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Logarithmic terms in discrete heat kernel expansions
in the quadrant

Andrew Elvey Price, Andreas Nessmann, and Kilian Raschel

Abstract. In the context of lattice walk enumeration in cones, we consider the number of walks
in the quarter plane with fixed starting and ending points, prescribed step-set, and given length.
After renormalisation, this number may be interpreted as a discrete heat kernel in the quadrant.
We propose a new method to compute complete asymptotic expansions of these numbers of
walks as their length tends to infinity, based on two main ingredients: explicit expressions for the
underlying generating functions in terms of elliptic Jacobi theta functions along with a duality
known as Jacobi transformation. This duality allows us to pass from a classical Taylor expansion
of the series to an expansion at the critical point of the model. We work through two examples.
First, we present our approach on the well-known Kreweras model, which is algebraic, and show
how to obtain a complete asymptotic expansion in this case. We then consider a more generic
(so-called infinite group) model and find the associated complete asymptotic expansion. In this
second case, we prove the existence of logarithmic terms in the asymptotic expansion, and we
relate the coefficients appearing in the expansion to polyharmonic functions. To our knowledge,
this is the first time that logarithmic terms have been observed in the asymptotics of a class of
lattice walks confined to a quadrant.

1. Introduction and main results

In the context of lattice walk enumeration in cones, we consider the number of walks
q(A, B;n) in a given cone with fixed starting and ending points, respectively, denoted
by A and B, prescribed step-set (or transition probabilities), and given length n; the
dependency of g on the cone and the step-set is removed from our notation. The first-
term asymptotics of ¢(A, B;n) is known [35] for a wide class of cones and walk
models, resulting in (ignoring periodicity)

n

q(A, B;n) ~ xv(A)ﬁ(B)’;‘—a,
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where k > 0 is a universal constant, p is the exponential growth of the model, « is
the critical exponent, and v, ¥ are certain discrete harmonic functions; see [35, (12)].
Preceding this general statement, a number of asymptotic results were obtained for
specific cases, as will be recalled later on in the introduction (see Section 1.2).

The question of complete asymptotic expansions for lattice walk problems was
addressed only recently. There are actually various relevant problems:

* How will lower-order terms of the asymptotics of ¢(A, B;n) depend on the start
and end points A, B?

* How can one access such complete asymptotic expansions?

* Will all appearing terms be a combination of exponentials and polynomials (such
n . .
as ‘rf—a), or will we observe the emergence of more complicated terms, such as
logarithms?

These questions were the key motivations to the works [26,65,66]. More specifically,
it is shown in [26, 65] that lower-order terms should involve so-called discrete poly-
harmonic functions. Moreover, in [66], complete asymptotic expansions are obtained
for a number of walk models, which all have the property that their reflection group
is finite, and thus have an orbit-sum expression for the generating function which is
suitable for saddle point analysis. In this context, only exponential-polynomial terms
appear. So far, the probabilistic method of [35] only provides one-term asymptotics,
nonetheless; some progress on further terms has been done in dimension one [33].

1.1. A glimpse at our main results

In this work, we propose a new method, allowing us to address the three questions
above. More precisely, we will analyse the two models of walks in the quarter plane
represented in Figure 1, which share the property that their generating function

0(x,y) = Q(x,y;1):= Y ¥ q((0,0), (i, j);n)x'y 1" e))

n=01i,j=0

can be expressed in terms of the Jacobi theta function

00
19(2) — 19(Z|T) — Z(_l)neint(n—i—%)z(e(2n+l)iz _e—(2n+1)iz) (2)
n=0
= 0(z.q) = 20 Y_(~1)"¢" 2’ sin((2n + 1)z). 3)
n=0

where ¢ = ¢'™%. Conveniently, the function (3) is a series in ¢ which can be rapidly
calculated. Alternatively, we can think of ¥ (z|t) as an analytic function as long as
7 € C has positive imaginary part, as this ensures that the series converges.
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Figure 1. The models considered in this work: on the left, the algebraic (unweighted) Kreweras
model will serve as an example of our approach (Section 2); on the right, a more generic model
with associated infinite reflection group (Section 3). In the second model, we allow a weight
a > 0 for the jump (1, 1), our motivation being to show how our results depend on this parameter,
in particular in the limit @ — 0, at which the model degenerates into the simple walk (to the four
nearest neighbours).

More specifically, among all 79 relevant quadrant walk models studied in [23],
13 have the property of admitting a so-called decoupling function, see [7], which
results in rather simple expressions for the generating functions (1) using elliptic
functions [7,40-42]. Of these 13 models, 4 (resp., 9) admit a finite (resp., an infinite)
reflection group. While our approach would work for all these decoupled models, for
brevity, we choose to focus in the present work on the two examples of Figure 1. See
Propositions 1 and 3 for instances of such expressions in terms of theta functions.

To understand our main result, we mention here the Jacobi transformation, name-
ly, the symmetry g <> § given by

log(¢) log(q) = =2, 4)

and the associated the Jacobi identity

102(q log(§)z2\ . (i
0. = e exp (D)o (Lox@za). )

One of our main contributions is that, for the lattice walk models under consideration,

this transformation admits a direct combinatorial interpretation, in that applying it on
the theta-expression for the generating function, we will exactly obtain the expression
of the function at the critical point. From here, using classical singularity analysis, we
can deduce immediately a complete series asymptotic expansion. In other words,

* g =0(g = 1) <« series (Taylor) expansion of the series (1) att = 0;

* G =0(q = 1) < series expansion of the series (1) at the critical point t = ﬁ

While the duality (4) is classical in the physics literature, its use to obtain asymptotic
expansion at criticality seems to be less studied. Let us however mention the work by
Kostov [57] on the six-vertex model on a random lattice.
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The main novelty in our complete asymptotics is the presence of logarithmic
terms; see, for instance, (36). Such terms did not appear yet in the lattice walk literat-
ure, nor did they appear in the continuous setting, when deriving complete asymptotic
expansions of the continuous heat kernel in cones [26].

Let us finally mention that, from a viewpoint of potential theory, we provide exam-
ples of discrete heat kernel asymptotic estimates in two-dimensional cones. Recall that
the discrete heat kernel in a cone K is simply the probability Py (S, = y, tx > n) that
a random walk started at x hits the point y at time n without exiting a given cone K
(the condition g > n, with tx denoting the exit time from K); this relation explains
the title of this work.

1.2. Earlier literature on asymptotic expansions for lattice walk models

The kernel method and algebraic solutions. In lattice walk enumeration, a first
source of asymptotic expansions is provided by the kernel method. In dimension 1, the
kernel method yields algebraic expressions for the generating function of the numbers
of excursions (with given length, starting and ending points), starting from which it
is possible to compute arbitrarily precise asymptotic expansions of the coefficients,
using standard singularity analysis; see [4, 5] (although in these references, only one-
term asymptotics are derived). In a few dimension 2 and 3 cases, the kernel method
(or subtle variations of it, using the idea of half-orbit sums) also yields algebraic
expressions for the generating function, for example, for Kreweras’ model; see [19,
20,23,49], Gessel’s model [21], and [13] for some three-dimensional models. Again,
in these cases, it is possible to deduce precise asymptotic expansions of the numbers
of walks.

The kernel method and transcendental, D-finite solutions. In dimension 2 and
more, the kernel method may also yield D-finite expressions for the generating func-
tions as positive parts of rational functions; see [19, 23] for small steps in dimen-
sion 2, [13] for small steps in dimension, 3 and [14] for large steps in dimension 2.
Let us notice that these ideas go beyond the case of quadrant (or octant) walks and
also apply, for instance, in the framework of walks in the slit plane [18, 24] or the
three-quarter plane [22,25,40,42].

There are several ways to pursue and to deduce from these expressions the asymp-
totics of the numbers of walks. In a few cases, it is possible to extract the coefficients
in an explicit way (for instance, for Gouyou—-Beauchamps walks), and then to deduce
asymptotic expansions starting from these closed-form expressions. Many examples
are provided in [13, 14,19,23,29]. See [66] for the complete asymptotic expansions
in these cases.

Another possibility to continue is to use the modern theory of analytic combinator-
ics in several variables (ACSV); see, for instance, [29,62] for examples of applications
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in the framework of lattice walks. In principle, using ACSV, one can deduce from
these positive part expressions full asymptotic expansions for the numbers of walks.
However, the applicability of the method is still restricted and the constants appearing
in the prefactors of the asymptotic terms are not always easily computable.

The kernel method and non-D-finite solutions. In a small number of cases, the
(iterated) kernel method also applies to more singular models, associated to non-D-
finite generating functions; see, for instance, [60]. Then, it is possible to deduce some
asymptotic estimates.

Weyl chambers. Beyond the case of the quarter plane, Weyl chambers represent
another class of cones, which is particularly popular (because of its links with non-
intersecting paths and other probabilistic and physical models), and for which various
asymptotic estimates exist. For related references, we refer to [8, 9] (with a strong
emphasis on the link with representation theory), [34,39,47,52,56] (in relation with
reflectable random walks), and [61—63] (on highly symmetric lattice path models).

Guess and prove. In a few works, the authors were able to guess the asymptotic
behaviour of various lattice path sequences; see [3, 16]. There are also various exper-
iments by Tony Guttmann [53], which are mainly not published.

Probabilistic and potential theory. There is a simple and fundamental relation be-
tween numbers of walks and some probabilities. For example, there is equality be-
tween the total number of paths in a cone K and the so-called survival probability
Py (tx > n) (multiplied by some exponential factor); similarly, the number of excur-
sions is directly related to the local probability Py (S, = y, tx > n). Probabilistic
local limit theorems (which by definition consist of the asymptotic derivation of the
previous local probabilities) may therefore be directly translated into combinatorial
estimates.

Using these ideas, one may first deduce the exponential growth of various numbers
of walks. In particular, the exponential growth of the number of excursions (resp., total
number of walks) is given in [50] (resp., [51,55]).

These rough estimates are refined in [35, 38], where the authors obtain precise
asymptotics of the numbers of excursions and of the total numbers of walks (the last
result under the additional hypothesis of a drift equal to zero or directed to the vertex
of the cone).

In the particular case of quadrant walk models with infinite group, these asymp-
totics are worked out in [17]. In particular, the critical exponent is shown to be non-
rational in all these infinite group models.

Another fruitful approach is based on harmonic functions, which are deeply relat-
ed to the asymptotics of lattice walks. Harmonic functions first appear in this context
as the prefactors in the asymptotic estimates [35] of the number of excursions or
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the total number of walks. Moreover, their polynomial growth encodes the critical
exponent of the number of excursions [31,64,69]. This approach has been generalised
in [26,65], where formal asymptotic expansions are derived in terms of polyharmonic
functions.

Continuous heat kernel estimates. Let K be some cone in R¢ and consider the
Brownian motion (B;);=¢ killed at the boundary of K. Denote by p(x, y;t) its
transition density, that is, the probability density function of the transition probab-
ility kernel

Py (B e dy,tx > t),

where g is the first exit time of K. Recall the well-known fact that p(x, y;t) cor-
responds to the heat kernel, i.e., the fundamental solution of the heat equation on K
with Dirichlet boundary condition; see, for instance, [6,32]. In [26], the authors prove
that the heat kernel admits a complete asymptotic expansion in terms of continuous
polyharmonic functions for the Laplacian. See [2] for a general introduction to poly-
harmonic functions.

Boundary value problems and applications. Following the pioneering works of
Tasnogorodski and Fayolle [43], Malyshev [59], see also [44], Cohen and Boxma [28],
and Cohen [27], functional equations may be written for the generating functions of
various probabilities (also for numbers of walks), and then boundary value problems
may be deduced. This method results in contour integral expressions for the generat-
ing functions, on which one may try to apply singularity analysis; see [46].

Other techniques. Finally, let us conclude by mentioning a few other techniques. In
dimension 3, the numbers of walks may be connected to the computation of triangle
eigenvalues [10, 30]. In dimension 2, there are also hypergeometric expressions [15],
which lead to precise asymptotic estimates. One may consult [12] for a nice and com-
plete survey of lattice walk problems, which in particular contains many asymptotic
results.

1.3. Notation

Given a model with a step-set § C {—1,0, 1} and associated weights (wy)ses, We
will denote by S(x, y) the step counting (Laurent) polynomial, given by

S(x,y)i= Y wix'yl (6)

@,/)es

One can then proceed to define the kernel (see, e.g., [23]) via

K(x,y) = xy[l —1S(x, y)]. (7
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Associated to the kernel is an algebraic curve €, which for non-singular models (by
definition, singular models are step-sets whose all jumps lie in a linear half-plane) and
small ¢ is elliptic, that is, of genus 1, see, e.g., [37,44,54]. This curve is defined via

€:={(x,y) e CxC:K(x,y) =0} 8)

Here, C is the projective closure of C. For models with small steps, the path counting
function (1) satisfies the functional equation [23]

K(x,y)Q(x,y) = K(x,0)Q(x,0) + K(0, ) 2(0, y) — K(0,0)0(0,0) + xy. (9)

2. An algebraic example: Kreweras model

2.1. Definition of the model

By definition, the Kreweras model corresponds to the step-set {«, |, '} and the
kernel

K(x,y) :Xy|:1—[(xy + l + l)i|7
Xy

see Figure 1. The functional equation (9) for the path generating function (1) takes
the form

K(x,y)Q(x,y) = xy —1xQ(x,0) =1y Q(0, y). (10)

It is known that the generating function of this model admits the following expression:
1 /1 1 1 1

0.0 = —(-——— (- |]VI-xW?2), (11)
xt\2t x W x

with W being the unique power series in ¢ solution to W = ¢(2 + W 3); see [19,20,23].

2.2. Parametrisation of the zero-set of the kernel

We want to find a parametrisation of the elliptic curve € as defined in (8), meaning
that we want to find functions X(z) and Y (z) meromorphic on C such that

€ ={(X(2),Y(z)):ze€C}. (12)

Such a parametrisation has been obtained in [41,44]. To state the result of [41], we
will utilise several classical properties of the theta function @ (z); for now, we mention
the following three important properties, which can be immediately deduced from the
series (2) and (3):

D —z)=0(z), 9(—z)=-0(z), and O(z +71) =—e "T27Y(z). (13)
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First, define t € iR in terms of € (0, %) as follows:

' (0]7)

t=e V3 ,
4i9(y|t) + 69/ (y|7)

(14)

with y = TL’%. The fact that 7 is defined in terms of ¢ using an equation as (14) will be
shown in higher generality in Lemma 3. Then, setting
_ ,—4iy/3__#(z[Dd(z—y|D)
X(Z) =e Y(z+ylr)d(z—2y|r)’ (15)
Y(z) = X(z + ),

Lemma 3 in [41] asserts that equation (12) holds. In particular, we know that X(z)
has its only (double) pole at z = —y and Y (z) at z = y; see (13).

We can use (14) to write ¢ as a series in ¢, and as a consequence find an inverse,
giving us
45 4023 184341
g = 912 4 2502 £21/2 4 £27/2 4 (9(t33/2). (16)
2 8 16
Notice that, in [41], the equivalent of (16) is not exactly the same due to a slightly
different choice in parametrisation: what is ¢ here corresponds to q3/ 2in [41].

2.3. Explicit expression for the generating function

In order to obtain an expression for Q(x, y), we will first find Q(x, 0) explicitly,
and then make use of the functional equation (10). To that purpose, we will use an
approach utilising an invariant for this model [7,40-42] and recall the proof of the
following proposition.

Proposition 1 ([41]). We have

! —L—J(Z), 17)

1X(2)Q(X(2).0) = — X0

where (withy = %)

_aiy3 P Qy[D)P(013) 9z +7/2[3)

J(z) = —e = = (18)
O(w/213)9'(0[)  9(zl3)
Proof. We make use of the fact that
1 1 1
X(2)Y(z) + —— + (19)

Xz Y@ ¢
1X(2)Q(X(2),0) + tY(2)0(0, ¥(2)) = X(2)Y(2). (20)
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Here, (19) is due to the fact that (X (z), Y (z)) parametrises the kernel curve €; see (12),
and (20) is a reformulation of the functional equation (10). Letting

1 1
Ax) = T +xtQ(x,0) and B(y):= ; + yt0(0, y), 2D
we find that : :
J(z)=— - AKX =—— + B(Y(2)). 22
()= 52— A(X(2) = =5 + BO() 22)
By symmetry of our model, we could in fact conclude that in our case we have A(x) =
B(x), and hence J(—z) = —J(z), but this is not necessary for our approach.

Knowing that J(z) can be expressed as a function of X(z) and as a function of
Y(z) at the same time, a range of symmetry properties follow from (15):

o J(y—2z) = J(2), because J(z) is a function of X(z);

* J(—=y —z) = J(z), because J(z) is a function of Y (z);

* J(Q2y 4+ z) = J(z) by the above;

* J(z 4+ ) = J(z) is inherited from this property of ¥ functions; see (13).

In particular, we know that J is doubly periodic with periods 7 and 2y. We thus
construct as a candidate for J(z) a function which has simple poles at {kzw + £y :
(k,€) € Z?}. This way we obtain (18) by scaling with an appropriate constant and
verifying that all poles of the difference between (18) and (22) vanish. Using this
together with (21) and (22), we obtain (17). ]

From Proposition 1, we can deduce the representation (11) of Q(x, 0) in the fol-
lowing manner: defining W := X (7 /2) = Y(/2), the equation

W =tQ2+W?
follows from substituting z = 7 into (19). Next, defining

_ Pl 9+ F+vio)
MG +vyl) P4yl

U(z) :

we have the equations

J(2) 11 U)? -1 )
ie) T xo - w MM Ty =

as in both cases the left-hand side is an elliptic function with no poles, where the
constant value can be determined explicitly by setting z to 7 or 7 — y. Combining
these three equations yields (11).

To keep computations short, in this section, we will only give a representation for
(0, 0) rather than all of Q(x, y). Conveniently, X(0) = 0, so it suffices to take the
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z — 0 limit of our expression for Q(X(z), 0). Expanding both sides of (17) as series
in z then yields
2/3 2
g9 (y|r)
0,0) = —————
00D = ey
y [(2+ ¥"(Z1Z)  9(0l%) M(om) 6i 9 (yt)—39"(y|7) 419’(y|f)2}
20(515) 69'(03) " 69'(0l1) 2 (ylo) 2?1
(23)

Rewriting this as a series in ¢ and making use of (16), we obtain the generating func-
tion of Kreweras excursions (see A006335 in the OEIS):

0(0,0) = 1 +2£3 +16¢% +192¢° + --- .

2.4. Effect of the Jacobi transformation

As previously discussed, the Jacobi transformation (4) involves a parameter g, related
to g by log(q) log(g) = m2. Using (5) in (14), we find that

_ 90,9
60'(%.q)

This in turn can be used to express ¢ as a series in ¢ around the critical point % (the
property that § = 0 actually corresponds to the critical value of ¢ turns out to be a
general fact and will be proven in Lemma 4; see also the beginning of Section 3.5),
which starts as

1 /1 1/2 1 /1 3/2 V31 5/2
g=—|=—1 —— -t + —| -t
V3\3 V3\3 2 \3
70 (1 72
-\ =t 4+ (24)
2743 (3 )
Next, we use the Jacobi identity (5) in order to rewrite (23) in terms of ¢, which, after
some simplifications, yields

0(0,0) = 9(5.9) [_ 99(%F.q) 9"(3.9) , 9(5.9)9"0.9) 49(3.4)
ovearl 2 2 0.9 9(3.9)
B 319(%,@)19”/(0,5]\3)
27(0.4%)

O (ZE.q) (1 (3 3i
+ —19”(—10 A,A3)—i0’(—1o 3))] 25
ﬂ(%logc},c}3)(2 5 logd.q 5 10g4.4 (25)
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Note in particular that the terms of the form &) (%i log§,§?) are not quite as unwieldy
as they appear, since the dependency of ¥ (or its derivatives) on the first component
is essentially given by trigonometric functions, and we have, for instance,

3i 1
. 1 A _ /\—3/2 A3/2 ]
s1n(—2 qu) =5 (q —477)

The fact that a simplification of this form works is to be expected, seeing as we already
know this model to be algebraic; thus, all logarithms must vanish [19,20,23,49]. In
terms of the computation, this relies heavily on the relation y = 7 5 in the paramet-
risation (15). For the model, we study in Section 3, there is no similar relation between
y and t, and thus, there is no intuitive reason why the logarithms should disappear.

2.5. Series expansion around the critical point

Lastly, all we need to do is substitute (24) into (25) in order to find a local expansion
at the critical point t = % starting as

9 27/(1 1 32 189/1 2

One can easily verify that this coincides with the explicit expression for Q (0, 0) given
in [19,20,23,49].

3. An infinite group model

We follow the exact same exposition as in Section 2.

3.1. Definition of the model

We consider the problem of quadrant walks with N, E, S, W, and NE steps with a weight
a > 0 for each NE step; see Figure 1.

As in Section 2, we start with the functional equation (9), where K(x, y) is the
kernel defined in (7). Noting that in this case K(x,0) = —x¢ and K(0, y) = —yt, we

can write (9) as

KED) 6 (x0y) = RGx. ).
xyt

where L :
R(.X, y) = ; - ;Q(O’ y) - ;Q(X’O)
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is called the remainder. The benefit of writing the equation in this form is that we
know that if K(x, y) = 0, then we also have R(x, y) = 0, as long as the series all
converge. (Alternatively, one could write x as a formal power series of y satisfying
this equation, but we choose to take the analytic approach in this work.) We note that,
for ¢ sufficiently small (i.e., |t| < 1/(a + 4)), the series Q(x, y) converges in the
domain where | x|, |y| < 1.

3.2. Choice of the model

This particular model was chosen because while it has an infinite group, it also has
a decoupling function (and a D-algebraic generating function; see [7, Sec. 4.2]). Out
of the models satisfying these two conditions, it is probably the one leading to the
easiest computations, though it seems likely that one could obtain a similar result for
similar models, as the ones given in [7, Table 4.4]. For infinite models not included
in this list, we think the conclusion will be the same (presence of logarithmic terms
in the asymptotics), but the techniques would be quite different. For such models,
there are contour integral representations for the generating functions [67], but these
expressions are much less explicit and it is not clear to us how to compute asymptotic
expansions efficiently.

For the model with jumps {N, E, S, W, SW}, for instance, there is no decoupling
function, so we cannot apply the same method. However, if we are only interested
in excursions for this model (e.g., from the origin to the origin), the numbers are the
same as for our model {N, E, S, W, NE} (just the steps are reversed), so logarithmic
terms will still appear.

3.3. Parametrisation of the zero-set of the kernel

In this subsection, we deduce a parametrisation of the kernel curve using results from
[40] (which follows [36,43,44,67]) for general weighted step-sets, then specialising
these results to our step-set. We consider the curve

€ ={(x,y)eCxC:K(x,y) =0}
as in (8). Under the assumption that our step-set is non-singular and that

0<t< (26)

1
S(1,1)°
we have the following lemmas (see [40, Lem. 2.1]).

Lemma 1. There are meromorphic functions X,Y : C — C which parametrise €,
that is
€ ={(X(2),Y()):zeC},
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Q T XGILIYG) <1
JTT—%
Q3 X3 <1=1[Y3)
SO L) o B
° TT+y
7'[‘[2
Q, *% 1< X3 Y3
® 1ty
2
Q, Y@ <1=<|X3)l
—_/\/—\
L4
I QW] XGLIYGI<1 ¢
— e~ ]
2
Q_; IX3)| <1 <|Y3)]
P St 4
Q 2
T
2 % 1< X3 Y3
® gty
2
Q3 Y3)| <1<|X@3)|
—_/\/—\
Q_y ® _nt +%

IX@] 1Y) <1

e 7T

Figure 2. The complex plane partitioned into regions €2 ;. For z on the blue lines, |Y(z)| = 1,
while on the red lines, | X(z)| = 1.

and numbers y, T € iR with J(wt) > I(2y) > 0 satisfying the following conditions:

* K(X(2).Y(2) =0;

s X2)=Xz+4+n)=Xz+nt)=X(—y—2);

s Yo)=Yz+nm)=YCz+nr)=Y(y —2);

© XEDLY DI < L

»  Counting with multiplicity, the functions X(z) and Y(z) each contain two poles
and two roots in each fundamental domain {z, + rimw + rymt : r1,r3 € [0, 1)}

The following is [40, Lem. 2.2], under the assumption (26).

Lemma 2. The complex plane can be partitioned into simply connected regions
{Qy}sez as in Figure 2, satisfying

| QusUQusp1 ={z €C:|Y(2)| < 1},

SEZ
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U Qas2UQu—1 ={z €C:|Y(2)] = 1},

SEZ
| Qus—1 UQus ={z € C:|X(2)| < 1},
SEZ
U Qas+1 U Qo2 ={z € C 1 [X(2)] = 1}
SEZ

Moreover, the equations

T+ Qs = Qy,
STT + Yy

STT 4y — Q225 U Q41 = 225 U Q2541 D T+R’

ST —
ST —y — Q25 U Q51 = $225 U251 D TV +R
hold for each s € Z.

The third result that we will need involves the Jacobi theta function as in (2) and
in [40, Prop. 2.3].

Proposition 2. There are some a € QU Q_1, f € Qo U Q1, § € Q1 Uy, €€
Q_,UQ_q, and x¢, y. € C\ {0} satisfying

_ Y(z—a|t)d (z+y+alT)
X(z) = xc T80z +y+dl0)°

_ . 9E=Bl0)d(—y+BID)
Y(z) = yc 19(z—s|;)19(z—)/+8|':) )

In the following result, we specialise the above parametrisation to our weighted
step-set and thus describe the zero-set of the kernel, meaning the set € as introduced
in (8).

Lemma 3. Given a step-set as defined in Section 3.1, that is, with counting polyno-
mial | .
S(x,y)=x+y+;+;+axy,

and assuming (26), there exists a triple (c,y,t) € C3 with y,7 € iR, 0 < IQ2y) <
(1), satisfying the following equations:

3 U@yl

- , 27
52y @7

2 19(3V|T)
_ 7 28
3(y10) 8
¢ _ 009yl 02yl (29)

t 0l (yln) ?'(0[7) -
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With the above notation, the functions X(z) and Y (z) given by
— Y (z|D) P (z+y]7)
X() = 552

— Y(z|0)d(z—ylr)
V@) = coeiyimoeam = X(7)

satisfy the conditions of Lemmas 1 and 2.

Proof. From the definition of X(z) and Y (z) given in [40, App. A], the fact that the
step-set is symmetric implies that X(z) = Y (—z). Moreover, 29 U 2 is the connec-
ted component of {z € C : [Y(z)| < 1} containing £ + R, while Q¢ U Q_; is the
connected component of {z € C : |X(z)| < 1} containing —% + R. Combining with
X(z) = Y(—2z), this implies that —Q¢ U Q1 = Q_; U Q4. Considering the intersec-
tion Q¢ = (2o U R_1) N (2o U 27), we see that —Qy = Q.

Now, by the definition (8) of €, we have (0, 0), (o0, 0), (0, 00) € €.

From Lemma 1, we know that X(z) and Y(z) each contain two roots and two
poles in each fundamental domain. Consider the fundamental domain

F ={Z S Q_l UQ()UQ] Uinm(Z) € [O,JT)},

and let « € F and § € F be a root and pole of X(z), respectively, which are both
roots of Y(z). From Lemma 2, we must have o € Q¢ and § € ;. Since these are
distinct, Y(z) has no other roots in F, and so, the complete set of roots of Y(z) in
Qo U isa+ nZ UGS + nZ. Note that —a € Qg is also a root of Y (z), so we must

11
2
considering the case where o = 0. Then, 0 is a root of Y (z), so, since Y(y —z) = Y(2),

have —a € o + 7w Z. In fact, since ¢ € F, we have « = Z or o = 0. We will start by
the value y € Q¢ U Q is also a root of Y(z). Since i(y) = 0, we have y € F, so
8 = y. Recall also that § is a pole of X(z), so —y = —§ is a pole of Y(z). This implies
that the function Y (z) defined by

z 4+ yl)d(z —2y|r)
Fzl)d(z —ylv)

Y(z):=Y(z)

has at most a single pole in each fundamental domain, at the pole of Y (z) other than
—y. But 17(2) is an elliptic function with periods 7 and w7, so it cannot have only a
single pole in each fundamental domain [1, p. 8]. Therefore, it must have no poles,
and is therefore a constant function.

Now, write ¥ (z) = ¢, where ¢ € C. Note ¢ # 0 as Y(z) is not the zero function.
Then,

U(z|1)d(z — y[7)
3z + y|v)d(z —2y|7)

Y(z)=c
and
F(z|)0(z + y|v)

X(z)=Y(—z2) = Cﬁ(z —yl0)9 (@ +2y|1)
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Equations (27), (28), and (29) follow from considering the equation K(X(z), Y(z)) =
Oatz =2y, y,andO.

Finally, we wil}\discuss the case o = 5 insteafl of =A0. The functions X (z) :=
X(z + n/2) and Y (2) := Y(z + 7/2) satisfy X (0) = Y (0), so we can apply the
rest of the proof to X (z) and )A’(z) to show that they have the required properties. By
carefully analysing the definition of X(z) and Y(z) in [40, App. A], one can prove that

T

the « = >

case actually never occurs; this is however unnecessary for the proof. =

?@y[D) P(4y|r)

Remark. The fact that 300 0> SIeTIE) along with X < (0, %) implies that

% € (%, %). Observe that the above uniformisation is very similar to that (15) of
Kreweras’s model. Unlike in the latter case, however, where we had (after rescaling
7) a = 37, there is no obvious relation between y and 7 here.

3.4. Explicit expression for the generating function

As a consequence of the above definitions, we can define holomorphic functions Q1 :
Q_1UQyg—>Cand Q,:R2oUQ; — C by

01(2) = 0(X(2),0) and  Qa(z) = Q(0.Y(2)).

Moreover, by symmetry, Q1(z) = Q1(y —z) and Q»(z) = Qa2(—y — 2).
The next step is to find a function of X (z) which is equal to a function of Y(z) for
z € Qo using the equations

K(X(2).Y(2)) = R(X(2).Y(z2)) = 0.

Note that, given (9), this is equivalent to finding a decoupling function in the sense
of [7, Sec. 4.2]. In this case, this is immediate as combining the two equations yields

atX(z)Q(X(2),0) +atY(2)0(0,Y(2)) = aX(2)Y(z)
1 1

X(z) Y(2) t

= —X(2) - Y(2) -

so we can now define a meromorphic function J(z) on Q2_; U Q¢ U ©; by writing

() = { % —atX(z)Q1(z) — X(z) — ﬁ forz € 2_1 U Qy, (30)

—(% —atY(2)02(z) = Y(z) — ﬁ) forz € Q¢ U Q1,
as these expressions are equal on 2. Moreover, J(z) satisfies J(y —z) = J(z) =
J(z+m)forzeQ_1UQpand J(—y —z) =J(z)forz € Qo URq,s0J(z—y) =
J(z + y) for z € Q. We can use this to extend J(z) to a meromorphic function on
C, which satisfies

Jiy—2z)=J(z), J(=y—2z)=J(z), and J(z+n)=J(2).



Logarithmic terms in discrete heat kernel expansions in the quadrant 261

This implies that J is doubly periodic, with periods r and 2y, which will allow us to
determine it exactly. We also note that by symmetry in x and y, we have

J(iz)+ J(—z)=0.

Solving this exactly yields the following result, analogous to Proposition 1 for the
Kreweras model.

Proposition 3. Let ¢, y, T be defined as in Lemma 3. The function J in (30) is given
by
(0129 2yI0)d(z + ZIL)

J(z) = cH(Z|L)9(0]r)d (2] L)

Proof. Define 1(z) by

YO0y 09z + D)

I(z) .= J(z) + (L) (0]0)d(z]%)

Then, it suffices to show that /(z) = 0. Using properties of ¥ (see (13)), we observe
that /(z) satisfies the same transformations as J(z), namely,

I(z)=—-I(-z)=I(y —z) = I(z + 7).

Moreover, by (30), the poles of J(z) in 2_; U Q¢ occur precisely at the points 7 n
and y + zn for n € Z. By the definition, /(z) has no other poles in Q2_; U ¢, and
taking z — 0, we see that 0 is not a pole of /(z). Hence, the transformations /(z) =
I(y —z) = I(z + =) imply that /(z) must be holomorphic on Q2_; U Q¢. Moreover,
since 1(z) = —I(y + z), this implies that /(z) is holomorphic on C, so it is a constant
function. Finally, we find that this constant k is O fromk = I(z) = —I(—z) =—k. =

Proposition 3 combined with (30) gives an explicit expression for Q (x,0), starting
from which we can extract the exact form of Q(0, 0). For convenience, we will write
#(z) = ¥(z]r) and ¥(z) = ¥ (z|£). Analysing J(z) as z — 0 yields the equation

1 +atQ(0,0) =

ﬁ@mz(10%wﬂ«mo_2ﬁ%w2_10%mo 19"(0) 15wg)_3@%m)
EVOP\200)9@y)  IGR2 20@n) 690 25z 60 )

We now describe how the coefficients of the series Q (0, 0) can be extracted from
the solution above. Writing s = ¢?, the right-hand side of the equation

2 _ D00y’
2y Gy

€2y
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is a series in ¢ and s, while the left-hand side is constant. We can use this to write ¢
as a series in s, which starts as

1 3

_1/2.7/2 3/2).9/2 11/2

=a'“s — —-a s O(s .
1 + (2ﬁ 4 ) O

We can then write ¢ (and c) as series in s using (27), (28), and (29). Consequently, our

expression for Q(0, 0) can be expanded as a series in s and therefore ¢.

3.5. Effect of the Jacobi transformation

Before analysing the Jacobi transformation (4), let us define the critical point of the
model. As shown in [17, 35,45, 46], the critical point ¢, > 0 may be defined as the
smallest positive singularity of the series Q (0, 0). It can be further characterised as
the exponential growth of the coefficients of Q (0, 0), meaning that (up to a polynomial
correction) [t"]Q(0,0) ~ 1/t (see (37) for a more precise statement). Finally, it is
also the smallest value of # > 0 such that the Riemann surface € has genus 0.

What is essential for applying the Jacobi transformation is the fact that the critical
point corresponds to ¢ = 1 (and consequently, § = 0, whereas § = 1, or ¢ = 0, is
equivalent to the regime ¢ = 0). Additionally, we will also need to know that the only
singularity of Q(0, 0) lies on the positive real axis. These two facts will be shown in
Lemmas 4 and 5, which are true for more general models than considered here. They
will be proven in Appendix A.

Lemma 4. Writing q as a function of t, we have

i O0<q@)<lfor0<t<t,,

(i) ¢(¢) as a function of t is continuous on (0, t;),

(i) Tim; o q(t) = 0,

@iv) lim;—s. q(t) = 1.
Lemma 5. Let S be a non-singular, weighted step-set, and let Q(x, y) be the gener-
ating function (1) for walks in the quadrant using this step-set. Define the period of
the model to be the maximum value k such that Q(0,0) = Q(0,0:1) € R[t¥]. If r is
the radius of convergence of Q(0,0), then the singularities of Q(0,0) on the radius
of convergence are precisely the points rezj% for j =0,1,...,k — 1. The same

result holds for the generating function [x?][y?]Q(x, y) for any a, b for which this
generating function is non-zero.

Applying Lemma 5 to our case, since a > 0, the period k is 1, so the only singu-
larity on the radius of convergence is on the positive real line. Moreover, Lemma 4
implies that ¢ and 7 have no singularity for ¢ in the interval [0, f.). In addition, y in
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Lemma 3 is analytic as well on [0, z.); this follows from the expression of y in terms
of two periods w;, w3 given in [40, App. A], and from the analytic behaviour of these
periods shown in [58, Sec. 7.4]. Together these imply that if O (0, 0) has a singularity
at 7., then it is the unique singularity within the radius of convergence, so the asymp-
totic form of the coefficients is uniquely determined by the behaviour at this point.
The same holds for all coefficients of Q(x, 0) in its series expansion at x = 0. Again,
by Lemma 4, the point ¢ = ¢, corresponds to ¢ = 0. For this reason, we proceed by
analysing the parameters at § = 0.
It is convenient to parametrise a using the unique k € (0, 1) satisfying

0= ;fz. (32)
Writing 8 = ’; log(¢)y, equation (31) relating ¢ and a becomes
2 D(B.)PEP.9)
P(2B.9)*9(36.9)*
This equation allows 2 cos(28) to be written as a series in ¢, with initial terms
2c0s(2B) = k% — 1 —k2(2k* — 1)(k? + 1)(k* = 3)(k*> — 1)§* + 0(g*).
This allows us to write § itself as a series in §:
B = Bo+ P13’ + B24* + 0(°),
where the constant term Sy is given by
1 k% -1
Bo = Ecos‘l( 3 ) (33)

while B is given by

1
B = Ek2(2k2 — (1 =k + k2)(3 —k2).
It follows that ¢ is also a series in g, given by

1 1 119(;3,@)219(5/3,@).

t a a V36,93

The initial terms are then

k (k2 + 123 -k?)? ., »
t:k2+3(1_ k2 +3 q)+O(Q)'
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In particular, the critical point ¢, is given by
kK
k243

so t. is given by an algebraic function of a. Taking the inverse of the series above

7= (k2 +li;24(r33— i2)3 (1- ti) + 0((1 - ;i)z)

Notice that the parameter ¢ is connected to another relevant parameter 6 introduced

le

yields

in [17,35]. Based on [35, Ex. 2], 6 is computed in [17] to describe the asymptotic
behaviour of walks in two-dimensional cones. More precisely, let S(x, y) be the step
polynomial of the model as in (6). For non-degenerate models, there exists a unique
point (xg, o) € (0, 00)? such that g—i(xo, Vo) = g—i(xo, vo) = 0. Then, the parameter

6 can be defined as follows:

2
0 — arccos (_ _aaxégy (%0, ¥0) )
2 2 )

\/—3;2 (X0. yo) - _?)yg (0. Y0)

Standard computations give that xo = yo are both solutions to the equation axg =

1-— xg; hence, with our notation (32), we have xo = yo = k. Accordingly,

k% -1
0= arccos( 3 ) = 2f.

3.6. Series expansion of Q(x, 0) at the critical point

In order to understand the asymptotics of the coefficients of Q(x,0), we will write
Q(x,0) as a series in x and §. Recall that an expression for Q (x, 0) was given para-
metrically by J(z) and X(z); see Proposition 3. It is important to notice that in the
previously cited proposition, it is assumed that ¢ < ﬁ see (26), while we now
want to work with ¢ close to ¢, > ﬁ ‘We observe that the identity in Proposition 3,
giving an expression for the generating function in terms of theta functions, can be
readily extended from ¢ € (0, ﬁ) to t € (0, t.) by analytic continuation, the two
sides of the identities being actually analytic in that bigger domain.

Using then the Jacobi identity (5) on the expressions for X(z) and J(z) yields (see
Lemma 3 and Proposition 3)

9(—27.9)9(=p — 27.9)

X(z) =d 4 - (34)
(B —z7.9)0(-2p —27.9)
and N .
ixz: 1 DB, QO (T2, 47)9(0,35)
J(Z) = —€ B — T T (35)
Bd 9/(0.4)8 (~n2 5.0 7)9 (—25.47)
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where d := c exp(— 4;‘9?2) is determined by
PRRICX)
HB.q)

and d > 0. The first few terms of d are
d =k —k3(k? =3)(k2 — 1)(k* + D§* + 0(G").

Using equations (?4)—(35) we can expand X (Z) and J (z) as series in C (e/%? )[[ﬂ and
C (e

1 (Bo+22)
in 2C[2, 4] and :C[z.¢? ,qﬁ]], respectively. Wrmng u = XG5 — 1€ C[Z],

these have initial terms

2 /48 sin(22 22 24 54
X() = 4+ (TS k%é’ + T ) + 0G@Y),
J(2) = g7 sm((ZfZO)) + J1(0)§* + 3% sin(2Bo) sm(”z)qﬁ + 0(@G"),
where
A 7 sin(2
J1(6) = .—(’i‘g((l + k%2 — k(3 —k>)(1 + k?)
Bok s1n(%)

mB12cos(B2) 2B cos(2B0) P
+ + 7 -=).
B2 sm(’éz) sin(2Bo) Bo
Taking the inverse of the first series, we can then write  as a series in C[§2, X(z2)],
which yields J as a series in ﬁ@[{@z, 4%, X(z)]. Combining this with (30), this

yields Q(x, 0) as a series in C[§2, 51% , x]. Note, however, that § still depends on g,
so to complete our understanding of Q(x, 0), we will need to expand ¢ # as a series
in §. This is, where logarithmic terms will appear, as

g% € g% (1 + 42 1og(@)C[q. 4% log(@)])-

In particular, using 8 = Bo + B14> + ---, we have

AT L 27Tﬂ1 ~ ,3 ~ ~
gr =gt (1 — =4 10g(§) L Pt 1og)
pz 1 Bo

27(B7 — BoP2)
+ 3
Bo
So, finally, Q(x, 0) is a series in C[§2, x] + c}éio(C [4%10g(9), 4>, c}% , x]J. Using the

relation between § and ¢, we can write §2 as a series in (1 — 7.)C[¢ — t.]. Hence,
Q(x,0) is a series in

§*log(@) + 0G* 8)).

Clt —te,x] + (t — tc)%c[[(t —tc)log(t —tc),t — 1o, (t — tc)ﬁ,x]].
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Explicitly, we can write this as follows:
Q(X,O) = A(-x7 1- t/tC)
) 14 -
+ 3 S =171 TV log(1 — 1/1)" Prgm(x).  (36)
k=0m=0

where each Pg ¢ m(x) € C[x]. The A part in (36) has no effect on the asymptotic

expansion; this all comes from the series Py ¢ ,. We note that B¢ € (%, %), SO ﬁ €

(%, 2). So, the leading terms in the asymptotic expansion are

(1= /1) 270 Py g.0(x) + (1 — /1) T 280 Py 1 o(x)
+ (1= 1/1) 7250 log(1 — 1 /1c) Po1.1 (x) + (1 — /)50 Py 0.0(x).

We can calculate these explicitly; for example, the first term is given by

Pooolx) 27k (3 + k2)/3 + 2kZ — k* 3+ k2 % (7.
X XxX) = sinf —2Z |,
o0 Bo(1—k2) (3—Kk2)3(1 + k2)2 Bo
where Z and x are related by

sin(Z — Bo) sin(2) _ ku
sin(2 —2Bo)sin(Z + Bo)  u +3—k?’

It can be checked by a direct computation that the function sin(g—oé) exactly corres-
ponds to the generating function of the positive harmonic function for the model, as
computed in [68].

The term associated to Py 9,0(x) determines the leading asymptotic behaviour of
the coefficients

[x/1[t"]1 0 (x,0) ~ c([xf'+1] sin(ﬂlé))n_l_zgotc_" (37)

0

for fixed j as n — oo, where C is a constant (only depending on a) given by

_ 2mk(3 + k)3 + 2k2 —k4( 3+ k2 )z%
T Bo(l—ROT(—5F)  \G-kA+k22)

In order to verify that there really is a logarithmic term in this expansion, we also

c

calculate Py 1,1(x) exactly. In fact, this only differs from Po,0(x) by a constant
multiple (dependent on a but not x):

xPo,1,1(x)
_ R+ 31 =206 ) (1 + K () sin(if)
263 0
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The only value of k for which Py 1,1(x) =0isk = % corresponding to a = /2,
Bo = %arccos(—%), and 7, = #

, However, we note that there are still logarithmic
terms in the asymptotics in this case, for example, Py 12(x) # 0.

3.7. The limita — 0

A priori, our results only apply for a > 0, and indeed this is necessary as some func-
tions such as Py o,0 diverge for a = 0. Nonetheless, we see that the leading asymptotic
expression (37) converges in a way that somewhat corresponds to the a = 0 case. Note
that as a — 0 we also have k — 1, 8o — 7, and t, — i. The limit of the constant C
asa — 0is %. Moreover, we have

sin(Z — 7) sin(Z)

 sin(2 — Z)sin(Z + %)’

from which it follows that

sin(lf) = sin(42) = 4—x
Bo ) (1 =x)?
So, (37) would give

100, 0) ~ TG+ a4

The only problem with this is that [x/][t*] Q(x, 0) is 0 when j and n have opposite
parity, whereas for terms with the same parity the correct asymptotic formula is

100, 0) ~ 2 4+ a4

In other words, this correctly yields the behaviour of Q(x,0) around ¢t = ¢, = %;
however, there is a second critical point, —%, on the radius of convergence.

4. Polyharmonicity of coefficients

Due to (36), we already have a fair amount of information about the coefficients of
Q(x,0) at the critical point. One can now use this in order to describe the asymptotic
behaviour of the (weighted) number of paths ¢((0,0), (i, j);n) := ¢(i, j;n) in the
quadrant from the origin to (i, j) with n steps; see (1). In particular, we will see in
Lemma 7 that the dependence on the number of steps n is given in terms of a mix of
powers of n and logarithms. In a similar fashion as in [66], one can then show that the
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dependence on the endpoint (7, j) is given in terms of so-called discrete polyharmonic
functions (see [2,26, 65,66, 68]).

Given a step-set § with corresponding weights (ws)ses, we define a discrete
Laplacian operator A acting on functions v : Z? — C as follows:

Av(A) =) w0(A +5) — tv(A).

SES
We say that a function v is z-harmonic (resp., ¢-polyharmonic of order k, for some
positive integer k) if for all points A4 in the quarter plane, Av(x) = 0 (resp., A¥v(x) =
0). Furthermore, in order to keep the notation compact in the following, let
b4
%,

where B is defined as in (33). As mentioned in the previous section, p varies (con-

pi=

tinuously) in (%, 2) as a varies in (0, 00).
Our main objective in this section is to show the following result.

Theorem 4. If p ¢ Q, then for any p > 0 (not necessarily integer), we have

logn)™ logn\?
o N .
g jsmy =" Y0 veem )y 0= ) )
k=1,2m=0
kp+L+1<p
where the v ¢ m are discrete t.-polyharmonic functions of order { —m + 1. If p =
% € Q with u and v coprime, then the same holds with the additional condition that
the summation index k be at most v.

See Figure 3 for an illustration of Theorem 4 for fixed k, showing in particular the
inter-dependency of the polyharmonic functions v ¢ . For irrational p, we will have
infinitely many such diagrams, whereas for rational p there will be only finitely many.

The rest of Section 4 is devoted to the proof of Theorem 4. In the following, we
will assume that p ¢ Q; otherwise, we only need to bound the k in the summation
indices by its denominator (as in Theorem 4). Using a standard transfer between the
local behaviour of the generating function around the singularity and the asymptot-
ics of the coefficients as in [48, Theorem VI.2], we know due to (36) that we have
an asymptotic expansion of ¢ (i, 0;n) and ¢ (0, j;n) (which are identical due to the
symmetry of the model; this is however not necessary for the following) of the form

. _ . (logn)™ _ (logn\?
q(@i,0;n) =1." E Uk,l,m(lyo)—nkpMH +0(t" " (33)
k=1,2m>0
kp+i<p

for some coefficients denoted by vg ¢ (i, 0). The structure of the proof of Theorem 4
is as follows: first, we want to show that a similar expansion holds not only for
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0,0

®
@ @ @
3,0 Q @ 3,3

Figure 3. The arrows indicate a change in the coefficients of fy ,,;, 1= (loi# when substitut-

ing (39) into (42). We see that fo .0, f1.1, f2.2, and f3 3 (the green nodes) are not affected as
we can only ever go down and to the left as indicated (see Lemma 6); thus, their coefficients
V0.0, V1.1, etc. are harmonic. Drawing the same diagram for Ag(x;n), these nodes therefore
disappear, and the unaffected coefficients are then those of the blue nodes. Thus, v1,0,v2.1,. ..
are biharmonic.

q(i,0;n), but also for ¢ (i, j;n), which will be done in Lemma 7. Then, we will make
use of this in order to show that the resulting coefficients vg ¢, (i, j) are discrete
polyharmonic functions; see Lemma 9.

Before we start, we will state a simple lemma, which will turn out to be useful.

Lemma 6. For any integer p > £, we have

(log(n 4+ 1)) (logn)™ pt "
(n + 1)6 nt + Z Z

, (logn) (logn)™
Cemii— i T O\ T )
i=1 j=max(m—i,0)
(39)

with the cg p, ; ; constants. (In particular, if m = 0, then we will have no logarithmic
parts.)

Proof. The result follows immediately from writing log(n+ 1) =log(n)+1log(1+ ,—ll)

1

and expanding as a series in - . |

Note that in particular all terms inside the sum on the right-hand side have powers
of the logarithm not exceeding m and powers of n strictly smaller than —£. (This is
the reason why in Figure 3 all arrows can only go downwards, and possibly to the
left.)
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We can now extend the asymptotic expansion of ¢g(i, 0; n) as in (38) to one of
q(i, jin).

Lemma 7. Forany (i, j) € Z? and any p > 0, we have

o _ .. (logn)™ _ (logn\?
g jimy=1" 7 veem i) pmms o (=) ) @0
k=1,2m>0
kp+Ll+1<p
Proof. By induction on r := min(i, j), for r < 0, the statement is trivial because we
have ¢(i, j;n) = 0. (We will use repeatedly this convention throughout the proof.)
For r = 0, the statement is precisely (38). So, let us suppose that we already know
that (40) holds up to a given r, and consider a point (i, r + 1). We can then write

q,r;n+1)=ql,r+1;n)+q(,r—1;n)4+q@i —1,r;n)
+q@ + 1,rin)+aq(i —1,r —1;n).

By induction hypothesis and Lemma 6 applied to ¢(i, r; n + 1), the statement fol-
lows. ]

In the following lemmas 8 and 9, we will formalise the argumentation given in
Figure 3. By [66], we know that, ordering the triples (k, £, m) in (40) such that the
weight functions f ¢, (n) := n(,lff% are decreasing, the corresponding coefficient
functions v ¢, are polyharmonic functions of increasing order; i.e., v1,0,0 is har-
monic, v1,1,0 is biharmonic, vy,1,1 is triharmonic, and so on. It turns out, however,
that the fact that we know the fx ¢ ,, explicitly allows us to greatly improve upon this

statement.

Lemma 8. Suppose that we have p > 0 and a sequence of reals ay g m such that

ak,f,m m __ —p
> iy (logn) =077,
k=1,m=00

kp+L<p

Then, ak ¢ m = O for all triples (k. £, m).

Proof. After multiplying with n°*1, taking the limit n — oo, we can see immediately
that a; 9,0 = 0. Proceeding by multiplying with increasing powers of n and logn and
using the fact that by assumption in each case there is only one non-zero coefficient
(note that we make use of the fact that p ¢ Q here), we can inductively show that
ak ¢.m = 0 for all triples (k, £, m). [

The idea behind Lemma 9 is similar as in [66, Lem. 6]. One writes g(x;n +
1) recursively as a sum over the step-set and utilises Lemma 6 in order to compare
the coefficients. For large n, many of these coefficients will disappear, leaving us
essentially with the (poly-)harmonicity of the v ¢ .
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Lemma 9. Suppose that we have a combinatorial quantity q(x;n) such that we have
glx;n+1) = Zwsq(x —s;n), 41)
seS
and for each p > 0, we have

—n (logn)™ _(logn\?
gy =1" ) Vet () oy T O ) ) 4D

k=1,02m=0
kp+L+1<p

Then, vk g m is tc-polyharmonic of order £ —m + 1.
Proof. To shorten notation, define the sets

U:i={kt,meZ> k=1,L=2m=0,kp+L+1<p},
Vie,em = {(, NeZ* 1<i<m kp+Ll+i+1<p m—i<j<m).

First, we notice that, by (39) and (42), we have

q(x;n+1)
P (logn)™ (logn)/
=1, Z k£ ,m (X) (—nkagH + Z Chlomij o+l

(k,L,m)eU G J)EVk e.m

ol ("))

for some constants cg ¢, ,;, 7. Utilising (41), we now obtain

- (logn)™
nZ Z a)svkém(x S) kp+[+1

s€S (k. L.m)eU

R (logn)™ o (logn)
=l > vk’z’m(x)(nkp—k—ﬁ-l—l D ki nko+i+i+1
(k,L,m)eU 1)€Vk em

14
Lo (z;" (1°f ”) ) 3)

Now, let us partially order the triples (k, £, m) giving them the index £ — m (which
means sorting them by their diagonal in Figure 3). We proceed inductively by the
index of the triples (k, £, m).

For index 0, one can check immediately (using an argument as shown in Figure 3;
formally utilising (39)) that the coefficient of n(;‘ji—”gfl in the right-hand side of (43)
is precisely vk ¢, (x). From Lemma 8, it follows immediately that the corresponding

coefficients vg ¢, are f.-harmonic.
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Now, suppose that the statement is already shown for all triples of order r, and
consider those of order r 4+ 1. We utilise the same arguments as before on A" g (x;n).
The equivalent of (43) now has the form

_ (logn)™
nz Z a)sA vk(im(x S) kp+(+1

s€S (k,L,m)eU

I , (logn)™ (logn)’
=1 > ATy em(x)( ot + > Chebamin] ot 4T
(k.L,m)eU (1)€Y 0,m

Lol (len)’
c n ’

where we let the sum run over the triples with index at least  + 1, since by induction

hypothesis A" vg ¢, (x) = 0 for all (k, £, m) with index at most r. But from here, it

. . . . m . .
is again easily seen that the coefficient of n(,lfjir—"e)H is nothing else than A" vg ¢ ,, for

the triples of index r; thus, A" v ¢ »,, is harmonic and the proof is complete. ]

Finally, Theorem 4 follows from Lemmas 7 and 9. Note that for the proof we did
not make use of the fact that we are in dimension 2; the only part where we used any
properties of our model in particular was in the proof of Lemma 7.

A. Proof of Lemmas 4 and 5

We start by showing Lemma 4.
Proof. From [11], we know that we can write
q = exp(—nK(V1—k?)/K(k)),

where k is the elliptic modulus, with 0 < k < 1, and K (k) is the complete elliptic

K(k
®) = / 1—k2s1n

Using the explicit formula [58, (7.26)] for k, we see that k € (0, 1) fort € (0,1.), so the
first point follows. Making use of the fact that zeros of a polynomial are generically

integral

continuous in its coefficients, we see that g(¢) is continuous for ¢ € (0, ).
It is shown in [58, Section 7.4] that if t — 0, then k — 1, which implies that

tlglg)q(t) =0.

By the same argument, we can see that, using the notation as in [44, 58], if as t —
tc we have x, — x3, then forcibly lim;—,. ¢(¢) = 1. But this can be seen with a
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straightforward adaptation of [44, Sec. 2.3]. (Note that for our model the discriminant
vanishes for no ¢ at either 0 or co.) ]

Remark. While not needed here, it seems plausible that ¢ (¢) is in fact increasing for
t € (0,12.). A proof of this would likely come down to the study of the zeros x; to x4
of the discriminant (see, e.g., [58]) and get rather technical.

We will now proceed to prove Lemma 5. To do so, we first show the preparatory
Lemma 10.

Lemma 10. Let § be a weighted step-set, let Q(x, y) be the generating function (1)
for walks in the quadrant using this step-set, and let r be the radius of convergence of
0(0,0). If £ € N satisfies

[110(0.0) # 0,

then each generating function'[x“][yb]Q(x, y) has no singularities t. for |t.| <r

except possibly at points re e Jorj=0,1,....£—1.

Proof. We start by writing
Q(x.yi1) = Qo(x. yi1") +1Q1(x, yith) -+ 171 Qo (x, i),

so t/Qj(x,y; t%) counts walks whose length is j more than a multiple of £. The
radius of convergence of [x%y?]t/ O i(x,y; 1) is no less than r as its coefficients are
bounded above by the coefficients of [x?y?]Q (x, y;t). Hence, each [x% y?] Qj(x.y;t)
has no singularities in |¢| < r¢. We will now prove that each [x% y?]Q j(x,y;t)hasno
singularities in |¢| = r* except possibly at 1 = r¢. Note that [x?y?] Qj(x,y;t) counts
weighted quadrant walks from (0, 0) to (a, b) which can be cut into successive walks
w1, Wz, W3, ..., Wy, of length £ followed by a walk v of length j, where ¢ counts the
number of walks of length £. Let Q be a path of length £ from (0, 0) to (0, 0) in the
quadrant, and let wg > 0 be the weight of 2. Now, let Q j(x, y;t) be the generating
function for walks counted by Q;(x, y;t), where none of the subpaths wy is equal
to €2. Note then that any walk counted by Q; (x, y;t) can be uniquely constructed by
taking a walk counted by Q j(x, y;t) and inserting any number of copies of 2 before
each wy and v. Hence,

1 ~ t
j ) ;[ = T j I3 P
Q;(x. y31) 1—thQj(xy 1—wg2t)

Now, the series F(t) := Q j(x, y:t) has non-negative coefficients, so its radius of
convergence {r > 0 is a singularity of F(¢). Moreover, F(¢) satisfies

10 i) = P (= ).

1 —wqt
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Hence, [x%][y?]0 i (x, y;t) has a corresponding singularity at fp = > 0, so

t
1+wFQtF
we must have fp > rtIf [x”][yb]Qj (x, y; t) has another singularity #y satisfying

lto| = rt, then —2— isa singularity of F, so

1—wgqto
1 1
r ! 1 r
_ ol e o ;
|1 —wgato] |1 —weato| I —wqtgo 1 —weqtp

hence,
|1 —wety] < 1—wqtp < l—wgre =1—|wgtol.

By the triangle inequality, this is only possible if wqfy > 0, i.e., fo = rt. Hence,
[x¢][y?]10 i (x, y;t) has no other singularities #y satisfying |to| = rt. Therefore, the
series [x?][y?]t7 O i(x,y; t%) has no singularities on the radius of convergence r
except possibly at points reh% for j =0,1,...,£ — 1. Since this is true for all
j, it follows that the same statement holds for [x¢][y?]Q(x, y;1). ]

We can now proceed with the proof of Lemma 5.

Proof. First, since Qg4 (1) 1= [x9] [y2]0Q(x, y) is non-constant, it must have the same
radius of convergence r as Q(0, 0). Moreover, since Q, 5(t) has only non-negative
coefficients, » must be a singularity. Since k is a period of the model, the powers of ¢
appearing in the generating function Q, 5 (¢) must all have the same residue ¥ modulo
k. This means that, for each integer j, we can write

2

iju
K Qd,b(t)9

i,y
Qa,b(e%t) =e€

o} rezj% is a singularity of Q, (¢), as claimed. Now, suppose for the sake of con-
tradiction that there is some other singularity r« on the radius of convergence, with
k| = 1 but k¥ # 1. Let p > 0 be minimal such that 7 = 1 (with  := oo and 5Z := {0}
if k is not a root of unity). Then, k ¢ nZ since k¥ # 1. It follows from the maximality
of k that there is some ¢ satisfying [t¢]Q(0,0) # 0 and £ ¢ nZ. From Lemma 10, the
singularity r« must satisfy «* = 1, but this is a contradiction as £ ¢ nZ. |
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