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Introduction by the Organizers

Arithmetic Statistics is a branch of Number Theory concerned with counting and
distribution problems for such fundamental objects as polynomials, algebraic num-
ber fields, elliptic curves, L-functions, modular forms, integral matrices, etc, where
much progress has been made in the last decades. The aim of the workshop was
to focus on recent breakthroughs on statistical aspects of algebraic objects, which
have not received as much attention in recent workshops as they deserve. These
include random polynomials and varieties, multiplicative arithmetic functions, spe-
cialisation problems for algebraic functions and connections to other areas (such
as arithmetic geometry), and various statistics for arithmetic groups (e.g., arith-
metic statistics of integer matrices satisfying certain properties). The topic for
this workshop has seen many breakthroughs towards longstanding problems and
conjectures (van der Wearden conjecture, function field versions of the Twin Prime
conjecture and its generalisations, the Schinzel Hypothesis H and the Bateman-
Horn conjecture, the Hasse principle, the Hilbert Irreducibility Theorem, statistics
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of arithmetic groups, to mention just a few). One key aspect in these developments
is the vast arsenal of tools from different areas that had to be developed.

The workshop brought together distinguished experts and younger researchers
(46 attending in person and one online) from 12 countries (with 8 from Germany)
with backgrounds ranging from algebraic and analytic number theory, to random
matrix theory, group theory and arithmetic geometry. We had 28 excellent talks,
each of 30 min length, with an open problem session on Monday evening. We also
allowed plenty of time for participants to have informal discussions and work on
problems of interest.

More precisely, the talks focused on the following main directions:

e Distribution properties of L-functions: talks by V. Blomer, S. Drappeau,
M. Lalin, I. Shparlinski. The talks included reports on recent advances on
central values of L-functions and their twists generating the number field
generated by its Dirichlet coefficients, results on moments, vanishing and
large values of L-functions in thin families and over function fields.

e Random polynomials and probabilistic Galois theory: talks by D. Hokken,
A. Entin, R. Dietmann, V. Matei, M. Wengiang Xu. Advances in this
direction include, but not limited to: a new upper bound for the number of
number fields of bounded discriminant and prescribed even Galois group,
new results on the irreducibility of several models of polynomials with
restricted coefficients, as well as the state of art in the study of Galois
groups of random polynomials over function fields.

e Distribution of other algebraic objects (including number fields, function
fields, elliptic curves, Selmer groups): talks by M. Matchett Wood, D.
Neftin, S. W. Park, M. Shusterman, A. Swaminathan. We especially
highlight the work of Matchett Wood and Sawin which introduces a new
moment method for algebraic objects that allows one to determine a dis-
tribution from its expected number of surjections onto each finite object.
Three applications were discussed, to fundamental groups of 3-manifolds,
the class groups of extensions of number fields with roots of unity, and to
distributions of fundamental groups of curves over finite fields.

e Distribution of rational points on varieties: talks by A. Fehm, E. Sofos,
C. Stewart, N. Technau, E. Viada, K. Woo. Reported advances include,
but not limited to: a result showing that the Hasse principle holds for
100% of conic bundles, sharp estimates for the number of rational points
of bounded (naive) height near non-degenerate curves in R3, and various
counting results for integral or rational points on varieties.

e Character sums and automorphic forms: talks by E. Fouvry, N. Kimmel,
P. Michel, M. Pandey. Results included new bounds on certain charac-
ter sums over polynomial values, on bilinear sums of traces functions well
below the Pdélya-Vinogradov range, as well as power-saving estimates for
sums of (GL(3) and GL(2)) divisor function and automorphic form coeffi-
cients along binary cubic and quartic forms.
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e Arithmetic statistics in noncommutative settings: talks by D. Garzoni, T.
Browning, B. Rodgers, V. Wang. Advances include developing a circle
method in the non-commutative setting and its applications to counting
problems, as well as obtaining new results on the arithmetic statistics of
commuting matrices.

The extended abstracts below will give a detailed account of the main results
reported during the workshop. Furthermore to the aforementioned talks, the par-
ticipants had many productive discussions and worked in small groups on joint
projects (new and old) during the workshop, thus we expect that the outcomes
of these collaborations will have a significant impact on the area long after the
workshop. In fact, two participants, O. Klurman and V. Matei, already submitted
a preprint on arxiv (https://arxiv.org/abs/2511.10359) based on their work during
the workshop.

Acknowledgement: The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-2230648, “US Junior Oberwolfach Fellows”.
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Abstracts

Hecke fields: Galois theory meets shifted convolution sums
VALENTIN BLOMER
(joint work with A. Burungale, P. Michel and J.-H. Min)

Let f(z) = ), ane(nz) be a holomorphic Hecke cusp form and x a primitive
Dirichlet character. Associated to these two objects are the algebraic number fields

Q(f) =Q{an | n € N}) and Q(x) = Q({x(n) | n € N}) as well as their composite
Q(f,x)- Shimura [5] showed the following remarkable algebraicity result: there
exists {27+ € C* such that

GOOL(/2, [ x x)
Qf.sen(x)

Li(x) = € Q(f,x)

(where G denotes a normalized Gaufl sum) along with the reciprocity law oL ¢ (x) =

L (x%) for o € Gal(Q/Q).
For an odd prime p and h > 2 we consider the following set of “wild” Dirichlet
characters

Epn = {x | cond(x) = p", ord(x) = p" '},

which forms a Galois orbit. We think of f and p as fixed and vary h. Important
results of Luo-Ramakrishnan [4] and Sun [6] state almost all values L&(f x y)
(essentially) generate Q(f, x). More precisely: for all h > hg and all x € 2, 5, we
have Q(f,x) = Q(up, L¢(x)) where p, denotes the p-th roots of unity. Here we
prove an analogous result for squares [1]:

Theorem 1. Suppose that f is a non-CM form with no non-trivial quadratic inner

twists, and let p > po(f) be a prime. Then for all but finitely many x € =, 5 we
have

Q(f; x) = Qlup, Ly (X))

To show Theorem 1, we need to show the two inclusions

Q(X) € Qup, [ILr(O1?),  Q(F) € QU 1L (X))

An inspection of the field diagram
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Q(f, x)

Qv [Ls()P) ™

(x) / \ /
S NS

Q(pyp, ILf )1?) 1‘3

~

Q00 NQ(kyp, 1L OO G Eﬂ@(x,lLf(x)l2

(where E is the Galois closure of Q(f)) shows that these two inclusions follow if
we can evaluate asymptotically expressions of the type

(1) Do ILA/2, f x x)Px(r)

XE€Ep,h

and small generalizations thereof for fixed » € N. This translates the problem of
finding a generator of Q(f,x) into a problem of mean values of L-functions. By
an approximate functional equation and some approximate orthogonality in the
set =, n, we arrive at a shifted convolution sums roughly of the shape

(2) Do Am)rs(n)

am=rn (mod q)
mn<gq?

where ¢ = p”, a is a (p — 1)-st root of unity modulo ¢ and A ¢ are the normalized
Hecke eigenvalues of f.

If @« = 1, this is a familar expression that has been analyzed for instance in
[3], using a combination of spectral theory of automorphic forms and bounds for
linear forms in Kloosterman sums for suitably factorizable moduli.

When «a # 1, then every representative of a is automatically of power growth
in ¢ (namely at least of size q'/ (p’l)), which is not compatible with the spectral
methods in [3]. For such «, we use a completely different technique inspired by
[2], which provides a resolution of unipotent mixing conjecture. We sacrifice any
cancellation in the expression and apply absolute values to each summand. This
allows us to use sieving techniques for multiplicative functions, exploiting the facts
that (a) by Sato—Tate the Hecke eigenvalues are a little less than one on average
over primes, and (b) the two-dimensional lattice defined by am = rn (mod q) is
somewhat round (i.e. its minimum is 3> ¢*/(®=1). This allows us to bound (2)
with a saving of a small power of log g relative to the main term of (1).
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Nonvanishing of L—functions associated to fixed order characters over
function fields

MATILDE LALIN
(joint work with Chantal David, Alexandra Florea)

We consider the family of Dirichlet L—functions over the rational function field
F,(T) (where ¢ is a prime power) attached to characters of fized order ¢ > 3. Let
Hq denote the set of monic squarefree polynomials of degree d on Fy[T"]. We prove
that a positive proportion of the central values L(%, Xc) in the thin family

Fo(d) = {xc = (?)E,C € Ha},

where (9) , denotes the {-power symbol modulo ¢, are nonzero as d — oo.

Nonvanishing in families of Dirichlet L-functions over the integers has a long his-
tory (Iwaniec—Sarnak [IS99], Soundararajan [Sou00], Baier—Young [BY10], among
others). In the function field setting, positive proportion results were known for
quadratic and cubic families (Bui-Florea [BF18], David-Florea-Lalin [DFL21]),
and positive results with zero density were also obtained in thin subfamilies for
larger ¢ (Ellenberg—Li—Shusterman [ELS20]).

For x. € F¢(d) an (odd) Dirichlet character over F,(T"), the L—function

U Xc H 1 _ q 2m9“*ju)

is a polynomial whose inverse zeros lie on the circle |u| = q'/?

Hypothesis over function fields.
Let ¢ be an even test function in the Schwartz space whose Fourier transform
¢ is compactly supported. We consider

by the Riemann

d—1

=Y d((d—1)(— k) and £(4, xe) = Y _ P (0e;) -

kez j=1
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The one-level density of zeros is defined to be the limit as d — oo of the average

(S(S X oy = T D (@ xe)-

Xl‘e}—@(d)

Theorem 1. [DFL25, Theorem 1.1] Let £ and q such that ¢ = 1 (mod2¢). Let
d # 0(mod¥?). Let ¢ be an even test function in the Schwartz space S(R) whose
Fourier transform is supported in (—v,v) such that

s, (=3

% (=4,
v 3ets,  5<es<s,

5

902 -310+6" -

Then 1
(3(o, Xc)>}'[(d) = ¢A5(0) + 0 (8) .

If a is supported in (—v,v), then the one-level density controls the proportion
of central zeros, yielding a nonvanishing proportion of 1 — %

Corollary 2. [DFL25, Corollary 1.2] Let ¢ = 1 (mod2¢) and £ 1 d. Then for

d — oo,
L (=3
e Fld): L) £0) |5 Ly
Xc ¢ : 37 Xc > 2(¢—2) 5<r<8g
FFd) sy DSE<8,
%, 629,10,
902 -25/—6" 11 S 2

Ideas in the proof We start by applying the Explicit Formula, which relates
sums of zeros of L-functions to sums of powers of monic irreducible polynomials.

<E(¢aXc)>}‘Z(d) (ZO d|'H| Z ¢< )Z Z +Xc(f)).

1<n<vd cEHq fEM,, |f|

The contribution of prime powers is negligible. After removing the square-free con-
dition on ¢, we apply Poisson summation, which shortens the sum but introduces

f-order Gauss sums
G T (8) ()
a (mod R)

More precisely, we obtain

2 dﬁg) 2o xeP) = D Y GV.P).

PeP, cEMyg VeMy,_a PEP,
PV)=1
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Since ¢-order Gauss sums are not multiplicative, standard methods for quadratic
Gauss sums do not apply. Following Heath-Brown [HB95, HB00], we use Vaughan’s
identity to rewrite the sum as a combination of Type I and Type II terms. The
Type IT sums, of large length, are bounded independently of ¢ via Cauchy—Schwarz
and the Large Sieve of Blomer—Goldmakher—Louvel [BGL14]. The Type I sums,
of short length, lead to expressions of the form

SOOY Y G

VeEMy_a bEH ceEM,,
deg(b)<U  b|c
(e,V)=1

After some combinatorial reductions, we are led to study the generating series
VWiu) =1 -gu)t N GV Fyudest),
Fem
deg(F)=i (mod ¢)
which, by Hoffstein [Hof92] and Patterson [Pat07], is a rational function satisfying

a functional equation and having poles at u‘ = ¢~¢~'. To obtain our bounds, we
estimate éi) (V;u) near its poles using convexity bounds, the Phragmén—Lindel6f
principle for smaller ¢, and Lindel6f-on-average estimates deduced from applying
the Large Sieve again after using an approximate functional equation that shortens
the numerator of the rational expression of wéi) (V;iu).

Cancellation of Gauss sums along primes We also obtain an average of /-
order Gauss Sums twisted by V' € Fy[T'] and indexed by primes P € F,[T] of fixed
degree n with (P, V) = 1. We show strong cancellations in the prime average:

Z Ge(‘/’P) < qw,»oz(é)-l-en|Vv|ﬁ(5)_|_e7
PeP,

with explicit exponents «(¢), 5(¢) that sharpen classical square-root bounds. For
instance, when ¢ > 8 one can take

a()=3 -2 g = L£5K=2,

These bounds are of independent interest (e.g. for equidistribution phenomena
suggested by Weyl’s criterion).
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The Galois group of random reciprocal polynomials
DaviD HOKKEN
(joint work with Dimitris Koukoulopoulos)

The Galois group Gy of a polynomial f € Z[z], say of degree n, captures the alge-
braic symmetries between the zeros of f. When f is squarefree, we can naturally
view G as a permutation group contained in Sy, acting on the zeros aq, ..., oy,.
The only way in which Gy # S, is when there is some, at times hardly visible,
conspiracy between the a;; in fact, the general philosophy (which has its origin
already in the work of Hilbert [5]) is that such conspiracies are very unlikely to
occur and thus that Gy ~ S, for ‘typical’ f.

To make this more precise, consider the following setup. Given an integer H > 2
and random variables ag, a1, ... taking values uniformly and independently in the
set [1, H]NZ, define the random monic polynomial f(z) = 2" +a,_12" 1 +...+ao.
Of course, there are many other natural ways to come up with a ‘structured’ family
of random polynomials, so we have already severely restricted the scope here; in
particular, most of the results discussed below hold in greater generality, where
the set of allowed coefficients, the uniformity and independence assumptions can
all be relaxed to some extent.

In the classical large box model, we fix n > 1 and let H tend to infinity. Van
der Waerden [9] already gave an elementary proof that Gy ~ S,, with probability
tending to 1; his lasting conjecture that P(Gy % S,,) = P(f is reducible)+o(H ')
was — after many efforts — recently almost completely resolved by Bhargava [3];
it only remains to improve their bound P(G¢ ~ A,) = O(H '), with A,, denoting
the alternating group, to o(H1).

In the restricted coefficient model, instead we fix H and let n tend to infin-
ity. Odlyzko and Poonen [8] stated as a folklore conjecture that a random 0, 1-
polynomial P of degree n is irreducible with high probability, conditioning on
P(0) # 0. Konyagin [7] showed that such P has no factors of degree < n/logn
with high probability. Conditional on the extended Riemann hypothesis, Breuil-
lard and Varju proved the Odlyzko—Poonen conjecture with an explicit description
of the error term, moreover showing that Gp > A,, with high probability. Shortly
after, Bary-Soroker, Koukoulopoulos and Kozma gave an unconditional proof that
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f, as in the model above with H > 35 fixed, has Galois group Gy > A, with
probability > 1 —n~¢ for some absolute constant ¢ > 0, for n large enough.

In joint work with Dimitris Koukoulopoulos [6], we study random monic re-
ciprocal polynomials f of even degree n = 2m. These are the polynomials of the
form

f(x) = ™ 4 am—1$2m71 + o Fagx™ 4+ amor1x + 1.

Bhargava’s result in the large box model has already been adapted to the setting
of reciprocal polynomials by Anderson, Bertelli and O’Dorney [1]. We work in
the restricted coefficient model, and prove that the irreducibility result of Bary-
Soroker, Koukoulopoulos and Kozma continues to hold in this setting: that is, f
is still irreducible with probability > 1 —n~¢ for some absolute constant ¢ > 0 and
n sufficiently large. Observe, however, that the Galois group of such reciprocal
polynomials is much smaller than Ss,,: the relation f(z) = 2*™f(1/z) implies
that the zeros of f come in pairs {;,1/c;}. For that reason, the maximal Galois
group f could have is the hyperoctahedral group Cs ! S,,, which is an example of
a permutational wreath product. Whereas A,, is the only ‘large’ proper subgroup
of S, (i.e., of bounded index in S,, as n — 00), the group C3?.S,, has four ‘large’
subgroups: the index 2 subgroups C2lA,,, (C21S,,) N As,y, and a harder to describe
subgroup that we denote by Go; intersecting these three groups yields the index 4
subgroup (C2 ¢l Ay ) N Ay, We show that Gy contains at least one of C21 Ay, and
G2 with high probability.

That we can obtain results so similar to those in [2], even though the fam-
ily of reciprocal polynomials is so sparse in the set of all polynomials (think for
comparison of the set of palindromic integers), is thanks to the extra structure
that reciprocal polynomials admit. In particular, each reciprocal f of degree 2m
has a unique trace polynomial fr € Z[z] of degree m with the property that
f(z) = 2™ fr(x + 1/x), and there is a correspondence between the divisors of
fr and the reciprocal divisors of f. A quick consequence is the following: if f
is reducible, then it either has a reciprocal divisor of degree < m, or it has the
‘special factorisation’ f(z) = g(x)x™g(1/x) for some nonreciprocal g € Z[z] of
degree m. We treat the first possibility with the Fourier analytic methods of [2],
although extra care is needed because of the dependencies between the coefficients
of f. We rule out the special factorisation by means of random walk techniques,
which also allow us to show that Gy £ A, with high probability. For the latter,
it is extremely helpful that the reciprocity of f implies that its discriminant is a
nonzero square if and only if f is separable and (—1)™ f(1)f(—1) is a square.
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Irreducibility of the characteristic polynomials of random
tridiagonal matrices

DANIELE GARZONI
(joint work with Lior Bary-Soroker and Sasha Sodin)

In recent years the study of random polynomials over the integers attracted much
attention. Let f(X) = X" + a1 X"t + -+ + a1 X + ap where ag,...,a, 1
are independent Rademacher random variables — that is, a; takes value 41, each
with probability 1/2. A folklore conjecture predicts then f(X) is irreducible in
Q[X] with probability tending to one as n — oo. Recently, Breuillard—Varjui [6]
proved the conjecture conditionally on the Extended Riemann Hypothesis. See
Bary-Soroker—Kozma-Koukoulopoulos [2] for related strong unconditional results.

In fact, there is nothing special about the Rademacher distribution: A random
polynomial of large degree should be irreducible with high probability, regardless
of the specific chosen probability measure (and provided there is no obvious reason
for which each polynomial in the given model must be reducible).

A natural way to construct a random polynomial is to look at the characteristic
polynomial of a random matrix, which brings us into the world of discrete matrix
theory. Let A = (a;;) be an n X n matrix whose entries a;; are independent
Rademacher random variables, and let P, (X) be the characteristic polynomial of
A. Babai and Vu conjectured that P,(X) should be irreducible with probability
tending to one as n — oo, and indeed, the probability should be of the form 1 —
O(e™ ") for an absolute constant ¢ > 0. To illustrate the breadth of the conjecture,
let us note that it implies that A is nonsingular with probability 1—O(e~“"), which
is a breakthrough result of Kahn-Komlés—Szemerédi [11] and Tikhomirov [12] (the
latter in a stronger form).

Eberhard [7] proved the conjecture conditionally on the Extended Riemann
Hypothesis. Ferber—Jain—Sah—Sawhney [8] proved the same for random symmetric
matrices, and once again, the same should be true for virtually any model of
random matrices.

In joint work with Lior Bary-Soroker and Sasha Sodin [1], we address the
case of random tridiagonal matrices. Namely, let V7, V5, V3, .-+ be independent
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Rademacher and let P, (X) be the characteristic polynomial of

i 1. 0 0 0
1 Ve 1 0 0
0 1 V3 1 0

0 e 1 Vg 1

0 e 0 1 Va
Conditionally on the Extended Riemann Hypothesis, we prove that P, (X) is irre-
ducible with probability 1 — O(e™").

In addition to the irreducibility of random polynomials, part of the motivation
and the method of proof is inspired from the world of continuous matrix theory
and theoretical physics, and specifically from the theory of Schrodinger operators,
see [3].

In the proof, we crucially use a method introduced by Breuillard—Varji [6],
which allows one to prove the irreducibility of a random polynomial f(X) by
studying the average number of roots of f(X) modulo a large prime. This part
of the proof, which is common to all the results from [6, 7, 8] mentioned above,
is where the Extended Riemann Hypothesis is used. We are therefore reduced to
a problem “modulo p”, which is now a separate problem in each of the different
models. In our case, we are naturally reduced to a problem of equidistribution of
random walks in Cayley graphs of SLo(F,), where we crucially use deep results of
Bourgain-Gamburd—Sarnak [4], Breuillard-Gamburd [5] and Helfgott [10].

We also prove that the Galois group of f(X) is A, or S, with probability
1—0O(e°"). This is not a straightforward extension: We use the Classification of
Finite Simple groups, as well as a result of Golsefidy—Srinivas [9] on expansion in
direct products of SLo(F)).

As for all results mentioned above, the V; can be replaced by much more general
random variables, and it is not really needed to have 1’s above and below the
diagonal. However, it should be pointed out that a key difference occurs if we
assume that all the entries on the main diagonal are equal. To fix the ideas, let
us assume that n is even, that the V; are zero and that above and below the
main diagonal we have Rademacher random variables. Then, it is not hard to see
that the roots of f(X) come in pairs «, —«. In particular, the Galois group of
f(X) is contained in a wreath product C3 S, /2. We show that with probability
1 — O(e™“") the Galois group contains the derived subgroup of Cs? S, /o (which
has index 4 therein).
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Stratification of exponential sums and commuting matrices
TiM BROWNING
(joint work with Will Sawin and Victor Wang)

The main goal is to count integral points of height < T, as T' — oo, on the
commuting variety
C,={(X,Y) eM,(C)?*: XY =YX},
viewed as an affine variety in Mn,(C)z = (C2"2, where M,, is the scheme of n x n
matrices. Thus we are interested in the behaviour of the counting function
N(T) = #{(X,Y) € My (2)” : |X|,[Y] < T, XY =YX},
as T — oo, where | X| denotes the maximum modulus of the entries in a matrix
X € M,(Z). Over any finite field k of cardinality ¢, it is possible to write down
an exact formula for #C,, (k). This is done in work of Feit and Fine [1] and leads
to the asymptotic result #C,, (k) = q”2+”(1 +o0(1)), as ¢ — oco. In particular, this
is consistent with the well-known fact that C,, is an irreducible algebraic variety
of dimension n? + n.
Returning to the counting function N(T'), we have the obvious lower bound

N(T) > #{(X,Y) € Mo(Z) x ZI,, : |X|,|Y| < T} > T+,

since a scalar matrix commutes with any matrix. In this way we are led to make
the following conjecture.

Conjecture. For any ¢ > 0 we have N(T) <. T +1te

For n < 3 it is possible to prove the conjectured bound by examining the underlying
system of n? quadratic equations in 2n? variables, but it seems too complicated
to do so when n is large. The following is our main result.

Theorem 1. We have N(T) <. Tn’+2-2/(n+1)
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Our proof uses reduction modulo a suitably chosen prime p, together with Poisson
summation and the analysis of exponential sums over finite fields. For the latter
we invoke a stratification result of Fouvry and Katz [2], together with the following
flatness result, which we also prove.

Theorem 2. Let V,, be the subscheme of matrices in M, with trace 0. The map
[,]: M, (C)? = V,(C), (X,Y)r— XY -YX
is flat over the open set V,,(C) \ {0}.
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A nonabelian circle method
VIicTORrR Y. WANG

(joint work with Nuno Arala, Jayce R. Getz, Jiaqi Hou, Chun-Hsien Hsu,
and Huajie Li)

Let M4(R) be the set of d x d matrices with entries in R. Counting solutions to
Diophantine equations in matrices or algebras involves a diverse array of methods,
based on the level of symmetry present in a given problem. In the most symmetric
situations, dynamical methods tend to work well. For example, Eskin—Mozes—Shah
[1, 2] gave an asymptotic formula as T — oo for

#{X € My(Z) : X = kI, |XP?:= Y X7 <T%
1<i,5<d

for k € Z such that t? — k € Z][t] is irreducible. The variety X = kI, carries an
action of GL4(Z) by conjugation; in fact, its integral points break up into finitely
many orbits for this action. Equidistribution of the discrete sets {kf(ﬂ} in an
appropriate real space, as |k| — 0o, was established by Einsiedler—Lindenstrauss—
Michel-Venkatesh [3, Corollary 3.5] when d = 3. The results of the aforementioned
papers are more general, but we have singled out X% = kI, for simplicity.

A less symmetric example appeared in Tim’s talk, concerning the paper [4]. The
variety XY =Y X, for d x d matrices X and Y, is conjugation-invariant, but for
dimension reasons the number of orbits is infinite. Nonetheless, this conjugation
symmetry is an essential ingredient in the inductive procedure of [4].

Another less symmetric example is given by the application of a nonabelian
circle method in Arala—Getz—Hou-Hsu-Li-W. [5]. Let D/Q be a quaternion al-
gebra ramified at S D {2,00}. Fix a maximal order Op C D and a function
w € C°(D™ @ R), where n > 8. Then for v = (v1,...,v,) € {£1}" and T > 1,

Z U)(J?/T) _ CU7wT4n—8 T OU)7€(T3n+€).
z€OR: v1zi+-+Up a2 =0
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This gives an asymptotic formula for n > 9. Moreover, we expect that there is a
secondary term ¢, ,, 7"~? coming from the locus

tr(zy) = -+ = tr(zy) =0,

on which the quaternions x? collapse into scalars (by Cayley-Hamilton).
One could take Hamilton’s classical quaternions D = Q 4+ iQ + jQ + kQ, with

i? = j> =k* =ijk = —1 (Broome Bridge, Dublin, 1843),

and Op = WZ +14Z + jZ + kZ the Hurwitz quaternions (1919).
Classically, the equation

2 2
viz] + -+ vpxy, =0

may be viewed as a system of 4 quadratic equations in 4n integer variables, upon
choosing a Z-basis of Op. This system has a large singular locus in the various
senses of Birch [6], Myerson [7], Hochfilzer [8], and Yamagishi [9]. Thus, prior to
[5], an asymptotic formula was available for n > 17, thanks to [7]. In [5], we do
better using the particular structure of quaternions.

The methods of [5] are partly automorphic, for main term calculations, and
partly geometric, for error term calculations. To illustrate the geometric ideas,
one may consider a nonabelian level of distribution, which is simpler (and easier
to generalize) than a nonabelian circle method. In either setting, our results are
governed by nonabelian Weyl sums.

Let d € {2,3} and r € My(Z), with |det(r)| prime and |det(r)| < |r|?. Let
T =< |r| > 0. Work in progress of Arala-W. (2025+) shows that if w € C°(My(R))
and a € My(Z) \ Mq(Z)r, then

Yr(ar™t) = Z w(z/T) exp(2mitr(ar ™ 2?)) Ku.e T,
z€M4(Z)

Averaging over a € My(Z)/My(Z)r (which is a discrete version of the circle
method) shows that if w € C°(Mg(R)™) and b € My(Z), then

Y )= P o, (-t
| det(r)|d e .
€ Ma(Z)"
m?-l—m-{—ﬂ?i—bETMd(Z)

This gives an asymptotic formula for n > 2d + 1. If d = 2, then (d? — %)n = 3n,
matching the error term for the circle method in [5].
Let N = |det(r)| < |r|? < T9. We have something like

Sr(ar) < Y T(Sq.(0)]
le|l<N/T
by Poisson summation in My(Z/NZ) x M4(R), where
tr(aadj(r)z? + cx)

1
Sa,r(c) = NE Z exp(2mi det(1)
TE€EM4(Z/NZ)

))



Arithmetic Statistics for Algebraic Objects 2783

where adj(r)r = det(r). In general, the shift 2 — x + ry acts nontrivially on the
summand (unless we are in the abelian case d = 1), but averaging over y € M4(Z)
shows that if S, ,(c) # 0, then ¢ lies in the lattice A, (1), where

Ao r(K) :={c € My(Z) : 3z € My(Z),
aadj(r)zr + cr € NMy(Z), tr(2aadj(r)z + ¢) € KZ}.

Moreover, one can bound |S, (c)| in terms of N and the largest integer K | N
for which ¢ € Aq-(K). After estimating #{c € A, (K) : |c|] < N/T} using the
geometry of numbers, the desired bound on Y7 (ar~!) eventually follows.

The lattice A, ,.(K) has d> € {4,9} successive minima, which can be difficult
to control uniformly. One way we control these successive minima is via repulsion
arguments. For d = 3 we use duality (morally, a second Poisson summation!) and
an eigenvalue repulsion argument.

Our results likely only scratch the surface of the subject. Many hypotheses may
be removable and many generalizations may be possible.
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Moments, vanishing and large values of L-functions in thin families
IGOrR E. SHPARLINSKI
(joint work with Pranendu Darbar, Bryce Kerr, Marc Munsch)

Motivation and set-up: A classical problem in analytic number theory is to
understand the distribution of values of Dirichlet L-functions L(s, x) for x € &),
where &), is the group of multiplicative characters of ;) for a prime p. In particular,
a lot of attention has been devoted to the moments

WMy (5.) =~ 3 1L 01

XEXp
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where X, is the group of multiplicative characters of F, for a prime p. Moreover,
the values L(1,x) and L(1/2, x) are of special interest.

While the ultimate goal of understanding individual values of L(s, x) remains
quite elusive, it is natural to study L-function for thin subsets of A},. This point of
view “interpolates” between pointwise results and results with full averaging over
Xp. Here, given an integer m > 1 with m | p — 1 and a multiplicative subgroup
Gm C T, of index m we investigate L(s,x) for x € &}, where &, ., is the
subgroup of &, consisting of characters which are trivial on G,,.

In particular, we are interested in the moments

1
mu(sapvm) = E Z |L(saX)|V
XEXp,m
We remark that similar averages over subgroups X}, ,, of fixed index
d=(p—1)/m,
have recently been studied by Fouvry, Kowalski and Michel [4]. Here we obtain

stronger and more uniform versions of some results from [4], which hold for sub-
groups of optimally large index, see Remark 2 below.

Moments of L(1,x): First we obtain the following asymptotic formula, which
extends the result of [§] to the optimal range. We also define

() = Y 0,

n2

n=1

where 7,(n) = #{(n1,...,ns) € N: ng---np =n} is the k-fold divisor function.

Theorem 1 (Munsch & Shparlinski [10]). Let k be a fized integer and let £ < 1
be an arbitrary constant. For any m | p — 1, we have

Mok (1, p,m), = a(k) + O (p—ﬁ/sa(d) _|_p—1/4+0(1)) .

Remark 2. We see that Theorem 1 is nontrivial provided that

(1) ¢(d) = o(logp),
in which case we have
(2) Mo (1,p,m) = a(k) + o(1), as p — oo.

In fact the range (1) is the best we can hope even for k = 1. Indeed, by [8,
Theorem 5.4] and assuming that there are infinitely many Mersenne primes p =
24 — 1, the asymptotic formula (2) does not hold in the range o(d) = d—1 < logp.

However, for almost all primes p, the range (1) can be significantly extended.
A consequence of a more general and flexible result, we have:

Theorem 3 (Munsch & Shparlinski [10]). Let 0 < & < 1 and let an integer k > 1
be fized. For a sufficiently large Q, for any d such that 3 < d < p'/?>=¢, we have,

ka(lap7 m) = a’(k) + 0(1)7 as Q — 00,
for all except at most Q*~¢ primes p € [Q, 2Q).
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Moments and non-vanishing of L(1/2,x): At the central point s = 1/2, we
have nontrivial results only for the second and fourth moments. Nevertheless, this
yileds new non-vanishing results over thin subgroups. Let I'(z) denote the standard
I'-function and let v = 0.57721 ... denote the Euler—-Mascheroni constant.

Theorem 4 (Munsch & Shparlinski [10]). Let x < 1/2. Then for any m |p —1,

<1) 40 (p /e @ ogp 4 p /4o

1‘\/
Ma(1/2,p,m) = log (p) +2v+ —= 1

T r
To formulate our result, given a prime p and A € Z with ged(p, A) = 1, we define
p(\,p) =min{rs: (r,s) € N*\ {(0,0)}, 7 = As mod p},

and set

d(p,m) = Aeéﬂﬂj{l{l}p(%p)-

Theorem 5 (Munsch & Shparlinski [10]). For any € > 0 there c¢(e) > 0 which
depends only on e such that for any d with 1 < d < pY/3~¢, we have

1 log v
K 3 1> C@W'
XEXp,m; L(1/2,x)#0 &p
For almost all primes, our method produces the following result.
Theorem 6 (Munsch & Shparlinski [10]). Let Q > 2 be sufficiently large. For

any € > 0 there c¢(e) > 0 which depends only on & such that for all except at most
QY? primes p € [Q,2Q), for any d with 1 < d < p'/=¢, we have

% Z 1> c(e).

XEXp,m; L(1/2,x)#0

Extreme values and zero-density theorems: In work in progress [3] we
obtain lower bounds on extreme values of L(s,x), with ®s € [1/2,1] which in
some cases become of the same shape as those of Bondarenko & Seip [1]. In turn,
some of these results rely on a new zero-density estimate.

Let N(o,T,x) be the number of zeros of L(s,x) with s > o and |Ss| < T

Theorem 7 (Darbar, Kerr, Munsch & Shparlinski [3]). Let o > 1/2 be fized.
Then for any T < (log p)°®™M)

> N(o,T;x) < pV

{m(YGU)/(64o) if m > ¢2/3,
XGXp,'m

m(4730)/(6740)p(170')/(3720) me < q2/3.

We recall the classical bound N(1,T;x) < T'log(qT")+1og g see, for example, [5,
Theorem 5.8]. Hence, we trivially have

(3) > N(o,T;x) < mp°®,
XEXp,m

in the range of T' of Theorem 7. On the other hand, one easily verifies that for
o > 1/2 we have (7—60)/(6—40) < 1. Hence, if m > p?/3, Theorem 7 is nontrivial
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for any ¢(1/2,1). Similarly, for p?/3 > m > p" with some fixed 7 > 0 Theorem 7
improves (3) as long as 0 > 1—17/(2 — 7).

Underlying tools and further applications: The quantity p(A,p) and its
higher-dimensional analogues are well-studied in the context of the theory of
pseudo-random generators and numerical integration; we refer for more informa-
tion to the work of Korobov [6, 7] and Niederreiter [11]. As in our case, for these
applications it is important to have good lower bounds on these quantities.

Our results for almost all primes are also based on some results [10] of additive
combinatorics flavour about expansion of product sets of subsets of sets of Farey
fraction of order @, extending those of [2, 13].

Furthermore, Theorem 7, also depend on the following bound on average values
of character sums, improving and generalising that of Montgomery [9] on moments
of character sums.

Theorem 8 (Darbar, Kerr, Munsch & Shparlinski [3]). Let A C X, be a set of
cardinality A = #A of multiplicative characters with the product set B = A- A
satisfying #B < KA for some K > 1. Then for a positive integer N < p and
complex coefficients |a,| < 1,1 <n < N, we have

N
1
5 Z ZanX(n) < K\/? (N1/2—|—A_1/2N—|—A_3/8N1/2p1/4) po(l).
xXE€A In=1

Besides application to zero-density estimates, Theorem 8 has also been used to
establish unconditionally a GRH-conditional result of Rudnick & Zaharescu [12]
on pair correlation of small powers of primitive roots.
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Character sums over polynomial values
ETIENNE FOUVRY
(joint work with Igor Shparlinski, Ping Xi)

Let p > 3. We identify the set of integers {0, -+ ,p—1} with F,,. Let P be a monic
polynomial of F,,[X], with degree d > 1, factorized into the product of irreducible
monic polynomials as P(X) = P;(X)--- P-(X). We define the geometric Mébius
function p, by the formula

0 if P, =Pjforsomel1<i<j<r,
pp(P) = . .
(=1)"  otherwise.

We aim at proving oscillations of p,(P) when all of the coefficients of P belong to
a small interval, when compared with p. A first typical result is

Theorem 1. ([3]) Let d and k be coprime integers, such that d > k > 1, and
d > 3. Then, for very § > 0, there exists € > 0, such that, uniformly for A and
B > p#/2d+1)+0  one has the inequality

> > m(X?+aXx¥4+b)=0(ABp~7).

0<a<A0<b<B

The important fact is the inequality d/(2d + 1) < 1/2 which means that we
overcome Pdlya—Vinogradov barrier.
The function p, is associated with the Legendre symbol via a consequence of a
theorem of Stickelberger (see for instance [1]). More precisely let disc P be the
discriminant of the polynomial P and let d be its degree. We then have the equality

wlP) = (-1 (2.

Idea of the proof of Theorem 1. The trinomial X? 4 aX* + b has a rather simple
expression of its discriminant

(d—1)

dise (X4 +aX* +b) = (=1)" 7 ab ! {d%adF + (—1)"(d — k)T FERY)
So, in order to prove Theorem 1, we are naturally led to study the more general
sum
WA Bp) =) x(a* b (sa™ + 1b™))

acAbeB
where
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x is a multiplicative character modulo p with order h > 1,

A and B are intervals of the form [Ag+1, -+, Ao+ A] and [Byp+1,--- , Bo+
B,

s and t are integers that p does not divide st,

k, £, m and n are integers such that 0 < k,¢ < h, (m,n) = 1 and mn > 0.

We prove the following

Theorem 2. ([3]) We adopt the above notations and we assume the above hy-

potheses. Then, for every fixed integer r > 2, for every A and B such that
Bn/mA—l Sp(n—m)/(er) and B > 4p1/(2r),

we have the inequality
. p V27 (1) (4mr?) (1)
|6x(A,B;p)| < AB (m) p )
as p tends to infinity. The o—function only depends on the integers h, k, £, m, n,
r, s and t.

Remark that m and n can both be negative. If it is the case, then playing with
the denominators, we are reduced to consider the cases where m and n are both
positive.

We apply several classical procedures to study &, (A, B;p) :
e a shift @ la carte of the variables a and b
(a,b) — (a +uw™, b+ vw™),

where u ~ U, v ~ V and w ~ W, the parameters U, V and W are at our disposal
and satisfy the relations
UW"™ =A/4 and VIW™ = B/4,
e Holder’s inequality.
Applying these procedures, we arrive at the crucial sum
(1) S:=> %(u,v)
(u,v)

where

S(u,v) = > [ x (@ +w) (y+v) (s(z + )™ + ty +v;)"))

z,y=1j=1
XX ((:E + urJrj)k(y + UrJrj)e(s(:r + urJrj)m + t(y + UrJrj)n)) )
where the sum (1) is made over the vectors of translation
(u,v) = (u17'. . 7u7’;u7‘+17" . ,UQT’Ul’.- . 7UT)UT‘+1). .. )UQT)'

These vectors belong to a space of dimension 4r and their coordinates satisfy
u; ~ U and v; ~ V. Denote by B the set of these (u,v). The cardinality of B is
about U?"V?". A trivial bound is |X(u,v)| < p? and the square root cancellation
for this sum would be |¥(u, v)| < p. An individual study of the bidimensional sum
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3(u,v) is very intricate. However we benefit from the fact that we are summing
over (u,v) as follows. Introduce the following sum

j2 2r
A= Z H Xi (z%yf (s2™ + ty™))
z,y=1j=1
with x1 = x2 = -+ = xr = x and xy4+1 = Xr42 = -+ = X2r = X- Then %(u,v)

appears to be a perturbation of A through a translation of the variable (x,y) with
the vector (u,v).

In an important paper, J. Xu [4] analyzes the impact of such a general trans-
lation to a sum of multiplicative characters over rational functions in several vari-
ables. Xu’s result appears to be an analogue of the stratification theory in the
context of additive characters (see for instance [2]). Thanks to [4, Theorem 1.1]
we deduce the bound

(2) S < #(Xs N B)p? + #(X1 N B)p? + #(Xy N B)p,

where X5, A7 and A are some varieties with dimensions 4r, 3r + 1 and 2r. To
continue the exposition, we suppose that U > V. By bounding the number of
points of the variety &); which also lie in the box B, we transform the inequality
(2) into

(3) S < pQUQ'r‘ +p%U2rvf’+l +p(UV)2T,

The choice of the parameters V is V' = p/(?") thus the first and third terms of
(3) are equal. This leads to the bound of Theorem 2.

However, in order to apply [4, Theorem 1.1] we must firstly check that the
polynomial in two variables X and Y, defined by

F(X,Y) = XY (sX™ 4 tY"),

is not divisible by the h—power of a non constant polynomial. This is trivial since
0 <k, ¢ < h and since st Z 0 mod p. Secondly, we must check that the cardinality
of (z,y) € IE‘_p2, such that F(X +z,Y +y) = F(X,Y) is finite, for sufficiently large
p. Actually, the set of such (x,y) is reduced to {(0,0)}. This is easy to prove by
considering the equality F(—z 4+ 2,Y +y) = F(—x,Y) = 0, for instance.

A natural question is to generalize Theorem 1 to other families of polynomials.
This is a work in progress.
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Irreducibility of random Fekete polynomials
Max WENQIANG XU
(joint work with Péter P. Varji)

The study of the irreducibility of random polynomials has been very active. The
breakthrough work of Breuillard and Varju [1] showed that, conditional on GRH,
the £1 random polynomial is irreducible with high probability as the degree d —
+00. In this talk, we study a more arithmetic flavor variant of the question. Our
motivation is to study the irreducibility of Fekete polynomials, whose coeflicients
are multiplicative.

We first prove the irreducibility for the natural random model of Fekete poly-
nomial. Let X(n) be a random multiplicative function taking values {1,—1}.
Namely, for prime p, X(p) ~ U({1,—1}) and X(n) is defined multiplicatively.
Then the natural random Fekete polynomial would be

d
Fa(t) =Y X(i)t'.
i=1
Theorem 1. Conditional on GRH,

Fy(t
P[# is irreducible over 7) = 1 — O(d~1/?*¢).

We can also deduce a “deterministic” version if we average enough number of
Fekete polynomials. Define

Fap(t) = Z Xp(i)ti-
1<i<d

Theorem 2. Conditional on GRH, if we uniformly at random choose p € [d +
1,d*2%"(D] then

F,
P[%@) is irreducible over Z) = 1 — O(d—'/?+¢),
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Rational points near space curves
NicLAs TECHNAU
(joint work with Mingfeng Chen, Andreas Seeger, Rajula Srivastava)

Many problems in number theory involve counting rational points near manifolds.
For a well-written introduction to the subject, see V. Beresnevich [1] and J.-J.
Huang [3]. This talk is based on work in progress with the authors mentioned
in the sub-title. In a nutshell, we investigate the density of rational points with
the same denominator which are in a neighbourhood of a space curve. Of course,
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the thickness of the neighbourhood in terms of the (naive) height of the rational
points to be counted plays a key role. To detail this precisely, let

CCR3

be a compact C*®-curve. (The smoothness assumption can be reduced but we
shall only report on smooth curves for the ease of the exposition.) Let @ > 1 be
large, and § € [0, 1] be small. We define the dyadic counting function

Ne(6,Q) == #{(p,q) € Z® x N: Q < ¢ < 2Q, dist(C,p/q) < §/Q}

where dist(C,y) denotes the distance of the point y € R? to C with respect to the
Euclidean norm on R3. Our objective is to determine the magnitude of N¢(J,Q),
up to multiplicative constants. Without loss of generality, we can assume C is the
image of a regular, injective C'°°-map

~:I—=R?

where [ is a compact interval. A folklore conjecture, based on a straightforward
random model, states the following. There is a constant K = K(C) > 0 so that

1
(1) =(0Q) < Ne(5,Q) < K(5Q)?
for any @ > 1 and all
§e(@2,1)
provided C is sufficiently curved. The planar version of this counting problem was

solved by R.C. Vaughan and S. Velani [5] around 2006. In R3, the previously best
known result was due to J.-J. Huang [4]. He showed that if

e (Q5,1),

then the folklore conjecture is true under the geometric assumption (2) from below.
To avoid that C is flat, which could cause an over-count and the random model to
fail for trivial reasons, one imposes curvature conditions. Let U C R be an open
set containing the interval concentric to I but with twice the radius. We assume
that « extends to a smooth map on U which satisfies the curvature condition

@) inf | det(7) (1), 4(1), v (1)) > 0.
Here is our main result. Suppose C = «(I) satisfies (2). Then, the heuristic (1)
holds for all @ > 1 and

5 € (Q°75,1).

Moreover, we show by a rich class of examples that our range of § is actually sharp.
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Hilbert properties of varieties
ARNO FEHM

Hilbert’s irreducibility theorem [12] motivates Serre’s definition of thin sets of
rational points [18], as well as the Hilbert property by Colliot-Théléne and Sansuc
[4], and the weak Hilbert property by Corvaja and Zannier [6]. In this talk T gave a
short survey on some of the recent research on these properties, based on a survey
paper written jointly with Ariyan Javanpeykar [9].

Let k always be a field of characteristic zero and let X be a k-variety (all
varieties geometrically integral and normal) of positive dimension. A set T'C X (k)
is [strongly] thin if

T C Z(k)U Ui:h“?r i (Yi(k))

for Z C X closed and 7;: Y; — X a [ramified] cover with deg(m;) > 1 (here, a
cover is a finite surjective morphism of k-varieties). The k-variety X has [W]HP
if X(k) is not [strongly] thin, and potential [W]HP if X, has [W]HP for some
finite extension k’/k. The field k is Hilbertian if A} has HP (equivalently, WHP),
and Hilbert’s irreducibility theorem can be rephrased as saying that number fields
are Hilbertian.

If k£ is a number field and X is smooth projective, Corvaja and Zannier [6]
show that X has HP if and only if X has WHP and X7 is simply connected (a
purely geometric property), and they suggest that X might have potential WHP
if and only if X (k') is Zariski-dense in X for some finite extension k’/k, which
by a conjecture of Campana [3] is predicted to be equivalent to another purely
geometric property (“Xj is special”).

The case of curves is well understood by the Mordell-Weil theorem and Falt-
ings’s theorem:

Theorem 1. Let C' be a smooth projective curve over k. Assume that k is a

number field.

(1) C has HP & C is rational (i.e. C 2 P}).
as < C 15 rational or an elliptic curve of positive rank.
2) C has WHP & C l llipti f 225 k

In particular, C' has potential HP if and only if gc = 0, and potential WHP if and
only if go < 1.

I then summarized some of the recent progress on algebraic groups and surfaces:

Theorem 2. Let G be a connected algebraic group over k.
(1) If k is Hilbertian and G is linear, then G has HP. [4, 1]
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(2) If k is a number field, then G has potential WHP. More precisely:
(a) G has HP < G is linear. [17, 4, 1]
(b) G has WHP < G(k) is Zariski-dense in G. [5, 13, 14]

Theorem 3. Let X be a smooth projective surface over k of Kodaira dimension
Kk(X) € {—0,0,1,2}.
(1) Suppose that k(X) < 0. In this case, X is birational to P xC' for a smooth
projective curve C. In case gc = 0, X is birational to a del Pezzo surface
(of degree d € {1,...,9}) or to a surface that admits a conic fibration.
(a) If k is a number field, X has potential WHP if and only if go < 1.
(b) If k is a number field, go = 1 and X (k) is Zariski-dense in X, then
X has WHP.

(¢) Suppose that k is Hilbertian and X is a del Pezzo surface with X (k)
Zariski-dense in X. If X is of degree 1, assume in addition that X
admits a conic fibration. Then X has HP. [19, 8]

(2) Suppose that k(X) = 0. In this case, X3 is birational to (I) a K3 surface,
(II) an Enriques surface, or (III) a surface with an étale cover which is
an abelian surface. Suppose that k is a number field.

(a) In cases (II) and (III), X has potential WHP. [10, 5]
(b) In case (1), X has potential HP if Xy admits two distinct elliptic
fibrations. [11, 7]

Finally, I explained some of the tools that are used in such results, namely going
down theorems and fibration theorems:

Theorem 4. Let f: X — Z be a dominant morphism of k-varieties.

(1) If X has [W]HP and f has geometrically irreducible generic fiber, then Z
has [W]HP, where in the case of WHP we assume f smooth surjective.
4,5, 2]

(2) If Z has [W]HP and there is a dense open subset U C Z such that for
every z € U(k) the fiber f=1(2) has HP, then X has [W]HP. [1, 15]

(3) If Z has HP and the generic fiber of f has [W]HP, then X has [W]HP,
where in the case of WHP we assume X, Z smooth and f smooth proper.
2, 16]

For more details and full references see [9]. I also advertised Oberwolfach Sem-
inar 2643a on this topic.
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Bilinear forms with trace functions
PHILIPPE MICHEL
(joint work with Etienne Fouvry, Emmanuel Kowalski and Will Sawin)

Given ¢ a prime and K : Z/qZ = F, — C an important problem in analytic
number theory is to bound non trivially type I and type II bilinear sums

Z am K (mn), Z B K (M)
mn~MxN m,n~MxN
the trivial bounds being respectively
1K (oo |l MY 2N, K | [l 1811 (M N)2.
We consider the case where
K (x) = tr(Frob,|Vr)

is the trace function of an ¢-adic sheaf pure of weight 0 where it is lisse (and say
extended by zero outside its lisse open set) and in the regime where the complexity
of the sheaf (in the sense of [6]) ¢(F) as bounded as ¢ — cc.
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Examples of trace functions include

e Dirichlet characters of F: x — x(z)
o Additive characters of Fy: © — e4(ax)
e Kloosterman and hyper-Kloosterman sums: k > 2

1
Klk(x) = TE_1 Z eq($1—|—"'+$k)

q 2 T XTp=2

e Precompositions and product of these by rational fractions

x— Ki(f(z))Ka2(g(x))

e and much more - --

A natural barrier (coming from the theory of the Fourier transform) to non-trivial
bounds is the Pdlya-Vinogradov (PV) range

M+ N > ql/Qlogq.

Starting with Weyl and Burgess (for polynomial phases and Dirichlet characters)
that barrier has been passed for various specific classes of trace functions.
In [2] we provide a natural qualitative condition on the geometric monodromy
group G of F to pass the PV range.
The sheaf F is gallant if either
(1) its connected component G% is simple.
(2) or Gx is finite and contains a quasi-simple normal subgroup Nz acting
irreducibly on Vr.
In [2] we provide power saving bounds for the type I and type II bilinear sums
below the PV range for trace functions K = K r associated to gallant sheaves F:
we prove that for any § > 0 one has

Y. amK(mn) < |of|MY2Ng,
mon~MXN

> awbak(mn) < [alllBIOIN) 2
m,n~MXN

as long as M + N > ¢° and
MN2 > q1+57 MN > q3/4+5

(respectively); here n = 1n(d) > 0 and the implicit constants depend on § and the
complexity c(F).

The interest of the ”gallant” condition is that it is robust under very natural
transformations; For instance, by the work of Katz [3], the hyper-Kloosterman
sheaves are gallant as are their pull-backs by non-constant rational fractions: if
f(X) is not constant the trace function

z — Kl (f(2))

is associated with the gallant sheaf f*/Clj. Subsequent works of Katz and collab-
orators (eg. [4, 5]) provide a broad list ofgallant sheaves of interest to analytic
number theory.
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In fact these bounds hold for more general bilinear sums with general mononials

such as
Z am K (mn®), Z U B K (mPn)
m,n~MXxN m,n~MXxN
with b, ¢ € Z—{0} and more general multilinear sums can be bounded non-trivially
below the PV range with the methods of this paper.

The proof starts (possibly after applying Cauchy-Schwarz in the type II case)
with the 4ab trick of Burgess reduces in obtaining sharp bounds for one or two
dimensional sums of products of copies of K shifted by affine maps. From there
one continue with relatively “soft” arguments using in addition to [6], the method
of moments of J. Xu [7] —generalized to ¢-sheaves of rank > 1 — along with a novel
and robust form of the Goursat-Kolchin-Ribet criterion together with a control on
the size of the group of projective automorphisms of an ¢-adic sheaf in terms of
its complexity (see [1]).

One motivating application for developing these techniques is the study of cubic
mixed moments of Dirichlet L-functions

Y B2 xXE/2 4012, X)

q_lx mod q

for general triples of non-zero integers (a,b,c). These require to bound bilinear
sums in the following exponential sums

1
Ka,b,c(x) = - Z €q($1 + 19 + .233)

which are related to hypergeometric sums in |a| + |b| + |¢| variables and are gallant
for most triples (a, b, ¢) from the works of Katz mentionned above.

In a similar vein F. Berta and S. zur Verth have used some of these methods
along with the mollification method to show that for any integers a,b # 0 and
any fixed interval I on the unit circle with positive measure, there is a positive
propotion of x’s such that

L(1/2,x*)L(1/2,x") #0

and the normalize Gauss sum of x is contained in I.
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Determining distributions of algebraic objects from their moments
MELANIE MATCHETT WOOD

This talk includes joint work with Weitong Wang, Yuan Liu, David Zureick-Brown,
Will Sawin. There are many distributions of algebraic objects that arise in number
theory and beyond.

(1) For a finite group G, as K/Q varies over Galois G-extensions, what is the
distribution of Clg? (Finite abelian G-module)

(2) As E varies over some collection of elliptic curves /Q, what is the dis-
tribution of Selpe (E), with the Cassels-Tate pairing? (Z,-module with
alternating pairing)

(3) For a finite group G, as K/Q varies over Galois G-extensions, what is the
distribution of Gal(K“"/K)? (Profinite group with outer G-action)

(4) As M varies over (symmetric) n X n matrices with i.i.d. entries in {0, 1},
what is the distribution of cok M = Z"/MZ"? (Finite abelian group,
(with symmetric pairing))

(5) As M varies over closed, orientable 3-manifolds, what is the distribution
of 711 (M)? (Profinite group)

In general, the conjectures for these distributions reflect the algebraic structures
themselves that are being distributed.

Conjecture 1 (Cohen—Lenstra [CL84]). For any odd order abelian group A, for
a random real quadratic field K,

Hp23 HiZQ(l -p7)
| Al Aut(A)]
Conjecture 2 (Cohen—Lenstra—Martinet [CM90], see (Wang-W. [WW21])). For

an abelian G-module A with A = 1 and (|A|,|G|), for a random totally real
G-extension K/Q,

Prob(Cl1589 ~ A) =

(< c
Prob(Cl' ~¢ A) A Auta(A)]

Conjecture 3 (Delaunay [Del07], Bhargava-Kane-Lenstra-Poonen—Rains
[BKLPR15]). For a finite Zy-module A with a perfect alternating pairing (,), as
E ranges over a natural family of rank 1 elliptic curves Q,

Cl

[ Aut(4; ()]
In particular, adding (, ) to the isomorphism class does not add additional data!

Prob(Illg[p™] ~ A)

Prob((HIg[p™); (;)er) = (45 (,)))

c

T [ Aut(A; ()]
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The entirety of the structure is not always obvious. If K/Q is a non-Galois
quartic field, with Galois closure of Galois group Dy, Aut(K/Q) = Cs, so Clk is
a Cy-module. More surprisingly, if K/Q is a degree 10 field, with Galois closure
of Galois group As, Aut(K/Q) = 1, but Cl‘l’?“r“/ is a Co-module. (See W.-Wang
[WW21] where it is shown that the heuristics reflect this.) For K/Q a G-extension,
Gal(K""/K) is the kernel of an exact sequence

1 - Gal(K""/K) — Gal(K*"/Q) — G — 1

If pup, C K, then G = Gal(K""/K') comes with a fundamental class sk € H5(G,Z/n)
from Artin-Verdier duality. If M a symmetric matrix, cok M has a natural sym-
metric pairing.

In many cases, it is easier to solve the harder problem where you track more
structure.

Theorem 1 (Liu, W., Zureick-Brown [LWZ24]). Let G be a finite group, p a
prime, and g a prime power with ptq(q — 1)|G| and (¢,|G|) = 1. Let k = Fy(t).
For a random “totally real” G-extension K/k and a fized finite Z,[G]-module A
with A =1

Prob(Clg [p™] ~¢ A) — as q — oo.

c
|A]] Autc (A)]
Also, analogous results for Gal(K""/K).

Theorem 2 (Sawin, W., [SW25]). As above but (p,q —1) =n, we determine dis-
tribution of (Clg, sk € H3(Clg,Z/n)) and (Gal(K""/K), sk € H3(Gal(K*"/K),
Z/n)).

An important tool we have to determine the distribution of structures is through

their moments. A random profinite group X has moments indexed by finite groups,
instead of by natural numbers. The Gth moment is: Mg (X) := E[# Sur(X, G)].

Theorem 3 (Uniqueness of the moment problem for finite abelian groups, Wang-W.
[WW21]). Let X,Y be random finite abelian groups. If for each finite ab. group
A,

E(# Sur(X, A)) = E(# Sur(Y, A)) = O(] A? A),

kQ—k,)

Recently with Sawin, we have developed a theory for the moment problem for
distributions of quite general algebraic structures.

then X and Y have the same distribution. (| A\> FE| =p

Theorem 4 (Sawin-W. [SW22]). For a random variable X valued in o diamond
category (or its pro-completion), when the moments

Mg := E[#Epi(X, B)]

for all B aren’t too large (according to a specific growth condition), they determine
a unique distribution. We give an explicit condition for existence, and give (useful
in practice) formulas for the distribution.
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All of the above, and much much more, are diamond categories. In practice,
generally Epi means surjections. We provide helper lemmas to let you check “aren’t
too large.”

This theorem has already been applied in many different contexts to determine
distributions of algebraic structures from their moments. Some examples include
the following: Sawin-W. [SW24] 71 of 3-manifolds; Smith [Smi25]: BSD implies
Goldfeld’s conjecture; Nguyen-W. [NW24]: cokernels of random (restricted coeffi-
cient) matrices, sandpile groups of Erés-Rényi random graphs; Yan [Yan24]: coker-
nels of random restricted coefficient matrices over a Dedekind domain; Cheong-Yu
[CY23]: cok(P(M)) for matrix M with independent restricted entries; Alberts
[Alb23a]: random profinite groups to model absolute Galois groups (Law of Large
Numbers on a category); Hodges [Hod24]: cokernels of symmetric (restricted coef-
ficient) matrices with pairings; Huang-Nguyen-Van Peski [HNvP25]: cokernels of
(restricted coefficient) matrix products; Shen [She25]: rational canonical form for
(restricted coefficient) matrices over Fy.
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Twists, rank growths, Mordell-Lang, and Selmer groups
SUN W00 PARK
(joint work with Daniel Keliher)

[Background]: We fix an elliptic curve F over a global field K. Given a positive
number X, let F(X) be a finite set of isomorphism classes of quadratic extensions
over K defined as

F(X):= {L .= K(Vd)/K : d square-free, Nm(d) < X}

for some predetermined choice of a norm function Nm : K — Rxo.

Let j be a fixed non-negative integer. What is the asymptotic limit of the
probability that the algebraic rank of K (\/E)—rational points of F is different from
that of K-rational points of E by j, as the upper bound on the norm of d grows
arbitrarily large, i.e.

b D € FX) k(B (V) — sk(E(K)) = j)

=7

We note that the above question is equivalent to the problem of computing the dis-
tribution of algebraic ranks of K-rational points of quadratic twist families {Eg}4
of F over K. Goldfeld’s conjecture predicts that the above limiting probability is
equal to % when j =0 or 1, and 0 when j > 2. There has been a wealth of signifi-
cant progress towards the proof of Goldfeld’s conjecture. A recent series of seminal
groundbreaking works show that the validity of the Birch and Swinnerton-Dyer
conjecture for quadratic twist families of elliptic curves implies Goldfeld’s conjec-
ture. The case when K is a number field is studied in a series of seminal works by
Alex Smith [2, 3], and the case when K is a global function field is covered in the
work by Jordan Ellenberg and Aaron Landesman [4], and the subsequent work by
Aaron Landesman and Ishan Levy [5].

All of these works crucially use what is called the “Selmer group” of an elliptic
curve over a global field K. Given a prime number p, the p-Selmer group of F
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over K is defined as

Sel,(E/K) :=Ker | H'(K,E[p]) » [] H'(K. E)[p)

v place of K

The above construction can be generalized to any endomorphism of E defined over
K. For the family of quadratic twists of E and p = 2, the elements of Sela(E4/K)
can be described more explicitly: they parametrize bi-quadratic extensions over
the field K (F[2]) with certain ramification conditions at places v | 2dAgoo, and
unramified elsewhere. As this characterization suggests, Sel,(Eq/K) is a finite
set. Even better, its dimension as an IF,-vector space gives an upper bound on
the algebraic rank of F4(K). Therefore, it is a natural question to pursue what
the distribution of Sel,(E;/K) is as K(+/d) varies in F(X). The “Poonen-Rains
heuristics” [6] predict the desired distribution to be the following:

- #{K(Vd) € F(X) : dimg, Sel,(Ea(K)) = j} _ ﬁ 1 li[ p

1 : .
X oo £F(X) L+p*k g

k=0 k=1
From now on, we will abbreviate the above conjectural probability as PR(j) for
each non-negative integer 5 > 0. All aforementioned seminal works focus on
verifying the Poonen-Rains heuristics. Smith’s work computes the distribution of
2°°-Selmer groups, whereas Ellenberg, Landesman, and Levy’s works compute the

distribution of m-Selmer groups for all integers m coprime to 6 - char(K).

[Main Result]: In joint work with Daniel Keliher [1], we pursue the following
two generalizations. We note that p is any odd prime, f(z) is a degree 3 polynomial
over K, and rad(I) is the radical of the ideal TI.
(1) Prime cyclic extensions:
F(p,X) = {L/K : Gal(L/K) = Z/pZ, Nmf (rad(Apr)) < X }.
(2) Superelliptic curves:
C(p, X) :={Ca/K : dy? = f(z) : Nm{ (rad((d))) < X}
Assuming the extended Riemann hypothesis, we prove the following results.
(1) Suppose Gal(K (E[p])/K) D SLa(F,). Then

L e F(p,X) i rk(B(L) —tk(BK) < (- 1) 5} L= s
lﬁﬁl&f 2F (. X) > ;PR(Z).

(2) Supposep > 5, K D Q(¢,), and Gal(f) = S3. Then there exists an explicit
constant B(p, K) depending only on the choice of p and K such that
lim sup chec(p’x) #Ca(K)
X —o0 #C (pa X)

[Idea of Proof]: The proof of these results revolves around generalizing the
work by Klagsbrun-Mazur-Rubin [7], which computes the distribution of Selmer
groups using a different technique from [2, 3, 4, 5]. They construct a random walk
governing the distribution of Selmer groups using the effective Chebotarev density

< B(p, K).
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theorem. As an example, suppose one has an elliptic curve E : y?> = 23 4+2 —1 over
K = Q. The table below shows the distribution of S2(E,) := dimpy, Selz(E,/Q),
where p ranges over the set of primes between 3 and 500000 and not equal to 31.

| # roots /F, || Sa(Ep) =0 ] Sa(Ey) =1 [ S2(Ep) =2 ] S2(Ep) =3 S2(Ep) > 4|

0 25.04 74.96 0 0 0
1 37.41 25.01 37.58 0 0
3 12.56 65.95 12.49 9.00 0

The values inside the table correspond to conditional probabilities (in percentages)
that S2(E,) = k for some integer k, where p varies over a subset of primes such
that z3 +x — 1 has 3, 1, or no roots over F,. The distribution of S>(E,,) obtained
from twisting E by a prime p can be modeled by, up to an error term determined
by effective Chebotarev density theorem, a weighted sum of random walks

1 1 1
M:=—.-T+—-My+— M
g it Mt M

where I is the identity operator, and for each prime p the operator M), is

p}n ifs=r+1,
Mpy(r,s) := 1—p}n ifs=r—1,
0 otherwise.

In particular, the average number of iterations of M is determined by the number
of distinct prime factors of square-free numbers. By Erdés-Kac theorem, the
distribution of S3(E4), where the distinct prime factors of d grows at a certain rate
respecting the effective Chebotarev density theorem, can be obtained by iterating
M by roughly loglog |d| many times. The resulting distribution for So(Ey) = j
converges to PR(j) for every non-negative integer j as |d| grows arbitrarily large.

Likewise, we prove our main results by constructing a random walk M’ ob-
tained from taking a weighted sum of operators I, M,, and Mg. Using M’ we
obtain that the desired distribution of Selmer groups of twist families of some
auxiliary abelian varieties related to F(p, X) and C(p, X) conforms to a weighted
version of Poonen-Rains heuristics. We achieve this by computing the asymptotic
distribution resulting from applying M’ arbitrarily many times. To reorder the
non-canonically ordered family of fields from [7] by using ng (rad(+)), we com-
bine the extended Riemann hypothesis with some results from sieve theory. The
uniform boundedness on the average size of C4(K) can be achieved by combin-
ing the Poonen-Rains heuristics with uniform effective Mordell-Lang for curves,
recently proven by Dimitrov-Gao-Habegger [8].
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Second moments for 2-Selmer structures on elliptic curves,
and applications

ASHVIN A. SWAMINATHAN
(joint work with Manjul Bhargava, Wei Ho, Arul Shankar, Ari Shnidman)

The distribution of the rank of elliptic curves E/Q ordered by height remains
a central open question in arithmetic statistics. The “Minimalist” Conjecture of
Goldfeld and Katz-Sarnak predicts that 50% of elliptic curves have rank 0 and 50%
have rank 1, with the average rank being 1/2. Since the rank rk E(Q) is difficult to
compute directly, it has become of interest to study the p-Selmer groups Sel,(E),
which are more tractable and fit into the short exact sequence

0 — E(Q)/pE(Q) — Sel,(E) — Ilg[p] — 0.

In particular, it follows that rk E(Q) < rk Sel,(E), so it has become of interest to
understand the distribution of p-Selmer ranks of elliptic curves. Poonen and Rains
[5] developed a complete heuristic model for these Selmer groups, predicting the
exact distribution of rk Sel,(E) for every prime p.

Very few cases of the Poonen—Rains heuristics hae been verified. The founda-
tional work of Bhargava and Shankar [1, 2, 3] established the first moments for p =
2,3, 5, finding that Avg #Selsa(F) = 3, Avg #Sels(E) = 4, and Avg #Sel5(E) = 6.
While these results imply that the average rank of elliptic curves is bounded, they
do not rule out pathologies where a zero-density family of curves contributes non-
trivially to the average. To control the variance, one requires information about
the second moment. In 2021, Bhargava, Shankar, and the author [4] proved that
for the family of all elliptic curves, 10 < Avg#Sely(E)? < 15. In particular, it
follows from the upper bound that no zero-density subfamily contributes to the
average size of Sels(E).

Our first contribution is to generalize these results to 2-Selmer structures S(F),
which are collections of local conditions defining subgroups of H'(Q, E[2]). For a
family of elliptic curves £ defined by local conditions and a sub-soluble 2-Selmer
structure S, we prove:
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Theorem 1 (Bhargava—Shankar—S.) When elliptic curves over Q are ordered by
height, we have that

Avg #Sels(E)? < 1+6M(2;&; )+ 8M(2;E;S)?,
where M (2;E;S) is a product of local mass formulas.

To go beyond the second moment, we study the joint distribution of 2-Selmer
groups in “twist hypercubes.” Let S be a finite set of primes, and let S be the set
of squarefree integers composed of primes in S. We consider the family of twisted
curves {E? : d € S}. This set forms a hypercube of dimension n = #8, where
the elements d € S correspond to vertices of a unit hypercube with coordinates
defined by the prime divisors of d.

The 2-Selmer groups of the curves in this hypercube are not independent; their
relationships are governed by Poitou-Tate duality, which dictates how dimensions
change under quadratic twisting. We demonstrate that the valid configurations
of 2-Selmer dimensions on this hypercube correspond bijectively to simple graphs
on n vertices. By aggregating the constraints imposed by Poitou-Tate duality
for a fixed set S and applying Theorem 1 to control intersections of 2-Selmer
groups of elliptic curves in the corresponding hypercube, we formulate an infinite-
dimensional linear programming problem for the probability distribution of 2-
Selmer ranks. Solving this program via column generation for sets S of size up to
6 yields the following result:

Theorem 2. (Bhargava—Ho—-Shnidman-S.) For every r € {0,1,2,3,4}, the prob-
ability that an elliptic curve over Q has 2-Selmer rank r is positive.

This result provides the first proven lower bounds for the proportion of elliptic
curves with prescribed 2-Selmer rank. In future work, we aim to extend our
methods to prove similar lower bounds for each r > 4, with the goal of confirming
a key prediction of the Poonen—Rains heuristics that every nonnegative integer
occurs as a 2-Selmer rank with positive probability.
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Counting minimally ramified extensions of function fields
MARK SHUSTERMAN
(joint work with Jordan Ellenberg)

1. HOMOLOGICAL STABILITY

It is by now well understood that purely topological theorems about homological
stability for moduli spaces can be used to prove theorems in arithmetic statistics
over global function fields. In more recent works it has become clear that there
is utility in proving homological stability theorems where instead of studying the
homology of the space itself, one studies the homology of local systems on that
space. The moduli spaces in question are often K(m,1), so this reduces to com-
puting the homology of the discrete group 7 with some of its representations as
coeflicients.

For instance, Conf" (C) - the configuration space of n unordered distinct points
in the plane is a K(B,, 1) where B,, is the Artin braid group on n strands given
by the presentation

B, = <0’17 veyOp—1:0i0j = 0;0; for i > 741, 0;0i+10; = 0;4+10;0+1 for i < TL—].>.

The representations of B,, whose homological stability we study are of the form
Ve for a braided vector space V. Namely we have an isomorphism of vector
spaces T: V®V — V ®V for which

(idy @ T)o (T ®idy) o (idy @ T) = (T ®@idy) o (idy ® T) o (T ®@idy)
as (linear) maps from VRV @V to VeV @V, and for 1 < i < n—1 the generator
o; € B), acts as
idyge-1y @ Ty @ idygm-i-1)
on the vector space V&,
Consider for example the vector space W with basis v, w braided by

VRV VR, VRQW W, WRUV—UVRIW, WR W —wXw.

The representation of B,, on W®" is inflated from S, via the surjective group
homomorphism B,, — S,, that sends o; to the transposition (i i+ 1) for 1 < <
n — 1. The irreducible constituents of this representation are the wedge powers of
the standard representation of S,,, each appearing with multiplicity 2.

A homological stability theorem in this setting is the assertion that, for each
nonnegative integer 4, the group H;(B,, V®") is independent of n once n is large
enough relative to i. A special case of our vanishing of homology result is the
following.

Theorem 1. Suppose that there ezists a nonnegative integer d such that
Ho(B,, V&™) =0 for every n > d. Then H;(B,,V®") =0 forn > (d+2)i+d.

We have an analog of this theorem for surface braid groups, and we wonder
whether there is an analog for automorphism groups of free groups, or for mapping
class groups of connected closed orientable surfaces.



2806 Oberwolfach Report 52/2025

2. ARITHMETIC APPLICATIONS

Let G be a nontrivial finite group, let p be a prime number not dividing |G|, and
let ¢ be a power of p. Let R C G be a conjugacy class that generates G. Such a
conjugacy class exists if and only if the abelianization of G is cyclic. We assume
moreover that 7 € R for every r € R.

Fix a separable tame closure F,(t) of F4(t), a place of it lying over each (finite)
place of Fy(t), and a (topological) generator of the corresponding (tame) inertia
subgroup of Gal(IF,(t)/F,(t)). Note that every Galois extension of F,(t) with
Galois group G is tamely ramified.

For a nonnegative integer n denote by Sf(G; n) the family of regular Galois

extensions L of F,(¢) inside Fy(¢) that are split completely at oo, and are equipped
with an isomorphism ¢: Gal(L/F,(t)) — G such that the chosen generators of

inertia subgroups in Gal(F4(t)/F,(t)) of (finite) places ramified in L are mapped
to R under the composition of group homomorphisms

Cal(F,(t)/F,(t)) —— Gal(L/F,(t)) —— G.

The space Conf™ descends to a finite-type scheme over Spec Z, whose F -points
are the monic squarefree degree n polynomials in F,[t], and for various braided
vector spaces V, the representation V& of B,, descends to an étale sheaf on (an
open subset of) SpecZ. The Frobenius trace functions of some of these sheaves
are of interest in arithmetic statistics and analytic number theory. An example
is the vector space of formal linear combinations of elements of R with braiding
given on basis elements by

Tzoy)=yoy 'zy, x,y€R

The value of the corresponding trace function on a monic squarefree g € Fy[t] cap-
tures the number of L € Ef(G; n) for which the product of the monic irreducible
polynomials in F,[t] that ramify in L is g.

A series of recent breakthroughs by Landesman—Levy obtained homological sta-
bility for this braided vector space. They then used the Grothendieck—Lefschetz
trace formula, Deligne’s upper bound on the eigenvalues of Frobenius acting on
compactly supported étale cohomology, comparison of étale cohomology in char-
acteristic p with singular homology, and a crude upper bound on the dimensions
of unstable homology arising from an understanding of the homotopy type of
Conf"(C) in order to obtain an asymptotic for #E(G;n) as n — oo with ¢ suf-
ficiently large depending on |G|, thus going way beyond what is known for the
analogous problem over Q in place of F,(?).

Nigel Boston and Nadya Markin asked about the existence and count of L €
ER(G;n) that are ramified at a single (finite) place of Fg[t]. They observed that
such an extension can only exist if G is generated by a single conjugacy class,
which in the tamely ranified case is the conjugacy class of a generator of an inertia
subgroup because Fy(t) has no regular unramified extensions.
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In analytic number theory, given an arithmetic function with an asymptotic
estimate for its sum, one is often interested in asymptotics for the sum of this
function over the prime numbers (or monic irreducible polynomials). In our case
the value of the function on a (monic squarefree) polynomial g € F,[¢] is the number
of L € Ef(G ;n) for which the product of all the monic irreducible polynomials in
F,[t] that ramify in L is g.

Regardless of the basic method being employed to estimate the sum of an arith-
metic function over the primes - be it a (sophisticated) sieve, an identity such as
that of Vaughn, or a convolution identity involving the Mobius function, an esti-
mate for the sum of the function over the multiples of a given integer (or polyno-
mial) which is allowed to grow with the range of summation is usually available.
In our case, such an estimate is not provided by the works of Landesman—Levy,
yet we manage to obtain the desired asymptotic.

Theorem 2. For q sufficiently large depending on |G|, as n — co we have
#{L e Ef(G; n) : L is ramified at a single place of Fy(¢)} ~ ﬁ#fﬁf(G;n).

A version of the problem not involving counting, only existence of G-extensions,
and allowing ramification at a small number of primes, has been considered over
global fields for instance in works of Bary-Soroker, Boston, Entin, Fehm, Hoelscher,
Jones, Kisilevsky, Markin, Neftin, Nomura, Plans, Roberts, Schlank, Sonn, Ullom,
and Witt. An upper bound for the version of our problem over Q with G = Sy has
been obtained by Bhargava—Ghate, and a lower bound for G = S5 (respectively,
G = S,) with at most 3 (respectively, 8) ramified primes has been obtained by
Taniguchi—-Thorne.

The key inputs in our proof of Theorem 2 are Theorem 1, and a representation
stability result of Landesman—Levy which relies on, among many other things, a
large monodromy theorem of the speaker used in the proof of a large finite field
analog of Theorem 2.

Theorem 2 can be used to guide one in making a conjecture for the analogous
problem over Q.

Theorem 2 has implications towards refinements of the Cohen—Lenstra heuris-
tics where one cares about the factorization of the discriminant of the function
field whose class group is studied.

There are some applications of this circle of ideas that may be pursued in future
works. One such application, following our work with Wanlin Li, is to show that
the asymptotic proportion among quadratic Dirichlet L-functions over F,[t] with
irreducible conductor of those having a zero at the central point s = 1/2 (or at
any other given point) is 0. Another potential application, following the works
of Landesman—Levy and Ellenberg-Landesman, would be to the distribution of
Selmer groups of prime quadratic twists of an abelian variety over a global function
field, and as a standard consequence, a result toward the minimalist conjecture for
the rank of the Mordell-Weil group in this family.

The value at a degree n monic squarefree g € Fy[t] of the trace function of
the sheaf on Conf" associated to (the inflation to B, of) a finite-dimensional
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representation p of S, is the character of p applied to the (conjugacy class of the)
permutation of the roots of g in IE‘_q obtained by raising to qth power. Since we are
interested in the irreducibility of g, or equivalently in Frob, acting as an n-cycle
on the roots of g, we can restrict attention to the wedge powers of the standard
representations of S,, because the indicator function of n-cycles lies in the span of
their characters. We incorporate these wedge powers into our picture by recalling
that they appear in the nth tensor power of a braided vector space.

It would also be interesting to extend our results to irreducible representations
of S, other than the wedge powers of the standard representation, and work of
Himes—Miller—Wilson makes significant progress in this direction.

It is quite conceivable that future work will extend Theorem 2 to function
fields of arbitrary smooth projective curves over Iy, to arbitrary groups G, and to
ramification at any given number of places.

2.1. Random Profinite Groups. The work of Boston—Ellenberg suggests,
among other things, the following random model of profinite groups. For each
positive integer n consider the average over all the degree n irreducible polyno-
mials P € Fy[t] of the Dirac measure at the (maximal pro-prime-to-¢ quotient of
the) étale fundamental group of SpecF,[t, P~1] - the affine line punctured at the
roots of P. Boston—Ellenberg postulate that as n — oo these (averaged) proba-
bility measures converge (weakly) to a probability measure on a suitable space of
profinite groups. The assumption that P is irreducible (or at least, has a bounded
number of irreducible factors) is crucial for if dispensed with, a limiting probability
measure as n — oo will not exist.

Arithmetic topology furnishes us with an analogous random model of (profinite)
3-manifold groups with boundary - one selects a random knot in the 3-sphere and
takes the profinite completion of the fundamental group of the complement in
the 3-sphere of the interior of a tubular neighborhood of the knot. The analogy
becomes particularly close if the knot is chosen as the closure of a random braid
in B, that maps to an n-cycle in S,,, and then the limit as n — oo is taken.

A work of Sawin—-Wood determines such a limiting probability distribution for
the Dunfield-Thurston model of a random closed 3-manifold, and their follow-
up work studies measures on profinite groups (and other categories) much more
generally, emphasizing the key role of the G-moment in studying such distributions.
The G-moment is the expectation of the number of surjections from a random
profinite group in our model onto (the given finite group) G. Theorem 2 makes
progress towards the computation of the G-moment for the random model of
profinite groups proposed by Boston—Ellenberg.

For more on the topic of random algebraic objects we refer to Melanie Wood’s
contribution to this volume.
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Probabilistic Galois theory in function fields
ALEXEI ENTIN

(joint work with Lior Bary-Soroker, Eilidh McKemmie, Alexander Popov,
Himanshu Sharma)

We survey some recent results and work in progress on probabilistic Galois theory
in function fields. A prototypical problem in classical Galois theory considers a
random polynomial

f:X"—l—an,lX"*l—i—...—i—alX—l—ao

with a; € {1,...,H}(H > 2) chosen uniformly and independently at random
and asks to estimate the probability that Gy = Gal(f/Q) = S,. In the large
box regime where n is fixed and H — oo it was conjectured by Van der Waerden
and recently proved by Bhargava [Bha25] that P(Gy = S,,) = 1+ O(H'). In the
small box regime where H is fixed and n — oo it is conjectured that P(Gy = S,,) =
14 0(1), but this folklore conjecture remains open for every H > 2. Bary-Soroker,
Koukoulopoulos and Kozma [BSKK23] showed that P(Gy = S, or A,,) = 1+0(1)
for H > 35 and Breuillard and Varju showed the same for all H > 2 conditional
on the Extended Riemann Hypothesis. Showing that A, occurs with probability
o(1) remains an elusive challenge.

In recent years function field analogs of the above problem have been studied by
the author and several collaborators (L. Bary-Soroker, E. McKemmie, A. Popov
and H. Sharma). The basic model considers a random polynomial

f=X"4+a, 1(O)X" + . +a1(t)X +ao(t)

with a; € Fylt|l<a (the set of polynomials of degree < d, where d > 1) cho-
sen uniformly and independently at random. For f € F,[t][X] we denote Gy =
Gal(f/Fq4(t)) (undefined if f is not separable). The following function field analog
of the small box conjecture has been obtained.

Theorem 1 (E., Popov [EP24, Ent25]). In the small box regime (q,d fized, n —
o0) and assuming q odd we have P(Gy = S,) =1—¢~% +o(1).

Note that in the function field case Gy # S, with positive limit probability.
This reflects a unique function field phenomenon stemming from the fact that
there are many roots of unity of low degree over IFy(¢), which is not the case over
Q. In particular we were able to overcome the challenge of ruling out A4,. We
can also determine the other types of Galois groups occuring with positive limit
probability, they are of the form S,,_; X cyclic.

In a joint work with L. Bary-Soroker and E. McKemmie we also studied random
additive polynomials of the form

F=X" 4a, 1 X" 4. +a ()X +ao(t)X,

with a; € Fy[t]<q drawn at random as above. Here the set of roots of f forms an
n-dimensional Fg-vector space (if ag # 0) and a priori Gy < GL,(q).
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Theorem 2 (Bary-Soroker, E., McKemmie [BSEM24]). In the small box regime
(q,d fized, n — 00) and assuming q odd we have

P(Gf D SLn(q)) =1 — ¢ ¢+ o(1).

We can describe precisely the Galois groups that occur with positive limit prob-
ability (and compute these probabilities) and we also treat the large box (d — o0)
and large base field (¢ — o0) regimes.

In a work in progress joint with H. Sharma, we have also studied the Galois
representations attached to a random Drinfeld module of large rank. If f is a
random additive polynomial as above, it defines an F,[T]-module structure on
F,(t) by the action T -« = f(a). This is a Drinfeld module of rank n over Fy(t)
and (assuming ag # 0 which we do henceforth) it has an associated T-adic Galois
representation py @ Gal(Fq(t)%P /F,(t)) — GL, (F4[[T]).

These random Galois representations have been recently studied in the large
box regime (¢,n fixed, d — oo) by Ray [Ray24] who showed that Im(ps 1) =
GL,,(F,[[T])) with limit probability 1. This was extended by Zywina [Zyw25] to
the full adelic Galois representation associated with Dy, but only for rank n = 2.

The author and H. Sharma studied the same problem in the small box regime
(g, d fixed, n — 00), which is more challenging. Provisional on a careful verification
of all details, we can establish the following

Theorem 3 (E., Sharma 2025+). In the small box regime (q,d fixed, n — o)
and assuming q odd we have P (Im(py,r) D SLn(F,[[T]])) =1 — ¢~ + o(1).

We are also trying to describe precisely all the image groups occurring with
positive limit probability. This is work in progress and a preprint should become
available in the coming months.
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Divisor sums along binary forms
MAYANK PANDEY
(joint work with Wing Hong Leung)

We show the following pair of results.

Theorem 1. There exist ¢c1,0 > 0,co such that
(1) > dm* +nt) = X?(c1log X + co) + O(X>77).

m,n<X

Theorem 2. There exist c3,d > 0, ¢y, co such that

(2) Z ds(2® + 2y%) = X2(calog? X + ¢1log X + ¢o) + O(X270).

m,n<X

In principle, our methods should apply to sums over general irreducible binary
quartic and cubic forms in the case of Theorems 1 and 2, respectively, as well as
with d and d3 replaced by the Fourier coefficients of any GL2 or GL3 automorphic
form, respectively.

Asymptotics for these were obtained by Daniel [Dan99] with remainder terms
of size O(X?/(log X)'~°(M), exploiting the fact that values of binary quartic and
cubic forms up to X have level of distribution 1/2 and 2/3 respectively, putting
the two theorems right at the limit of the hyperbola method. To make this more
concrete, we will discuss the case of Theorem 1 in more depth. Opening up the
divisor function yields that

(3) Z d(m* +n*) ~ 2 Z Z 1.

m,n<X d<X? mn<Xd|mi+nt

One can hope to estimate the inner sum accurately as long as d < X?2/(log X)¢
for some C > 0 in the sense that one can hope for nontrivial bounds for
2

(4) 3 > e

d<X?/(log X)C'm,n<Xd|m*4n

and this is what Daniel shows with the geometry of numbers, using ideas due to
Greaves. The case of X?/(log X)¢ < d < X? may then be discarded at the cost
of a remainder of size X2/(log X)'~°() and smaller remainders are not possible
without exploiting the cancellation in the sum (4) without absolute values, for the
inner sum on average has O(1) terms when d ~ X2

It is this outer sum we are able to exploit to obtain a power saving. Key to our
work is the observation that m?* 4+ n? is a norm form in K = Q((g), and therefore,
by unique factorization, we may interpret the sum as one over values in Ok with
(2 and (3 coefficients equal to 0. We detect that this pair of values is equal to
0 using a perturbation of a two-dimensional §-symbol due to Li, Rydin-Myerson,
and Vishe [LMV24].

As it happens, after two applications of Poisson summation (over O ) following
the 6-method, Theorem 1 reduces to a subconvex estimate for cubic Dedekind zeta
functions in the level aspect.
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Upper bounds for number fields with even Galois group
RAINER DIETMANN
(joint work with Sam Chow)

By the Hermite-Minkowski theorem, there are only finitely many number fields of
given discriminant. Hence F,(X), the number of number fields K | Q of degree
n and discriminant |Ag| < X, is finite. Schmidt [6] famously obtained the upper
bound F,,(X) <, X7, where o, = "T”, which has been substantially improved
for n > 159 in recent years. One can also study the related problem where in
addition the Galois group is prescribed: For a positive integer n and a transitive
subgroup G < S, let F,(X;G) be the number of number fields K | Q with
discriminant |Ax| < X and Gal(K | Q) = G, where K denotes the Galois closure
of K over Q (of course trivially F,(X; G) < F,,(X)). A conjecture of Malle predicts
the order of magnitude of F, (X;G), but so far has only been proved for certain
families of groups and in some special cases. Upper bounds on F,(X;G) have
been established subsequently by several authors, including Bhargava’s [2] result

(1) Fo(X;G) <o XOn—1HNA(@) 42

where n — ind(g) is the number of orbits of g on {1,2,...,n}, and ind(G) =
min{ind(g) : 1 # g € G}. We recently [4] obtained the following new bound on
F,(X; Q) for even groups GG, which improves on the best known bounds in a few
cases.

Theorem 1. Assume that n > 6 with

(2) né¢ U {m? m? +1}.
m odd
Further suppose that G is a proper transitive subgroup of Ay, and putd =[S, : GJ.
Then
Fn(X; G) Lne XE+6;

where
1 n n

E=EG) =0l =+ im—d T =1
This bound is stronger than (1) for the groups 6T12, 7T5, 8T48 in degrees 6,7,8,
respectively (but the bound for 6T12 is superseded by an earlier quintic result, see
[1]) and for 7T5 and 8T48 appears to be the best currently known.
Our proof builds on the aforementioned work of Schmidt and uses Galois re-
solvents to detect the property of the Galois group being a given (even) group
G. This reduces the problem to bound above the number of solutions of a certain
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Diophantine equation. To this end a version of the determinant method due to
Salberger is used (see for example Lemma 1 in [3]). In one harder case the prop-
erty that G is even is used in addition to exploit the discriminant being a square.
At this point non-existence of certain lines on the discriminant variety needs to be
established, using results from [5] and the assumption (2).
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Zeros of Poincaré series
NoaAaM KIMMEL

Let f € M} be a non-zero modular form of weight k for the full modular group
SL(2,7Z). Tt is known that such a form has roughly k/12 zeros in the fundamental
domain F = SL(2,Z)\H. Aside from some potentially forced zeros at ¢ and p =
% + ‘/ng coming from the value of k mod 12, the rest of these k/12 zeros can be
placed arbitrarily in F as f varies in Mj.

However, it is an interesting problem to try and understand the location of the
zeros for distinguished modular forms within M}. The first result in this direction
is due to F. K. C. Ranking and Swinnerton-Dyer [5] who show that the zeros of
Eisenstein series in F always lie on the geodesic connecting i and p. Since then
their result has been generalized to many other families of distinguished modular
forms (e.g. [1, 2, 8]).

The main new results of this talk concern the asymptotic distribution of the
zeros of another class of distinguished modular forms - the Poincaré series. Let
Py m € M}, be the Poincaré series of weight k£ and index m for the full modular
group. In this talk I will consider the asymptotic behavior of sequences (Pgm )i>1
where the weight k goes to infinity and the index m is a function of k. Specifically,
I we will explore the asymptotic distribution of the zeros of such sequences.

The case where m = o(k) was considered by Rankin [6], who generalized the
method in [5] and showed that in this case almost all of the zeros of Py ., in F
lie on the geodesic connecting i and p. In [3] we generalize this result - for any
fixed o > 0 and any sequence (Pk m)k>1 with m = ak 4 o(k) we give a description
for the asymptotic behavior of (Py m)k>1. This includes also a description for the
asymptotic distribution of the zeros.

Examining these distributions for various «, one can notice that they become
increasingly more intricate as o grows. This might lead one to conjecture that if m
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grows faster than ak for all a > 0, then the zeros of (Py m )r>1 equidistribute in F.
It turns out that this is true. To show this we use a result of Rudnick [7], where he
showed that equidistribution of the zeros follows from a stronger condition called
mass equidistribution (or Holomorphic Quantum Unique Ergodicity). In [4] we
show that a sequence (Py m)k>1 with m > ak Yo > 0 and m <« k3/2=¢ satisfies
this condition, thereby also proving the equidistribution of zeros in these cases.

While the condition m > ak Vo > 0 is necessary, the condition m < k3/2~¢
seems to be a limitation of the proof. It is interesting to try and extend this range
and show equidistribution for a larger range of m’s.
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Revisiting Van der Waerden’s problem in degree 4
VLAD MATEI

Given any integer polynomial f € Z[X] one of the basic questions one can ask is
whether is irreducible or not. This is in general a difficult problem; for example,
even for f(X)=X"+X""14+.. .+ X —1 we do not know whether it is irreducible
or not, although it is conjectured to be irreducible. We now turn to the study of
this question in a family.

For any positive integer H, let E,(H) denote the number of monic integer
polynomials f(x) = 2" + a1z" ! +- -+ a, of degree n with |a;| < H for all i such
that the Galois group Gy of f is not S,. Hilbert’s Irreducibility Theorem implies
that E,(H) = o(H"), i.e., 100% of monic polynomials of degree n are irreducible
and have Galois group S,,.

In 1936, van der Waerden [24] made this statement more quantitative and
proved that

(1) E,(H) :O<H”*m).

In the same paper, he also suggested the tantalizing and lasting conjecture that
E,(H) = O(H" 1) for all n (clearly E,(H) > H" ! as can be seen by setting
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a, = 0); and moreover, if we restrict ourselves to irreducible polynomials f with
Gy # Sy, say this count is By, (H), then we should have B,,(H) = o(H" ™).
Successive improvements to van der Waerden’s result (1) were obtained by:

Knobloch [18] (1956), who proved that
B, (H) = 0(H"*W) :
Gallagher [16] (1973), who proved using his large sieve that
(3) Eu(H) = O(H "1/

Zywina [27] (2010), who refined this to E,(H) = O(H""'/?) for large n; Di-
etmann [13] (2013), who proved using resolvent polynomials and the determinant

method that E,,(H) = O(H ”*2“/5); and Anderson, Gafni, Lemke Oliver, Lowry-

Duda, Shakan, and Zhang [1] (2021) who proved that E, (H) = O(H"7%+%+3+6).
Bhargava [5] almost settled the conjecture by showing that B,,(H) = O(H"!);
while Chow and Dietmann [10] offered a different proof, but excluded as Galois
group the alternating group A,, and the degrees 7,8 and 10.

For n < 4, van der Waerden’s conjectured optimal upper bound of o( H"1)
was proven by Chow and Dietmann [9].

More generally, how often does each group occur as the Galois group of a
polynomial of a fixed degree n > 37 For G < Sy, let us write Ng,n, = Ng.n(H)
for the number of monic, integer polynomials, with coefficients bounded by H in
absolute value, whose Galois group is conjugate to G.

The question of understanding the behavior of N¢ ,, for individual G has been
the subject of many works, including [[24], [12], [9], [10],[27], [21], [8], [25], [26],
2]l

The fact that the bound Ng ,, = O(H"~') holds for intransitive groups G was
already shown by van der Waerden [24], using the fact that polynomials having
such Galois groups are exactly those that factor over Q. Moreover, an exact
asymptotic of the form

Z Nn7G —_ Can_l T O(Hn—Q)

GCS,, intransitive

for an explicit constant ¢, > 0 was obtained by Chela [8].

The Galois group Gy of an irreducible polynomial f acts transitively on its
roots, that is, it is a transitive subgroup of S,,. This greatly limits the number of
possibilities for the conjugacy class of G.

Widmer [25] has given excellent bounds in the case of imprimitive Galois groups
G, using the fact that polynomials having such Galois groups are exactly those that
correspond to number fields having a nontrivial subfield; specifically, his results
imply that if G C S, is transitive but imprimitive, then

Z Nn,G _ O(Hn/2+2).

GCS,, transitive but imprimitive



2816 Oberwolfach Report 52/2025

Bhargava [5] and Chow and Dietmann [10] showed that we have uniform power
saving bounds for all transitive G # S,,, A, ; for example, Bhargava showed that
if G # S, A, and n > 53 then Ng,,, = O(H"~3?).

Despite the progress made on the question, very few bounds are sharp. Unlike in
the number field case where we have Malle’s conjecture that predicts the expected
size of the count of numbers fields ordered by discriminant and prescribed Galois
group, for our quantity IV, ¢ there are almost no conjectures about its expected
size.

In an upcoming paper, we revisit the degree 4 case and improve conditionally
on Chow and Dietmann’s result for A4. They showed in [9] that H <« Ny 4, <

1
HY2H 75T for any € > 0.
Theorem 1 (2025%). We have that
Hlog H < Ny a, < H®/#+0c+e
2

where ¢ is any number such that for any monsingular elliptic curve E : y* =
X3+ AX + B with A, B € Z the number of its integral points #FE(7) < A°; here
A = —16(4A3 + 27B?) is the discriminant of the elliptic curve.

Remark. Conjecturally ¢ = € for any € > 0. The best bound currently in the
literature is ¢ = 0.1117... + €, see [6].
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Diagonal sums and random matrix integrals
BrAD RODGERS
(joint work with Ofir Gorodetsky)

Recall the conjecture of Keating and Snaith [8] for moments of the Riemann zeta-
function: for positive integers k,

1 2T .
W T [0/ e~ g 00g TV as T o,

where the constants a(k) and g(k) are defined by

2 2
a(k) ::H(l—l)k ZM, and g¢(k):= lim ﬁ/[](m|det(l—g)|2k dg.

J N—
bz P >

This conjecture seems out of reach by current methods. A problem which can
be analyzed more successfully and which bears some structural similarity was
considered by Conrey and Gamburd [3]. Define

I 1
i (X) ::%L“éﬁ/ |
n<X
Conrey and Gamburd showed that
mi(X) ~ a(k)y(k)(log X)¥*,  as X — oo,

2%k
dt.
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for a(k) as before and (k) = vol(P,) where Py is the k?-dimensional polytope
consisting of matrices (z;;) € R’fo with all row sums satisfying >, 2;; < 1, and
all column sums satisfying . zi; < 1.

The purpose of this talk was (i) to explain how a simple factorization device
of Vaughan and Wooley [10] and Granville and Soundararajan [5] can be used to
better understand the appearance of this polytope through a point count, and (ii)
to make the combinatorial observation that only a small modification of this point
count coincides with the right hand side of (1).

The factorization device can be described as follows. Say that a k& x k matrix
A = (ars) with positive integer entries is a GCD grid if ged(ars, apq) = 1 whenever
p <rand ¢ > s. We use the notation A € Matj . (N) to describe such matrices.

Proposition 1: If mq, ..., ng are positive integers such that my ---mg =ny - - - ng,
then there is a unique A € Matj,,(N) such that the row and column products
satisfy

row) (A) = m,, coll(A)=ng, forallr,s.

Conrey and Gamburd’s first step in proving their result is to note that

1
X)= .
mk( ) Z (ml...mknl...nk)l/Q

mi-MmEp=ni- Nk
mi,nj SX

One may analyze this sum via a multiple contour integral and this is the approach
taken in [3]. Alternatively, the above factorization tells us that the above sum is

Z 1
AeMat] . (N) pq
row X (A), colX (A)<X

where the product is over all entries in the matrix. Keeping track of the finite
collection of coprimality relations and approximating a lattice count with an in-
tegral it follows almost immediately that this is asymptotic to a(k)y(k)(log X)*,
with the k2-dimensional polytope already appearing (in exponentiated form) in
the sum above.

We make the observation that a small modification of the sum above induces the
random matrix integral in (1). Define an SE-chain within a matrix to be a path
of indices which can be traversed using only south (1,0) or east (0, 1) increments,
and define the multiplicative length of a matrix of natural numbers to be

¢
L*(A) = max { H ap,q © the indices p1q1, p2ga, ..., peqe lie on a single SE—chain},
i=1

with the maximum taken over all SE-chains (of any possible length £). We prove
the following result.
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Theorem 1: For positive integers k,

1
Z ~ a(k)g(k)(log T)kz, as T — oo.
AeMat} . (N) [Tapg
LX(A)<T

Similar results corresponding to moments of L-functions in orthogonal and sym-
plectic families can also be proved, with the analogous factorization device in each
case involving matrices with some symmetry imposed. The proofs depend on re-
sults in random matrix theory due in various forms to Rains [9], Gorodetsky [4],
and Baik and Rains [1].

In ongoing work, we also use the same combinatorial framework to study
moments of Dirichlet polynomials, showing that a conjecture of Conrey-Farmer-
Keating-Rubinstein-Snaith [2] for shifted moments of the Riemann zeta-function
implies that for T = X ¢ with ¢ > 1/2,

12T 1 2k 22
T/T ’ > —ai| 4t~ alk)Bi(c)(log X)T
n<X

where ;(c) is the volume of the k? dimensional polytope consisting of matrices
A € Matyxk (R>o) with row sums and column sums satisfying row;F (A), col{ (4) <
1 and additive length (defined in the obvious way) satisfying LT(A) < ¢. This
interpolates between the regime of the Conrey-Gamburd theorem (relevant for
short Dirichlet polynomials in which ¢ > k) and the regime of the Keating-Snaith
conjecture (relevant when ¢ < 1, as ((1/2 + it) can be approximated by a long
Dirichlet polynomial). Similar results also exist in the case that the Dirichlet
polynomial >, _ 1/n'/2+% is replaced by the flat sum >, . n~% (results of
this sort were proved for random multiplicative functions in [6, 7]).
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Distribution of central values of additive twists of GLo L-series
SARY DRAPPEAU
(joint work with Sandro Bettin, Jungwon Lee)

The L-series refered to in the title are series of the shape

2minx

(1) L) = 3 A

where a(n) are the Fourier coefficients of an automorphic form ¢ with respect to
a group I' C SL(2,R), normalized so that a(n) = n°) on average. This series
makes sense whenever zx is a cusp for ' (e.g. for z € Q if T is a Hecke congruence
group in SI(2,7Z)). These cusps admit a natural ordering by denominators, and
we observe that the size of L(z) tends to grow, somewhat chaotically, as the
denominator of x grows. This raises the question of the asymptotic distribution
of these values among cusps of denominators at most @, as Q — oco.

For holomorphic forms of weight 2, the value L(x) (viewed as a function of the
form) coincides with the modular symbol {z,c0}. Mazur-Rubin [4] conjectured a
Gaussian distribution. This was shown, in the average sense described above, by
Petridis-Risager [6], for holomorphic forms of weight 2; and later by Nordentoft [5]
for all weights.

Using a completely different method, Lee-Sun [3] and Bettin-Drappeau [1] have
established that a CLT holds for forms over SL(2,Z) [1] or a congruence sub-
group [3]. This method, based on dynamical systems, did not require the holo-
morphicity or cuspidality of the form, which led to a proof of the CLT for Maafl
forms over SL(2,Z) in [2]. However it relied on dynamical properties of the Gauss
map.

The situation was therefore somewhat unconfortable regarding unneeded as-
sumptions (holomorphicity, or link with SI(2,7Z)). This left open, for instance,
the case Maaf} cusp forms for groups other than SL(2,Z); or more prosaically the
case

a(n) = ro(n) = {(a,b) € N,n = a® + b*}

of the function counting the representation of n as sums of two squares (this
corresponds to a non-cuspidal form for I'g(4)).

I reported on the work in progress joint with Sandro Bettin and Jungwon Lee
in which we lift the unneeded assumptions.

Theorem 1. Assume I' is a cofinite group with cusps, let ¢ be automorphic for T
with integer weight k and eigenvalue Ay, and let L(x) be defined by (1). Assume
that either ¢ is cuspidal, or else Ay > 1/4. Then there exists f € {0,1,3} and a
positive symmetric 2 X 2 matriz X for which the following holds.
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As Q — oo, the random variable
L(z)
V/(log Q) (loglog Q)7

where x € (0,1) is chosen at random among cusps of I' of denominators < @,
converges to a centered complex Gaussian with covariance matriz 3. We have

0 (¢ cuspidal)
B=q1 (A >1/4),
3 (Ao =1/4 (%))
((*)Actually the third condition is slightly more technical, it depends on the growth
of ¢ at cusps).
The matriz X2 is a multiple of the identity matriz in the first two cases, and also
in the third case if we assume that (51 (1)) r ( ’01 (1)) =T.
When ¢ is cuspidal, we have explicitely ¥ = oyla, where
. ¢l |
Vol(T\H)D'(1 — s¢ + £)T(s + &)

94

The proof builds on the strategy in [1, 3] and uses Zagier’s quantum modularity
property [7] for L(z), established in the quantitative sense which we need in [2]:
for all v € T, the map

hy(x) = L(yz) — L(x)

initially defined on cusps (except oo and v~ 'oo) Hélder regular, and we have some
information on its growth. One of the main novel ingredients is a theorem of
Baladi-Vallée type (which we do not state here) for Bowen-Series expansions of
cusps. There the role of the Gauss map is played by the Bowen-Series map. Much
of the effort goes into reducing the hypothesis of this theorem so that we have a
hope to be able to apply in our case. The main point is that the maps h., although
regular, do not possess an explicit expression (which makes it non-trivial to analyze
their joint (v, z) dependence). For the same reason, it turned out challenging to
actually compute the parameters of the CLT, since these arrive naturally expressed
in terms of h,.
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On the number of solutions of decomposable form inequalities
C. L. STEWART

Let d > n > 2 and X= (Xq,..., X;,). Suppose that F' is a non-zero decomposable
form in n variables with integer coefficients and degree d. Let Vg denote the
volume of the set

{(z1, .oy n) ER™ 1 |F(21, ey zp)] < 1}

(Ve may be infinite.) We may factor F' as
(1) F(X) = CoFy (X)) Fp(X)'*,

where |Cp| is the content of F' and Fi, ..., Fj, are distinct irreducible polynomials
with integer coefficients, content 1 and degrees dj, ..., dy respectively and [, ..., [x
are positive integers for which dyl; + ... + dgly, = d. Each polynomial F;(X)
determines exactly one maximal rational subspace of R™, say A;, for which F;(X) =
0. Put

) {o if A;={0}for i=1,...k
F =

max{l;, di, 4 ... +1;;d;;} otherwise,

where the maximum is taken over those tuples (i1, ...,7;) of distinct integers for
which A;, N...NA;; is different from the zero vector or equivalently for which there
is a non-zero integer point (s, ..., $,) for which F;_ (s1,...,s,) =0form=1,..., 5.

F is said to be of essentially finite type if Vi is finite, V(F) is finite whenever
F is F restricted to a rational subspace of R™ which is not a subspace of A; for
i=1,...,k and

(3) AiNn..NnA4; ={0}.

Let Nj(m) denote the number of vectors (ay, ..., a,) with integer coordinates
for which

(4) 0< |F(a‘17"'7an)| < m.

Let F(X) be a non-zero decomposable form in n variables with integer coeffi-
cients and degree d with d > n > 2 and let m be a positive integer. If F' is of
essentially finite type then we are able to prove that

n—1
(5) Ni(m) <ngmd T aar

This result generalizes a result of Thunder [2]. A key ingredient in the proof is
a quantitative version of Schmidt’s Subspace Theorem due to Evertse [1].
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Bogomolov and Lehmer type bounds and rational points of small rank
on algebraic varieties

EVELINA VIADA

Let V be an algebraic irreducible proper subvariety of a torus or of an abelian
variety G defined over Q. A leading principle in diophantine geometry is to describe
via arithmetic properties large subsets of V' that are non-dense in V.

A landmark of this principle is the Mordell Conjecture, proven by Faltings
[11]. It claims that a curve of genus at least 2 embedded in its Jacobian has
a finite number of rational points. This beautiful result has fascinated many
mathematicians, inspiring a number of articles. The proof of this theorem is not
effective in the sense that we do not have an algorithm to determine such points.
This is due to the fact that, in general, it is still unknown how to give an effective
or an explicit bound for the height of such a set. This remains a difficult open
problem, in the context of the so-called effective or explicit Mordell conjecture.

More in general, we say that V C G is a torsion variety (resp. a translate) if it
is a finite union of translates of algebraic subgroups of G by torsion points (resp.
by points). Moreover a proper irreducible subvariety V' C G is weak-transverse
(resp. transverse) if it is not contained in any proper torsion variety (resp. any
proper translate).

Theorem 1 (Mordell-Lang Conjecture, proven by Faltings [11, 12] and Vojta [20]).
Let T' be a subgroup of G of finite rank. Suppose that V- C G is not a translate.
Then, the set V. NT is not Zariski dense in V.

This implies the general Mordell Conjecture via the Mordell-Weil Theorem,
which asserts that the set of k-rational points of an abelian variety defined over a
number field & is a finitely generated group. Thus, for a subvariety V' of an abelian
variety that is not a translate, the set of rational points V' (Q) of V is non dense
inV.

The Torsion Anomalous Conjecture gives a general framework of which the
Mordell-Lang and other conjectures become special cases. Probably, the first spe-
cial case of this conjecture was addressed in 1965 by Schinzel [17], who asked when
points of rank one are dense in a variety V' C G}, of codimension 2. The rank of a
point is the smallest dimension of an algebraic subgroup containing the point. In
1999, a central paper of Bombieri, Masser and Zannier [2] for transverse curves in
G}, gave new life to the question. For the first time to our knowledge, they used a
Lehmer type bound to prove the finiteness of points of rank n — 2 on a transverse
curve. Their work is effective, and it inspired a major research activity.
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We say that an irreducible variety Y C V is a V -torsion anomalous variety if

(i) Y is a component of V N (B + () with B+ ¢ an irreducible torsion variety
of G;
(ii) the dimension of Y is larger than expected, i.e. the codimensions satisfy

codimY < codim V + codim B.

We say that Y is maximal if it is not strictly contained in another V-torsion
anomalous variety.
The Torsion Anomalous Conjecture (TAC) can then be formulated as follows.

Conjecture 1 (TAC). An irreducible subvariety V of G contains only finitely
many mazximal V -torsion anomalous varieties.

It is not difficult to see that the TAC implies the Mordell-Lang Conjecture. The
case of hypersufaces reduces to the Manin-Mumford Conjecture. Unfortunately,
the TAC is only proven for curves in abelian varieties, and for varieties of codi-
mension 2 in G?, and EV. However, some cases are proven in an effective way
and this has consequences on the effective Mordell-Lang Conjecture. This is how
we find the rational points of small rank on some varieties.

Some classical examples where one can find the rational points, are mainly
given for curves of genus 2 or 3 and rely either on the method of Chabauty [5]
and Coleman [8], or on the Manin-Demjanenko method [9, 15]. In 2019, with
Checcoli and Veneziano [7], and in 2022 with Veneziano [19], we introduced an
explicit method to find the rational or even k-rational points on families of trans-
verse curves embedded in EV where E(k) has rank at most N — 1. In work in
progress, partially joint with A. Galateau and R. Pengo, we investigate a differ-
ent approach that allows us to give a method to find the k rational points of a
variety V transverse in EV where E(k) has rank 1. The method can be extended
to abelian varieties of the kind A™ where A is a simple abelian variety and the
dimension of V' is small with respect to N. Also some other abelian varieties can
be considered, however the complexity of the endomorphism ring and non-sharp
results on heights in abelian variety, make the constants huge and therefore not
suitable for examples. We hope to get examples of surfaces in E? where we can
determine all the rational points.

Our method relies on different results in arithmetic geometry. We use a Bo-
gomolov type bound by Galateau that we make functorial and explicit. This is
an explicit version of a generalization of a conjecture by F. Bogomolov [1]. For a
variety V' C G, we define the essential minimum p (V') as the infimum of the § € R
so that the set of points of V' of height < 6§ is Zariski dense in V. Then we have

Theorem 2 (Bogomolov Conjecture, proven by Ulmo [18] and Zhang [22]). A
variety V. C G is non torsion if and only if its essential minimum w(V') is strictly
positive.

We then use a Lehmer type bound recently proven by E. Gaudron and G.
Rémond and we make it functorial. These are bounds that generalise to points in
an abelian variety the Dobrowolski bound in the context of the so called Lehmer
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conjecture [14]. More precisely, in [10] Dobrowolski essentially proves that there
exists a constant ¢ > 0 such that for any algebraic number « which is not a root
of unity, one has

h(a) >

c ( log 3[Q() : Q] )3
[Q(a) : Q] \loglog3[Q(w) : Q] '

Moreover we use the explicit version by Philippon of the arithmetic Bézout’s
theorem [16, Theorem 3], Zhang’s inequality [21, Theorem 5.2] and sharp dio-
phantine approximations, such as the Siegel Lemma of Bombieri and Vaaler [3,
Theorem 12].

Unfortunately, this is not sufficient to prove new cases of the TAC, but only
finiteness results on special V-torsion anomalous varieties.

Our method is somehow complementary to the Chabauty method for surfaces
by Caro and Pastén [4]. If the ambient variety G is a simple abelian variety, there
is no way to make our strategy work. Instead, having a simple abelian variety
is an advantage in their method. More precisely, they assume that G is a simple
abelian variety, of dimension 3 and that G(Q) has rank one. Then they sharply
bound the number of rational points of some surfaces V' C G, and they give an
example in which they can find all rational points. However, their method does
not work in E® and further restrictions, comparable to the assumption that the
maximal V-torsion varieties are all points, are needed when G = Ay x E.
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Parametrizing Galois extensions and rational connectedness
DANNY NEFTIN
(joint work with Danny Krashen)

The geometry of parametrizing spaces of G-Galois extensions over a number field
K is a subject of major interest in arithmetic geometry. For a fixed group G,
such parametrizing spaces X always exist, and are represented by versal G-torsors
Y — X, but their geometry and their sets of rational points X (K) are far from
understood.

We consider R-equivalence (a.k.a. rational connectedness) on such parametriz-
ing spaces X for G-Galois extensions of K. The notion of R-equivalence has been
studied for tori, for algebraic groups, and for G finite over large (a.k.a. ample)
fields K, but little is known concerning these parameterizing spaces/versal torsors
for G-Galois extensions of number fields.

We represent G-Galois extensions as morphisms in the set

HYK,G) = Hom(Tg,G)/ ~,

where ' is the absolute Galois group of K, and ~ is equivalence by inner automor-
phisms of G. We then say a, 3 € H(K,G) are R-equivalent over K if there exist
Mt ..., () € HY(K(t),G), r > 1 with specializations: ~;(0) = «, 7,(1) = 8,
and v;(1) = v;+1(0) for ¢ = 1,...,r. Note that a single 7;(t) corresponds to a
G-Galois extension E; /K (t) whose specializations at t = 0 and 1 are the G-Galois
extensions corresponding to ~;(0) and ~;(1), resp., so that E,..., E,./K(t) is a
sequence of G-Galois extensions connecting the G-Galois extensions corresponding
to a and . In case r = 1, we say that o and § are simply R-connected.

The notion of R-equivalence, (or in particular, simple R-connectedness) is
closely related to the property G-BBY%,. We say that G-BB’; holds if every n
classes in H'(K,G) are the specializations of some v(t) € H'(K(t),G). The
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property G-BB? is equivalent to simple R-connectedness and was first raised by
Harbater. Fields K and groups G for which G-BB% does not occur were given in
by Colliot—Thélene, namely, with K a 2-adic field and G = Cg the cyclic group of
order 8, or with K = F((t)) for the field F' of invariants of a certain p-group G.
However, little is known about R-equivalence and G-BB; over number fields K
in the absence of a generic polynomial for G.

For abelian groups G and K = Q, the existence of a generic (resp. parametric)
extension for odd (resp. 2-power) order G over Q implies that H'(Q,G) has G-
BB?Z and in particular is R-trivial, that is, has one R-equivalence class. However,
already for quadratic fields K and the cyclic group G = Css, the number of R-
equivalence classes has so far been unknown. For Dihedral groups G = Djs of
order 2°F1 it is known that H'(K, Dss), s = 2,3, have G-BB% since a generic
extension exists. However, so far the R-triviality of H!(K, Das) has been unknown
for all s > 4.

We consider the number r = (K, G) := H'(K,G)/R of R-equivalence class on
HY(K,QG) for basic families of groups G when a generic extension does not exist or
is unknown to exist. We show that this r is sometimes also the minimal number
of extensions of a rational function field F = K(t1,...,tq), d > 0 required to
parametrize all G-Galois extensions, allowing the parametrization of G-Galois ex-
tensions for groups G that lack a generic extension. More specifically, we consider
the stronger notion of dense parametrizations: say vi,...,7. € H'(F,G) densely
parametrizes H (K, G) if every a € H'(K,G) is a specialization of some «; in
every open subset of a model X for F.

Already when G is abelian, (K, G) > 1 is possible. All such nontrivial examples
come from cyclic 2-groups G = Cy: where r is given as follows. Let u, = ()
denote the n-th roots of unity, char K the characteristic of K, and Br(L/K) the
relative Brauer group of L/K. We then have:

Theorem 1. Let K be a field of char K # 2, let s > 3 be an integer, and
E C K(uos) the subfield fized by conjugation ¢, — (,;'. Then the number of
R-equivalence classes r = #H'(K,Cas)/R is the cardinality of the quotient of
Br(K (uz2:)/K) by Br(E/K) + Br(K (v/—1)/K). Furthermore, this r is the mini-
mal number of extensions of a rational function field K(t1,...,tq), d € N, needed
to (densely) parametrize H' (K, Cos).

Note that explicit r(K,Cos) extensions parametrizing H'(K,Cos) were already
given by Schneps, and Theorem 1 shows this is the minimal number of such
extensions. For G = Css, the theorem shows that H!'(K,G) has the following
Beckmann-Black-type property: Every ai,...,a, € HY(K,G), n > 2 which are
R-equivalent are the specialization of some o € H'(K (t),G). The theorem leads
to the number of R-equivalence classes and paramaetrizations for general abelian
groups.

Theorem 2. Let K be a field. Suppose that a finite group H acts on a cyclic
group C of odd order coprime to char K. Then the number #H'(K,C x H)/R of
R-equivalence classes coincides with that on H' (K, H). If furthermore H'(K, H)
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is densely parametrized by v extensions of a K-rational function field, then so does
HY(K,C x H).

As H and hence G = C x H may not have a generic extension, this provides
further examples of dense parametrizations in the absence of a generic extension.
Note that C' may be replaced by an odd order abelian group as long as the action
of H is semisimple. In the opposite scenario where C' is a cyclic 2-group, the
analysis of R-equivalence on H'(K,C x H) is much more difficult, and even its
finiteness is unknown. Among these, we focus on the basic family of Dihedral
groups Dos = Cas x Ca, s > 4:

Theorem 3. Let s > 2 and K be a number field. Then H'(K, Das) is R-trivial.

Our approach considers R-equivalence on A-torsors in Hl(K , A), for finite abelian
K-groups A. Our first observation relates R-equivalence on H' (K, A) to R-equiva-
lence on algebraic tori, a theory developed by Colliot—Théléene-Sansuc. Our start-
ing point is the observation that the finiteness of R-equivalence classes on tori over
finitely generated fields K implies that on H'(K, A), and furthermore provides a
dense parametrization:

Observation 4. Let K be a finitely generated field, and A a finite K-group of
order prime to char K. Then the number r of R-equivalence classes in H' (K, A)/R
is finite, and it is the minimal number of torsors over K(ti,...,tq) needed to
densely parametrize H' (K, A), for all sufficiently large

Our work motivates the following open question:

Problem 5. Let G be a finite solvable group and K a number field. Is r :=H' (K,
G)/R finite? In particular, is finiteness preserved under split extensions with
abelian kernel? In case r < oo, are there v extensions of a K-rational function
field that parametrize H (K, G)?

It would also be interesting to find the number of parameters needed to parametrize
H'(K,G). In fact there is no known finite group G, for which its known that more
than 2 parameters are needed to parametrize H' (K, G).

Applying stratification theorems to counting integral points on thin
sets of type II

KATHARINE WOO
(joint work with D. Bonolis, E. Kowalski, L. B. Pierce)

Let F(Y, X1, ..., X,) be an absolutely irreducible polynomial in Y4 that is monic
in Y. Define the counting function:

N(F,B) =#{x € Z" : |x|loo < B,3y € Z, F(y,x) = 0}.

In nomenclature of Serre [11], bounding N (F, B) corresponds to counting integral
points in an affine thin set of type II. It was achieved separately by Cohen [6] and
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Serre [11] that N (F, B) <. B"~/?*¢. This bound is sharp; this can be seen via
inspecting the counting function for F(Y, X1,...,X,) =Y2 - X; — X5 — ... — X,.

In this talk, I will present new work with D. Bonolis and L. B. Pierce that gives
a wide class of polynomials for which we can go beyond this bound.

Theorem 1 (Bonolis, Pierce, Woo [4]). Fizn > 2. Let H(X) € Z[X1, ..., X,] be
an irreducible polynomial and define F(Y,X) =Y — H(X) for an integer d > 2.
Suppose there is no L € GL,(Q) such that H(L(X)) € Z[(X;)ic1] for a subset
I C{1,...,n}. Then there is an integer e(n) > 1 such that for all B > 1,

N(F, B) €ndog e log(|| F|| + 2)°") Bn= 1w +e,
for all e > 0.

Further, we define the notion of a n-genuine polynomials — one that truly de-
pends on all of its variables. We say that F(Y,X) is n-genuine if every defining
polynomial G for Q(X)[Y]/(F(Y,X)) satisfies that degy (G),degy,(G) > 1 for
each i. We say that F(Y,X) is n-allowable if F(Y, L(X)) is n-genuine for each
linear transform L € GL,(Q). We prove similar upper bounds for n-allowable
polynomials; these polynomials may be of separate interest (in future work, we
use these notions of n-genuineness to repair a small hole in the work of Cohen [6]).

Theorem 2 (Bonolis, Pierce, Woo [4]). Fix n > 2. Let F € Z[Y, X1,...,X,]
with degy F' > 2 be a monic n-allowable polynomial in Y with d > 2. Then there
exists an integer h = h(n,deg F') > 1 such that for all B > 1,

1

N(Fa B) <<n,degF7g HF||th_1+n 1+€,

for every e > 0. If degy F' > 2 and the same hypotheses hold with d = 1, the same
result holds, conditional on GRH.

Under a stronger notion of genuineness (called strongly n-allowable in [4]),
we can establish the bound N(F,B) <p deg r,e log(||F| + 2)6(")B"71+ﬁ+6. A
key strength of the above results is that they require no nonsingularity condition
on F(Y,X). Additionally, the condition of being n-allowable (resp. strongly n-
allowable) is generic in the space of polynomials of degree degy, ' < D; with a
fixed dimension of the singular locus.

A main input for our work is the stratification theorem for exponential sums,
developed by Fouvry, Katz and Laumon in [7, 8, 10]. Motivated by making the
dependency in Theorem 1 and Theorem 2 on || F'|| explicit, Bonolis, Kowalski and
I establish that these strata vary uniformly in families, both algebraically and
analytically.

Theorem 3 (Bonolis, Kowalski, Woo [2]). Let n and D be positive integers. Let
F € Z[Y, X1,, ..., Xs] be a polynomial of total degree < D which is monic in Y.
There exist positive integers N and C and a stratification X = (X;) with

ARS X, DD Xy,
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such that X; is a homogeneous subvariety of codimension > i and such that for all
primes p not dividing N and for all h € X;(F,) \ X;41(Fp), the bound

> ep(hox)| <CpF

F(y,x)eFy

holds, and moreover, the data (X, N,C) satisfies the following bounds:

(1) C<np 1;

(2) N<nal;

(3) deg(X;) <n,p 1 for alli;

(4) the number of irreducible components of X; is <, p 1;

(5) ht(X) <n,p htc(F), i.e. one can write X; as the common zero set of
polynomials (Gj1,...,Gj k) in such a way that ht.(Gjs) <n,p hte(F) for
every indexing pair (j,s).
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Generic conic bundle surfaces satisfy the Hasse principle
EFTHYMIOS SOFOS
(joint work with Christopher Frei)

Deciding whether a Diophantine equation has a solution is one of the main question
in number theory. The Hasse principle is the most common approach, however, it is
known to fail for surfaces [8]. A well-known conjecture of Colliot-Thélene [2] states
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that the counter-examples are explained by the Brauer—Manin obstruction for
smooth, projective, geometrically integral and geometrically rationally connected
varieties defined over a number field. This includes conic bundle surfaces. These
arise as smooth projective models of surfaces defined in Ab X Pé by equations of
the shape

(1) P (t)a:2 + Pg(t)yQ = Pg(t)ZQ,

with polynomials P; € Z[t] whose product P; P, P5 is non-constant and separable.
They appear naturally in algebraic geometry. For example, cubic surfaces with a
line defined over Q are the same as (1) with deg(P;) = 3,deg(P) = 1 = deg(Ps).
Del Pezzo surfaces of degree 2 containing a conic over Q are the same as (1) with
deg(P;) = 2 for all i. The Hasse principle is not known in the latter case.

When E?:1 deg(P;) < 4 the conjecture was proved by Colliot-Thélene-Sansuc—
Swinnerton-Dyer [3, 4] and Colliot-Thélene [1]. When Z?Zl deg(P;) = 6 some
cases were dealt with by Swinnerton-Dyer [9]. The Hasse principle for conic bundle
surfaces is not known in other cases.

Fix arbitrary integers dy,ds,ds > 0. Let S be a subset of P = (P, P», P3) €
(Z[t])® with deg(P;) = d; and let h(P) be the maximum of the absolute values of
the integer coefficients appearing in P, P, and Ps. If

. #{P e (Z[t])? : deg(P;) = d;Vi,h(P) < H,P € S}
lim . : =1
H—o0 #{P € (Z[t])® : deg(P;) = d;Vi,h(P) < H}
then we say that S has probability 1.

Theorem 1 (C. Frei-E. Sofos [5]). Fiz arbitrary integers dy,ds > 0,d3 > 0. The
set of P € (Z[t])® with deg(P;) = d; for all i such that (1) satisfies the Hasse
principle has probability 1.

In [5] we also prove the Hasse principle with probability 1 for conic bundle
surfaces of the form

@ (ﬁ Plj(t))iUQ + (ﬁ sz(t))yQ = (ﬁpgj(t))zQ,
= j=1 i=1

where the P;; have prefixed degrees and at least two of the k; are strictly positive.
Allowing reducible polynomials gives richer Brauer obstructions. Previous work
in this direction had established the Hasse principle with positive probability [6].

The proof is based on the second moment method: for each P = (Py, Ps, Ps3)
we write a sum Sp that essentially counts ¢ for which (1) has a rational point. It
then suffices to prove a non-trivial bound for

oo

2

> <SP— 1T UZ(P)) :
Pc(Z[t])3,h(P)<H ¢ prime
deg(P;)=d;Vi £=2

where o¢(P) are appropriate non-negative ¢-adic densities. The reason is that if
(1) has a solution in R and in Q, for each prime ¢ then [], o/(P) typically stays
away from 0.
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To bound the second moment one opens up the square and computes all three
resulting terms. In the case of (2) this becomes more challenging, hence, we
we make an unusual choice for Sp, one that involves a modified Hilbert symbol.
Specifically, for a prime p # 2 and for elements a,b € Q, \ {0} we let (a,b);, =0
if both p-adic valuations of a,b are even and we otherwise let (a, b);, be the usual
Hilbert symbol in Q,. Then for positive integers a, b, both of which are 1 modulo
4, we define

8(a,b) = ] (+ (a,))).
£ prime
=3
If this expression is non-zero then ax? + by? = 22 has a rational point by the Hasse
principle. The function § has a similar definition for all integers a,b. We then let

Sp = Z I(Pi(s,t)Ps(s,t), Pa(s,t)Ps(s,t)),
s,t€Z2,gcd(s,t):1
Isl,[t|<B*

where c is a positive constant that depends only on d;. The advantage of the mod-
ified Hilbert symbol is that correlations and other averages of Sp vanish because

/

Here the integral is with respect the normalised p-adic Haar measure p, such that
pip(Zyp) = 1.

When a, b are square-free coprime integers, both 1 modulo 4, we can use Hilbert
reciprocity to write d(a,b) = d1(a, b) + d2(a,b), where

01(a,b) = (1+ (a,b)r) > [[(ad),

k square-free p|k
klab,k<z

da(a,b) = DO | (GO

k square-free pl|k
klab,z<k<|ab|/z

(a,b)g,dadb =1—-0 (1) .

(a,b),dadb = 0, whereas / 5

2 2
D ZP

and z = HY with ~ a small positive constant depending only on d;. The functions
01,02 can be defined in a similar way for all integers a, b. Solubility at small primes
is tracked by d1, whereas, d7 is a large sum of alternating terms, thus, it contributes
only to the error term. To show the latter we prove a result for general functions
f:Z™ — C. This states that if f has average 0 on arithmetic progressions of small
moduli then its average over random integer forms of fixed degree is also 0. For
notational simplicity we state it for n = 1 and polynomials instead of forms.
Let 7 denote the standard divisor function.

Theorem 2 (C. Frei-E. Sofos [5]). Fiz any C > 0 and any integer d > 0. Let
f N = C be an arbitrary function with |f(m)| < 7(m)¢ for all m. Then there
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exists k = k(d, C) > 0 such that for any x, H with (log H)" < x < H we have

2
2

Y Y spen] < e B s |ST )

d
Pez[t],h(P)<H |" n<z vetses | n<hat
deg(P)=d n=amod ¢

where the implied constant depends only on C' and d.

The first steps of the proof follow the circle method approach of Skorobogatov—
Sofos [6] regarding the von Mangoldt function. Their approach crucially rests
on Vinogradov type estimates for the von Mangoldt function on the minor arcs,
however, to cover general f it is essential to use a more flexible approach. This is
achieved by replacing the Dirichlet kernel in [6] by the heat kernel. It allows us
to use a transformation law for the Jacobi theta function to show that the minor
arcs essentially make no contribution. The major arcs give rise to the max-term
in the right-hand side of the bound in Theorem 2.

It would be interesting to prove the Hasse principle with probability 1 for
quadric bundles of relative dimension 2 improving on the positive probability result
of Skorobogatov—Sofos [7, Corollary 2.5].
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Summary of open problem session
COLLECTED BY NOAM KIMMEL

1. Sam CHOW
Fix n > 3 and denote

f(z) =2" + a1z ! + ... + a, € Z[]
E,(H)=+#<( Gal(f) # Sy, firreducible
laj| < H Vj

In 1936 van der Waerden conjectured the following [9]:

En(H) =o(H" ™).

Remark. A weak version of van der Waerden’s conjecture was solved by Bhargava
(1], namely that E,(H) <, H"™!, and that if one also excludes polynomials with
Galois group equal to A, then the number of remaining polynomials is o( H"~1).

2. GADY KozMma

Let G be a group and S be a non-reversible set of generators (reversible meaning
that s € S <= s7! € 5). Let P € Matgxg be the Cayley graph matrix
associated with G and S:

1 dse S:g=hs
Pg,h = .
0 otherwise.

The question is whether being orthogonally Jordanisable is common among such
Cayley matrices P?
3. LIOR BARY-SOROKER

The motivation for the following problem came from the X-post [5] where the
following matrix multiplication was considered:

6 5 3 7 72 1 2 67 52 31 72
3 21 3 1 1 3 1| [31 21 13 31
5 3 2 5| |2 7 1 2] |52 37 21 52
75 3 6 2 2 1 7 72 52 31 67

Inspired by this, one can try and count the number C(n,b) of pairs of n X n
matrices, whose entries are base b digits, such that their matrix multiplication is
equal to their entry-wise digit concatenation. That is,

A, B € Mat, xn(Z),
Cn,b)=#<c(A,B)| 0<A4;; <b, 0<B;; <b,
AB =bA+ B
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The question is to get an asymptotic for this count, say when b = 10 and n is
large.

Remark. The asymptotics for C(n,b) in the case where n = 2 and b = p is a
large prime are computed in Gal Benkler’s master thesis (still umpublished) where
she shows that

C(2,p) = 2

@ )p +— (logp)® + O(p - log p - log log p).

202)"

4. VIviIAN KUPERBERG

Denote ord,(a) the order of a in Z/pZ. Show that ord,(17) > ord,(2) for infinitely
many primes p.

Remark. In [8] Just and Pollack showed that ord,(n) > ord,(2) for infinitely
many primes p provided n Z 1 mod 8. They also showed that almost all n satisfy
ordy(n) > ord,(2) for infinitely many primes p.

5. EFTHYMIOS SOFOS - QUESTION 1

Denote
ha(d) = #C1 (Q(Vd)) [4

the size of the 4-torsion of the class group of Q(v/d).
Can one prove asymptotics for

> hy(1+t2)
t<X
1+¢2 square free

or

> ha(t(t +1))?

t<X
t(t+1) square free

6. EFTHYMIOS SOFOS - QUESTION 2

For a smooth, convex, positive curvature planar domain Q C R2, one can define
the asymptotic density fo for the normalized error term in the Q lattice point
counting problem by

prob <r € [0, R], 1Z*n (rQ)|\/—Fr2Area(Q) < z) EimiN /Z fa(t)dt

In the above formula € is the dilatation of Q by a factor of r. Bleher computed
these asymptotic distributions for various different shapes 2, resulting in different
asymptotic densities [2].

Inspired by this, one can look for similar asymptotic densities in a different
problem - that of counting solutions to quadratics in 4 variables.
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Let Q(x1,x2,x3,24) be a quadratic form. Is there an asymptotic density for
#{zeZ'nl-rr* : Qz) =0} —MT
r
where MT is an appropriate main term?

Remark. An asymptotic for MT was obtained by the delta symbol circle method
[7] and the secondary terms in the asymptotic were studied in [6].

7. MAYANK PANDEY

Denote by Ky nq,ne,ns the splitting field of ng +niz + nox? +n3x3. The question
is to provide bounds for

0= S G ()

[nol,|n1l,|nzl,|ns| <X

where (g, ) n,.n, 1S the Dedekind zeta function.

Using convexity estimate for each term individually, one can obtain S(X) <
X?®. Applying known subconvexity bounds for each term can improve this to
S(X) <« X°~1/3. The question is whether one can take advantage of the extra

averaging over the n’s to give a better bound.

8. MICHAEL STOLL

Can one construct a sequence (Cj,)n>1 of nice curves over Q of genus ¢g(C),) > 2

such that 4C,(Q)
lim =220 5 50?
n—o0 g(Cn)

Remark. In [3] it was shown that the weak Lang conjecture implies that the num-
ber of rational points is bounded by a constant depending only on the genus. This
would imply that if a sequence (C,) as above exists, it must satisfy g(Cp) — 00.
Recently, it was shown in [4] that the number of rational points is bounded in terms
of the genus and the Mordell-Weil rank. And so, if one assumes that the Mordell-
Weil rank is bounded, this too would imply that one must have g(Cy) — 0.
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