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Assouad type spectra for some self-affine sponges
Qiang Huo

Abstract. In this paper, we compute the Assouad and lower spectra of Bedford—McMullen
sponges in R3 explicitly. According to the formulae established, we discover that the spectra
are not determined by the ratio set, and the box, lower and Assouad dimensions of the sponge
anymore, which is unlike the situation in a planar carpet. As a by-product, we construct two
Bedford—-McMullen sponges on the same grid, both of which have non-uniform fibres. Partic-
ularly, they share the same box, lower and Assouad dimensions. However, their Assouad type
spectra are different and therefore, they are not bi-Lipschitz equivalent. For Bedford—-McMullen
sponges in higher dimensions, we also determine the dimension spectra when 6 is smaller than
the minimal ratio or it is bigger than the maximal ratio.

1. Introduction

Let F C R? be a non-empty compact bounded set. The Assouad dimension of F is
defined to be the infimum of all exponents s > 0 for which there exists C > 0 such that
N(Bx,R)NF,r)<C(R/r)’forallx € F and 0 < r < R, where N(E, r) denotes
the minimal number of r-balls required to cover £ C X and B(x, R) is the closed
ball with centre x and radius R. The Assouad dimension, initiated by Assouad [1] in
his PhD thesis, plays a vital role in various fields like embedding theory [25], num-
ber theory [13], Sobolev inequalities in functional analysis [6, 19] etc. We refer the
readers to [9,22,26] for more background, basic properties and related applications
of the Assouad dimension. Unlike the box dimension which captures the global scal-
ing structure of sets, the Assouad dimension quantifies the size of the thickest parts
between all pair of scales. To better understand the gap between the box and Assouad
dimensions, Fraser and Yu [15] defined the Assouad spectrum of a set F to be

dimfiF:inf{s>0:ac >0, st.forall0 < R < landx € F,

N(B(x,R)n F,R"?) < C(%)s}
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forall 8 € (0, 1). As a dual spectrum, the lower spectrum of F is given by

dimfF=sup{s>0:ElC >0, st.forall0 < R<landx € F,

N(B(x.R)N F,R'%)> C<R112/6)s}

for all 8 € (0, 1). In these notions of dimension spectra, the relationship between
the pair of scales R,r = RY? is fixed by the parameter 8. The Assouad spectrum
interpolates between the well-known upper box dimension and the quasi-Assouad
dimension introduced by Lii and Xi [20], i.e., it approaches the upper box dimension
as § — 0 and tends to the quasi-Assouad dimension as 6 — 1. Compared with the
Assouad and lower dimensions, the corresponding dimension spectra provide us with
finer geometric information about the scaling structure of a set. However, the Assouad
spectrum is not necessarily monotonic, as shown in [15, Section 8]. We mention a
variant spectrum introduced in [11] and coupled with ““a tale of two spectra” analysis,
called the upper spectrum, which only fixes R 176 as an upper bound to r in the original
definition of the Assouad spectrum and turns out to be non-decreasing in 6. Beyond
the monotonic property, Rutar [27] investigated all possible forms of the Assouad
spectrum of a bounded set F C R,

In [14], Fraser and Yu obtained the precise formulae for the spectra of planar
Bedford-McMullen carpets. They showed that the Assouad spectrum of a Bedford—
McMullen carpet with non-uniform fibres has uniquely one phase transition, which
occurs when the spectrum approaches the Assouad dimension. Perhaps Bedford—
McMullen carpets are the simplest and oldest self-affine sets. Nowadays, there are
some well-studied more general self-affine sets, such as Lalley—Gatzouras carpets[ 18],
Baranski carpets [4], and their extension in higher dimensions [16, 17] (i.e., the ambi-
ent spatial dimension is at least 3). The precise formulae for Assouad type dimensions
of these general self-affine sets can be found in [8,12,16,21]. Recently, Banaji, Fraser,
Kolossvary and Rutar [2] determined the Assouad spectrum of Lalley—Gatzouras car-
pets and discussed the differentiability of the spectrum. It is natural to study the
dimension spectra of self-affine sponges, including the Bedford—McMullen class and
the Lalley—Gatzouras class.

In this paper, we calculate the precise formulae for the Assouad and lower spec-
tra of Bedford-McMullen sponges in R3. The key ingredient in our proof is the
covering argument of approximate cubes [24], which follows Fraser and Yu’s treat-
ment of planar Bedford—-McMullen carpets in [14] essentially. As a consequence,
we may construct two sponges in R® which are not bi-Lipschitz equivalent. This
phenomenon is revealed only by the dimension spectra as these two sponges are
defined on the same grid and share the same box, lower and Assouad dimensions.
We emphasize that our construction is essentially different from that in [14, Pro-
position 3.4] since they considered two carpets defined on grids of size m x n and



Assouad type spectra for some self-affine sponges 89

m' x n’, respectively, and ensured that logn /logm # logn’/logm’. Fraser and Yu [14,
Corollary 3.5] also proved that the dimension spectra of a planar Bedford—-McMullen
carpet are completely determined by the ratio log n/ log m and the box, lower and
Assouad dimensions of the carpet. However, this feature is not exhibited by Bedford—
McMullen sponges in R3 anymore according to the explicit formulae established in
this paper. Even it is rather complicated to calculate the dimension spectra for sponges
in general R¥, inspired by the heuristic covering strategy to deal with approximate
cubes in R3, we may obtain the spectra formulae of Bedford—-McMullen sponges in
R? when 6 is smaller than the minimal ratio or it is bigger than the maximal ratio.

It is worth mentioning that a related notion via dimension interpolation between
the Hausdorff and box dimensions, named as the intermediate dimensions, was con-
sidered in [7]. Recently, Banaji and Kolossvary [3] explicitly calculated the inter-
mediate dimensions for all Bedford-McMullen carpets and revealed the bi-Lipschitz
equivalence of two Bedford—-McMullen carpets from the perspective of intermediate
dimensions. We refer interested readers to [10] for these two approaches to dimension
interpolation.

2. Preliminaries

Throughout the paper, for real-valued functions f and g, we write f < g if there
exists C > 0 such that f(x) < Cg(x) for all x. Sometimes, we use the notation
f(x) = O(g(x)) to mean the same thing. Similarly, we say that f > gif g < f.If
both f = gand f < g, then we write f < g.

Let F C R be a non-empty compact bounded set. The upper and lower box

dimensions of F are defined by

S log N(F, ) . . JogN(F,

dimg F = lim sup og—(r) and dimy F = liminf M.
r—o0 log(1/r) r—0 log(l/r)

If these two values coincide, the common value is called the box dimension of F and
denoted by dimg F. Following [8], we define the lower dimension of F by

dimy F :sup{s >0:3C >0, st.forallO0<r < Rand x € F,
R\
N(B.RINF.r) = ()}

In particular, Fraser and Yu [15, Propositions 3.1 and 3.9] proved the general bound
on the Assouad type spectra in terms of the box, lower and Assouad dimensions as
follows. For any 8 € (0, 1), one has

dimg F
1—6

dimg F < dim® F < min{ , dim, F} and dimg, F < dim® F < dimy F.
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3. Bedford—-McMullen sponges and main results

We begin with the notion of Bedford—-McMullen sponges initiated by Kenyon and
Peres [17]. Fixd e Nandlet2 <n; <--- <ng beintegers. Let I, ={0,...,n, — 1}
and choose a subset D C ]_[Z=1 I, composed of at least two elements. For each

I =(i1.....ig) € D, we define an affine transform ¢; : [0, 1]¢ — [0, 1]¢ by
X1+ Xq +ig
gr(x1, ... xq) = .
ni ng

Let D% ={w = (i1,12,...) : 1 = (i1,1,...,i1,4) € D} be the set of all infinite words
over D and let IT : D — [0, 1]d be the canonical map from the symbolic space to
the geometric space defined by

M(w) = ()i ooy ([0.19).
leN
The set F := T1(D) is called the Bedford-McMullen sponge. Denote the ratio set of
F by {logn,/logng}i<p<g<a-Forl =1,2,...,d, wedefinen; : D — ]_[2:1 Ipto
be the projection onto the first [ coordinates. For/ = 1,2,...,d — 1 and (iy,...,i;) €
D, let

N(iv,....i0) = [irg1 € Trgr 2 (oo innizgr) € mp DY

We say that a Bedford—-McMullen sponge has uniform fibres if and only if for all
[ =1,2,...,d —1itholds

NG, ...,i1)) = N(1,---. J1)

forall (iy,...,i1), (j1,..., 1) € miD.

Formulae for the Hausdorff, box, Assouad and lower dimensions of Bedford—
McMullen sponges were established in [12,17], which can be seen as generalisation of
the formulae in the planar case obtained by Bedford [5], McMullen [23], Mackay [21]
and Fraser [8].

Theorem 3.1 (Kenyon—Peres—Fraser—Howroyd). The Assouad, box and lower dimen-
sions of a Bedford—McMullen sponge F are given by

—1log ~ max  N(i,....i
. log|mD| R (1 )
dlmA F=——14 Z ’
logn; = log 41
d—1
1 D 1 D D
dimg F = 2811 |+Z og(|mi 1D/ D).
lognl =1 lognl_;’_l
d-1lo min  N(y,...,0)
dim; F = log |1 D] 4 Z g(il,...,il)en,:o

logn; o logn;yq
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Moreover, either dimp F < dimg F' < dimp F (the “non-uniform fibres” case) or
dimp F = dimg F' = dimy F (the “uniform fibres” case).

Notation 1. Let F be a Bedford-McMullen sponge in R® with non-uniform fibres.
Denote by

Myax = max N(ll)’ Myin = . min N(ll)v

i1remr1 D irenr1 D
Nmax = ~ max N(il,iZ)a Niin = . .min N(ilviZ);
(i1,i2)€m2 D (i1,i2)€m2 D
Crax = max E N(i1,i2), Cpin = min E N(i1,12).
nhemd .  ~ iiem O . .~
i2:(i1,i2)€mr D ir:(i1,i2)€Ema D

Using these notations, Theorem 3.1 yields that

10g|7[1<>{0| + 1Ongax + logNmax

dlmAF = ,
logn logny logns
dimg F — log |71 D| N log(|m2D|/|m1 D)) N log(|D|/|m2D])
logny logn; logns
1 D 1 Mmin 1 Nmin
dimy F = €MDl log og

logn logn, logns

For 6 € (0, 1), denote by

dimB F — 0(10g(|«9‘/cmax) + 10g(Crnax/ Nmax) log Nmax)

fl (9) — logn logno logns
1-6 '
log |71 D] log(|mo D]/ |71 D)) + log(Cmax / Mmax)
f2(9) _ logny logno logny
1-6
log(l” "{[)l/MmaX) log(cmax/Nmax) log Nmax
_ 9( 120gn1 + logno + logns )
1-6 '
log Mmax log(cmax/Mmax) log(CmHX/Nl‘ﬂ'dX) log Nmax
6y - loelm D | S + — O + )
’ logny 1-6 ’
log|m D] | log(|maD]/|1 D)) log(|m2 D/ Mimax) | 10g Mimax
logn logno - 9( logn + logno ) log Nmax
Ja(0) = +
1-6 logns
and
1 IOg(‘i)l/Cmin) 1Og(cmin/j\,min) log Nmin
g1(0) = dimg F — 9( logn + logns + logns )
1-6 '
log|m D] | log(|maD|/|m1 D)) + 10g(Crnin/ Miin)
g2(9) _ logny logno logny
1-6
log(|7m2 D/ Mumin) 10g(Crmin/ Nimin) log Nmin
0( 12(Jgn1 + logno + logns )

1-6 '
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log Mmin log(cmin/Mmin) 10g(cmin/Nmin) log Nmin
log |71 D| logno + logns - 9( logny + lognsz )
g3(0) = n ,
ogn 1-6
log|m D| | log(|maDI/|m1 DD log(|m2 DI/ Mmin) | 10g Mimin
lOg}’]t] 210gn2 : - 0( lzognl + logno IOg Nmin
ga(0) = + :
1-6 logns

We are now in position to state the main result (including three pieces), which
gives the precise formulae for the Assouad and lower spectra of a Bedford—-McMullen
sponge in R3. We always assume that the Bedford—-McMullen sponge has non-uniform

fibres.

Theorem 3.2. Let F be a Bedford-McMullen sponge in R3 with the property that
logni/logny < logn,/logns. Then the Assouad spectrum of F is given by

1(6)
f2(0)
S3(0)
dimp F

dimf F =

and the lower spectrum of F is given by

g1(9)
g2(0)
g3(0)
dimy, F

dim? F =

for
for
for
for

for
for
for
for

logny
<
0<6 < o3

logny logny
<

logns <0 — logny’

logny logno

0201 < 2872

logno <0 — lognsz’

logna g <1
logns

logn

< 2271

0<f < Togns"

logny logn
<

lognsz <0 — logny’

logn logny
Oen1 < 08n2
logno <0 — lognz”’
logno

logns < 0 < 1.

Theorem 3.3. Let F be a Bedford—McMullen sponge in R> with the property that
logn,/logns < logny/logns. Then the Assouad spectrum of F is given by

f1(0)
12(0)
fa(0)
dimy F

dim§ F =

and the lower spectrum of F is given by

g1(0)
g2(0)
g4(0)
dimp, F

dim? F =

for
for
for
for

for

logn
< 2271
0<f < Togns"

logn logny
<

logns <0 — logny”’

1 1

lognsz — logny’

logni g <1
logno

logny

< 2871

0<6 < o3

logny logno
<

logng <0 — lognsz’

logno logn
<

logns <0 — lognsy’

M < 9 < 1.

logny
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Theorem 3.4. Let F be a Bedford—McMullen sponge in R> with the property that
logni/logny, = logny/logns. Then the Assouad spectrum of F is given by

f1(0)  for 0 < < e

— lognsz’

-0 _ logn logno
= et -EAS < ==z
dim, F f2(0)  for ogns < 0 < logns”
. logno
dimy F for ogns < 0 <1

and the lower spectrum of F is given by

g1(8)  for 0 < < em

— lognsz’
-0 _ logni lognyp
= LN < 2872
dimy, ¥ g2(0)  for logny = 0 < logns’
. logno
dimg F for Togn; < 0 < 1.

Let F be a Bedford—McMullen carpet with non-uniform fibres defined on am x n
grid. The ratio log m/ log n turns out to be a bi-Lipschitz invariant, which was proven
by Fraser and Yu in [14, Theorem 3.3]. Moreover, they observed that the Assouad and
lower spectra of such a carpet are completely determined by the ratio logm/logn and
the box, lower and Assouad dimensions of the carpet [ 14, Corollary 3.5]. However, the
situation is very different for Bedford—McMullen sponges. Observe from Theorem 3.1
that, for the Assouad dimension, the term

log (i1,...I,1;'112;)én1£) N(ii,...,i1)/logn;qq
relates to the maximal fibre dimension regarding the first / coordinates of 7 € £; and
for the box dimension, we may understand the term log(|7r;+1D|/|7;D|)/ logn;1q
as the average fibre dimension in coordinate / by regarding |m; 41 D|/|7;D| as the
arithmetic average of the N(iy,...,i;).

When considering, for instance, the Assouad spectrum of a Bedford—-McMullen
sponge defined on a n; X np x n3 grid, there are three new terms log(|D|/ Cmax)»
102(Cinax/ Nmax)» 108(Cimax/ Mmax) involving Cp.x which appear, as shown in The-
orems 3.2-3.4. To understand Cpx, fix i1 € 71D, we group together level-2 fibres
over the first coordinate i1 and count the total number of next level-3 fibres. Then we
choose i; € w1 which maximizes the quantity

Y N

i2:(i1,i2)€Emr D

(depending only on the level-1 fibre). Since these terms relating to Cyax or Cryiy do
not appear in the formulae of dimy F, dimg F' and dimy, F', the dimension spectra of
a sponge are not only determined by the ratio set {logn,/logng},<, and the box,
lower, Assouad dimension of that sponge anymore. This is the main point different
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from the planar case. Furthermore, having the same ratio set {logn,/logn,}p<4 is
a necessary condition for two Bedford—McMullen sponges with non-uniform fibres
to be bi-Lipschitz equivalent, but it is not sufficient. Indeed, for two sponges defined
on the same grid, we may guarantee the spectra would be different by ensuring that
Crmax # Cpax and Crin # C,. whereas the other parameters in the formulae of the
spectra coincide, which are necessary in the construction. In the following example,
we construct two Bedford—McMullen sponges which are not bi-Lipschitz equivalent.
This is revealed by the dimension spectra, not by any of the aforementioned dimen-
sions nor the ratio set.

Proposition 3.5. There exist two topologically equivalent Bedford—McMullen sponges
on the same grid, for which the box, lower and Assouad dimensions coincide. How-
ever, their Assouad and lower spectra are different and therefore they are not bi-
Lipschitz equivalent.

After giving the formulae for the dimension spectra of the Bedford—-McMullen
sponges in R3, we continue to consider higher-dimensional sponges. For a sponge
defined on a ny x ny X --- X ng grid, the ratio set is composed of at most d(d —
1)/2 points in terms of logn,/logn, with 1 < p < g < d. Following the proof of
Theorem 3.2, we use different covering strategies to deal with approximate cubes
for the cases when 6 < logn,/logng and 6 > logn,/logng, respectively, which
possibly lead to different formulae for the spectra. This means that the dimension
spectra probably fail to be differentiable at these points which belong to the ratio
set. Moreover, we need to consider the generalisation of Cp,x and Cyyy, to higher
dimensions, which makes the calculation rather complicated. For these reasons, we do
not expect to compute the spectra dimi F, dimf F for all 8 € (0, 1). Instead, owning
to the heuristic proof of Theorem 3.2, we discover that there are two situations for
which we can easily obtain the formulae for the spectra, i.e., when 6 is smaller than
the minimal ratio or 6 is bigger than the maximal ratio and smaller than 1.

Notation 2. Let F be a Bedford-McMullen sponge in R4 with non-uniform fibres.
Denote by
Ng—imax = ~ max N(@i1,...,ig—1),
(i1 eesig—1)ETg—1 D

Ng_imn = min N(iy, ... ig-1);
i15eensig—1)ETG—1 D

Nimax = max Z Z

@15eensig)ETK D | . : . ) 5
ik +1:G15eoik+ 1) ETK 41D i 42:(1 ik +2) ETE 42D

> N(it,. .. ig—1),

ig—1:(1,sig—1)€ETg—1 D
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Nk,min = min Z Z

(1yeesip)ETED | ) : . . ;
k412G 15eik+1)ETK 41D ig42:(1 ik +2) ETR 42D
E N(il,...,id_l);
ig—1:015sig—1)€mg—1D
M max = max N(iy, ..., i),
(l],...,lk)énki)
k.min = min N(iy, ..., i)
! (i1,..ig)ETK D ’ ’

fork =1,...,d —2. Then Theorem 3.1 yields that

d—2
I D log My max 102 Ng—1 max
dimy F = 1EITIDL | 52108 My 108 N1,
lognl k=1 lognk_H lognd
d—2
1 i) 1 M min 1 Ny_ min
dimLF=M Zog k, 08 Nd—1.min-
lognl k=1 lognk_H lognd

Theorem 3.6. Let F be a Bedford—McMullen sponge in R¢.
(1) If 6 € (0,logny/logng], then

dlmg F = dlmB r _ 9 10g(|‘1)|/N1,max)
1-6 1-6 logn;
d—2
+ Z 1Og(]\'/k,max/]\Ik-i-l,max) + lOg Nd—l,max
k=1 logni1 logny
and
gim¢ = dims £ 0 (10g(DI/N1.min)
1-6 1-6 logn
d—2
log(N min N, min loge Nj_ min
+Zg(k’/k+1’)+gd1, :
k=1 log 41 logng

(2) If0 € [max;<p<g<qlogn,/logng, 1), then dimi F =dimp F and dimf F =
dimL F.

4. Proofs

In this section, we prove our main results, Theorems 3.2-3.4, 3.6 and Proposition 3.5.
Fixw = (11,...) = ((i1,1,11,2,11,3),...) € D and r > 0 sufficiently small. We
denote the approximate cube centred at w with side length r > 0 by Q(w, r), and
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define it by
O(w,r) = {a)’ =(1,..)€D® 1 j1g=1i14.Yqg=1,2,3and Vt = 1,...,lq(r)},

where [, (r) is the unique integer satisfying

n,;l"(r) <r< n;l"(r)H. 4.1)

In particular,

logr logr

8T ) <2 4y

logny logny,
The set Q(w, r) depends only on the coordinates iy1, ..., i7,(r),1> 1,25 - -+ ily(r),25
i1,3, ... i15(r),3- Sometimes, we also denote it by

Q(il,la R} il](r),17 il,z’ cee ilz(r),Za i1,3’ cee llg(r),3)

The geometric projection of this set, I1(Q(w, r)), is a subset of F which contains

IT1(w) and sits inside a cuboid in R which is approximately a cube in the sense

that it has a base with length nl_ll(r) € (r/ny,r] and width nz_lzm € (r/ny,r], and

height n;l3(r) € (r/ns, r]. In order to calculate the Assouad and lower spectra, one

may replace B(x, R) by I1(Q(w, R)) since these two quantities give us equivalent
definitions for the spectra.

The following lemma is a prior indication that there are phase transitions in the
spectra at 6 = logn;/logns,logn,/logn, and logn,/logns (possibly distinct).

Lemma 4.1. Let R € (0,1) and 0 € (0, 1). We list all possible relationships between
l4(R) and lq(Rl/e),q = 1,2, 3 as follows:

(@) [3(R) < Ip(R) < [1(R) < I3(RY?) < I,(RY®) < I1(RYY);

(b) I13(R) < l(R) < I3(RV?) < I1(R) < l,(R"%) < [1(R"®);

(©) I3(R) < l2(R) < I3(RY?) < I,(RY?) < I1(R) < [1(R"?);

(d) 13(R) < I3(RY%) < I,(R) < L,(RV?) < I;(R) < I;(R"?);

(e) I13(R) < 3(RY?) < I,(R) < [1(R) < l,(RY?) < [;(R'?).

Case 1. lognyi/logn, < logny/logns:
(1) if 0 € (0,logny/logns], then (a) holds;
(2) if 0 € (logny/logns,logny/logns), then (b) holds;
(3) if 0 € (logny/lognsy,logn,/ logns), then (c) holds;
(4) if 0 € (logna/logns, 1), then (d) holds.
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Case 2. logn,/logns < logny/logns:
(1) if 8 € (0,logny/logns)], then (a) holds;
(2) if 8 € (logny/logns,lognsy/logns), then (b) holds;
(3) if 6 € (logny/logns,logny/logns], then (e) holds;
4) if 0 € (logny/logns,, 1), then (d) holds.

Case 3. logny/logn, = logn,/logns:
(1") if 8 € (0,logny/logns), then (a) holds;
(2") if 0 € (logny/logns,logn,/logns), then (b) holds;
(3") if 0 € (logny/logns, 1), then (d) holds.

Proof. It follows directly from the definitions of /4(:),g = 1,2, 3. ]

4.1. Proof of Theorem 3.2
Recall that we are assuming logn;/logn, < logn,/logns. Fix
o= (11.72....) = ((i1.1.012.113). (2,1, 12,2, 12.3), . . .) € D
and R € (0, 1).
(1) If 6 € (0,logny/logns]:

Step 1°. In order to estimate the quantity, N(IT(Q(w, R)), R'/?), we decompose the
approximate cube

Q1,150 (R),15 11,25+ 5 I (R),2: 11,3 - - - i13(R),3) (= Q(w, R))
into cylinders in terms of
{0 =(1....) € Q@,R): jiz=u13 ¥Vl =13(R) +1,....L(R)},
where u; 3 € I3 satisfies that (i 1,2, u;,3) € O for each
I =13(R)+1,...,(R).

The image of each cylinder under the canonical map IT sits inside a middle-sized
cuboid with base length nl_ll(R), base width n;lz(R) (which are the same as those
of the approximate cube), and height n;lz(R). Moreover, the total number of these

cylinders is exactly
1> (R)

l_[ N(ij1,112).

I=I3(R)+1
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Step 2°. We continue to cover each cylinder in Step 1° independently. Fix

1> (R)—I3(R
(U13(R)+1,3> - - - UL, (R),3) € 132( V=B R

with (i7,1,i72.u;3) € O foreach/ = [3(R) + 1,...,[2(R). Denote by

QG110 0 (R) 15 11,25+ - 5 Iy (R),25 11,3+ -+ L13(R),3» UI3(R)+1,3 - - - » UI5(R),3)
= {0 = (1...) € Q. R): ji3 = us3.¥] = I5(R) + 1.....,(R))

the cylinder in Step 1°. Observe that this set is further composed of smaller cylinders
in terms of

{0 =(01...) € Q. R)| jiz=u13. VI =13(R) + 1.....1»(R)
jia=uvizand ji3 =v;3, YVl =L(R)+1,....L{(R)},

where (v}, v 3) € I x I3 satisfies that (i; 1, v;2,v;3) € O foreach ! = [,(R) +

1,...,l1(R). The image of each cylinder under the canonical map I lies inside a
smaller sized cuboid with base length nl_l‘ ®) base width n;l‘ ‘R) and height n;l‘ R
Furthermore, we find exactly

L(R)

l_[ Z N(iz,1,v1,2)

=L (R)+1v; 2:(,1,v;,2)EMD
cylinders inside
QU1 I (R 1,25 -+ -5 Lo (R),25 11,30 -+« [13(R), 3 Ui (R)+1,3 - - - » ULy (R),3)-

Indeed, for each /, the sum over v;, means that we consider all possible choices
of level-2 fibres and count the total number of the next level-3 fibres thereafter. The

Z N(i1,v12)

v 2:(i7,1,07,2) €2 D

quantity

depends only on the level-1 fibre i; ; for each /.

Step 3°. After Step 2°, the approximate cube I1(Q (w, R)) is covered by

I>(R) L(R)
[T WNGai- ] > N(iz,1.v1,2)
I=I3(R)+1 I=I>(R)+1 v[“2:(i['1,v[!2)€fr2§D

cuboids. The height of such cuboid, n;l‘ (R), is still larger than R'/? /n5 since [; (R) <
I3(R'/?). We want to cover these cuboids by sets of diameter R'/? and therefore, we

_ 1/6
iterate the construction inside each cuboid until the height is n, RV This takes
I3(R'%) — I, (R) iterations and we pick up || smaller cuboids for each iteration.
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Step 4°. After Step 3°, we are left with a large family of cuboids each with height
: 1/6 : —I3(RY/9) : —I3(RY/9)
approximately R*/”, whereas its base length n, and base width n,

are somewhat larger than RY/? /ny, R/? / na, respectively, since
I3(RY?) < L(RY®) < 11 (RY?).

We now iterate inside each cuboid constructed in Step 3° until we obtain a collec-
tion of cuboids each with base length nI_IZ(Rl/H) and base width n;b(Rw), which
takes further I, (R'/?) — I3(R'/?) iterations. Note that we only need a factor of |7, D|
more covering sets since we may cover cuboids obtained in Step 3° simultaneously

provided they share the same base.

Step 5°. After Step 4°, we have a family of cuboids each with height and base width
approximately R'/? whereas its base length nI_IZ(RW) is still larger than R'/?/n,
since [,(RY?) < I;(R'?). We continue to iterate inside each cuboid constructed in
Step 4° until we obtain a collection of cuboids each with base length nl_l1 (RY/%) (and
thus approximately R'/%), which takes further I; (R'/?) — I,(R'/?) iterations. Note
that we only need a factor of |7r; | more covering sets since we may group together
cuboids in Step 4° according to the first coordinate.

Combining Steps 1°-5° and using Notation 1, we obtain that

N (TI(Q(w, R)), R'?)

I>(R) L(R)
= ( ]_[ N(l.],l,l.ljz))( 1_[ Z N(il,l»vl,Z))

I=I3(R)+1 1=l (R)+1 v, 5:(ij.1,v; 2) €M D
. (|@|13(R1/9)—11(R))(|n2@|lz(R1/9)—13(R1/9))(|m£)|l](Rl/e)_lz(Rl/e))
< NéégR)_b(R)CéggR)—lz(R)(|§O|13(R1/9)—11(R))
. (|n21)|l2(R1/9)—l3(R1/9))(lnlc{ovl(Rl/e)_lz(Rl/g))
= eréJiR/logn_s—logR/lognz . C;fa%(R/log"Z_k’gR/lOgnl
. |°AD|logR/10gn1—logR/910gn3 . |7T21)|10gR/(‘)logn3—logR/010gn2
. |7-[1°"D|10gR/9lognz—logR/Olognl
— R19¢ Nmax/ log n3+10g(Crmax/ Nmax)/ log n2+10g(|D|/ Cmax) / log 1

. Rlog(m2D1/1D1)/8logn3+log(l71 DI/|w2D1)/6 logna—log |1 DI/8logny

Taking logarithms and dividing by (1 — 1/0) log R, we obtain that

log N(IT(Q(w, R)), R'/?)
(1—-1/68)log R
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log Nmax + 10g(Crnax/Nmax) + log(1D|/ Crmax)

logns logns logn
= 1-1/6
log(|m2D|/|D])  log(|m1 D|/|w2D]) _ log|m; D]
+ = 9120gn3 + > Gllognz2 - OGglog]nl 0(1)
1-1/6 log R
log |71 D| + log(|m2 D|/|71 DI + log(|D|/|72 D)
_ logny logno logns
1-6
log(lg)l/cmﬂx) log(cmax/Nmax) log Nmax
9( lognq + logny + logns ) 0(1)
1-6 log R’
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Letting R — 0, this implies the desired upper bound. Observe that if we choose

w € P satisfying

Z N(il,l’ vl,Z) = Cmax

v7.2:(7,1,01 2) €MD

forall lL,(R) +1 <! </1(R)and N(i;,1,i12) = Nmax forall [3(R) + 1 <[/ < [5(R),
then the unique inequality in the above argument is replaced by equality and our

covering estimates were optimal up to multiplicative constants. Therefore, in this way

we obtain the required lower bound for the Assouad spectrum.

We now turn to calculate the formula of the lower spectrum. Repeating the above

covering argument, we obtain that

N (TI(Q(w, R)), R'?)

I>(R) 11 (R)
= ( 1_[ N(l.ljl,l.],z))( l_[ Z N(il,l’vl,Z))

I=I3(R)+1 1= (R)+1 v['zi(i/!],v[’z)Eﬂzo@

. (|@|13(R'/9)—11(R))(|”2@|12(R‘/9)—13(R‘/9))(|m@|ll(R‘/9)—lz(R1/"))

whereas we proceed with uniform lower bounds instead:

N(II(Q(w. R)). R'?)
L (R)—13(R) ~11 (R)—12(R) I3(RY)—1, (R)
z Nmin Cmin (|‘D| )
1, (RY/0Y—1,(R1/® 1, (R1/€y—1,(R1/®
-(|712<D|2( )—I3( ))(|711<D|1( )= ( ))
leogR/logn:;—logR/lognz ClogR/lognz—logR/lognl
 “'min * “min
. |°(O|10gR/lognl—logR/elogn3 . |7T2°D|10gR/910gn3—10gR/910gn2
. |]T1O(D|logR/9]ogn2—logR/Glognl
— RIOg Nmin/ log n3+10g(Crnin/ Nmin)/ log na +10g(|D|/ Ciin) / log n

.R10¢(I7m2D1/1DD)/Olog n3+log(|71 DI/|w2D1)/Glog na—log |71 DI/Blogny.
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Taking logarithms and dividing by (1 — 1/0) log R, we obtain that

log N(TI(Q (. R)). R'/%)
(1—1/0)logR
k)gNmin + log(cmin/Nmin) + log(lfol/cmin)

logns logno logng
= 1-1/6
log(|m2DI/|D]) | log(lm1 DI/|maD]) _ loglmi D]
n = Glzogn3 + == élognz2 - %gloglnl 1 o)
1-1/6 log R
log |7 D| + log(|2 D|/|71 DI) + log(|D|/|72D])
_ logny logno logns
1-6
1 (‘i)l/cmin) 1 (Cmin/Nmin) 1 Nmin
0( = logny + = logno + (l)t%gnj; ) 0(1)
1-6 logR’

Letting R — 0, this implies the desired lower bound. Observe that if we choose w €
D satisfying
Z N(i;1,v12) = Crin
v7,2:(7,1,01,2)€Em2 D

forall ,(R) + 1 <1 <I;(R)and N(i; 1,i;2) = Nmin forall I3(R) + 1 <[ < [5(R),
then the unique inequality in the above argument is replaced by equality and our
covering estimates were optimal up to multiplicative constants. Therefore, in this way
we obtain the required upper bound for the lower spectrum.

(2) If 0 € (logny/logns,logny/logn,]: we proceed with the covering argu-
ment in (1), whereas this time we obtain a collection of cuboids each with height
approximately R'/¢ after I3(R'/?) steps, which is before the base length becomes
smaller than R, since in this situation /3(R'/?) < [ (R). For this reason, the third
term (concerning powers of |£D|) is not required anymore. We have

N (TI(Q(w, R)), R'?)

1 (R) I3(R'/%)
x( I1 N(i,,l,i,,2)>< I > N(iz,l,vz,z))

I=I3(R)+1 1= (R)+1 v['zl(i[!],v['z)eﬂzo(l)

L (R)

) 1/6y_ 1/6y_1.(pl/0

( 1_[ N(ll,l))(|n2£|12(R ) ll(R))(|7.[1°@|11(R )—I>(R ))
I=I3(R'/9)+1

< N 1RV -D(R) i (R~I5(R1/)

max max max
1/6y_ 1/6y_ 1/6
-(|7120"O|12(R ) ll(R))(|nli)|ll(R )—I2(R ))
- NlogR/logn3—logR/logn2 . ClogR/lognz—logR/Ologn;;
~ “'max max

log R/0lognz—log R/logn log R/logni—log R/6logn
,Mmagx/ gn3—log Rflogni |7 qy|log R/ logny—log R/Glogns
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A |]T1i)llogR/Glognz—logR/@lognl
— Rl‘)g Nmax/ 10gn3+10g(Crmax/ Nmax)/ log n2 +log(|m2 D/ Mimax)/ logn

. R108(Minax/ Cnax)/ 8 log n3+log(|7r1 D1/ |72 D1)/6 log na—log |71 DI/6 logny

Taking logarithms and dividing by (1 — 1/6) log R, we obtain that

log N(M(Q (@, R)), R'?)
(1-1/0)1logR
lOgNmax + log(CmaX/Nmax) + log(an‘fol/Mmax)

lognsz logno logn
= 1-1/6
log(Mmax/Cimax) ; log(I71 D|/|ma D)) _ log|m; D]
n = flogns + <% ﬂellognzz - Oégloglnl n o(1)
1-1/6 log R
log|m1D| | log(lmaD|/|7m1 DD | 10g(Crmax/ Mmax)
_ logrltl + 2logn2 : + logns
1-6
log(|r2 D/ Mimax) 1og(Crmax / Nmax) log Nmax
_ 0( lzognl + logno + logns ) 0(1)
1-6 logR’

Letting R — 0, this implies the desired upper bound. Once again, one obtains the
required lower bound by choosing @ € D satisfying N (i1, i;2) = Nmax for all
13(R) +1< [ < l2(R), Zvl.25(il,1avl,2)€7'f2°© N(il’l, Ul’z) = Cmax for all ZQ(R) +1<
I <13(R"%) and N(ij ) = M for all I3(RY%) 4+ 1 <1 < [;(R). Similar to the
argument in (1), one can also obtain the formula of the lower spectrum.

(3) It 8 € (logny/logn,,logn,/ logns], we proceed with the covering argu-
ment in (1), whereas this time we obtain a collection of cuboids each with both base
width and height approximately R'/¢ after I,(R'/?) steps, which is before the base
length becomes smaller than R, since in this situation I3(R'/?) < I,(R'?) < I,(R).
For this reason, the third term (concerning powers of |£|) and the fourth term (con-
cerning powers of |7, D) are not required anymore. We have

N (TI(Q(w, R)), R'?)

1>(R) I3(R'/9)
x( l—[ N(il,l,il,z))( l—[ Z N(l'l,hvl,z))

I=I3(R)+1 1=l (R)+1v; 2:(i),1,v;,2)Em2 D

I (RY/9)
. 1/6y_
. ( 1_[ N(ll,1)) . (|7T150|11(R ) ll(R))

[=I3(RY/9)+1
I, (R)—I3(R) ~13(RY/O)—15(R) 3 s12(R/O)—15(R1/? LRV =1 (R
SNm%é) 3( )Cm3a§( )—=1l2( )Mmzag( )=13( )'(|7T1<>©| 1( )=I ( ))

- NlogR/logn3—10g R/logns> | ClogR/lognz—log R/6logns
~ 4 ¥max max
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log R/0lognsz—log R/6logny log R/logni—log R/6logny
- Mg - |71 D
— RlOg Nrmax/ logn3+10g(Crmax/ Nmax)/ log n2+log |1 DI/ logny

. RIOg(Mmax/Cmax)/e logn3—log Mmax/e logna—log |7[] i)l/e logny .

Taking logarithms and dividing by (1 — 1/6) log R, we obtain that

log N(I(Q(«. R)). R'/%)
(1-1/0)logR
lOgNmax + log(cmax/Nmax) _|_ loglnl‘fol

logns logny logn
= 1—1/6
l (Mmax/cmax) 1 Mmax 1 | $|
n = flogns - gglognz - OGgl(;[;Inl o(1)
1-1/6 log R
log Mmﬂx log(cmaX/MmaX) log(CmaX/NmﬂX) log Nmﬂx
_ log |71 D| logny + logns _9( logns + logns )
logny 1-6
o)
logR’

Letting R — 0, this implies the desired upper bound. Once more, one obtains the
required lower bound by choosing @ € D satisfying N(i;,1,i1,2) = Nmax for all
3(R)+ 1< <h(R), Zv/,z:(iz.1,vz,z)€n21) N(i11.v12) = Cax forall H(R) + 1 <
I <I3(RY%) and N(i;,1) = M forall 3(RY?) + 1 <1 < I,(R"?). Similar to the
argument in (1), one can also obtain the formula of the lower spectrum.

(4) If 6 € (logny/logns, 1), we proceed with the covering argument in (1),
whereas this time we obtain a collection of middle-sized cuboids each with height
approximately R'/% after I3(R'/?) steps, which is before the base width becomes
smaller than R, since I3(R'/?) < I,(R). Moreover, after further [,(R'/?) — I3(R'/?)
steps, we obtain a large family of smaller sized cuboids each with base width approx-
imately R 176 which is before the base length becomes smaller than R, since we have
I,(R'Y?) < I;(R). For this reason, the third term (concerning powers of |D|) and the
fourth term (concerning powers of |7, D|) disappear. We have

N (TI(Q(w, R)), R'?)

l3(R1/9) lz(Rl/G) Y
o , Do
= ( [1 N(zz,l,n,z))< I N(z,,l))-(m@ww )=l (R))

I=I3(R)+1 1= (R)+1
I3(RY9)—I3(R) 3 s12(RY/?)—1> (R Iy (RY9)—1, (R
SNm%aE; )—=13( )Mmzai )—I2( ),(|”1°ro| 1( )=l ( ))

- NlogR/logn3—logR/010gn3 . MlogR/logng—logR/Qlognz
~ “'max max

X |]T1i)llogR/lognl—logR/Glognl
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— R(l—l/@)(log Ninax/ logn3z+log Max/log na+log |1 D|/ logn )

Taking logarithms and dividing by (1 — 1/6) log R, we obtain that

IOgN(H(Q(w,R))’RI/G) < 10g|”1°®| 1Og]wmax 10g]vmax 0(1)
(1—-1/0)log R ~  logn log ny logns logR’

Letting R — 0, this implies the desired upper bound. Once more, one obtains the
required lower bound by choosing w € D satisfying N (i 1, i7,2) = Nmax for all
I3(R) + 1 <1 < I3(RY9) and N(is,1) = M for all L(R) +1 <1 < I,(R'9).
Similar to the argument in (1), one can also obtain the formula of the lower spectrum.

]

4.2. Proof of Theorem 3.3

Recall that we are assuming logn,/logns < logny/logn,. Observe that in cases
0 <6 <logny/logns,logn;/logns < 6 <logn,/logns,logny/logn, <6 <1,
the Assouad and lower spectra have the same forms as in cases 0 < 6 <logn;/logns,
logni/logns < 6 <logny/logn,,logn,/logns < 6 < 1 of Theorem 3.2, respect-
ively, which is ensured by Lemma 4.1. Thus, it suffices to consider the case when
logn,/logns < 6 <logny/logn,. We proceed with the covering argument in The-
orem 3.2 (1), whereas this time we obtain a collection of cuboids each with height
approximately R'/? after I3(R/?) steps, which is before the base width becomes
smaller than R, since in this situation /3(R'/?) < I,(R). For this reason, the third
term (concerning powers of |D|) is not required anymore.
We have

N(TI(Q(w, R)), R'?)

I3(R1/9) L (R)
x( I1 N(il,l,il,z))( I1 N(iz,l))

I=I3(R)+1 I=I>(R)+1
L(RY%)—1; (R I (RY9)—1,(R!/9

~(|7t21)|2( )=11( ))(|7T1§O|‘( )= ( ))

I3(RYO)—13(R)y r11 (R)—12(R L (RYO)—1 (R 11 (RY)—1, (R
ENng )—13( )Mmlag() 2( )~(|712§D|2( )—1i( ))(|7'[1§D| 1( )—Ia( ))
— Arlog R/lognz—log R/6logns log R/logns—log R/logn
-~ Nmax ? : Mmax 2 !

. |7T2£|10gR/lognl—logR/Glognz . |7T1J)llogR/Glognz—logR/Glognl
— Rk)g Nmax/logn3+10g Mmax/logn2+10g(|ﬂ2°(0|/Mmax)/lognl

. R 108 Ninax /0 log n3+log(|71 DI/ |2 D)/ 0 log ny—log |1 D1/f logny
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Taking logarithms and dividing by (1 — 1/0) log R, we obtain that

log N(TI(Q (. R)). R'/%)
(1-1/8)log R
log Nimax + log Minax + log(|ﬂ2i)|/Mmax)

logns logno logn
= 1-1/6
__log Nmax _, log(lm D|/|m2D]) _ log|m; D]
flogns + Ologny Ologny 0(1)
1-1/6 log R
log|m D] | log(lmaD|/|m1 DD _ g (log(w2 DI/ Mmax) | 10g Mmax
_ logn, + logno 9( logny + logno )
1-6

log Nmax ~ O(1)
logns log R’

Letting R — 0, this implies the desired upper bound. Once again, one obtains the
required lower bound by choosing w € D satisfying N (i1, i7,2) = Nmax for all
I3(R) + 1 <1 <I3(RY%) and N(ij,1) = My for all [(R) + 1 <1 < [;(R). Sim-
ilar to the argument in Theorem 3.2, one can also obtain the formula of the lower
spectrum. ]

4.3. Proof of Theorem 3.4

We may obtain the formulae for the Assouad and lower spectra immediately from
Theorem 3.2, due to Lemma 4.1. n

4.4. Proof of Proposition 3.5
Letn, = 5,n, = 6 and n3 = 8. We construct the first sponge F generated by

D= {(O, 0,0), (0,0, 1),(0,0,2),(0,0,3),(0,0,4), (0,0,5),(1,1,0), (1,1, 2),
(1,1,3),(1,1,5),(1,3,4),(2,1,0), (2,2, 2), (2,4,6)}

and the second sponge F’ generated by

D' = {(O, 0,0),(0,0,1),(0,0,2),(0,0,3),(0,0,4),(0,0,5),(0,2,2), (0,4, 6),
(1,1,0),(1,1,2),(1,1,3),(1,1,5),(1,3,4), (2, 1,0)}.

Then for both sponges, one has the following sequence of equalities |D| = |D’| = 14,
|7T20f0|:|7'[2@/|:6, |7T10(0|:|7'[1i)/|:3, Mmax:M, :3’Mmin:M, :1,

max min
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Nmax:N/ =6»Nmin=N/

max min

= 1, and therefore, by Theorem 3.1, one further has

log3 log3 logb6

dims F = dimy F' = ~ 2.156,

log5 log6 log8
dime F = dime F' — log3 log2 log7/3
i i log5 log6 log 8

log 3
dim, F = dim, F' = —2
log 5

~ 1.477,

~ 0.683.

They are defined on the same grid and share the same box, lower and Assouad dimen-
sions. However, they have different spectra since for the first sponge

Chax = N(0,0) = 6,Cpin = N2,1) + N(2,2) + N2,4) =3
whereas for the second sponge

C! = N(0,0)+ N(0,2) + N(0,4) =8,C.. = N@2,1) = 1.

max

Thus, the Bedford—-McMullen sponges constructed above are not bi-Lipschitz equi-
valent since bi-Lipschitz maps preserve Assouad and lower spectra, see [15, Corol-
lary 4.9]. Notice that logn,/logns < logn;/logn, for both sponges and we may
apply Theorem 3.3 to compute their spectra. For illustration, see Figure 1, where
0 — dimi F is plotted in red, 6 — dimg F' is plotted in green, 6 > dimf F is plot-
ted in blue and 6 +— dimi F' is plotted in yellow. |

4.5. Proof of Theorem 3.6
Fix
o= @1,12,..) = (1,1, 01.4). (i21, ..., i2,4),...) € D™

and R € (0, 1). Recall that /,(R) is the unique integer satisfying relation (4.1) for
g=1,....,d and TI(Q(w, R)) is a hypercuboid in R¢ with all side lengths comparable
to R.

(1) Note thatlogn/logng is the minimal ratio among {logn, /logng}1<p<g<d
since we assume that the sequence {ng}1<4<q is strictly increasing. If

0 € (0,logn/logng],
direct calculation shows that

lg(R) <lg—y(R) <--- < i(R) < Ig(RY?) <131 (RV®) < --- < ;(R'?),
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Figure 1. Plots of the Assouad and lower spectra for the two sponges constructed in the
proof of Proposition 3.5. The phase transition for dimg F, dimi F’ and dimf F occurs at
0 =log5/log8,log6/log 8 and log 5/ log 6, and the phase transition for dimf F’ occurs at
0 = log5/log 8 and log 5/ log 6. The general bounds from [15, Proposition 3.1] and [15, Pro-
position 3.9] are drawn with dashed lines. Also, the unique phase transition in the general bound
occurs at @ = 1 —dimg F/dimy F ~ 0.315.

The approximate cube IT(Q(w, R)) is composed of

lg—1(R)
[T NGa.....ia-)
I=1;(R)+1
(d—z Ix(R)
k=11=l;4+1(R)+1 . . Ul k+1° . . Y k+2¢

Gr1seeesil sV k+1)ETh 1D (1 15eesil sV k+15V1 k+2) ETR 42D
>, NG e Vikd1s - - Ul,d—l))

) ) Vi,d—1°

@115l kUL kA-15005V1.d—1)ETG—1 D

hypercuboids with all side lengths n, (R ,q =1,...,d. We iterate inside each hyper-

cuboid, i.e., we pick up || smaller hypercuboids, until the minimal side length is
roughly R'/%. This takes /;(R'/?) — I;(R) iterations. We finally cover the resulting
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collection by small sets of diameter R'/%. Putting these estimates together and using
Notation 2, as in the proof of Theorem 3.2, we may obtain

N(TI(Q(w, R)), R'?)

lg—1(R)
= J] WNGa...ira)
I=1,(R)+1
(d—z Ix(R)
k=11=l; 1 (R)+1 V7 k+1° U k42°

@7 150wl VL K+ 1D ET 41D (7 150500 V1 k41501, k+2) ETE 2D

> N(il,l,...,l'l,k,vl,k+1,--.,vz,d—1))

' _ Vid-1:
115l kUL k1500300, d—1)ETG—1 D

d—1
(|:O|ld(Rl/6) ll(R) (l_[ |7T £|lk(R1/9) lk+1(R1/9))
k=1

d—1
< 1_[ lk(R) lk+l(R)(|j)|ld(Rl/e)_ll(R))( l_[ |7-[k°fo|lk(Rl/6)—lk+1(Rl/9))

k ,max
k=1
d—1
log R/lognj 41 —log R/logng |°r0|10gR/logn1—log R/0B1logny
- k,max
k=1
d—1
. l_[ |nki)|logR/910gnk+|—logR/@lognk
k=1

d—1
> (log Nk max/10gng41—10g Nk max/ logng)+log|D|/logny—log |D|/6logny

d—1
kgl(bg |7k D1/ logny 41 —log|mx DI/0logni)

Taking logarithms and dividing by (1 — 1/0) log R, we further obtain that

log N(TI(Q(w, R)), R'/?)
(1-1/6) log R

log |71 D log(|mx 41 DI/ |7 DI)
log|m; DI Z 2|7+ k
logn1 logng 41

1—9

d—2
9 log(li)l/Nl,max) _|_ Z lOg(Nk.max/Nk+l.mux) + 1Ogjvd—l,max
logng lognj 41 logn g

=

o)
1-6 +logR'
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Letting R — 0, this implies the desired upper bound. Observe that if we choose w €
D satistying N(iy1,...,i1.d-1) = Ng—imax forall [g(R) +1 <! <1;_4(R) and

2 2

VI k418 V] k+42°

11l ke VL k41 €Tk 41D (1 15005l V1 k+15V1 k+2) ETR 42D
E NG, ik Vik41s - V,d—1) = Ni,max
Vi,d—1°

1, 15eesll VL k150300, d—1)ET G —1 D

forall [x41(R) + 1 <! <Ix(R)and 1 <k < d — 2, then the unique inequality in
the above argument is replaced by equality and our covering estimates were optimal
up to multiplicative constants. Therefore, in this way we obtain the required lower
bound for the Assouad spectrum. Similar to the argument in Theorem 3.2, one can
also obtain the formula of the lower spectrum.

(2) If 0 € [maxi<p<g<q logn,/logng, 1), then
la(R) < 14(R"?) <lg_1(R) < la—1(R"?) <--- < i (R) < 1(R'?).
Following the covering strategy in Theorem 3.2, we may obtain

N (TI(Q(w, R)), R'?)

(d—l ley1(RY9)

IT II NG, iz,k)) (|m | RN @)

k=11=l 1 (R)+1

d—2
1/6y_ 1/6y_
< Nl @®IO=1a® TT ikt RO B (1 gy 1 RV -1 ()
k=1

d—1,max k,max
d—2
log R/logng—log R/6logny log R/logny1—log R/0lognj 41
=N [[M
d—1,max k,max
k=1

. |7t1°(D|]0gR/10gn1_10gR/9 logn

d—2
(1_1/9)(10g |nli)|/lognl+kzl IOg Mk,max/10gnk+l+Nd—l.max/ lOgnd)

Taking logarithms and dividing by (1 — 1/6) log R, we obtain that

log N(TI(Q(w, R)), R'/?)
(1-1/0)logR

d—2
< 10g |7T1°(O| Z lOg Mk,max log Nd—l,max 0(1)

logn; logng i1 logng logR’

k=1



Q. Huo 110

By letting R — 0, we get the desired upper bound. Once more, one obtains the
required lower bound by choosing @ € D satisfying

N(il’l, ey il,d—l) = Nd—l,max and N(l.[,l, . ,l.]’k) = Mk,max

forall [41(R) +1 <1 <41 (R"?) and 1 <k < d — 2. Similar to the argument in
Theorem 3.2, one can also obtain the formula of the lower spectrum. |
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