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Introduction by the Organizers

The mini-workshop Algebraic foliations: analytic and birational viewpoint, orga-
nized by Eleonora Di Nezza (Rome Tor Vergata), Enrica Floris (Toulouse) and
Susanna Zimmermann (Basel) was well attended with 14 participants with broad
geographic representation (France, Italy, Germany, USA). This workshop was a
nice blend of female researchers with various backgrounds, some expert in complex
geometry, others in algebraic or birational geometry.

The main goal of the mini-workshop was starting strong collaborations between
outstanding women in geometry with a broad spectrum of expertise. The focus
was on the interplay of three topics in Geometry: analytic methods in Kähler
geometry, Foliations and Cremona groups. More precisely, Foliation theory was a
unifying theme.

Several open problems in foliation theory were presented, of analytic and bira-
tional flavour, and connected to the Cremona group. The participants then split

https://creativecommons.org/licenses/by-sa/4.0/deed.en
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into four research groups. For a more precise description of the problems we refer
to the talks of Enrica Floris and Susanna Zimmermann.

Acknowledgement: E.F. and S.Z. are supported by the SERI replacement
MB24.00006 for the ERC StG Saphidir. E.D.N. is supported by the ERC con-
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Abstracts

On algebraic foliations

Enrica Floris

In the last decades the study of foliations from an algebraic point of view has been
the center of an intense scientific activity. In particular, the birational geometry of
foliations on surfaces has been thoroughly studied and the so-called Minimal Model
Program for foliations on threefolds has been completed. A foliation on a projective
variety X is the data of a saturated subsheaf of the tangent bundle F ⊆ TX which
is closed under Lie bracket. The smooth locus of F is the locus where the subsheaf
is a subvector bundle. While the first condition can be achieved for any subsheaf
after passing to the saturation, the second one is more profound and insures that
locally analytically at a point in the smooth locus F is the pullback of the tangent
bundle via a coordinate projection. The local fibres of these projection glue into
submanifolds of X . The maximal submanifolds with the property are called leaves
of the foliation. If f : X ′ → X is a birational morphism, and F is a foliation on
X , one can define in a unique way a foliation F ′ on X ′ which coincides with F
where f is an isomorphism.

The determinant of the dual of F is called the canonical divisor of the foliation
F and denoted by KF . Its study sits at the center of the birational approach to
the study of foliations, in an analogous way to the case of varieties. For exam-
ple, we have adjunction formulae for the restriction of KF . A crucial role in the
classification of foliations is played by singularities. There is a classical notion
of reduced singularities for foliations on surfaces, and a notion of canonical sin-
gularities inspired by the minimal model program. While canonical singularities
are defined by imposing a certain generality condition on the eigenvalues of the
Jacobian of the vector field defining F at a certain point, canonical singularities
are defined as follows: for every birational morphism f : X ′ → X the difference
KF ′ − f∗KF is an effective divisor. Canonical singularities (and klt, lc, terminal)
can be defined for higher-dimensional foliations.

If X has dimension 2 and 3 and F is a foliation on X with mild singularities
(defined as above), the curves having negative intersection with KF can be con-
tracted or flipped and F admits a minimal model or is birational to a Mori fiber
space.
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Problem session I

Enrica Floris

In the first problem session, after an overview of the MMP results for foliations
on surfaces and threefolds, we presented three open problems.

The first, stemming from the paper by Marco Brunella [2], concerns surfaces
with nef anticanonica divisor. Brunella studies the case of the blow-up S of P2

along 9 points on a cubic curve and, letting C be the strict transform of the cubic
and assuming that S\C does not contain any compact curve, determines necessary
and sufficient conditions for the existence on S of a smooth Kähler metric with
semipositive Ricci curvature. The existence of examples of surfaces S which do
not satisfy the necessary and sufficient condition is not known and the higher-
dimensional case remains to be explored.

The second builds on the paper by Marco Brunella [1], in which it is proved
that if F is a foliation on P2 induced by a non-nilpotent vector field, then every
entire map tangent to F has algebraic image. The sharpness of the bound on the
degree of the foliation and on the singularities is not known.

The third problem is an exploration of some consequences of the recent results
on the minimal model program for foliations on threefolds. In particular, ut aims
at studying the geometry of the augmented base locus of the canonical divisor of
a foliation of general type.

References

[1] M. Brunella, Entire curves and holomorphic foliations, Enseign. Math. (2) 45 (1999), 195–
216.

[2] M. Brunella, On Kähler surfaces with semipositive Ricci curvature, Rivista di Matematica
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Overview on (positive) currents

Eleonora Di Nezza

We recall basic notions of currents on a differntiable manifolds. We then talk
about positivity notions for smooth forms and currents on complex manifolds. We
direct the interested reader to the textbook of J.P. Demailly [1] for a complete
treatment.

1. Currents

Consider a real oriented manifold M of dimension m. A current T of degree q (or
dimension m− q) on M is a continuous linear form on the vector space Dm−q(X)
of smooth differential forms of degree m− q with compact support. We denote by

D′
m−q(M) (or D

′q
(M)) the space of currents of degree q on M , and by 〈T, η〉 the

pairing between a test (m− q)-form η and a current T of degree q.
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A first example of a current of degree q is the current of integration over a
smooth closed oriented submanifold Z of dimension m − q, which is denoted by
[Z] and defined as

〈[Z], η〉 :=

∫

Z

η.

Observe that, given τ a q-form with coefficients in L1
loc(M), we can associate the

current Tτ of degree q defined as follows:

〈Tτ , η〉 :=

∫

M

τ ∧ η.

As a fact, let us mention that, if we let (x1, · · · , xm) be local coordinates on an
open subset Ω ⊂ M , then every current of degree q can be written in an unique
way as

(1) T =
∑

|I|=q

TIdxI ,

where TI are distributions of order s on Ω.
Given a current T of degree q, the wedge product of T with a smooth p-form β

is defined as
〈T ∧ β, η〉 := 〈T, β ∧ η〉.

One can also define the exterior derivative dT as the (q + 1)-current satisfying

〈dT, η〉 := (−1)q+1〈T, dη〉.

A current T is then said to be closed if dT = 0. We denote by {T } the coho-
mology class defined by the current T . By deRham’s Theorem, the corresponding
cohomology vector space

Hm−q(M) := {closed currents of degree q}/{dS |S current of degree q − 1}

is isomorphic to the one defined using closed smooth differential forms.

2. Positive forms and positive currents

Let now X be a complex manifold of complex dimension n. The decomposition of
complex valued differential forms according to their bidegrees induces a decompo-
sition at the level of currents.

We say that a current T is of bidegree (p, q) if it is of degree p+q and 〈T, η〉 = 0
for any test form η of bidegree (k, l) 6= (n − p, n − q). We denote by D′p,q(X)
the space of such currents, and by Hp,q(X) the corresponding vector space of
cohomology classes.

In the complex case one can define a notion of positivity at the level of forms,
hence at the level of currents.

Let V be a complex vector space of dimension n and (z1, ..., zn) coordinates on
V .

A (q, q)-form β is strongly positive if it writes as a convex combination of forms
of type

(iα1 ∧ ᾱ1) ∧ · · · ∧ (iαq ∧ ᾱq)
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with αj ∈ V ∗, for j = 1, · · · , q. For example, any positive multiple of the volume
form

(idz1 ∧ dz̄1) ∧ ... ∧ (idzn ∧ dz̄n)

is a strongly positive (n, n)-form.
A (p, p)-form η is said to be positive if for all strongly positive (n-p, n-p)-form

β ∈ V ∗, we have that η ∧ β is a positive multiple of the volume form.
Equivalently, a form of bidegree (p, p) is positive if and only if its restriction to

every p-dimensional subspace S ⊂ V is a positive volume form on S.
The set of positive (p, p)-forms is a closed convex cone in

∧p,p V ∗ and its dual

cone in
∧n−p,n−p V ∗ is the strongly positive cone. Observe that functions (forms

of degree zero) or (n, n)-forms the two notion of positivity coincide.

Of course, we are interested in the case V = TxX , x ∈ X . In this way, we are able
to define, at each x ∈ X , a notion of positivity for smooth forms on X , and so we
can then give a notion of positivity for currents. A current T of bidimension (p, p)
is positive if 〈T, β〉 ≥ 0 for all strongly positive test forms β ∈ Dp,p(X).

Two extreme examples of positive currents are currents of integration along
analytic subsets of dimension p and positive smooth differential forms of bidegree
(p, p).

Again as a fact, we mention that, any positive (p, p)-current T is a real current
of order 0, i.e. in (1) the coefficients are distributions of order 0. More precisely,
T can be written (in local holomorphic coordinates in Ω ⊂ X) as

(2) T = i(n−p)2
∑

|I|=|J|=p

TI,JdzI ∧ dz̄J ,

where the coefficients TI,J are complex measures in Ω satisfying T̄I,J = TJ,I and
TI,I are positive Borel measures in Ω.

References
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Introduction to Cremona groups

Susanna Zimmermann

Introduction. A broad objective of Algebraic Geometry is to classify algebraic
varieties up to isomorphisms. This is, however, much to difficult. More reason-
able is to classify up to isomorphisms between open dense sets; these are called
birational maps. In the late 19th century, a program was started to classify plane
curves, and the goal consisted to find some type of normal form. A variable re-
placement is a birational map of the curve, and soon it was noticed that, up to
symmetry and scaling, mostly replacements of the form (u, v) 7→ (u, uv) were nec-
essary [1]. Its inverse is the map (u, v) 7→ (u, v

u
), which is not well-defined at the

origin and is an isomorphism away from the origin. This very observation opend
doors and windows to the study of the plane Cremona group.
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The Cremona group Bir(Pn) is the group is the group of birational maps of Pn. A
rational map of Pn is a “map” of the form

P
n
99K P

n, [x0 : · · · : xn] 7→ [f0(x0, . . . , xn) : · · · : fn(x0, . . . , xn)]

where f0, . . . , fn ∈ C[x0, . . . , xn] are homogeneous polynomials of the same degree.
It is not a map, because it is not defined where all fi vanish simultaneously.
However, instead of making the domain more precise, we put a dashed arrow. The
rational map f is birational, if there is a rational map g of Pn such that g◦f = idPn

and f ◦ g = idPn . Dehomogenizing yields a birational map of An. Here are some
examples:

Example 1 (affine and projective version)

σ : (x, y) 7→

(

1

x
,
1

y

)

, and σ : [x0 : x1 : x2] 7→ [x1x2 : x0x2 : x0x1]

Example 2 (affine and projective version)

τp : (x, y) 7→

(

p(y)

x
, y

)

and [x0 : x1 : x2] 7→ [P (x1, x2) : x0x1x
deg p−2
2 : x1x

deg p−1
2 ]

where p ∈ C[y] and P (y, 1) = p(y).

Example 3 (affine verison)

ταβγδ : (x, y) 7→

(

x,
α(x)y + β(x)

γ(x)y + δ(x)

)

where α, β, γ, δ ∈ C(x) with αδ − βγ 6= 0. These are so-called Jonquières maps.
They fix the pencil of lines (x = cst).

Notice that Example 1 and Example 2 are involutions.

Properties of birational maps. Let us notice some properties of birational
maps. A birational map f : Pn

99K P
n is not a map, because it is not defined on

(f0 = · · · = fn = 0). This is a codimension two subset of Pn. More over, if f−1 is
given by coordinates f−1 : [x0 : · · · : xn] 7→ [g0(x0, . . . , xn) : · · · : gn(x0, . . . , xn)],
then f induces a diffeomorphism

f :

(

det

(

∂fi
∂xj

)

6= 0

)

∼
→

(

det

(

∂gi
∂xj

)

6= 0

)

The union of hypersurfaces
(

det
(

∂fi
∂xj

)

= 0
)

is contracted onto the codimension

two set (g0 = · · · = gn = 0). In the above examples, this looks as follows:

(Ex 1) σ contracts the three lines (x0x1x2 = 0) onto the points [1 : 0 : 0], [0 : 1 :
0], [0 : 0 : 1].

(Ex 2) τp contracts the curve (P = 0) onto the points {[0 : y : 1] | P (y, 1) = 0}
and the line (x1 = 0) onto [1 : 0 : 0].



3004 Oberwolfach Report 55/2025

Notice that in all examples, the contracted curves are rational. This is not a
coincidence and follows from the fact that every birational map between smooth
projective surfaces is a composition of blow-ups and blow-downs of points. In fact,
the following theorem holds particularly for birational maps of the plane.

Theorem [3] The group Bir(P2
C
) is generated by σ : (x, y) 7→ (1/x, 1/y) and

Aut(P2).

The C is added on purpose: the above theorem holds over any algebraically closed
field (of any characteristic), and it is false over non-closed fields. In fact, if in
Example 2, the polynomial P is chosen to be irreducible of degree at least two, then
τp contracts an irrational curve and cannot be contained in the group generated
by (x, y) 7→ (1/x, 1/y) and Aut(P2).

Corollary Bir(P2
C
) is generated by involutions.

This corollary holds over any perfect field [6].

Big disappointement / opportunity: We do not know any reasonable gener-
ating set of Bir(Pn) for n ≥ 3.

Theorem [7] For n ≥ 4, there is a surjective group homomorphism Bir(Pn) → Z.
In particular, Bir(Pn) is not generated by elements of finite order.

We do not know what happens for n = 3.

Problems:

(1) Let ω be a meromorphic contact structure on Pn. Study the group Bir(X)c(ω)

of birational maps of X preserving the contact structure ω. This is done
in [4] for the case n = 3.

(2) Let F be a foliation on Pn. Study the group Bir(F) of birational maps of
Pn preserving F . This is achieved in [2] for the case n = 2.
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Presentation of Marco Brunella’s paper: On Kähler surfaces with
semipositive Ricci curvature

Yifan Chen

Let p := p1, p2, . . . , p9 be nine points passing through a nonsingular cubic curve
C0 inside the complex projective plane P2. Blowing up those 9 points we get a
surface S. The anticanonical bundle of S is given by −KS = −π∗(KP2)−

∑

i Ei =
π∗(C0) −

∑

iEi, which is the strict transform of C0, denoted by C. Since C has
zero self-intersection and by Hodge index theorem we know that −KS is nef.

In algebraic geometry, the well known Abundance conjecture says that if the
canonical bundle KX of a compact Kähler manifold X is nef, then it is semiample.
A weaker notion of semiample in analytic point of view is semipositive, i.e., it
admits a hermitian metric with semipositive curvature form. One can also ask
same question for anticanonical bundle −KX , i.e. if the canonical bundle of a
compact Kähler manifold X is nef, then it is semiample or semipositive in a weaker
sense. However, this is not true as the example shown in [2] and they adjust this
question by adding the condition of rationally connectedness of X . As a special
case, [2] asked the following question:

Question: Does S always has a semipositive anticanonical bundle?

There are three known cases with affirmative answer depending on the position
of those 9 points p in P

2. Let N be the normal bundle of C inside S, which is
π∗(OC0

(3H −
∑

pi)) and a flat line bundle in Pic0(C) ≃ T2.

(1) Elliptic fibration: this is the case written in [2]. When N is a torsion point
in Pic0(C) ≃ T2 with order m, there exists a degree 3m polynomial Rm

vanishing at order m on p. Thus, S admits an elliptic fibration φm over P1

and C is a multiple fiber of multiplicity m, so −mKS = mC = φ∗(O(P1))
is semipositive. Noticing that torsion points are dense in Pic0(C), they
propose that the approximation by a sequence of torsion configurations
pm will lead to a holomorphic foliation as the limit of elliptic fibrations
φm with a closed leaf C.

(2) Nonelliptic surface: In the example constructed by [5], there are special
choices of p such that S is not a elliptic fibration, while locally C has
nonrational étale neighborhoods.

(3) Pseudoflat neighborhood : this case is studied in [3]. When N has infinite
order in T2 but satisfies a Diophantine approximation condition defined by
[3] like finite irrationality measure in number theory, [3] proved that there
exists a neighborhood V of C and a multi-valued holomorphic function u
on V as a defining function of C which descends down to a single-valued
function on V . This V is also called as a pseudoflat neighborhood of C. By
a cut–off argument one can construct a smooth semipositive representative
of −KS.

The last pseudoflat neighborhood condition on N is generic in the sense that
the compliment of this set in Pic0(C) has Lebesgue measure 0. Brunella proves
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that this is almost the only case by adding a stronger condition: the absence of
compact curve in S \ C.

Theorem 1.[1] If S \ C has no compact curve, then −KS is semipositive if and
only if C has a pseudoflat neighborhood.

From pseudoflat neighborhood of C to semipositivity of −KS is again by a
cut–off argument and could also work in higher dimension. By Aubin-Calabi-Yau
theorem we then have a Kähler metric with semipositive Ricci curvature. In this
case, the support of Ricci curvature lies in the interpolating part of the cut–off
function and thus is an “annulus” around C. Brunella also asks about how large
or small this support could be if we choose p properly, while, as a comparison,
this is quite different from the fibration case, where Ricci curvature supports on
whole S.

From semipositivity of −KS to a pseudoflat neighborhood heavily relies on
dimension 2 and the special structure of S. We sketch the proof here: the smooth
Hermitian metric h on −KS defines a plurisubharmonic function F on S \ C
growth at order − log |s|, where s is a defining function of C. The level set of F ,
diffeomorphic to T3, bounds domains approximating S \C. A topological theorem
by [4] gives the Levi-flatness of those 3-tori and from some cohomology argument
one can constructs a pseudoflat neighborhood gluing the Levi-flat T3.

Moreover, Brunella also showes the following restriction of the Kähler metric
with semipositive Ricci:

Theorem 2.[1] If S \ C has no compact curve, then any smooth Kähler metric
with semipositive Ricci curvature cannot be real analytic.

The real analytic condition extend the foliation around C globally S, which
contradicts to the nonexistence of holomorphic foliation on S tangent to C and is
smooth along C.

Open questions: Let us end this note by summarizing open problems mentioned
in Brunella’s paper:

(1) Find 9 points p on a smooth elliptic curve C0 such that 3H |C0
−
∑

pi rep-
resenting a point in Pic0(C0) without Diophantine approximation, prove
that in this case there is no pseudoflat neighborhood around C and study
the semipositivity of −KS in this case.

(2) Find 9 points p such that the closure of pseudoflat neighborhood U of C
has full support.

(3) One byproduct of the proof is that S \C is not stein under the assumption
of semipositive −KS. Hartshorne conjectures that S \C is never stein no
matter how we choose those nine points.
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