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ABsTrACT. — The Fourier coeflicients of a Maass form ¢ for SL(n, Z) are complex numbers
Ap(M), where M = (my,ma,...,my—1) and my,ma, ..., my—1 are non-zero integers. It is
well known that coefficients of the form A4 (m1, 1, ..., 1) are eigenvalues of the Hecke algebra
and are multiplicative. We prove that the more general Fourier coefficients A (m1, ..., mMu—1)
are also eigenvalues of the Hecke algebra and satisfy the multiplicativity relations

4 4 7 7 4 7
Ap(mimy,momy, ... .my—1my_) = Ap(my,ma,...,my—1)- Agp(my,my,...,m,_y)
provided the products H;:ll m; and ]—[::ll m’; are relatively prime to each other.
Keyworbps. — Maass forms, Fourier coefficients, Hecke operators.

MatHEMATICS SUBJECT CLASssIFICATION 2020. — 11F30 (primary); 11F55 (secondary).

1. INTRODUCTION

Let 7 be a unitary cuspidal automorphic representation of GL(n, Q) for n > 2. Asso-
ciated with 7 we have the Godement—Jacquet L-function [2] given by

L(s, ) = Z An(”)’

ns

n=1

where the coeflicients A, (n) € C. In the special case of the group SL(n, Z), the
Godement-Jacquet L-functions can be studied classically in terms of Maass forms on
the quotient space SL(n, Z)\bH"” where

b” := GL(n,R)/(O(n,R) - R¥)

is a generalization of the classical upper half-plane. In fact, h? := {(g 1 ) |y>0,x¢€ ]R}
is isomorphic to the classical upper half-plane.

For n > 2, Maass forms are smooth functions ¢ : §” — C which are automorphic
for SL(n, Z) with moderate growth and which are joint eigenfunctions of the full ring
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of invariant differential operators on GL(#n, R) as well as joint eigenfunctions of the
Hecke algebra. The Fourier expansion of Maass forms on GL(#n) was obtained for the
first time by Piatetski-Shapiro [5] and then by Shalika [6, 7] independently.

A classical version of the Fourier coefficients of Maass forms on SL(#n, Z) was
announced by Jacquet [4] at the Tata Institute 1979 conference on Automorphic Forms,
Representation Theory and Arithmetic. In his book, Bump [1] explicitly worked out
Jacquet’s classical approach for GL(3, R). The more general case of GL(n, R) was
first presented in Goldfeld’s book [3].

A Maass form ¢ for SL(n, Z) has a Fourier expansion (see [3, Theorem 9.3.11])

() = Z Z Z Z A¢(m1,---,$)

-1
YU @\ SL(—1,Z) mi=1  mp—=1 my_120 | k=1 [Mr| 2
. W(M(y 1)'g)’

my-mp—o|my_1|

where g € )", M = ,and W : " — C is a Whittaker function.

my

Associated with ¢ we have arithmetic Fourier coefficients
A¢(m1’m2a e ,mn—l) € C?

where my,mo, ..., my—y € Z>y while m,_; is a non-zero integer.

It is shown in [3, Proposition 9.2.6] that every Maass form is either even or odd
according to whether Ay (m1,...,my—1) = £Ag(m1,...,—my_1). We assume ¢ is
normalized so that Ag(1,...,1) = L.

It is further shown in [3, Theorem 9.3.11] that for each positive integer m there is a
Hecke operator Ty, acting on the complex vector space of Maass forms of SL(n, Z)
where

Tmp(g) = Ag(m,1,....1)-p(g) (g€bh”),

for every Maass form ¢. Furthermore, Ty = T T if m and m’ are coprime; i.e.,
the Hecke operators are multiplicative.

DEriniTION 1.1 (The Hecke algebras J#, #, and sets of eigenvalues #*, J€;‘). Fix an
integer n > 2. Let # denote the (integral) Hecke algebra which is the commutative
polynomial ring over Z generated by the Hecke operators T4, T», T3, ... acting on
automorphic forms for SL(n, Z), i.e.,

H = Z[Tl, Tz, T3, . ]

We also define ™ to be the set of eigenvalues of the Hecke operators # acting on ¢
where Ag(m,1,...,1) € H* for every positive integer m. For a fixed prime p define
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Hp to be the subalgebra of J generated by the Hecke operators 7« with k > 0. Let
H 1;" denote the set of eigenvalues of the Hecke operators in #¢p,.

Curiously, the Godement—Jacquet L-function L(s, ¢») associated with a Hecke—
Maass form ¢ is only built up with the eigenvalues of the Hecke operators Ag(m,1,. . .,1)
with positive integers m and is defined as

o0

Lis.¢):= Ag(m. 1. 1)

m=1 m
Remarkably L (s, ¢) has an Euler product given by (see [3, Definition 9.4.3])
Ag(p.1,....1)  Ag(l,p,1,....1)
L(s,¢)=1‘[(1— P T
p

Ag(1,....1,p)  (=D"\!
p(n—l)s + pns :

+ (=D

The main aim of this paper is to show that the general Fourier coefficients Ag(m1,
my,...,my,—1) are all eigenvalues of elements in the Hecke algebra and satisfy the
multiplicativity relations

Ap(mym’,momby, ... my_ym,,_,)
= Ap(my,ma, ... ,mu_y) - Ap(my,mh,....m,_;)

provided the products ]_[:';11 m; and ]_[:';11 m/, are relatively prime to each other. This
multiplicativity result is stated in (cf. [3, Theorem 9.3.11]) but there is no proof given.
Although this is a very well-known result to experts, we were unable to find a proof

anywhere else in the literature, so this paper fills a possible gap.

The main results of this paper. The proof that Ag(m;, ..., my,—1) € H* is given in
(2.5). The fact that the Fourier coefficients Ay (m, ..., m,_;) are multiplicative is in
the proof of Theorem 2.7. In Sections 3 and 4, we present some explicit examples of
constructing Hecke operators whose eigenvalues are not of the form Ag(m, 1,...,1).
We also remark that all these results can be proved for Eisenstein series and residues of
Eisenstein series for SL(n, Z) with proofs that are essentially the same as the ones we
give for Maass forms.

2. PROOF OF MULTIPLICATIVITY

DerFiniTION 2.1. Fix aninteger n > 2 and a prime p. For M = (my,ms,...,m,_1) €
Z"1, let Ay(M) denote the M th Fourier coeflicient of a Maass form for SL(n, Z).
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For a positive integer 1 <r <n — 1 let Ko, K1, K3, ..., K, € Z>y; assume that
Ko > K1 + Kz + --- + K. We define

Ap(Ko, K1, ... K) = Ag(pXo1,... 1) - Ag(pKr, p%2, .. pKro1,..0 1),

We begin with the following lemma which is a key idea in the proof of multiplicativity
of the Fourier coefficients Ag(M).

LEmMMA 2.2. Let p be aprime. Fixintegersn >2,1<r <n—1,and Ko, K1, K>,..., K,
€ Zxo, with Ko = K1 + Ky + -+ + K;. Then

Ap(Ko. K1, ... Ky)
K, K,

_ L _Kr+ki—k K3+kr—k Ky+k,—1—k k
_Z"'ZA¢(p 7p2 1 2,p3 2 37‘”,pr r—1 r’pr’l’.“’l)’
k1=0 kr=0

where L = Ko + K1 —2k1 — ko ---— k.
Proor. The proof of Lemma 2.2 is based on the following identity (cf. [3, p. 277]):

(23) A¢(m, 1, ey 1)A¢(m1,m2, e ,mn_l)

miCp MpC1 M3Cy mMuy—1Cpn—2
= E A¢ , s .

Cleacn=m 1 C2 3 Cn—1
cilm; (1<i<n—1)

It follows from (2.3) that

Ap(Ko, K1, ..., K;)

Kie Kae Kre,_
_ S 4 pCI",p L. L ”,c,,1,...,1)

(65) Cr

(0102"'Cr)cn=l7K0
cilpXi (1=i<r)

K K,

— L _Kr+ki—k Ki+kr—k Ky+k —1—k k
_Z..2A¢(p ,p2 1 2’p 3 2 3,”"p 7 r—1 r’p r’l"“’l)_
k1=0 k=0

We use here that the sum over ¢;’s in the first line above is equivalent to the sum over
k;’s in the second since ¢; | pki implies we can take ¢; = pki with 0 < k; < K.
Also, ¢, = pKo/pkitkat=+kr which multiplied by = pKi=k1 gives pL with L
as claimed. |

Fix a prime p. Next we prove that every Fourier coefficient of a Maass form ¢ for
SL(n, Z) of the form A(pX1, pK2, ... pKn-1) is an eigenfunction of an element in
the Hecke algebra J, as defined in Definition 1.1.
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ProprosiTiON 2.4. Let K1, K>, ..., Ky—1 € Z>o. Then
K1 K Ky *
Ap(p™t p™2,... pt) € K,
Proor. We shall prove that for every integer 1 <r <n — 1
(2.5) Ap(pXr L pRr 1 ) e

It is obvious that (2.5) holds for r = 1 since A4(pX1,1,..., 1) is an eigenvalue of
Tk, . We complete the proof by using induction on r. Assume (2.5) holds for every
r < r with r > 1. Then we want to prove that (2.5) holds for r = r + 1.

Now it follows from Lemma 2.2 that if Ky > K; + K5 + .-+ + K, then

Ap(Ko, K1, ..., Ky)

K, Ky

_ L _Kr+ki—k K3+ko—k Ky+kyr—1—k k
_Z'”ZAd’(p  pKethki—ka Kithko—ks — pKetkeoi—ke phe g )
k1=0 k+=0

where L = Ko + Ky —2k; — ko - -+ — k. It is clear by induction that
Ap(Ko, Ki,...,Ky) € Jf;.
Note that if we make the simple change of variables
Ko— Ko+1, K;—>K;—1,

then Ag(pL, pKathi—ka pKstko—ks pKetke—1=ke pke 1 1) doesnotchange
at all. It follows that

(2.6) A (Ko . K1,...,.Ky) —Ap(Ko+1,K1—-1,...,Ky)

K> Ky

_ Ko—Ki—k>—+—k K>+Ki—k K3+kr—k
_Z”'ZA‘P(p 0—K1—k> v pKatKi—ka pKstka—ks

k>=0 k=0

pKrJrk“—‘_k“, pkr, 1,..., 1).

Note that the entry p** occurs in the (v + 1)st position.
Next, it is clear that if we make the simple changes

Koy— Kog+1, Ki—Ki+1, K;— Ky—1,

then A¢(pK0—K1—k2—-"—kr’ pKz-‘rK]—kz’ pK3+k2—k3’ e pKr—Fkr_l—kr’ pkr’ 17 o, 1)

does not change.
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It follows as before that

(‘AP(KO’K17K27"'1KI‘) _Ap(KO + laKl - 17K27"~7Kl‘))
—(Ap(Ko+ 1, K1 + 1Kz —1,..., Ky) — Ay (Ko + 2, K1, Ks — 1,..., Ky))

K3 Ky

Ko—K —Ks—k3——ke K|  Kz+Ko—k
=Z...ZA¢(1,0 1—K>—k3 ,pKi pKatKa—ks

k3=0 kyr=0
pKr+k1‘—1_kT, pkf, 1,...,1).

This process can be continued inductively until we reach the final conclusion that
A¢(pKO_K1_K2_K3_"'_Kr, pKl ’ pKz7 ng7 o pKrfl’ pKr’ 1’ o 1) e J{p*

Here we simply choose K sufficiently large which allows us to prove this result for every
non-negative power of p in the first position of the Fourier coefficient A4 above. =

It remains to prove our main theorem.

THeorEM 2.7 (Multiplicativity of Fourier coefficients). Letn > 2 and let ¢ be a Maass
form for SL(n, Z) with arithmetic Fourier coefficients Ag(m1, ..., my_1), normalized
so that

Ap(1,1,...,1) =1.

Then

/ / /
Ap(mimy, mam’y, ... ,muy_1m,_;)

= Ag(mi,ma,....mu_1) - Ap(m'y,my, ... ,m,_,)
. —1 -1
if ged([T;=y mi TTiZy mp) = 1.
Proor. The proof is based on a simple variant of Lemma 2.2 which we now present.

Lemma 2.8. Let p be a fixed prime where p + mimy - --my_1. We have

K K K K
Ap(p™O 1, ... ) - Ap(p™'my, p™2my, ..., p "My, My gy, ... My_1)
K K,
L Kr+k1—k Ky +ky,—1—k
ZZ“'ZA‘ﬁ(p mi, p 2+ki My, ... p rbkr—1—kr g,
k1=0 k=0 i
P Mp 1, Myya, ... My1),

where L = Ko + K1 —2k1 — ko -+ — ki
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Proor. The proof is exactly the same as the proof of Lemma 2.2. In fact, since p }
mymy -+ mMy_1, it follows that the sum in equation (2.3) which takes the form

2

crezen=pKo
cilm; 1<i<n—1)

tells us that each ¢; = pk" as before since all the ¢; have to divide pX©o. The proof
immediately follows from equation (2.3). |

Completion of the proof of Theorem 2.7. It is enough to prove that if p is a fixed prime
where p + mymy---mpu_1,thenforevery 1 <r <n —1landall Ky,...,K, € Z>o
we have

2.9) A¢(pK1m1, - ,pK’mr,mrH, ce,Mp—1)
= A¢(pK‘,...,pK’, L....1)- Ag(m1,....,mu—1).

It follows easily from Lemma 2.8 that (2.9) holds for r = 1. We complete the proof
of (2.9) by using induction on r. Assume (2.9) holds for every r < r with r > 1. Then
we want to prove that (2.9) holds for r = r 4 1. Now it follows from Lemma 2.8 that

(2.10) A¢(pK°, 1,....,1)- A¢(pK‘m1, pszz, e pKrmr,mrH, ce,Mp—1)

K K
L Kr+k1—k Ky+ke—1—k
=Z...ZA¢(p mi, p 2tk 2m2,...,p r+ke—1 rmr’
k1=0 k=0

pkrmr—l—l,mr—l—%---»mn—l),
where L = Ko + K1 —2ky — kp - -+ — k. If we make the change
K()—>K0+1, K1—>K1—1,

then the coefficient A4(*) on the right-hand side of (2.10) does not change at all. It
follows that

.11 (A¢(pK°, I...,1)- A¢(pK1m1, pXmy K me mey, ,Mp—1))
— (A¢(pK°+1, I,...,1)- A¢(pK1_1m1, pXmy, K mye, meya, ,Mp—1))

K> K,

L K>+Ki1—k Ky+ke—1—k
:Z“'ZA‘ﬁ(p my, pKetKizhkay,, o pKetkei—key,
k>=0 kyr=0

k
p rmr—i-l, mr+27 o .. ,mn—l),

where L = Ko — K1 — ko - — k.
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Now note that by the inductive hypothesis, the left side of (2.11) can be written as

(Ap(po 1, 1) - Ag(p%r, pR2, L pKr 1,1
— Ag(PEo 1, 1) - A (K1, pRe L pKr D) Ag(ma, . mg).

The induction process can be continued in exactly the same way as the proof of
Proposition 2.4 leading to the final result that

Ag(pE, p&Kr pK2 pKs o pKet pKe 1) Ag(my,. . may)

= A¢(me1, pK‘ ma, .. .,pKr—‘mr, pKrmr_H, ce,Mp—1)
with L = Kg— K1 — K, — K3 —--- — K. |
REMaARrk 2.12. If we assume all m; = 1 (fori = 1,...,n — 1), the first inductive step

(2.11) in the above proof is exactly the same as the first inductive step (2.6) in the proof
of Proposition 2.4. In fact, all the inductive steps in the proof of the multiplicativity
relation (2.9) will exactly match the inductive steps in the proof of Proposition 2.4 if
all m; = 1. When the m; are not all equal to 1 (since p { m; fori =1,...,n—1),
there is really no change in the Hecke identity (2.3) except that the m; are inserted in
the ith place of the Fourier coeflicient Ag.

3. THEExXAMPLE Ag(1,...,1,p,1,...,1)

Recall that a composition of a positive integer £ is an ordered tuple (i1, i2, ..., i)
(r € Z>1) of positive integers such that

i1 +iz+--+i, =L
We have the following.

ProrosiTion 3.1. Forn >2and 1 < { <n — 1, let €; denote the set of compositions
of £. Then

.
3.2) Ag(l,...,1 ..., = 1)t A, (P, 1,...,1).
(32) Ay( s ) > JIED 4 )

Lth place (i1,i2,..,ir)€Cy j=1

In other words, the combination of Hecke operators whose eigenvalue equals the

left-hand side of (3.2)is 32, 1,....ipec, =1 (DY 1T ;.

To prove this proposition, we need two lemmas, for which, in turn, we introduce
some notation.
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DEerINITION 3.3. Letn > 2; let p be prime; let j € Z>p and 0 < k < n. We define
Ap(p’ 1,...,1) ifk =00ork =n;
Ap(p/ 11,1 ifk =1;
Apulp) = 1 A0 ) |
Agp(p’/.1,...,1, p ,1,....1) if2<k<n-1
N——
kth place

That is, A; x(p) is the result of multiplying the kth coordinate in the argument of

Ap(p’,1,...,1) by p, where the cases k = 0 and k = n correspond to no extra factor
of p.
We have the following.

LemmA 3.4. Forn > 2, p prime, j € Z>1,and 1 <k <n —1,
(3.5 Ajo(p)Aok(p) = Ajk(p) + Aj—1k+1(P).
Proor. Into (2.3), we put
m=p. mg=p. m=1 (1<i<n—1i#k),
so that the left-hand side of (2.3) equals A; o(p)Ao x(p). Then the conditions
cicp-rcp=m; cilm; (1 <i<n-—1)

imply that the sum in (2.3) entails two summands: either when ¢, = p/ and ¢; = 1 for
l<i<n—1l;orwhenc, = p/~',cx = p,andc; = 1forl <i <n—1landi # k.
In the first case, the corresponding summand equals A; x (p); in the second case, this
summand equals 4;_; x41(p). From this, (3.5) follows. ]

A consequence of the above lemma is the following.

LeEmMA 3.6. For2 <{ <n —1, we have

3.7 As(1,....1, p ,1,....1)
~——

Lth place

l
:Z(—l)m+1A¢(pm,1,...,1)A¢(1,...,1, p .10,
m=1 N——

(L—m)th place

with the understanding that, when £ = m,

Ap(l... 1, p 1.1
~——
(£—m)th place

simply denotes the constant 1.
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Proor. Putting j = 1 and k = £ — 1 into (3.5), and rearranging, gives
(3.8) Ao (p) = Ar,0(p)Ao,e-1(p) — A1e—1(p).
Next, to the term A; ¢ (p) in (3.8), we apply (3.5) with j =2 and k = £ — 2. We get
Aot (p) = Ar,0(p)Ao,e—1(p) — A2,0(p) Ao,t—2(p) + A2, 4—2(p).
Iterating this process ultimately yields
Ao (p) = Ar,0(p)Ao,e—1(p) — A2,0(p)Ao,—2(p)
+ As0(P)Aoe-3(p) =+ (=D Ago(p).

which is precisely the statement (3.7). |

Proor or ProrosiTion 3.1. We apply strong induction on £ (for fixed n).
The formula (3.2) is clearly true in the case £ = 1. So assume that it holds for any
of the integers 1,2, ...,£ — 1 in place of £. Then, by Lemma 3.6, we have

(39) As(1,....1, p ,1,....1)

——
Lth place
{ r
=) D" Y [N (LD
m=1 (i1,02,505ir)ECp—py J=1
{ r
=X > =)™ A (p™ 1 D[ DT A6 (Y1),
m=1 (i1,i2,.0ir ) €Cp—m Jj=1
But, for 1 <m < ¥, (i1, i2,...,i,) is a composition of £ — m if and only if

(i1,12,...,ir, m) is a composition of £. So, putting m = i, into (3.9), we get

r+1
Ag(1,....1, p 1,....1)= > [JDYH Ap(p 1. 1). =
£th place (A1502,0drsir+1)€Ce j=1

4. THE EXAMPLE A¢(1,pj, 1,...,1)

We have the following.
ProrosiTiON 4.1. Forn > 3 and j € Z>1, we have
Ag(L,p/ 1, 1) = Ag(p? 1, ..., D2 = Ag(p? 11, .., DA (PP T 1, D).

In other words, the combination of Hecke operators whose eigenvalue is Ag(1, )28
1,...,1)is (ij)2 — ij—l ij+1.
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Proor. Letn >3 and j € Z>;.
We first put

m=m1=pj, mi=1 2<i<n-—1)

into (2.3). For such m; ’s and m, the set of n-tuples (c1,¢2, .. .,c,) suchthatcica - - - ¢ =
m and ¢;|m; for 1 <i <n — 1 is just the set

So (2.3) yields

J j.pi—k k
. 2 p’l-p 1-p* 1-1 1-1
4.2) Ap(p’.1,.... )" = E A( P T T
k=0

J
D Ap(pP T PR,
k=0

Next, into (2.3), we put
m = p- _ ,Jt1 =1 . _
=p s mp =p s m; = (251511 1)

In this case, the set of n-tuples (c1, c2,...,cy,) suchthat cicz - -+ ¢, = m and ¢; |m; for
1 <i < n —1equals the set

{5 L. L p ) e @) |0<k < j—1}.

So (2.3) gives

(4.3) Ap(p! 711, DA (PP 1,01
I T e A
k—o pk 9 1 9 1 90 1
j—1
=Y Ag(p¥ 7 pr .
k=0

Subtracting (4.3) from (4.2) yields

Ap(p/ 1, D2 = Ag(p? 711, D Ag(pP T, )
= Ap(P¥ 7% pl 1, 1) = Ag(1, pl 1,0, 1),

which is the desired result. [ ]
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