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Optimal graphons in the edge-2star model
Charles Radin and Lorenzo Sadun

Abstract. In the edge-2star model with hard constraints, we prove the existence of an open
set of constraint parameters, bisected by a line segment on which there are nonunique entropy-
optimal graphons related by a symmetry. At each point in the open set but off the line segment,
there is a unique entropy-optimizer, bipodal and varying analytically with the constraints. We
also show that throughout another open set, containing a different portion of the same line of
symmetry, there is instead a unique optimal graphon, varying analytically with the parameters.
We explore the extent of these open sets, determining the point at which a symmetric graphon
ceases to be a local maximizer of the entropy. Finally, we prove some foundational theorems in
a general setting, relating optimal graphons to the Boltzmann entropy and the generic structure
of large constrained random graphs.

1. Introduction

This paper serves two purposes, the primary one being to derive results about the
edge-2star graphon model in which we consider large dense random graphs with hard
constraints on the densities e of edges and ¢ of 2stars. (A 2star, sometimes called a
“cherry”, is a simple graph with three vertices and two edges.) This is the simplest
model in which we employ hard competing constraints, allowing for strong rigorous
results about non-constant graphons, or equivalently about large graphs that are not
Erd6s-Rényi.

The second purpose of the paper is to provide proofs of two theorems relating
Boltzmann entropy and “typical” large graphs to solutions of an optimization prob-
lem on graphons. These are described in more detail below, but the gist of the first,
originally proven in less generality in [20,21], is that the Boltzmann entropy associ-
ated with some constrained subgraph densities, which is the rate at which the number
of graphs with those densities grows with the number of vertices, is the same as the
maximal Shannon entropy of a graphon meeting certain integral constraints. The sec-
ond theorem says that if the graphon optimization problem has a unique solution,
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Figure 1. Possible values of (e, ¢) in the edge-2star model.

then all but exponentially few large graphs with the specified subgraph densities have
a structure very close to that described by the optimal graphon. Taken together, they
imply that solving problems involving hard constraints on graphons is tantamount to
understanding the ensemble of large constrained random graphs.

1.1. Results about the edge-2star model

Our first result on the edge-2star model concerns the region with edge density close
to 1/2 and 2star density close to the maximum. (See Figures 1 and 2.) A graphon
is said to be “bipodal” if we can divide the unit interval into two regions, /; and
I5, so that the graphon is constant on /; x I, constant on I, X I, and constant on
Iy x I, U I, x I;. The regions I and [, are called “podes”. A graphon is said to be
“multipodal” if we can divide the unit interval into a finite number I, . . ., I of podes
such that the graphon is constant on each rectangle /I; x I;.

A bipodal graphon is called a “clique” if it equals 1 on /; x I; and O elsewhere and
an “anti-clique” if it equals O on 7y x I, and 1 elsewhere. We call a graphon “clique-
like” or “anti-clique-like” if it is L!-close to a clique or anti-clique, or equivalently
if the degree function d(x) = fol g(x, y)dy of the graphon is L!-close to the degree
function of a clique or anti-clique. (For some background and other combinatorial
aspects of the clique/anti-clique structure, see [1-3, 16].)

Graphons that maximize 7 are always cliques or anti-cliques, while graphons that
come close to maximizing 7 are either clique-like or anti-clique-like.
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Figure 2. Possible values of (e, 7) in the edge-2star model, where 7 = ¢ — e

Theorem 1 (Theorems 7, 8). There is an open set in (e, t)-space containing a segment

of the line e = % with T just below its maximum of ‘/54_1 such that

* whene > % the entropy-optimizing graphon is unique, clique-like, and bipodal,
* whene < %, the entropy-optimizing graphon is unique, anti-clique-like, and bipo-

dal, and

* whene = % there are two entropy-optimizing graphons, one clique-like and one
anti-clique-like, and both bipodal.

We thus show that, on each side of a segment of the line e = 1/2, the optimal
graphon is bipodal and unique, with parameters that vary smoothly with e and 7.
There is a discontinuous phase transition across the line e = % with typical graphs
being anti-clique-like on one side of the line (shaded red in Figure 3) and clique-like
on the other (shaded blue).

The situation is very different when 7 is small. Let { = /(e — %)2 +1.

Theorem 2 (Theorem 9). For sufficiently small ¢, the entropy-maximizing graphon is
unique and bipodal, with parameters

a=1—e—20+ 0(?),
b=1—e+2l+ 0(?),
d=1-e+ 0%,

1 e—1
c=§(1— §2)+0(§)
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Figure 3. The regions where the various theorems apply. Theorem 1 describes the red and blue
regions, Theorem 2 describes the green region, and Theorem 3 describes what happens along
the dashed gray line of symmetry e = 1/2.

. . = . . |
that are analytic functions of (e, t) everywhere except at the singular point e = 3,

i =0.

That is, there is a neighborhood (shaded green in Figure 3) where the symmetry
breaking of Theorem 1 does not occur and where there is no phase transition at ¢ =
1/2.

In previous work [10], we had proven that, for e # 1/2 and 7 sufficiently small,
there is a unique optimal graphon that is bipodal. Theorem 2 bridges the gap between
the regions e < 1/2 and e > 1/2 and shows that there is a single phase just above the
entire Erd8s-Rényi curve 7 = 0.

Now, consider what happens along the line e = 1/2, part of which is marked in
gray in Figure 3. When 7 is small, Theorem 2 implies that there is a unique optimal
graphon that is bipodal. Uniqueness implies that the four parameters satisfya + b = 1
and ¢ = d = 1/2. At some point, a graphon of this form must cease to be optimal,
since Theorem 1 says that, for e = 1/2 and 7 sufficiently large, there are two optimal
graphons, one clique-like and the other anti-clique-like. At some point in between,
there must be a point of non-analyticity, where symmetry is broken and the structure
of the optimal graphon changes.

Determining the exact nature of this bifurcation point is beyond our current meth-
ods, as it is conceivable that the optimal graphon might change discontinuously. In-
stead, we determine where the symmetric graphon becomes unstable against small
changes.
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Theorem 3 (Theorem 11). There is a number t* ~ 0.03727637 such that the follow-
ing hold.

(1) Ift <t*, there is a bipodal graphon withb =1 —a, c =d = 1/2, which is a
local maximizer of the entropy among all bipodal graphons with edge density
1/2 and 2star density  + }T‘

(2) If t* <1 < 0.0625, then there exist bipodal graphons with b = 1 — a and
¢ =d = 1/2, but these graphons are not local maximizers.

(3) Ift > 0.0625, then there do not exist bipodal graphons with b = 1 — a and
c=d=1/2

The points (1/2,7*) and (1/2,0.0625) are marked in purple and orange, respec-
tively, in Figure 3. We conjecture that the red, green, and blue regions, and indeed the
entire phase space except the dashed gray line, belong to a single phase.

1.2. Background and formalism

To put these results about the edge-2star model in context, and to explain our foun-
dational results, we review some relevant history of research into ensembles of large
dense random graphs.

Following the publication by Chatterjee and Varadhan [8] on the large deviations
principle (LDP) of the Erds-Rényi random graph G(n, p), Chatterjee and Diaconis
popularized [7] the use of graphons, with “soft” constraints on the densities of several
subgraphs P;, to analyze exponential random graph models (ERGMs). The graphon
formalism of Lovasz and coauthors [4,5,13—15] allows graphs G on any finite number
of nodes to be incorporated, as “checkerboard graphons” g€, in the space ‘W of their
“infinite node limits”, graphons; for an in-depth presentation, we recommend [12].

The LDP is expressed in terms of probability distributions &, on ‘W (and the
closely connected :73; on reduced graphons W), associated with a sequence p, of dis-
crete distributions on the sets §, of graphs on n nodes. Given their focus on ERGMs,
in [7], the constraints on the subgraphs P; were naturally implemented by the choice
of exponential distributions for pj:

n(G) = T~V ’

where 1, is a normalizing constant,
k
T(g) =) Biti(g)
j=1

is a function on graphons, and t; (g) is the density of P; in the graphon g. The parame-
ters of the model are the 8’s, and the constrained graphons for given parameter values
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are the graphons g that optimize the functional 7(g) + S(g), where

1 1 1
S(g):= / / H(g(x,y))dxdy and H(u):=—=wuln(u)+ (1 —u)ln(l —u)).
0 Jo 2

The quantity S(g), which we call the Shannon entropy of the graphon g, is closely
related to the LDP rate function 7, »(g) of [7]. Specifically, S(g) = 1 > In(2) — I /2(8).

Both [7,8] emphasize the difficulty of accessing/determining non-constant optimal
graphons; the formalism easily leads to Erd6s-Rényi optima. (See the open questions
in [8, Section 4.8].) It was to overcome this tendency that a variant graphon model
was introduced in [20,21] using hard rather than soft constraints on the subgraphs P;;
the parameters were chosen to be the densities of the P; and the role of the discrete
distribution p, on §, was replaced by a two-step process. Then, the appropriately
constrained graphons for given values of the parameters are characterized as those g,
with the given parameter densities, which optimize S(g). (See [9] for a connection to
large deviations for G(n, m).)

This modified approach to parametric graphon models achieved the initial goal
of [20,21], the determination of a fully explicit non-constant and unique optimizer
for each constraint on a line in the edge-triangle model. The goal then expanded.
In [7] (indeed already in [8]), attention was drawn to singular behavior (“phase tran-
sitions”) that appeared as the model parameters were varied. Our extended goal was
to determine a “phase”, an open set of parameters, with a unique, optimizing graphon
associated to each point, which moreover responds smoothly with variation of the
parameters. (Note that Erdés-Rényi graphs are automatically represented by con-
straint parameters on a curve in parameter space, and from smoothness cannot be
contained in a phase.) This took a few years to accomplish but was obtained [11] in a
broad class of models: constraints on edges and any one other graph, P. Finally, after
another few years, we determined [18] a “transition”, a pair of phases separated by a
transition curve. We emphasize that in these models with hard constraints such transi-
tions represent sharp structural changes in the “typical” large graph as the parameters
vary, where typical means all but exponentially few as the node number diverges.

An important lesson learned was that, as in the more general subject of deviations
in G(n, p) from which this all stems [8], in analyzing our deviations it is significant
whether we are dealing with an upper tail or a lower tail; for a model with fixed
constraints on the density of edges and one other graph P, it is significant whether
the density for P is larger or smaller than it is for Erd6s-Rényi graphs with the same
edge density. (This is a very large subject; for a good overview, we recommend [6].
For a particularly relevant connection to this paper, see [17] and references therein.)
Proving the more detailed results, such as phase transitions, required focusing on a
narrower range of models, edge-triangle for lower tail features, and edge-2star for
upper tail. In the edge-triangle model, we recently determined [19] a “symmetric”
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phase which could be distinguished by an order parameter, and, in the present paper,
in the edge-2star model, we determine a discontinuous transition.

1.3. Foundational results

Our goal is to analyze large graphs with hard constraints on the densities of a number
of subgraphs, typically the density e of edges and ¢p of another subgraph P.If P has
m vertices and £ edges, with edge e connecting vertices s; and f, then the density
of P associated with a graphon g is given by the functional

l
o) = [ ] glrxz)d"
k=1

If we are considering multiple subgraphs P;, then we will refer to the density function
for P; as 7;(g) and a typical value of this functional as ¢;.

The key tool for counting finite graphs with subgraph densities in a given range is
the LDP of Chatterjee and Varadhan [§].

Theorem 4. For any closed set F C W, and using the notation |A"| for the number
of graphs on n nodes whose checkerboard graphons g© lie in A, we have

. 1 ~ .

lim sup, o0 — In(| F) < supg S(@)
and for any open set Uc W,

. 1 ~ ~

hmlnfn_,oon—2 In(|U|) > SUpzc7S(8)-

To apply this theorem to graphs with constraints on subgraphs Pq, ..., Py, we
merely take F and U to be sets of graphons whose densities (71(g). . . . 7x(g)) lie in
open and closed subsets of R¥. We say that a collection (¢1, ..., tx) is achievable if
there exists at least one graphon g with (t1(g), ..., % (g)) = (t1,..., k).

Next, we define the Boltzmann entropy. If we are constraining the densities of k&
subgraphs Py, ..., Py, let Z:lff.-,tk be the number of simple graphs G such that the

density of each P; is in the interval (t; — 8, ¢; + §). Let B;’l’f“,tk = ln(Zfl’fgm,,k)/n2

and consider
. . )
lim limsup B}’ , . (1
§—01t n—oo Lotk

The double limit exists by compactness, defining By, ... s, and there is a varia-

tional characterization of it, proven using the LDP. The following is a generalization

.....

of results proven in [20,21] (first for edges and triangles, then for edges and one other
subgraph).
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Theorem 5. For any achievable k-tuple (t1, ..., t), the limit (1) defining By,
exists and equals max S(g), where the maximum is over all graphons g with

(Tl(g)" .. 7‘Ck(g)) = (tl?"'?tk)'

The (constrained) graphon g that maximizes S(g) does not just determine the
number of large graphs with subgraph densities close to 71, ..., fx. When the opti-
mal graphon is unique, it also determines the form of all but an exponentially small
fraction of those graphs. The following theorem states precisely what we technically
mean when we say that a typical large graph with densities (¢1, ..., #x) looks like gg.

Theorem 6. Let (11, ..., ) be a point in the space of achievable parameter values in
a model with k constrained subgraphs, and suppose that there is a unique (reduced)
graphon go that maximizes S(g) subject to the constraint

(t1(g), .- w(g) = (1, 1),

For any positive constants § and n, let §s , be the set of labeled graphs on n vertices
with densities t;(g) in (t; — 6,t; + &) for each i. Then, for any & > 0, there exist
positive constants §, N, and K such that, for all n > N, the fraction of graphs in §s ,,
that are within ¢ of g¢ in the cut metric exceeds 1 — e—Kn?,

Note that if S(go) = 0, then the number of graphs in ;s , for small § grows slower
than X" Theorem 6 then implies that, for § sufficiently small, all graphs in G5 ,, are
within € of gg.

The organization of this paper is as follows. In Section 2, we review what has been
previously proven about the edge-2star model. In Section 3, we consider the situation
where the edge density e is close to 1/2 and the 2star density # is close to its maximum
and prove Theorem 1. In Section 4, we study a neighborhood of (e, 7) = (1/2,0)
and prove Theorem 2. In Section 5, we study the stability of the graphons found in
Section 4 and prove Theorem 3. Finally, in the appendix, we prove the foundational
Theorems 5 and 6.

2. Old results about the edge-2star model
In this section, we review some facts about optimal graphons in the edge-2star model.
For detailed proofs, see [10].

Let

1
d(x) = /0 g(x. y)dy
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be the degree function of the graphon g. The 2star density is then
1
t = / d(x)%dx.
0
We also define the reduced 2star density

!

t—e? = [l(d(x) —e)%dx.
0

The minimum value of 7 is obviously zero, and is achieved when d(x) is constant.
Among constant-degree graphons with edge density e, the entropy maximizer is the
(constant) Erd6s-Rényi graphon g(x, y) = e.

The maximum value of # depends on e. When e > 1/2, the maximum value of 7 is
¢3/2 and is achieved by a clique. When e < 1/2, however, the maximum value of ¢ is
(1 — )32 4 2e¢ — 1 and is achieved by an anti-clique. When e = 1/2, the maximum
value of ¢ is +/2/4 ~ 0.3535 and is achieved by either a clique or an anti-clique, in
either case with the larger pode having width +/2/2.

If we replace a graphon g with 1 — g, then this changes e to 1 — e, but does not
change 7 or the entropy S. Applying the symmetry to an optimal graphon for given
values (e, f) gives an optimal graphon with values (1 — e, 7). The possible values of
the edge and 2star densities are more cleanly expressed in terms of 7 rather than ¢, as
in Figures 2 and 3.

At a stationary point of the entropy, the degree function d(x) determines the
graphon via the equation

1
1+ exp(—(a + B(d(x) + d(¥))))

where o and B are Lagrange multipliers, with dS = ade + Bdt as we vary the

g(x,y) = 2

graphon in arbitrary ways. By integrating over y we get the self-consistency equa-

_ [ dy
() = /0 T exp(—(@ + BE() + d0))

That is, the only possible values of d(x) are solutions to the equation

- B 1 dy
2=k = /o 1 +exp(—(a + Bz +d(»))) *

Both sides of equation (3) are analytic functions of z, so there can only be a finite

tion

number of solutions. This implies that all graphons that are stationary points of the
constrained entropy functional are multipodal.
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3. Optimal graphons when 7 is large

As noted earlier, we say that a graphon is clique-like if its degree function is L!-close
to a step function with values /e and 0, and is anti-clique-like if its degree function is
L'-close to a step function with values 1 — +/1 — e and 1. As we approach the upper
boundary, all graphons must be clique-like or anti-clique-like, since otherwise we
could take a limit as # approaches the maximum and get a -maximizing graphon that
is not a clique or an anti-clique. In particular, all of the entropy-maximizing graphons
in a neighborhood of (e, 7) = (%, i(ﬁ — 1)) must be clique-like or anti-clique-like.
The two sets are related by the g <> 1 — g symmetry, so it is sufficient to study clique-
like graphons.

Let g be a clique-like graphon that is a stationary point of the entropy. If we
increase the size ¢ ~ 4/e of the pode(s) with degree function close to /e at the
expense of those with degree function close to 0, then we do not change the set of
values achieved by H(g(x, y)). We only change the area of the regions where each
value is achieved. This means that the change in the entropy (per change in e or 7) is
bounded by a multiple of the existing entropy, which goes to zero as we approach the
upper boundary. That is, with this move we must have

de n dt dS )
o— — = — =o0(1).
dc de dc
It is easy to check that % ~ % e%, SO
3
%: —Se+o(l) )

Note that § is negative, as the entropy decreases as we approach the upper boundary,
S0 « is positive. Both parameters diverge as we approach the upper boundary.

«/5—1)

Theorem 7. There is an open set U in (e, t)-space containing the point (%, 7

such that

o Whene > % the entropy-optimizing graphon is clique-like, and

o Whene < %, the entropy-optimizing graphon is anti-clique-like.

Proof. Thanks to the g <> 1 — g symmetry that changes e to 1 — e and swaps clique-
like and anti-clique-like graphons, the second statement is equivalent to the first, so
it is sufficient to prove the first. We henceforth assume that e > 1/2 and that both
clique-like and anti-clique-like graphons exist with densities (e, 7).

Let S¢(e, ) be the maximum entropy achievable by a clique-like graphon and let
Sy(e, f) be the maximum achievable by an anti-clique-like graphon. Thanks to our
g < 1 — g symmetry,

Sc(e, ) = Sq(1 —e,1),
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and in particular S¢(3.7) = Sa(%.7). If we have the optimal clique-like graphon and
move along a line of constant 7, then d = 2ede, so the change in entropy is propor-
tional to (o + 2ef8)de. By equation (4),

o+ 2ef ~ (Ze — %ﬁ)ﬂ ~ (1 — ¥)ﬂ

Since f is negative and 3+/2/4 > 1, this quantity is positive, making S.(e, ) an
increasing function of e. In particular,

Sc(e, ) > Sc(1 —e,f) = Sy(e, ).

That is, the best clique-like graphon has a higher value of S than the best anti-clique-
like graphon, so the best overall graphon is clique-like. ]

Theorem 8. On the subset of U, where e > 1/2, the optimal clique-like graphon is
unique and bipodal.

Combined with Theorem 7, this says that there is a unique entropy-maximizing
graphon when e > 1/2, and that this optimizing graphon is clique-like and bipodal.
By the g — 1 — g symmetry, there is a unique entropy-maximizing graphon when
e < 1/2, and that graphon is anti-clique-like and bipodal. When e = 1/2, there are
exactly two optimizing graphons, both bipodal, one clique-like and one anti-clique-
like.

Proof. First note that optimal graphons must exist for each (e, 7), thanks to the com-
pactness of the space of reduced graphons and the semi-continuity of the Shannon
entropy functional S(g). With that in mind, suppose that g is an optimal clique-like
graphon. We will prove properties of g in stages:

(1) The degree function d(x) only takes values close to 0, % e, or \/e.
(2) The degree function d(x) only takes values close to 0 or /e.

(3) The degree function d(x) only takes two values, one close to 0 and the other
close to 4/e. That is, g is bipodal.

(4) The parameters that define this bipodal graphon are uniquely determined.
Plugging equation (4) into equations (2)—(3) gives

1
8 ) = (B +d0) —2e + o))
! dy
)= /o I+ exp(—Bd(x) + d(y) — /e +o(1))’

_ (! dy
ke = /o I+ exp(—Bz + d(y) — 242 +0(1))
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Figure 4. There are only 3 solutions of k(z) = z.

1
1+exp(—B(d(x)+d(y)—3 ve+o(1)))
ever d(x) + d(y) is bigger than % e, is close to 0 whenever d(x) + d(y) is smaller

than % e, and only takes values substantially different from O or 1 when d(x) + d(y)
is very close to a fixed threshold value that is %JE + o(1). Note that

is close to 1 when-

Since B is large, the function

Ve~ V22> 2/3,

so the threshold is greater than 1. Since the function d(y) is close to 0 on a set of
measure approximately 1 — /e and close to /e on a set of measure approximately
J/e, and only takes on other values on sets of small measure, the function k(z) is
approximately a step function, as shown in Figure 4.

Of course the function k(z) is not exactly a step function. However, changing the
graph of k(z) slightly by having g finite and making L!-small changes to d(y) cannot
create intersection points far from where they already are. The only possible values
of z are close to 0, close to 4/e/2 or close to /e, as claimed. This completes the first
step.

Let /; be the union of all the podes where d(x) is close to /e, let I, be the union
of all the podes where d(x) is close to % e, and let /5 be the union of all the podes
where d(x) is close to 0. By the definition of clique-like, the measure of /; must be
close to +/e, the measure of I3 must be close to 1 — /e and the measure of I, must
be close to 0.

Note that d(x) + d(y) is above the threshold of % e on [y x Iy, is close to the
threshold on I; x I, U I, x I, and is below the threshold everywhere else. This
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implies that g(x, y) is pointwise close to 1 on I; x I1, takes on the average value 1/2
on /1 x I, (in order for the degree function to be %ﬁ) and is close to zero everywhere
else.

Now, consider what happens as we vary the size of I, while keeping e fixed. The
entropy associated with the region Iy x I, U I x I is linear in the size of I, as is
the extent to which 7 (which is the variance of the degree function) is reduced from
the maximum. That is, § must be O(1). However, 8 must diverge as ¢ approaches the
maximum value, as otherwise the graphon would not approach 0 on /; x /; and 1 on
I3 x I. This contradiction implies that the size of I, is in fact zero, completing the
second step.

Next we consider the solutions of k(z) = z near z = 0 and z = ./e. Having
multiple podes with d(x) close to 0, or multiple podes with d(x) close to /e, could
smear the vertical part of the step function somewhat, but the portions of the graph
near 0 and /e are nearly flat. (If there were any podes with d(x) close to /e /2, that
would introduce small steps near z = /e, insofar as the threshold is %ﬁ , but we just
ruled out the existence of such podes.) Since k’(z) is never greater than 1 near z = 0
orz = %JE , there can only be one point near 0 and only one point near /e, where
k(z) = z. That is, the graphon must be bipodal, completing the third step.

A bipodal graphon is described by four parameters (a, b, c,d), all between 0 and 1,
with

a x,y<ec,

gx,y)=1b x,y>c,

d x<c<yory<c<AxX.

Since we are looking for clique-like graphons, we wanta ~ 1,b ~ 0, ¢ ~ /e, d ~ 0.
We compute the gradient of the edge density, 2star density and entropy with respect
to (a, b, c,d) and set

VS =aVe + BVr.

Those four equations, plus the constraints on e and ¢, give six equations in six un-
knowns. The system of equations is non-degenerate and yields a single family of
solutions witha ~ 1,b ~ 0, ¢ ~ /e, and d ~ 0, namely,

a=1-8§+ 02

b= 0(8%
c=4e+ (%ﬁ—1)5+0(52)
d =8+ 0(),

where § is a small parameter. |
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4. Above Erdos-Rényi

‘We now turn to the bottom of our parameter space, a neighborhood of the Erd&s-Rényi
curve t = e2, or equivalently 7 = 0. In previous work, we identified what happened
for e # 1/2 and 7 sufficiently small (where “sufficiently small” is o((e — 1/2)?) as
e — 1/2). We showed that, when e # 1/2, the optimal graphon is bipodal with ¢ =
@ + O(f?)and d = 1 — e + O({). In particular, the degree function is close to
e on the large pode and 1 — e on the small pode.

In this section, we bridge the gap between these two regions, proving that the
optimal graphon is unique and bipodal, with parameters that vary smoothly with e
and 7, whenever 7 + (e — %)2 is small.

The strategy of proof is a variation of a method we used in [19] to determine the
optimal graphon in the edge-triangle model below the Erdés-Rényi curve and when
e ~ 1/2. We begin with an explicit bipodal graphon. Using a power-series expansion
of the entropy function H (1), we express the entropy of a graphon in terms of the
even moments of (g(x, y) — %). By examining the first few moments, we show that
an optimal graphon has to be close, first in an integral sense and the pointwise, to our
model graphon. Finally, we use the consistency equation (3) to show that the optimal
graphon is exactly bipodal and unique.

4.1. The ansatz

Let

2
¢ = t~+(e—%),

and consider the bipodal graphon go with

a=1—e—-2¢,
b=1—e+2L
d=1-—c 5)

¢ %(1—62%).

The degree function is exactly % — ¢ on the pode of size ¢ and % + ¢ on the pode of
size 1 —c.

For fixed e # %, this is the same, to leading order in < (e — %)2, as what was
previously proven. When e = %, this is a symmetric graphon with ¢ = % and b =
1 —a. Exceptate — % =1 = 0, the parameters (a, b, ¢, d) are analytic functions of e
and 7.
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Theorem 9. For sufficiently small {, the entropy-maximizing graphon is unique and
is well approximated by the ansatz graphon gg. Specifically, the entropy-maximizing
graphon has

a=1—e—2¢+ 0(?),

b=1-—e+2;+ 0,

d=1-e+ 00, ©6)
IR A Y
357

Furthermore, the exact values of the parameters a, b, ¢, and d are analytic functions
of (e, t) everywhere except at the singular point (%, 0).

Corollary 10. There is an open set in the (e, ) plane, whose lower boundary is the
entire open line segment t = 0, 0 < e < 1, on which the optimizing graphon is bipodal
and unique. On this open set, the parameters (a, b, c, d) are analytic functions of

(e, ).

That is, there is a single bipodal phase just above 7 = 0. This has implications for
the edge-triangle model and for all models where we constrain the density of edges
and another connected graph H whose vertices all have valence 1 or 2. In [11], we
proved results about such models for ¢ # 1/2 by relating the change in the number of
H’s to changes in the number of 2stars. A similar approach is promising for e &~ 1/2.
However, the estimates become delicate as e — 1, so we postpone that analysis to a
future work.

Proof of Theorem 9. Any graphon g with degree function

1
d(x) = ,y)d
(x) /0 g(x, y)dy
can be uniquely written as
glx,y) =d(x)+d(y) —e+dg(x,y)
1 1
= (am=3) + (40 -3) +a-a+sen

g =5 = (0= 3) + (401 = 5) = (o= 5) + sex

where §g(x, y) is a function with zero marginals:

1 1
/0 8g(x,y)dx =/0 sg(x,y)dy =0.
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We will show that §g(x, y) is pointwise O(¢?) and that d(x) — % only takes on
two values, within O(¢?) of £¢. This implies that g is bipodal and follows the
estimates (6). The analyticity of (a, b, ¢, d) then follows from the implicit function
theorem. The proof follows several steps.

(1) Using the known properties of the entropy function near Erd6s-Rényi to esti-
mate the Lagrange multipliers o and 8 that appear in equations (2)—(3).

(2) Showing that g is at most tripodal and that the degree function is everywhere
% 4+ o(1). This implies that g is pointwise close to %

(3) Comparing the entropy of the general graphon g(x, y) of equation (7) to the
entropy of the ansatz graphon g¢. This will show that

/ 5¢(x.y)?dx dy = O(Z°).

that go comes within O(¢®) of achieving the maximum possible entropy, and
that the variance of (d(x) — 1)? is O(Z®).

(4) Since (d(x) — %)2 is almost constant (in an L? sense), and since fol (d(x) —
%)2dx = 2 (exactly), our graphon must either be bipodal with degrees very

close to % = ¢, or must be tripodal with a very small third pode. We rule out
the latter possibility.

(5) We examine the variational equations on the space of bipodal graphons in
a neighborhood of gy and show that there is a unique solution that depends
analytically on (e, 7).

Step 1. The function H (1) admits a convergent power series expansion around ¥ = %:

1 1 1 2 1 nn 1 N
H(w) = H(1/2) + S H (1/2)(u—§) + o5 H (1/2)(u_§) .

This gives rise to a convergent power series expansion for the entropy of a graphon g:

S =3 %H“"’(l/zx
k=0

Mok = //(g(x,y) - %)dex dy.

When 7 = 0, the maximal entropy is exactly H(e). As we vary e, the infinitesimal

where

change in ¢ is 2ede, so

a+2ef = H'(e) ~ H”(I/Z)(e—é).
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The existence of the ansatz graphon go, with entropy H(e) + H” (%)f + 0(h,
shows that § is no less than H”(%) + 0(¢) = -2+ O(¢). However, if B were greater
than H” (%) + O(¢), then there would only be one solution to equation (3), namely,
z = k(z) = e. But that gives 7 = 0. When 7 > 0, we must have

a=—H"(e)+0(), p=H"e)+O0().

Step 2. With these values of @ and B, the line y = z is nearly tangent to y = k(z) at
y = e. This implies that all solutions to z = k(z) are close to e, or equivalently close
to 1/2.

The function k(z) is the convolution of a fixed (scaled) logistic curve. The logistic
function 1/(1 4 exp(—(« + B(z + €)))) has a negative third derivative near z = e.
Any small convolution of this function must likewise have a negative third derivative,
meaning that its second derivative is decreasing and only passes through zero once
near z = e. By Rolle’s theorem, this implies that a line can only intersect the graph
y = k(z) at most three times near z = e. Thus, our optimal graphon must be at most
tripodal, with degrees close to 1/2. By equation (2), this means that the graphon is
pointwise close to 1/2, meaning that g(x, y) — % iso(l)as ¢ — 0.

Step 3. We now compute the leading terms in the expansions of S(g¢) and S(g). For

1 k
Vk:/o (d(x)—%) dx.

Note that the first two moments are determined by e and 7:

any graphon, let

Higher even moments are bounded from below:
Vok = Vlzc ,

with equality if and only if (d(x) — 3)? is constant. In particular, v4 — v3 is the vari-

ance of (d(x) — %)2.
1/2
1= (] et oraxay)

Let
be the L2 norm of 8g. For an arbitrary graphon, the first two non-trivial moments are

1 2
M2=2vz—(€—§) + 17,
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2 4
5 1 1
Ha = 2v4 + 6V; — 12(e— 5) vy + S(e— 5)

1\2
#24 [[ seon| (a0 - 5) (4= 3)
| 1 1
- (e — 5) (d(x) — 5) (d(y) — E):Idx dy
5 1\? 1 1
+ 12/ 3g(x,y) [(d(x) — 5) — (d(x) — 5) (d(y) — 5)}1)6 dy
3 1 1
+ 4/ 8g(x,y) |:2(d(x) — 5) — (e — E)}dx dy
2
+ [[[sstrnrtaxdy +6(c - 3) Iogl
For the graphon gy, this simplifies to
1\2
M2=2V2—(€—§) ,
2 4
g = 21)% — 121)2(6 — %) + S(e — %)
(- ()
2 2

Comparing these, we see that there is an H”(1/2)n? cost in having §g nonzero and
a H""'(1/2)(v4 — v2)/12 cost in having (d(x) — %)2 not be constant. There are also
costs in yt4 from terms proportional to §g2 or §g*.

The lowest-order benefits from having §g nonzero are terms proportional to

1\2 1
] sz (403 ) (01 5 )axas
1 1 1
[[ 5et. y)(e _ 5) (d(x) _ 5) (d(y) - E)dx dy.

By Cauchy—Schwarz, the first term is O(¢1./v4), while the second is O(£3n). Since
v4 cannot be much greater than v3, the maximum possible benefitis O(£37).

and

Any benefits from the expansion of g and higher are higher order in ¢, 7, or
both, so the total benefit of having §g nonzero is O(¢3n). With a cost proportional to
n? and benefits that are O(¢37n), n must itself be O(¢3) and the net benefit of having
8g nonzero is O(L®).

This means that the net cost associated with having (d(x) — %)2 differ from a
constant must itself be O(&®). There are indeed benefits at higher order, for instance,
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terms proportional to (e — %)vz v3 that appear in the expansion of g, but they are all
O(£®), so the cost in /14, proportional to the variance of (d(x) — 1)2, must be O(Z°).

Step 4. We recall some facts about cubic polynomials. Suppose that
f(x) = x3 + axx? + a1x + ag

has three real roots. The sum of the roots is —a, and the average of the roots is —a5 /3,
which is also the unique point where f”(x) = 0. Now, consider the convolution of f
with a distribution of degree functions d(y):

5 1
fu)=A_ﬂx+d@»@.

If f has three roots, then the sum of the roots is —3e — a;, where e = fol d(y)dy,
and the average of the roots is —e — %2 Furthermore, a simple algebraic calculations

(o @Y (2 s [ o - erd
i(ce=2) =1 (-2) + [ wor-orar

Now, consider the function

shows that

1
1 + exp(—(a + Bz))’

Near the point of inflection z = —a/8, this function is approximately cubic, with
corrections of order (z + %)5. The value of this function at the point of inflection
is exactly 1/2. Convolving this function by the degree function d(y), we obtain the
function k(z). The solutions to k(z) have average value d = —e — % The value of
k(d)is & + fol (d(x) — e)3dx, plus O((d — )5) corrections due to k(z) not being
exactly cubic.

We have already shown that two of the three roots of k(z) — z are % +¢+ 0.
Since /01 d(x)3dx is then O(Z3), this implies that the average of the three roots is
3 + O(&?), which implies that the third root must be 1 + O(?). Let 3 be the size
of this pode.

We now compute the cost:

2 2
Vg — V3 = /01((d(x) — %) — 62) dx ~ c3t*.

The derivative of the entropy with respect to c3 has a positive term of order {*. Since
d(x) — % is pointwise O(¢), all of the contributions to ue and higher have order ¢
and higher and cannot overcome this quartic cost nor can the cross-terms with g,
which we have shown to be O(£®). Since the derivative of the entropy with respect
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to ¢3 is positive, the entropy is maximized when c3 = 0. That is, the optimal graphon
is bipodal, not tripodal, with the degree functions on the two podes being % +¢+

0(8?).

Step 5. Bipodal graphons are described by four parameters (a, b, ¢, d). The edge
density, 2star density, and entropy are all analytic functions of (a, b, ¢, d). Introducing
Lagrange multipliers, we obtain four analytic equations in six unknowns:

VS =aVe + BVr.

This gives a 2-dimensional analytic variety of solutions. To see that (a, b, ¢, d) are
analytic functions of e and ¢, we need to only check that the tangent space does not
degenerate. That is, we must check that, on this family of solutions, the edge and
triangle densities can be varied independently to first order.

However, that is easy. This property obviously holds for the ansatz graphon (5),
except at the singularity { = 0 (where the derivative of ¢ with respect to 7 diverges).
We have dd/de = —1, while dd /07 = 0. However, the partial derivatives of a, b,
and ¢ with respect to 7 are nonzero, showing that . (a, b, ¢, d) and 9;(a, b, ¢, d) are
linearly independent vectors. In particular,

dadd dd da 1

de o de d ¢

The difference between the true graphon and the ansatz is small, in particular

being O(¢?) for a and d, with the derivatives of these terms with respect to ¢ being

0(¢). Since

0 e— % aC 1

- = - O 1 d — =

de ¢ (D and 22 =%

these terms can only change d.(a) and d.(d) by O(¢) and d;(a) and 9;d by O(1),

resulting in an O(1) change in d.ad;d — d.d 0;a, which remains nonzero for small ¢.

5. Bifurcation point(s)

We now turn our attention to the line e = % When 7 is close to (@), there are
two optimal graphons, one clique-like and the other anti-clique-like. When ¢ is close
to 0, there is a unique optimal graphon, which must be symmetric under g <+ 1 — g.
That is, it must be bipodal with c = d = 1/2 and b = 1 — a. Somewhere between
these regions, there must be a bifurcation point (%, f *), where the system transitions
from having a unique optimal maximizer to having multiple inequivalent maximizers.
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In principle, there might be multiple bifurcation points; we are guaranteed to have at
least one.

We are not prepared to investigate a hypothetical point where a graphon that is
far from symmetric has a Shannon entropy that matches and then exceeds the entropy
of a symmetric graphon. However, we can answer a simpler question: At what value
of T does the bipodal graphon witha = 1 — b and ¢ = d = 1/2 stop being a local
maximizer of the entropy within the 4-dimensional space of bipodal graphons?

Theorem 11. There is a critical value t* ~ 0.03727637 such that the following hold.

(1) Ift < t*, there is a bipodal graphon withb =1 —a, c =d = 1/2, which is a
local maximizer of the entropy among all bipodal graphons with edge density
1/2 and 2star density  + i.

(2) If t* < [ < 0.0625, then there exist bipodal graphons with b = 1 — a and
¢ =d = 1/2, but these graphons are not local maximizers.

(3) Ift > 0.0625, then there do not exist bipodal graphons with b = 1 — a and
c=d=1/2

Proof. Every bipodal graphon can be expressed as a linear combination of a constant
graphon, the function v(x) + v(y), and the function v(x)v(y), where

1—c

- x <ec,

v(x) = _
/1= X >¢

for some constant c. For any fixed value of ¢, we can adjust the coefficient of v (x)v(y)

to maximize the Shannon entropy. This gives us entropy as a function of c. By doing

a power series expansion around ¢ = 1/2, we determine whether the symmetric

graphon is a local maximum or a local minimum of the entropy.

We therefore consider graphons with ¢ = % + 6 and

glx.y) = % + ufv(x) + ()] + vév(x)v(y).

We put an explicit factor of § in the coefficient of v(x)v(y) in order to make v an
even function of §. Since we only care about the entropy to order §2, the dependence
of v on § will not matter. The degree function is then

1
d(x) = 5t po(x),
whose variance is u2, so . = /1.

Our symmetric graphons have a = % +2u,b = % —2u,andc =d = % Since
a and b must be between 0 and 1, |u| cannot be greater than % These symmetric
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graphons are only defined when

i < = 0.0625.

1
16

For general (not necessarily symmetric) bipodal graphons, the four parameters

(a,b,c,d) are
1 1—c 1—c
a==+2u +vé
2 c c

=%+2M+(U—4u)5+4(,u—1))52+ 0(8%),
b:%—zu\/Z—kalic
_ %—2M+8(U—4M)+452(V—u)+ 0(8),
cz%—i—&
o[ )
1

=5~ (u+v)s+ 0(8%).

We expand the values of H(a), H(b), and H(d) in power series, using the facts
that H'(X —2p) = —H'(X +2p) and H”(X —2p) = H" (3 + 2p):

H(a) = H(% + zu) + H’(% + Z;L)[(v —4p)8 + 4(u —v)5?]

1 1
+ EH”(5 + Zu) (v —4p)%8% + 0(58%),

H(b) = H(l + 2#) + H’(% + 2M)[(4M — )8 + 4( — v)8?]

[\

1 1
+ 5H”(E + 2u) (v —4p)%8% + 0(5%),

H(d) = H(%) + %H”(%)(u + 41)%8% + 0(8%).

The Shannon entropy of a bipodal graphon is
S(g) =c*H(a) + (1 —c)>H(b) + 2c(1 —c)H(d)
= %[H(a) + H(b) +2H(d)] + §[H(a) — H(b)]
+ 8%[H(a) + H(b) —2H(d)].
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Plugging in our previously computed values of H(a), H(b), and H(d) gives

S(g) = %(H(% + 2;;,) + H(%)) — 652uH’(% + 2#)

1 1 1
+ 182[(1) - 4/1,)2H”(§ + 2/1) + (v + 4/1,)2H”(§)j|

1 1

+ 262 (H(5 + 2#) — H(E)) + 0(83). (8)
That is, the change in the entropy from the symmetric graphon with § = 0 is pro-
portional to §2 (plus higher-order terms). To leading order, the change in entropy is

quadratic in v. This quadratic function is maximized when

H'(3 +2p) = H'(})

K 1 S

H"(3 +2p) + H"(3)

Next we compute H, H’, and H” at % and % +2u:
H(l) = l1n(2), H(l + ZM) = —1((l + ZM) ln(l + 2,u)
2 2 2 2\\2 2
(bl )
2 2
() )=o) (1)
2 2 2 2 2

H" 1 -2 H” l+2M :_—2
2 ’ 2 1—16u2

The combinations that appear in equation (8) are
1 1 1
H'(z+2u)-H'"|z)=2—— -1
(2+ “) (2) (1—16M2
H// l + 2I/L + Hl/ l — _2 -
2 2
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Combining, we have that

AS L 1 4+2u 2 16p?(16pu2 —1)2
—_— n J—
82 1 1—16p2  4(1—8u?)?

2__lou® Lo )m(Ls2
e — p— n p—
4(1—8u2)? p TAR) I g T AR
1 1
+ E_ZM In EZ/L +1n(2) | + O(9),
where the first term is —6/,LH/(% + 2u), the second is %(v — 4;/,)2H”(% + 2u), the

third is %(u + 4,u)2H”(%), and the last is 2(H(% +2u) — H(%)). The logarithmic
terms simplify to

1
pin(l 4 4p) — pin(l —4p) — 3 In(1 — 1612),
while the algebraic terms simplify to

—16u?
1—8u?’

The total is negative when 1t is small, going as —644# /3, but it turns positive for larger
values of p, diverging logarithmically as @ approaches 1/4. The crossover point is at

w* ~0.1930708944, * ~ 0.0372763703. |

A. Appendix

We include here the proofs of two key steps in the project: the existence of the Boltz-
mann entropy, Theorem 5 (proven in less generality in [20,21]), and the connection
with large finite graphs, Theorem 6.

Proof of Theorem 5. We need to define a few sets. Let Us be the set of graphons g
with each 7;(g) strictly within § of ¢, i.e., the preimage of an open k-cube of side
26 in t-space, let F5 be the:: preimage of the closed k-cube, and let 178” and F, s be
the corresponding sets in ‘W. Let |Uy'| and |Fy'| denote the number of graphs with
n vertices whose checkerboard graphons lie in Ug or Fs. By the large deviations
principle, Theorem 4,

. In|F|
lim sup 5
n—oo

< sup S(g),
geFs



Optimal graphons in the edge-2star model 241

which also equals sup, ¢, S(g), and

In|U|

lim inf
n—>oo

> sup S(g),
geUs

which also equals supg ey, S (g). This yields a chain of inequalities:

U In |Uy'|
sup S(g) < liminf >— < limsup 5
Us n n
"
< limsup —* <sup S(g) < sup S(g).
n Fs Ua+52

As § — 0T, the limits of supy, S(g) and SUpy, . S(g) are the same, and everything
in between is trapped.

So far, we have proven that By, ;. equals

.....

lim sup S(g).
§—o0t geUs
This limit is manifestly at least as big as max S(g), the maximum value of S(g)
among graphons with each 7; exactly equal to #;. To see that it cannot be greater,
imagine a sequence of graphons g; with each 7;(gx) converging to ¢;, and with S(g)
greater than max S(g) + €. By the compactness of W, there is a subsequence whose
classes in ‘W converge to that of a graphon g,. The densities 7; are continuous in the
cut metric, so 7;(gs0) = t;. The entropy functional is upper-semicontinuous [8], so
S(goo) = max S(g) + &, which contradicts the definition of max S(g). [

Proof of Theorem 6. Let U, denote the open set in W of graphons whose cut distance
from gy is strictly less than &, and let U, be those graphons of distance ¢ or less. The
complements US (resp., 178" ) are then closed (resp., open) sets of graphons whose
distance from g¢ is greater than or equal to ¢ (resp., strictly greater than ¢). Let Vj
(resp., V) denote the set of all graphons g with densities 7;(g) in (t; — §8,i; + §)
(resp., [t; — 8,t; + 8]) foreachi.

If Vs N UE is empty for any §, then all checkerboard graphons in Vj are close
to go and there is nothing left to prove. Otherwise, let So = S(go). Let S3 5. be the
supremum of S(g) on Vs N l78". For fixed ¢, let §3 = limg_,0 S35 ¢.

The proof proceeds in five steps.

(1) For any fixed &, we show that S3 < Sj.

(2) We pick K < S¢ — 3 and numbers S; and S; such that S > S; > S, > S3
and S§; = 5> + K.

(3) We show that, for any §, the number of graphs in §;s , is eventually greater
than exp(Sn?).
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(4) We show that, for § sufficiently small, the number of graphs in §5 , N U is
eventually smaller than exp(S,n2).

(5) We conclude that, for § sufficiently small and n larger than a number that
depends only on § and &, the number of graphs in g5, N U divided by the
number of graphs in §; ,, is less than exp(—Kn?).

Step 1. Suppose that S3 > Sy. Then, there would exist a sequence of graphons g1,
g2,...in U, with densities approaching (t1, ..., x), with limsup S(g;) > Sop. As in
the proof of Theorem 5, we use the compactness of ’W, the continuity of t;, and the
semi-continuity of S to construct a subsequential limit goo, € U < with densities equal
to (t1,..., 1) and with S(gso) > So. That contradicts the uniqueness of gg, so we
conclude that S3 < Sp.

Note that S3 cannot be negative, as the functional S(g) is positive semi-definite.
So, what happens when Sy = 0? In that case, V3 N US must be empty when § is small.

StepZ. Take K = (S()—S3)/3, S1=80—K,and S, = Sp — 2K.

Step 3. For any § > 0, the supremum of S(g) over Vj is at least Sy, and so, it is strictly
greater than Sp. Since Vj is an open set,

1
liminf — In(#§, 5) > So > S1.
n—oo n

so for all sufficiently large values of n, #8, 5 > exp(S1n?).

Step 4. Since limg_,o S35, = S3 < S», there exists a nonzero value of § for which
S3.6+62,¢ < S2. The number of graphs in Vs N U is bounded by the number of graphs
in the closed set Vs N U¢ and the entropy S(g) on Vs N Uy is bounded by S3 5452 , <
S>. By the first half of Theorem 4,

1 —
limsup — In(#(Vs N Uy)) < Sz,
n—oo N

so the smaller quantity #(Vs N US) grows strictly slower than exp(n2S5), and in par-
ticular, it is eventually bounded by exp(n2S,).

Step 5. Now, we consider the order of operations. Given &, we first compute S3 and
define k, Sy, and S,. We then pick a § such that the size of V5 N Uf is bounded by
exp(n?S,) for all sufficiently large n. The phrase “sufficiently large” means that there
is a number N, depending on § and &, such that the bound applies for all n > Nj.
Meanwhile, the number of graphs in , s is at least exp(n2S;) for all n greater than
another constant N,. Pick N = max(Ny, N3).

The upshot is that for this value of §, and for alln > N,

#(G,5 NUS) - exp(n?S,)

= exp(—Kn?). [ |
#(Gns) expn2Sy) _ CPCEM)
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