B(x,r)) < %Crﬁ < 22HTB=Dcrh < 4crb, 4.5)

Letpu=>Y 0ech(Q) Mo- Then, spt o C E'. We claim that p is the desired measure.
First, the total mass is

pQ@= 3 w@= ¥ [ ewdr=t. “.6)
Oech(Q) Qech(Q) €

Second, u is a B-Frostman’s measure.



A quadratic Roth theorem for sets with large Hausdorff dimensions 201

o Ifr <277 then B(x,r) intersects at most three Q € ch(Q), so
/L(B(x,r)) <12CrP
from (4.5).

e Ifr>1,u(B(x,r)) <1 <rP from (4.6).
e If27T <y <1,then B(x,r) intersects at most ( 2r 4 1) O € ch(Q). From (4.4),

2—T

u(B(x,r)) < > no(Q)
Qech(Q),Q N B(x,r)#0

g(zz_—rT + 1)21—T <6r <6rf.
Third, u satisfies the spectral gap condition. For each Q € ch(Q),
1@ = (0 = [ ptodx
Therefore, for cg, the center of the cube Q,
/Q e 2ot g (x) = /Qe_Z”iCQégo(x)dx.

Fora & € R, the map x — e~ 27*¢ i 277|&|-Lipschitz. Since |x — col<27TifxeQ,

16 - 91 =| [ 2 6an) - [ 2o

< Z |e—27rix§' _ e_ZﬂiCQE|d/,L(X)

Qech(@) ¢
+/ |e—2nix§_e—2niCQS|(p(x)dx
9
52_T+2T(|§:|.

Therefore,

/ O AedE < / O A® - p®)ldE + / O p®lds
A5 <|¢|<B? A5 <|§|<B? A5 <|§|<B?

< [ lelaes [ s

|€]1=A45

§2_T+27I'B4+2_1A_3 < A—3

by our choice of T'.
Finally, we apply Lemma 4.2 to obtain a bound on the s-energy integral of 1. =
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Lemma 4.2 ([15, Section 2.5]). Suppose that v € M([0, 1]), and there exists C > 0

such that v(B(x,r)) < CrP forany x €[0,1],r > 0. Then, fors < B, I;(v) <1+ ﬂC—Ss‘

The version of Frostman’s Lemma we use in the proof of Lemma F is as follows.

Theorem G ([15, Section 2.5]). Let 0 < s < 1. For a compact Borel set A C [0, 1], if
H3 (A) > O, there exist an absolute constant C > 0 and a measure |L supported on
A, such that

(1) w(B(x,r)) <Crfforallx e Randr > 0,
(2) p(R) = H5,(A).

Proof. The proof strategy is the same as that in [15], and we highlight how the con-
stant C and (2) arise, which follow from the original proof but are not stated explicitly
in [15].

The measure p is a weak limit of measures py defined as follows. We use dyadic
intervals of side length 27¥ in a standard partitioning of R, which are of the form
27%n,27%(n 4 1)] for n € Z. We let Hk,1 be a constant multiple of the Lebesgue
measure on each such interval Q. For an interval Q, if A N Q # @, we normalize the
Lebesgue measure on Q so that ug 1(Q) =I1(Q)*. If AN Q = 0, we let g ; be the
zero measure on Q. The measure juy ; satisfies g 1(Q') < I(Q')% if Q' is a dyadic
interval with (Q’) < 27,

Next, to construct g », we examine dyadic intervals of side length 2=k For each
such cube O, we let fg » be g 1 if pg,1(Q) < I1(Q)°. Otherwise, we normalize fix ;
on O so that ug »(Q) = [(Q)*. We continue this process after k steps to obtain g .,
which we denote as ux. The measure py satisfies the following two properties.

(1) ur(Q) < I(Q)* for all dyadic intervals. Therefore,
1i(B(x,r)) < Cr?,

for a constant C > 0.

(2) For all x € A, there exists a dyadic interval Q, such that x € Q, [(Q) > 2k,
and

1e(Q) = 1(Q)’.

There exist finitely many maximal and disjoint such cubes Q; that cover A.
Therefore,

eR) =Y " (Q)) = D UQ))° = Hi,(A).
J J

Let u be a weak limit of a converging subsequence of {it}. Then, spt u C A as A is
compact, and both (1) and (2) are satisfied. ]
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4.3. Sobolev improving estimate
Proposition 3.1 is deduced from the following proposition.

Proposition H ([6]). There exist yo € (0, 1) and k > 0 such that the following state-
ment holds. Let y € (0, o), po > 0, and qo > 0. Then, there exists Cy, p,.q, > 0 such
that

/ £+ 08(x + Ppg ) ()didx| < Cppoao2 I/ 1= gl 1Al 1

foralll e Nandall f,g,h € S(R) if
Ppqg(t) = pt*> + qt
for|p| = po and |q| < qo.

We refer readers to the proof in Section 2 of [6] that yields Proposition H, which is
stronger than the version in that paper for quadratics of the form P, 4(¢) = pt? + gt.
The proof starts by applying (4.1) and Littlewood—Paley decomposition. Then, the
methods of stationary phase and estimates in [13] and [9] are used.

Proof of Proposition 3.1 given Proposition H. The function 7 : R — C given by

T(x) = / flx+ t)g(x + Ppy (t))rl (t)dt

is continuous. Since ©, — u weakly as ¢ — 0,

//f(x + t)g(x + Pp,q(t))tl(t)dtdu(x)

= lim ' / T (e (x)dx

. !
<1lim Cy, po.002 | f 1z gl | 1te | - - L]
£—>0
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