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Classification of higher grade ` graphs for U.N/2 �O.D/

multi-matrix models

Rémi Cocou Avohou, Reiko Toriumi, and Matthias Vancraeynest

Abstract. The authors studied in [Ann. Inst. Henri Poincaré D 9 (2022), 367–433], a complex
multi-matrix model with U.N /2 �O.D/ symmetry, and whose double scaling limit where sim-
ultaneously the large-N and large-D limits were taken while keeping the ratio N=

p
D D M

finite and fixed. In this double scaling limit, the complete recursive characterization of the Feyn-
man graphs of arbitrary genus for the leading order grade ` D 0 was achieved. In this current
study, we classify the higher order graphs in `. More specifically, `D 1 and `D 2 with arbitrary
genus, in addition to a specific class of two-particle-irreducible (2PI) graphs for higher ` > 3

but with genus zero. Furthermore, we demonstrate that each 2PI graph with a single O.D/-
loop with an arbitrary ` corresponds to a reduced alternating knot diagram with ` crossings as
listed in the Rolfsen knot table, or a resulting alternating knot diagram obtained after perform-
ing the Tait flyping moves. We generalize to 2PR by considering the connected sum and the
Reidemeister move I.

1. Introduction

Tensor models are derived from the idea that the classical geometry of some manifold
could emerge from the statistical sum of random geometries associated with triangu-
lations of this background in an attempt to generalize in higher dimensions matrix
model results on 2D quantum gravity (QG) [4, 17]. They may also be related to a
broader hypothesis that gravity is derived from more fundamental (quantum) objects
and laws [23, 35].

One of the most compelling findings in this area comes from the special case
of matrices. In fact, the Feynman integral of matrix models generates ribbon graphs
arranged in a 1=N (or genus) expansion, allowing this statistical sum to be effect-
ively controlled using only analytical methods [38]. In the large N limit, only planar
graphs contribute to leading order. Invariant matrix models undergo a phase trans-
ition to a continuum theory of random infinitely refined surfaces when the coupling
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constant is tuned to some critical value because planar graphs form a summable fam-
ily. Matrix models, which are related to conformal field theory on fixed geometries,
provide a framework for the analytic study of two-dimensional random geometries
coupled with conformal matter. Furthermore, because of the fact that their Feynman
diagrams are dual to piecewise flat manifolds of dimension two (for matrices) and
higher (for tensors), their free energy is the generating function of connected piece-
wise flat manifolds, which in the continuum limit is anticipated to define a functional
integral for Euclidean quantum gravity [4, 17].

The success of matrix models inspired their generalization to random tensor mod-
els in higher dimensions, as cited. In the case of tensor models, the crucial 1=N expan-
sion tool that leads to understanding and control of the partition function was missing.
A method for understanding the partition function of tensor models analytically was
abandoned for a while, and as a result, computations in theories implementing a dis-
crete version of QG in higher dimension rely heavily on numerics even today. In fact,
tensor models have failed to provide an analytically controlled theory of random geo-
metries. No progress could be made because no generalization of the 1=N expansion
to tensors has been found for a long time. Tensor models’ interest could have been sig-
nificantly increased if they were given an appropriate notion of 1=N -expansion. This
occurred precisely following Gurau’s identification of an authentic concept of large
N -expansion for a particular category of random tensor models [25, 28]. This class
includes colored tensor models that are associated with triangulations of simplicial
pseudo-manifolds in any dimension [24, 26, 31]. The colored models’ perturbative
series supports a 1=N expansion indexed by Gurau degree, a positive integer that
plays the role of the genus in higher dimensions but is not a topological invariant. Mel-
onic, or leading order graphs, triangulate the D-dimensional sphere in any dimension
and are a summable family [27]. Tensor models, like their two-dimensional counter-
parts, go through a phase transition to a theory of continuous infinitely refined random
spaces when tuned to criticality. Colored random tensors provide the first analytically
accessible theory of higher-dimensional random geometries. They are discovered to
go through a phase transition into the so-called branched polymer phase [11,31]. More
findings address long-standing issues in statistical mechanics on random lattices and
mathematical physics [27, 29].

The leading order (Gurau degree zero) of a 1=N expansion of tensor models is
indeed well understood; it is dominated by melonic graphs [11] and topologically they
represent a subclass of spheres. For the higher orders in 1=N expansion (i.e., Gurau
degree bigger than zero), it is known that indeed, given a Gurau degree, there is a
finite number of schemes [22, 33], and each scheme corresponds to a summable class
of graphs. However, except for the lowest orders (small Gurau degree) [8, 12, 13, 34],
we do not know much about the classification of graphs of arbitrary Gurau degree.



Classification of higher grade ` graphs for U.N /2 � O.D/ multi-matrix models 283

Given a summable class of Feynman graphs, we are interested in their continuum
limit. For the class of diagrams selected by the large-N , such a continuum limit is pos-
sible, and it leads to two well-defined and ubiquitous continuum probabilistic models:
the continuous random tree (so-called branched polymers) [2, 3] and the Brownian
sphere [36, 37]. Typical matrix models lead to the latter, while typical tensor models
lead to the former [32], but special models can be built with exchanged continuum
limits [10, 16]. Finding different limits from these two remains an open problem,
of particular relevance to quantum gravity, as neither branched polymers nor the
Brownian spheres approach a classical geometry at large distances in higher dimen-
sions than two. It would therefore be desirable to find other variations of large-N
limits selecting different classes of Feynman graphs that could lead to new continuum
models, potentially yielding a different limits from the familiar two described above.

A variation of large-N limit was introduced by Ferrari [20], and further developed
and generalized in [5, 21]. The fundamental variables can be described either as D
different N � N matrices, (therefore, it is named a multi-matrix model), or as a
tensor. In such a multi-matrix model, there are two parameters to play with owing
to the presence of D and N in comparison to the more conventional tensor model
governed by only one parameter, Gurau degree coming from having only N . Now,
with two parameters, different limits can be taken. In particular, the large-N limit of
such models leads to a genus expansion, but one can furthermore perform the large-
D limit, thus introducing a new expansion at each fixed genus. In a typical model,
sending both N and D to infinity leads back to the large-N limit of order-3 tensors,
with melonic dominance (vanishing Gurau degree graphs), and hence to a branched
polymer model. In [6], a subclass of higher orders of such double expansion of a
multi-matrix model has been studied, namely, vanishing grade `D 0 but all genera g.
Specifically, they considered a U.N /2 � O.D/ multi-matrix model, which carries a
nice geometric interpretation of its Feynman graphs. The ribbon structure generated
by the propagation of U.N /2 indices is dual to quadrangulation of orientable surfaces
of arbitrary genus. Then, O.D/ symmetry decorates these surfaces by cyclic patterns,
called O.D/-loops. One can articulate that the statistical properties of the genus are
controlled by the large-N limit, while the proliferation of O.D/-loops—captured by
a second integer number [20] that we call the grade—is directly tied to the large-D
limit. Therefore, one can say that this model exhibits an interplay between topological
(genus) and combinatorial (O.D/-loops) aspects. By assigning a combinatorial grad-
ing (`) and topological property (g), or vice versa, we can potentially identify classes
of Feynman graphs that are summable within this model. Speaking of the vanishing
genus case, and the fact that the graphs we are studying are 4-regular, we show that
the enumeration of such graphs is possible by making use of alternating knot dia-
grams. In fact, given a connected planar graph G, its medial graph M.G/ contains a
vertex for each edge ofG, as well as an edge between two vertices for each face ofG,
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with the corresponding edges occurring consecutively. The edges ofM.G/ are drawn
in the corresponding faces, and M.G/ is then treated as a planar graph. The medial
graph or 4-regular graph can be associated with an alternating link using checker-
board coloring, where each crossing in the link diagram corresponds to a vertex of the
graph [1, 18].

The paper is organized as follows. In Section 2, we briefly review the essential of
the U.N /2 � O.D/ multi-matrix model on which we extend the analysis done in [6]
in this present work. In particular, our analysis extends to ` > 0 classification whereas
they focused on the classification of ` D 0 graphs in [6]. In Section 3, we character-
ize the Feynman graphs generated by the U.N /2 � O.D/ multi-matrix model. Using
combinatorial moves (Section 3.1), we analyze the properties of Feynman graphs for
`D 1, and `D 2 (Section 3.2). Section 3.3 gives a complete characterization of `D 1
and `D 2 graphs with arbitrary genus g via recursion. We classify planar (gD 0) `D 3
graphs in Section 4. In Section 5, we give some classification of subclass of graphs
(the 2PI graphs) with ` > 3. We make concluding remarks with open questions in Sec-
tion 6. Appendix A lists some isomorphic graphs which are used to identify distinct
schemes. The construction of the 2PR graphs for `D 2 is given with explicit examples
in Appendix B. Finally, Appendix C provides some alternating knots as well as the
corresponding 4-regular planar graphs.

2. The U.N/2 �O.D/ multi-matrix model

We consider an O.D/-invariant complex matrix model in zero dimension with D
complex matrices X� of size N �N , and we may write .X�/ab D X�ab , where 1 �
� � D and 1 � a; b � N . Indeed, one can view such X as order-3 tensor; therefore,
this model can be viewed as order-3 U.N /2 � O.D/-invariant tensor model.

Definition 1 (The U.N /2 � O.D/ multi-matrix model). The U.N /2 � O.D/ multi-
matrix model is a model involving a vector of D complex matrices of size N � N ,
denoted by .X�/�D1;:::;D D .X1; : : : ;XD/, which required to be invariant under unit-
ary actions on the left and on the right of each X�,

X� ! X 0� D O��0U.L/X�0U
�

.R/
; (1)

where O is an orthogonal matrix in O.D/, while U.L/ and U.R/ are two independent
unitary matrices in two distinct copies of the group U.N /, which we call left and
right, respectively.

The free energy of this model is given by

F .�/ D log
Z
ŒdX�e�SŒX;X

��; (2)
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Figure 1. Propagator and vertex representations in the map (left) and stranded graph (right).
The edge orientations are left implicit in the stranded representation for simplicity (note that
fixing the orientation is equivalent to choosing R and L strands).

with a measure
ŒdX� D

Y
�;a;b

dRe.X�/abd Im.X�/ab;

and an action SŒX;X�� studied in [6] is given by

SŒX;X�� D ND

�
tr
�
X��X�

�
�
�

2

p
D tr

�
X��X�X

�
�X�

��
; (3)

where the interaction term is known as the tetrahedral interaction and � is the corres-
ponding coupling constant. The coupling constant � has been scaled in such a way
that it is kept fixed as N;D ! C1. This scaling yields well-defined large N and
largeD expansions [20], as further detailed below. The perturbative expansion in � of
the free energy F .�/ enables a graphical description in terms of connected Feynman
graphs. These Feynman graphs can be represented in three equivalent ways.

(i) As 4-regular directed orientable maps with the following properties: each
vertex has two outgoing and two ingoing half-edges, and additionally, the
two outgoing (resp., two ingoing) half-edges appear on opposite sides of the
vertex (see Figure 1, left column). It should be noted that self-loops/tadpoles
and multiple edges are allowed in these maps.

(ii) As directed orientable stranded graphs that are 4-regular, obtained from
the above representation by replacing each edge with a triple of parallel
strands, two external and one internal, as shown in the top-right corner of
Figure 1. Since the two U.N / symmetry groups’ indices are carried by the
external strands, they can be distinguished. When an external strand is on an
edge connecting two half-edges, it is referred to as being left (resp., right)
depending on which side of the edge it is on. The internal strand corresponds
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to the O.D/ symmetry group. According to the tetrahedral interaction’s
structure (see Figure 1, right column), each vertex’s contraction pattern for
the three different types of strands is determined. It is designed in such a
way that a strand of a specific type (left, right, or internal) is always con-
nected to another strand of the same type. The strands in a Feynman graph
are closed into loops. External strand loops correspond to the faces of the
underlying 4-regular map and form a ribbon graph; we call them L- or R-
faces, depending on whether they are made up of left or right strands. The
loops formed from internal strands will be referred to as straight faces or
O.D/-loops.

(iii) As four-colored graphs obtained in the same manner as tensor models [30].

Notice that the Feynman graphs correspond to graphs embedded on Riemann sur-
faces and are dual to discretized surfaces; thus, the O.D/-loops can be thought of as
loops drawn on these discretized surfaces. From the standpoint of tensor models of
order-3, the Feynman graphs can also be viewed as dual to discretizations of three-
dimensional pseudo-manifolds, which are indeed non-orientable in general [30, 39].

The free energy in [20] has double expansions in 1=N and 1=
p
D,

F .�/ D
X
g2N

N 2�2g
X
`2N

D1Cg� `2Fg;`.�/; (4)

where g 2N is the genus of the corresponding U.N /2 ribbon graphs or, equivalently,
the genus of the 4-regular maps, which is also called the genus of the corresponding
Feynman graphs. Through Euler’s relation, it is defined by

2 � 2g D �e C v C fL C fR D �v C f; (5)

where e denotes the number of edges or propagators, v denotes the number of vertices
(e D 2v because the maps are 4-regular), fL (resp., fR) denotes the number of L-
faces (resp., R-faces) and f D fLC fR. Another parameter associated with Feynman
graphs is the quantity ` 2 N. The parameter ` is given by

`

2
D 2C v �

1

2
f � '; (6)

where ' denotes the number of straight faces or O.D/-loops. The parameter ` intro-
duces an extra grading in the standard genus expansion of matrix models, as shown in
equation (4). As a result, we call it the grade.1

Using equation (5), we obtain the following proposition.

1The parameter ` was called index in [20] whereas this name was used for a different quant-
ity in [21]. To avoid confusion, in [6], a new name, grade, was introduced for it, which we follow
here.



Classification of higher grade ` graphs for U.N /2 � O.D/ multi-matrix models 287

Proposition 1. The grade ` of Feynman graph can be expressed by the following
relations:

`

2
D 1C g C

1

2
v � ';

`

2
D gL C gR; (7)

where gL (resp., gR) is the genus of the ribbon graph obtained by deleting the L
(resp.,R) strands from a Feynman graph in the stranded representation. Since gi 2 N

2

for i D L;R (the corresponding ribbon graphs are not necessarily orientable), ` 2N

follows.

We make an important remark here that indeed, our model defined by (4) makes
direct contact with the literature in tensor models in the following sense. For D D
N , we recover the large N structure of U.N /2 � O.N / [15] and O.N /3 [14] tensor
models

F .�/ D
X
!2N

2

N 3�!F!.�/; (8)

where ! is an important combinatorial quantity called Gurau degree [14, 15],

! D g C
`

2
; (9)

which is also called the Gurau degree2 [25, 28] appearing in tensor model literature,
which governs the large N expansion of tensor models.

We reorganize (4) as follows:

F .�/ D
X
g2N

�
N
p
D

�2�2g X
`2N

D2� `2Fg;`.�/: (10)

We keep M � Np
D

fixed as we take N !1 and D !1. Then,

lim
N;D!1
M<1

1

D2
F .�/ D

X
g�0

M 2�2gFg;0.�/ � F .0/.M; �/: (11)

In other words, by allowing D ¤ N , but keeping the ratio constant, we obtain a
double-scaling limit that selects Feynman graphs with ` D 0, but of any genus. Since
such graphs are much fewer than all the possible graphs, they lead to a summable
series as worked out in [6].

In our present work, we will look at higher ` graphs corresponding to higher orders
in this double scaling limit.

2It may be called index in the more general context of [21].
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Figure 2. The cycle graph on the left and its stranded representation on the right. The black
line on the right panel represents the O.D/-loop or straight face, while the green and blue lines
represent the L- and R-faces, respectively.

−→
Figure 3. Insertion of a 2-point elementary melonic subgraph.

3. Recursive characterization of Feynman graphs with ` D 1; 2 with
arbitrary g

We perform a detailed combinatorial analysis of Feynman graphs with grades ` D 1
and ` D 2 for arbitrary g in this section, culminating in a complete characterization
of Theorems 2, 3, and 4.

3.1. Combinatorial structures of Feynman graphs
We discuss some combinatorial structures on the U.N /2 �O.D/multi-matrix model.
The majority of the structures listed below were first introduced in tensor model liter-
ature [22, 33].

Remark that, in this present work, we will work with unrooted Feynman graphs,
whereas the preceding work [6] exclusively worked with rooted Feynman graphs.

Let us first introduce the cycle graph, a specific Feynman graph that corresponds
to an oriented edge; see Figure 2 for illustration. It is characterized by v D 0, f D 2,
and ' D 1 by convention and has g D ` D ! D 0, in particular.

3.1.1. Melons and melon-free graphs.

Definition 2 (Melonic–Feynman graph). We have the following statements.

(i) An elementary melonic 2-point subgraph is the subgraph represented on the
right side of Figure 3, where the two external half-edges or legs are distinct.

(ii) A melonic insertion on an edge e of a Feynman graph is the replacement
of e by an elementary melonic 2-point subgraph, respecting the orientation
(see Figure 3). The reverse operation is called a melonic removal.

(iii) A melonic Feynman graph is a graph which can be reduced to the cycle-
graph by successive removals of elementary melonic 2-point subgraphs.
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N-dipole L-dipole R-dipole

' '

Figure 4. An N-dipole, two ways of representing an L-dipole, and two ways of representing an
R-dipole are shown from left to right. The upper row shows the so-called Feynman graph rep-
resentation, while the lower row depicts the associated stranded structures. An L-dipole (resp.,
R-dipole) is defined as having a face with a length-two L- (resp., R-) face. Green (resp., blue)
strands are L- (resp., R-) faces.

A Feynman graph is said to be melon-free if it lacks any elementary melonic 2-
point subgraph. The cycle-graph is the only Feynman graph with ! D g D `D 0 that
is not a melon. Because of the following result [22,33], we can limit our investigation
to melon-free Feynman graphs.

Remark 1. From [22, 33], we can make the following remarks.

• The melonic Feynman graphs are exactly the Feynman graphs of Gurau degree
! D 0, that is of genus g D 0 and of grade ` D 0.

• The genus, grade, and Gurau degree are all preserved when a melonic insertion or
removal is performed.

• The closed equation
T .�/ D 1C �2T .�/4 (12)

is obeyed by the generating function T .�/ of melonic Feynman graphs. Remark
that indeed T .�/ is the generating function for Fuss–Catalan numbers.

• A sequence of successive melonic removal can produce any Feynman graph G
from a melon-free Feynman graph, known as the core of G. The cycle-graph, in
particular, is the core of any melonic Feynman graph.

3.1.2. Schemes.

Definition 3 (Dipole). A dipole is defined as a two-edge subgraph on two vertices
with a face of length two. Dipoles are classified into three types (see Figure 4):

• an N-dipole, which contains a length-two straight face (O.D/-loop);

• an L-dipole, which contains a length-two L-face;

• an R-dipole, which contains a length-two R-face.
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D

Figure 5. O.D/-loops of length 2 are contained in N-dipoles.

According to Figure 4, which shows one pair on the left side of the dipole and the
other pair on the right, the four half-edges/external legs incident to a dipole can be
canonically divided into two pairs. The composition of dipoles into ladders, which we
now define, will benefit from this distinction.

Remark 2. A priori, an O.D/-loop of length 2 can be of two forms given by the first
two subgraphs in Figure 5. The first one is the familiar N-dipole. However, one can
observe that the second subgraph is in fact also an N-dipole by rotating a vertex by
180 degrees as shown in the figure. This remark is simply due to the fact that our
multi-orientable graphs are embedded graphs, i.e., combinatorial maps.

Remark 3. The arrows on the edges carry essential information regarding faces.
However, as can be deduced from the expressions of ` in (7) which are symmetric
under the swap of L- and R-faces (therefore under the overall flip of arrows of the
edges), the underlying combinatorial map without arrows on edges determines the
value of ` and also g. We demonstrate in Figure 6 this fact. We will heavily use this
fact in later proofs for constructing planar g D 0 graphs.

Definition 4 (Ladder). We have the following statements.

• A ladder is a sequence of n � 2 dipoles .d1; : : : ; dn/ in which two consecutive
dipoles di and diC1 are connected by two edges that involve two half-edges on
the same side of di and two half-edges on the same side of diC1.

• If a ladder has rungs of different types, it is said to be broken, or a B-ladder;
otherwise, it is unbroken. As a result, there are three types of unbroken ladders:
N-, L-, and R-ladders, which contain only rungs of type N, L, and R, respectively.

• If a ladder is not included in a larger ladder, it is maximal.

The dipoles in a ladder are referred to as rungs and the edges connecting them
are divided into two rails. Furthermore, to keep track of the external face structure
of ladders, we must divide N-ladders into two subfamilies: Ne-ladders with an even
number of rungs and No-ladders with an odd number of rungs. This is illustrated in
Figure 7.

Claim 1. Each ladder can be uniquely extended to a maximal ladder. Furthermore,
any two distinct maximal ladders do not share any vertices [33].
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'

'

` D 2; g D 0 ` D 3; g D 0 ` D 5; g D 1

'

' '

'

Figure 6. Some examples of our multi-orientable tensor model graphs. Notice that the arrows
on edges are flipped on the graphs on the top row and the ones on the bottom row, but they still
give rise to the same values of ` and g.

The following replaces maximal ladders with a new type of 4-point vertices that
we refer to as ladder-vertices3. There are four different kinds of ladder-vertices; Ne-,
No-, L-, R-, and B-vertices. Figure 7 serves as an illustration. We simply refer to them
as N-vertices when we do not need to distinguish between Ne- and No-vertices.

Definition 5 (Scheme). Assume G is a connected, melon-free Feynman graph. The
scheme SG of G is the graph obtained by replacing any maximal ladder with the
ladder-vertex of the corresponding type.

We will heavily rely on schemes, which describe equivalence classes of Feynman
graphs defined up to melon and ladder insertions, in the remaining sections of the
paper.

Remark 4. More broadly, we will consider the larger family of Feynman graphs
with ladder-vertices, which consists of all connected graphs constructed from edges,
standard vertices, and ladder-vertices (see Figure 8). A scheme is, by definition, a
Feynman graph with ladder-vertices. The converse, however, is not always true [6].

The following result is well known in [22].

Proposition 2. Let G1 and G2 be two Feynman graphs that are connected but do not
contain any melons. If SG1 D SG2; then,

g.G1/ D g.G2/; !.G1/ D !.G2/; `.G1/ D `.G2/: (13)

3In [22], they are referred to as chain-vertices.



R. C. Avohou, R. Toriumi, and M. Vancraeynest 292

Ne
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L

R

B

Ne

L

R

Figure 7. Maximal ladders and their ladder-vertices. We have represented the maximal ladders
they represent (left panel) and the corresponding ladder-vertices (right panel). By convention,
the orientations of the external legs on the two sides of the B-ladder-vertex are fixed to be
consistent as shown. In particular, this might entail ‘twisting’ the two rails at one end of the
corresponding B-ladder in the case of a B-vertex. The B-ladders shown above are just examples.
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NeNo L R B

ladder-vertices

standard vertex

edge

Figure 8. Schemes are made out of edges, standard vertices, and ladder-vertices. We also show
the stranded structure of the external faces of the ladder-vertices on the bottom row. For the
standard edge and the standard vertex, the stranded structure is shown in Figure 1.

A Feynman graph with ladder verticesG can itself be mapped to a unique scheme
SG (obtained by a consistent replacement of melon two-point functions by propagat-
ors, and ladders by their corresponding ladder-vertices), which allows to define

g.G/ WD g.SG/; !.G/ WD !.SG/; `.G/ WD `.SG/:

In other words, the genus, Gurau degree, and grade of any equivalent class of graphs
defined by a scheme are constant.

Finally, distinguishing between two kinds of Feynman graphs with ladder-vertices
will be useful. The family of connected Feynman graphs is included in the family of
Feynman graphs with ladder-vertices whether they are two-particle reducible (2PR)
or two-particle irreducible (2PI). A Feynman graph with ladder-vertices G is said to
be 2PR if it contains a two-edge-cut, which is a pair of edges in G whose removal
disconnects G. Otherwise, G is 2PI.

It is not hard to prove that a connected melon-free Feynman graph G, G is 2PI if
and only if SG is 2PI. In general, the 2PR/2PI property is transitive when a maximal
ladder is replaced by a ladder-vertex in the class of melon-free Feynman graphs with
ladder-vertices.

It is worth noting that we are working on Feynman graphs that allow half-edges to
be attached to the vertices. As a result, we assume that the graphs examined through-
out this work may have half-edges attached to them. Additionally, we may refer to
Feynman graphs simply as graphs.
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No

X

Figure 9. Dipole contraction/insertion (left panel) and ladder-vertices (right panel). X 2
¹L;R;Ne;Bº.

3.1.3. Combinatorial moves on Feynman graphs. We now present a set of local
operations on Feynman graphs with ladder-vertices and investigate how they affect
the genus, grade, and Gurau degree of these graphs.

A dipole or ladder-vertex contraction is defined as the operation of (1) removing
the dipole or ladder-vertex and (2) reconnecting the two half-edges on each side of the
dipole or ladder-vertex. A dipole or ladder-vertex insertion is the reverse operation.
This is shown in Figure 9.

Remark 5. It should be noted that the graph may become disconnected if a dipole
or a ladder-vertex contracts. Furthermore, the number of connected components can
only increase by one. If the contraction of a dipole or a ladder-vertex increases the
number of connected components by one, it is said to be separating; otherwise, it is
said to be non-separating.

In the topological sense, a separating (resp., non-separating) N-dipole is also sep-
arating (resp., non-separating) because the cycle it constitutes separates (resp., fails
to separate) the discretized Riemann surface encoded in the Feynman graph into two
disconnected regions.

We will work with connected graphs.
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Assume G is a Feynman graph with ladder-vertices and contains a dipole. If this
dipole is separating, we denote the two Feynman graphs with ladder-vertices obtained
after contracting it as G1 and G2, respectively; if it is not separating, we denote the
resulting Feynman graph with ladder-vertices as G0. In both cases, we clearly have

v.G1/C v.G2/ D v.G/ � 2

and
v.G0/ D v.G/ � 2:

To investigate the effect of the contraction on the genus, grade, and Gurau degree, one
must examine how the total number of faces and O.D/-loops is affected.

Proposition 3. Let G be a Feynman graph with ladder-vertices which contains a
dipole.

(1) In the case of a separating N-, L-, or R-dipole, we have the following equa-
tions:

f .G1/C f .G2/ D f .G/; '.G1/C '.G2/ D '.G/;

g.G1/C g.G2/ D g.G/; `.G1/C `.G2/ D `.G/;

!.G1/C !.G2/ D !.G/: (14)

(2) In the case of a non-separating N-dipole (see Figure 10 for illustration), we
have the following equations:

'.G0/ D '.G/ � 1C �;

g.G0/ D g.G/ � 1; `.G0/ D `.G/ � 2.� C 1/;

!.G0/ D !.G/ � .� C 2/; (15)

with � D �1 (type I, connecting), � D 0 (type II, rearranging)4, or � D 1

(type III).

(3) For non-separating L- or R-dipole (see an illustration in Figure 11) then, we
have

f .G0/ D f .G/ � 1C �;

g.G0/ D g.G/ �
1

2
.� C 1/; `.G0/ D `.G/ � .� C 3/;

!.G0/ D !.G/ � .� C 2/; (16)

with � D �1 (connecting), or � D 1.

4We should underline that the case � D 0 was overlooked in [6, 22], however, this does not
affect the ` D 0 result.
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�` D
1

�` 2; �` 4;

type I (� 1) type II (� D 0) type III ( � D 1)

�g
0;

1�g 1�g

Figure 10. The three types of non-separating N-dipoles. The dotted lines represent the paths of
O.D/-faces. For ` D 2, the first two types � D �1 (connecting) and � D 0 (rearranging) are
possible; however, for ` D 0 and ` D 1, only the first type (� D �1) is possible. The third case
� D 1 is irrelevant for our present study, but it will be relevant once one wants to consider ` > 4

and g > 1. In the last row, we show some examples of each type of graph (left for type I, middle
for type II, and right for type III).

Proof. Assume the dipole is an N-, L-, or R-dipole. In the case of an N-dipole, the con-
traction removes one internal O.D/-loop and one internal face in the case of L- and
R-dipoles. Furthermore, the number of external faces is unaffected in the case of an
N-dipole (the external face structure is the same before and after the contraction), and
there is one additional external O.D/-loop created by the dipole’s separating nature. It
is the number of external O.D/-loops and R-faces (resp., L-faces) that remains unaf-
fected in the case of a L-dipole (resp., R-dipole) while one additional external L-face
(resp., R-face) is created. As a result, we have the first two relationships in (14). Using
equations (5), (6) from which we can write ! D 3C 2

2
v � f C ', we thus obtain the

remaining results in (14).
Let us now turn to the case of non-separating N-dipole. The contraction elimin-

ates one internal O.D/-loop while leaving the number of external faces unchanged.
Furthermore, there is one more external O.D/-loop that is either created, deleted, or
unaffected. As a result, we obtain the relations in (15).
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�`D�2;�gD 0
�`D�4;�gD�1

connecting (� D�1) (� D 1)

Figure 11. Two kinds of non-separating L- or R-dipoles; we call the first one with � D �1
connecting. The dotted lines represent the paths that L- or R-face, respectively, for L- or R-
dipoles of non-separating type take. The first connecting type � D �1 is possible for ` D 2, but
not for ` D 0 and ` D 1. On the bottom, we show some examples. The three graphs on the left
has a connecting L- or R-dipole, and the one on the right has an L- or R-dipole of � D �1 type.

Assume we have a non-separating L- or R-dipole. The contraction eliminates one
internal L- or R-face while maintaining the same number of external O.D/-loops and
L- or R-faces. There is an additional external L- or R-face that is either created or
deleted; thus, in both cases the results follow.

The effect of contracting a ladder-vertex in a Feynman graph with ladder-vertices
G is now investigated. We continue to denote the two graphs (resp., the graph) obtained
after contracting a separating (resp., non-separating) ladder-vertex inG byG1 andG2
(resp.,G0). As explained in Section 3.1.2, one way to examine how the genus g, grade
`, and Gurau degree ! change when a ladder-vertex is contracted is to first replace
it with a ladder of dipoles of the corresponding type. In the case of a B-vertex, this
ladder can be of arbitrary length and structure. The contraction of the ladder-vertex
is then easily seen to be the combination of two moves: (1) the contraction of one
dipole in the corresponding ladder, whose analysis has been given above; and (2) the
removal of up to two melonic 2-point subgraphs that may have been generated by the
first move due to the presence of other dipoles in the initial ladder. The second step
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requires no further discussion because it preserves the genus, Gurau degree, and grade
(see Section 3.1.1). We obtained the following result, which is similar to the results
in [6].

Proposition 4. Let G be a Feynman graph with ladder-vertices which contains a
dipole. Let us replace the ladder-vertex with a B-, N-, L-, or R-ladder-vertex, as appro-
priate.

(1) In the case of a separating B-, N-, L-, or R-ladder-vertex, we have the follow-
ing equations:

g.G1/C g.G2/ D g.G/;

`.G1/C `.G2/ D `.G/;

!.G1/C !.G2/ D !.G/: (17)

(2) In the case of a non-separating N-ladder-vertex, we have the following equa-
tions:

g.G0/ D g.G/ � 1;

`.G0/ D `.G/ � 2.� C 1/;

!.G0/ D !.G/ � .� C 2/; (18)

with � D �1 (type I, connecting), � D 0 (type II rearranging)5, � D 1 (type
III).

(3) Non-separating L-, or R-ladder-vertex, then we have the following equations:

g.G0/ D g.G/ �
1

2
.� C 1/;

`.G0/ D `.G/ � .� C 3/;

!.G0/ D !.G/ � .� C 2/; (19)

with � D ˙1.

(4) Non-separating B-ladder-vertex, then we have the following equations:

g.G0/ D g.G/ � 1;

`.G0/ D `.G/ � 4;

!.G0/ D !.G/ � 3: (20)

Proof. Assume that we have a separating B-, N-, L-, or R-vertex. We begin by repla-
cing the ladder-vertex with a B-, N-, L-, or R-ladder, as appropriate. Because the

5We should underline that the case � D 0 was overlooked in [6, 22]; however, this does not
affect the ` D 0 result.
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Figure 12. Uniqueness of inserting a connecting N and a rearranging N, once the cuts are
specified. Grey shaded discs represent any subgraphs.

ladder-vertex is separating, the dipoles in the corresponding ladder must also be sep-
arating. As a result, we can apply the result of equation (14) to the contraction of
a separating dipole. Furthermore, because melonic removals have no effect on the
genus, grade, or Gurau degree of a Feynman graph, we obtain the relationships in (17).

In the case of a non-separating N-vertex, we replace the N-vertex with an N-
ladder, made out of non-separating N-dipoles. Using the result of equation (15) and
the properties of melonic removal gives therefore the results in (18).

We now turn to the case of non-separating L- or R-vertex. The same reasoning as
in the previous case leads and using equation (16) we obtain the results in (19)

Let us now discuss the last case of non-separating B-vertex. We can substitute a
B-vertex for a B-ladder of any length and structure, with all of its dipoles being non-
separating. Furthermore, because of the structure of a B-ladder, one can check that the
contraction of a non-separating N-dipole always yields one additional external O.D/-
loop (case of equation (15) with � D C1); and the contraction of a non-separating L-
or R-dipole leads to one additional external face (case of equation (16) with � DC1).
As a result, in this final case the results in (20) follow.

Remark 6. We elaborate the uniqueness of inserting a connecting N and a rearran-
ging N once we specify the cuts.

Consider an O.D/ loop. We cut two edges and name the half edges A, B, C, and
D as shown in Figure 12. Then, a priori, we have three possibilities to connect back
these half edges via an N-dipole or -ladder-vertex, namely, connecting (i) A and D,
(ii) A and C, and (iii) A and B. Remark that automatically it means that we connect,
respectively, (i) B and C, (ii) B and D, and (iii) C and D.

The last choice (iii) will simply bring us back to the original case.
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zG1 zG2G D zG1G1 D zG2 DG2

e

e0

Figure 13. Flip operation on a ladder-vertex 2PR Feynman graph.

Once we make the first choice (i), a non-separating N that we insert will be neces-
sarily connecting. Furthermore, the orientations of the edges which were cut dictate
whether we insert an odd or even number of N-dipoles.

Similarly, once we make the second choice (ii), a non-separating N that we insert
will be necessarily rearranging. Again, the orientations of the edges which were cut
dictate whether we insert an odd or even number of N-dipoles.

In conclusion, once we specify the cuts, there is a unique way of inserting a con-
necting N and a rearranging N.

In the same spirit as [6], we now review another local operation that will be use-
ful in analyzing 2PR Feynman graphs. Assume G is a 2PR Feynman graph with
ladder-vertices. The graphG thus contains a two-edge-cut .e; e0/ and has the structure
depicted on the left of Figure 13, where zG1 and zG2 are, by definition, two connected
2-point non-empty subgraphs.

Definition 6. A flip on .e; e0/ is defined as the operation of cutting the two edges e
and e0 and reconnecting the four half-edges two by two, as shown on the right side of
Figure 13. A flip necessarily divides G into two connected components. The reverse
operation of a flip is called a two-edge-connection insertion.

The effect of a flip operation on the genus, grade, and Gurau degree of the graphs
is summarized in the following result.

Lemma 1 ([6]). Let G be a Feynman graph with ladder-vertices and suppose that
it contains a two-edge-cut .e; e0/. Then, the flip operation on .e; e0/ generates two
Feynman graphs with ladder-vertices G1 and G2 satisfying

g.G1/C g.G2/ D g.G/;

`.G1/C `.G2/ D `.G/;

!.G1/C !.G2/ D !.G/: (21)

3.2. Properties of melon-free Feynman graphs with ` D 1 or ` D 2

The connected, melon-free Feynman graphs with ` D 1 or ` D 2 and their corres-
ponding schemes are what we are interested in characterizing. As made clear in
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equation (7), they always have an odd number of (standard) vertices for ` D 1 and
an even number of (standard) vertices for `D 2, respectively. Namely, we observe for
` D 1,

' D g C
v C 1

2
; (22)

implying the number of standard vertices should be odd. While for ` D 2,

' D g C
v

2
; (23)

implying the number of standard vertices should be even. The following lemma pro-
vides a more detailed characterization.

We can consider partitions of the total number of edges in terms of the lengths li
of each O.D/-loop. We have

e D

'X
iD1

li : (24)

We sometimes refer to a family of graphs by specifying their configuration in terms
of li , written as a '-tuple .l1; l2; : : : ; l'/. For example, in Section 4, we will study the
family of .4; 4; : : : ; 4/ graphs. We present some lemmas that will be useful several
times throughout this work.

Lemma 2. Each graph with l D 1 and g D 0 has at least one O.D/-loop of length 2.

Proof. We write a partition of the total number of edges e as in (24). Suppose there
are no O.D/-loops of length 2. Then, because li is even, the smallest possible e is
obtained when li D 4 for every i . We can write

e � 4' D 4

�
v C 1

2

�
D 2v C 2 > 2v: (25)

Because the graphs we are considering are 4-regular, we have that e D 2v. This gives
a contradiction, hence a O.D/-loop of length 2 should be present.

In a similar manner, we can achieve the following lemma.

Lemma 3. For each graph with ` 6 3 with any g > 1, it always contains at least one
O.D/-loop of length 2.

Proof. Consider a graph with ` 6 3 any g > 1 that does not contain an O.D/-loop of
length two. Then, because li is even, the smallest possible e is obtained when every
O.D/-loop has length 4. From (7), ' D 1C g C v

2
�
`
2

. We can write for g > 1,

e � 4' D 4

�
1C g C

v

2
�
`

2

�
D 4C 4g C 2v � 2` > 2v C 2.4 � `/: (26)
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If ` 6 3, then the above becomes e > 2v. Because the graphs we are considering are
4-regular, we have that e D 2v. This gives a contradiction; hence, the statement is
proven.

Corollary 1. Let G be a connected, melon-free Feynman graph and SG its scheme of
`D 1 or `D 2. If g > 1, then there exists an N-dipole in G. In particular, there exists
an N-dipole, an N-vertex or a B-vertex which has at least one N-dipole in SG .

Lemma 4. Let G be a connected, melon-free Feynman graph and SG its scheme.

• If `.G/ D 1, any N-dipole in G is separating or connecting; any other dipole is
separating. Furthermore, in SG: any N-dipole or N-vertex is separating or con-
necting; any other dipole or ladder-vertex is separating.

• If `.G/ D 2, any N-dipole in G is separating, connecting (type I), or rearranging
(type II), and any L-, or R-dipole is either separating, or connecting. Furthermore,
in SG: any N-dipole or N-vertex is separating, connecting (type I) or rearranging
(type II), and L-, or R-dipole or L-, or R-vertex is separating or connecting; any
other ladder-vertex (namely, B-vertex) is separating.

Proof. This follows from the variation of the grade under a dipole or a ladder-vertex
contraction (see Section 3.1.3) and from the non-negativity of the grade. Consider
a N-dipole in G and suppose it is non-separating. Performing a dipole contraction
yields another connected Feynman graphG0 such that by equation (15), the following
statements hold.

• If `.G/ D 1 and ` � 0, it implies � D �1. Hence, the N-dipole is connecting.
Consider now a L- or R-dipole in G and suppose it is non-separating. By equa-
tion (16), contracting this dipole yields another connected Feynman graphG0 such
that `.G0/ 6 `.G/ � 2, which is impossible because `.G/ D 1 and ` � 0.

• Suppose `.G/ D 2 and consider the contraction of a non-separating N-dipole
resulting in graph G0. Equation (15) states that `.G0/ D `.G/ � 2.� C 1/ with
� D˙1 or � D 0. Since `.G/D 2 and ` � 0, it implies � D �1 or � D 0. Hence,
the N-dipole is either connecting (type I) or rearranging (type II).
Consider now L- or R-dipole in G and suppose it is non-separating. By equa-
tion (16), contracting this dipole yields another connected Feynman graphG0 such
that `.G0/D `.G/� .� C 3/, with � D˙1. Since `.G/D 2 and ` � 0, it implies
� D �1 and consequently the dipole is connecting.

The same reasoning applies for any dipole or ladder-vertex in SG using a dipole
or a ladder-vertex contraction and equations (18)–(20).

Unless otherwise stated, we assume that the Feynman graphs are always con-
nected in the following. With Corollary 1, and Lemmas 2, 3, and 4, we can clearly
manipulate the connected, melon-free Feynman graphs with ` D 1 and their schemes



Classification of higher grade ` graphs for U.N /2 � O.D/ multi-matrix models 303

by successive insertions or contractions of (1) connecting N-dipoles or N-vertices;
and (2) separating dipoles or ladder-vertices. In the same way, we can also manipu-
late the connected, melon-free Feynman graphs `D 2 and their schemes by successive
insertions or contractions of (1) connecting (type I) or rearranging (type II) N-dipoles
or N-vertices; (2) separating dipoles or ladder-vertices; and 3) connecting (� D �1)
L-, or R-dipoles, or L-, or R-vertices.

To lay the groundwork for this construction, it is useful to list the situations in
which the contraction of a dipole or a ladder in an `D 1 or `D 2melon-free Feynman
graph generates a melonic 2-point subgraph. Assume that G is such a graph and that
it contains a dipole or ladder X .

For ` D 1, if we assume that X is non-separating, it is necessarily a connecting
N-dipole or N-ladder by Lemma 4.

For ` D 2, if we assume that X is non-separating, it is necessarily either

• a connecting (� D �1 type I) N-dipole or N-ladder,

• a rearranging (� D 0 type II) N-dipole or N-ladder, or

• a connecting (� D �1) L-, or R-dipole or L-, or R-ladder,

by Lemma 4.

Remark 7. When X is contracted in a Feynman graph G with ` D 1 or ` D 2, a new
Feynman graph G0 with ` D 1 or ` D 2 is created. This new graph is not melon-free
in the following three situations:

(1) as shown in Figure 14a,X is connected on one side to another dipole or ladder
Y (of any type). For `D 1,X can be an N-dipole, an No-, or an Ne-ladder. For
` D 2, X can be an N-dipole, an No-, or an Ne-ladder, or an L-, or R-dipole,
or an L-, or R-ladder;

(2) X is inserted in between two edges of an elementary 2-point melon, as illus-
trated in Figure 14b. Note that the choice of a pair of edges on which X is
inserted, and therefore their orientation, is fixed by the requirement that either
X is connecting (as on the left of Figure 14b), or a rearranging N, a connect-
ing L-, or R-ladder (as on the right of Figure 14b). As a result, X must be an
N-dipole or an No-ladder (as on the left of Figure 14b), or else must be an
Ne-ladder, L-, or R-dipole, or L-, or R-ladder (as on the right of Figure 14b)
possible in ` D 2 graphs only;

(3) X is forming a 2-point subgraph on one side of a dipole or ladder Y (of arbit-
rary type), as illustrated in Figure 14c. Note that the orientations of the edges
are again fixed by the requirement that X is either a connecting N (as on the
left of Figure 14c), or it is a rearranging N (as on the right of Figure 14c). As a
result, X must be an Ne-ladder in either `D 0; 1; 2 graphs, an L-, or R-dipole,
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Y YX

(a) X is a connecting N, rearranging N, connecting L, connecting R, or separating. For separating,
X 2 ¹N-dipole; No; Ne; L-dipole; R-dipole; L; R; Bº in ` D 1 and ` D 2 graphs. For connecting, X 2
¹N-dipole;No;Neº in `D 1 graphs, andX 2 ¹N-dipole;L-dipole;R-dipole;No;Ne;L;Rº in `D 2 graphs.

XX

(b) On the left,X is a connecting N, andX 2 ¹N-dipole;Noº (note thatX ¤ Ne) in `D 1;2 graphs. On the
right, on the other hand, in a subgraph with a slightly different structure, X is a rearranging N, a connecting
L, or a connecting R, i.e., X 2 ¹Ne;L-dipole;R-dipole;L;Rº possible only in ` D 2 graphs. Shown is only
one orientation assignment on edges, and one needs to consider the other assignment as well.

X

Y

Y

X

Y Y

(c) On the left, X is a connecting N, a connecting L, or a connecting R, and more precisely, X D Ne (X …
¹N-dipole;Noº) in ` D 1 graphs, and X 2 ¹Ne;L-dipole;R-dipole;L;Rº in ` D 2 graphs. On the right, on
the other hand, in a subgraph with a slightly different structure,X is a rearranging N, andX 2 ¹N-dipole;Noº

possible only in `D 2 graphs. Shown is only one orientation assignment on edges, and one needs to consider
the other assignment as well.

Figure 14. Configurations in which the contraction of a dipole or ladder X in a ` D 1 or ` D 2
melon-free Feynman graph, assumed to be connecting (i.e., any � D�1) N, L, or R rearranging
N, or separating, generates a melonic 2-point subgraph (where Y is itself a dipole or a ladder).

or an L-, or R-ladder (as on the left of Figure 14c), or it must be an N-dipole
or an No-ladder possible only in ` D 2 graphs (as on the right of Figure 14c).

If we assume instead thatX is separating, it can be of any type by Lemma 4, and its
contraction yields two Feynman graphsG1 andG2, such that `.G1/C `.G2/D `.G/.

We now investigate the structure of melon-free Feynman graphs of any genus with
` D 1 and ` D 2.

In what follows, Theorem 1 will provide all the planar g D 0, ` D 1 and ` D 2
melon-free Feynman graphs by specifying their schemes.

Later on, in Theorem 2, we will provide all the `D 1melon-free Feynman graphs
of gD 1 by specifying their schemes, and in Theorem 3, we will give all the 2PI `D 2
melon-free Feynman graphs of g D 1 by specifying their 2PI schemes.



Classification of higher grade ` graphs for U.N /2 � O.D/ multi-matrix models 305

Figure 15. There is only one scheme of ` D 0 and g D 0, the cycle graph. The left is a colored
graph representation, and the right is the stranded notation. Green represents L-strand and in
blue, we show R-strand.

Ne

Figure 16. There is only one ` D 0, g D 1 scheme, S1, including the opposite orientation
assignment on the edges.

Finally, Theorem 4 offers an inductive way of recursively constructing all the
` D 1 and ` D 2 Feynman graphs of any genus.

To begin, let us first recall from [6] that there is one scheme of genus zero (given in
Figure 15) and one scheme of genus one (given in Figure 16 with `D 0). We point out
here an apparent discrepancy, by remarking that more schemes were reported in [6]
simply because the authors in [6] worked in the class of rooted diagrams, whereas in
our current work, we work with unrooted diagrams.

By plugging ` D 2 into equation (7), we obtain the following relation:

' D g C
v

2
: (27)

This relation implies that the number of vertices should be even.

Lemma 5. For each graph with ` D 2, g D 0, it either contains at least one O.D/-
loop of length 2, or every O.D/-loop is of length 4.

Proof. Consider a planar graph with ` D 2 that does not contain an O.D/-loop of
length two and not every O.D/-loop has length 4. Then, because li is even, the
smallest possible e is obtained when every O.D/-loop but one has length 4, and the
remaining one has length 6. We can write

e � 4.' � 1/C 6 D 4

�
v

2
� 1

�
C 6 D 2v C 2 > 2v: (28)

Because the graphs we are considering are 4-regular, we have that e D 2v. This gives
a contradiction; hence, the statement is proved.
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We now investigate the number of schemes based on the grade and the genus of
the graph we are considering. Before doing so, the following definition gives a direct
way to determine whether two schemes are isomorphic or not.

Definition 7 (Graph isomorphism). An isomorphism of graphsG andH is a bijection
f between the vertex sets of G andH , f W V.G/! V.H/ such that any two vertices
u and v of G are adjacent in G if and only if f .u/ and f .v/ are adjacent in H .

Definition 8 (Combinatorial map isomorphism [7]).Two combinatorial maps or graphs
embedded on orientable surfaces, known as cyclic graphs, are considered isomorphic
if there is a graph isomorphism between their underlying graphs that also preserves
the cyclic order of edges emanating from each vertex.

Definition 9 (Isomorphic schemes). Two schemes S1 and S2 are considered iso-
morphic if they are combinatorial map isomorphic in such a way that each ladder-
vertex in S1 corresponds to the same type of ladder-vertex in S2. Additionally, the
isomorphism must preserve the orientations of the edges (equivalently, face struc-
tures). Specifically, if a face f1 in S1 passes through certain vertices and edges, its
counterpart f2 in S2 should traverse the images of those same vertices and edges
in S2.

From this definition, it is clear that if two schemes have faces of the same length
connected in identical ways, then if f is an R-face (or L-face or O.D/-face) in
S1, its corresponding face in S2 must also be an R-face (or L-face or O.D/-face),
respectively. An illustration of isomorphic schemes is given in the last two graphs in
Figure 35.

3.3. Complete characterization of ` D 1 and ` D 2 with arbitrary g

This subsection recursively enumerates the Feynman graphs with grades ` D 1; 2 and
arbitrary genus. The procedure begins with graphs with genus g D 0, giving the exact
numbers of corresponding schemes by classifying them as 2PI or 2PR graphs, for
` D 1; 2. For g D 1, the same is achieved for ` D 1, but only for 2PI in the case of
` D 2. These findings were immediately recursively extended to arbitrary genus for
` D 1; 2. We should note that the exact numbers of such schemes are not specified
for g > 1, but we provide an algorithm that allows us to fully recover all of them.
Furthermore, we should emphasize that we work under the isomorphism condition
given in Definition 9, namely, that two schemes are the same if they are isomorphic.

Theorem 1. Exhaustively, there are two schemes of ` D 1 and g D 0 (Figure 17).
They are 2PI and called the infinity graphs. Furthermore, there are three 2PI schemes
(Figure 18) and 27 2PR schemes of ` D 2 and g D 0 (Figure 19).
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Figure 17. All ` D 1, g D 0 schemes. There are two schemes of ` D 1 and g D 0 in total. We
call this type the infinity graph.

L R

Figure 18. All ` D 2, g D 0 2PI schemes. There are three 2PI schemes of ` D 2 and g D 0 in
total. Let us call the leftmost type S2;0

1
, the middle and the right type S2;0

2
.

Y , ;

zNo zNo zNo

Y , ;Y , ;

Figure 19. All ` D 2, g D 0 2PR schemes. There are 27 2PR schemes of ` D 2 and g D 0

in total. Let us call this type (all 27 of them) S2;0
3

. Y 2 ¹L-dipole;R-dipole; L;R;Ne;Bº and
zNo 2 ¹N-dipole;Noº.

Proof. Let us ignore the orientations of the edges at the moment. We will recover them
at the end of the proof. Consider a graph with ` D 1, g D 0. Because of Lemma 2
there is an O.D/-loop of length 2 present. If the graph has one vertex, there is only
one possibility. It is the cycle graph with one tadpole added, also referred to as the
infinity graph, depicted in Figure 20.

If it has more than one vertex and is connected, then the O.D/-loop of length
2 necessarily has to go through two vertices and is contained in an N-dipole and
the graph will be of the form as the graph on the left-hand side of Figure 21. The
planarity condition necessarily yields this form of the graph. One can easily prove
that6 removing the O.D/-loop of length 2 and its associated two vertices, as depicted

6By planarity of the graphs in Figure 21, g D 0 before and after. v will decrease by 2
whereas ' will increase by 2, leaving ` invariant.
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Figure 20. The infinity graph.

Figure 21. Removal of an O.D/-loop of length 2. Grey discs represent any subgraphs.

in Figure 21, does not change ` or g. Therefore, we obtain again a planar (g D 0)
graph with ` D 1. Consequently, the resulting graph contains an O.D/-loop of length
2. We can again remove from the resulting graph the O.D/-loop of length 2 without
changing ` or g. By continuing this procedure of removing an O.D/-loop with length
2 and its associated two vertices while keeping ` and g invariant, we end up with a
planar graph with ` D 1 and only one vertex.

By reversing this reasoning, one can conclude that a graph with ` D 1, g D 0 can
be constructed from the infinity graph by adding O.D/-loops of length 2. In this case,
these O.D/-loops of length 2 are necessarily part of a melonic two-point function,
owing to the fact that only in one of the grey discs in Figure 21, there exists a tadpole
and the other grey disc only contains melons. In conclusion, the resulting graph is the
infinity graph decorated with melons. Therefore, in schemes, we just proved that the
infinity graph shown in Figure 20 is the only ` D 1, g D 0 scheme7. If we recover the
edge orientation assignment in the infinity graph, we obtain two possibilities for the
infinity graph which are depicted in Figure 17.

Consider a planar graph with ` D 2. If an O.D/-loop of length two exists, we
can repeat part of the reasoning from the case for ` D 1 and remove O.D/-loops of
length two iteratively while keeping ` and g invariant. The resulting graph contains
no O.D/-loops of length 2 and thus should only contain O.D/-loops of length 4, as
explained in Lemma 5. By reversing this argument, we can conclude that every graph
is built from .4; 4; : : : ; 4/ graphs by sequentially adding O.D/-loops of length 2.

In order to discuss the possible configurations of .4; 4; : : : ; 4/ graphs, we first
consider the possible configurations of a single O.D/-loop of length 4 appearing in
a planar graph. Suppose that the O.D/-loop of length 4 contains two vertices. Then,
ignoring orientations of the edges for the moment, we have only two possibilities,
depicted in Figure 22. They can be constructed from the cycle graph by adding two
tadpoles.

7In [22], they have proven also that the infinity graph is the only ` D 1, g D 0 scheme.
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Figure 22. Simplest planar graphs of the configuration .4;4; : : : ;4/with `D 2with two vertices.

(a) (b) (c)

Figure 23. Building blocks of .4; 4; : : : ; 4/ graphs.

Secondly, suppose that the O.D/-loop contains three vertices. Then, we can dis-
tinguish two cases given as the first two subgraphs (a) and (b) in Figure 23. They can
be thought of as the cycle graph with one tadpole added. Finally, suppose that the
O.D/-loop contains four vertices. Then, the only possible O.D/-loop one can form
is the subgraph drawn on the right (c) in Figure 23. Note that these O.D/-loops are
only subgraphs of a general graph; hence, we let the vertices with their respective free
half-edges drawn.

The O.D/-loops of length 4 just described and depicted in Figure 23 can be
thought of as the building blocks from which one constructs a general .4; 4; : : : ; 4/
graph. We distinguish two cases below, by heavily relying on the planarity condition.

If the graph does not contain a tadpole, it must only contain O.D/-loops of length
4 as (c) of Figure 23. If an O.D/-loop contains two non-adjacent vertices of another
O.D/-loop, there is only one possibility, in order not to break planarity. The graph
is depicted on the left side of Figure 24. The only other possibility when no tadpole
is present, is the graph obtained by linking the O.D/-loops together to form a closed
chain. It can be easily redrawn with the use of an L- or R-ladder-vertex on the right
side of Figure 24.

We now describe how any .4; 4; : : : ; 4/ graph with tadpoles can be constructed.
Throughout the construction procedure below, we keep relying on the planarity con-
dition. The graph contains a tadpole; hence, it contains an O.D/-loop of either (a) or
(b). We now have two vertices, each with two free half-edges. One can add to this
O.D/-loop of (a) or (b), another O.D/-loop of the same kind. Then, there are no free
half-edges left and the procedure is finished as illustrated in Figure 25.

Instead, one can also add the O.D/-loop of length four without a tadpole as drawn
as (c) in Figure 23 Then, there are still two free half-edges and the procedure contin-
ues. A priori, there are two possibilities, but due to the planarity condition, adding (c)
in the way that is illustrated in Figure 26 is not allowed. Whatever O.D/-loop you
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L R
ŠŠ

Figure 24. Graphs with `D 2 and no tadpoles. The third and the fourth graphs and their corres-
ponding schemes are obtained from the second graph from the left decorated with orientations
on edges.

(a)

Figure 25. A construction of .4; 4; : : : ; 4/-graph with tadpoles. Here, we start with the subgraph
(a) in Figure 23, and add another (a). Presently, there are no specifications on the orientations
on the edges, therefore, the dipoles contained in this Feynman graph can either be L or R.

(a)

Figure 26. A forbidden configuration which will necessarily end up with a non-planar graph.

add next (either (a), (b), (c), or an O.D/-loop of length 2), the resulting graph will
necessarily be non-planar.

Therefore, we are only left with one specific way in adding an O.D/-loop without
a tadpole (i.e., (c)) as drawn in the first step in Figure 27. We continue the procedure
by adding (c)’s. The procedure ends by adding an O.D/-loop with a tadpole (i.e., (a)
or (b)) similarly to the minimal case in Figure 25. We end up with a ladder containing
L- and/or R-dipoles with a tadpole on either end. An example of this procedure is
displayed in Figure 27, where first, two (c)’s are added, then subsequently an (a) or
(b) is added to end the procedure. In this Figure 27, it is also shown how the resulting
graph can be expressed in terms of dipoles.

One can therefore construct general planar graphs with `D 2 from the .4;4; : : : ; 4/
graphs by adding O.D/-loops of length 2 that do not change the genus. In the case
where there are no tadpoles present (e.g., graphs in Figure 24) these O.D/-loops
will be part of a melonic two-point function, because of planarity. In the case where
tadpoles are present in both grey discs in Figure 21 (the rightmost graph of Figure 27
is such an example), adding such non-melonic O.D/-loops, amounts to adding N-
dipoles to the ladder (which can be possibly empty). (See Figure 28 for an example.)
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Š
(a)

Figure 27. Example of construction of .4; 4; : : : ; 4/-graph with tadpoles. Presently, there are no
specifications on the orientations on the edges, therefore, the dipoles contained in this Feynman
graph can either be L or R.

Š

Figure 28. Example of adding a non-melonic O.D/-loop of length 2 to a .4; 4; : : : ; 4/ graph.
We identified Figure 21’s grey discs on the left graph for illustration.

All possible schemes of graphs with ` D 2, g D 0 are given in Figure 19, after
recovering the orientation assignment on edges.

By plugging ` D 1 and g D 1 into equation (7), we obtain the following relation:

' D
v C 3

2
:

This relation implies that the number of vertices should be odd.

Theorem 2. For ` D 1 and g D 1, there are four 2PI schemes as given in Figure 29
and 36 2PR schemes as given in Figure 30.

Proof. Consider melon-free Feynman graphG of `D 1 genus one and SG its scheme.

(` D 1, 2PI). We begin by assuming that G is 2PI. According to Corollary 1, there
must be a connecting (type I) N-dipole in G. Because of Lemma 4, this N-dipole
must be connecting (type I) (a separating one would violate the 2PI condition). Fur-
thermore, the maximal extension of this N-dipole in G is either the N-dipole itself or
a maximal N-ladder (a B-ladder is necessarily separating by Lemma 4), which corres-
ponds to an N-dipole or an N-vertex in SG . The contraction of the maximal extension
of this connecting N-dipole with �` D 0 and �g D �1 yields a ` D 1 Feynman
graph G0 of genus zero using equation (15) or (18) with � D �1 (by the connecting
property).

Now, if G0 is not melon-free, we must be in one of the configurations shown in
Figures 14a, 14b, 14c. However, the configuration 14a is excluded by the maximality
of X , while both configurations 14b and 14c yield 2PR graphs G. Therefore, G0 must
be melon-free.
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zNozNo

Figure 29. All ` D 1, g D 1 2PI schemes. There are four schemes of 2PI ` D 1 and g D 1 in
total. zNo 2 ¹N-dipole;Noº.
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Figure 30. All ` D 1, g D 1 2PR schemes. There are 36 schemes of ` D 1 and g D 1 in total.
Y 2 ¹L-dipole;R-dipole;L;R;Ne;Bº. zNo 2 ¹N-dipole;Noº.

Let us analyze further ` D 1 and 2PI graphs G keeping in mind that G0 must
be melon-free. If G0 is melon-free, it must be the infinity graph which can be either
clockwise or counter-clockwise; and the orientation of the edges imposes that the
contraction involved is an N-dipole or an No-ladder. As a result, SG can be one of the
graphs in Figure 31.

(` D 1, 2PR). We will now assume that G is 2PR. We distinguish two cases.
In the first case, G contains a separating dipole. We call X its maximal extension

and consider its contraction. We call the two resulting graphs G1 and G2.
In the second case, G does not contain a separating dipole. It still contains a two-

edge-cut because it is 2PR. We perform the flip operation as described in Lemma 1
and call the resulting graphs G1 and G2.

In both cases, the following equations hold, `.G1/C `.G2/D `.G/ and g.G1/C
g.G2/ D g.G/, as discussed in Propositions 3 and 4 in the first case and in Lemma 1
in the second case. Since g.G/ D 1, we can assume without loss of generality that
g.G1/ D 0 and g.G2/ D 1.

A priori, there are two options.

(a) g.G1/D 0, `.G1/D 0 and g.G2/D 1, `.G2/D 1. Therefore,G1 is the cycle
graph, possibly decorated with melons. Since G is melon-free, it is easy to
see that G1 should be melon-free as well because of the maximality of X in
the first case and because of the non-existence of a separating dipole in the
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zNo

zNo

C D

C D

G0 D

G0 D

N

N

Figure 31. The schematic instruction on how to obtain the only 2PI ` D 1, g D 1 schemes
given in Figure 29, starting with `D 1, g D 0 schemes G0 on the left. One cuts the edges where
scissors are placed, and insert a connecting N-dipole, or a connecting N-ladder-vertex accord-
ingly. The red dotted lines indicate the paths of O.D/-strands. zNo 2 ¹N-dipole;Noº. Notice that
for illustration, we have used two different infinity graphs (clockwise and counter-clockwise),
however, once two cuts are performed, their resulting graphs are identical. Nevertheless, after
the insertion of a connecting N, we will obtain all four distinct schemes drawn above.

second case. Thus, G1 is the melon-free cycle graph. This implies that G is
not melon-free in the first case, while in the second case, this configuration
(where zG1 D ; in Figure 13) is not permitted by the definition of a two-edge-
cut. In conclusion, option (a) cannot occur.

(b) g.G1/ D 0, `.G1/ D 1 and g.G2/ D 1, `.G2/ D 0. Thus, G1 is the infinity
graph of either clockwise or counterclockwise, possibly decorated with mel-
ons, and there is also only one possible G2 which is S1 (given in Figure 16),
possibly decorated with melons.

Therefore, in the end, we omit case (a) and we only have one possibility, which is (b)
above. Let us examine case (b) further below.

Suppose G1 or G2 contains a melonic subgraph.

• In the first case, this would violate either the maximality of X (see Figure 14a) or
the assumption that G is melon-free.

• In the second case, this would violate either the assumption that G does not con-
tain a separating dipole or the assumption that G is melon-free.

Therefore, we conclude that neither G1 nor G2 contains a melonic subgraph.
Then, the only possibilities are given in Figure 32 below.
This concludes that for ` D 1 and g D 1, we have 36 2PR schemes listed in Fig-

ure 30, in addition to the only 2PI four schemes shown in Figure 29.
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Figure 32. ` D 1, g D 1 2PR schemes of G (on the right), which are generated by inserting a
separating dipole or separating ladder intoG1 (infinity graphs given in Figure 17) andG2 D S1
given in Figure 16. zNo 2 ¹N-dipole;Noº, Y 2 ¹L-dipole;R-dipole;L;R;Neº. Note that we have
taken advantage of the flexibility in where cuts can be made (scissor placement) to represent
graphs in our chosen form. See Figure 76 in Appendix A for the isomorphisms of the graphs
with cuts.
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Theorem 3. For ` D 2 and g D 1, there are 42 2PI schemes as given in Figure 33 in
addition to more 2PR schemes.

Proof. Let G be a melon-free Feynman graph of `D 2 genus one and SG its scheme.

(` D 2, 2PI). We first assume that G is 2PI. By Lemma 4, there necessarily exists a
non-separating (either connecting (type I, � D �1) or rearranging (type II, � D 0))
N-dipole in G (a separating one would break the 2PI condition). Furthermore, the
maximal extension of this N-dipole in G is either the N-dipole itself or a maximal
N-ladder, respectively (a B-ladder is necessarily separating by Lemma 4), which
translates into an N-dipole or an N-vertex in SG , respectively. Using equation (15)
or (18),

(1) the contraction of the maximal extension of this connecting (� D �1) N-
dipole of type I with�`D 0 and�g D �1 yields a `D 2 Feynman graph G0

of genus zero,

(2) whereas the contraction of the maximal extension of the rearranging (� D 0)
N-dipole of type II with �` D �2 and �g D �1 yields a ` D 0 Feynman
graph G0 of genus zero.

For both (1) and (2) above, if G0 is not melon-free, we must be in one of the
configurations shown in Figures 14a, 14b, or 14c. However, the configuration 14a is
excluded by the maximality of X , while configurations 14b and 14c yield 2PR G.
Therefore, G0 must be melon-free.

Now, let us further examine the above cases (1) and (2) separately keeping in mind
that G0 is melon-free.

(1) If G0 (can be either 2PI or 2PR a priori) is melon-free, it must be either S2;01 ,
S
2;0
2 , or S2;03 given in Figures 18 and 19. We explicitly show in Figures 34, 35,

36, and 37 all possible operations of inserting a connecting N (either N-dipole,
Ne-ladder-vertex or No-ladder-vertex) to an `D 2, gD 0 scheme, respectively,
S
2;0
1 (2PI), S2;02 of L-type (2PI), S2;02 of R-type (2PI), and S2;03 (2PR) to

produce 2PI schemes of `D 2 and g D 1. In all of Figures 34, 35, 36, and 37,
the red scissors indicate where we cut and insert a connecting N, whereas
the red dotted lines indicate the O.D/-loops. Based on Remark 6, listing all
possible cuts is sufficient; however, there can be isomorphisms between the
resulting schemes, and we need to identify them. Refer to Appendix A for
isomorphisms of schemes. We finally list all the distinct schemes generated
by such operations in Figure 33.

(2) If G0 is melon-free, it must be the cycle graph.
We explicitly demonstrate in Figure 38 how to generate the scheme of ` D 2
g D 1 by inserting a rearranging N.
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Figure 33. All ` D 2, g D 1 2PI schemes. There are 42 2PI schemes of ` D 2 and g D 1 in
total. zL 2 ¹L-dipole;Lº, zR 2 ¹R-dipole;Rº, zNo 2 ¹N-dipole;Noº.
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Figure 34. We obtain an `D 2, g D 1 2PI scheme by inserting a compatible connecting N to an
`D 2, gD 0 2PI scheme, S2;0

1
. zNo 2 ¹N-dipole;Noº. Note that if we insert only one N-dipole as

in the top two rows, the resulting graphs happen to be isomorphic. See Figure 78. See Figure 77
for additional isomorphism of graphs related to the graphs listed here.
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Figure 35. All possible procedures of how we obtain ` D 2, g D 1 2PI schemes by inserting
a connecting N to ` D 2, g D 0 2PI scheme, S2;0

2
of L-type in Figure 18. See Figure 79 for

isomorphisms of S2;0
2

of L-type with two cuts identified. zL 2 ¹L-dipole;Lº. On the second row,
in principle, we can also start with ; in replacement with zL in S2;0

2
, however, then, this graph

with two identified cuts is isomorphic to the graph on the top row with two L-rungs in L (see
Figure 80). Similarly, on the third, fourth, and fifth rows, in principle, we can also start with
; in replacement with zL in S2;0

2
, however, the resulting schemes will be 2PR, so we will not

list them here. In the last two rows, although it is not obvious, two operations will yield the
isomorphic scheme.
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Figure 36. All possible procedures of how we obtain ` D 2, g D 1 2PI schemes by inserting
a connecting N to ` D 2, g D 0 2PI scheme, S2;0

2
of R-type in Figure 18. See Figure 79 for

isomorphisms of S2;0
2

of R-type with two cuts identified. zR 2 ¹R-dipole; Rº. On the second
row, in principle, we can also start with ; in replacement with zR in S2;0

2
, however, then, this

graph with two identified cuts is isomorphic to the graph on the top row with two R-rungs in
R (see Figure 80). Similarly, on the third, fourth and fifth rows, in principle, we can also start
with ; in replacement with zR in S2;0

2
, however, the resulting schemes will be 2PR, so we will

not list them here. In the last two rows, although it is not obvious, two operations will yield the
isomorphic scheme.
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Figure 37. We show how to obtain an ` D 2, g D 1 2PI scheme by inserting a connecting N to
an ` D 2, g D 0 2PR scheme, S2;0

3
(2PR) given in Figure 19. zNo 2 ¹N-dipole;Noº.

zNo

NC D

Figure 38. We obtain an ` D 2, g D 1 2PI scheme by inserting a rearranging N to the ` D 0,
g D 0 cycle graph. The red scissors indicate where we cut and insert a connecting N, and the
red dotted line indicates the O.D/ path. zNo 2 ¹N-dipole;Noº.
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(` D 2, 2PR). We now assume that G is 2PR.
We distinguish two cases.
In the first case, G contains a separating dipole. We call X its maximal extension

and consider its contraction. We call the two resulting graphs G1 and G2.
In the second case, G does not contain a separating dipole. It still contains a two-

edge-cut because it is 2PR. We perform the flip operation as described in Lemma 1
and call the resulting graphs G1 and G2.

In both cases, the following equations hold, `.G1/C `.G2/D `.G/ and g.G1/C
g.G2/ D g.G/, as discussed in Propositions 3 and 4 in the first case and in Lemma 1
in the second case. Since g.G/ D 1, we can assume without loss of generality that
g.G1/ D 0 and g.G2/ D 1.

A priori, there are three possibilities.

(a) g.G1/ D 0, `.G1/ D 0 and g.G2/ D 2, `.G2/ D 2. Hence, G1 is the cycle
graph, possibly decorated with melons. Since G is melon-free, it is easy to
see that G1 should be melon-free as well because of the maximality of X in
the first case and because of the non-existence of a separating dipole in the
second case. Thus, G1 is the melon-free cycle graph. This implies that G is
not melon-free in the first case, while in the second case, this configuration
(where zG1 D ; in Figure 13) is not permitted by the definition of a two-edge-
cut. In conclusion, option (a) cannot occur.

(b) g.G1/ D 0, `.G1/ D 2 and g.G2/ D 1, `.G2/ D 0. Therefore, G1 is one
of corresponding graphs from Figures 18 and 19. The graph G2 is S1 in
Figure 16, possibly decorated with melons.

(c) g.G1/ D 0, `.G1/ D 1 and g.G2/ D 1, `.G2/ D 1. Thus, G1 is the infinity
graph, possibly decorated with melons, and G2 is either one of correspond-
ing 2PI graphs given in Figure 29 or corresponding 2PR graphs given in
Figure 30.

Therefore, a posteriori, (a) must be omitted, and we only have two possibilities, (b)
and (c), from above. In both of these cases (b), (c), let us analyze the situation further.

Suppose G1 or G2 contains a melonic subgraph.

• In the first case, this would violate either the maximality of X (see Figure 14a) or
the assumption that G is melon-free.

• In the second case, this would violate either the assumption that G does not con-
tain a separating dipole or the assumption that G is melon-free.

Therefore, we conclude that G1 nor G2 cannot contain a melonic subgraph. Then,
we show specific examples below of 2PR ` D 2 graphs. For (b), Figure 39 shows
an example, and more examples can be found in Figure 81 in Appendix B. For (c),
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Figure 39. 2PR schemes obtained from combining a ` D 2 and g D 0 scheme with a ` D 0

and g D 1 scheme via a separating dipole or a ladder-vertex or a two-edge-connection. zNo 2

¹N-dipole;Noº. See more in Figure 81.

C X;;
No No

X;;
C D

Figure 40. 2PR schemes obtained from combining a `D 1 and gD 0 infinity graph with a `D 1
and g D 1 scheme via a separating dipole or a ladder-vertex. Orientations on edges are ignored
in this illustration. X 2 ¹N-dipole;L-dipole;R-dipole;Ne;No;L;R;Bº. See more in Figure 82.

Figure 40 illustrates an example, and another example can be found in Figure 82 in
Appendix B.

This concludes that, in the end, we show some 2PR graphs for `D 2 and g D 1 in
Figures 39 and 40, in addition to the only 2PI ones (42 of them) shown in Figure 33.

From the families of `D 1 and `D 2melon-free Feynman graphs of genus g0 <g,
the following theorem provides a method for constructing all of the ` D 1 and ` D 2
melon-free Feynman graphs of any genus g.

Theorem 4. We have the following.

` D 1. LetG be a connected and melon-free Feynman graph such that `.G/D 1 and
g.G/ D g � 2.

(` D 1, 2PI). Suppose first that G is 2PI. Then, it can be obtained by insertion of a
connecting N-dipole or N-ladder into an ` D 1, connected, and melon-free Feynman
graph of genus g � 1.

(` D 1, 2PR). Suppose instead that G is 2PR. Then, G can be obtained by insertion
of a separating dipole, a separating ladder, or a two-edge-connection in between
connected and melon-free Feynman graphsG1 andG2 with `.G1/D 1 and `.G2/D 0
such that

0 6 g.G1/ < g; 0 < g.G2/ 6 g; g.G1/C g.G2/ D g:



Classification of higher grade ` graphs for U.N /2 � O.D/ multi-matrix models 323

` D 2. Let us now suppose G be a connected and melon-free Feynman graph such
that `.G/ D 2 and g.G/ D g � 2.

(` D 2, 2PI). Suppose first that G is 2PI. Then, it can be obtained by insertion of
either

• a connecting N-dipole or N-ladder into an `D 2, connected and melon-free Feyn-
man graph of genus g � 1,

• a rearranging N-dipole or N-ladder into an `D 0, connected and melon-free Feyn-
man graph of genus g � 1.

(` D 2, 2PR). Suppose instead that G is 2PR. Then, one of these two conditions
holds:

• G can be obtained by insertion of a separating dipole, a separating ladder, or
a two-edge-connection in between connected and melon-free Feynman graphs G1
andG2 with `.G1/D 2 and `.G2/D 0 such that 06 g.G1/6 g � 1, 0 < g.G2/6
g, and g.G1/C g.G2/ D g,

• G can be obtained by insertion of a separating dipole, a separating ladder, or
a two-edge-connection in between ` D 1, connected, and melon-free Feynman
graphs G1 and G2 such that g.G1/C g.G2/ D g.

Proof. We prove by generalizing the arguments of Theorems 2 and 3.

` D 1. Let us consider `.G/ D 1 first.

(` D 1, 2PI). If G is 2PI, there exists a connecting N-dipole in G, which can be
maximally extended. Contracting the resulting N-dipole or N-ladder X yields a `D 1
Feynman graph G0 of genus g.G0/ D g � 1. Furthermore, G0 is necessarily melon-
free because the three configurations of Figure 14 are all excluded: configuration 14a
because X is maximal, configurations 14b and 14c because G should be 2PI but 14b
and 14c necessarily give G to be 2PR. This proves the first part of the proposition.

(` D 1, 2PR). Let us suppose that G is 2PR and discuss two distinct situations.

• Suppose first that G does not contain a separating dipole. Since G is 2PR, it must
still contain a two-edge-cut .e; e0/. By Lemma 1, performing a flip on .e; e0/ yields
two Feynman graphs G1 and G2 such that `.G1/ D 1, `.G2/ D 0 without the
loss of generality. However, we cannot have g.G2/ D 0 because then it is not
allowed by the definition of the two-edge-cut. Therefore, g.G1/ < g and g.G1/C
g.G2/D g. As in Theorem 2,G1 andG2 are necessarily melon-free; otherwise, it
would imply that there was a separating dipole in G or that G was not melon-free
to begin with.
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• Assume instead thatG contains a separating dipole. As in Theorem 2, we proceed
to contracting its maximal extension X , itself a separating dipole or a separat-
ing ladder. The two resulting Feynman graphs G1 with `.G1/ D 1 and G2 with
`.G2/ D 0 are again melon-free. However, again, g.G2/ D 0 is excluded because
then, it means that G has a melon. Therefore, they obey

g.G1/ < g and g.G1/C g.G2/ D g:

This concludes the proof for `.G/ D 1.

` D 2. Let us now consider `.G/ D 2.

(` D 2, 2PI). If G is 2PI, there exists either

• a connecting N-dipole in G, which can be maximally extended, or

• a rearranging N-dipole in G, which can be maximally extended.

Furthermore, the consequences of both cases above follow. Contracting the result-
ing connecting (resp., rearranging) N-dipole or N-ladder (in Figure 14, they may be
denoted byX (resp.,X or zX )) yields a Feynman graphG0 of genus g.G0/D g� 1> 1
with `D 2 (resp., `D 0). Furthermore,G0 is necessarily melon-free because the three
configurations of Figure 14 are all excluded: configuration 14a becauseX is maximal,
configurations 14b and 14c because G should be 2PI by assumption but 14b and 14c
necessarily give G to be 2PR.

(` D 2, 2PR). Let us suppose that G is 2PR. We will distinguish two cases:

• G does not contain a separating dipole. SinceG is 2PR, it must still contain a two-
edge-cut .e; e0/. By Lemma 1, performing a flip on .e; e0/ yields two Feynman
graphs G1 and G2,

• G contains a separating dipole. As in Theorem 3, we proceed to contracting its
maximal extension X , itself a separating dipole or a separating ladder, which will
result in the two resulting Feynman graphs G1 and G2.

In both of the cases above, without loss of generality, G1 and G2 will obey either
cases:

• `.G1/ D 2, `.G2/ D 0. However, we cannot have g.G2/ D 0, because

– for the case G does not contain a separating dipole, it is not allowed by the
definition of the two-edge-cut,

– for the case G contains a separating dipole, it means that G had a melon.

Therefore, g.G1/ < g and g.G1/C g.G2/ D g.

• `.G1/ D 1, `.G2/ D 1. And, g.G1/C g.G2/ D g.
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Theorem 4 is a key result of this paper. It provides a constructive way of generating
all the ` D 1 and ` D 2 Feynman graphs, order by order in the genus and starting at
genus one, by application of the following algorithms.

Algorithmic construction of all ` D 1; 2 graphs.

(1) Assume that the set yEg0;`D1 (resp., yEg0;`D2) melon-free Feynman graphs of
genus g0 � g � 1 has been constructed. Additionally, note that in [6], the
authors have already constructed the set yEg0;`D0, 8g0 > 0, which is necessary
to construct all ` D 2 graphs.

(2) Construct the set yE2PI
g;`D1

(resp., yE2PI
g;`D2

) of 2PI melon-free Feynman graphs
of genus g by inserting a connecting N-dipole or N-ladder into any element
of yEg�1;`D1 (resp., by inserting either

• a connecting N-dipole or N-ladder into any element of yEg�1;`D2, or

• a rearranging N-dipole or N-ladder into any element of yEg�1;`D0)

in any possible way that yields a 2PI graph. Pay attention that it is possible
that the graph before the insertion is 2PR, yielding a 2PI graph. Therefore, it
is necessary to start from elements of yE as opposed to yE2PI for both ` D 1
and ` D 2.

(3) Construct the set yE2PR
g;`D1

(resp., yE2PR
g;`D2

) of 2PR melon-free Feynman graphs
by inserting a separating dipole, a separating ladder, or a two-edge-connection
in between any element of yEg1;`1D1 and yEg2;`2D0 such that g1 C g2 D g and
g1 < g (resp., in between any element of either

• yEg1;`1D2 and yEg2;`2D0 such that g1 C g2 D g and g1 < g, or

• yEg1;`1D1 and yEg2;`2D1 such that g1 C g2 D g)

in any possible way.

(4) Obtain the set yEg;`D1D yE2PR
g;`D1

[ yE2PI
g;`D1

(resp., yEg;`D2D yE2PR
g;`D2

[ yE2PI
g;`D2

)
of all melon-free Feynman graphs of genus g.

(5) Finally, insert arbitrary melonic Feynman graphs on the edges of any element
in yEg;`D1 (resp., yEg;`D2) to obtain the set Eg;`D1 (resp., Eg;`D2) Feynman
graphs (see the fourth bullet in Remark 1).

4. Classification for ` D 3 with g D 0

This discussion follows a similar approach as in the planar case for ` D 1 and ` D 2.
By plugging ` D 3 and g D 0 into equation (7), we obtain the following relation:

' D
v � 1

2
:
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e e

Figure 41. Example of distinct tadpole (labeled by e) embeddings.

This relation implies that the number of vertices should be odd.

Lemma 6. For each graph with ` D 3, g D 0, it either contains at least one O.D/-
loop of length 2 or has O.D/-loop configuration .4; 4; : : : ; 4; 6/.

Proof. The proof is very similar to the proof of Lemma 5. Consider a planar graph
with `D 3 that does not contain an O.D/-loop of length two and does not have O.D/-
loop configuration .4; 4; : : : ; 4; 6/. Then, because li is even, the smallest possible e is
obtained when e D 4' or e D 4' C 4. These expressions of e give successively the
following two equations:

e D 4' D 4

�
v � 1

2

�
D 2v � 2 < 2v;

e D 4' C 4 D 4

�
v � 1

2

�
C 4 D 2v C 2 > 2v: (29)

Because the graphs we are considering are 4-regular, we have that e D 2v. This gives
a contradiction in both cases; hence, the statement is proved.

In the following, we should distinguish different embeddings of a tadpole, as illus-
trated in Figure 41.

Theorem 5. For ` D 3 and g D 0, there are four 2PI schemes as listed in Figure 42.
Up to tadpole embeddings and orientations of the edges, all the 2PR graphs are listed
in Figure 43.

Proof. In the proof, we ignore the tadpole embeddings and the orientations of the
edges, as they can be recovered paying attention to the definition of scheme isomorph-
ism given in Definition 9. Additionally, we heavily rely on the planarity condition,
similarly as we did in the earlier proofs.

Consider a planar graph with ` D 3. If an O.D/-loop of length two is present, we
can remove iteratively the O.D/-loops of length two, while keeping ` and g invariant,
as described in Figure 21. The resulting graph does not have any O.D/-loops of length
2 and hence should have O.D/-loop configuration .4; 4; : : : ; 4; 6/, as explained in
Lemma 6. By reversing this argument, we can conclude that every graph is constructed
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L

R

Figure 42. All possible 2PI schemes for ` D 3, g D 0. Note that if we replace the L-vertex
(resp., R-vertex) with an L-dipole (resp., R-dipole) in the top (resp., bottom) left scheme, then
it is isomorphic to the right graph on the top (resp., bottom).

Y;;

Y;;Y;;Y;;

Y;;Y;;

Y
;;

Y;;Y;;

Y;;

Y;;

Figure 43. All possible 2PR graphs for ` D 3, g D 0, up to tadpole embeddings and up to
orientations of edges. Note that the drawing on the top row with {I (as defined in Figure 44)
suggests the existence of a series of {I rungs of two or more. Depending on the orientations of
the edges assigned, they can be either L-, or R-ladder vertices. The notation Y in this figure
can include any non-empty collection of elements of ¹{I; {O; {Nº (described in Figure 44) in any
quantity, combination, and order. Depending on the orientation of the edges, Y can become L-,
R-, or B-ladder vertices.

LI LO LN
Figure 44. We define dipoles {I, {O, and {N, without orientations of edges.
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Figure 45. O.D/-loops of length 6 containing 3 vertices.

(a) (b) (c)

Figure 46. O.D/-loops of length 6 containing 4 vertices.

from .4; 4; : : : ; 4; 6/ graphs by consecutively adding O.D/-loops of length of 2. All
possible O.D/-loops of length 4 are discussed in the proof of Theorem 1. We now
study the O.D/-loops of length 6, which are found empirically (a different proof is
addressed in Theorem 7).

An O.D/-loop of length six contains at least three vertices. In this minimal case,
there are three possibilities depicted in Figure 45. The first two graphs are similar to
the ones displayed in Figure 22. They can be constructed from the cycle graph by
adding three tadpoles. The third graph stands out, as it does not have a tadpole.

Secondly, suppose the O.D/-loop contains four vertices. Then, the only possible
graphs are the ones in Figure 46, up to tadpole embeddings. Because they must contain
a tadpole, they can be formed from the first two O.D/-loops of length 4 in Figure 23
by adding a tadpole.

Thirdly, suppose the O.D/-loop contains five vertices. Then, when the O.D/-loop
contains a tadpole, it can be formed by adding a tadpole to the O.D/-loop on the right
of Figure 23. The resulting O.D/-loop is displayed on the left, i.e., (a) in Figure 47.
When there are no tadpoles present, the only possibilities are given in the middle (b)
and on the right of Figure 47. In the case for planar graphs with ` D 3, these latter
two subgraphs are equivalent.

Finally, suppose the O.D/-loop contains six vertices. Then, the only possible
O.D/-loop one can form is the subgraph drawn in Figure 48.

We now have described all the possible configurations for O.D/-loops of length
6. The graphs in question are constructed by adding O.D/-loops of length 4 to the
O.D/-loop of length 6, as was done in the case for ` D 2 in Figure 27. X in the



Classification of higher grade ` graphs for U.N /2 � O.D/ multi-matrix models 329

(a) (b)

Figure 47. O.D/-loops of length 6 containing 5 vertices.

Figure 48. An O.D/-loop of length 6 containing 6 vertices.

X X;; X

(a’) (b’) (c’)

Figure 49. Graphs ignoring tadpole embeddings and the orientations on edges with ` D 3 and
g D 0 and O.D/-loop structure .4; 4; : : : ; 4; 6/, where the O.D/-loop of length 6 contains 4
vertices. (a’), (b’), and (c’) graphs are derived from (a), (b), and (c), respectively, in Figure 46.

following Figures 49, 52, and 54, denotes any non-empty collection of elements from
¹{I; {Oº in any amount, combination, and sequence. We distinguish three cases.

(I) Suppose that the O.D/-loop of length six is of the form as one of the O.D/-
loops given in Figure 46. Then, the procedure of adding O.D/-loops of length 4 is
identical to the case where ` D 2, as described in Figure 27 as an example. As dis-
cussed earlier, once orientations of edges are assigned, it results in a ladder with only
L- and/or R-dipoles ending in a tadpole. The possible graphs, before assigning orient-
ations of edges, are given in Figure 49.

(II) Suppose that the O.D/-loop of length six is of the form as one of the O.D/-
loops given in Figure 47. Then, the procedure of adding O.D/-loops of length 4 is
nearly identical to the case where ` D 2, except that now we have four free vertices
rather than two. Note that we can only add an O.D/-loop in a certain way, namely, to
pair the blue with blue and the red with red vertices without mixing them (as labeled
in Figures 51 and 52) due to the planarity condition (see in Figure 50 a forbidden way
of inserting an O.D/-loop in (b) of Figure 47).

Therefore, respecting the planarity condition (i.e., pairing only blue (resp., red)
with blue (resp., red) vertices), either one can add only O.D/-loops of length four
each without a tadpole that make a closed chain (see Figure 51 and the left column
of the resulting graphs in Figure 52), or one performs the same procedure explained
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Figure 50. This graph is non-planar.

Š!
L R

Š
(b)

Figure 51. Adding only O.D/-loops of length four each without a tadpole to the O.D/-loop
structure (b) in Figure 47 makes a closed chain. The resulting graphs after recovering the ori-
entations on edges are either two on the right side, corresponding to the two schemes above and
they are identified to be 2PI.

for Figure 27, ending up with creating ladders containing only L- or R-dipoles ending
with a tadpole. The resulting latter graphs can be found on the right column of the
resulting graphs presented in Figure 52.

(III) Suppose now the case where the O.D/-loop of length 6 is as in Figure 48.
Then, there are only three possibilities to add O.D/-loops of length 4. In Figure 53 we
indicate the vertices and corresponding half-edges that can be contained in the same
O.D/-loop of length 4 with the same color.

In the first case, i.e., (a) in Figure 53, there is only one possible configuration for
the O.D/-loops added at the red and green half-edges. We then add O.D/-loops of
length 4 to the blue half-edges, following the same procedure depicted in Figure 27.
We end up with (3) in Figure 54.

In the second case, i.e., (b) depicted in Figure 53, we carry out the procedure of
adding O.D/-loops of length 4 to the red, green and blue half-edges, respectively.
We have two possibilities. The first possibility is that each procedure ends by adding
an O.D/-loop of length 4 with a tadpole. Then, we end up with (4) in Figure 54.
Otherwise, one of the procedures (say, starting with red) ends with an O.D/-loop
with a tadpole, while the other two procedures (say, starting at green, and at blue)
connect together to make a closed chain, similar to what was depicted in Figure 24.
We then end up with (2) in Figure 54.

Lastly, the third case, i.e., (c) in Figure 53 is slightly more subtle. We again per-
form the procedure of adding O.D/-loops of length 4 to the red, green, and blue
half-edges, respectively. Again, each procedure of adding O.D/-loops of length 4 can
end by adding an O.D/-loop with a tadpole. Then, we end up with (5) in Figure 54.
Now, we consider how two procedures of adding O.D/-loops of length 4 starting at
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X X

X X

X X

(a)

(b)

(a)

(a)

!

!

!

!

;

;

Figure 52. Graphs (without tadpole embeddings nor orientation assignment on edges) with
` D 3 and g D 0 and O.D/-loop structure .4; 4; : : : ; 4; 6/, where the O.D/-loop of length 6
contains 5 vertices. All cases presented here are 2PR. Colors indicate the pairing of vertices
belonging to the same O.D/-loop when they are added in the procedure described in the text.
On the top two rows, the drawing with {I’s indicates that there are two or more {I’s in sequence.
Depending on the orientations of the edges, it will either become L- or R-ladder vertex.

two different sets of colored half-edges can connect to make a closed chain as in the
previous case. In this case, we are more restricted to how such a closed chain can
occur. Indeed, the procedure of adding O.D/-loops starting at the blue half-edges
cannot be connected together with the procedure starting at the red half-edges, as this
would make it impossible to add an O.D/-loop to the green half-edges while keeping
the graph planar. However, the procedure of adding O.D/-loops starting at the green
half-edges can be connected together with the procedure started at either the red or
blue half-edges. One can check that we then end up with a scheme equivalent to (1)
in Figure 54.

The next step of this proof is similar to the proof for ` D 2. As discussed before,
one can construct general planar graphs with `D 3 from the .4; 4; : : : ; 4; 6/ graphs by
adding O.D/-loops of length 2 that do not change the genus. In the case where there
are no tadpoles present, such O.D/-loops will be melons. In the case where tadpoles
are present, adding such non-melonic O.D/-loops amounts to adding N-dipoles to
the, possibly empty, ladder.
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(a) (b) (c)

Figure 53. Possible ways of adding O.D/-loops of length 4 to this particular O.D/-loop of
length 6.

X XX
X X;;

X

X

X

X

.1/ .2/

.3/ .4/ .5/

Figure 54. Graphs (without tadpole embeddings nor orientations on edges) with ` D 3 and
g D 0 and O.D/-loop structure .4; 4; : : : ; 4; 6/, where the O.D/-loop of length 6 contains 6
vertices.

To summarize, all the 2PR schemes with gD 0 and `D 3, ignoring the orientations
of the edges, are given in Figure 43. Recovering the orientations of the edges for 2PI
schemes we list all the 2PI schemes for g D 0 and ` D 3 in Figure 42.

5. Toward classification of ` > 3 with g D 0

This section covers the enumeration of 2PI melon-free graphs with grade ` greater
than 3. More precisely, we find all graphs with O.D/-loop configurations .4; 4; : : : ;
4; 2`/ for ` D 4; 5; 6. The illustrations are provided in figures, read from left to right
as the first, second, third (etc.) graphs. We finally deduce how to enumerate the 2PI
melon-free graphs with a single O.D/-loop and arbitrary grade after connecting to
alternating knot diagrams.

Let us denote by pi (an even number) and p.n;m/ D .p1; : : : ; pm/ a partition of
n in m elements with n D

Pm
iD1 pi and by p.n;m/>k a partition in which each pi is

greater than k.

Theorem 6. Let G be a graph with grade ` and ' number of O.D/-loops.

(1) If ` > ' C 2 then G has O.D/-loop configurations p.2.l C 2i/; i C 1/; i D
0; : : : ; ` � 4.
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Figure 55. Some schematic representations of ` D 4 and ' D 1 graphs.

(2) Else, G contains an O.D/-loop of length 2 or has O.D/-loop configurations
of the form .4; 4; : : : ; 4; p.2.`C 2.i � 1//; i/>2/; i D 1; : : : ; ` � 2.

Proof. (1) For ` > ' C 2, ' is clearly at most ` � 3 and therefore any O.D/-loop
configuration is a partition of E in 1; 2; : : : or ` � 3 elements. Then, ' D i C 1 in the
first equation in (7) gives E D 2v D 2`� 4C 4.i C 1/D 2.`C 2i/ ending the proof
of the first item.

(2) We now assume that ` � ' C 2 andG contains no O.D/-loop of length 2. The
smallest value of E is obtained if every O.D/-loop but the fewest possible has length
4. The maximum numberm of O.D/-loops with length greater than 4 is at most `� 2.
Otherwise, if m > ` � 2 then E D 4.' �m/C

Pm
tD1 li with li � 6 for all i . Then,

E D 2v � 4.' �m/C 6m D 4' C 2m > 4C 2v � 2`C 2` � 4 D 2v which gives
a contradiction.

If the O.D/-loop configuration has only one element pk > 4, then it is of the form
.4; 4; : : : ; 4; 2`/. In fact, E D 2v D 4.' � 1/C k D 4.v

2
�
`
2
/C k D 2v � 2`C k

and therefore k D 2`. More generally, if there are 1 � i � ` � 2 elements; l1; : : : ; li
of length greater than 4, then

Pi
tD1 lt D 2.`C 2.i � 1//. In fact, E D 2v D 4.' �

i/C
Pi
tD1 lt D 4.1C

v
2
�
`
2
� i/C

Pi
tD1 lt D 4C 2v � 2`� 4i C

Pi
tD1 lt implies

that
Pi
tD1 lt D 2.`C 2.i � 1//.

From now on, we skip the orientation in the enumeration of the schemes for
simplicity. One can recover the information encoded in the orientation by assigning
orientations of edges in a graph and making sure that no graphs are isomorphic by
following Definition 9.

In the following, we show the existence of these graphs that we claimed in The-
orem 6.

Let us now discuss the particular cases of `D 4; 5; 6 in which we only address the
O.D/-loops of length greater than two.

Case ` D 4. In the case ` > ' C 2, then ' D 1 and the only O.D/-loop configuration
is .8/ D p.2 � 4; 1/. Otherwise, the only O.D/-loop configurations are .4; 4; : : : ; 4;
p.2.4 C 2.i � 1//; i/>2/; i D 1; 2, namely, .4; 4; : : : ; 4; 8/ and .4; 4; : : : ; 4; 6; 6/.
Graphical representations of these are given in Figures 55 and 56.
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Figure 56. Some schematic representations of ` D 4 and ' D 2 graphs.

Figure 57. Some schematic representations of ` D 5 and ' D 1 graphs.

Figure 58. Schematic representations of the configurations .6;8/ and .4;6;8/ for `D 5 followed
by .6; 10/ and .6; 6; 8/ for ` D 6 (reading from left to right).

Case `D 5. For `>'C 2, then 'D 1;2 and the case 'D 1 gives the only O.D/-loop
configuration is .10/ while ' D 2 gives two O.D/-loop configurations of .6; 8/ and
.4; 10/. Assume ` � ' C 2. The only O.D/-loop configurations are .4; 4; : : : ; 4; 10/,
.4; 4; : : : ; 4; 6; 8/, and .4; 4; : : : ; 4; 6; 6; 6/. An illustration for the existence of O.D/-
loop configurations of the form .10/ is given in Figure 57 and those of .6; 8/ and
.4; 6; 8/ are, respectively, the first two figures in Figure 58.

Case ` D 6. Assuming that ` > ' C 2, ' D 1; 2; 3 and the case ' D 1 gives the
only O.D/-loop configuration of .12/. The case ' D 2 gives three O.D/-loop con-
figurations of .6; 10/, .8; 8/ and .4; 12/ while ' D 3 gives .4; 4; 12/, .4; 6; 10/,
.4;8;8/, and .6;6;8/. Suppose that `� 'C 2. The only O.D/-loop configurations are
.4; 4; : : : ; 4; 12/, .4; 4; : : : ; 4; 6; 10/, .4; 4; : : : ; 4; 8; 8/, and .4; 4; : : : ; 4; 6; 6; 8/. Illus-
trations for the existence of .6; 10/ and .6; 6; 8/ are depicted in the third and fourth
graphs in Figure 58.

Remark 8. The proof of constructing graphs with O.D/-loop configurations .6/ and
.4; 4; : : : ; 6/ for l D 3 is performed differently as compared to the proof in Theorem 5
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Figure 59. Graphs with loop configurations .4; 4; : : : ; 4; 6/ and .4; 4; : : : ; 4; 8/.

for the 2PI graphs in the following Theorem 7. This proof in Theorem 7 can also be
extended to generate 2PR graphs and is easily generalizable to higher ` > 3.

Definition 10 (Necklace graph). A necklace graph with n vertices is the cyclic graph
with n vertices in which every edge is doubled.

An illustration of a necklace graph with 5 vertices is given by the leftmost graph
in the bottom row in Figure 57.

Theorem 7. LetG be a planar connected 2PI melon-free Feynman graph with grade `.

(1) If `D 3, G has O.D/-loop configuration .6/ whose only representation is the
necklace graph or the configuration .4; 4; : : : ; 4; 6/, which form is illustrated
on the left-hand side of Figure 59.

(2) If ` D 4, the graph G has O.D/-loop configuration .8/ (given by Graph 2 in
Figure 63) or .4; 4; : : : ; 4; 8/ with the form illustrated on the right-hand side
of Figure 59.

(3) If ` D 5 and the graph G has O.D/-loop configuration .10/, then it is given
by the necklace graph or Graph 4 in Figure 63.

(4) If ` D 6 and the graph G has O.D/-loop configuration .12/, then it is given
by the second graph in Figure 65, the three graphs in Figure 66, the third
graph in Figure 67, or the second graph in Figures 68 and 69.

Proof. (1) Assume that ` D 3 and g D 0. The O.D/-loop configurations in this case
are .6/, or .4; 4; : : : ; 4; 6/.

We can demonstrate that the only graph with an O.D/-loop configuration of .6/ is
the necklace graph. Consider the graph G with V , E, and F representing the number
of vertices, edges, and faces (left or right faces in this context), respectively. Let v and
f denote a vertex and a face of G, respectively. Clearly,

P
v deg.v/ D 2E implies

E D 2V since the graph is 4-regular. The graph G must contain a triangular face;
otherwise, all faces would be 2-gons, asG is a tadpole-free graph. Assuming all faces
are 2-gons leads to

P
f deg.f / D 2F D 2E. Using Euler’s formula, we get V �

2V C 2V D 2, which simplifies to V D 2. However, this is incorrect because G has
three vertices (substituting ` D 3 in (7)). There is only one way to connect the two
half-edges attached to each vertex of this triangle, resulting in the necklace graph.
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Figure 60. Representation of a 4-edge O.D/-loop.

Figure 61. Representation of the configuration .4; 6/.

Now, let us examine the O.D/-loop configuration of the form .4; 6/. In this case,
the graph has 5 vertices. The 4-edge O.D/-loop cannot connect only two vertices,
as this would result in a self-loop and a disconnected graph. Similarly, the 4-edge
O.D/-loop cannot involve only three vertices without forming a tadpole or a self-
loop. Therefore, the only feasible configuration is that the 4-edge O.D/-loop connects
4 vertices, as illustrated in Figure 60.

The fifth vertex can only be connected to the half-edges A, B , C , and D or to the
half-edges E, F , G, and H , with both cases resulting in isomorphic graphs. Assume
this vertex is connected to the half-edges A, B , C , and D. The half-edge E can only
be connected to F orG; otherwise, the resulting graph would not be planar. The same
constraint applies to the other half-edges F , G, and H . The final configuration is
depicted in Figure 61, thus concluding the proof for the .4; 6/ configuration.

Now, let us consider the configuration .4; 4; 6/. In this case, the graph has 7 ver-
tices, and a 4-edge loop is formed as shown in Figure 60. The second 4-edge loop in
this configuration cannot be formed using only the four vertices of this graph, as this
would result in disconnected graphs. Additionally, any O.D/-loop must involve an
even number of these vertices. Therefore, the second 4-edge O.D/-loop can only be
created by using two of the vertices from the previous 4-edge O.D/-loop, resulting in
the two representations shown in Figure 62.

The representation on the left-hand side is impossible because the half-edges B
and E cannot be connected to any other half-edges without creating a non-planar
graph. Therefore, we consider the representation on the right-hand side, which implies
that B should be joined to F and G to H . The remaining vertex will then connect to
the four remaining half-edges, resulting in the expected graph.

Next, we turn our attention to the configuration .4; 4; 4; 6/. Following the previous
proof, there are two 4-edge O.D/-loops that are connected, as shown in the graph on



Classification of higher grade ` graphs for U.N /2 � O.D/ multi-matrix models 337

A

B

CD

E

F
G H

A

B

CD

E

F

G H

Figure 62. Schematic representations toward the configuration .4; 4; 6/.
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Figure 63. Schematic representations of ` D 4; 5, and ' D 1 graph.

the right-hand side of Figure 62. Otherwise, the three 4-edge O.D/-loops would be
separated, requiring more than 9 vertices. The third 4-edge loop can only be construc-
ted by using two new vertices and the half-edges A, B , E, and F orD, C ,H , and G.
Finally, the remaining four half-edges in the resulting graph will be connected to the
last vertex.

This recursive procedure can be extended for a general configuration of the form
.4; 4; : : : ; 4; 6/.

(2) Assume that ` D 4. If there is a face of length 4, it is evident that the graph
either contains a tadpole or more than one O.D/-loop. Proceeding similarly to the
` D 3 case, we find that the graph has a triangular face. Since it is a connected graph,
it takes the form of Graph 1 in Figure 63. The half-edge C in this figure can only be
connected to B or H ; otherwise, we would create a tadpole or place an odd number
of half-edges in a face, violating the graph’s planarity. If C is connected to B , then
the connections are as follows: A to D, E to F , and H to G, resulting in Graph
2 in Figure 63. If C is connected to H , then B can only be connected to A, and
the connections E to F and D to G follow to avoid creating a tadpole or having
an odd number of half-edges in a face. It is clear that both configurations result in
isomorphic graphs. A similar recursive procedure to the `D 3 case yields graphs with
configurations .4; : : : ; 4; 8/.

(3) Now, let us consider the case ` D 5. Assume that the graph G has only faces
of length 2 or 3, with the number of such faces denoted by Fi for i D 2; 3. Using
Euler’s formula, we have V � 2V CF2C 2

3
.E �F2/D 2, which implies that F2 D 1

since V D 5. Therefore, the graph G should contain only one face of length 2, with
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Figure 64. Representations with face of length at least 3; ` D 4 and ' D 1.

all remaining faces being of length 3. This configuration corresponds to graph 1 in
Figure 63, to which we need to add one more vertex and connect the remaining half-
edges.

We should connect E to F to avoid creating a face longer than 3, and there are
exactly two non-isomorphic ways to add the remaining vertex, resulting in the two
graphs shown in Figure 64. Consider Graph 1 in this figure. The half-edges F and
G should be linked, thus connecting E and H . If we link D to C , then A should
connect to B , which creates a contradiction because it results in two faces of length
2. Therefore, we should link D to A and B to C , which also creates a contradiction
by forming a face of length 4 (ABCD).

Now, consider Graph 2 in the same figure. We should link A to B and E to D.
This implies that F can only connect to G or C (implying that H connects to C
or G, respectively), resulting in two faces of length 2 in both cases. This is the final
contradiction. Thus, it is impossible to construct a graph where all faces are of length
2 or 3. Therefore, the graph G must contain a face of length 4 or 5.

Assume there is a face of length 5. It is straightforward to prove that this con-
figuration necessarily results in the necklace graph. Now, let us assume there is a
quadrilateral face in G. Since G is a connected graph, it takes the form of Graph 3
in Figure 63. The half-edge C in this figure can only be connected to B , H , or J ;
otherwise, we would create a tadpole or place an odd number of half-edges in a face,
violating the planarity of G.

To avoid having more than one O.D/-loop, a tadpole, or an even number of half-
edges in a face, the half-edge C cannot connect to J without causing a contradiction.
If C is connected to H , then the half-edge D can only be connected to G, and the
connections E to F , A to B , and I to F follow, resulting in Graph 4 in Figure 63. If
C is connected to B , then D should be connected to A, E to F , G to H , and I to J ,
resulting in a graph isomorphic to Graph 4 in Figure 63.

Ultimately, we obtain a unique representation given by Graph 4 in Figure 63.
(4) Consider the case where ` D 6. Assume that the graph G has a face of length

6, resulting in the first configuration in Figure 65 (reading from left to right). The
half-edge A cannot be connected to B , C , D, E, G, H , I , J , or K. Connecting A
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Figure 65. Schematic representations with a face of length 6; ` D 6 and ' D 1 graph.

to B would generate a tadpole, and similarly, connecting A to J would join L to K,
also creating a tadpole. Connecting A to C ,E,G, or I would result in an odd number
of half-edges in a face. Connecting A to D would create a O.D/-loop of length 2
(between A andD), resulting in more than one O.D/-loop in the graph. Linking A to
H would join L to K, J , or I , as the graph is planar. Connecting the half-edge L to
K would generate a tadpole. Connecting L to J is impossible because it would leave
a single half-edge K alone in a face, and connecting L to I would create another
O.D/-loop of length 2 (between L and I ). Thus, A can only be connected to F or L.

To avoid having more than one O.D/-loop, a tadpole, or an odd number of half-
edges in a face, if A connects to F , then B should be joined to C and D to E.
Similarly, L should be connected to G, K to J , and I to H , resulting in the second
graph in Figure 65 which we will refer to as G1.

If A is connected to L, then for the same reasons listed earlier, the half-edge B
cannot connect to D, E, F , G, H , J , or K. Therefore, B can only be joined to C or
I . If B connects to C , then D should connect to K. Due to the same reasons listed
earlier, D cannot connect to F , G, H , I , or J . Furthermore, connecting D to E
would result in F connecting to G, H to I , and J to K, creating a graph with two
O.D/-loops. Similarly, E should connect to J , F to G, and H to I , resulting in a
graph isomorphic to G1.

Assume now that there is a face of length 5 and no face of greater length. The
remaining vertex, not yet used in the face, is connected to one of the half-edges,
resulting in the third configuration shown in Figure 65. To avoid having more than
one O.D/-loop, a tadpole, or an odd number of half-edges in a face, we proceed as
before. The half-edge A cannot be connected to C , D, E, F , G, H , I , J , or K.
Therefore, A can only be connected to B or L.

Assume that A is connected to B . The half-edge C can only connect to F or L.
In the first case, D should connect to E, G to L, K to J , and I to H , resulting in the
first graph in Figure 66, which we will refer to as G2.

Now, consider the second case where C is connected to L. The half-edge D can
only connect to E or K. If D connects to E, then F should connect to G, K to
J , and I to H , resulting in the second graph in Figure 66, which we will call G3.



R. C. Avohou, R. Toriumi, and M. Vancraeynest 340

A
B C

D
E

F

GHIJ

K

L A
B

C

D
E

F

GHIJ

K

L

A
B C
D

E

F

GHIJ

K
L

Figure 66. Configurations with a face of length 5; ` D 6 and ' D 1 graph.
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Figure 67. Configurations with a face of length 4; ` D 6 and ' D 1 graph.
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Figure 68. Configurations with a face of length 4; ` D 6 and ' D 1 graph.

Connecting D to K implies that E should connect to J , I to H , and F to G, giving
a graph isomorphic to G2.

Now, assume that A is connected to L. The half-edge B should then connect to
G, I , or K. Connecting B to G will result in C connecting to F , D to E, H to I ,
and J to K, producing a graph isomorphic to G3. Alternatively, if B is connected to
K, then C should connect to J , D to E, F to G, and H to I , resulting in the third
graph in Figure 66, which we will refer to as G4. Connecting B to I and proceeding
similarly will yield a graph isomorphic to G4.

Assume the graph contains a face of length 4, with no other face exceeding this
length. The two remaining vertices can connect to the square face in eight distinct
configurations: the first configuration shown in Figure 67, the first and third configur-
ations in Figures 68 and 69, and the three configurations illustrated in Figure 70.

Consider the first configuration in Figure 67. To avoid creating a face longer than
4, the half-edge F should connect to G (as shown in the second graph of the same
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Figure 69. Configurations with a face of length 4; ` D 6 and ' D 1 graph.
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Figure 70. Configurations with a face of length 4; ` D 6 and ' D 1 graph.

figure). We maintain the previous conditions, assuming the resulting graph has no
more than one O.D/-loop, no tadpole, or an odd number of half-edges in a face.
Consequently, the half-edge A should connect to D, H , or L. If A connects to D,
then B must connect to C , and E must connect to either H or L. Connecting E to
H is not feasible because L would then connect to I and K to J , resulting in a graph
with more than one O.D/-loop. If E connects to L, then H connects to K and I to
J , forming the third graph (G5) in Figure 67.

Assume A connects to H . This implies E should connect to B , C to D, L to I ,
and K to J , resulting in a graph isomorphic to G4. Now, suppose A connects to L.
The half-edgeB should then connect to C ,E, or I . ConnectingB to C is not possible
because it would result in D connecting to K, I to J , and H to E, creating a graph
with more than one O.D/-loop. Connecting B to E is also not feasible because C
would connect to D, H to K, and I to J , again resulting in a graph with more than
one O.D/-loop. A similar contradiction arises ifB connects to I , as C would connect
to D, E to H , and K to J .

Now, consider the first configuration in Figure 68. Similar to the previous config-
uration, the half-edge A should connect to D, F , H , or L. Connecting A to D will
join B to C , andE to eitherH orL. IfE connects toH , thenG should connect to F ,
K to J , and I to L, resulting in the second graph (G6) in Figure 68. If E connects to
L, then G will connect to H , I to F , and J to K, forming a graph isomorphic to G5.

Assume A connects to F . This implies B should connect to E, C toD, L to I ,K
to J , and G to H , resulting in a graph isomorphic to G2. Connecting A to H is not
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feasible because planarity requires L to connect to I ,K to J , B to E, C toD, and F
to G, creating a graph with two O.D/-loops.

Now, connect A to L. This implies B should connect to C , E, or I . If B connects
to C , then D should connect to I or K. If D connects to I , then F should connect to
G, E toH , and J toK, resulting in a graph isomorphic to G4. ConnectingD toK is
not possible because it would join E to J , F to I , and G to H , creating a graph with
two O.D/-loops.

Connecting B to E is also not feasible because it would result in C connecting to
D, F to I , G to H , and J to K, forming a graph with two O.D/-loops. Finally, if B
connects to I , then C will connect to D, E to H , F to G, and J to K, resulting in a
graph isomorphic to G5

Now, let us discuss the third configuration involving a face of length 4 in Fig-
ure 68, under the condition that the resulting graph does not have more than one
O.D/-loop, tadpole, or an odd number of half-edges in a face.

The half-edge A can only connect to D, J , or L. Connecting A to D will join B
to C and E to either J or L. If E connects to J , then F will connect to G, H to I ,
and K to L, resulting in a graph isomorphic to G6. If E connects to L, then K will
connect to F , J to G, and I to H , forming a graph isomorphic to G5.

Connecting A to J will join K to L. The half-edge B can then connect to C , E,
or I . Connecting B to C is not feasible as it will join D to I , E to H , and F to
G, resulting in a graph with more than one O.D/-loop. Connecting B to E is also
impossible because it will join C toD, F toG, andH to I , again resulting in a graph
with more than one O.D/-loop. If B connects to I , then C will join D, E to H , and
F to G, resulting in a graph isomorphic to G1.

Now, let us connect A to L. This implies that B should connect to C , E, or K.
Connecting B to C implies thatD should connect toK, E to J , F to G, and I toH ,
resulting in a graph isomorphic to G4. If B connects to E, then C should connect to
D, F to K, G to J , and H to I , resulting in a graph isomorphic to G6. Consider the
first configuration in Figure 69. We assume the same conditions as before, ensuring
that the resulting graph (after connecting some half-edges) does not have more than
one O.D/-loop, tadpole, or an odd number of half-edges in a face. The half-edge A
can only connect to B , D, or L. If A connects to B , then C should connect to L, and
D should connect to either G or K. Connecting D to K would result in a graph with
more than one O.D/-loop, which is a contradiction. Connecting D to G is also not
possible, as it would imply that H connects to K, resulting in a graph with more than
one O.D/-loop.

Now, assume A is connected to D. In this case, B should connect to C , and E to
either F or L. If E connects to F , then G should connect to L, H to K, and I to J ,
which would again result in a graph with more than one O.D/-loop. If E connects to
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L, then F should connect to K, G to H , and I to J , resulting in the second graph
(G7) in Figure 69.

Now, assume A connects to L. This implies that B should connect to C or K.
Connecting B to C implies that D will connect to either G or K. Connecting D to
G, with careful analysis, will create a graph isomorphic to G1. If D connects to K,
a similar analysis will result in a graph with more than one O.D/-loop, which is a
contradiction.

Now, let us consider the third configuration in Figure 69, under the same assump-
tions as before. The half-edge A can only connect to D, F , or L. Connecting A to
D implies that B should connect to C , E should connect to L, and F will connect
to either K or G. If F connects to K, then H should connect to I and G to J ,
which would result in a graph with more than one O.D/-loop, creating a contradic-
tion. Therefore, F can only connect to G, implying that H should connect to K and
I to J , resulting in a graph isomorphic to G6.

Assume A is connected to F . A similar procedure results in a graph isomorphic
to G1. Connecting A to L will connect B to either C or E. Connecting B to C is not
feasible because it would, after similar analysis, create a graph with two O.D/-loops.
If B connects to E, the same procedure leads to a graph isomorphic to G5.

Under the same hypotheses that the resulting graph (obtained after connecting
some half-edges) does not have more than one O.D/-loop, tadpole, or an odd num-
ber of half-edges in a face, we now consider the first configuration in Figure 70. A
thorough analysis shows that A can only connect to B or H .

If A connects to B , then C should connect to F , J , or L. Connecting C to F
will result in a graph isomorphic to G4 after connecting the remaining half-edges.
Similarly, connectingC to J orLwill result in a graph isomorphic toG7. Specifically,
connecting C to J will send L to K, D to E, G to H , and F to I . Connecting C
to L gives two possibilities: D to E or K. If D connects to E, the resulting graph
is isomorphic to G7, but connecting D to K results in a graph with more than two
O.D/-loops.

Finally, connecting A to H and proceeding similarly results in a graph with more
than one O.D/-loop, which is not possible. Apply the same analysis to the remaining
two configurations in Figure 70 results in either graphs with more than one O.D/-loop
or graphs isomorphic to one of the graphs Gi , i D 1; � � � ; 7.

Assume now that the graph has no face of length longer than 3. Therefore, each
face is either of length 3 or 2, denoted by F2 and F3 for the number of faces of length
2 and 3, respectively. This leads to the following equations: F2 C F3 D 8 (using the
Euler characteristic) and 2F2 C 3F3 D 24 (since the sum of the lengths of the faces
is twice the number of edges). Solving these equations gives F2 D 0 and F3 D 8,
indicating that all faces of the graph are triangular.



R. C. Avohou, R. Toriumi, and M. Vancraeynest 344

A

B

C

D
E

F G

H
I

J

A

B

C D

E
F

G
H

I
J

A

B

C D

E
F

G
H

I
J

K

L

M
N A

B

C D

E
F
G

H
I

J

KL
M N

Figure 71. Configurations with a face of length 3; ` D 6 and ' D 1 graph.

Assume we have a configuration with a face of length 3, to which we connect an
additional vertex as shown in the first configuration in Figure 71. We need to connect
the remaining two vertices, but we must first connect the half-edge H to I , ensur-
ing no face is longer than three, as shown in the second configuration in the same
figure. Connecting the fifth vertex results in two possible non-isomorphic configur-
ations, depicted in the remaining two graphs in Figure 71. The third configuration
in Figure 71 implies that N should connect to J , and M to A, resulting in the first
configuration in Figure 72. This configuration already contains an O.D/-loop, and
connecting the remaining half-lines will result in a contradiction; namely, ' > 1. The
next two configurations in Figure 72 represent the two possible non-isomorphic con-
figurations that arise from adding the last vertex to the first configuration in the same
figure. Since no face is longer than 3, these configurations lead to the same graph: the
final graph in Figure 72, with ' D 3.

Consider the last configuration in Figure 71. We should connect N to F and L to
B . Connecting the last vertex results in a single configuration, as shown in the second
configuration of Figure 73. Consequently, the final graph in the same figure follows.
This graph also satisfies ' D 3.

Remark 9. We could expect to extend some of the results in Theorem 7 in the fol-
lowing way: letG be a connected 2PI melon-free Feynman graph with grade `. If loop
configuration has the form .4; 4; : : : ; 4; 2`/, its scheme SG has the form in Figure 74.

Unfortunately, this only works for ` D 3; 4. Starting from l D 5, we could find
more configurations as illustrated in Figure 75.

We can also prove the previous results by relating any of the 4-regular graphs
we are studying to an alternating knot. This is mainly motivated by the following
claim: every four-regular planar graph is the medial graph of some planar graph. For
a connected 4-regular planar graph M , a planar graph G with M as its medial graph
can be constructed as follows. Color the faces of M with only two colors, which is
possible becauseM is Eulerian and thus the dual graph ofM is bipartite. The vertices
in G correspond to the faces of a single color in M . These vertices are linked by an
edge for each vertex shared by their corresponding faces inM . It should be noted that
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Figure 72. Configurations with a face of length 3; ` D 6 and ' D 1 graph.
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Figure 73. Configurations with a face of length 3; ` D 6 and ' D 1 graph.

Figure 74. Some schematic representations of .4; 4; : : : ; 4; 2`/ with ` � 2 crossings.

performing this construction with the faces of the other color as the vertices results in
the dual graph of G. Using the checkerboard coloring, the medial graph or 4-regular
graph can be associated to an alternating link where each crossing in the link diagram
corresponds to a vertex of the graph. This link diagram is an alternating knot for
' D 1.

Using the Rolfsen knot table, there are only one knot with 3 or 4 crossing and
two with five crossings. This confirms our results in Theorem 7 for ` D 3; 4; 5 and
' D 1. In the case ` D 6 and ' D 1, we could expect to get three graphs because
there are three knots with 3 crossing in the table, but there are more than that which
actually can be obtained by taking the connected sum (because the table only contains
prime knots) of two trefoils or applying the Tait flyping moves (the correspondent to
Reidemeister moves on 3-spheres). This leads to the following result whose proof is
straightforward.
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Figure 75. Some schematic representations of .4; 4; 10/.

Theorem 8. Each 2PI 4-regular planar graph with ' D 1 and any `, ignoring the
orientation assignment on the edges, is in one-to-one correspondance with reduced
alternating knot diagrams with ` crossings 1) which are projections of the prime knots
as listed in the Rolfsen knot table, or 2) which are obtained after performing the Tait
flyping moves.

Furthermore, we can correspond each 2PR 4-regular planar graphs with ' D 1
and any ` to an alternating knot diagram obtained by performing a connected sum or
a Reidemeister move I on the reduced alternating knot diagrams referred above.

Proof. Firstly, from Proposition 1, if we have g D 0, ' D 1, immediately, ` D v.
Using the one-to-one correspondance between 4-regular planar graphs and altern-

ating knot diagrams, it is sufficient to consider and stay in the space of alternating
knot diagrams.

The Tait flyping conjecture allows us to draw all possible reduced alternating dia-
grams of a given alternating knot. The Tait flyping moves keep the number of crossing
invariant, therefore under the moves, we stay in the same `.

Furthermore, Reidemeister moves II and III will get us away from the space of
alternating knot diagrams, therefore, we will not consider them. A Reidemeister move
I will increase the number of crossings by one, and create a tadpole (self-loop). Addi-
tionally, a connected sum of the alternating knot diagrams can be performed to yield
more alternating knot diagrams, however, by definition, it will create a bridge, yield-
ing 2PR graphs.

Finally, in order to obtain the Feynman graphs of the U.N /2 �O.D/matrix model
with any ` and g D 0 with ' D 1 at the double scaling limit of this current work, one
needs to assign orientations to the edges and identify distinct combinatorial maps
corresponding to these 4-regular planar graphs obtained by considering alternating
knot diagrams obtained above.

6. Conclusion

In this work, we have classified grade ` D 1 and ` D 2 with any genus g Feynman
graphs generated by a U.N /2 � O.D/ multi-matrix model of the type defined by
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the action (3). The result is given in Theorems 1 and 4 along with the algorithms
on how to recursively construct higher genus graphs for a given `. Furthermore, we
classified grade ` D 3 with g D 0 planar graphs as given in Theorem 5. We also
classified subclasses of higher grade ` > 3 planar (gD 0) graphs in Theorems 7 and 8.
Theorem 8 states that a subclass of higher grade ` > 3 planar graphs which have one
O.D/-loop (' D 1) can be obtained from knot diagrams of Rolfsen table.

One of the main motivations for this work is a possible formulation of topological
recursion appearing in this model. In fact, the enumeration of ordinary combinatorial
maps was a major precursor of topological recursion. It was the first enumeration
to be shown to be governed by topological recursion, and the theory of topological
recursion evolved from the abstraction of loop equations from the theory of matrix
models in the specific context of the 1-Hermitian matrix model mentioned above [19].

Tensor models are built on tensor integrals, which are a generalization of matrix
integrals. As a result, it is not surprising that tensor models generate Schwinger–
Dyson equations that generalize those of matrix models. Despite advances, solving
the Schwinger–Dyson equations for tensor models remains extremely difficult. How-
ever, some tensor models can be completely solved in the 1=N expansion at any order
and still satisfy the topological recursion. This is due to the fact that those tensor mod-
els are disguised matrix models, and most recent progress in tensor models relied on
a correspondence between tensor models and some multi-matrix models with multi-
trace interactions. This allows for the indirect study of tensor models via matrix model
techniques on the corresponding matrix models. Thus, in [9], it was demonstrated that
the quartic melonic tensor model, after some transformation to a matrix model, satis-
fies the blobbed topological recursion.

As explained above, the U.N /2 � O.D/ model is affine to matrix models, yet it
can be readily interpreted as a tensor model. What is attractive about this model is
that there are two parameters owing to different sizes N and D, which then let us
incrementally classify the graphs as compared to the usual tensor model where only
one parameter N controls the classification of the graphs with one parameter Gurau
degree !. It means that it is more likely that one can classify higher order graphs,
as stated earlier. If one can classify higher order graphs, one may be able to identify
topological recursion at play. This model’s affinity to matrix models, indeed giving
topological (genus) expansion, is promising to find such a topological recursion. This
will be left to explore in the future.

Additionally, it is interesting to see the critical/continuum limit(s) of the model
for the higher `, as was carried out in [6] for ` D 0, to see if there is any relevance to
quantum gravity (would it give rise to any phases other than branched polymer (tree)
or planar?). In fact, by looking at the higher ` D 1; 2; 3 graphs with any genus that
we constructed in this work, one can speculate that the critical behavior at a given
` D 1; 2; 3 in the double scaling limit will likely still be trees as in the case for ` D 0.
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It appears that the presence of 2PR schemes with B-ladder-vertices will still give rise
to the dominant critical behavior similarly to the ` D 0 case in [6], therefore, we will
again obtain trees. We will leave the precise analysis for future work.

Finally, just as in Theorem 8, knot theory was useful in classifying subset of
graphs of higher `, can it further help us enumerate more graphs?

A. Isomorphism of graphs

In this appendix, we illustrate isomorphisms of graphs. It serves as a supplement to
help elaborate and clarify the analyses of the classification of the graphs.

NeNe

No
No

Š

Š

Š Š Š

Figure 76. Isomorphic graphs with cuts (i.e., marked edges) relevant in the operations depicted
in Figure 32.
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Š Š©

Š

Figure 77. Some isomorphisms between graphs with cuts (marked edges) which are relevant in
the procedure drawn in Figure 34.

zNoŠzNo

Figure 78. Some isomorphic schemes relevant in Figure 34. zNo 2 ¹N-dipole;Noº.

Š Š

© ©

©

©

Š Š

©

© ©

©

Figure 79. Some isomorphic graphs with cuts (i.e., marked edges) relevant in Figures 35 and 36.
Remark that some are trivial, but we wish to be comprehensive to be clear.
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Š ŠŠ

Š ŠŠ

Figure 80. Isomorphisms between certain graphs with identified cuts which are relevant for the
operations performed in Figures 35 and 36. Remark that some are trivial, but we wish to be
comprehensive to be clear.

B. Constructing 2PR graphs of ` D 2

In this appendix, we illustrate some examples to recursively construct 2PR schemes
of ` D 2 and g D 1. In particular, and these examples shown in Figures 81 and 82
supplement the proof for Theorem 3.
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L

L

No

Ne

Ne

C

C

C

C

C

C

D

D

D

L

L Ne

Ne

No

Y; ;Y; ;

Y; ;

zNo; ;

Y; ;

zNo; ;

Figure 81. Some 2PR schemes of ` D 2 and g D 1 obtained from combining an ` D 2 and
g D 0 scheme SG1 with an ` D 0 and g D 1 scheme SG2 via a separating dipole or a ladder-
vertex or a two-edge-connection. These schemes add to Figure 39. zNo 2 ¹N-dipole;Noº, Y 2
¹L-dipole;R-dipole;Ne;L;R;Bº.

NeNe

C C D
X;; X;; X;; X;; X;;

X
;;

Figure 82. Some 2PR schemes of `D 2 and gD 1 obtained from combining an `D 1 and gD 0
scheme (“infinity graph”) SG1 with an ` D 1 and g D 1 scheme SG2 via a separating dipole
or a ladder-vertex. These schemes add to Figure 40. X 2 ¹N-dipole; L-dipole; R-dipole;Ne,
No;L;R;Bº.

C. Constructing alternating knots corresponding to some 4-regular
planar graphs

In this appendix, we give some examples of alternating knots that correspond to 4-
regular planar graphs. The knot 31 corresponds to the necklace graphs of 3 vertices.
The following graphs 41 corresponds to the second graph in Figure 63. The knots
51 and 52 correspond to the necklace graphs of 5 vertices and the fourth graph in
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31 41 51 52

61 62 63

Figure 83. Some alternating knots corresponding to ` D 3; 4; 5; 6 and ' D 1 graphs.

Figure 63, respectively. Finally, the knots 61, 61, and 63 correspond to the first and
third graphs in Figure 66 and the third graph of Figure 67, respectively.

We should remark that if we perform a connected sum of two knots of the form
31, then the resulting knot corresponds to the second graph in Figure 65.
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