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Noncommutative geometry on the Berkovich projective line

Masoud Khalkhali and Damien Tageddine

Abstract. In this paper, we construct several C *-algebras associated to the Berkovich pro-
jective line ]P’B}erk(C p). In the commutative setting, we construct a spectral triple as a direct
limit over finite R-trees. More general C *-algebras generated by partial isometries are also
presented. We use their representations to associate a Perron—Frobenius operator and a family
of projection-valued measures. Finally, we show that invariant measures, such as the Patterson—
Sullivan measure, can be obtained as KMS-states of the crossed product algebra with a Schottky
subgroup of PGL>(C)).

1. Introduction

The aim of this paper is to show that geometries over non-Archimedean fields provide
natural examples of noncommutative geometries; we can refer to the work [12, 13]
for similar approaches. We focus on the Berkovich projective line, Pﬁerk(C p), as a
fundamental example of Berkovich’s theory. For further details on noncommutative
geometry, we refer to the books [7, 8]; for an extensive exploration of the interplay
between number theory and noncommutative geometry, we refer to the series of works
[8-10].

The primary objective of this work is to construct and analyze several C *-algebras
and spectral triples that can be associated to the Berkovich projective line. These C *-
algebras are expected to encapsulate some essential geometric and arithmetic features
of Péerk((c p) in a manner analogous to how C *-algebras encode information about
classical spaces.

Let K be an algebraically closed field that is complete with respect to a nontriv-
ial non-Archimedean absolute value | - |. In Section 2, we begin by reviewing the
definition of the Berkovich projective line P}, (K) and its fundamental properties.
In particular, after restriction to the case K = C,, we recall the classification of the
points of IP’éerk((Cp) into four types according to Berkovich’s classification theorem.
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We focus on the R-tree structure obtained from a projective limit of finite trees and
refer to [1] for more details. We also introduce a hyperbolic metric structure and the
definition of the hyperbolic space denoted by Hpen (Cp).

In Section 3, we provide a first construction of a commutative spectral triple rep-
resented by the datum (Crip(Pp.(Cp)), #, D) as an inverse limit of finite spectral
triples associated with finite trees. The result is summarized in Theorem 3.9. We
closely follow the general construction of an inverse limit of spectral triples given
in [16].

In Section 5, we propose an alternative construction of C*-algebra associated
to P3., (Cp) relying on the identification of the projective line with the Wazewski
universal dendrite introduced in Section 4. The C*-algebra Op 1 (Cp) is generated
by partial isometries indexed by the branching points of the universal dendrite. It is
in fact the full shift C *-algebra associated to a countable alphabet, with letters given
by the rational numbers in (0, 1). This type of algebra bears similar properties than
the Cuntz—Krieger algebras, see for instance [22,24]. The results are summarized in
Proposition 5.2 and Theorem 5.6. Using the representation space, we also define a
Perron—Frobenius operator and projection-valued measures.

Finally, in Section 5.2, we use the fact that PGL,(C,) is the isometry group of
P+ (Cp). We exhibit a unitary representation of PGL,(C)) through the left action on
the projective line. This allows us to identify the boundary of P3., (C,) as the limit set
of the action. The boundary coincides with the p-adic. We construct the crossed prod-
uct C*-algebras, Cr;p(P'(Cp)) x I' with a Schottky group. The Patterson—Sullivan
measure is obtained as a KMS-state in Theorem 6.11.

The long-term goal of the project we start in this paper is to provide a unified
approach to the noncommutative geometry treatment of number theory in both the
Archimedean and non-Archimedean settings, as studied in the papers [9, 10, 12, 13].
This follows the general philosophy of Berkovich aiming at describing analogues of
complex analytic spaces in the complex p-adic case, providing a p-adic analytic space
where such a theory can be defined. Methods of noncommutative geometry, specially
spectral triples and Bost—Connes systems, have proved to be powerful to capture the
geometry of such wild spaces that often appear in number theory [11].

Apart from potential applications to number theory, the class of C *-algebras intro-
duced in this paper and that appears in the potential theory and dynamics of rational
maps on the Berkovich projective line provide new examples of infinite graph C*-
algebras. In a different direction, we would like to mention that the present work hope-
fully provides a framework to test and rigorously define a version of the AdS/CFT
correspondence along the lines of [19,21].
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2. The Berkovich projective line

In this section, we recall the definition of multiplicative seminorms and introduce the
construction of Berkovich spaces.

2.1. The multiplicative seminorms and Berkovich spaces

Definition 2.1. Let K be a field with absolute value | - | and let A be a K-algebra. A
multiplicative seminorm on A is a map

A—Rsg, ar>|al

such that
(1) || - || restricts to | - | on K;
(2) |la + bl < |la|l + ||b] foralla, b € A;
3) llab|l = |lall - 16| for alla, b € A.

If in addition a = 0 is the only element with ||a|| = O, then || - || is a multiplicative
norm (which is the same as an absolute value on A extending | - |). We call

ker| - || = {a €A |al|l = O}

the kernel of || - ||; it is a prime ideal of A.
A K-algebra A with a fixed multiplicative norm such that A is complete with
respect to this norm is a Banach algebra over K.

Definition 2.2. Let (K, | - |) be a field with absolute, let a € K and r > 0. Then,

D(a,r) := {E eK:|f—al < r}
is the closed disk of radius r around a.

Example 2.3. Let (K, | - |) be a complete non-Archimedean field.
(1) For any a € K, the map

ad Vi

la,0 == [f(a)]

is a multiplicative seminorm on K|[x].

(2) For any a € K and any r > 0, the map

ad Vi

Ia,r =|f(x+a)l,

is a multiplicative (semi)norm on K|[x].
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(3) Let (ay) be a sequence in K and (r,) a strictly decreasing sequence in R
such that D(a,+1,rn+1) C D(ay, ry) for all n. Then

S == lim | flla,.r,
n—oo

is a multiplicative seminorm on K[x].

Definition 2.4. Let K be a complete and algebraically closed non-Archimedean field
and let A be a finitely generated K-algebra, so that 4 is the coordinate ring of the
affine K-variety X = Spec(A). Then the Berkovich space associated to A or X is

Berk(A) := Xpew := {|| - || : A — R multiplicative seminorm on A} 2.1)

the set of multiplicative seminorms on A. The topology on Xpex is the Gelfand
topology, i.e., the weakest topology that makes the maps Xgexx — R, || - || = || £l
continuous for all f € A. (Concretely, this means that any open set is a union of finite
intersections of sets of the form Us, p = {|| - || € Xperk 1@ < || f|| < b}.)

Elements of Xp are called points. For a point £ € Xg, the corresponding semi-
norm is denoted || - ||¢.

2.2. Berkovich’s classification theorem

Theorem 2.5 (Berkovich’s classification theorem). Every point x € A}, (K) corre-
sponds to a nested sequence D(ay,r1) 2 D(az,r2) 2 D(as,r3) 2 --- of closed disks,
in the sense

I/ llx = Hm (| £l peag.rm)-
n—->oo

Two such nested sequences define the same point of A}, (K) if and only if
(a) each has a nonempty intersection, and their intersections are the same; or
(b) both have empty intersection, and the sequences are cofinal.
This brings us to Berkovich’s classification of elements of Aéerk(K) into four
types of points according to the nature of D(a,r) = N D(ay,, ry):
1) D(a,r)is apoint (r = limr; = 0).

(1)  D(a,r) is a closed disk of radius r = lim r; > 0 belonging to the value
group |K*| of K. The corresponding discs D(a, r) are called “rational”.

) D(a,r) is a closed disk of radius r = lim r; > 0 that does not belong to
the value group |K™*| of K. The corresponding discs D(a, r) are called
“irrational”.

(V) D(a,r) is empty. As noted above, necessarily limr; > 0.
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Remark 2.6. Berkovich’s classification theorem is crucial to understand the action of
the automorphism group of the tree. Specifically, the type of a point is invariant under
the action of the group. Moreover, type Il points are dense in the tree, therefore one
can understand the action by restriction to the branching points.

2.3. The Berkovich affine line Allserk Cp)

In this section and in the rest of the paper, we consider (unless stated otherwise) the
Berkovich affine line over Cp, AL, (C,) = Berk(C,, [x]). According to the Berkovich
classification of points, the affine line Aéerk (Cp) possesses four types of points. Type I
points are the classical points A!(C,) = C,. Type II and III correspond to closed
disks D(a, r) with r > 0 in, respectively, not in, the value group p@ of C p. We use
the notation ¢, , for these points. By extension, we identify the points a of type I with
Z,:a,O-

The Berkovich affine line is endowed with a natural partial order. For any two
points &, &" € AL, (Cp), we say that:

§=<¢ ifandonlyif V[ eCplx]: [Iflls =1fle-

In particular, for two disks D and D>, || - ||p, < || - |lp, if and only if D; C D.
The relation < defines a partial order on the affine line. For each pair of points &, £’ €
Al (Cp), there is a unique least upper bound & v " € A}, (C,) with respect to this
partial order. Moreover, if § < £, then we write [&, £’] for the set of points £’ such
that § < £” < &', If the points £ and &’ are of type I, II or III, then the set [&, £'] is
homeomorphic to a closed interval in R.

Proposition 2.7. The space AL, (Cp) is Hausdorff, locally compact and uniquely
path-connected.

We can now introduce different metrics on the Berkovich space A}, (C,).
Definition 2.8. The diameter of a point § € A}, (C,) is
diam(¢) := inf{||x —allg:ae Cp}.

Therefore, points of types I, II and III have a diameter diam({, ) = r, and for a
type IV point & represented by a nested sequence of disks D(ay, r,,), we have

diam(¢) = lim r, > 0.
n—>oo
There are two metrics that one can define using the diam map.

Definition 2.9. For any couple of points &, &’ € AL, (C,), we define the small metric
by
d(, &) =2 diam(¢§ v £') — diam(§) — diam(§).
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In the case that £, £’ are both not of type I, the big metric is defined by
p(€.€') = 2log, diam(§ v ') — log, diam(£) - log, diam(&).

The small metric measures the total variation of diameter as we move along the
path from £ to &’. The big metric is the analogue of the hyperbolic metric on the upper
half-plane ds? = (dx? + dy?)/y? in C. In fact, the hyperbolic part of A}, (Cp)
consists of points of types II, III and I'V. The big metric is invariant under the action of
PGL,(C)), analogous to the fact that the standard hyperbolic metric is invariant under
the action of PSL,(R). We can now introduce the tree-like structure of the Berkovich
line.

Definition 2.10 (R-tree). An R-tree is a metric space (7, d) such that for any two
points x, y € T, there exists a unique path [x, y] in T joining x to y, which is a
geodesic segment, i.e., the map y : [a, b] — T giving the path can be chosen so that

d(y(u),y(v)) = |u—v|forall u,v € [a, b].

A point x € T is a branch point if T\ {x} has at least three connected components
in the metric topology. A point x is an endpoint if T\ {x} is connected. An ordinary
point x is a point for which T'\ {x} has exactly two connected components.

The metric topology on T is called the strong topology. The weak topology is
defined using the fangent direction at x € T. A tangent direction is an equivalence
class of path [x, y] with x # y, where two paths are equivalent if they share an initial
segment. The connected components of 7'\ {x} are in one-to-one correspondence with
the tangent directions at x. For a tangent direction v at x, we define

U(x,v)={yeT:y;éx,[x,y]ev}.

The sets U(x, v) are a subbasis for the weak topology.

Theorem 2.11. The following statements hold:

(1) The Berkovich line (A}, (Cp), d) equipped with the small metric d has a
R-tree structure. The Berkovich topology on AL, (C,) is the weak topology
on this R-tree.

(2) The space (A}, (C)\Cp, p) equipped with the big metric p has a R-tree
structure. The subspace topology on A}, (Cp)\Cp is the weak topology on
this R-tree.



Noncommutative geometry on the Berkovich projective line 119

r e kX, |r'| > 1

Type 2 points:
infinite branching >

Type 4

Type 1

Figure 1. The Berkovich affine line. Picture on the right is taken from [26].

2.4. The Berkovich projective line IP’];erk (Cp) and the R-tree structure

As a set, the Berkovich projective line, denoted by Py, (Cp), is obtained by adding
a type I point, denoted oo to the affine line A}, (Cp). The set Pj., (Cp) is then
equipped with the one-point compactification topology.

The Berkovich hyperbolic line Hpek(Cp) is a subset of Pi., (Cp) consisting of
all points of type II, III, and IV. One also defines H%rk((c ), the set of all type II
points, and HE . (C,) for the set of points of type II and III.

Proposition 2.12. The subset H&rk((c p) is dense in P}, (Cp).

The projective line Py, (Cp) also inherits a R-tree structure. It is the compact-
ification of A}, (C,) seen as an R-tree. Following the description of Baker and
Rumely [1], one can navigate on the Berkovich projective line as follows. One starts
from the so-called Gauss point p,;, corresponding to the unit disk which is a type 11
point, and chooses between infinitely many (countable) branches in which to travel;
there is one branch for each element of the residue field FF,. On the chosen direction,
at each point of type II there are again infinitely many new branches in which to travel.

We can classify the points in the R-tree structure as follows:

(1) Points of types I and IV are endpoints.

(2) Points of type II are the only branching points, with infinite (countable) tan-
gent directions in bijection with the residue field P! (Fp).

(3) Points of type III are ordinary points.
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There is an important description of the Berkovich projective line as a profinite
R-tree, i.e., an inverse limit of R-trees. Indeed, Péerk((Cp) is homeomorphic to the
inverse limit lim I" over all finite R-trees I C P, (C,). More precisely, let

<«

S ={D(a1,r1),....D(an.rn)}

be a finite set of (rational or irrational) discs of positive radius contained in D (0, 1).
For simplicity, we assume that D(0, 1) ¢ S. To each disc D(a;, r;), there is an asso-
ciated point &g, , € AL, (Cp), which is a point of type II or IIL.

Define the graph of discs I's to be the union of the associated lines of discs

[Zai i Gauss): .
I's = U [é'a,-,r,- ’ gGauss]'

i=1
If S; and S, are any two finite sets of discs, then I'g, and I'g, are both R-subtrees of
I's,us,. Moreover, the embedding of I's; in I's,us, is an isometry (with respect to
either metric). Let ¥ be the collection of all finite graphs of the form I'g as above.
Then, ¥ is a directed set under inclusion and we write I’ < IV if ' € I/ as subsets
of D(0, 1). Thus, whenever I' < I'’ there is an inclusion map irr: I — I.

Similarly, write 2 (resp. F®) for the subset of F consisting of graphs which
are union of all arcs connecting two points in H«B{ﬂ( (resp. H%{erk).

There is also a retraction map rrvr : I'' — T defined whenever I' < T"". This is a
general property of R-trees: since there is a unique path between any two points of T,
if x € I'” we can define rr/,r(x) to be, for any y € T', the first point where the unique
path in T’ from x to y intersects I'. This definition is independent of the choice of y,
and one sees from the definition that rr/ r(x) = x if and only if x € I'. In particular,
rrv,r is surjective.

Theorem 2.13. There is a canonical homeomorphism

Pgeic(Cp) =~ lim T.
res

Then Pa.,(Cp) is a compact Hausdorff space identified with the inverse limit of its
finite subgraphs with the inverse limit topology.

We can also consider the direct limit with respect to the inclusion maps ir,r-. In
this case, the limit is isomorphic (as a set) to Hpew(Cp).
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Theorem 2.14. There are canonical bijections

HBerk(CP) ~ lim T
ey

ngrk((cp) =~ llm Fa H%Rerk ~ hm r

regQ resR

In other words, the branching points ngrk((C p) is identified with the following
set

HR . (Cp) = {CarrrLasras -« - Lamrns Camorms - ) & St Cagory € Type I for all i }.

We refer to [1] for more details on this construction.

3. A commutative spectral triple on IP’éerk ©Cp)

3.1. Spectral triples on finite R-trees

Consider a finite R-tree I' € ¥ such that I' = (V, &). For any a vertex v, denote by 7,
the number of adjacent vertices to v. We construct a spectral triple over I', denoted by
(Ar, Hr, Dr). Let Ar be the *-algebra of (Lipschitz continuous functions) Cyp(I")
on (T, p). The representation space is given by

Hr = @yey Hy  suchthat  H, = £2(V) @ C>"v. (3.1)
We define the *-representation mr of Cyip(I") on Hr by:

Sy 0
U AQ))

The Dirac operator Dr is an operator on J and is given by

(Y () = 69v+~v( )W(v)- (3.2)

1 0 1
D = ~y———— . 3.3
] I LA 63)
The grading operator yr restricted on Jy, is given by
1 0
yrilwe, = L2y ® 0 —1 Q 1p,. (3.4)

Proposition 3.1. 7 is a faithful x-representation of Cy;,(I").

Proof. 1t follows immediately that 7 is a *-representation for Cpip(I"). It is bounded,
since f is continuous and I" is finite. Moreover, if 7(f) = 0 then f vanishes on the
graph I'. |



M. Khalkhali and D. Tageddine 122

Proposition 3.2. (Cy;,(T"), Hr, Dr, yr) is an even spectral triple.

Proof. 1t follows by definition that Dr is a self-adjoint operator. We then check that
i =yr vf = yr, yrDr = —Dryr and T'n(f) = n(f)T forall f € Cip(T). =

3.2. Inverse limit of spectral triples

Consider two finite R-trees I" and IV such that I' < I'/. As mentioned, there exists a
surjective map rrr : I — T'. Therefore, we can define the pullback map:

repe : Cip(T) — Crip(T), rep () (x) = f(rrr (x)) (3.5)
which satisfies by construction the following statement.

Proposition 3.3. The pullback map r{.y, is injective.

On the other hand, the inclusion induces a pushforward map ¢ : I' — T"" which is
an inclusion of the representation spaces:

x) ifx €rp(I),
trrv @ Hr — Hrv, i (Y)(x) = V() .FF (L) (3.6)
0 otherwise.

We consider the triple (Ar, Kr, Dr).

Definition 3.4. A morphism between two spectral triples (A;, #;, D;) fori = 1,2
is a pair (¢, 1) consisting of a unital *-homomorphism ¢ : A; — A, and a bounded
linear operator I : #; — #; satisfying the following conditions:

(1) ¢(AS°) € AS° where AS° and AS° are defined in [16];
2) Imi(a) = ma(p(a))l, forevery a € Ay;
3) I(Dom(D1)) € Dom(D3) and ID; = D51.

A morphism (¢, I) is said to be isometric if ¢ is injective and / is an isometry.
A morphism between two even spectral triples (A4;, #;, D;, y;) fori = 1,2 is a pair
(¢, I) satisfying the additional condition:

@ Iy =y2l.
Proposition 3.5. The pair (rf'r,, irr) is a morphism of spectral triples between the
two spectral triples (Ar, Hr, Dr) and (Ar, Hr, D).
Proof. We check the different points given in the above definition.

(1) For any a € Ar, the commutator [D, nr(a)] is bounded on Jfr. Similarly,
the commutator [D, rr/(a)] is bounded on Hr/. Therefore, AY’ = Ar and
A = Arv.

r
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(2) Using the fact that tpp/ () (v) # 0 iff v € (pp/(I) and the definition of the
representation, we check that:

flrr(vy)) 0
0 f(trr’(v))) Virr: ()

(e (e (9) () = eevm(f B (v))%m(v)

i (T ()Y (v) = eatprz(v_;,_)fvtl—r/(v) (

and for v € (0 (T"), we have rrr/ (v) = v.
(3) Since (rr(£2(T")) € £2(I), then trr/(Dom(D;)) € Dom(D,) and
i/ (DY) = Durr (¥).
In addition, the map (- is an isometry. [ ]

Definition 3.6. Let (J, <) be a directed index set and (4, #;, D;j);es be a family of
spectral triples. Suppose that for every j,k € J and j < k there exists an isometric
morphism (¢, 1) from (A;, K}, D;) to (Ag, Hy, Dy ) satisfying ¢g¢jr = ¢;; and
Ixi1ljx = I, forall j,k,l € J and j <k <. The resulting system

{4, ;. D). (- L)}
is called an inductive system of spectral triples.

Definition 3.7. The triple (A4, J¢, D) is called the inductive realization of the induc-
tive system and denoted by {(A;, #;, D;), (k. Lik)}J-

We consider the inverse limit system of finite trees (I';, 7}, j4+1)jes defining the
Berkovich projective space Py, obtained as the inverse limit

Peqe = im(T;. 75 j41)je - 3.7)

We define the family of spectral triples {(4;, #;. D;), (r;‘k, tjk)}s with the following
notation:
Aj = Cup(Ty), H; =), Dj = D, (3.8)

and with the isometric morphism:
r;‘k . Aj — Ak, Lik - H — ﬂk. (3.9)
Proposition 3.8. We have the following direct limits:

Ciip (Ppen(Cp)) = lim Crip(I). 0 (Pgey) = lim (1), 7 = limrp.  (3.10)
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Therefore, 7 is the unique representation of the C *-algebra A on J¢ such that
ﬂ(rj(a))tj =jmj(a). (3.11)

One can describe the inductive limit of the family of operators {D;};es. Following
the construction in [16] , we consider the dense domain & of J¢,

2 = | 1j(Dom(D;)). (3.12)
jeJ
For every vector ¢ € & of the form = (;v;, where ¥; € Dom(D) ), define
Dlﬁ =LijWj. (313)

It follows that D is a densely defined symmetric operator. Moreover, since the oper-
ators D; are self-adjoint, we have that Range(D; £ i) = ¥, for every j € J. Con-
sequently, Range(D = i) is dense in #, and thus D is essentially selfadjoint. We use
the same letter D, or the symbol D = li)n D;, to denote the closure of this essentially
selfadjoint operator, and call it the inductive limit of the family of operators {D; };e ;.
Similarly, we use the symbol y to denote the inductive limit y = 11_1‘1)1 yj. Putting the
various strands together, we consider the following inductive system given by the data
{(Aj, H;j. Dj,vj),(@; j+1.1j j+1)}jes and its inductive realization:

(CLiP (Pléerk)’ Z2(]P)]§erk)v T, D, )/) .

Theorem 3.9. The operator D is self-adjoint with compact resolvent and [D, w( f)]
is a bounded operator for any Lipschitz continuous function a € Cyp (Péerk), i.e., the
spectral triple (Crip(Ppo)s €2 (Pa.1), 7T, D, y) is an even spectral triple.

Proof. Let us recall that for an integer j, the Dirac operator Dr; is defined by

1 (O
p(v,v4) \1

for any v € I'j. Then, we can bound the operator D; using the metric p on the finite
graph:

Dr, ¥ (0) = Bo, é)wm (3.14)

1
1D;1l = sup ;= (3.15)
T eeg; Le)
where for an edge e € &; joining the vertices vy and vy, the length £(e) is £(e) :=
p(vy, v2). We denote by R, (D) the resolvent of an operator D at a point A € C\R.
The sequence {|| D ||};enn is unbounded, then using [16, Theorem 3.1] we have that
D has compact resolvent if and only if

ltj o Ry(Dj)odf|| =sup ———— —>0
! T Dk = A
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for A € C\R, which is equivalent to ||D;|| — 0 as j — 0. Moreover, using the
Lipschitz continuity of a € Cyip(I';), we have that the family of operators given
by {[Dk, mi(rjx(a))]}k>; is uniformly bounded. Then, the operator D is such that
[D, 7(a)] is bounded on a dense subalgebra of Cip(Pp. (Cp)). [

4. P3 ., (Cp) as the universal Wazewski dendrite

We would like to focus in this work on yet another construction of Py, (C,) as an
inverse limit of compact spaces, called dendrites. The present section is based on
the work in [2] for which we refer to for proves and more details on the following
statements.

Definition 4.1. A continuum is a compact, connected metrizable space. A simple
closed curve in a topological space is any subspace homeomorphic to a circle. A
dendrite is a locally connected continuum containing no simple closed curve. Den-
drites may be thought of as topological generalizations of trees in which branching
may occur at a dense set of points.

The definitions of branch points, ordinary points and endpoints on R-trees, extend
to dendrites. We can now introduce the so-called Wazewski’s universal dendrite.

Theorem 4.2 (Wazewski’s universal dendrite). Up to homeomorphism, there is a
unique dendrite W such that its branch points are dense in W and there are R
branches at each branch point. The dendrite W is called the WaZewski’s universal
dendrite.

In particular, the Wazewski’s universal dendrite can be obtained from a chain of
dendrites D; € D, C D3 C ..., then defines certain bonding maps f, : D,+1 — Dy
and then finally obtains Wazewski’s universal dendrite as

LiLn{Dnv fn}zo=1

Proposition 4.3. For any dendrite D, D is homeomorphic to the Wazewski’s univer-
sal dendrite if and only if its set of branching points is dense in D and each of its
branching points has ¥ branches.

From this, one can immediately notice that P}, (Cp) is a dendrite and the subset
of branching points ngk((C p) is dense. Therefore, the Berkovich projective line is
homeomorphic to the Wazewski’s universal dendrite.

If (X, d) is a compact metric space, then 2% denotes the set of all nonempty closed
subsets of X. The set 2X can be equipped with the Hausdorff metric, dg making
(2%, dg) a metric space called the hyperspace of the metric space (X, d).
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A set valued function from X to Y is a single-valued function f : X — 2Y. The
graph Gr(f) of a set-valued function f : X — 2Y is the set of all pair of points
(x,y) € X x Y such that y € f(x). A function f : X — 2¥ where X and Y are
compact metric spaces, is an upper semi-continuous set-valued function from X to Y
(abbreviated u.s.c.) if for each open set V C Y, theset{x € X | f(x) C V'} is an open
setin X.

Proposition 4.4. Let X and Y be compact metric spaces and f : X — 2¥ a set-
valued function. Then f is u.s.c. if and only if its graph Gr(f) is closed in X x Y.

Definition 4.5 (Inverse sequence and limit). An inverse sequence of compact metric
spaces Xy with u.s.c. bonding functions f is a sequence {Xg, fk}rwy> Where fi :
X1 — 2%k,

The inverse limit of an inverse sequence { X, fx}z—, with u.s.c. bonding func-
tions is defined as the subspace

m{ X, fi}7Z, = {x = (x1.x2.x3....) € [ [ X i3 € f(xk)}-
k=1

In this paper, we look at the special case of inverse limit where X = [0, 1] and
fr = f for some function f : [0, 1] — 2[%!] In such case, the inverse limit is denoted
by lim {[0. 1]. £}

Let X and Y be compact sets, and a given set-valued u.s.c function f : X —
2Y with graph Gr(f). Let 7y : Gr(f) — X and 75 : Gr(f) — Y be the coordinate
projections. Then, we have

f(x) = 7'[2(7'[1_1()6)), x €X,

Equivalently, given a closed set G € X x Y such that 71(G) = X, then 7, o n 1

defines a set-valued u.s.c. function such that Gr(m, o 77!) = G.
Let A be the diagonal subset of [0, 1] x [0, 1], i.e., the subset

A={(t,1)€[0,1] x[0,1] : ¢ € [0,1]}.

For a fixed integer n, let {(a;, b;)}!_, be a finite sequence in [0, 1] x [0, 1], such
that ¢; < b; foreachi =1,...,n and a; # a; whenever i # j. Next, denote by
L(ai, b;)?_, the union of lines

n

L(ai.b){—y = | J(lai.bi] x {a;}) < [0.1] x [0, 1].

i=1
Then, we define the set

G(a,-,b,-);’zl =AU L(ai,bi);’zl “.1)
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which is closed in the product [0, 1] x [0, 1], since it is a union of finitely many closed
arcs. Furthermore, 71(G(a;, b;)7_,) = m2(G(a;, b;)?_,) = [0, 1]. Therefore, by the
closed graph theorem, there is a surjective u.s.c. function f(ai,bi),’;;l . [0,1] — 2[0-1
such that its graph Gr(f(ai,bi)f;l) = G(a;, bi)}_,.

Definition 4.6 (Comb function). Let n be a positive integer and {(a;, b;)}7_, be a
subset [0, 1] x [0, 1], such that 0 < a; < b; foreachi = 1,...,n and a; # aj when-
ever i # j. Then, f :[0,1] — 2[%! is called an n-comb function with respect to

{(ai bi)}i_, if f = f(ai’bi)?=l'

Notation 4.7. For each positive integer j, let i; be a nonnegative integer. We use the
notation
i in i
(ai',ay.a3,...)

to represent the point (a1, a1,...,a1,d2,dz2,...,dsz,...) and
i i2
i1 iy i3 ij oo
(al,az,a3,...,a/,t )
to denote the point (a1, ay,...,a1,as,az,...,az,...,4;,a;,...,a;,t,t,t,...).
———

i iz ij
Example 4.8. Let f be a 1-comb function with respect to the point (a, b). Then a
point x € lim{[0, 1], /'}?2, if and only if either x = (¢°°) fora ¢ € [0, 1], or there exists
a positive integer n such that x = (a”,t°°) forat € (a, b]. Therefore, lim{[0, 1], f }72,

is a star with center the point (¢°°) and beams
Ly = {(t°°) |t € [O,a]}, Ly = {(t°°) |t € a, 1]} and L, = {(a”,too) |t e [a,b]}.

The center (¢®) is the only ramification point, and the maximal free arcs are the
beams.

Proposition 4.9. Let n be any positive integer and let f : [0, 1] — 2% pe any n-
comb function. Then l(ln{ [0, 1], f}72, is a dendrite. In particular, we denote by Dy
the dendrite
Dy = 1im {[0, 11, foa; biy_, Vreer-

Let {(an, bn)}5>, be any sequence in [0, 1] x [0, 1] such that

(1) a, < b, for each n;

(2) a; # aj wheneveri # j;

3) lim (b, —ay) =0.

n—00
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Then, similarly one can construct the set G(a,, bn)5>,
G(an,bp)ye; = AU L(an, bn)oz, 4.2)

as a closed subset of [0, 1] x [0, 1]. Therefore, there exists a surjective u.s.c. func-
tion fa, p,ce, ¢ [0, 1] — 2[0-11 such that its graph is exactly G(ap, bn)yZ;- Thus,
Jan by, is called the comb function with respect to the set of points {@n.bn) ;.

Theorem 4.10. Let f :[0,1] — 20011 pe any comb function with respect to an admis-
sible sequence {(an,bn)}ywy such that the set {a, |n = 1,2,...} is dense in [0, 1].
Then,
o0
. [e.e]
im {f0.1). 7172, = <1 U 1)
n=1

Moreover, im{[0, 1], f}22, is homeomorphic to Wazewski’s universal dendrite.
m =

Corollary 4.11. Let f :[0,1] — 2[%U be the comb function with respect to a sequence
{(an, bn)yZ,}. Any point x € im{[0, 1], f}2° , can be classified as follows:
<«

(1) If x € Dy, for some positive integer n then, either x = (t*°), t € [0, 1], or is

of the form
ki ko k3 .,al{cm’tw)
m

for some positive integer m and for each £ < m it holds that iy < n, k; > 0,
aj, < aj, ., < bi,, and a;,, <t < b;,,. In particular,

(a) Xx is a branching point in Dy, if and only if
X = (X1,X2,X3, ..., X, a50),  j <,
(b) x is an endpoint in D, for some positive n, i.e.,
X = (X1,X2,X3, ..., %m.b°), i =<n.
Q) Ifx € l(iLn{[O, 1], f}iozl\U:;o:I Dy, then it has the general form

ki ko k3
(ail NSNS sees).

X =
Notation 4.12. For any dense subset {a,,n € N} of the interval (0, 1), there exists
a comb function f such that the inverse limit l(il_n{[(), 1], 13>, is homeomorphic
to the Wazewski’s universal dendrite. From now on, we assume that the comb map
f(aisbi)?il is constructed such that the set {a, : n € N} is an enumeration of the
rational numbers in (0, 1), i.e., Q N (0, 1). In the rest of the paper, we use ¢, instead
of a, to emphasize the fact that we are using rational numbers as coordinates for
branch points.
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Remark 4.13. In Corollary 4.11, we recognize the general structure of a dendrite
and the classification of points of the Berkovich line, identified with the Wazewski
universal dendrite. We identify the four categories of points:

(1) The branching points or Type II points:

ke
Br(X) ={xe X :x = (‘111 ,ql2 ,qm g g,

foreach{ <m, q;, < Qie+1}-
(2) The regular points or Type III points:
Reg(X) ={xe X :x = (‘111 ,ql2 ,ql3 ql’” 1),
Ve <m, qi, < qipi1:t € (i 11\ (n)}.
(3) The endpoints or Type IV points:
End(X) ={xeX:x= (‘1;1 ,61122,6113 ,...,qlm ,b$°),
VE<m. Giy < digyys dim < bj}-
(4) The limit points or Type I points:
Lim(X) = {x €eX:x= (qﬁl,qf;,qf;,...,qi’f,...),VZ, qi, < qz'Hl}-

Remark 4.14. An important property of the Wazewski dendrite ‘W is the following:
it is a homogeneous space in the following sense: the closure of any connected open
subset of ‘W is homeomorphic to ‘W (see for instance [6]).

Remark 4.15. The previous results give a description of Berkovich spaces as inverse
systems in the compact space [0, 1]. This construction allows us to introduce the shift
map induced by the comb function f in the inverse limit. This shift map defines a
dynamical system on P4, (Cp).

4.1. Two equivalent topologies on P];erk ©Cp)

So far, we have described the topology on the Berkovich line or equivalently the
Wazewski dendrite as the weak topology. In this short paragraph, we would like to
define an equivalent topology given by the so-called cylindrical sets as a subbasis.

The weak topology on R-trees. This topology is also known as the Observer’s topol-
ogy on a tree T. It is the topology generated (in the sense of a subbasis) by sets
U(x,v),forx € T andv € Ty suchthat U(x,v) ={y e T :y # x,[x,y] € v}. We
denote this topology by 7.
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Cylindrical topology. Let g = qll ,ql2 ,ql3 ey qk’” be a finite word. Consider the
cylinder set defined by
Z(q) := {gx € Py (Cp) : x € Py, (Cp)} . 4.3)

Then, define the topology zcy1 generated (as a subbasis) by the cylinder sets.
Proposition 4.16. The topologies 1o and tcy are equivalent.

Proof. Fix x,y € Pg..(Cp) and consider the direction set U(x, [x, y]). Let z €
U(x, [x, y]) such that, without loss of generality, we have x < z < y. By a den-

erk

sity argument we can find x’ of Type II such that x < x’ < z < y. Then, we would
have x’' = qll ,qlkzz,q:; ,...,ql , —qﬁl,qu,q:?,. qk’” t°°, for some ¢ < g;,
and also z = q;, ,qlk2 ,qi3 , ...qlkn”, t> for some t > qin . Define the word g =
qfl ! quz, qu; 3. ,qlk " and the cylinder set Z(gq). Then, by construction z € Z(g) and
any point z’ € Z(q) is such that z’ > x’ and thus the path [x, z'] is equivalent to the
path [x, y] as they share the common segment [x,x]. Hence, z € Z(q) C U(x,[x,y)]).

Conversely, let ¢ = ql1 ,ql2 ,ql3 yeen ,ql " and a cyhnder set Z(q). Fix z € Z(q).

In addition, define the Type II point given by x = qi1 , qi2 ,qi3* e ,qim. We consider
next U(x, [x, z]), the direction of z at x. Then, z € U(x, [x, z]). Moreover, note that
any z’ € U(x, [x, z]) is such that z/ > x (in the tree’s partial order); thus z’ can be
written z' = gy for some y € PJ.,(Cp) and therefore, we have z' € Z(g). Hence,
z € U(x,[x,z]) € Z(q). [

5. Noncommutative geometry on P&erk (&)

There are several ways to associate a C *-algebra to the space Péerk (Cp); we expose
some of them that appear to be relevant to the construction of spectral triples. We
start with C*-algebras associated to the space of branching points ngrk (Cp) seen as
a countable alphabet. We use the construction presented in the works [3,4].

5.1. C*-algebras of countable subshifts

In this paragraph, we denote by Q; the set Q@ N (0, 1). We consider the set of Type
2 points as a countable alphabet. The shift map on Qll\q is the map o : (@IfI — QII\I
given by o (x,) = (x,+1). Now, we notice that H%rk((cp) is a subset of QIFI and is
invariant for o i.e. o(ngk(C,,)) - ngk((:p). For an invariant subset X C AN, we
define £, (X) as the set of all words of length n that appear in some sequence of X,
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that is for HQ , (C,),

Ln (HBerk(Cp)) = {(ap...an-1) €Q" :Ix € ng,k((fp) s.t.

(X() . .xn_l) = (ao . .an_l)}.

We set io(ngk((C »)) = 0. The language of ngrk((f ) is then the set

Lug, c,) = Uéfi 2 (Cy)

consisting of all finite words that appear in some sequence in ngrk((c p). Given the

subshift H&rk (Cp) over the alphabet Q and &, B € £y HE, (C,) Ve define

C(a, B) = {Bx € HY,, (Cp) s ax € HZ ,(Cp)}.

In particular, Zg := C(@, B) is called the cylinder set of B, and Fy := C(«, @) the
follower set of «.
Let JBH@ (Cp) be the Boolean algebra of subsets of HBerk((C ) generated by the

sets C(«, ,B) For any words o, B € £y HE, (C))"

Definition 5.1. Let U be a Boolean algebra. The unital subshift C *-algebra Ox asso-
ciated with X is the universal unital C *-algebra generated by projections {p4 : A € U}
and partial isometries {s, : a € 4} subject to the relations:
(1)  px=1, panB = PAPB, PAUB = PA + pB — Pang and pg = 0, for every
A,BeU;
(ii) Sﬂs;sas; = pc(,p) foralla, B € £y forall a, B € £y, where sg = 1 and,
foro =ay...0n € £x, 5S¢ = Say - - - Sayy -

In particular, 535¢ = pc(a,0) = PF, and s[;s; = pc@.p) = Pz, foralla, B € Ly.

We can now define the universal algebra @ associated to the subshift

HY (Cp)
Berk \ -2
HB@erk(C ), which satisfies the following properties.

Proposition 5.2. In O the following hold:

Berk((cp)
@) s*sp = 84,pPF, forallq,p € Qy;

(i) srsq and SﬂSﬁ commute for all a, B € éﬁngk(Cp);

HBerk((Cp);
H2, (Cy) such that aff ¢ ngrk(Cp)’.

is generated by the set {sq, 55 1 q € Q1} U {1}.

(iii) s3sq and s/;s/g commute foralla, B € £
(iv) sqsg =O0foralla,p e

(V) Ongk ((CP)
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Proof. (i) From the definition of a partial isometry, one has s, = pz, s, and therefore
we can write the following equalities s;sp, = 55 pz, Pz,5p = 84,p PF,- (ii) Using the
point (ii) in the definition, for «, 8 € l’ngk ) Ve have that s sas; Sg = DFyPFs =
PFg PF, from which commutativity follows. (iii) The proof of (iii) is identical. (iv)
Similarly to the proof of (i), we have by definition of a partial isometry that sgsg =
SaPFyPZgSB = Sa PFynZgSp- The last term in the previous equality vanishes when-

everaff ¢ Lyo )" (v) The algebra O is generated by the partial isometries
Berk

Q
2 L HBerk((CP)
sq and the projections py for any A € Byo )
Berk
Ca,p can be written as pc(a,p) = $p555a5g- Moreover, the sets C(a, B) generate the

Boolean algebra, from which the statement follows. [

But the projections on the sets

Remark 5.3. The universal C *-algebra Oyo ()
Berk
as an Exel-Laca graph C*-algebra [15] as shown in [4, Proposition 4.4].

can be equivalently constructed

Moreover, one can associate a Hilbert space to the set ngrk (Cp), which we denote
by (2 (ngrk (Cp).dq), where the measure dq is the counting measure on ngrk (Cp).
In this section, this Hilbert space is denoted by #. In particular, the Hilbert space #
admits an orthonormal basis {e, : x € ngrk (Cp)} of Kronecker delta functions.

Proposition 5.4. Consider the family of operators {Sy}qeq, and {Pg}ocu on the
space KZ(H%H(((C »)) defined by

Po(ey) i= {ex frxeQ (5.1)

0  otherwise

if x € F,
Sq(ex) = foq(x) I .q
0 otherwise

where {ex : x € X} is an orthonormal basis of Ez(ngk(Cp)). Then the map m :
Ongk(Cp) — B(H), such that 7w (sq) = Sq forall g € Q and n(po) = Po for all
Q € U defines a *-representation.

Proof. We verify immediately that Py is a projection satisfying the following prop-

erties: Pngk(Cp) =1, Popnr = PoPRr, Pgur = Pg + Pr — Pgnr and Py = 0,
forevery O, R € Byo )
Berk

Moreover, for any g € Q, Sy is a partial isometry between the following initial
and final space:

S, :span{ex : x € F,} — Span{ex : x € Z,}
with the adjoint given by

N ey, ifx=ayeZ
Sé](ex)z{y ‘

0  otherwise.
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In addition, we can define Sy := Sg, -+ Sq, fora =a; - a, e L The partial

H((B);:rk((cp) )
isometries also generate the projections on the generating sets SgSy S¢S E = Pc(a,p)-

The claim then follows from the universal property of @ |

ngk (CI’) ’

5.2. Semibranching systems on Pl;erk (Cp)

We can extend the previous representation on the set of rational points ngrk (Cp) to
the full space Pa., (Cp). We can also exploit the metric structure on the Berkovich
line in order to single out invariant measures. To exhibit representation spaces of such
C *-algebras, we rely on semibranching systems; we refer to [5] for further details on
such construction.

5.2.1. Invariant measure. In order to define a representation of the universal C*-
algebra Ongk C,) using the space P4, (C,), we need to single out a measure y on
the projective line. In order to do so, we use the isometry group Iso(Pa. (Cp)).

A fact of fundamental importance is that the action of a non-constant rational map
on P!(C,) extends naturally to an action on P, (Cp), and such map preserves the
type of the point upon which it acts.

Let ¢ € C,(T) be arational function of degree d > 1. The usual action on P!(C,)
extends to a continuous action ¢ : 3., (Cp) — P3., (Cp).

Particularly, the maps y € PGL,(C)) act transitively on type I points of Py, ,(Cp),
and any type II point ¢, , can be written as {4 = ¥({ro0r), Where y = (§7) and

|Q|v=r'

Corollary 5.5 ([1]). Aut(Pg.,(Cp)) =~ PGL,(C,), the group of Mobius transforma-
tions (or linear fractional transformations) acting on PL_, (Cp).

The group PGL,(C)) of Mobius transformations acts continuously on P3., (Cp)
in a natural way compatible with the usual action P!(C,), and this action preserves
Hperk(Cp). Using the definition of Py, (Cp) in terms of multiplicative seminorms
(and extending each [-], to a seminorm on its local ring in the quotient field C, (7))
we have

[fIme) = [f o M« (5.2)
for each M € PGL,(C,). The action of PGL»(C)p) on Pj_, (Cp) can also be described
concretely in terms of Berkovich’s classification theorem, using the fact that each
M € PGL,(C,) takes closed discs to closed discs. An important observation is that
PGL,(C)) acts isometrically on Hpe (Cp), i.e.,

p(Mx,My) = p(x,y) (5.3)

forall x,y € Hpew (Cp) and all M € PGL,(C)), where p is the big metric. This shows
that the path metric p is “coordinate-free”.
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Following [17], since (Pg.(Cp), p) is a compact metric space with isometry
group PGL,(C,), there exists a non-zero PGL,(Cp)-invariant Radon measure on
Ph.+(Cp), denoted by wg. Moreover, since PGL,(C),) acts transitively, then jg is
strictly positive. We can then define the Hilbert space L2(Py. . (Cp), kg)-

5.2.2. Representation in L2 (Pl serk (Cp)s G). Consider the shift map
0: Pl%erk(CP) - IEDl;erk(cp)'

It is a continuous surjection. Keeping the notations introduced in the previous section,
we consider the sets

C(Ol, ﬂ) = {IBX € IP>]31‘erk((cp) tax € PBl'erk((CP)}

forevery «, 8 € QCH@ (Cp)" In particular, Zg := C(@, B) is the cylinder set of B, and
Fy := C(a, 0) the follower set of a.. Let us define the maps o, for ¢ €such that

oq:F(g) = Z(q), o4(x) =gx. 5.4

Let Bp 1 (c,,) be the Boolean algebra of subsets of Pa..(Cp) generated by all the sets
C(a,B) fora,p e L
(QPI;erk((CI’) ’

Theorem 5.6. The C*-algebras (9P1 L(Cp) and Oy

Q . similarly, one can construct the universal C *-algebra
IHIBerk (CI’)

are *-isomorphic.
Berk(CP) P

Proof. The map j defined on cylinder sets such that

j({ﬂx € ngrk(Cp) tox € ngrk(Cp)}) = {,Bx € H)];erk(cp) Lox € P];crk((cp)}

extends to an isomorphism of Boolean algebras between By,
The statement follows then from the universal property of

and B]P]gcrk ((Cp) .

Bu‘k (CP )
HZ, (Cp)’

Further on, we consider Op, 1 (Cp) 38 the C *-algebra associated to the Berkovich

line. We now study its representation on L2(Pg., (Cp), ).

Definition 5.7 (Semibranch system). Consider a measure space (X, i) and a count-
able family {0; };eN, of measurable maps o; : D; — X, defined on measurable subsets
D; C X. The family {0; };en is called a semibranching system if the following hold:

(1) There exists a corresponding family { R; };en of measurable subsets of X with
the property,

w(X\U; Rj)) =0, and wu(R;NRj)=0, fori#j (5.5)

where we denote by R; the range R; = 0;(D;).
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(2) There is a Radon—Nikodym derivative

d O Oj
05, = W0

with @5, > 0, u-almost everywhere on D;.

A measurable map o : X — X is called a coding map for the family {o;} if for all
x € Dj,000i(x) = x.

Lemma 5.8. For every q € Q1, the Radon—Nikodym derivative @5, = 1.

Proof. The sets F(q) and D(q) are both non-empty compact, locally connected met-
ric spaces with no closed curves, hence both are dendrites. Moreover, their sets of
branching points are dense (by construction) with infinite branching at each point. By
universality of the Wazewski dendrite W, F(q) and D(gq) are both homeomorphic
to W. In, addition the map o, : F(¢) — D(g) is continuous, surjective and thus a
homeomorphism, with inverse o (see [6]). Thus, o, € Homeo('W) and by identifica-
tion with 5, (Cp), 0 can be identified with an element yg of PGL,(Cp). Using the
invariance of ug we can compute the Radon—-Nikodym derivative:
_d(ugoog) _dpGove) _

o, = 1. 5.6
! dug dug (>-6)

Proposition 5.9. The shift map o : P3.,(Cp) — PA,.(Cp) is the coding map of the
semibranching function system given by the family of maps {o4}4 such that

oq: F(q) = Z(q). 04(q1.92,...) =(4.91.92....) forallg € Q1. (5.7)

Moreover, one can construct a family of operator (Sq)qeq acting on the Hilbert space
Lz(]P)]éerk((Cp)’ MG)"
(Sq¥)(x) = xz@g) ()Y oo (x). (5.8)

We also denote the space Lz(Pgerk (Cp), pug) by #.

Proof. Ttem (1) in the definition of a semibranching system follows from the fact that
the collection {Z(q) : ¢ € Q1} forms a disjoint partition of P, (C,). Item (2) follows
from Lemma 5.8. u

Lemma 5.10. The adjoint of the operator S, is given by

SyiH —H, (S;0)(x) = 1) ()Y o0og(x). (5.9
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Proof. For any g € Q1, we can write

(S 0) = / ¥ (0())p(x)dpc )

Z(q)

= [ We(o,0) @0, wdicw = (v.559)
F(q)

where we used Lemma 5.8 to state that &, (u) = 1. ]

Consider then the C*-algebra generated by the set of partial isometries {S, S, ; :
for all ¢ < ¢’} and then define the concrete C*-algebra

A(J) =S, S; - forallg € Q1) (5.10)

Proposition 5.11. The operators Sy and their adjoints satisfy the relation SqS; =
Pzy), where Pz is the projection given by multiplication by the characteristic
function x z(). This gives

D oSSy =1 (5.11)
q

Similarly, S; Sq = Pr(), where Pr () is the projection given by multiplication by
XF(q)-

Proof. For any g € QQ1, we can write
SqS;v(x) = Xz () 1) (0 () ¥ (0(0g(X))) = x2) () xF(g) (0(x)) ¥ (x)

where we have used the fact that 0 (o, (x)) = x by definition of o,. Now, if x € Z(q)
then o(x) € F(q) and thus y r(4)(0(x)) = 1. Hence, we deduce that

SaSgv (%) = 1260 ()Y (x)

and therefore S;S; = Pz(g). The proof that S;S; = PF(q) is identical. Finally, for
any ¥ € J and x € Pj, (Cp), we have

3 SSiv ) = Y. Pzg¥(x) = v(x)

q€Q q€Q;
since {Z(q) : ¢ € Q1} forms a partition of Py, (Cp). ]
Corollary 5.12. The map 7 : Op 1 (Cp) A(H) given by
(sq) =S4 (5.12)

is a *-homomorphism and defines a representation of Op 1 (C,) 48 a concrete C*-
subalgebra of the algebra of bounded operators B(L*(Pp.,(Cp), 116)).
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5.3. Projection-valued measures
In this section, we denote by J# the Hilbert space L? (P, (Cp), 11G)-

Definition 5.13. Let # be a Hilbert space and
Py :={P € B(¥): P =P*>=P*}

be the set of all orthogonal projections on # . Further, let X (X) be the o-algebra of a
measurable space X . An operator-valued map P : X (X) — Py defined on X (X) with
values in bounded linear operators on Hilbert space J is called a spectral measure or
a projection valued measure if

(1) P(X)=1and P(@) =0.
(2) If By, B>, ... in X(X), such that B; N B; = @ fori # j, one has

P(U B,-) =Y P(B) (5.13)
i=1 i=1

in the strong topology sense.

(3) P(ENF) = P(E)P(F)forE, F € (X).

As an example, consider (P4, (Cp), ng) as a o-finite measure space and let ¢
be the o-algebra of pg-measurable subsets of Péerk(C p). For each measurable set
E C P, define Pg(E) the projection in B(¥) given by P(E) = my, that is

PG(E)f = e [. (5.14)

Then E — Pg(E) is a projection-valued measure on J and called the canonical
projection-valued measure on L?(ug).

Let Z(PR.(Cp)) be the cylinder o-algebra, i.c., the o-algebra generated by the
cylinder sets.

Proposition 5.14. The operator-valued map defined on the cylinders Z(q) — S4S ;
extends to a spectral measure P : % (P]%erk(@ p)) = Pz. Moreover, we have the equal-
ity

P(E) = Pg(E), VE € (P4 (Cp)). (5.15)

Proof. Let f € J, we use Kolmogorov extension theorem on the map

E— (P(E)]. f)

defined on cylinder sets. We just have to check the consistency conditions. Consider

two different words Q =¢q;...q,and Q' =¢q}...q, in & then by definition

ngk (CI)) ’



M. Khalkhali and D. Tageddine 138

the cylinders Z(Q) and Z(Q’) are disjoint. The projections Pzg) = SoS 5 and
Pz = Sg’Sg, are orthogonal.

Again, by construction, for a finite word Q = ¢ ... ¢y, the cylinder Z(Q) is the
disjoint union of the cylinders Z(q; ...qnq) over g > ¢,. We can then write,

< > P(Zgq1-..q9x9) . f> =< > S04S5, S f>

a>dn q>dn (5.16)

= (SoSH [ f) = (P(Z(Q) f. f).

Therefore, the consistency relations are true for an arbitrary f € J and hence P
extends to a projection valued measure on Py .

Finally for f € J and for any E € X(Pg.,(Cp)), using the representation rela-
tions, we have P(E) f = yg f and thus P coincides with Pg. ]

Lemma 5.15. There exists a cyclic vector f € J such that
nG(E) = PE(E) = (PG(E)[. f) = | P (E) f I (5.17)

for every pg-measurable sets in Péerk.

Proof. Let us recall that a vector f € J is called a cyclic vector for the operator Pg
if the linear span of the vectors Pg (E) f, for E € (P4, (Cp)), is dense in J. Since
G s a finite measure and the set of simple functions is dense in #, then the identity
function 1 is a cyclic vector for Pg. |

Proposition 5.16. Consider the projection-valued measure (P, Z(PJ., (C,))) with a
cyclic vector f € . The measure jLg coincides withx the real valued Borel measure
on the space P3., (C,) defined by

1r(E) = PY(E):=(P(E)f. f) = IIP(E)fI*. (5.18)

Moreover, the measure |1y satisfies

/1 Vduy = /1 v dug
PBerk(CP) PBerk(Cp)

> [

qe@l Berk(CP)

and

woaqdus;f=/ Vdpy.
Péerk((cp)
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Proof. Let us denote by 7 : C(Pg,, (Cp)) — B(H) the left-multiplication represen-
tation of continuous functions on P, (Cp). We can write

Z [1 Yoogdusyy = Z /1 XF(@)V 00q duss s
qe@l IPBerk(Cl’) qul PBerk(Cﬁ)
= Y (Syf P(F(@)m(¥ 00g)Sy f)
q€Q

Moreover, using the fact that P(F(q)) = S; Sq. we can say that
P(F(@)r(¥ 00g)S; f = xr@yn(¥ 00g)(f 00g) = S;n(¥) f
and thus
(S7 L P(F(@)r(¥ 00g)Sy f) = (f.SqSqgn(¥) f) = (£ P(Z(@)=(¥) ).

Finally, we conclude that

S [ weodusis = Y (£ P(Z@)nf) = (£ ).

q€Q Berk (Cp) q€Q

In other words, we can write

2/1 woaqdus;f=/ v duy. n
qe@l IF’Bsrk(cﬁ)

IE;D];erk((cﬁ)
Proposition 5.17. There exists a unique continuous linear map
P 1 L®(Pyeq (Cp)) — B(H)

with P (xg) = P(E) for E € £(P3..(Cp)). This map is called the spectral integral,
and we also write it:
POH= [, 1@ar). (5.19)
P];erk((cl))
This map satisfies P(f)* = P(f), P(fg) = P(/)P(g) and | P (/)] < || f lloo for
/. g € L®(P3..(Cp)). In particular, (P, ¥) is a representation of the C*-algebra
L°°(]P’]§erk (Cp)) of all bounded measurable functions on the space Péerk(C )

Proof. The properties of the map P are obtained from the properties of multiplica-
tion operators by functions in L>®(PJ., (C,)). Uniqueness of the spectral integral
follows from the density of the subspace of step functions {yg : E € Z(Pa.(Cp))}
in L= (P35, (Cp)). ]
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Corollary 5.18. Consider the projection-valued measure (P, (P4, (Cp))) with a
cyclic vector f € H. Define the Hilbert space Hy such that

Hy = span{Se Sy f o € HY ). (5.20)

Then there exists a unique isometry Wy : Lz(pcf) — Hy of Lz(uf) onto Hy such
that

Wr(l) = £, and WfP()(Z(Q))Wf* = SQSZ‘z (5.21)
Sfor all words Q € :ﬁngk(CP)'

Proof. To define Wy : L?(jur) — Ky, we set
Wf(l) = f and Wf(XZ(Q)) = SQSéf

which then satisfies
L, o 110@P dns(x) = (oS5 1. 5055/ = W Gro)le,
Berk \™- 2

and thus extends to an isometry Wy : L?(us) — Hr. Again, uniqueness follows from
density of simple functions in L?(jiy). ]

5.4. Perron-Frobenius operator

Consider the transfer operator Tg : L*>(Ph.4(Cp), nG) — L*(Pa..(Cp), g) that
composes with the coding map denoted by o : P, (Cp) — P (Cp),

(Tey)(x) = ¥ (0(x)). (5.22)

One can associate to the operator 7 its adjoint P, given by

f VPo(E)dp = / Ty (9)edp (5.23)

and called the Perron—Frobenius operator.

Theorem 5.19. Let {0y} be the semibranching system defined associated to the cod-
ing map given by o : P3., (Cp) — P, (Cp). Then, the Perron—Frobenius operator
Py is of the form
(Pof)(x) = Y xz()€(04(x)). (5.24)
q
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Proof. In the Hilbert space L?(P3., (C,), itg), we can write
T8 = [ v due
PBerk(CP)

-y /F 08 () dat
q

q€Q

= <W, Z XF(q)5°0q>-

q€Q,

The left-hand side is recognized as the Perron—Frobenius operator. |

Since S ; is defined as

SgE(xX) = xF@é © 04(x)
we immediately deduce the following corollary.

Corollary 5.20. Let {04} be the semibranching system defined associated to the cod-
ing map given by o : P3., (Cp) — P, (Cp). Then, the Perron-Frobenius operator
Py is of the form
Py=> S} (5.25)
q

and Py belongs to A(J).

6. KMS states and invariant measures

6.1. Unitary representations of PGL2(C,)

We would like to start this section with some remarks on representations of PGL,(C)
as a discrete group in the Hilbert space L?(Pg_, (Cp), ug)-

Gromov hyperbolic space. Let x, y, z be points of P3_, (Cp), not all equal. We define
the Gromov product denoted (x|y), by

(x]y)z = p(w, 2), 6.1)

where w is the first point where the unique paths from x to z and y to z intersect.
By convention, we set (x|y), = +o0o if x = y and x is a point of type I, and we set
(x|y); =0ifx =zory = z.

If x, y,z € Hpew(Cp), then one checks easily that

(0): = 5(p(6.2) + p(r.2) = pLx. ). 62
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This is the usual definition of the Gromov product in Gromov’s theory of §-hyperbolic
spaces, with Hpx (Cp) being an example of a 0-hyperbolic space.
Proposition 6.1 ([14]). Hgew(Cp) is Gromov 0-hyperbolic.

Let ¢g be the Gauss point of P3., (Cp). Define the fundamental potential kernel
relative, written k;(x, y), and the canonical distance relative to z, written [x, y],, by
setting

Kz(x,y) = —logy[x, y]: = (x[y)e — (x[2)¢ = (¥]2)¢. (6.3)

In particular, if one takes z = (g, then the fundamental kernel simplifies:
kg(x,x) = —log,[x, x]g = —log, (diam(x)). (6.4)

Then, we define the following measure on Hgex (Cp)

dp(x) = p~ " Ddpg(x) = diam(x)dpe (x). (6.5)
Since the measure wg is PGL,(Cp)-invariant, the measure p is quasi-invariant under
the action
z a

0g 1 PGLy(Cp) x Pl (Cp) = PL.(Cp),  0,(x) = ( 0 1) ‘x. (6.6

The corresponding Radon—Nikodym derivatives are given by

d(og)« diam(g - x)
(@) (x) = — 7= (x) = — = |z|. (6.7)
du diam(x)

Proposition 6.2. The following maps
Us(8)f) =" V]z[ f(g - x) 6.8)

define a family of unitary representation of the group PGL,(C,) on L?(Hpen (Cp), 1),
parametrized by s € R.

Proof. Clearly, Us(g) f is measurable, and we also find

1Us(e) f1I5 = / 1zl1f (g - )I* dpu(x)

HBerk ((C D )

- / f(g -0 Lot g
Hge (Cp) d,u

- / /(g ) d(@g)pt(x)
Hge (Cp)

_ / £ dpx) = £ 112
Hpe (Cp
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Thus, Us(g) f defines an isometry of L?(Hpek(Cp), 1). We also observe that, for
g.h € PGL,(C,), we can write

Us(gh) f = €*\[|zg|V|znl f(gh - x) = Us(g) (Us(h) ). (6.9)

In particular, we see that each isometry U(g) is surjective with
Us(g™") = Us(e)™". =

Let us recall the definition of a covariant representation of a triple C *-dynamical
system.

Definition 6.3. Let @ : G — Aut(A) be an action of a locally compact group G on a
C*-algebra A. A covariant representation of (G, A, @) on a Hilbert space H is a pair
(v, ) consisting of a unitary representation v : G — U(H ) (the unitary group of H)
and a representation 7w : A — B(H), satisfying the covariant condition

v(g)m(@)v(g)* = n(ag(a))
forall g € G and a € A. Itis called nondegenerate if 7 is nondegenerate.

In the present context, we consider the C *-algebra Co(Hge(Cp)) of continuous
functions on the hyperbolic Berkovich line. We consider the representation by left-
multiplication:

7+ Co(Hper(Cp)) = B(L*(Hper(Cp). 1)), (/)Y (x) = f(x)¥(x) (6.10)
and we denote the Hilbert space L?(Hpex(Cp) by H.

Theorem 6.4. Fors € R, the pair (Us, 1) is a covariant representation of the follow-
ing triple (PGL,(Cp), Co(Hpek (Cp)), 0).

Proof. We verify that the pair (Us, i) satisfies the covariant condition:
(Us(©)m(@Us(9)*) f(x) = (Us(@)m(@) (™[22 (g ™" - x))
= Uy(@)(e"* |z 2a(x) f(g™" - x) = alg - x) f(x)
for a € Co(Hpex(Cp)) and g € PGL,(C)). [
Let us denote by v the Haar measure on PGL,(C,). We let
C¢(PGL2(Cp), Co(Hper(Cp)). 0)
be the x-algebra of compactly supported continuous functions

f : PGL2(Cp) — Co(Hpen(Cp)),
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with pointwise addition and scalar multiplication. We define a norm || - ||; on the
algebra Cc(PGL2(Cp), Co(Hper (Cp)), o) by

T / 1 £(©)ldv(s).
PGL,(Cp)

Then, the space L!(PGL,(C,), Co(Hpen(Cp)), o) is the Banach *-algebra obtained
by completion of the algebra C.(PGL»(Cp). Co(Hpek(Cp)). o) with respectto | - .

We can define a representation « : C¢ (PGL2(Cp), Co(Hpew(Cp)), 0) — B(H)
given by

a( e = [

PGL, (C)p

) w(fg)Us(g)¥dv(g)
- / Fe (¥ (g - 1) Izl (g) 6.11)
PGL>(Cp)

and define the crossed product C*-algebra Co(Hpgex(Cp)) o PGL2(C,) to be the
norm closure of the image a;(L!'(PGL2(C,), Co(Hpe(Cp)), 0)).

Proposition 6.5. The pair (a5, H) defines a representation of the crossed-product
C*-algebra Co(Hpe (Cp)) x5 PGL2(Cp).

6.2. K-cycle and dynamical system

In the previous section, we have constructed a C *-algebra on the hyperbolic projective
line Hpen(Cp). If we see Ph., (Cp) as a tree, then we studied crossed product C*-
algebra on the interior of the tree. In this last section, we show that crossed product
C*-algebra can also be used to study the boundary 9Py, (Cp) which is identified
with P1(C)).

Consider I' be a finitely generated subgroup of PGL,(C,). Moreover, let I be
torsion-free, in which case it is called a (p-adic) Schottky group. In fact, a Schottky
group is a free group [25].

Definition 6.6 (Limit set, [20]). Let (X, d) be a metric space and I' C Iso(X) be a
discrete subgroup. The limit set of ' is the subset A = A(T") of 0X of points which
are accumulation points of orbits in X . That is

A= {y €0X | y =lim {ym(x)} for some x € X and {y,,} a sequence in Iso(X)}.

Since PGL,(C,) acts transitively on type II points in P3_, (Cp), then the limit
set of " is P!(C,). Starting from the commutative algebra of Lipschitz-continuous
functions C(P!(C,)) over P1(C,), we consider the reduced cross-product for which



Noncommutative geometry on the Berkovich projective line 145

we briefly recall the construction. Consider the integrated representation « defined in
the previous section.

a: L'(PGLy(Cy), C(P1),0) — B(¥),  a(f)V(E) =) fEU¥)E).

yel

The reduced cross-product C*-algebra C (T, P1(C,)) is the completion of the
Banach algebra L' (PGL,(C,), C(P!(C,))) with respect to the operator norm

S = e (H)lBe)- (6.12)

Implicitly, the definition of C*(T, P!(C,)) is a representation of the Banach algebra
LY(PGL»(C,), C(P1(C,))) and therefore of the full cross-product C(P!(C,)) x4
PGL,(C)). Thus, there is a surjective *-homomorphism between the crossed product
algebras C(P!(C))) xs PGLy(C,) — CX(T,P(C))).

Time evolution. One can define the time evolution as the one-parameter family acting
on the reduced C *-algebra C*(I', P1(C,)) given by

o7 (Z fy(S)Uy) = ZPitBE(Z’y.Z)fy(E)Uy (6.13)
v v

where B(¢, y¢, §) is the Busemann function based at the Gauss point ¢ and, defined
by:

_ _ diam(y~1x)

Bye) = lim (C.x)y = (vLx)y = lim logv(—

1 1
XEHBerk XEHBerk

) (6.14)

diam(x)

for all &£ € P!(C,), using the Gromov product.

Lemma 6.7. « is a strongly-continuous one parameter group of *-automorphisms of
the cross-product algebra C(Pp., (Cp)) x T.

Proof. Let y' + (¢ = h(§)U,’) € H#, then define the unitary operator v(z, §) by
u(t, EYh(E)U, = pBeCY DU, (6.15)

Then, consider the operators v(z, £) f(§)U,v(¢, §)* which acts on the Hilbert space
J as follows

[v(1,€) fF(E)Uyo(1, )*|REU, = [v(2,6) £(§) ] p Br1eEY DRy~ . )U,,,,
— pif(BE(f’Vl’/'f)—By—l5(?:?"@))f(i_-)h(y—l . S)Uyy"
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From the definition of the Busemann function, we can show that
—B,1£(5,y" - 8) = By—1:(y' - £,0), By—1(5,y"-8) = Be(yi vy -0
and Be(,yy' - §) + Be(yy' - ¢, v¢) = Be (¢, y{), from which we deduce that

[v(t.8) FEOU (. §)*|hE)U, = p'"BeCr D f&)h(y™" - §)Uyy
= a:(f(E)U,)h(E) Uy

Thus, the map «, coincides on the reduced C*-algebra C*(T', P!(C,)) with the
conjugate by the unitary operator v(¢, £). Hence, t + o is a strongly continuous
x-automorphism which clearly satisfies for any time 7,1’ € R, oy o 0y = oty 4. [

The Patterson—Sullivan measure on P, (Cp). Let us recall the definition of the
Patterson—Sullivan measure. In addition to the Busemann function B(¢, y¢, £), con-
sider the function
diam(y~'x)
i = pBGYLE —  |im
@) =rp x—¢  diam(x)
XEHIlkrk

(6.16)

Definition 6.8. Let D > 0 and u a finite (and non-trivial) measure on P!(C,). The
measure u is called I'-quasiconformal of dimension D if the pullback measures y*u
(y € T') are pairwise absolutely continuous and there exists C > 1 such that

1. d(y* .
C ljy(é)Df%scij, w—a.e. (6.17)

Let us now recall the definition of the critical exponent of T" as the number

8(I) = limsup%log {y el :p vyl < R}. (6.18)

R—o00

It is equivalently defined as the abscissa of convergence of the Poincaré series

pr(s) =y e smd), (6.19)

yel

Proposition 6.9 ([14, Theorem 5.4]). If§(T") < oo, then there exists a (unique) mea-
sure I -quasiconformal of dimension §(T') with support coinciding with P*(C). This
measure is called the Patterson—Sullivan measure and denoted by (ipg ;.

We can then define the positive functional 7 : C;*(T, P1(C,)) — C by

o(f) = / Fo®)dups.c(©). (6.20)
P1(Cp)
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KMSg-states. Consider a C *-dynamical, i.e., a pair (4, o) with A a C*-algebra and
a : R — Aut(A) a time evolution.

Definition 6.10 (KMS state). A state ¢ on A satisfies the Kubo-Martin—Schwinger
(KMS) condition with respect to « at inverse temperature 8 € [0, 00) (¢ is a x-KMSg
state), if

¢(ab) = ¢(bajg(a)) 6.21)

for all element a, b in a dense subalgebra A" C A of analytic elements.

Then, we can show that the C*-dynamical (C*(I', P1(C))), &) admits a unique
KMS-state that is exactly given by the Patterson—Sullivan measure on the boundary
of the Berkovich projective line.

Proposition 6.11 ([23, Proposition 5.11]). The reduced cross-product C*-algebra
Cx(T.P(Cp))

has a unique KMSg state with inverse temperature 8 = §(I") obtained by integration
with the Patterson—Sullivan measure:

wﬂ,z(z fy(é)Uy) =/ Je(€)dps, (§). (6.22)
y P1(Cp)
Hamiltonian operator. If we denote the family Radon—-Nikodym derivatives as,
dy*ups
Hes

then. as previously. the family of operators acting on L2(P!, ups):

Uy f) =véw)f(y-§) (6.24)

defines a unitary representation of the Schottky group I'. Again, we denote by 7 the
representation by left-multiplication of C(P1(C,)) on L?(P1(C,), ups).

Theorem 6.12. The pair (rr, U) of maps defines a regular covariant representation
of the crossed product C*-algebra C (IP’I(CP)) x I'. In this representation, the time
evolution is implemented by the Hamiltonian

HfU(y) = BE.yL. &) fEU(y) suchthat ay(a) = e"Tae™ . (6.25)

Proof. From Lemma 6.7, we have shown the time evolution «; is given as the conju-
gate of a unitary operator v(, £) such that

ai(a)(€) = v(t. §a®)v(.§)".

Then, the statement follows from the fact that there exists a selfadjoint operator H
acting on the Hilbert space J# such that v(z, £) = e’ ]
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Following [18], we can then introduce on the boundary BIP’éerk(Cp) a (twisted)

spectral triple given by (C*(T, P1(C,)), #, D) where the Dirac operator D is such
that |D| = H.
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