
Comment. Math. Helv. 101 (2026), 265–304
DOI 10.4171/CMH/606

© 2025 Swiss Mathematical Society
Published by EMS Press

This work is licensed under a CC BY 4.0 license

The wandering domain problem for attracting polynomial
skew products

Zhuchao Ji and Weixiao Shen

Abstract. Wandering Fatou components were recently constructed by Astorg et al. (2016) for
higher-dimensional holomorphic maps on projective spaces. Their examples are polynomial
skew products with a parabolic invariant line. In this paper we study this wandering domain
problem for polynomial skew product f with an attracting invariant line L (which is the more
common case). We show that if f is unicritical (in the sense that the critical curve has a unique
transversal intersection with L), then every Fatou component of f in the basin of L is an
extension of a one-dimensional Fatou component of f jL. As a corollary there is no wandering
Fatou component. We will also discuss the multicritical case under additional assumptions.

1. Introduction

1.1. Backgrounds

In one-dimensional complex dynamics, a celebrated theorem of Sullivan [24] as-
serts that there is no wandering Fatou component for rational maps on the Riemann
sphere P1. This leads to a complete classification of Fatou components for rational
maps: a Fatou component is preperiodic to an attracting basin, a parabolic basin, or a
rotation domain.

In higher dimensions, let f be a holomorphic endomorphisms on the projective
space Pk , k � 2. The Fatou set is classically defined as the maximal locus such
that ¹f nºn�1 form a normal family. However, contrary to the one-dimensional case,
wandering Fatou components were recently constructed by Astorg–Buff–Dujardin–
Peters–Raissy [4] for holomorphic endomorphisms on the projective plane P2.

The counter examples constructed in [4] are polynomial skew products. By defi-
nition a polynomial skew product is a self map on C2 of the following form:

f .z; w/ D
�
p.z/; q.z; w/

�
;
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where p; q are polynomials of degree at least 2. A polynomial skew product f is
called regular if it can be extended to a holomorphic endomorphism on P2, which is
equivalent to the condition that

deg.p/ D deg.q/ D d;

and q.z; w/ D cwd C lower degree terms for some c ¤ 0. For a regular polynomial
skew product, the line at infinity is an attracting set, and the Fatou components in the
attracting basin of the line at infinity was classified by Lilov [16]. (In this case the line
at infinity is super-attracting by the terminology we defined below.)

Now assume that � is a Fatou component of f with bounded orbit, let � be the
projection map to the z-coordinate, then �.�/ is contained in the Fatou set of p.
Recall that the polynomial map p does not have Herman rings. Since the classifica-
tion of Fatou components of p is known (by Sullivan’s theorem), to investigate the
dynamics of f on �, by passing to an iteration of f and a coordinate change, we
may assume that the line L D ¹z D 0º is invariant (i.e. p.0/ D 0), and � is con-
tained in a small neighborhood of L. The invariant line L is called super-attracting,
attracting, parabolic or elliptic if 0 is a super-attracting, attracting, parabolic or ellip-
tic fixed point of p, respectively. The counter examples constructed in [4] are regular
polynomial skew products with a parabolic invariant line, and the parabolic implosion
technique is crucial in their construction.

It remains an open problem whether there are wandering Fatou components for
regular polynomial skew products with an attracting invariant line. Note that a generic
(i.e. open and dense in the parameter space of polynomials of fixed degree) poly-
nomial map on P1 does not have parabolic or elliptic periodic points. Since the
construction of wandering Fatou components in the parabolic case relies heavily on
the parabolic implosion technique, one might expect that in the attracting case there
is actually no wandering Fatou component. This would imply that a generic regular
polynomial skew product does not have wandering Fatou components, which is sat-
isfactory for the purpose of understanding dynamics of generic regular polynomial
skew products.

In this paper we, solve this problem when f is unicritical, i.e. the critical curve
of f has a unique transversal intersection with L. Here the critical curve of f is by
definition the critical locus of the map f WC2 ! C2. Equivalently this means that f
can be conjugated to the following form in a neighborhood of L:

f .z; w/ D
�
�z;wd C c.z/

�
; (1.1)

where 0 < j�j < 1, d � 2 and c.z/ is a (non-constant) holomorphic function in a
neighborhood 0. Let k � 1 be the order of c at 0, i.e. c.z/ has the local expression
c.z/ D c.0/ C akz

k C higher order term, with ak ¤ 0. By passing to a coordinate
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change z ! ˛z, we can further assume that

c.z/ D c.0/C zk C higher order term; (1.2)

and we choose 0 < r0 < 1 such that, for every z 2 B.0; r0/,

jzkj � jc.z/ � c.0/ � zkj: (1.3)

In the rest of the paper we always assume that f has this form unless otherwise
stated. Let f0 be the one-dimensional map f0.w/ D wd C c.0/, which is the restric-
tion of f on the invariant line ¹z D 0º.

1.2. Main results

The following is our main theorem.

Theorem 1.1. Let f .z; w/ D .�z; wd C c.z// as in (1.1). Then every Fatou com-
ponent of f is an extension of a Fatou component of f0. In particular, there is no
wandering Fatou component.

Note that the escaping Fatou component

�1 WD ¹x 2 B.0; r0/ �C W jf n.x/j ! C1º

is clearly non-wandering. Any other Fatou component of f is contained in the com-
plement of �1 and hence is uniformly bounded.

We will discuss a partial generalization of Theorem 1.1 in Section 6 without
assuming the unicritical condition.

Applying Theorem 1.1 to the setting when f is a globally defined holomorphic
endomorphism on P2, we get the following.

Theorem 1.2. Let f .z; w/ D .p.z/; q.z; w// be a regular polynomial skew product
of degree at least 2. Assume that p does not have parabolic periodic points nor Siegel
periodic points, and that for every attracting p-periodic point z0 of periods s, the
critical curve of f s in C2 has a unique transversal intersection with the vertical line
L WD ¹z D z0º � C2, then f has no wandering Fatou component in P2.

Here is a specific example that Theorem 1.2 can apply.

Theorem 1.3. Let f .z; w/ D .z2 C �z;w2 C az2 C bz C c/, where �; a; b; c 2 C.
Then f can be extended holomorphically to P2. Assume that j�j < 1. Then f has no
wandering Fatou component in P2.

It is not hard to show that every quadratic regular polynomial skew product can be
conjugated to the form f .z;w/D .z2C�z;w2C az2C bzC c/; see [1, Lemma 2.9].
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In the setting of Theorem 1.3, let f0.w/ WD w2C c, which is the one-dimensional
map acting on the invariant attracting vertical line ¹z D 0º. As far as we know, pre-
viously the results about no wandering Fatou components in P2 in the setting of
Theorem 1.3, were only established in the following two special cases:

(1) For a fixed triple .a; b; c/ 2 C3, when j�j is sufficiently small, [12]. See
also [16].

(2) When j�j < 1 and f0 is Collet–Eckmann and Weakly Regular, [13]. See
also [18].

In order to prove Theorem 1.1, we prove two intermediate results which are of
independent interests. The following is the first one concerning the lower bounds of
the derivative along the orbit.

Let f .z; w/ D .�z; wd C c.z// as in (1.1). An orbit ¹xi D .zi ; wi /º0�i�n of f
is called tame if jzi jk � jwi jd for every 0 � i < n and jz0j < r0. Here the integer k
comes from (1.2) and the constant r0 comes from (1.3).

Theorem 1.4 (Expansion along tame orbits). Let f .z; w/ D .�z; wd C c.z// as
in (1.1). Assume that f0 has no attracting nor super-attracting cycle in C. Given
0 < �0 < 1, there exists C D C.�0/ > 0 such that if ¹xi D .zi ; wi /º0�i�n is a tame
orbit of f , then

jDf n.x0/.v/j � C�
n
0

n�1

min
iD0
jwi j

d�1;

where v D .0; 1/ is the unit vertical vector. Moreover, if jwnj � jwj j for all 0� j < n,
then

jDf n.x0/.v/j � C�
n
0:

Theorem 1.4 is a generalization of the corresponding one-dimensional estimate
obtained by Levin–Przytycki–Shen in [15].

Our next intermediate result is about the abundance of points satisfying the slow
approach condition. For ˛ > 0, a point x0 2 B.0; r0/ � C is called ˛-slow approach
(to the critical point),

jwnj � e
�˛n

for every n large, where wn is the projection of f n.x0/ to the w-coordinate.

Theorem 1.5. Let f .z; w/ D .�z; wd C c.z// as in (1.1). Assume .0; 0/ is not a
periodic point. Then for every ˛ > 0, Lebesgue a.e. point in B.0; r0/ � C is ˛-slow
approach.

We note that under additional hyperbolicity assumptions on f0, the above theorem
was proved in [13]. Here we do not make any hyperbolicity assumptions on f0. Theo-
rem 1.5 is also a generalization of the corresponding one-dimensional result obtained
by Levin–Przytycki–Shen in [15].
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Throughout the paper, the vector v will denote the unit vertical tangent vector
v D .0; 1/.

1.3. Previous results

The problem of classification of Fatou components for polynomial skew products
gets much attention in recent years. We refer the readers to the survey paper by
Dujardin [8].

As we have mentioned, wandering Fatou components for parabolic polynomial
skew products were constructed in [4], see also Astorg–Boc Thaler–Peters [3], Hahn–
Peters [10] and Astorg–Boc Thaler [2] for constructions of wandering domains using
similar technique.

In the case that f is an attracting polynomial skew product, previously there are
two kinds of results concerning non-existence of wandering Fatou components, both
making additional assumptions on f . The first type of results assume the smallness
of the multiplier �. It was first showed by Lilov [16] that there is no wandering Fatou
component if p0.0/ D 0. Later this was generalized by the first named author [12]
that there is no wandering Fatou component if � is sufficiently small. The second type
of results make hyperbolicity conditions on f0, see for instance Peters–Vivas [19],
Peters–Smit [18] and the first named author [13]. For example the result in [13] asserts
that if f0 satisfies Collet–Eckmann condition and a Weakly Regular condition, then
there is no wandering Fatou component and the Julia set has zero volume. Compared
with Theorem 1.1, here we do not make any assumptions on � nor on the hyperbolicity
of f0.

The elliptic polynomial skew products were studied by Peters–Raissy [17]. Fi-
nally, we mention that in the context of complex Hénon maps, wandering Fatou
components were constructed by Berger–Biebler [6].

The topology of Fatou components of polynomial skew products on C2 was stud-
ied by Roeder [23].

1.4. On methods of the proof

We introduce new methods in order to prove Theorem 1.1. Our methods are based on
the parameter exclusion technique and binding argument initiated by Jakobson [11]
and Benedicks–Carleson [5]. They successfully used these two techniques to show the
existence of absolutely continuous invariant measures for a positive volume parameter
set of quadratic interval maps.

As far as we know this is the first time that these two techniques are used to
solve the problems about wandering domains. This is actually built on the follow-
ing interesting analogue between families of one-dimensional dynamical systems and
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polynomial skew products. Let ¹qzºz2D be a family of polynomials of same degree,
parametrized by the unit disk. We can associate this family to a polynomial skew
product as

f WD �C ! D �C; f .z; w/ WD
�
z; qz.w/

�
:

Recall that a polynomial skew product with an attracting invariant line L has the
normal form

f WU �C ! U �C; f .z; w/ D
�
�z; qz.w/

�
in a neighborhood U � C of L, where j�j < 1. Now it is obvious to observe the
similarity of these two objects. Unlike excluding bad parameters as Jakobson and
Benedicks–Carleson did, we exclude bad vertical lines instead for attracting polyno-
mial skew products. The one-dimensional estimates in Levin–Przytycki–Shen [15]
are also involved, to ensure the binding argument work. To prove Theorem 1.4 we use
the binding argument with the help of the one-dimensional estimates in [15]. To prove
Theorem 1.5 we use the binding argument and the parameter exclusion technique.

To complete the proof of Theorem 1.1, we also adapt some arguments in [16]
and [12]: assume by contradiction that there is a wandering Fatou component�. Then
by Theorems 1.4 and 1.5, we can construct a vertical disk (i.e. a disk contained in a
vertical line) D � � such that the forward image f n.D/ contains a vertical disk of
radius at least �n0 when n large enough, where �0 > 0 is a constant smaller but close
to 1. Since D is contained in a wandering Fatou component, the orbit of D cluster
only on the Julia set of f0. Again by using the binding argument, we show that this
vertical disk actually cannot exist. This gives a contradiction, and hence finishes the
proof.

1.5. Organization of the paper

The organization of the paper is as follows. In Section 2, we do some preliminaries,
we recall some one-dimensional results and we introduce the notion of binding time.
In Section 3, we prove Theorem 1.4. In Section 4, we prove Theorem 1.5. In Section 5,
we complete the proof of Theorem 1.1, and we prove Theorems 1.2 and 1.3. Finally,
in Section 6, we discuss a partial generalization of our results when f is multicritical.

2. Preliminaries

2.1. Expansion of one-dimensional unicritical polynomials

In the following, f0 will denote a unicritical polynomial

f0.w/ D w
d
C c; where c 2 C, d � 2: (2.1)
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The following proposition summarizes results on lower bounds of derivatives
in [15].

Proposition 2.1. Let f0.w/ D wd C c as in (2.1) such that f0 has no attracting nor
superattracting cycle in C. Then the following hold: Given any 0 < �0 < 1, there
exists C D C.�0/ > 0 such that for any w 2 C and any n 2 N,

jDf n0 .w/j � C�
n
0

n�1

min
jD0
jf
j
0 .w/j

d�1: (2.2)

More precisely,

(i) given 0 < �0 < 1 and ı > 0, there exists � D �.�0; ı/ > 0 such that for every
w 2 C satisfying jf j0 .w/j � ı for each 0 � j < n, we have

jDf n0 .w/j � ��
n
0I

(ii) given 0 < �0 < 1, there exists ı0 > 0 such that for any ı 2 .0; ı0�, if jwj < ı,
jf n0 .w/j � ı, and jf j0 .w/j > ı for all 1 � j < n, then

jDf n0 .w/j � �
n
0 min

�
1;

�
jwj

jf n0 .w/j

�d�1�
I

(iii) given 0 < �0 < 1, there exists �0 D �0.�0/ > 0 such that if jf j0 .w/j �
jf n0 .w/j for each 0 � j < n, then

jDf n0 .w/j � �0�
n
0:

Proof. We first prove (i)–(iii).

(i) This follows from [15, Lemma 2.2].

(ii) If jwj � jf n0 .w/j, this follows from [15, Lemma 4.2]. If jwj < jf n0 .w/j, this
follows from [15, Lemma 2.1].

(iii) Fix �0 2 .0; 1/, let ı0 > 0 be given by (ii) and let �0 D �.�0; ı0/ be given
by (i). If jf n0 .w/j � ı0, then the desired estimate follows from (i). Otherwise, define
� � � > n2 > n1 � 0 inductively such that

• n1 is minimal such that jf n10 .w1/j < ı0,

• for each i � 1, niC1 is minimal such that niC1 > ni and jf niC10 .w/j � jf
ni
0 .w/j.

Since jf n0 .w/j � jf
j
0 .w/j for all 0 � j < n, there exists k such that nk D n. So by

(i) and (ii),

jDf n0 .w/j D jDf
n1
0 .w/j

k�1Y
iD1

ˇ̌
Df

niC1�ni
0

�
f
ni
0 .w/

�ˇ̌
� �0�

n:
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Let us finally prove (2.2). By (iii), we only need to consider the case jwj< jf j0 .w/j
for each 0 < j � n. (If jf s0 .w/j D minn�1jD0 jf

i
0 .w/j for some 0 < s � n� 1, estimate

jDf s0 .w/j and jDf n�s0 .f s.w//j separately.) By (i), we may assume jwj < ı0. Let s
be maximal in ¹0; 1; : : : ; nº such that jf s0 .w/j � ı0. By (i) again,

jDf n�s0

�
f s0 .w/

�
j � d jf s0 .w/j

d�1�.�0; ı0/�
n�s�1
0 :

Let 0 D s0 < s1 < � � � < sp D s be such that siC1 is minimal such that siC1 > si and
jf
siC1
0 .w/j D minnjDsiC1 jf

j
0 .w/j. Then by (ii),

jDf s0 .w/j D

pY
iD1

jDf
siC1�si
0

�
f
si
0 .w/

�
� �s0

�
jwj

jf s0 .w/j

�d�1
:

Thus,
jDf n0 .w/j � �.�0; ı0/�

n
0jwj

d�1:

The following proposition was also proved in [15].

Proposition 2.2. Let f0.w/ D wd C c as in (2.1) such that f0 has no attracting nor
superattracting cycle in C. Then

(1) the lower Lyapupov exponent of f0 at c is non-negative:

lim inf
n!1

1

n
log jDf n0 .c/j � 0I

(2) the power series

F.z/ D 1C

C1X
nD1

zn

.f n0 /
0.c/

has the radius of convergence at least 1, and F.z/ ¤ 0 for every jzj < 1.

Proof. The first statement is one of the main theorems in [15], and the second one
is [15, Corollary 5.1], which follows from the first by a result of Levin in [14].

2.2. The binding time

In this subsection we introduce a version of the notion of binding time which was first
used by Benedicks–Carleson [5] to study perturbation of non-uniformly expanding
interval maps. Throughout we fix a map f .z; w/ D .�z; wd C c.z// as in (1.1).

Definition 2.3. Let x 2 B.0; r0/ � C and y 2 B.0; r0/ � C. Let � > 0 be a con-
stant. For every integer m � 0, we define �m.x/ to be the projection of f m.x/ to the
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w-coordinate. We define the �-binding time of the pair .x; y/, denoted by b�.x; y/,
to be the infimum of the set of non-negative integer n such that

j�n.x/ � �n.y/j �
�min.j�n.x/j; j�n.y/j/

.nC 1/2
: (2.3)

Here, we use the convention that inf; D C1.

We note that by our definition of binding time, form < b�.x; y/, �j .y/ and �j .x/
are both non-zero for 0 � j < m, we have

j�m.x/ � �m.y/j

j�m.y/j
<

�

.mC 1/2
: (2.4)

We fix a small constant �0 2 .0; 1/ such that

1X
iD1

2�0

i2
<

1

4d
;

and such that for any t 2 C with jt j < �0, we have

jtd � 1j � d jt � 1j
�
1C d jt � 1j

�
: (2.5)

Let
�1 D

�0

4
: (2.6)

Let us show that for every positive integer n,

jw1 � w2j �
�1 min.jw1j; jw2j/

n2
; jw2 � w3j �

�1 min.jw2j; jw3j/
n2

H) jw1 � w3j �
�0 min.jw1j; jw3j/

n2
: (2.7)

Indeed,

jw1 � w3j � jw1 � w2j C jw2 � w3j

�
�1 min.jw1j; jw2j/

n2
C
�1 min.jw2j; jw3j/

n2

�
2�1jw2j

n2
:

On the other hand, we have

jw2j � jw1j C jw1 � w2j � jw1j C
�1 min.jw1j; jw2j/

n2
� 2jw1j:

Similarly, jw2j � 2jw3j. Hence (2.7) holds.



Z. Ji and W. Shen 274

By (2.7), we have

b�0.x1; x3/ � min
�
b�1.x1; x2/; b�1.x2; x3/

�
: (2.8)

We note that (2.8) will only be used in the proof of Lemma 5.3.
In the rest of the paper, a �0-binding time is called a binding time for simplicity.

Note that if n is the �-binding time of .x; y/, where 0 < � � �0, then

1

2
j�j .y/j � j�j .x/j � 2j�j .y/j when 0 � j < n: (2.9)

The following two lemmas will be used frequently in the rest of the paper.

Lemma 2.4. Let x 2 B.0; r0/ � C and y 2 B.0; r0/ � C. Let n D b�.x; y/, where
0 < � � �0. Then for every positive integer m � n, we haveˇ̌̌̌

Df m.x/.v/

Df m.y/.v/
� 1

ˇ̌̌̌
<
1

2
:

Proof. For each 0� i < n, by (2.4) and the discussion just above (2.4), we have �i .x/
and �i .y/ are both non-zero, andˇ̌̌̌

log
�i .x/

�i .y/

ˇ̌̌̌
� 2
j�i .x/ � �i .y/j

j�i .y/j
�

2�

.i C 1/2
:

Thus for 1 � m � n,ˇ̌̌̌m�1X
iD0

log
�i .x/

�i .y/

ˇ̌̌̌
�

m�1X
iD0

2�

.i C 1/2
<
�0�

2

3
<

1

4d
:

Consequently,ˇ̌̌̌
Df m.x/.v/

Df m.y/.v/
� 1

ˇ̌̌̌
D je

.d�1/
Pm�1
iD0 log

�i .x/

�i .y/ � 1j < 2.d � 1/

ˇ̌̌̌m�1X
iD0

log
�i .x/

�i .y/

ˇ̌̌̌
<
1

2
:

Let x D .z0;w0/ 2 B.0; r0/�C, y D .z;w/ 2 B.0; r0/�C and n� 1. We define
the following quantity

W.x; y; n/ WD 2jw0 � wj C

nX
iD1

2jc.�i�1z0/ � c.�
i�1z/j

jDf i .x/.v/j
;

where c.z/ is the critical value curve of f as in (1.1). By our assumption (1.2), this
implies

W
�
.0; w/; .z0; w0/; n

�
� 2jw0 � wj C

nX
iD1

4j�k.i�1/zk0 j

jDf i0 .w/j
: (2.10)
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Lemma 2.5. Let f .z; w/ D .�z; wd C c.z// as in (1.1). Let

x D .z0; w0/ 2 B.0; r0/ �C and y D .z; w/ 2 B.0; r0/ �C:

If n is a positive integer and n � b�.x; y/, where 0 < � � �0, then

jDf n.x/.v/j �
j�n.x/ � �n.y/j

W.x; y; n/
:

In particular, if n D b�.x; y/, then

jDf n.x/.v/j �
�min.j�n.x/j; j�n.y/j/
.nC 1/2W.x; y; n/

:

Proof. First, for every 1 � m � n, we have

j�m.x/ � �m.y/j

D j
�
�m�1.x/

�d
�
�
�m�1.y/

�d
C c.�m�1z0/ � c.�

m�1z/j

� j
�
�m�1.x/

�d
�
�
�m�1.y/

�d
j C jc.�m�1z0/ � c.�

m�1z/j (2.11)

We now estimate the first term in (2.11). Sinceˇ̌̌̌
�m�1.y/

�m�1.x/
� 1

ˇ̌̌̌
�

�

m2
� �0;

by (2.5), we have

j�m�1.x/
d � �m�1.y/

d j

j�m�1.x/d j
� d
j�m�1.x/ � �m�1.y/j

j�m�1.x/j

�
1C d

j�m�1.x/ � �m�1.y/j

j�m�1.x/j

�
� d
j�m�1.x/ � �m�1.y/j

j�m�1.x/j

�
1C

d�

m2

�
;

and hence

j�m�1.x/
d
� �m�1.y/

d
j � d j�m�1.x/j

d�1
j�m�1.x/ � �m�1.y/j

�
1C

d�

m2

�
:

Therefore, for every 1 � m � n, we have

j�m.x/ � �m.y/j

jDf m.x/.v/j
�

�
1C

d�

m2

�
j�m�1.x/ � �m�1.y/j

jDf m�1.x/.v/j
C
jc.�m�1z0/ � c.�

m�1z/j

jDf m.x/.v/j
:

Next, we estimate j�m�1.x/��m�1.y/j
jDfm�1.x/.v/j

by the same method. Continuing this process,
we finally have

j�n.x/ � �n.y/j

jDf n.x/.v/j
� 2jw0 � wj C

nX
iD1

2jc.�i�1z0/ � c.�
i�1z/j

jDf i .x/.v/j
D W.x; y; n/;
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using the fact that
Q1
mD1.1C

d�

m2
/ �

Q1
mD1.1C

d�0
m2
/ � e1=8 < 2. Hence, we have

jDf n.x/.v/j �
j�n.x/ � �n.y/j

W.x; y; n/
:

In particular, by (2.3), when n D b�.x; y/, we have

jDf n.x/.v/j �
�min.j�n.x/j; j�n.y/j/
.nC 1/2W.x; y; n/

:

The following lemma will be used to bound from below the vertical derivatives
for an orbit starting close to the critical value line, and will be used in Section 4 and
Section 5.

Lemma 2.6. Assume that f0 has no attracting nor superattracting cycle in C. Fix
0 < � � �0. For any positive integer s0 and �0 2 .0; 1/, there exists ı0 > 0 such that
the following holds. Let .zj ; wj /1jD0 be an f -orbit that satisfies:

ı WD max
�
jw1 � c.0/j; jz0j

k
j
�1=d
2 .0; ı0/: (2.12)

Then there exists a positive integer n such that the following hold:

(1) s0 � n � b�..z1; w1/; .0; c.0//;

(2) jwj j � ı=2, 1 � j � n,

(3) jDf n.z1; w1/.v/j � �n0ı
�.d�1/.

Proof. Since f is Lipschitz, we havemD b�..z1;w1/; .0;c.0///!C1when ı! 0.
This implies that m D b�..z1; w1/; .0; c.0/// can be made arbitrarily large, if ı0 > 0
is sufficiently small.

Fix a constant �1 2 .0; 1/ such that �1 � max.�0; j�jk/. Let s be a large positive
integer such that s � s0, ��s=20 > 2d and

�

2C.p C 1/2
� �

p
0 (2.13)

for each p � s, where

C D 2C 4

mX
iD1

j�jki

jDf i .c0/j
(2.14)

is a positive constant. Let ı0 > 0 be a small constant such that the following hold:

• jf
j
0 .0/j > ı0 holds for all 1 � j � s;

• b�..z1; w1/; .0; c.0// � s holds when ı 2 .0; ı0/, where ı is as in (2.12).

Now assume ı 2 .0; ı0/ and let m D b�..z1; w1/; .0; c.0/// 2 N [ ¹1º. We dis-
tinguish two cases.
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Case 1. There exists a minimal integer 0� n�m such that jf nC10 .0/j � ı. Then n�
s � s0 and ��n=20 > 2d . By (2.9), we have jwj j � jf j .0/j=2 > ı=2 for all 1 � j � n.
By Lemma 2.4, jDf n.z1; w1/j � jDf n0 .c.0//j=2, so it suffices to show

jDf n0 .c.0//j � ı
�.d�1/d�1�

n=2
0 : (2.15)

To this end, note that for any t 2 C with jt j very close to 0, there is ı0 slightly larger
than ı, such that jt j < ı0, jf j0 .t/j > ı

0 for 1 � j � n and jt j < jf nC10 .t/j < ı0. By
Proposition 2.1 (ii), we have

jDf nC10 .t/j � �
n=2
0

�
jt j

jf nC10 .t/j

�d�1
;

which implies that

jDf n0 .f0.t//j D
jDf nC10 .t/j

jDf0.t/j
�
1

d
�
n=2
0

1

jf nC10 .t/jd�1
:

Letting t ! 0, we obtain (2.15).

Case 2. For each 0 � j � m, we have jf jC10 .0/j > ı. Then by (2.9),

jwj j � jf
j
0 .0/j >

ı

2
for all 1 � j � m.

By Proposition 2.2, there exists C1 > 0 such that

jDf i0 .c.0//j � C1�
i
1 for all i � 1:

If m D 1, then it suffices to take n to be a large integer such that n > s0 and
C1�

n
1 > 2ı�.d�1/�n0 , since jDf n.z1; w1/j � jDf n0 .c.0//j=2. In the following, we

assume m <1 and take n D m. Then n D m � s � s0, so property (1) holds. As we
noted above, property (2) also holds. Let us prove property (3). By (2.10) and (2.12),

W WD W
�
.0; c.0//; .z1; w1/;m

�
� 2jw1 � c.0/j C

mX
iD1

4j�jki jz0j
k

jDf i .c.0//j
� Cıd ;

where C is as in (2.14). By Lemma 2.5,

jDf m.z1; w1/.v/j �
�

2.mC 1/2
jf mC10 .0/j

W
�

�

2.mC 1/2C
ı�.d�1/;

which implies property (3) by (2.13) since m � s.
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2.3. A variant of Przytycki’s lemma

We shall also frequently use the following slight generalization of a lemma due to
Przytycki [20, Lemma 1]. In the following, the Euclidean norm in C2 is denoted
by k � k.

Lemma 2.7. Let f .z; w/ D .�z; wd C c.z// as in (1.1). Assume that f0 has no
attracting nor superattracting cycle in C. Then there exist a constant C > 0 such that
for every " > 0 and n � 1, if x D .z0;w0/ 2 B.0; r0/�C satisfies jz0jk � ", jw0j � "
and j�n.x/j � ", then n � C log.1="/.

Recall that the constant k was defined in (1.2).

Proof. It is enough to prove the result when " is sufficiently small. By [20, Lemma 1],
there are constants "0 2 .0; 1/ and C0 > 0 such that if w0 2 C and n � 1 satisfies
jw0j < " and jf n0 .w0/j < " for some " 2 .0; "0/, then n � C0 log.1="/.

Let R > 0 be a constant such that for any y D .z; w/ with jzj < r0 and jwj > R,
we have j�1.y/j > 2jwj. Thus j�n.y/j � R implies j�m.y/j � R for every 0 �m � n.
Let M WD max.dRd�1; 2/.

Now consider x D .z0; w0/ with jz0jk � ", jw0j < " and j�n.x/j � " for " <
min."20=9; R/. by the choice of R, for each 0 � m < n, j�m.x/j � R. Let n1 be the
maximal positive integer such that n1 � n and such that jf m0 .w0/j < R for all 0 �
m < n1. Then, for each 0 � m < n1,

j�mC1.x/ � f
mC1
0 .w0/j D j�m.x/

d
� f m0 .w0/

d
j C jc.zm/ � c.0/j

�M j�m.x/ � f
m
0 .w0/j C 2jzmj

k

�M j�m.x/ � f
m
0 .w0/j C 2";

hence
j�n1.x/ � f

n1
0 .w0/j � 2M

n": (2.16)

Now ifM n1 �
p
1="we get the desired estimate for C D 1=2 logM . IfM n �

p
1=",

then by (2.16) we have

jf
n1
0 .w0/j � j�n1.x/j C 2M

n1" � 3
p
":

Thus we have jw0j � " � 3
p
" and jf n0 .w0/j � 3

p
", so

n � n1 � C0 log
1

3
p
"
;

which implies the desired estimate for a suitably chosen C .
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3. Lower bounds of derivatives along the orbits

In this section, we prove Theorem 1.4 which is a perturbed version of Proposition 2.1.
To obtain the desired lower bounds for the vertical derivatives jDf n.z0; w0/.0; 1/j,
we decompose the orbit .zj ; wj / into sub-orbits falling into the following two cases,
and do estimates separately:

• Orbits staying bounded away from the critical set, i.e. the case infn�1jD0 jwj j is
bounded away from zero.

• Orbits corresponds to returns to a small neighborhood of the critical set, i.e. for
some small ı > 0, jw0j; jwnj � ı, but jwj j > jwnj for 1 � j < n.

The first case follows from the corresponding non-perturbed result (see Propo-
sition 2.1 (i) and (iii)) by continuity argument, see Lemmas 3.1 and 3.2. The second
case is more delicate, and is derived from Proposition 2.1 (ii), using binding argument,
see Lemma 3.4. The proof of Theorem 1.4 is given at the end of this section.

We start with the lemmas dealing with orbits staying away from the critical sets
which follow from Proposition 2.1 by a continuity argument.

Lemma 3.1. Let f .z;w/D .�z;wd C c.z// as in (1.1) such that f0 has no attracting
nor superattracting cycle in C. Given 0 < �0 < 1 and 0 < ı < 1, there exists � D
�.�0; ı/ > 0 and �1 D �1.�0; ı/ > 0 such that for any f -orbit ¹xj D .zj ; wj /ºniD0,
if jwj j � ı hold for all 0 � j < n and jz0j < �1, then

jDf n.x0/.v/j � ��
n
0:

Proof. By Proposition 2.1 (i), there exists � > 0 depending on �0 and ı such that for
any f0-orbit .yj /njD0 with jyj j � ı=2 for all 0 � j < n, then

jDf n0 .y0/j � 2��
n=2
0 :

Choose a positive integer N such that �2 > �N0 .
By continuity, there exists �1 > 0 such that for any orbit ¹xi D .zi ; wi /º

m�1
iD0 ,

m � N , with minm�1jD0 jwj j � ı and jz0j < �1, then minm�1jD0 jf
j
0 .w0/j > ı=2 and

jDf m.x0/.v/j �
1

2
jDf m0 .w0/j:

Since jDf m0 .w0/j > 2��
m=2
0 , we conclude

jDf m.x0/.v/j � ��
m=2
0 :

In particular, when m D N , this gives us

jDf N .x0/.v/j > �
N
0 :
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Now let us consider an f -orbit .xi D .zi ;wi //niD0 with jwi j � ı for 0� i < n. Let
nD qN C r , where q is a non-negative integer and 0� r < N . Then by decomposing
this orbit into q pieces of length N together with one piece of length less than r < N ,
we obtain

jDf n.x0/.v/j � ��
r=2
0 �

qN
0 � ��n0:

A completely similar argument, using Proposition 2.1 (iii) instead of (i), shows the
following stronger result in the case jwnj is small. The difference between Lemma 3.1
and Lemma 3.2 is that in Lemma 3.2, �0 does not depend on ı, but in Lemma 3.1, �
depends on ı.

Lemma 3.2. Let f .z;w/D .�z;wd C c.z// as in (1.1) such that f0 has no attracting
nor superattracting cycle in C. Given 0 < �0 < 1, there exists �0 D �0.�0/ > 0 such
that for any ı > 0 there exists �2 D �2.�0; ı/ > 0 with the following property: If
¹xj D .zj ; wj /º

n
jD0 is an f -orbit with jwj j � ı hold for 0 � j < n, jwnj � ı and

jz0j < �2, then
jDf n.x0/.v/j � �0�

n
0:

Proof. We just specify the choice of �0. By Proposition 2.1 (iii), there exists �02.0; 1/
depending on �0 such that for any f0-orbit . zwj /njD0, with j zwj j � j zwnj for all 0�j <n,
then

jDf n0 . zw0/j � 2�0�
n=2
0 :

Arguing in the same way as the previous proof by a continuity argument, we show
that for any n, there exists �0nD �

0
n.ı/ such that if jz0j< �0n and jwj j � ı for 0� j < n

and jwnj < ı, then
jDf n.x0/.v/j � �0�

n
0: (3.1)

On the other hand, by Lemma 3.1, there exists

� D �.�0; ı/ > 0 and �1 D �1.�; ı/ > 0

such that
jDf n.x0/.v/j � ��

n=2
0 ;

provided that jz0j < �1. So there exists N1 D N1.�0; ı/ > 0 such that

jDf n.x0/.v/j > �0�
n
0 (3.2)

provided that n > N1 and jz0j < �1.
Combine the estimates (3.1) and (3.2), the lemma holds with

�2 WD min.�1; �01; : : : ; �
0
N1
/;

where .�0n/1�n�N1 are constants appearing before (3.1).
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We use the binding argument to prove a perturbed version of Proposition 2.1 (ii).
Let us first state the following one-dimensional slightly generalized form of the state-
ment.

Lemma 3.3. Given �0 2 .0; 1/, there exists ı0 > 0 such that for any ı 2 .0; ı0/, if
.wi /

n
iD0 is an f0-orbit with jw0j < 2ı; jwnj < 2ı and jwj j > ı=2 for all 1 � j < n,

then

jDf n0 .w0/j � �
n
0 min

�
1;

�
jw0j

jwnj

�d�1�
:

We note that the condition on the intermediate points of the orbit jwj j > ı=2 is
weaker than it would have been for Proposition 2.1 (ii) (where it would be jwj j > 2ı).

Proof. Fix �0 2 .0;1/. By Proposition 2.1 (ii), there exists ı0 > 0 such that the follow-
ing holds: If ¹wj ºnjD0 is an f0-orbit for which there exists � 2 .0; ı0/ with jw0j < �,
jwnj � �, and minn�1jD1 jwj j > �, then

jDf n0 .w0/j � �
n=2
0 min

�
1;

�
jw0j

jwnj

�d�1�
: (3.3)

Let
N.ı/ D inf

®
s � 1 W f s0

�
B.0; 2ı/

�
\ B.0; 2ı/ ¤ ;

¯
:

Then N.ı/!1 as ı ! 0.
Now let .wj /njD0 be as in the lemma with ı > 0 small.

Case 1. jw0j; jwnj < ı=2. In this case the desired estimate follows immediately from
formula (3.3) by taking � D ı=2.

Case 2. jw0j � ı=2. Let 0D n0 < n1 < n2 < � � �< np D n be all the positive integers
in ¹0; 1; : : : ; nº with jwnj j � 2ı. For each 0 � j < p, we have jwni j=jwniC1 j � 1=4,
so taking � D 2ı in (3.3), we obtain

jDf
njC1�nj
0 .wnj /j � �

n=2
0 4�.d�1/:

Thus,
jDf n0 .w0/j � �

n=2
0 4�p.d�1/:

Since njC1 � nj � N.ı/, we have p � n=N.ı/. Provided that ı is small enough,
p � n, so that 4�p.d�1/ � �n=20 . Then

jDf n0 .w0/j � �
n
0:
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Case 3. jw0j < ı=2 and jwnj � ı=2. Define nj as above. Then

jDf
n1
0 .w0/j � �

n=2
0

�
jw0j

2ı

�d�1
� 4�.d�1/�

n=2
0

�
jw0j

jwnj

�d�1
;

and
jDf niC1�ni .wni /j � �

n=2
0 4�.d�1/:

The desired estimate follows similarly to Case 2.

Recall the notion of tame orbits was introduced in Section 1, before the statement
of Theorem 1.4.

Lemma 3.4. Given 0 < �0 < 1, there exists ı0 > 0 and �0 > 0 such that the following
holds. Let ¹xi D .zi ; wi /ºniD0 be a tame f -orbit such that

• jw0j; jwnj � ı0;

• jz0j < �0;

• jwj j � jwnj for each 0 < j < n.

Then

jDf n.x0/.v/j � �
n
0 min

�
1;

�
jw0j

jwnj

�d�1�
:

Proof. Without loss of generality, we may assume that 1 > �0 > j�j > 0. Let �0 be
the constant given by Lemma 3.2. Let N be a large positive integer such that

��N0 > max.4d ; 2��10 /; (3.4)

and such that
�0

2.s C 1/2C1
> �s0 (3.5)

holds for all s � N , where C1 D C1.�0/ > 0 is a constant as in (3.12).
Let ı0 > 0 be a small constant such that the following hold:

• for any orbit .z0j ; w
0
j /
n
jD0 satisfying jz00j � ı0 and jw00j � ı0 and jw0nj � ı0, we

have n � N ;

• if jz00j � ı0; jw
0
0j � ı0, we have b�0..z

0
0; w

0
0/; .0; w

0
0// > N .

Note that for small ı0, the first property is guaranteed by the variant of Przytycki’s
lemma (Lemma 2.7), and the second property follows from definition of binding time
by continuity since the critical point of f0 is not periodic. Let �2 D �2.�

1=2
0 ; ı0/ be

given by Lemma 3.2 and let �0 D min.�2; ı0/.
We shall prove this lemma by induction on n.

Starting step. We take the trivial case n D 0 as the starting step of the induction.
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Inductive step. Now let n0 be a positive integer and assume that the lemma holds
under the additional assumption that n < n0. Let us consider an f -orbit .wj /njD0
satisfying the assumption of the lemma with n D n0. Note that existence of such an
orbit implies that n0 � N .

Let s be the �0-binding time of .z0; w0/ and .0; w0/, then s � N . Let wi;0 D
f i0 .w0/. By Lemma 2.4, for any integer 1 � i � s,

jDf i .x0/.v/j �
1

2
jDf i0 .w0/j: (3.6)

Case 1. s > n. Then by Lemma 3.3,

jDf n0 .w0/j � �
n=2
0 min

�
1;
jw0j

jwnj

�d�1
;

which together with (3.6) implies the desired estimate, since

�
�n=2
0 � �

�N=2
0 > 2:

Case 2. s � n and there exists t 2 ¹1; 2; : : : ; s � 1º such that jwt j � jw0j. Let t be
minimal with the last property. Then jwj;0j > jwj j=2 � jw0j=2 for each 0 < j < t

and jwt;0j < 2jwt j � 2jw0j. Since t � N , we have ��t=20 > 2d . So by Lemma 3.3,

jDf t0 .w0/j � �
t=2
0 min

�
1;

�
jw0j

jwt;0j

�d�1�
� 2�t0 min

�
1;
jw0j

jwt j

�d�1
� 2�t0;

hence jDf t .x0/.v/j � �t0 by (3.6). By induction hypothesis,

jDf n�t .xt /.v/j � �
n�t
0 min

�
1;
jwt j

jwnj

�d�1
� �n�t0 :

Thus the desired estimate holds.

Case 3. s � n, and for each 1 � j < s, jwj j > jw0j. In this case, we first prove the
following inequality:

jDf s.x0/.v/j �
�
s=2
0

2
: (3.7)

If jws;0j < jw0j, then by Lemma 3.3,

jDf s0 .w0/j � �
s=2
0 ;

so (3.7) holds by (3.6). From now on, we assume that

jws;0j � jw0j: (3.8)
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Let
W D W

�
.z0; w0/; .0; w0/; s

�
:

By Lemma 2.5, we have

jDf s.x0/.v/j �
jws � ws;0j

W
: (3.9)

Let us show

jws � ws;0j �
�0

.s C 1/2
min

�
jwsj; jws;0j

�
�

�0

2.s C 1/2
jw0j: (3.10)

Indeed, if jwsj< jw0j=2, then by (3.8), jws �ws;0j � jws0 j � jwsj � jw0j=2, so (3.10)
holds; if jwsj � jw0j=2, then min.jwsj; jws;0j/� jw0j=2 and (3.10) follows from (2.3).
Now, let us provide an upper bound for W . By Proposition 2.1,

jDf
j
0 .w0/j � C jw0j

d�1�
j
0

for all 1 � j � s, where C > 0 is a constant depending only on �0. Therefore,
by (2.10),

W �

sX
iD1

4j�k.i�1/jz0j
kj

jDf i0 .w0/j
�

1X
iD1

4�
k.i�1/
0 jz0j

k

C jw0jd�1�
i
0

� C1jw0j; (3.11)

where
C1 D

4

C�k0.1 � �
k�1
0 /

; (3.12)

and we have used the assumption jw0j � jz0jk=d for the last inequality. Substituting
(3.10) and (3.11) into (3.9), we obtain

jDf s.x0/.v/j �
1

2.s C 1/2C1
;

which implies (3.7) by (3.5), since s � N .
To complete the proof in Case 3, let n1 � s be minimal such that jwn1 j< ı0. Then

by Lemma 3.2,
jDf n1�s.xs/.v/j � �0�

n1�s
0 :

By induction hypothesis,

jDf n�n1.xn1/.v/j � �
n�n1
0 :

Therefore,

jDf n.x0/.v/j �
�0�
�s=2
0 �n0
2

> �n0;

where we have used (3.4) and s � N for the last inequality.
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Now we can prove Theorem 1.4.

Proof of Theorem 1.4. Fix �0 2 .0; 1/ and let ı0; �0 be given by Lemma 3.4. Let
�1 D �1.�0; ı0/ and �2 D �2.�0; ı0/ be given by Lemmas 3.1 and 3.2, respectively.
Let � WD min.�0; �1; �2/.

Now let us consider a tame orbit .xi D .zi ;wi //niD0. We may assume that jz0j< �.
Indeed, if jz0j � �, letN � 0 be the minimal integer such that jzj j � � for 0� j �N .
Then �� jz0jj�jN < j�jN , soN is bounded. By the tameness assumption, infNiD0 jwi j
is bounded away from zero, then jDf NC1.x0/.v/j is bounded away from zero.

If jwj j � ı0 holds for all 0 � j < n, then the desired estimate follows from
Lemma 3.1. So we may assume that there is a minimal n0 2 ¹0; 1; : : : ; n � 1º such
that jwn0 j < ı0. By Lemma 3.2,

jDf n0.x0/.v/j � �0�
n0
0 :

Let n1 2 ¹n0; n0 C 1; : : : ; nº be maximal such that jwn1 j D infnjDn0 jwj j. Then by
Lemma 3.4,

jDf n1�n0.xn0/.v/j � �
n1�n0
0 :

If jwnj � jwj j for all 0 � j < n, then n1 D n, so the proof is completed. To deal
with the general case, let us define a sequence of integers n1 < n2 < � � � < nt � n

such that

• for each 1 � i < t , jwniC1 j D infnjDniC1 jwj j < ı0;

• for each nt C 1 < j < n, jwj j � ı0.

Then jwn1 j � jwn2 j � � � � � jwnt j. By Lemma 3.4, for each 1 � i < t ,

jDf niC1�ni .xni /.v/j � �
niC1�ni
0

�
jwni j

jwniC1 j

�d�1
:

By Lemma 3.1,
jDf n�nt .xnt /.v/j � d jwnt j

d�1��
n�nt�1
0 :

Combining all the displayed inequalities, we obtain the desired estimates.

4. Slow approach to the critical point

In this section we prove Theorem 1.5. This theorem will be deduced from the follow-
ing Theorem 4.2, which asserts that for almost every z with respect to the Lebesgue
measure in B.0; r0/, pull-backs of the ball B.0; e�˛n/ along the vertical mappings
w 7! �n.z;w/ have bounded criticality, uniformly in n. Let Lz D ¹zº �C denote the
vertical line passing through .z; 0/.
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Definition 4.1. For every ˛ > 0, let ƒ˛ be the subset of B.0; r0/ characterized by
the following property: for every z 2 ƒ˛ , there is a constant N D N.z/ > 0 such that
for every integer n � 1, for every connected component V of ��1n .B.0; e�˛n// \Lz ,
there are at most N integers 0 � m � n satisfying 0 2 f m.V /.

The following theorem implies Theorem 1.5.

Theorem 4.2. Let f .z; w/ D .�z; wd C c.z// as in (1.1). Assume .0; 0/ is not a
periodic point. Then for any ˛ > 0, ƒ˛ is a full Lebesgue measure subset of B.0; r0/.

Proof of Theorem 1.5 assuming Theorem 4.2. By our assumption, there isR> 1 such
that for any .z; w/ in the domain of f with jwj > R, we have j�1.z; w/j � jwj > R.

Sinceƒ˛ has full area, it is sufficient to prove for every z 2 ƒ˛ , a.e. x 2 Lz (with
respect to the Lebesgue measure) is 2˛-slow approach. Let

En;2˛ D
®
x 2 Lz W j�n.x/j < e

�2˛n
¯

and
En;˛ D

®
x 2 Lz W j�n.x/j < e

�˛n
¯
:

Let V be a connected component of En;˛ . By our assumption on z, the map

�nWV ! B.0; e�˛n/

has degree at most dN . Since �n.V \ En;2˛/ � B.0; e�2˛n/, it follows from a ver-
sion of the Koebe distortion theorem for multivalent maps, see for instance [21,
Lemma 2.1], that there exists ˛0 D ˛0.˛;N / > 0 such that

Vol.V \En;2˛/
Vol.V /

� e�˛
0n:

Since �n.V \ En;2˛/ � B.0; e�2˛n/ � B.0; R/, we have V � ¹zº � B.0; R/.
Thus, Vol.En;2˛/ is exponentially small with respect to n, and thus

C1X
nD1

Vol.En;2˛/ < C1:

By the Borel–Cantelli lemma, Lebesgue a.e. x 2 Lz is contained in only finitely
many En;2˛ . This is equivalent to saying that Lebesgue a.e. x 2 Lz is 2˛-slow app-
roach.

The rest of this section is devoted to prove Theorem 4.2. We shall use the following
result which is a special case of [13, Lemma 4.5].
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Lemma 4.3. Let f .z; w/ D .�z; wd C c.z// be as in (1.1). Assume .0; 0/ is not a
periodic point. Then for every ˛ > 0, 0 < ˇ < 1, there is a constantN DN.˛;ˇ/ > 0
such that for every integer n � 1 and for every z 2 B.0; r0/, for every connected
component V of ��1n .B.0; e�˛n// \ Lz , there are at most N integers ˇn � m � n
satisfying 0 2 �m.V /.

To deduce Theorem 4.2 from Lemma 4.3, we shall show that for almost every z,
�n.�

mz; 0/ cannot be too close to zero. More precisely, we shall show that for almost
every z, �mz belongs to the set �˛;m defined below.

Definition 4.4. For each ˛ > 0 and each integer m � 0, define

�˛;m D
®
z 2 B.0; j�jmr0/ W j�n.z; 0/j > jzj

k=de�˛n for every n � 1
¯
:

For each integer l � 1, define K˛;m;l to be the following set:®
z 2 B.0; j�jmr0/ W l � 1 is minimal such that j�l.z; 0/j � jzjk=de�˛l

¯
:

We have the following relations between ƒ˛ , �˛;m and K˛;m;l .

Lemma 4.5. Assume .0; 0/ is not a periodic point of f . Then for every ˛ > 0,m � 0
and k � 1, the following hold:

(1) For every integer N � 0,
T1
mDN �

�m�˛;m � ƒ2˛ [ ¹0º.

(2) B.0; j�jmr0/ n�˛;m D
S1
lD1K˛;m;l .

Here for � 2 C and X � C, �X WD ¹�x W x 2 Xº.

Proof. The second statement is obvious by the definition of �˛;m and K˛;m;l . We
only prove (1). Let 0 ¤ z 2

T1
mDN �

�m�˛;m. Then for every m � N , n > m, we
have

j�n�m.�
mz; 0/j > j�km=d jjzjk=de�˛.n�m/:

Thus when j�km=d j � e�˛n=3 and jzjk=d � e�˛n=3, i.e. whenm� ˛dn=.�3k log j�j/,
and n is large enough, we have that

j�n�m.�
mz; 0/j > e�2˛n:

This in particular implies that for n large enough, for every connected component V
of ��1n .B.0; e�2˛n// \ Lz , if m � ˛dn=.�3k log j�j/, then 0 … f m.V /.

On the other hand, by Lemma 4.3, we know that for every connected component V
of ��1n .B.0; e�2˛n//\Lz , there are at most N.2˛; d˛=.�3k log j�j/ integersm such
that 0 2 f m.V / for m > ˛dn=.�3k log j�j/. To summarize, for every connected
component V of ��1n .B.0; e�2˛n// \ Lz , there are at most N.2˛; d˛=.�3k log j�j/
integers m such that 0 2 f m.V /. Hence z 2 ƒ2˛ . This implies (1).
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To complete the proof, we shall show that K˛;m;l has exponentially small area
relative to B.0; j�jmr0/. To this end, we shall analyze the property of the map

z 7! �l.z; 0/:

We shall show that for each z0 2 K˛;m;l , �l.z; 0/ maps a neighborhood of z0 confor-
mally onto its image which contains a ball much larger than B.0; jz0jk=de�˛l/, see
Lemma 4.7. The strategy bears strong analogue with the parameter exclusion tech-
nique introduced by Benedicks–Carleson in [5]. Indeed, the vertical fibres

w 7! �l.z; w/

is a composition of maps close to f0, parametrized in z. Provided that �j .z0; 0/ is not
too close to 0 for 1 � j < l , we can relate the derivative @�l .z;0/

@z
withDf l�10 .c.0// in

a very precise manner, see Lemma 4.6 below. Let

Xl.z/ D
d

dz
�l.z; 0/:

Let

yK˛;m;l D
®
z 2 B.0; 2j�jmr0/ W 4j�j .z; 0/j � jzj

k=de� j̨ ; 1 � j < l
¯
:

Recall that by Proposition 2.2 (2),

X0 WD

1X
iD0

�ik

.f i0 /
0.c.0//

¤ 0:

Lemma 4.6. Let f .z; w/ D .�z; wd C c.z// be as in (1.1). Assume .0; 0/ is not a
periodic point and let ˛ > 0 be such that ed˛j�jk < 1. Then form and l large and for
every z0 2 yK˛;m;l , we haveˇ̌̌̌

Xl.z0/

Df l�1.f .z0; 0//.v/
� kX0z

k�1
0

ˇ̌̌̌
�
kjX0jjz0j

k�1

2
:

Proof. Fix 1 > �0 > j�j. For z0 2 yK˛;m;l , write xi D .zi ; wi / D f i .z0; 0/. Let us
first relate the derivative Xl.z0/ to the derivative jDf l�1.x1/.v/j. For each positive
integer j ,

�j .z; 0/ D
�
�j�1.z; 0/

�d
C c.�j�1z/:

Taking derivatives on both side, we have

Xj .z/ D d
�
�j�1.z; 0/

�d�1
Xj�1.z/C �

j�1c0.�j�1z/:
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Thus
Xj .z0/

Df j�1.x1/.v/
D

Xj�1.z0/

Df j�2.x1/.v/
C
�j�1c0.�j�1z0/

Df j�1.x1/.v/
:

As X0 D 0, by induction, we obtain

Xl.z0/

Df l�1.x1/.v/
D

l�1X
iD0

�ic0.�iz0/

Df i .x1/.v/
:

By the definition of k (see (1.3)), there exists a constant A > 0 such that

jc0.z/ � kzk�1j � Ajzjk

for all jzj < j�jr0. Let

X WD

l�1X
iD0

�ik

Df i .x1/.v/
:

Then we haveˇ̌̌̌
Xl.z0/

Df l�1.x1/.v/
� kzk�10 X

ˇ̌̌̌
�

l�1X
iD0

j�i jjc.�iz0/ � k.�
iz0/

k�1j

jDf i .x1/.v/j

� A

l�1X
iD0

j�j.kC1/i

jDf i .x1/.v/j
jz0j

k : (4.1)

Let us now provide lower bounds for jDf i .x1/.v/j. Let s0 be a large integer such
that 4d .e˛d j�jk/s0 < 1. Let s be the �0-binding time of the pair .x1; .z1; c.0//. Put

ı D max
�
jw1 � c.0/j; jz0j

k
�1=d
D max

�
jc.z0/ � c.0/j; jz0j

k
�1=d
D jz0j

k=d :

Provided thatm is large enough, ı is small. So by Lemma 2.6, there exists s0 � n� s,
such that

jDf n.x1/.v/j � jz0j
�k.d�1/=de�˛n: (4.2)

Since z0 2 yK˛;m;l , for each n � i < l , we have

jwi j
d
� jzjke�˛id4�d > jzjkj�jik D jzi j

k;

so .xi /liDn is tame. By Theorem 1.4, there exists C D C.˛/ > 0 such that, for each
n < i � l ,

jDf i�n.xn/.v/j � Ce
�˛.i�n/

i

min
jDn
jwj j

d�1:

As jwj j � jz0jk=de� j̨ =4 for each 1 � j < l , we obtain

jDf i�n.xn/.v/j � C
0
jz0j

k.d�1/=de�˛.di�n/;

where C 0 is a constant.
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Together with (4.2), this implies

jDf i .x1/.v/j D jDf
n.x0/.v/jjDf

i�n.xn/.v/j � C
0e�d˛i (4.3)

for each n � i < l . On the other hand, by Lemma 2.4, for each 0 � i � s,

jDf i .x1/.v/j �
1

2
jDf i0 .c.0//j:

Combining with Proposition 2.2, this implies that (4.3) remains true for 1 � i < n

(replacing C 0 by a larger constant if necessary). It follows that

l�1X
iD0

j�j.kC1/i

jDf i .x1/.v/j

is bounded from above by a constant. These lower bounds also imply that

jX �X0j �
1

4
;

provided that m, l are large enough. By (4.1), we obtain the desired estimate.

Consider two sets of positive real numbers ¹aiºi2I , ¹biºi2I , where I is an index
set. In the following lemma we use the asymptotic notions � and �. We say ai � bi
if there exists a constant C > 0 such that bi=C � ai � Cbi for every i 2 I . We say
ai � bi if there exists a constant C > 0 such that ai � Cbi for every i 2 I .

Lemma 4.7. There exist constants C > 0 and ! 2 .0; 1/ such that for any ˛ > 0 with
ed˛j�jk < 1, the following holds provided that m; l are sufficiently large. For each
z0 2 K˛;m;l , there exists a neighborhood V 0 of z0 such that 'l.z/ D �l.z; 0/ maps V 0

conformally onto B.0; C jz0jk=de�˛!l/ and such that V 0 � B.0; 2jz0j/.

Proof. We shall prove that there is r1 2 .0; jz0j/ such that 'l.z/ WD �l.z;0/ is univalent
on B.z0; r1/ and 'l.B.z0; r1// contains a ball centered at �l.z0; 0/ with radius at least
C jz0j

k=de�˛!l , where C > 0 and ! 2 .0; 1/ are constants.
Note that 0 62K˛;m;l , so z0 ¤ 0. Let r be the maximal radius satisfying the follow-

ing: r � 2jz0j and for every z 2 B.z0; r/, if s denotes the �0-binding time of the pair
..�z0; �1.z0; 0//; .�z; �1.z; 0//, then s � l � 1. By Lemma 2.5 for each 1 � j < l ,

2j�j .z; 0/j � j�j .z0; 0/j � jz0j
k=de� j̨ :

Let " > 0 be a small constant such that 2.1� "/k=d > 1. Let r1 D min.r; "jz0j/. Then
for z 2 B.z0; r1/, we have

4j�j .z; 0/j � jzj
k=de� j̨
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for all 1 � j < l . Thus B.z0; r1/ � yK˛;m;l . By Lemma 4.6, for each z 2 B.z0; r1/,ˇ̌̌̌
'0
l
.z/

kzk�1X0Dl�1.z/
� 1

ˇ̌̌̌
<
1

2
for all z 2 B.z0; r/;

where Di .z/ D Df i .f .z; 0//.v/. Then 'l is univalent in B.z0; r1/ and it suffices to
show that j'0.z0/jr1 � C jz0jk=de�˛!l provided that m; l are large enough. By the
Koebe distortion theorem, we only need to show that

jzk�10 r1Dl�1.z0/j � C jz0j
k=de�˛!l : (4.4)

Case 1. r > jz0j. Then r1 D "jz0j. In this case 0 2 B.z0; r/, so by the definition of r ,

jDf l�10 .c.0//j � jDl�1.z0/j: (4.5)

Subcase 1:1. Assume that jf l0 .0/j � 2jz0j
k=de�˛l=2. Since j�l.z0; 0/j � jz0jk=de�˛l ,

we have
j�l.0; 0/ � �l.z0; 0/j � jz0j

k=de�˛l=2:

Then by (4.5) and Proposition 2.2 (1), we have

W WD 2j�1.z0; 0/ � �1.0; 0/j C

l�1X
iD1

2jc.�i�1z0/ � c.0/j

jDi .z0/j
� C0jz0j

k;

where C0 > 0 is a constant. Then, by Lemma 2.5, we have

Dl�1.z0/ �
j�l.0; 0/ � �l.z0; 0/j

W
�
jz0j

k=de�˛l=2

C0jz0jk
:

Hence,

jzk�10 r1Dl�1.z0/j � jz0j
k=d e

�˛l=2"

C0
;

and hence (4.4) holds.

Subcase 1:2. Assume that jf l0 .0/j < 2jz0j
k=de�˛l=2. Then by Proposition 2.2 (1),

e�˛l=2 � jDf l0 .c.0//j D jDf
l�1
0 .c.0//jd jf l0 .0/j

d�1

and

jDf l�10 .c.0//jd jf l0 .0/j
d�1
� jDf l�10 .c.0//j2dd jz0j

k.d�1/=de�˛l.d�1/=2;

which, by (4.5), again implies that

jzk�10 r1Dl�1.z0/j � jz0j
k=de�˛l=2;

hence (4.4) holds.
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Case 2. r � jz0j. Then r � r1. By the maximality of r and the definition of the
binding time, there is a minimal integer 2 � n � l � 1 such that, for z 2 B.z0; r/,

j�n.z0; 0/ � �n.z; 0/j D
�0 min.j�n.z; 0/j; j�n.z0; 0/j/

n2
�
�0j�n.z0; 0/j

2n2
:

It follows that

jDn�1.z0/jr1 � jDn�1.z0/jr � n
�2
j�n.z0; 0/j � l

�2
j�n.z0; 0/j:

Note that ¹f j .z0; 0/ºljDn is tame, and j�l.z0; 0/j < j�j .z0; 0/j for all n � j < l .
By the last statement of Theorem 1.4,

jDl�1.z0/j

jDn�1.z0/j
� e�˛.l�n/=2;

hence
Dl�1.z0/r1 � l

�2
j�n.z0; 0/je

�˛.l�n/=2: (4.6)

Case 2:1. j�n.z0; 0/j � jz0jk=de�˛l=4. Then

Dl�1.z0/r � l
�2
jz0j

k=de�3˛l=4 � jz0j
k=de�4˛l=5;

provided that l is large enough.

Case 2:2. j�n.z0; 0/j < jz0jk=de�˛l=4. By Lemma 2.7, l � n � l . Since z0 2 K˛;m;l ,
we have j�n.z0; 0/j � jz0jk=de�˛n. By (4.6),

jDl�1.z0/r1j � l
�1
jz0j

k=de�˛.lCn/=2 � e�˛!l

for a suitably chosen !, provided that l is large enough.

For each integer m1 � m, let

K
m1
˛;m;l

D
®
z 2 K˛;m;l W j�j

m1C1r0 � jzj < j�j
m1r0

¯
:

The following estimate of the volume of Km1
˛;m;l

is crucial in the proof of Theo-
rem 4.2.

Lemma 4.8. Let f .z;w/ D .�z;wd C c.z// as in (1.1). Assume .0; 0/ is not a peri-
odic point. Then for every ˛ > 0 satisfying e�d˛ > j�jk , there exists 
 D 
.˛/ > 0
such that, for m and l large, the following holds for all m1 � m:

Vol.Km1
˛;m;l

/

Vol.B.0; j�jm1r0//
� e�
l :
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Proof. Fix m1 � m. Let V 0j , j D 1; 2; : : :, be the connected components of the set
'�1
l
.B.0; j�jkm1=de�˛!l/ such that V 0j � B.0; 2j�j

m1r0/ and such that

'l WV
0
j ! B.0; j�jkm1=de�˛!l/

is a conformal map. Let

Vj D
®
z 2 V 0j W j'l.z/j � j�j

km1=de�˛l
¯
:

By the Koebe distortion theorem,

area.Vj /
area.V 0j /

� Ce�2˛.1�!/l :

The previous lemma implies that Km1
˛;m;l

�
S
j Vj . Since V 0j are pairwise disjoint, we

obtain the desired estimate.

Now we can prove Theorem 4.2.

Proof of Theorem 4.2. It is sufficient to show that for every ˛ > 0 small, and for
every " > 0, we have Vol .B.0; r0/ nƒ2˛/ < ". We shall use Lemma 4.5 to estimate
Vol .B.0; r0/ nƒ2˛/. By Lemma 2.7, there exists a constant � D �.˛/ > 0 such that
for everym � 0 and every z 2 B.0; j�jmr0/, we have j�l.z/j > e�˛l j�jkm=d provided
that l � �m. In other words, K˛;m;l D ; provided that l � �m. By Lemma 4.8,

area.K˛;m;l/ �
1X

m1Dm

e�˛
l area
�
B.0; j�jm1r0/

�
� Ce�˛
l area

�
B.0; j�jmr0/

�
:

Thus by Lemma 4.5 (2), for m large enough, we have

Vol
�
B.0; j�jmr0/ n�˛;m

�
�

C1X
lD�m

Vol.K˛;m;l/ � Qe�
�m Vol
�
B.0; j�jmr0/

�
;

where Q WD C
PC1
lD1 e

�
l .
Thus by Lemma 4.5 (1), for N large enough, we have

Vol
�
B.0; r0/ nƒ2˛

�
�

C1X
mDN

j�j�2m Vol
�
B.0; j�jmr0/ n�˛;m

�
�

C1X
mDN

j�j�2mQe�
�m Vol
�
B.0; j�jmr0/

�
D

C1X
mDN

Q�jr0j
2e�
�m � ":

The conclusion follows.
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5. Non-wandering Fatou components

In this section, we prove Theorem 1.1. The strategy is the following. We will first
show that if a vertical disk D � Lz0 centered at x0 D .z0; w0/ is very close to the
invariant line L (which means that the radius of D is much larger than jz0j), then
for every n � 0, we have f n0 .w0/ 2 �n.D/. The proof of this proposition is again by
using the binding argument. Now assume by contradiction there is a wandering Fatou
component, by Theorems 1.4 and 1.5, we can select a vertical disk D contained in a
wandering Fatou component, which is very close to the invariant line L. Finally, we
will get a contradiction.

More precisely, we first prove the following result.

Proposition 5.1. Let f .z; w/ D .�z; wd C c.z// be as in (1.1) such that f0 has no
attracting nor superattracting cycle in C. There exists � > 0 such that the following
hold. Let D � Lz0 be a vertical disk centered at x D .z0; w0/ of radius ı 2 .0; �/
with jz0j < ı2d . Then for every 0 < �0 < 1, there is a constant C D C.�0/ > 0 such
that for each n � 1,

B
�
f n0 .w0/; C�

n
0ı
�
� �n.D/:

The proof of this proposition will be given after we prove two lemmas.

Lemma 5.2. For any ı0>0 and �02.0;1/, there exist positive integersNDN.ı0;�0/,
� D �.ı0; �0/ > 0 and C D C.ı0; �0/ > 0 such that, for every w0 2 C, the f0-orbit
of w0 is bounded, the following hold:

(1) If jf i0 .w0/j > ı0=2 for every 0 � i < N and jz0jk � ı2 for some ı 2 .0; �/,
then

B
�
f N0 .w0/; �

N
0 ı
�
� �N

�
¹z0º � B.w0; ı/

�
;

and
B
�
f
j
0 .w0/; C�

j
0ı
�
� �j

�
¹z0º � B.w0; ı/

�
; 1 � j < N:

(2) If n � N is a positive integer such that jf i0 .w0/j > ı0=2 for all 0 � i < n and
jf n0 .w0/j � ı0=2, and jz0jk � ı2 for some ı 2 .0; �/, then

B
�
f n.w0/;

�0�
n
0ı

4

�
� �n

�
¹z0º � B.w0; ı/

�
;

where �0 D �0.�0/ > 0 is a constant, and

B
�
f
j
0 .w0/; C�

j
0ı
�
� �j

�
¹z0º � B.w0; ı/

�
; 1 � j < n:

Proof. Without loss of generality, we may assume �0 2 .j�j; 1/. Let �D �.�1=20 ; ı0=2/

and �0 D �0.�
1=2
0 / be given by Proposition 2.1. ChooseN such that if ��N=20 > 4�N0 .
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Let D D ¹z0º � B.w0; ı/. For every x 2 D, let sx be the �0-binding time of the pair
.x; .0; w0//. Let s D minx2D sx . Provided that ı is small enough, we have s > N .

Lemma 2.4 implies thatw 7! �m.z0;w/ is univalent inB.w0; ı/ and hence �m.D/
contains a disk centered at �m.x0/ with radius at least Rm WD 1=2j.f m0 /

0.w0/jı. Let
s1 D N in case (1) and s1 D n in case (2). Let x0 D .z0; w0/ and y0 D .0; w0/.
By (2.10) and Proposition 2.1, we have

W.x0; y0; s1/ �

s1X
iD1

4j�k.i�1/zk0 j

j.f i0 /
0.w0/j

� C jz0j
k;

where C is a constant depending on �0 and ı0. By Lemma 2.5,

j�s1.x0/ � f
s1
0 .w0/j � j.f

s1
0 /
0.w0/jW.x0; y0; s1/ � C j.f

s1
0 /
0.w0/jjz0j

k <
Rs1
2
;

provided that ı is small enough. Therefore,

�s1.D/ � B
�
f
s1
0 .w0/;

Rs1
2

�
:

The lemma follows since in case (1) we have jDf s10 .w0/j > �
N
0 and in case (2) we

have jDf s10 .w0/j � �0�
n
0 , and in both cases, jDf j0 .w0/j � C�

j
0 for 1 � j < s1.

Lemma 5.3. For each �02.0;1/ and eachK >0, there exist constantsC DC.�0;K/
> 0 and ı0 > 0 such that the following holds. Assume jw0j � ı0 and jz0jk < ıdC1 for
some 0 < ı < ı0. Then there exists a positive integer n such that

B
�
f nC10 .w0/;K�

nC1
0 ı

�
� �nC1

�
¹z0º � B.w0; ı/

�
;

and
B
�
f
j
0 .w0/; C�

j
0ı
d
�
� �j

�
¹z0º � B.w0; ı/

�
; 1 � j � n:

Proof. Fix constants �0 2 .0; 1/, K > 0 and a large positive integer s0 such that
�
�s0=2
0 � C�13 K, where C3 is a constant to be determined below. We may and will

assume �0 > j�j.
For each j � 0, write xj D .zj ; wj / D f j .z0; w0/ and

Dj D f
j
�
¹z0º � B.w0; ı/

�
� ¹zj º �C:

Then D1 D ¹z1º � �1.D0/ � ¹z1º � B.w1; ı1/, where

ı1 D �ımax
�
jw0j; ı

�d�1 (5.1)

for some uniform constant � > 0. Let �1 be as in (2.6) and let

s D inf
®
b�1

�
.z; w/; .0; c.0//

�
W jzj � j�jjz0j; w 2 �1.D0/

¯
:
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Claim 1. Provided that ı0 is small enough, for each 1 � j � s,

�jC1.D0/ � B
�
f
jC1
0 .w0/;

RjC1

4

�
;

where
RjC1 D jDf

j .z1; w1/.v/jı1:

Proof of Claim 1. Indeed, as in the proof of the previous lemma, for each integer
0 � j � s, we have �jC1.D0/ � �j .D1/ � B.�jC1.x0/; RjC1=2/. So it suffices to
prove

j�jC1.x0/ � f
jC1
0 .w0/j �

RjC1

4
:

To prove this, we first apply Proposition 2.2 (1) to obtain a constant C1 > 0 such that

jDf i0 .c.0//j � 2C1�
i
0 for all i � 0: (5.2)

By (2.10),

W
�
.z1; w1/; .0; w1/; j

�
� 4

jX
iD1

j�j.i�1/kjz1j
k

jDf i0 .c0/j
� ı1:

By (2.8),

b�0
�
.z1; w1/; .0; w1/

�
� min

�
b�1

�
.z1; w1/; .0; c.0//

�
; b�1

�
.0; w1/; .0; c.0//

��
� s:

By Lemma 2.5, it follows that

j�j .z1; w1/ � f
jC1
0 .w0/j � jDf

j .z1; w1/.v/jW
�
.z1; w1/; .0; w1/; j

�
�
RjC1

4
:

The claim is proved.

By Lemma 2.4, for each 1 � j � s, we have jDf j .z1;w1/j � jDf
j
0 .c.0//j=2. So

by (5.2) and (5.1), we obtain

�jC1.D0/ � B
�
f
jC1
0 .w0/; C1��

i
0ı
d
�
: (5.3)

Claim 2. Provided that ı0 > 0 is small enough, there exists a positive integer n � s
such that RnC1 > 2K�n0ı.

Proof of Claim 2. To prove the claim, let .z01; w
0
1/ be such that jz01j � j�z0j and w01 2

�1.D0/ with
b�1

�
.z01; w

0
1/; .0; c.0//

�
D s:

By Lemma 2.6, there exists a positive integer s0 � n � s such that

jDf n.z01; w
0
1/.v/j � �

n=2
0 ı0�.d�1/;
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where
ı0d D min

�
jw01 � c.0/j; jz

0
1j
k
�
:

Let w00 2 B.w0; ı/ be such that w01 D �1.z0; w
0
0/. Then

jw01 � c.0/j D jw
0d
0 C c.z0/ � c.0/j

�
�
jw0j C ı

�d
C 2jz0j

k
�
�
jw0j C ı

�d
C 2ıdC1:

Since jz1jk � jz0jk < ıdC1, there exists a constant C2 > 0 such that

ı0 � C2 max
�
jw0j; ı

�
:

It follows, by the definition of ı1, that

jDf n.z01; w
0
1/.v/jı1 � �

n=2
0 C

�.d�1/
2 �ı:

By Lemma 2.4,

jDf n.z01; w
0
1/.v/j � 2jDf

n
0 .c.0//j � 4jDf

n.z1; w1/.v/j:

Therefore,

RnC1 D jDf
n.z1; w1/.v/jı1 �

1

4
jDf n.z01; w

0
1/.v/jı1 � C3�

n=2
0 ı;

where C3 is a constant. By our choice of s0 (at the beginning of the proof), the implies
the claim.

By Claims 1 and 2 and (5.3), the lemma follows.

Now we can prove Proposition 5.1.

Proof of Proposition 5.1. We may assume that �dC10 > j�j. Fix such �0 2 .j�j; 1/
and let �0 D �0.�0/ > 0 be given by Lemma 5.2 (2). Choose K D 4=�0. Let ı0 D
ı0.�0; K/ > 0 be given by Lemma 5.3. Let ı > 0 be small. Suppose that we have
found a non-negative integer m such that

�m.D/ � B
�
f m0 .w0/; �

m
0 ı
�

and
�j .D/ � B

�
f
j
0 .w0/; C�

j
0ı
d
�

for 1 � j < m:

Note that m D 0 satisfies these properties. For ı.m/ D �m0 ı, we have

jzmj D j�j
m
jz0j � j�j

mı2d < ı.m/2;
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so that we may apply Lemma 5.2 to the f -orbit of .zm; f m0 .w0//. If jf j0 .w0/j � ı0=2
for all j � m, then by Lemma 5.2 (1) we obtain

�j .D/ � �j�m
�
¹zmº � �m.D/

�
� B

�
f
j
0 .w0/; C�

j
0ı
�

for all j ;

and hence we are done. Otherwise, let t � m be minimal such that jf t0 .w0/j < ı0=2.
Then, by Lemma 5.2 (2), we obtain

�t .D/ � B
�
f t0 .w0/;

�0�
t
0ı

4

�
together with

�j .D/ � B
�
f
j
0 .w0/; C�

j
0ı
�

for m � j < t:

For ı.t/ D �0�t0ı, we have

jzt j D j�j
t
jz0j � j�j

tı2d < ı.t/dC1

holds, so applying Lemma 5.3 to the f -orbit of .zt ; f t0 .w0//, we obtain a positive
integer m0 > t such that

�m0.D/ � B
�
f m
0

0 .w0/;
K�0�

m0

0 ı

4

�
� B

�
f m0 .w

0/; �m
0

0

�
;

and
�j .D/ � B

�
f
j
0 .w0/; C�

j
0ı
d
�

for t < j < m0:

Repeat the argument for m0 instead of m and continue, the conclusion follows.

Remark 5.4. Proposition 5.1 is even new in dimension one. Taking D � L, we get
the following one-dimensional result: let f0.w/ D wd C c as in (2.1), then for every
0 < �0 < 1, there are constants C D C.�0/ > 0 and ı0 D ı0.�0/ > 0 such that for
every w not be contained in an attracting basins of f0 , ı < ı0 and n � 0, we have

B
�
f n0 .w/; C�

n
0ı
d
�
� f n0

�
B.w; ı/

�
:

This improves a result of Denker–Przytycki–Urbanski [7, Lemma 3.4] for uni-
critical polynomials. In [7], it is proved that for rational map f0, there are constants
0 < L < 1, � > 0 and ı0 > 0 such that B.f n0 .w/;L

nı�/ � f n0 .B.w; ı// for w in the
Julia set of f0 and ı < ı0. But the constants L and � are not controlled.

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. First it is proved in [12] that every Fatou component of f0
can be extended to a two-dimensional Fatou component of f . These kind of Fatou
components are clearly non-wandering, since their restrictions onL is non-wandering,
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by Sullivan’s theorem [24]. Next we show that every Fatou component of f in a small
neighborhood of L is an extension of a Fatou component of f0.

Since f0 is unicritical, if f0 has an attracting nor superattracting cycle in C;

then f0 is hyperbolic. In this case it is not hard to show, by the shadowing lemma,
that the Fatou set of f is the union of basins of attracting cycles. See also [18] or [13].
In the following we assume that f0 has no attracting nor superattracting cycle in C.

We argue by contradiction. Assume there is a Fatou component � such that � is
not an extension of a one-dimensional Fatou component, i.e.� is wandering. Clearly,
the f -orbit of � is uniformly bounded. Fix a small constant ˛ > 0 such that

j�jk < e�2d
2˛ (5.4)

and fix �0 such that j�jke2d
2˛ < �0 < 1. Since � is open, it has positive volume. By

Theorem 1.5, there exists x0 D .z00; w
0
0/ 2 � such that for n large enough, j�n.x0/j �

e�n˛ . Then there exists an integer N > 0 such that the orbit of x0N WD .z
0
N ; w

0
N / is

tame. (See the definition of tame orbits in Section 1.) By Theorem 1.4, for every n� 1

jDf n.x0N /.v/j � C�
n
0e
�.d�1/.nCN/˛;

where C D C.�0/ > 0.

Claim. There exists a constant � > 0 and an arbitrarily large n such that

¹z0nº � B
�
w0n; ��

n
0e
�.dC1/˛n

�
� �n DW f

n.�/:

Proof of the claim. To prove this claim, let 'm.w/ D �m.z0N ; w/ for each m � 0 and
let "0 > 0 be so small that ¹z0N º � B.w

0
N ; "0/ � �N . We distinguish two cases.

Case 1. There exists " 2 .0; "0/ such that 'm is univalent on B.w0N ; "e
�˛m/ for all

m � 1. Then, by the Koebe 1=4 theorem, ¹z0NCmº �B.w
0
NCm;Rm/ ��NCm, where

Rm D jDf
m.z0N ; w

0
N /.v/j

e�˛m"

4
:

Then the conclusion of the claim holds for all n large enough.

Case 2. For each " 2 .0; "0/, there exists a minimal m D m."/ such that 'mC1 is not
univalent on B.w0N ; "e

�˛.mC1//. Thenm!1 as "! 0. By the minimality ofm, 'm
is univalent onB.w0N ; "e

�˛m/ and we have ¹w0mCN ; 0º � 'm.B.w
0
N ; "e

�˛.mC1///, so
that its diameter is at least e�˛.mCN/. By the Koebe distortion theorem, it follows that
the image 'm.B.w0N ; "e

�˛.mC1/// contains a ball centered at w0mCN and of radius
at least �.˛/e�˛.mCN/, where �.˛/ > 0 is a constant. Then n D mCN satisfies the
requirement of the claim. The claim is proved.
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Take n0 large for which the property in the claim is satisfied. Rename z0n0 as z0
and choose w0 2 F.f0/ very close to w0n0 such that

w0 2 B
�
w0n0 ;

1

2
��

n0
0 e
�.dC1/˛n0

�
:

(We can choose such w0 since the Fatou set F.f0/ is dense in C.)
Let ı WD 1

2
��

n0
0 e
�.dC1/˛n0 and letD WD ¹z0º �B.w0; ı/, which is a vertical disk.

By the claim, D is contained in the Fatou component �n0 . Moreover, by the choice
of ˛ in (5.4), the vertical diskD satisfies the condition in Proposition 5.1, i.e. we have
ı 2 .0; �/ and jz0j < ı2d , provided that n0 was chosen large enough.

By Proposition 5.1, it follows, for every n � 1, that

f n0 .w0/ 2 �n.D/ and f n.D/ � �n0Cn: (5.5)

By the classification of Fatou components in one dimension, f n0 .w0/ converges either
to a parabolic cycle, a Siegel disk or to1. In the latter two cases, by (5.5), for n large
enough f n.D/ must intersect with an extension of a one-dimensional Fatou compo-
nent, a contradiction. In the parabolic cycle case, it is proved in [12, Theorem 3.3],
which is a special case of Ueda [26, Section 7.2], that there exist attracting petals of
the form

Uj D
®
jzj < "

¯
�
�
Uj \ ¹z D 0º

�
;

such that f n.x/ converges to the parabolic cycle p implies f N .x/ 2 Uj for some N
and j . Moreover, these attracting petals are contained in the extension of the one-
dimensional parabolic basin. Thus by (5.5), for n large enough f n.D/ must intersect
with an attracting petal, a contradiction. The proof is completed.

Proof of Theorem 1.2. By Lilov’s result [16], f does not have wandering Fatou com-
ponents in the attracting basin of the line at infinity. Let � be a Fatou component
with bounded orbit, we need to show that � is non-wandering. Let � be the projec-
tion to the z-coordinate, then �.�/ is contained in a bounded Fatou component of p.
Since �.�/ is connected, �.�/ is contained in a Fatou component of p. Since p is
a polynomial without parabolic periodic points and Siegel periodic points, all Fatou
components of p are attracting or superattracting basins. The superattracting case is
again covered by [16]. We can assume that �.�/ is contained in the basin of a attract-
ing periodic point z0 of p with periods s. Replacing f by f s , z0 will be a fixed point
of p. By our assumption that the critical curve of f s in C2 has a unique transversal
intersection with the vertical line L WD ¹z D z0º � C2, f s can be conjugated in a
neighborhood U of the vertical line ¹z D z0º, to the form as in (1.1). Clearly, there
existsN � 1 such that U \ f N .�/¤;. Apply Theorem 1.1 we get that U \ f N .�/
is contained in a non-wandering Fatou component, This implies that � itself is non-
wandering.
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Proof of Theorem 1.3. It is clear that f can be extended to a holomorphic endomor-
phism on P2. We need to show that when j�j < 1, f does not have wandering Fatou
components. When j�j < 1, p has no parabolic periodic points, nor Siegel periodic
points. The only attracting periodic point of p is 0, which is fixed. The critical curve
of f in C2 has two components ¹z D ��=2º and ¹w D 0º. So the critical curve has a
unique transversal intersection with the invariant vertical line ¹z D 0º. (The intersec-
tion point is .0; 0/). So our map f satisfies all the assumptions in Theorem 1.2, and
we conclude the result by applying Theorem 1.2.

6. The multicritical case

In this section, we discuss the situation when f is multicritical (i.e. when f is a
regular polynomial skew product with an invariant attracting line). For a regular poly-
nomial skew product with an invariant attracting line, we may locally conjugate f to
the following form

f .z; w/ D
�
�z; F.z; w/

�
; (6.1)

where j�j < 1 and F.z;w/ D wd C
Pd�1
iD0 ci .z/w

i is a polynomial in w with coeffi-
cients holomorphic in z, d � 2. Let f0 be the one-dimensional map

f0.w/ D w
d
C

d�1X
iD0

ci .0/w
i ;

which is the restriction of f on the invariant line. It is natural to ask whether our
Theorem 1.1 hold in this more general setting.

Problem 6.1. Let f .z; w/ D .�z; F.z; w// as in (6.1). Is that true that every Fatou
component of f is an extension of a Fatou component of f0?

A positive answer will imply that there is no wandering Fatou component. Notice
that most of our techniques have multicritical version (e.g. the binding argument and
the parameter exclusion technique). However, there is a major difference between
unicritical and multicritical polynomials: it was proved in [15] that for unicritical
polynomial f0 the lower Lyapunov exponent of the critical value c is always non-
negative, provided c is not contained in an attracting basin of f0. But in the multicrit-
ical case, there are semi-hyperbolic polynomials carrying a critical value on the Julia
set with �1 Lyapunov exponent, see Przytycki–Rohde [22].

However, assuming the following two conditions, we expect our methods can
apply and the answer of Problem 6.1 is yes. Let

C.f / WD ¹x 2 C2
W Df.x/ is not invertibleº

be the critical curve, and let L WD ¹z D 0º.
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(1) Lyapunov exponent. For every critical value c of f0 such that c is contained in the
Julia set of f0, its lower Lyapunov exponent satisfies

��.c/ WD lim inf
n!C1

1

n
logjDf n0 .c/j > log�:

(2) Non-degeneracy condition. The critical curveC.f / intersectsL transversally, and
the following power series converges to a non-zero constant for every critical value c
of f0 which is contained in the Julia set of f0,

G.c/C

C1X
iD1

�iG.f i0 .c//

.f i0 /
0.c/

¤ 0; (6.2)

where G is a polynomial defined by G.w/ WD
Pd�1
iD0 c

0
i .0/w

i .

We give some explanation of the second condition. By Proposition 2.2, for a uni-
critical polynomial f0.w/ D wd C c satisfying f0 has no attracting cycle in C, we
have

1C

C1X
iD1

�i

.f i0 /
0.c/
¤ 0

for every j�j < 1. Thus if f is unicritical of the form (1.1) such that c0.0/ ¤ 0, the
polynomial G in (6.2) is a non-zero constant, and the non-degeneracy condition (6.2)
is automatically true. A similar non-degeneracy condition is raised in other contexts;
see, for instance, Tsujii [25] and Gao–Shen [9].
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