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Noncommutative geometry on the Berkovich projective line

Masoud Khalkhali and Damien Tageddine

Abstract. In this paper, we construct several C�-algebras associated to the Berkovich pro-
jective line P1Berk.Cp/. In the commutative setting, we construct a spectral triple as a direct
limit over finite R-trees. More general C�-algebras generated by partial isometries are also
presented. We use their representations to associate a Perron–Frobenius operator and a family
of projection-valued measures. Finally, we show that invariant measures, such as the Patterson–
Sullivan measure, can be obtained as KMS-states of the crossed product algebra with a Schottky
subgroup of PGL2.Cp/.

1. Introduction

The aim of this paper is to show that geometries over non-Archimedean fields provide
natural examples of noncommutative geometries; we can refer to the work [12, 13]
for similar approaches. We focus on the Berkovich projective line, P1Berk.Cp/, as a
fundamental example of Berkovich’s theory. For further details on noncommutative
geometry, we refer to the books [7, 8]; for an extensive exploration of the interplay
between number theory and noncommutative geometry, we refer to the series of works
[8–10].

The primary objective of this work is to construct and analyze severalC �-algebras
and spectral triples that can be associated to the Berkovich projective line. These C �-
algebras are expected to encapsulate some essential geometric and arithmetic features
of P1Berk.Cp/ in a manner analogous to how C �-algebras encode information about
classical spaces.

Let K be an algebraically closed field that is complete with respect to a nontriv-
ial non-Archimedean absolute value j � j. In Section 2, we begin by reviewing the
definition of the Berkovich projective line P1Berk.K/ and its fundamental properties.
In particular, after restriction to the case K D Cp , we recall the classification of the
points of P1Berk.Cp/ into four types according to Berkovich’s classification theorem.
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We focus on the R-tree structure obtained from a projective limit of finite trees and
refer to [1] for more details. We also introduce a hyperbolic metric structure and the
definition of the hyperbolic space denoted by HBerk.Cp/.

In Section 3, we provide a first construction of a commutative spectral triple rep-
resented by the datum .CLip.P1Berk.Cp//;H ; D/ as an inverse limit of finite spectral
triples associated with finite trees. The result is summarized in Theorem 3.9. We
closely follow the general construction of an inverse limit of spectral triples given
in [16].

In Section 5, we propose an alternative construction of C �-algebra associated
to P1Berk.Cp/ relying on the identification of the projective line with the Ważewski
universal dendrite introduced in Section 4. The C �-algebra OP1Berk.Cp/

is generated
by partial isometries indexed by the branching points of the universal dendrite. It is
in fact the full shift C �-algebra associated to a countable alphabet, with letters given
by the rational numbers in .0; 1/. This type of algebra bears similar properties than
the Cuntz–Krieger algebras, see for instance [22, 24]. The results are summarized in
Proposition 5.2 and Theorem 5.6. Using the representation space, we also define a
Perron–Frobenius operator and projection-valued measures.

Finally, in Section 5.2, we use the fact that PGL2.Cp/ is the isometry group of
P1Berk.Cp/. We exhibit a unitary representation of PGL2.Cp/ through the left action on
the projective line. This allows us to identify the boundary of P1Berk.Cp/ as the limit set
of the action. The boundary coincides with the p-adic. We construct the crossed prod-
uct C �-algebras, CLip.P1.Cp// Ì � with a Schottky group. The Patterson–Sullivan
measure is obtained as a KMS-state in Theorem 6.11.

The long-term goal of the project we start in this paper is to provide a unified
approach to the noncommutative geometry treatment of number theory in both the
Archimedean and non-Archimedean settings, as studied in the papers [9, 10, 12, 13].
This follows the general philosophy of Berkovich aiming at describing analogues of
complex analytic spaces in the complex p-adic case, providing a p-adic analytic space
where such a theory can be defined. Methods of noncommutative geometry, specially
spectral triples and Bost–Connes systems, have proved to be powerful to capture the
geometry of such wild spaces that often appear in number theory [11].

Apart from potential applications to number theory, the class ofC �-algebras intro-
duced in this paper and that appears in the potential theory and dynamics of rational
maps on the Berkovich projective line provide new examples of infinite graph C �-
algebras. In a different direction, we would like to mention that the present work hope-
fully provides a framework to test and rigorously define a version of the AdS/CFT
correspondence along the lines of [19, 21].
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2. The Berkovich projective line

In this section, we recall the definition of multiplicative seminorms and introduce the
construction of Berkovich spaces.

2.1. The multiplicative seminorms and Berkovich spaces

Definition 2.1. Let K be a field with absolute value j � j and let A be a K-algebra. A
multiplicative seminorm on A is a map

A! R�0; a 7! kak

such that

(1) k � k restricts to j � j on K;

(2) kaC bk � kak C kbk for all a; b 2 A;

(3) kabk D kak � kbk for all a; b 2 A.

If in addition a D 0 is the only element with kak D 0, then k � k is a multiplicative
norm (which is the same as an absolute value on A extending j � j). We call

kerk � k D
®
a 2 A W kak D 0

¯
the kernel of k � k; it is a prime ideal of A.

A K-algebra A with a fixed multiplicative norm such that A is complete with
respect to this norm is a Banach algebra over K.

Definition 2.2. Let .K; j � j/ be a field with absolute, let a 2 K and r � 0. Then,

D.a; r/ WD
®
� 2 K W j� � aj � r

¯
is the closed disk of radius r around a.

Example 2.3. Let .K; j � j/ be a complete non-Archimedean field.

(1) For any a 2 K, the map

f 7! kf ka;0 WD jf .a/j

is a multiplicative seminorm on KŒx�.

(2) For any a 2 K and any r > 0, the map

f 7! kf ka;r WD jf .x C a/jr

is a multiplicative (semi)norm on KŒx�.
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(3) Let .an/ be a sequence in K and .rn/ a strictly decreasing sequence in R>0
such that D.anC1; rnC1/ � D.an; rn/ for all n. Then

f 7! kf k D lim
n!1

kf kan;rn

is a multiplicative seminorm on KŒx�.

Definition 2.4. LetK be a complete and algebraically closed non-Archimedean field
and let A be a finitely generated K-algebra, so that A is the coordinate ring of the
affine K-variety X D Spec.A/. Then the Berkovich space associated to A or X is

Berk.A/ WD XBerk WD
®
k � k W A! R multiplicative seminorm on A

¯
(2.1)

the set of multiplicative seminorms on A. The topology on XBerk is the Gelfand
topology, i.e., the weakest topology that makes the maps XBerk ! R, k � k ! kf k,
continuous for all f 2 A. (Concretely, this means that any open set is a union of finite
intersections of sets of the form Uf;a;b D ¹k � k 2 XBerk W a < kf k < bº.)

Elements ofXBerk are called points. For a point � 2XBerk, the corresponding semi-
norm is denoted k � k� .

2.2. Berkovich’s classification theorem

Theorem 2.5 (Berkovich’s classification theorem). Every point x 2 A1Berk.K/ corre-
sponds to a nested sequenceD.a1; r1/�D.a2; r2/�D.a3; r3/� � � � of closed disks,
in the sense

kf kx D lim
n!1

kf kD.an;rn/:

Two such nested sequences define the same point of A1Berk.K/ if and only if

(a) each has a nonempty intersection, and their intersections are the same; or

(b) both have empty intersection, and the sequences are cofinal.

This brings us to Berkovich’s classification of elements of A1Berk.K/ into four
types of points according to the nature of D.a; r/ D \D.an; rn/:

(I) D.a; r/ is a point (r D lim ri D 0).

(II) D.a; r/ is a closed disk of radius r D lim ri > 0 belonging to the value
group jK�j of K. The corresponding discs D.a; r/ are called “rational”.

(III) D.a; r/ is a closed disk of radius r D lim ri > 0 that does not belong to
the value group jK�j of K. The corresponding discs D.a; r/ are called
“irrational”.

(IV) D.a; r/ is empty. As noted above, necessarily lim ri > 0.
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Remark 2.6. Berkovich’s classification theorem is crucial to understand the action of
the automorphism group of the tree. Specifically, the type of a point is invariant under
the action of the group. Moreover, type II points are dense in the tree, therefore one
can understand the action by restriction to the branching points.

2.3. The Berkovich affine line A1
Berk.Cp/

In this section and in the rest of the paper, we consider (unless stated otherwise) the
Berkovich affine line over Cp , A1Berk.Cp/DBerk.Cp Œx�/. According to the Berkovich
classification of points, the affine line A1Berk.Cp/ possesses four types of points. Type I
points are the classical points A1.Cp/ D Cp . Type II and III correspond to closed
disks D.a; r/ with r > 0 in, respectively, not in, the value group pQ of Cp . We use
the notation �a;r for these points. By extension, we identify the points a of type I with
�a;0.

The Berkovich affine line is endowed with a natural partial order. For any two
points �; � 0 2 A1Berk.Cp/, we say that:

� � � 0 if and only if 8f 2 CpŒx� W kf k� � kf k�0 :

In particular, for two disks D1 and D2, k � kD1 � k � kD2 if and only if D1 � D2.
The relation � defines a partial order on the affine line. For each pair of points �; � 0 2
A1Berk.Cp/, there is a unique least upper bound � _ � 0 2 A1Berk.Cp/ with respect to this
partial order. Moreover, if � � � 0, then we write Œ�; � 0� for the set of points � 00 such
that � � � 00 � � 0. If the points � and � 0 are of type I, II or III, then the set Œ�; � 0� is
homeomorphic to a closed interval in R.

Proposition 2.7. The space A1Berk.Cp/ is Hausdorff, locally compact and uniquely
path-connected.

We can now introduce different metrics on the Berkovich space A1Berk.Cp/.

Definition 2.8. The diameter of a point � 2 A1Berk.Cp/ is

diam.�/ WD inf
®
kx � ak� W a 2 Cp

¯
:

Therefore, points of types I, II and III have a diameter diam.�a;r/ D r , and for a
type IV point � represented by a nested sequence of disks D.an; rn/, we have

diam.�/ D lim
n!1

rn > 0:

There are two metrics that one can define using the diam map.

Definition 2.9. For any couple of points �; � 0 2A1Berk.Cp/, we define the small metric
by

d.�; � 0/ D 2 diam.� _ � 0/ � diam.�/ � diam.� 0/:
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In the case that �; � 0 are both not of type I, the big metric is defined by

�.�; � 0/ D 2 logv diam.� _ � 0/ � logv diam.�/ � logv diam.� 0/:

The small metric measures the total variation of diameter as we move along the
path from � to � 0. The big metric is the analogue of the hyperbolic metric on the upper
half-plane ds2 D .dx2 C dy2/=y2 in C. In fact, the hyperbolic part of A1Berk.Cp/

consists of points of types II, III and IV. The big metric is invariant under the action of
PGL2.Cp/, analogous to the fact that the standard hyperbolic metric is invariant under
the action of PSL2.R/. We can now introduce the tree-like structure of the Berkovich
line.

Definition 2.10 (R-tree). An R-tree is a metric space .T; d/ such that for any two
points x; y 2 T , there exists a unique path Œx; y� in T joining x to y, which is a
geodesic segment, i.e., the map 
 W Œa; b�! T giving the path can be chosen so that

d
�

.u/; 
.v/

�
D ju � vj for all u; v 2 Œa; b�:

A point x 2 T is a branch point if T n ¹xº has at least three connected components
in the metric topology. A point x is an endpoint if T n ¹xº is connected. An ordinary
point x is a point for which T n ¹xº has exactly two connected components.

The metric topology on T is called the strong topology. The weak topology is
defined using the tangent direction at x 2 T . A tangent direction is an equivalence
class of path Œx; y� with x ¤ y, where two paths are equivalent if they share an initial
segment. The connected components of T n¹xº are in one-to-one correspondence with
the tangent directions at x. For a tangent direction v at x, we define

U.x; v/ D
®
y 2 T W y ¤ x; Œx; y� 2 v

¯
:

The sets U.x; v/ are a subbasis for the weak topology.

Theorem 2.11. The following statements hold:

(1) The Berkovich line .A1Berk.Cp/; d/ equipped with the small metric d has a
R-tree structure. The Berkovich topology on A1Berk.Cp/ is the weak topology
on this R-tree.

(2) The space .A1Berk.Cp/nCp; �/ equipped with the big metric � has a R-tree
structure. The subspace topology on A1Berk.Cp/nCp is the weak topology on
this R-tree.
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Figure 1. The Berkovich affine line. Picture on the right is taken from [26].

2.4. The Berkovich projective line P 1
Berk.Cp/ and the R-tree structure

As a set, the Berkovich projective line, denoted by P1Berk.Cp/, is obtained by adding
a type I point, denoted 1 to the affine line A1Berk.Cp/. The set P1Berk.Cp/ is then
equipped with the one-point compactification topology.

The Berkovich hyperbolic line HBerk.Cp/ is a subset of P1Berk.Cp/ consisting of
all points of type II, III, and IV. One also defines HQ

Berk.Cp/, the set of all type II
points, and HR

Berk.Cp/ for the set of points of type II and III.

Proposition 2.12. The subset HQ
Berk.Cp/ is dense in P1Berk.Cp/.

The projective line P1Berk.Cp/ also inherits a R-tree structure. It is the compact-
ification of A1Berk.Cp/ seen as an R-tree. Following the description of Baker and
Rumely [1], one can navigate on the Berkovich projective line as follows. One starts
from the so-called Gauss point �0;1, corresponding to the unit disk which is a type II
point, and chooses between infinitely many (countable) branches in which to travel;
there is one branch for each element of the residue field Fp . On the chosen direction,
at each point of type II there are again infinitely many new branches in which to travel.

We can classify the points in the R-tree structure as follows:

(1) Points of types I and IV are endpoints.

(2) Points of type II are the only branching points, with infinite (countable) tan-
gent directions in bijection with the residue field P1.Fp/.

(3) Points of type III are ordinary points.
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There is an important description of the Berkovich projective line as a profinite
R-tree, i.e., an inverse limit of R-trees. Indeed, P1Berk.Cp/ is homeomorphic to the
inverse limit lim

 �
� over all finite R-trees � � P1Berk.Cp/. More precisely, let

S D
®
D.a1; r1/; : : : ;D.an; rn/

¯
be a finite set of (rational or irrational) discs of positive radius contained in D.0; 1/.
For simplicity, we assume that D.0; 1/ … S . To each disc D.ai ; ri /, there is an asso-
ciated point �ai ;ri 2 A1Berk.Cp/, which is a point of type II or III.

Define the graph of discs �S to be the union of the associated lines of discs
Œ�ai ;ri ; �Gauss�:

�S D

n[
iD1

Œ�ai ;ri ; �Gauss�:

If S1 and S2 are any two finite sets of discs, then �S1 and �S2 are both R-subtrees of
�S1[S2 . Moreover, the embedding of �Si in �S1[S2 is an isometry (with respect to
either metric). Let F be the collection of all finite graphs of the form �S as above.
Then, F is a directed set under inclusion and we write � � � 0 if � � � 0 as subsets
of D.0; 1/. Thus, whenever � � � 0 there is an inclusion map i�;�0 W � ! � 0.

Similarly, write F Q (resp. F R) for the subset of F consisting of graphs which
are union of all arcs connecting two points in HQ

Berk (resp. HR
Berk).

There is also a retraction map r�0;� W � 0 ! � defined whenever � � � 0. This is a
general property of R-trees: since there is a unique path between any two points of � 0,
if x 2 � 0 we can define r�0;�.x/ to be, for any y 2 � , the first point where the unique
path in � 0 from x to y intersects � . This definition is independent of the choice of y,
and one sees from the definition that r�0;�.x/ D x if and only if x 2 � . In particular,
r�0;� is surjective.

Theorem 2.13. There is a canonical homeomorphism

P1Berk.Cp/ ' lim
 ���
�2F

�:

Then P1Berk.Cp/ is a compact Hausdorff space identified with the inverse limit of its
finite subgraphs with the inverse limit topology.

We can also consider the direct limit with respect to the inclusion maps i�;�0 . In
this case, the limit is isomorphic (as a set) to HBerk.Cp/.
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Theorem 2.14. There are canonical bijections

HBerk.Cp/ ' lim
���!
�2F

�

HQ
Berk.Cp/ ' lim

����!
�2F Q

�; HR
Berk ' lim

����!
�2F R

�:

In other words, the branching points HQ
Berk.Cp/ is identified with the following

set

HQ
Berk.Cp/ D

®
.�a1;r1 ; �a2;r2 ; : : : �an;rn ; �an;rn ; : : : / W s.t. �ai ;ri 2 Type II for all i

¯
:

We refer to [1] for more details on this construction.

3. A commutative spectral triple on P 1
Berk.Cp/

3.1. Spectral triples on finite R-trees

Consider a finite R-tree � 2 F such that � D .V ;E/. For any a vertex v, denote by nv
the number of adjacent vertices to v. We construct a spectral triple over � , denoted by
.A� ;H� ; D�/. Let A� be the *-algebra of (Lipschitz continuous functions) CLip.�/

on .�; �/. The representation space is given by

H� D ˚v2V Hv such that Hv D `
2.V/˝C2nv : (3.1)

We define the *-representation �� of CLip.�/ on H� by:

�.f / .v/ D ˚vC�v

�
f .vC/ 0

0 f .v/

�
 .v/: (3.2)

The Dirac operator D� is an operator on H� and is given by

D� .v/ D ˚vC�v
1

�.v; vC/

�
0 1

1 0

�
 .v/: (3.3)

The grading operator 
� restricted on Hv is given by


� jHv D 1`2.V/ ˝

�
1 0

0 �1

�
˝ 1nv : (3.4)

Proposition 3.1. � is a faithful �-representation of CLip.�/.

Proof. It follows immediately that � is a �-representation for CLip.�/. It is bounded,
since f is continuous and � is finite. Moreover, if �.f / D 0 then f vanishes on the
graph � .
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Proposition 3.2. .CLip.�/;H� ;D� ; 
�/ is an even spectral triple.

Proof. It follows by definition that D� is a self-adjoint operator. We then check that

�� D 
� , 
2� D 
� , 
�D� D �D�
� and ��.f / D �.f /� for all f 2 CLip.�/.

3.2. Inverse limit of spectral triples

Consider two finite R-trees � and � 0 such that � � � 0. As mentioned, there exists a
surjective map r��0 W � 0 ! � . Therefore, we can define the pullback map:

r���0 W CLip.�/! CLip.�
0/; r���0.f /.x/ D f

�
r��0.x/

�
(3.5)

which satisfies by construction the following statement.

Proposition 3.3. The pullback map r���0 is injective.

On the other hand, the inclusion induces a pushforward map � W � ! � 0 which is
an inclusion of the representation spaces:

���0 W H� ! H�0 ; ���0. /.x/ D

´
 .x/ if x 2 ���0.�/,

0 otherwise.
(3.6)

We consider the triple .A� ;H� ;D�/.

Definition 3.4. A morphism between two spectral triples .Ai ;Hi ; Di / for i D 1; 2
is a pair .�; I / consisting of a unital �-homomorphism � W A1 ! A2 and a bounded
linear operator I W H1 ! H2 satisfying the following conditions:

(1) �.A11 / � A
1
2 where A11 and A12 are defined in [16];

(2) I�1.a/ D �2.�.a//I , for every a 2 A1;

(3) I.Dom.D1// � Dom.D2/ and ID1 D D2I .

A morphism .�; I / is said to be isometric if � is injective and I is an isometry.
A morphism between two even spectral triples .Ai ;Hi ; Di ; 
i / for i D 1; 2 is a pair
.�; I / satisfying the additional condition:

(4) I
1 D 
2I .

Proposition 3.5. The pair .r���0 ; ���0/ is a morphism of spectral triples between the
two spectral triples .A� ;H� ;D�/ and .A�0 ;H�0 ;D�0/.

Proof. We check the different points given in the above definition.

(1) For any a 2 A� , the commutator ŒD; ��.a/� is bounded on H� . Similarly,
the commutator ŒD; ��0.a/� is bounded on H�0 . Therefore, A1� D A� and
A1�0 D A�0 .



Noncommutative geometry on the Berkovich projective line 123

(2) Using the fact that ���0. /.v/ ¤ 0 iff v 2 ���0.�/ and the definition of the
representation, we check that:

���0.�1.f / /.v/D˚���0 .vC/����0 .v/

�
f .���0.vC// 0

0 f .���0.v//

�
 ���0 .v/

�2.r
�
��0.f //���0. /.v/ D ˚vC�v

�
f ı r��0.vC/ 0

0 f ı r��0.v/

�
 ���0 .v/

and for v 2 ���0.�/, we have r��0.v/ D v.

(3) Since ���0.`2.�// � `2.� 0/, then ���0.Dom.D1// � Dom.D2/ and

���0.D / D D���0. /:

In addition, the map ���0 is an isometry.

Definition 3.6. Let .J;�/ be a directed index set and .Aj ;Hj ;Dj /j2J be a family of
spectral triples. Suppose that for every j; k 2 J and j � k there exists an isometric
morphism .�jk; Ijk/ from .Aj ;Hj ;Dj / to .Ak;Hk;Dk/ satisfying �kl�jk D �jl and
IklIjk D Ijl , for all j; k; l 2 J and j � k � l . The resulting system®

.Aj ;Hj ;Dj /; .�jk; Ijk/
¯
J

is called an inductive system of spectral triples.

Definition 3.7. The triple .A;H ; D/ is called the inductive realization of the induc-
tive system and denoted by ¹.Aj ;Hj ;Dj /; .�jk; Ijk/ºJ .

We consider the inverse limit system of finite trees .�j ; rj;jC1/j2J defining the
Berkovich projective space P1Berk obtained as the inverse limit

P1Berk D lim
 �
.�j ; rj;jC1/j2J : (3.7)

We define the family of spectral triples ¹.Aj ;Hj ;Dj /; .r
�
jk
; �jk/ºJ with the following

notation:
Aj WD CLip.�j /; Hj D `

2.�j /; Dj D D�j (3.8)

and with the isometric morphism:

r�jk W Aj ! Ak; �jk W H ! Hk : (3.9)

Proposition 3.8. We have the following direct limits:

CLip
�
P1Berk.Cp/

�
D lim
�!

CLip.�/; `2.P1Berk/ D lim
�!

`2.�/; � D lim
�!

�� : (3.10)
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Therefore, � is the unique representation of the C �-algebra A on H such that

�
�
rj .a/

�
�j D �j�j .a/: (3.11)

One can describe the inductive limit of the family of operators ¹Dj ºj2J . Following
the construction in [16] , we consider the dense domain D of H ,

D D
[
j2J

�j
�
Dom.Dj /

�
: (3.12)

For every vector  2 D of the form  D �j j , where  j 2 Dom.Dj /, define

D D �jDj j : (3.13)

It follows that D is a densely defined symmetric operator. Moreover, since the oper-
ators Dj are self-adjoint, we have that Range.Dj ˙ i/ D Hj , for every j 2 J . Con-
sequently, Range.D ˙ i/ is dense in H , and thus D is essentially selfadjoint. We use
the same letterD, or the symbolD D lim

�!
Dj , to denote the closure of this essentially

selfadjoint operator, and call it the inductive limit of the family of operators ¹Dj ºj2J .
Similarly, we use the symbol 
 to denote the inductive limit 
 D lim

�!

j . Putting the

various strands together, we consider the following inductive system given by the data
¹.Aj ;Hj ;Dj ; 
j /; .�j;jC1; Ij;jC1/ºj2J and its inductive realization:�

CLip.P
1
Berk/; `

2.P1Berk/; �;D; 

�
:

Theorem 3.9. The operator D is self-adjoint with compact resolvent and ŒD; �.f /�
is a bounded operator for any Lipschitz continuous function a 2 CLip.P1Berk/, i.e., the
spectral triple .CLip.P1Berk/; `

2.P1Berk/; �;D; 
/ is an even spectral triple.

Proof. Let us recall that for an integer j , the Dirac operator D�j is defined by

D�j .v/ D ˚vC�v
1

�.v; vC/

�
0 1

1 0

�
 .v/ (3.14)

for any v 2 �j . Then, we can bound the operator Dj using the metric � on the finite
graph:

kDj k D sup
e2Ej

1

`.e/
(3.15)

where for an edge e 2 Ej joining the vertices v1 and v2, the length `.e/ is `.e/ WD
�.v1; v2/. We denote by R�.D/ the resolvent of an operator D at a point � 2 CnR.
The sequence ¹kDj kºj2NN is unbounded, then using [16, Theorem 3.1] we have that
D has compact resolvent if and only if

k�j ıR�.Dj / ı �
�
j k D sup

k>j

1

jkDkk � �j
! 0
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for � 2 CnR, which is equivalent to kDj k ! 0 as j ! 0. Moreover, using the
Lipschitz continuity of a 2 CLip.�j /, we have that the family of operators given
by ¹ŒDk; �k.rj;k.a//�ºk�j is uniformly bounded. Then, the operator D is such that
ŒD; �.a/� is bounded on a dense subalgebra of CLip.P1Berk.Cp//.

4. P 1
Berk.Cp/ as the universal Ważewski dendrite

We would like to focus in this work on yet another construction of P1Berk.Cp/ as an
inverse limit of compact spaces, called dendrites. The present section is based on
the work in [2] for which we refer to for proves and more details on the following
statements.

Definition 4.1. A continuum is a compact, connected metrizable space. A simple
closed curve in a topological space is any subspace homeomorphic to a circle. A
dendrite is a locally connected continuum containing no simple closed curve. Den-
drites may be thought of as topological generalizations of trees in which branching
may occur at a dense set of points.

The definitions of branch points, ordinary points and endpoints on R-trees, extend
to dendrites. We can now introduce the so-called Ważewski’s universal dendrite.

Theorem 4.2 (Ważewski’s universal dendrite). Up to homeomorphism, there is a
unique dendrite W such that its branch points are dense in W and there are @0
branches at each branch point. The dendrite W is called the Ważewski’s universal
dendrite.

In particular, the Ważewski’s universal dendrite can be obtained from a chain of
dendritesD1 �D2 �D3 � : : : , then defines certain bonding maps fn WDnC1!Dn

and then finally obtains Ważewski’s universal dendrite as

lim
 �
¹Dn; fnº

1
nD1:

Proposition 4.3. For any dendrite D, D is homeomorphic to the Ważewski’s univer-
sal dendrite if and only if its set of branching points is dense in D and each of its
branching points has @0 branches.

From this, one can immediately notice that P1Berk.Cp/ is a dendrite and the subset
of branching points HQ

Berk.Cp/ is dense. Therefore, the Berkovich projective line is
homeomorphic to the Ważewski’s universal dendrite.

If .X;d/ is a compact metric space, then 2X denotes the set of all nonempty closed
subsets of X . The set 2X can be equipped with the Hausdorff metric, dH making
.2X ; dH / a metric space called the hyperspace of the metric space .X; d/.
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A set valued function from X to Y is a single-valued function f W X ! 2Y . The
graph Gr.f / of a set-valued function f W X ! 2Y is the set of all pair of points
.x; y/ 2 X � Y such that y 2 f .x/. A function f W X ! 2Y , where X and Y are
compact metric spaces, is an upper semi-continuous set-valued function from X to Y
(abbreviated u.s.c.) if for each open set V � Y , the set ¹x 2X j f .x/� V º is an open
set in X .

Proposition 4.4. Let X and Y be compact metric spaces and f W X ! 2Y a set-
valued function. Then f is u.s.c. if and only if its graph Gr.f / is closed in X � Y .

Definition 4.5 (Inverse sequence and limit). An inverse sequence of compact metric
spaces Xk with u.s.c. bonding functions fk is a sequence ¹Xk; fkº

1
kD1, where fk W

XkC1 ! 2Xk .
The inverse limit of an inverse sequence ¹Xk; fkº1kD1 with u.s.c. bonding func-

tions is defined as the subspace

lim
 �
¹Xk; fkº

1
kD1 WD

²
x D .x1; x2; x3; : : : / 2

1Y
kD1

Xk W xk 2 f .xk/

³
:

In this paper, we look at the special case of inverse limit where Xk D Œ0; 1� and
fk D f for some function f W Œ0; 1�! 2Œ0;1�. In such case, the inverse limit is denoted
by lim
 �
¹Œ0; 1�; f º1kD1.

Let X and Y be compact sets, and a given set-valued u.s.c function f W X !
2Y with graph Gr.f /. Let �1 W Gr.f /! X and �2 W Gr.f /! Y be the coordinate
projections. Then, we have

f .x/ D �2
�
��11 .x/

�
; x 2 X;

Equivalently, given a closed set G � X � Y such that �1.G/ D X , then �2 ı ��11
defines a set-valued u.s.c. function such that Gr.�2 ı ��11 / D G.

Let � be the diagonal subset of Œ0; 1� � Œ0; 1�, i.e., the subset

� D
®
.t; t/ 2 Œ0; 1� � Œ0; 1� W t 2 Œ0; 1�

¯
:

For a fixed integer n, let ¹.ai ; bi /ºniD1 be a finite sequence in Œ0; 1� � Œ0; 1�, such
that ai < bi for each i D 1; : : : ; n and ai ¤ aj whenever i ¤ j . Next, denote by
L.ai ; bi /

n
iD1 the union of lines

L.ai ; bi /
n
iD1 D

n[
iD1

�
Œai ; bi � � ¹aiº

�
� Œ0; 1� � Œ0; 1�:

Then, we define the set

G.ai ; bi /
n
iD1 D � [ L.ai ; bi /

n
iD1 (4.1)
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which is closed in the product Œ0; 1�� Œ0; 1�, since it is a union of finitely many closed
arcs. Furthermore, �1.G.ai ; bi /niD1/ D �2.G.ai ; bi /

n
iD1/ D Œ0; 1�. Therefore, by the

closed graph theorem, there is a surjective u.s.c. function f.ai ;bi /niD1 W Œ0; 1�! 2Œ0;1�

such that its graph Gr.f.ai ;bi /niD1/ D G.ai ; bi /
n
iD1.

Definition 4.6 (Comb function). Let n be a positive integer and ¹.ai ; bi /ºniD1 be a
subset Œ0; 1� � Œ0; 1�, such that 0 < ai < bi for each i D 1; : : : ; n and ai ¤ aj when-
ever i ¤ j . Then, f W Œ0; 1� ! 2Œ0;1� is called an n-comb function with respect to
¹.ai ; bi /º

n
iD1 if f D f.ai ;bi /niD1 .

Notation 4.7. For each positive integer j , let ij be a nonnegative integer. We use the
notation

.a
i1
1 ; a

i2
2 ; a

i3
3 ; : : : /

to represent the point .a1; a1; : : : ; a1„ ƒ‚ …
i1

; a2; a2; : : : ; a2„ ƒ‚ …
i2

; : : : / and

.a
i1
1 ; a

i2
2 ; a

i3
3 ; : : : ; a

ij
j ; t

1/

to denote the point .a1; a1; : : : ; a1„ ƒ‚ …
i1

; a2; a2; : : : ; a2„ ƒ‚ …
i2

; : : : ; aj ; aj ; : : : ; aj„ ƒ‚ …
ij

; t; t; t; : : : /.

Example 4.8. Let f be a 1-comb function with respect to the point .a; b/. Then a
point x 2 lim

 �
¹Œ0;1�;f º1

kD1
if and only if either xD .t1/ for a t 2 Œ0;1�, or there exists

a positive integer n such that xD .an; t1/ for a t 2 .a;b�. Therefore, lim
 �
¹Œ0;1�;f º1

kD1

is a star with center the point .a1/ and beams

L0 D
®
.t1/ j t 2 Œ0; a�

¯
; L00 D

®
.t1/ j t 2 Œa; 1�

¯
and Ln D

®
.an; t1/ j t 2 Œa; b�

¯
:

The center .a1/ is the only ramification point, and the maximal free arcs are the
beams.

Proposition 4.9. Let n be any positive integer and let f W Œ0; 1�! 2Œ0;1� be any n-
comb function. Then lim

 �
¹Œ0; 1�; f º1

kD1
is a dendrite. In particular, we denote by Dn

the dendrite
Dn D lim

 �

®
Œ0; 1�; f.ai ;bi /niD1

¯1
kD1

:

Let ¹.an; bn/º1nD1 be any sequence in Œ0; 1� � Œ0; 1� such that

(1) an < bn for each n;

(2) ai ¤ aj whenever i ¤ j ;

(3) lim
n!1

.bn � an/ D 0:
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Then, similarly one can construct the set G.an; bn/1nD1

G.an; bn/
1
nD1 D � [ L.an; bn/

1
nD1 (4.2)

as a closed subset of Œ0; 1� � Œ0; 1�. Therefore, there exists a surjective u.s.c. func-
tion f.an;bn/1nD1 W Œ0; 1�! 2Œ0;1� such that its graph is exactly G.an; bn/1nD1. Thus,
f.an;bn/1nD1 is called the comb function with respect to the set of points ¹.an; bn/º1nD1.

Theorem 4.10. Let f W Œ0; 1�! 2Œ0;1� be any comb function with respect to an admis-
sible sequence ¹.an; bn/º

1
nD1 such that the set ¹an j n D 1; 2; : : : º is dense in Œ0; 1�.

Then,

lim
 �

®
Œ0; 1�; f

¯1
kD1
D Cl

� 1[
nD1

Dn

�
:

Moreover, lim
 �
¹Œ0; 1�; f º1

kD1
is homeomorphic to Ważewski’s universal dendrite.

Corollary 4.11. Let f W Œ0;1�! 2Œ0;1� be the comb function with respect to a sequence
¹.an; bn/

1
nD1º. Any point x 2 lim

 �
¹Œ0; 1�; f º1

kD1
can be classified as follows:

(1) If x 2 Dn for some positive integer n then, either x D .t1/, t 2 Œ0; 1�, or is
of the form

x D .a
k1
i1
; a
k2
i2
; a
k3
i3
; : : : ; a

km
im
; t1/

for some positive integer m and for each ` � m it holds that i` � n, k` > 0,
ai` < ai`C1 � bi` , and aim � t � bim . In particular,

(a) x is a branching point in Dn if and only if

x D .x1; x2; x3; : : : ; xm; a
1
j /; j � n;

(b) x is an endpoint in Dn for some positive n, i.e.,

x D .x1; x2; x3; : : : ; xm; b
1
i /; i � n:

(2) If x 2 lim
 �
¹Œ0; 1�; f º1

kD1
n
S1
nD1Dn, then it has the general form

x D .a
k1
i1
; a
k2
i2
; a
k3
i3
; : : : /:

Notation 4.12. For any dense subset ¹an; n 2 Nº of the interval .0; 1/, there exists
a comb function f such that the inverse limit lim

 �
¹Œ0; 1�; f º1

kD1
is homeomorphic

to the Ważewski’s universal dendrite. From now on, we assume that the comb map
f.ai ;bi /1iD1 is constructed such that the set ¹an W n 2 Nº is an enumeration of the
rational numbers in .0; 1/, i.e., Q \ .0; 1/. In the rest of the paper, we use qn instead
of an to emphasize the fact that we are using rational numbers as coordinates for
branch points.
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Remark 4.13. In Corollary 4.11, we recognize the general structure of a dendrite
and the classification of points of the Berkovich line, identified with the Ważewski
universal dendrite. We identify the four categories of points:

(1) The branching points or Type II points:

Br.X/ D
®
x 2 X W x D .q

k1
i1
; q
k2
i2
; q
k3
i3
; : : : ; q

km�1
im�1

; q1im/;

for each ` � m; qi` < qi`C1
¯
:

(2) The regular points or Type III points:

Reg.X/ D
®
x 2 X W x D .q

k1
i1
; q
k2
i2
;q
k3
i3
; : : : ; q

km
im
; t1/;

8` � m; qi` < qi`C1 ; t 2 .qim ; 1�n.qn/
¯
:

(3) The endpoints or Type IV points:

End.X/ D
®
x 2 X W x D .q

k1
i1
; q
k2
i2
; q
k3
i3
; : : : ; q

km
im
; b1j /;

8` � m; qi` < qi`C1 ; qim < bj
¯
:

(4) The limit points or Type I points:

Lim.X/ D
®
x 2 X W x D .q

k1
i1
; q
k2
i2
; q
k3
i3
; : : : ; q

km
im
; : : : /;8`; qi` < qi`C1

¯
:

Remark 4.14. An important property of the Ważewski dendrite W is the following:
it is a homogeneous space in the following sense: the closure of any connected open
subset of W is homeomorphic to W (see for instance [6]).

Remark 4.15. The previous results give a description of Berkovich spaces as inverse
systems in the compact space Œ0; 1�. This construction allows us to introduce the shift
map induced by the comb function f in the inverse limit. This shift map defines a
dynamical system on P1Berk.Cp/.

4.1. Two equivalent topologies on P 1
Berk.Cp/

So far, we have described the topology on the Berkovich line or equivalently the
Ważewski dendrite as the weak topology. In this short paragraph, we would like to
define an equivalent topology given by the so-called cylindrical sets as a subbasis.

The weak topology on R-trees. This topology is also known as the Observer’s topol-
ogy on a tree T . It is the topology generated (in the sense of a subbasis) by sets
U.x; v/, for x 2 T and v 2 Tx such that U.x; v/ D ¹y 2 T W y ¤ x; Œx; y� 2 vº. We
denote this topology by �O.
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Cylindrical topology. Let q D qk1i1 ; q
k2
i2
; q
k3
i3
; : : : ; q

km
im

be a finite word. Consider the
cylinder set defined by

Z.q/ WD
®
qx 2 P1Berk.Cp/ W x 2 P1Berk.Cp/

¯
: (4.3)

Then, define the topology �Cyl generated (as a subbasis) by the cylinder sets.

Proposition 4.16. The topologies �O and �Cyl are equivalent.

Proof. Fix x; y 2 P1Berk.Cp/ and consider the direction set U.x; Œx; y�/. Let z 2
U.x; Œx; y�/ such that, without loss of generality, we have x � z � y. By a den-
sity argument, we can find x0 of Type II such that x � x0 � z � y. Then, we would
have x0 D q

k1
i1
; q
k2
i2
; q
k3
i3
; : : : ; q1in , x D q

k1
i1
; q
k2
i2
; q
k3
i3
; : : : q

km
im
; t1, for some t � qin

and also z D q
k1
i1
; q
k2
i2
; q
k3
i3
; : : : q

kn
in
; t1 for some t � qknin . Define the word q D

q
k1
i1
; q
k2
i2
; q
k3
i3
; : : : ; q

kn
in

and the cylinder set Z.q/. Then, by construction z 2 Z.q/ and
any point z0 2 Z.q/ is such that z0 � x0 and thus the path Œx; z0� is equivalent to the
path Œx;y� as they share the common segment Œx;x0�. Hence, z 2Z.q/�U.x; Œx;y�/.

Conversely, let q D qk1i1 ; q
k2
i2
; q
k3
i3
; : : : ; q

km
im

and a cylinder set Z.q/. Fix z 2 Z.q/.

In addition, define the Type II point given by x D qk1i1 ; q
k2
i2
; q
k3
i3
; : : : ; q1im . We consider

next U.x; Œx; z�/, the direction of z at x. Then, z 2 U.x; Œx; z�/. Moreover, note that
any z0 2 U.x; Œx; z�/ is such that z0 � x (in the tree’s partial order); thus z0 can be
written z0 D qy for some y 2 P1Berk.Cp/ and therefore, we have z0 2 Z.q/. Hence,
z 2 U.x; Œx; z�/ � Z.q/.

5. Noncommutative geometry on P 1
Berk.Cp/

There are several ways to associate a C �-algebra to the space P1Berk.Cp/; we expose
some of them that appear to be relevant to the construction of spectral triples. We
start with C �-algebras associated to the space of branching points HQ

Berk.Cp/ seen as
a countable alphabet. We use the construction presented in the works [3, 4].

5.1. C �-algebras of countable subshifts

In this paragraph, we denote by Q1 the set Q \ .0; 1/. We consider the set of Type
2 points as a countable alphabet. The shift map on QN

1 is the map � W QN
1 ! QN

1

given by �.xn/ D .xnC1/. Now, we notice that HQ
Berk.Cp/ is a subset of QN

1 and is
invariant for � i.e. �.HQ

Berk.Cp// � HQ
Berk.Cp/. For an invariant subset X � AN , we

define Ln.X/ as the set of all words of length n that appear in some sequence of X,
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that is for HQ
Berk.Cp/,

Ln.H
Q
Berk.Cp// WD

®
.a0 : : : an�1/ 2 Qn

W 9 x 2 HQ
Berk.Cp/ s.t.

.x0 : : : xn�1/ D .a0 : : : an�1/
¯
:

We set L0.H
Q
Berk.Cp// D ;. The language of HQ

Berk.Cp/ is then the set

L
HQ

Berk.Cp/
WD

1[
nD0

Ln

�
HQ

Berk.Cp/
�

consisting of all finite words that appear in some sequence in HQ
Berk.Cp/. Given the

subshift HQ
Berk.Cp/ over the alphabet Q1 and ˛; ˇ 2 L

HQ
Berk.Cp/

, we define

C.˛; ˇ/ WD
®
ˇx 2 HQ

Berk.Cp/ W ˛x 2 HQ
Berk.Cp/

¯
:

In particular, Zˇ WD C.;; ˇ/ is called the cylinder set of ˇ, and F˛ WD C.˛; ;/ the
follower set of ˛.

Let B
HQ

Berk.Cp/
be the Boolean algebra of subsets of HQ

Berk.Cp/ generated by the
sets C.˛; ˇ/ for any words ˛; ˇ 2 L

HQ
Berk.Cp/

.

Definition 5.1. Let U be a Boolean algebra. The unital subshift C �-algebra OX asso-
ciated with X is the universal unital C �-algebra generated by projections ¹pA WA 2Uº

and partial isometries ¹sa W a 2 Aº subject to the relations:

(i) pX D 1, pA\B D pApB , pA[B D pA C pB � pA\B and p; D 0, for every
A;B 2 U;

(ii) sˇ s
�
˛s˛s

�
ˇ
D pC.˛;ˇ/ for all ˛; ˇ 2 LX for all ˛; ˇ 2 LX, where s; D 1 and,

for ˛ D ˛1 : : : ˛n 2 LX, s˛ D s˛1 : : : s˛n .

In particular, s�˛s˛ D pC.˛;;/ D pF˛ and sˇ s�ˇ D pC.;;ˇ/ D pZˇ for all ˛; ˇ 2 LX.

We can now define the universal algebra O
HQ

Berk.Cp/
associated to the subshift

HQ
Berk.Cp/, which satisfies the following properties.

Proposition 5.2. In O
HQ

Berk.Cp/
the following hold:

(i) s�q sp D ıq;ppFq for all q; p 2 Q1;

(ii) s�˛s˛ and s�
ˇ
sˇ commute for all ˛; ˇ 2 L

HQ
Berk.Cp/

;

(iii) s�˛s˛ and sˇ s�ˇ commute for all ˛; ˇ 2 L
HQ

Berk.Cp/
;

(iv) s˛sˇ D 0 for all ˛; ˇ 2 L
HQ

Berk.Cp/
such that ˛ˇ … L

HQ
Berk.Cp/

;

(v) O
HQ

Berk.Cp/
is generated by the set ¹sq; s�q W q 2 Q1º [ ¹1º.
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Proof. (i) From the definition of a partial isometry, one has sq D pZq sq and therefore
we can write the following equalities s�q sp D s

�
qpZqpZpsp D ıq;ppFq . (ii) Using the

point (ii) in the definition, for ˛;ˇ 2L
HQ

Berk.Cp/
, we have that s�˛s˛s

�
ˇ
sˇ D pF˛pFˇ D

pFˇpF˛ from which commutativity follows. (iii) The proof of (iii) is identical. (iv)
Similarly to the proof of (i), we have by definition of a partial isometry that s˛sˇ D
s˛pF˛pZˇsˇ D s˛pF˛\Zˇsˇ . The last term in the previous equality vanishes when-
ever ˛ˇ …L

HQ
Berk.Cp/

. (v) The algebra O
HQ

Berk.Cp/
is generated by the partial isometries

sa and the projections pA for any A 2 B
HQ

Berk.Cp/
. But the projections on the sets

C˛;ˇ can be written as pC.˛;ˇ/ D sˇ s�˛s˛s
�
ˇ

. Moreover, the sets C.˛; ˇ/ generate the
Boolean algebra, from which the statement follows.

Remark 5.3. The universal C �-algebra O
HQ

Berk.Cp/
can be equivalently constructed

as an Exel-Laca graph C �-algebra [15] as shown in [4, Proposition 4.4].

Moreover, one can associate a Hilbert space to the set HQ
Berk.Cp/, which we denote

by `2.HQ
Berk.Cp/; dq/, where the measure dq is the counting measure on HQ

Berk.Cp/.
In this section, this Hilbert space is denoted by H . In particular, the Hilbert space H

admits an orthonormal basis ¹ex W x 2 HQ
Berk.Cp/º of Kronecker delta functions.

Proposition 5.4. Consider the family of operators ¹Sqºq2Q1 and ¹PQºQ2U on the
space `2.HQ

Berk.Cp// defined by

Sq.ex/ WD

´
e�q.x/ if x 2 Fq
0 otherwise

PQ.ex/ WD

´
ex if x 2 Q

0 otherwise
(5.1)

where ¹ex W x 2 Xº is an orthonormal basis of `2.HQ
Berk.Cp//. Then the map � W

O
HQ

Berk.Cp/
! B.H /, such that �.sq/ D Sq for all q 2 Q and �.pQ/ D PQ for all

Q 2 U defines a �-representation.

Proof. We verify immediately that PQ is a projection satisfying the following prop-
erties: P

HQ
Berk.Cp/

D 1, PQ\R D PQPR, PQ[R D PQ C PR � PQ\R and P; D 0,
for every Q;R 2 B

HQ
Berk.Cp/

.
Moreover, for any q 2 Q1, Sq is a partial isometry between the following initial

and final space:

Sq W span¹ex W x 2 Faº ! span¹ex W x 2 Zaº

with the adjoint given by

S�q .ex/ D

´
ey if x D ay 2 Za
0 otherwise:
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In addition, we can define S˛ WD S˛1 � � �S˛n for ˛D ˛1 � � �˛n 2L
HQ

Berk.Cp/
. The partial

isometries also generate the projections on the generating sets SˇS�˛S˛S
�
ˇ
D PC.˛;ˇ/.

The claim then follows from the universal property of O
HQ

Berk.Cp/
.

5.2. Semibranching systems on P 1
Berk.Cp/

We can extend the previous representation on the set of rational points HQ
Berk.Cp/ to

the full space P1Berk.Cp/. We can also exploit the metric structure on the Berkovich
line in order to single out invariant measures. To exhibit representation spaces of such
C �-algebras, we rely on semibranching systems; we refer to [5] for further details on
such construction.

5.2.1. Invariant measure. In order to define a representation of the universal C �-
algebra O

HQ
Berk.Cp/

using the space P1Berk.Cp/, we need to single out a measure � on

the projective line. In order to do so, we use the isometry group Iso.P1Berk.Cp//.
A fact of fundamental importance is that the action of a non-constant rational map

on P1.Cp/ extends naturally to an action on P1Berk.Cp/, and such map preserves the
type of the point upon which it acts.

Let ' 2Cp.T / be a rational function of degree d � 1. The usual action on P1.Cp/

extends to a continuous action ' W P1Berk.Cp/! P1Berk.Cp/.
Particularly, the maps 
2 PGL2.Cp/ act transitively on type II points of P1Berk.Cp/,

and any type II point �a;r can be written as �a;r D 
.�root /, where 
 D . q a0 1 / and
jqjv D r .

Corollary 5.5 ([1]). Aut.P1Berk.Cp// ' PGL2.Cp/, the group of Möbius transforma-
tions (or linear fractional transformations) acting on P1Berk.Cp/.

The group PGL2.Cp/ of Möbius transformations acts continuously on P1Berk.Cp/

in a natural way compatible with the usual action P1.Cp/, and this action preserves
HBerk.Cp/. Using the definition of P1Berk.Cp/ in terms of multiplicative seminorms
(and extending each Œ��x to a seminorm on its local ring in the quotient field Cp.T /)
we have

Œf �M.x/ D Œf ıM�x (5.2)

for eachM 2 PGL2.Cp/. The action of PGL2.Cp/ on P1Berk.Cp/ can also be described
concretely in terms of Berkovich’s classification theorem, using the fact that each
M 2 PGL2.Cp/ takes closed discs to closed discs. An important observation is that
PGL2.Cp/ acts isometrically on HBerk.Cp/, i.e.,

�.Mx;My/ D �.x; y/ (5.3)

for all x;y 2HBerk.Cp/ and allM 2 PGL2.Cp/, where � is the big metric. This shows
that the path metric � is “coordinate-free”.
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Following [17], since .P1Berk.Cp/; �/ is a compact metric space with isometry
group PGL2.Cp/, there exists a non-zero PGL2.Cp/-invariant Radon measure on
P1Berk.Cp/, denoted by �G . Moreover, since PGL2.Cp/ acts transitively, then �G is
strictly positive. We can then define the Hilbert space L2.P1Berk.Cp/; �G/.

5.2.2. Representation in L2.P 1
Berk.Cp/; �G /. Consider the shift map

� W P1Berk.Cp/! P1Berk.Cp/:

It is a continuous surjection. Keeping the notations introduced in the previous section,
we consider the sets

C.˛; ˇ/ WD
®
ˇx 2 P1Berk.Cp/ W ˛x 2 P1Berk.Cp/

¯
for every ˛; ˇ 2 L

HQ
Berk.Cp/

. In particular, Zˇ WD C.;; ˇ/ is the cylinder set of ˇ, and
F˛ WD C.˛;;/ the follower set of ˛. Let us define the maps �q for q 2such that

�q W F.q/! Z.q/; �q.x/ D qx: (5.4)

Let BP1Berk.Cp/
be the Boolean algebra of subsets of P1Berk.Cp/ generated by all the sets

C.˛; ˇ/ for ˛; ˇ 2 L
HQ

Berk.Cp/
. similarly, one can construct the universal C �-algebra

OP1Berk.Cp/
.

Theorem 5.6. The C �-algebras OP1Berk.Cp/
and O

HQ
Berk.Cp/

are *-isomorphic.

Proof. The map j defined on cylinder sets such that

j
�®
ˇx 2 HQ

Berk.Cp/ W ˛x 2 HQ
Berk.Cp/

¯�
D
®
ˇx 2 P1Berk.Cp/ W ˛x 2 P1Berk.Cp/

¯
extends to an isomorphism of Boolean algebras between B

HQ
Berk.Cp/

and BP1Berk.Cp/
.

The statement follows then from the universal property of O
HQ

Berk.Cp/
.

Further on, we consider OP1Berk.Cp/
as the C �-algebra associated to the Berkovich

line. We now study its representation on L2.P1Berk.Cp/; �G/.

Definition 5.7 (Semibranch system). Consider a measure space .X; �/ and a count-
able family ¹�iºi2N , of measurable maps �i WDi !X , defined on measurable subsets
Di � X . The family ¹�iºi2N is called a semibranching system if the following hold:

(1) There exists a corresponding family ¹Riºi2N of measurable subsets ofX with
the property,

�.Xn [i Ri / D 0; and �.Ri \Rj / D 0; for i ¤ j (5.5)

where we denote by Ri the range Ri D �i .Di /.
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(2) There is a Radon–Nikodym derivative

ˆ�i D
d.� ı �i /

d�

with ˆ�i > 0, �-almost everywhere on Di .

A measurable map � W X ! X is called a coding map for the family ¹�iº if for all
x 2 Di , � ı �i .x/ D x.

Lemma 5.8. For every q 2 Q1, the Radon–Nikodym derivative ˆ�q D 1.

Proof. The sets F.q/ and D.q/ are both non-empty compact, locally connected met-
ric spaces with no closed curves, hence both are dendrites. Moreover, their sets of
branching points are dense (by construction) with infinite branching at each point. By
universality of the Ważewski dendrite W , F.q/ and D.q/ are both homeomorphic
to W . In, addition the map �q W F.q/ ! D.q/ is continuous, surjective and thus a
homeomorphism, with inverse � (see [6]). Thus, �q 2 Homeo.W/ and by identifica-
tion with P1Berk.Cp/, �g can be identified with an element 
g of PGL2.Cp/. Using the
invariance of �G we can compute the Radon–Nikodym derivative:

ˆ�q D
d.�G ı �q/

d�G
D
d.�G ı 
g/

d�G
D 1: (5.6)

Proposition 5.9. The shift map � W P1Berk.Cp/! P1Berk.Cp/ is the coding map of the
semibranching function system given by the family of maps ¹�qºq such that

�q W F.q/! Z.q/; �q.q1; q2; : : : / D .q; q1; q2; : : : / for all q 2 Q1: (5.7)

Moreover, one can construct a family of operator .Sq/q2Q acting on the Hilbert space
L2.P1Berk.Cp/; �G/:

.Sq /.x/ D �Z.q/.x/ ı �.x/: (5.8)

We also denote the space L2.P1Berk.Cp/; �G/ by H .

Proof. Item (1) in the definition of a semibranching system follows from the fact that
the collection ¹Z.q/ W q 2Q1º forms a disjoint partition of P1Berk.Cp/. Item (2) follows
from Lemma 5.8.

Lemma 5.10. The adjoint of the operator Sq is given by

S�q W H ! H ; .S�q '/.x/ D �F.q/.x/ ı �q.x/: (5.9)
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Proof. For any q 2 Q1, we can write

hSq ; 'i D

Z
Z.q/

 
�
�.x/

�
'.x/d�G.x/

D

Z
F.q/

 .u/'
�
�q.x/

�
ˆ�q .u/d�G.u/ D h ; S

�
q 'i

where we used Lemma 5.8 to state that ˆ�q .u/ D 1.

Consider then the C �-algebra generated by the set of partial isometries ¹Sq; S�q W
for all � � �0º and then define the concrete C �-algebra

A.H / WD ¹Sq; S�q W for all q 2 Q1º
S:O:T:

(5.10)

Proposition 5.11. The operators Sq and their adjoints satisfy the relation SqS�q D
PZ.q/, where PZ.q/ is the projection given by multiplication by the characteristic
function �Z.q/. This gives X

q

SqS
�
q D 1: (5.11)

Similarly, S�q Sq D PF.q/, where PF.q/ is the projection given by multiplication by
�F.q/.

Proof. For any q 2 Q1, we can write

SqS
�
q .x/ D �Z.q/.x/�F.q/

�
�.x/

�
 
�
�
�
�q.x/

��
D �Z.q/.x/�F.q/

�
�.x/

�
 .x/

where we have used the fact that �.�q.x// D x by definition of �q . Now, if x 2 Z.q/
then �.x/ 2 F.q/ and thus �F.q/.�.x// D 1. Hence, we deduce that

SqS
�
q .x/ D �Z.q/.x/ .x/

and therefore SqS�q D PZ.q/. The proof that S�q Sq D PF.q/ is identical. Finally, for
any  2 H and x 2 P1Berk.Cp/, we haveX

q2Q1

SqS
�
q .x/ D

X
q2Q1

PZ.q/ .x/ D  .x/

since ¹Z.q/ W q 2 Q1º forms a partition of P1Berk.Cp/.

Corollary 5.12. The map � W OP1Berk.Cp/
! A.H / given by

�.sq/ D Sq (5.12)

is a *-homomorphism and defines a representation of OP1Berk.Cp/
as a concrete C �-

subalgebra of the algebra of bounded operators B.L2.P1Berk.Cp/; �G//.
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5.3. Projection-valued measures

In this section, we denote by H the Hilbert space L2.P1Berk.Cp/; �G/.

Definition 5.13. Let H be a Hilbert space and

PH WD
®
P 2 B.H / W P D P 2 D P �

¯
be the set of all orthogonal projections on H . Further, let †.X/ be the � -algebra of a
measurable spaceX . An operator-valued mapP W†.X/!PH defined on†.X/with
values in bounded linear operators on Hilbert space H is called a spectral measure or
a projection valued measure if

(1) P.X/ D 1 and P.;/ D 0.

(2) If B1; B2; : : : in †.X/, such that Bi \ Bj D ; for i ¤ j , one has

P

� 1[
iD1

Bi

�
D

1X
iD1

P.Bi / (5.13)

in the strong topology sense.

(3) P.E \ F / D P.E/P.F / for E;F 2 †.X/.

As an example, consider .P1Berk.Cp/; �G/ as a � -finite measure space and let †G
be the � -algebra of �G-measurable subsets of P1Berk.Cp/. For each measurable set
E � P1Berk, define PG.E/ the projection in B.H / given by P.E/ D m�E , that is

PG.E/f D �Ef: (5.14)

Then E ! PG.E/ is a projection-valued measure on H and called the canonical
projection-valued measure on L2.�G/.

Let †.P1Berk.Cp// be the cylinder � -algebra, i.e., the � -algebra generated by the
cylinder sets.

Proposition 5.14. The operator-valued map defined on the cylinders Z.q/ 7! SqS
�
q

extends to a spectral measure P W†.P1Berk.Cp//!PH . Moreover, we have the equal-
ity

P.E/ D PG.E/; 8E 2 †
�
P1Berk.Cp/

�
: (5.15)

Proof. Let f 2 H , we use Kolmogorov extension theorem on the map

E 7!
˝
P.E/f; f

˛
defined on cylinder sets. We just have to check the consistency conditions. Consider
two different wordsQD q1 : : : qn andQ0D q01 : : : q

0
n in L

HQ
Berk.Cp/

, then by definition
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the cylinders Z.Q/ and Z.Q0/ are disjoint. The projections PZ.Q/ D SQS
�
Q and

PZ.Q0/ D SQ0S
�
Q0 are orthogonal.

Again, by construction, for a finite word Q D q1 : : : qn, the cylinder Z.Q/ is the
disjoint union of the cylinders Z.q1 : : : qnq/ over q � qn. We can then write,� X

q�qn

P
�
Z.q1 : : : qnq/

�
f; f

�
D

� X
q�qn

SQqS
�
Qqf; f

�
D hSQS

�
Qf; f i D

˝
P
�
Z.Q/

�
f; f

˛
:

(5.16)

Therefore, the consistency relations are true for an arbitrary f 2 H and hence P
extends to a projection valued measure on PH .

Finally for f 2 H and for any E 2 †.P1Berk.Cp//, using the representation rela-
tions, we have P.E/f D �Ef and thus P coincides with PG .

Lemma 5.15. There exists a cyclic vector f 2 H such that

�G.E/ D P
f
G .E/ WD

˝
PG.E/f; f

˛
D kPG.E/f k

2 (5.17)

for every �G-measurable sets in P1Berk.

Proof. Let us recall that a vector f 2 H is called a cyclic vector for the operator PG
if the linear span of the vectors PG.E/f , forE 2†.P1Berk.Cp//, is dense in H . Since
�G is a finite measure and the set of simple functions is dense in H , then the identity
function 1 is a cyclic vector for PG .

Proposition 5.16. Consider the projection-valued measure .P;†.P1Berk.Cp/// with a
cyclic vector f 2H . The measure �G coincides withx the real valued Borel measure
on the space P1Berk.Cp/ defined by

�f .E/ WD P
f .E/ WD

˝
P.E/f; f

˛
D kP.E/f k2: (5.18)

Moreover, the measure �f satisfiesZ
P1Berk.Cp/

 d�f D

Z
P1Berk.Cp/

 d�G

and X
q2Q1

Z
P1Berk.Cp/

 ı �q d�S�q f D

Z
P1Berk.Cp/

 d�f :
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Proof. Let us denote by � W C.P1Berk.Cp//! B.H / the left-multiplication represen-
tation of continuous functions on P1Berk.Cp/. We can writeX

q2Q1

Z
P1Berk.Cp/

 ı �q d�S�q f D
X
q2Q1

Z
P1Berk.Cp/

�F.q/ ı �q d�S�q f

D

X
q2Q1

˝
S�q f; P

�
F.q/

�
�. ı �q/S

�
q f

˛
Moreover, using the fact that P.F.q// D S�q Sq , we can say that

P
�
F.q/

�
�. ı �q/S

�
q f D �F.q/�. ı �q/.f ı �q/ D S

�
q �. /f

and thus˝
S�q f; P

�
F.q/

�
�. ı �q/S

�
q f

˛
D
˝
f; SqS

�
q �. /f

˛
D
˝
f; P

�
Z.q/

�
�. /f

˛
:

Finally, we conclude thatX
q2Q1

Z
P1Berk.Cp/

 ı �q d�S�q f D
X
q2Q1

˝
f; P

�
Z.q/

�
�. /f

˛
D
˝
f; �. /f

˛
:

In other words, we can writeX
q2Q1

Z
P1Berk.Cp/

 ı �q d�S�q f D

Z
P1Berk.Cp/

 d�f :

Proposition 5.17. There exists a unique continuous linear mapbP W L1.P1Berk

�
Cp/

�
! B.H /

with bP .�E / D P.E/ for E 2 †.P1Berk.Cp//. This map is called the spectral integral,
and we also write it: bP .f / D Z

P1Berk.Cp/
f .�/dP.�/: (5.19)

This map satisfies bP .f /� D bP .f /, bP .fg/ D bP .f /bP .g/ and kbP .f /k � kf k1 for
f; g 2 L1.P1Berk.Cp//. In particular, .bP ;H / is a representation of the C �-algebra
L1.P1Berk.Cp// of all bounded measurable functions on the space P1Berk.Cp/.

Proof. The properties of the map bP are obtained from the properties of multiplica-
tion operators by functions in L1.P1Berk.Cp//. Uniqueness of the spectral integral
follows from the density of the subspace of step functions ¹�E W E 2 †.P1Berk.Cp//º

in L1.P1Berk.Cp//.
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Corollary 5.18. Consider the projection-valued measure .P; †.P1Berk.Cp/// with a
cyclic vector f 2 H . Define the Hilbert space Hf such that

Hf WD span
®
S˛S

�
˛f W ˛ 2 HQ

Berk

¯
: (5.20)

Then there exists a unique isometry Wf W L2.�f /! Hf of L2.�f / onto Hf such
that

Wf .1/ D f; and Wf bP .�Z.Q//W �f D SQS�Q (5.21)

for all words Q 2 L
HQ

Berk.Cp/
.

Proof. To define Wf W L2.�f /! Hf , we set

Wf .1/ D f and Wf .�Z.Q// D SQS
�
Qf

which then satisfiesZ
P1Berk.Cp/

j�Q.x/j
2 d�f .x/ D hSQS

�
Qf; SQS

�
Qf i D kWf .�Q/k

2
Hf

and thus extends to an isometryWf WL2.�f /!Hf . Again, uniqueness follows from
density of simple functions in L2.�f /.

5.4. Perron–Frobenius operator

Consider the transfer operator T� W L2.P1Berk.Cp/; �G/! L2.P1Berk.Cp/; �G/ that
composes with the coding map denoted by � W P1Berk.Cp/! P1Berk.Cp/,

.T� /.x/ D  
�
�.x/

�
: (5.22)

One can associate to the operator T� its adjoint P� given byZ
 P� .�/d� D

Z
T� . /�d� (5.23)

and called the Perron–Frobenius operator.

Theorem 5.19. Let ¹�qº be the semibranching system defined associated to the cod-
ing map given by � W P1Berk.Cp/! P1Berk.Cp/. Then, the Perron–Frobenius operator
P� is of the form

.P��/.x/ D
X
q

�Z.q/�
�
�q.x/

�
: (5.24)
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Proof. In the Hilbert space L2.P1Berk.Cp/; �G/, we can write

hT� . /; �i D

Z
P1Berk.Cp/

 
�
�.x/

�
�.x/ d�.x/

D

X
q2Q1

Z
F.q/

 .u/�
�
�q.u/

�
d�.u/

D

�
 ;

X
q2Q1

�F.q/� ı �q

�
:

The left-hand side is recognized as the Perron–Frobenius operator.

Since S�q is defined as

S�q �.x/ D �F.q/� ı �q.x/

we immediately deduce the following corollary.

Corollary 5.20. Let ¹�qº be the semibranching system defined associated to the cod-
ing map given by � W P1Berk.Cp/! P1Berk.Cp/. Then, the Perron–Frobenius operator
P� is of the form

P� D
X
q

S�q (5.25)

and P� belongs to A.H /.

6. KMS states and invariant measures

6.1. Unitary representations of PGL2.Cp/

We would like to start this section with some remarks on representations of PGL2.Cp/
as a discrete group in the Hilbert space L2.P1Berk.Cp/; �G/.

Gromov hyperbolic space. Let x;y; z be points of P1Berk.Cp/, not all equal. We define
the Gromov product denoted .xjy/z by

.xjy/z D �.w; z/; (6.1)

where w is the first point where the unique paths from x to z and y to z intersect.
By convention, we set .xjy/z D C1 if x D y and x is a point of type I, and we set
.xjy/z D 0 if x D z or y D z.

If x; y; z 2 HBerk.Cp/, then one checks easily that

.xjy/z D
1

2

�
�.x; z/C �.y; z/ � �.x; y/

�
: (6.2)
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This is the usual definition of the Gromov product in Gromov’s theory of ı-hyperbolic
spaces, with HBerk.Cp/ being an example of a 0-hyperbolic space.

Proposition 6.1 ([14]). HBerk.Cp/ is Gromov 0-hyperbolic.

Let �G be the Gauss point of P1Berk.Cp/. Define the fundamental potential kernel
relative, written �z.x; y/, and the canonical distance relative to z, written Œx; y�z , by
setting

�z.x; y/ D � logvŒx; y�z D .xjy/� � .xjz/� � .yjz/� : (6.3)

In particular, if one takes z D �G , then the fundamental kernel simplifies:

�G.x; x/ D � logvŒx; x�G D � logv
�
diam.x/

�
: (6.4)

Then, we define the following measure on HBerk.Cp/

d�.x/ D p��G.x;x/d�G.x/ D diam.x/d�G.x/: (6.5)

Since the measure �G is PGL2.Cp/-invariant, the measure � is quasi-invariant under
the action

�g W PGL2.Cp/ � P1Berk.Cp/! P1Berk.Cp/; �g.x/ D

�
z a

0 1

�
� x: (6.6)

The corresponding Radon–Nikodym derivatives are given by

ı.g/.x/ D
d.�g/��

d�
.x/ D

diam.g � x/
diam.x/

D jzj: (6.7)

Proposition 6.2. The following maps

.Us.g/f / WD e
is
p
jzjf .g � x/ (6.8)

define a family of unitary representation of the group PGL2.Cp/ onL2.HBerk.Cp/;�/,
parametrized by s 2 R.

Proof. Clearly, Us.g/f is measurable, and we also find

kUs.g/f k
2
2 D

Z
HBerk.Cp/

jzjjf .g � x/j2 d�.x/

D

Z
HBerk.Cp/

jf .g � x/j2
d.�g/��

d�
d�.x/

D

Z
HBerk.Cp/

jf .g � x/j2 d.�g/��.x/

D

Z
HBerk.Cp/

jf .x/j2 d�.x/ D kf k2:
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Thus, Us.g/f defines an isometry of L2.HBerk.Cp/; �/. We also observe that, for
g; h 2 PGL2.Cp/, we can write

Us.gh/f D e
2is
q
jzg j

p
jzhjf .gh � x/ D Us.g/

�
Us.h/f

�
: (6.9)

In particular, we see that each isometry Us.g/ is surjective with

Us.g
�1/ D Us.g/

�1:

Let us recall the definition of a covariant representation of a triple C �-dynamical
system.

Definition 6.3. Let ˛ W G ! Aut.A/ be an action of a locally compact group G on a
C �-algebra A. A covariant representation of .G;A; ˛/ on a Hilbert space H is a pair
.v; �/ consisting of a unitary representation v W G ! U.H/ (the unitary group of H )
and a representation � W A! B.H/, satisfying the covariant condition

v.g/�.a/v.g/� D �
�
˛g.a/

�
for all g 2 G and a 2 A. It is called nondegenerate if � is nondegenerate.

In the present context, we consider the C �-algebra C0.HBerk.Cp// of continuous
functions on the hyperbolic Berkovich line. We consider the representation by left-
multiplication:

� W C0
�
HBerk.Cp/

�
! B

�
L2
�
HBerk.Cp/; �

��
; �.f / .x/ D f .x/ .x/ (6.10)

and we denote the Hilbert space L2.HBerk.Cp/ by H .

Theorem 6.4. For s 2 R, the pair .Us; �/ is a covariant representation of the follow-
ing triple .PGL2.Cp/; C0.HBerk.Cp//; �/.

Proof. We verify that the pair .Us; �/ satisfies the covariant condition:�
Us.g/�.a/Us.g/

�
�
f .x/ D

�
Us.g/�.a/

��
eisjzj�

1
2f .g�1 � x/

�
D Us.g/

�
eisjzj�

1
2 a.x/f .g�1 � x/

�
D a.g � x/f .x/

for a 2 C0.HBerk.Cp// and g 2 PGL2.Cp/.

Let us denote by � the Haar measure on PGL2.Cp/. We let

Cc
�
PGL2.Cp/; C0

�
HBerk.Cp/

�
; �
�

be the �-algebra of compactly supported continuous functions

f W PGL2.Cp/! C0
�
HBerk.Cp/

�
;
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with pointwise addition and scalar multiplication. We define a norm k � k1 on the
algebra Cc.PGL2.Cp/; C0.HBerk.Cp//; �/ by

kf k1 D

Z
PGL2.Cp/

kf .g/kd�.g/:

Then, the space L1.PGL2.Cp/; C0.HBerk.Cp//; �/ is the Banach �-algebra obtained
by completion of the algebra Cc.PGL2.Cp/;C0.HBerk.Cp//; �/ with respect to k � k1.

We can define a representation ˛ W Cc.PGL2.Cp/; C0.HBerk.Cp//; �/! B.H/

given by

˛s.f / .x/ D

Z
PGL2.Cp/

�.fg/Us.g/ d�.g/

D

Z
PGL2.Cp/

fg.x/ .g � x/e
is
p
jzjd�.g/ (6.11)

and define the crossed product C �-algebra C0.HBerk.Cp// Ì� PGL2.Cp/ to be the
norm closure of the image ˛s.L1.PGL2.Cp/; C0.HBerk.Cp//; �//.

Proposition 6.5. The pair .˛s; H/ defines a representation of the crossed-product
C �-algebra C0.HBerk.Cp// Ì� PGL2.Cp/.

6.2. K -cycle and dynamical system

In the previous section, we have constructed aC �-algebra on the hyperbolic projective
line HBerk.Cp/. If we see P1Berk.Cp/ as a tree, then we studied crossed product C �-
algebra on the interior of the tree. In this last section, we show that crossed product
C �-algebra can also be used to study the boundary @P1Berk.Cp/ which is identified
with P1.Cp/.

Consider � be a finitely generated subgroup of PGL2.Cp/. Moreover, let � be
torsion-free, in which case it is called a (p-adic) Schottky group. In fact, a Schottky
group is a free group [25].

Definition 6.6 (Limit set, [20]). Let .X; d/ be a metric space and � � Iso.X/ be a
discrete subgroup. The limit set of � is the subset ƒ D ƒ.�/ of @X of points which
are accumulation points of orbits in X . That is

ƒ WD
®
y 2 @X j y D lim

®

m.x/

¯
for some x 2 X and ¹
mº a sequence in Iso.X/

¯
:

Since PGL2.Cp/ acts transitively on type II points in P1Berk.Cp/, then the limit
set of � is P1.Cp/. Starting from the commutative algebra of Lipschitz-continuous
functions C.P1.Cp// over P1.Cp/, we consider the reduced cross-product for which
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we briefly recall the construction. Consider the integrated representation ˛ defined in
the previous section.

˛ W L1
�
PGL2.Cp/; C.P1/; �

�
! B.H /; ˛.f / .�/ D

X

2�

f
 .�/.U
 /.�/:

The reduced cross-product C �-algebra C �r .�; P
1.Cp// is the completion of the

Banach algebra L1.PGL2.Cp/; C.P1.Cp/// with respect to the operator norm

f 7! k˛.f /kB.H/: (6.12)

Implicitly, the definition of C �r .�;P
1.Cp// is a representation of the Banach algebra

L1.PGL2.Cp/; C.P1.Cp/// and therefore of the full cross-product C.P1.Cp// Ì�
PGL2.Cp/. Thus, there is a surjective *-homomorphism between the crossed product
algebras C.P1.Cp// Ì� PGL2.Cp/! C �r .�;P

1.Cp//.

Time evolution. One can define the time evolution as the one-parameter family acting
on the reduced C �-algebra C �r .�;P

1.Cp// given by

˛t

�X



f
 .�/U


�
D

X



pitB� .�;
 ��/f
 .�/U
 (6.13)

where B.�; 
�; �/ is the Busemann function based at the Gauss point � and, defined
by:

B.�; 
�; �/ D lim
x!�

x2H1Berk

.�; x/
� � .
�; x/
 D lim
x!�

x2H1Berk

logv

�
diam.
�1x/

diam.x/

�
(6.14)

for all � 2 P1.Cp/, using the Gromov product.

Lemma 6.7. ˛ is a strongly-continuous one parameter group of �-automorphisms of
the cross-product algebra C.P1Berk.Cp// Ì � .

Proof. Let 
 0 7! .� 7! h.�/U
 0/ 2 H , then define the unitary operator v.t; �/ by

v.t; �/h.�/U
 0 D p
itB� .�;


0��/h.�/U
 0 : (6.15)

Then, consider the operators v.t; �/f .�/U
v.t; �/� which acts on the Hilbert space
H as follows�
v.t; �/f .�/U
v.t; �/

�
�
h.�/U
 0 D

�
v.t; �/f .�/

�
p
�itB


�1�
.�;
 0��/

h.
�1 � �/U

 0

D p
it.B� .�;



0��/�B

�1�

.�;
 0��//
f .�/h.
�1 � �/U

 0 :
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From the definition of the Busemann function, we can show that

�B
�1�.�; 

0
� �/ D B
�1�.


0
� �; �/; B
�1�.�; 


0
� �/ D B�.
�; 



0
� �/

and B�.�; 

 0 � �/C B�.

 0 � �; 
�/ D B�.�; 
�/, from which we deduce that�
v.t; �/f .�/U
v.t; �/

�
�
h.�/U
 0 D p

itB� .�;
 ��/f .�/h.
�1 � �/U

 0

D ˛t
�
f .�/U


�
h.�/U
 0 :

Thus, the map ˛t coincides on the reduced C �-algebra C �r .�; P
1.Cp// with the

conjugate by the unitary operator v.t; �/. Hence, t 7! ˛t is a strongly continuous
�-automorphism which clearly satisfies for any time t; t 0 2 R, ˛t ı ˛t 0 D ˛tCt 0 .

The Patterson–Sullivan measure on P1Berk.Cp/. Let us recall the definition of the
Patterson–Sullivan measure. In addition to the Busemann function B.�; 
�; �/, con-
sider the function

j
 .�/ D p
B.�;
�;�/

D lim
x!�

x2H1Berk

diam.
�1x/
diam.x/

: (6.16)

Definition 6.8. Let D � 0 and � a finite (and non-trivial) measure on P1.Cp/. The
measure � is called �-quasiconformal of dimension D if the pullback measures 
��
(
 2 �) are pairwise absolutely continuous and there exists C � 1 such that

C�1j
 .�/
D
�
d.
��/

d�
� CjD
 ; � � a:e: (6.17)

Let us now recall the definition of the critical exponent of � as the number

ı.�/ D lim sup
R!1

1

R
log

®

 2 � W �.�; 
�/ � R

¯
: (6.18)

It is equivalently defined as the abscissa of convergence of the Poincaré series

}�.s/ D
X

2�

e�sdiam.
�/: (6.19)

Proposition 6.9 ([14, Theorem 5.4]). If ı.�/ <1, then there exists a (unique) mea-
sure �-quasiconformal of dimension ı.�/ with support coinciding with P1.Cp/. This
measure is called the Patterson–Sullivan measure and denoted by �PS;� .

We can then define the positive functional � W C �r .�;P
1.Cp//! C by

�.f / D

Z
P1.Cp/

fe.�/d�PS;� .�/: (6.20)
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KMSˇ -states. Consider a C �-dynamical, i.e., a pair .A; ˛/ with A a C �-algebra and
˛ W R! Aut.A/ a time evolution.

Definition 6.10 (KMS state). A state ' on A satisfies the Kubo–Martin–Schwinger
(KMS) condition with respect to ˛ at inverse temperature ˇ 2 Œ0;1/ (' is a ˛-KMSˇ
state), if

'.ab/ D '
�
b˛iˇ .a/

�
(6.21)

for all element a; b in a dense subalgebra Aan � A of analytic elements.

Then, we can show that the C �-dynamical .C �r .�;P
1.Cp//; ˛t / admits a unique

KMS-state that is exactly given by the Patterson–Sullivan measure on the boundary
of the Berkovich projective line.

Proposition 6.11 ([23, Proposition 5.11]). The reduced cross-product C �-algebra

C �r
�
�;P1.Cp/

�
has a unique KMSˇ state with inverse temperature ˇ D ı.�/ obtained by integration
with the Patterson–Sullivan measure:

'ˇ;�

�X



f
 .�/U


�
D

Z
P1.Cp/

fe.�/d�PS;� .�/: (6.22)

Hamiltonian operator. If we denote the family Radon–Nikodym derivatives as,

ı.
/ D
d
��PS

d�PS
(6.23)

then. as previously. the family of operators acting on L2.P1; �PS /:

U.
/f .�/ D
p
ı.
/f .
 � �/ (6.24)

defines a unitary representation of the Schottky group � . Again, we denote by � the
representation by left-multiplication of C.P1.Cp// on L2.P1.Cp/; �PS /.

Theorem 6.12. The pair .�; U / of maps defines a regular covariant representation
of the crossed product C �-algebra C.P1.Cp// Ì � . In this representation, the time
evolution is implemented by the Hamiltonian

Hf.�/U.
/ D B.�; 
�; �/f .�/U.
/ such that ˛t .a/ D e
itHae�itH : (6.25)

Proof. From Lemma 6.7, we have shown the time evolution ˛t is given as the conju-
gate of a unitary operator v.t; �/ such that

˛t .a/.�/ D v.t; �/a.�/v.t; �/
�:

Then, the statement follows from the fact that there exists a selfadjoint operator H
acting on the Hilbert space H such that v.t; �/ D eitH .
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Following [18], we can then introduce on the boundary @P1Berk.Cp/ a (twisted)
spectral triple given by .C �r .�;P

1.Cp//;H ; D/ where the Dirac operator D is such
that jDj D H .
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