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The wandering domain problem for attracting polynomial
skew products

Zhuchao Ji and Weixiao Shen

Abstract. Wandering Fatou components were recently constructed by Astorg et al. (2016) for
higher-dimensional holomorphic maps on projective spaces. Their examples are polynomial
skew products with a parabolic invariant line. In this paper we study this wandering domain
problem for polynomial skew product f with an attracting invariant line L (which is the more
common case). We show that if f is unicritical (in the sense that the critical curve has a unique
transversal intersection with L), then every Fatou component of f in the basin of L is an
extension of a one-dimensional Fatou component of f'|z . As a corollary there is no wandering
Fatou component. We will also discuss the multicritical case under additional assumptions.

1. Introduction

1.1. Backgrounds

In one-dimensional complex dynamics, a celebrated theorem of Sullivan [24] as-
serts that there is no wandering Fatou component for rational maps on the Riemann
sphere P!, This leads to a complete classification of Fatou components for rational
maps: a Fatou component is preperiodic to an attracting basin, a parabolic basin, or a
rotation domain.

In higher dimensions, let f be a holomorphic endomorphisms on the projective
space P, k > 2. The Fatou set is classically defined as the maximal locus such
that { " },>1 form a normal family. However, contrary to the one-dimensional case,
wandering Fatou components were recently constructed by Astorg—Buff—Dujardin—
Peters—Raissy [4] for holomorphic endomorphisms on the projective plane P2,

The counter examples constructed in [4] are polynomial skew products. By defi-
nition a polynomial skew product is a self map on C? of the following form:

fz.w) = (p(2).q(z. w)),

Mathematics Subject Classification 2020: 37F10 (primary); 32H50 (secondary).
Keywords: Fatou component, polynomial skew product, non-wandering domain theorem,
Lyapunov exponent.


https://creativecommons.org/licenses/by/4.0/

Z. Ji and W. Shen 266

where p, g are polynomials of degree at least 2. A polynomial skew product f is
called regular if it can be extended to a holomorphic endomorphism on P2, which is
equivalent to the condition that

deg(p) = deg(q) = d,

and g(z,w) = cw? + lower degree terms for some ¢ # 0. For a regular polynomial
skew product, the line at infinity is an attracting set, and the Fatou components in the
attracting basin of the line at infinity was classified by Lilov [16]. (In this case the line
at infinity is super-attracting by the terminology we defined below.)

Now assume that €2 is a Fatou component of f with bounded orbit, let 7 be the
projection map to the z-coordinate, then 7(€2) is contained in the Fatou set of p.
Recall that the polynomial map p does not have Herman rings. Since the classifica-
tion of Fatou components of p is known (by Sullivan’s theorem), to investigate the
dynamics of f on 2, by passing to an iteration of f and a coordinate change, we
may assume that the line L = {z = 0} is invariant (i.e. p(0) = 0), and 2 is con-
tained in a small neighborhood of L. The invariant line L is called super-attracting,
attracting, parabolic or elliptic if 0 is a super-attracting, attracting, parabolic or ellip-
tic fixed point of p, respectively. The counter examples constructed in [4] are regular
polynomial skew products with a parabolic invariant line, and the parabolic implosion
technique is crucial in their construction.

It remains an open problem whether there are wandering Fatou components for
regular polynomial skew products with an attracting invariant line. Note that a generic
(i.e. open and dense in the parameter space of polynomials of fixed degree) poly-
nomial map on P! does not have parabolic or elliptic periodic points. Since the
construction of wandering Fatou components in the parabolic case relies heavily on
the parabolic implosion technique, one might expect that in the attracting case there
is actually no wandering Fatou component. This would imply that a generic regular
polynomial skew product does not have wandering Fatou components, which is sat-
isfactory for the purpose of understanding dynamics of generic regular polynomial
skew products.

In this paper we, solve this problem when f is unicritical, i.e. the critical curve
of f has a unique transversal intersection with L. Here the critical curve of f is by
definition the critical locus of the map f:C? — C2. Equivalently this means that f
can be conjugated to the following form in a neighborhood of L:

f(z,w) = (Az,w? + ¢(2)), (1.1)

where 0 < |A| < 1, d > 2 and ¢(z) is a (non-constant) holomorphic function in a
neighborhood 0. Let k > 1 be the order of ¢ at 0, i.e. ¢(z) has the local expression
c(z) = ¢(0) + axz¥ + higher order term, with a; # 0. By passing to a coordinate



The wandering domain problem for attracting polynomial skew products 267

change z — az, we can further assume that
c(z) = c(0) + zF + higher order term, (1.2)
and we choose 0 < ry < 1 such that, for every z € B(0, rg),
|2 = le(z) = c(0) — 2. (1.3)

In the rest of the paper we always assume that f has this form unless otherwise
stated. Let fp be the one-dimensional map fo(w) = w? + ¢(0), which is the restric-
tion of f on the invariant line {z = 0}.

1.2. Main results
The following is our main theorem.

Theorem 1.1. Let f(z, w) = (Az, w? + ¢(z)) as in (1.1). Then every Fatou com-
ponent of f is an extension of a Fatou component of fo. In particular, there is no
wandering Fatou component.

Note that the escaping Fatou component
Qoo :={x € B(0,ro) xC : | f"(x)] > +o0}

is clearly non-wandering. Any other Fatou component of f is contained in the com-
plement of €2, and hence is uniformly bounded.

We will discuss a partial generalization of Theorem 1.1 in Section 6 without
assuming the unicritical condition.

Applying Theorem 1.1 to the setting when f is a globally defined holomorphic
endomorphism on P2, we get the following.

Theorem 1.2. Let f(z,w) = (p(2),q(z,w)) be a regular polynomial skew product
of degree at least 2. Assume that p does not have parabolic periodic points nor Siegel
periodic points, and that for every attracting p-periodic point zo of periods s, the
critical curve of f* in C? has a unique transversal intersection with the vertical line
L :={z = zo} C C?, then f has no wandering Fatou component in P2.

Here is a specific example that Theorem 1.2 can apply.

Theorem 1.3. Let f(z,w) = (z2 + Az, w? + az? + bz + ¢), where A,a,b,c € C.
Then f can be extended holomorphically to P2. Assume that |A| < 1. Then f has no
wandering Fatou component in P2.

It is not hard to show that every quadratic regular polynomial skew product can be
conjugated to the form f(z,w) = (z2 4+ Az,w? + az? 4+ bz + ¢); see [1, Lemma 2.9].
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In the setting of Theorem 1.3, let fo(w) := w? + ¢, which is the one-dimensional
map acting on the invariant attracting vertical line {z = 0}. As far as we know, pre-
viously the results about no wandering Fatou components in P2 in the setting of
Theorem 1.3, were only established in the following two special cases:

(1) For a fixed triple (a, b, c) € C3, when |A| is sufficiently small, [12]. See
also [16].

(2) When |A| < 1 and fy is Collet-Eckmann and Weakly Regular, [13]. See
also [18].

In order to prove Theorem 1.1, we prove two intermediate results which are of
independent interests. The following is the first one concerning the lower bounds of
the derivative along the orbit.

Let f(z,w) = (Az,w? 4 ¢(2)) as in (1.1). An orbit {x; = (z;, w;)}o<i<n Of f
|k

is called rame if |z; | < |w;|¢ for every 0 <i < n and |zo| < ro. Here the integer k

comes from (1.2) and the constant ro comes from (1.3).

Theorem 1.4 (Expansion along tame orbits). Let f(z, w) = (Az, w?¢ + ¢(z2)) as
in (1.1). Assume that fo has no attracting nor super-attracting cycle in C. Given
0 < Ao < 1, there exists C = C(Ag) > 0 such that if {x; = (z;, W;)}o<i<n IS a tame
orbit of f, then

n—1
|Df"(x0)(v)| > C AL miglwild“,
1=

where v = (0, 1) is the unit vertical vector. Moreover, if |wy,| < |w;| forall0 < j <n,
then
|Df" (x0) ()| = CAG.

Theorem 1.4 is a generalization of the corresponding one-dimensional estimate
obtained by Levin—Przytycki—Shen in [15].

Our next intermediate result is about the abundance of points satisfying the slow
approach condition. For & > 0, a point xo € B(0, rg) x C is called a-slow approach
(to the critical point),

for every n large, where w,, is the projection of f”(x¢) to the w-coordinate.

Theorem 1.5. Ler f(z,w) = (Az, w? + ¢(2)) as in (1.1). Assume (0, 0) is not a
periodic point. Then for every a > 0, Lebesgue a.e. point in B(0,rg) x C is a-slow
approach.

We note that under additional hyperbolicity assumptions on fy, the above theorem
was proved in [13]. Here we do not make any hyperbolicity assumptions on fy. Theo-
rem 1.5 is also a generalization of the corresponding one-dimensional result obtained
by Levin—Przytycki—Shen in [15].
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Throughout the paper, the vector v will denote the unit vertical tangent vector
v=(0,1).

1.3. Previous results

The problem of classification of Fatou components for polynomial skew products
gets much attention in recent years. We refer the readers to the survey paper by
Dujardin [8].

As we have mentioned, wandering Fatou components for parabolic polynomial
skew products were constructed in [4], see also Astorg—Boc Thaler—Peters [3], Hahn—
Peters [10] and Astorg—Boc Thaler [2] for constructions of wandering domains using
similar technique.

In the case that f is an attracting polynomial skew product, previously there are
two kinds of results concerning non-existence of wandering Fatou components, both
making additional assumptions on f. The first type of results assume the smallness
of the multiplier A. It was first showed by Lilov [16] that there is no wandering Fatou
component if p’(0) = 0. Later this was generalized by the first named author [12]
that there is no wandering Fatou component if A is sufficiently small. The second type
of results make hyperbolicity conditions on fy, see for instance Peters—Vivas [19],
Peters—Smit [ 18] and the first named author [13]. For example the result in [13] asserts
that if fj satisfies Collet—-Eckmann condition and a Weakly Regular condition, then
there is no wandering Fatou component and the Julia set has zero volume. Compared
with Theorem 1.1, here we do not make any assumptions on A nor on the hyperbolicity
of fo.

The elliptic polynomial skew products were studied by Peters—Raissy [17]. Fi-
nally, we mention that in the context of complex Hénon maps, wandering Fatou
components were constructed by Berger—Biebler [6].

The topology of Fatou components of polynomial skew products on C? was stud-
ied by Roeder [23].

1.4. On methods of the proof

We introduce new methods in order to prove Theorem 1.1. Our methods are based on
the parameter exclusion technique and binding argument initiated by Jakobson [11]
and Benedicks—Carleson [5]. They successfully used these two techniques to show the
existence of absolutely continuous invariant measures for a positive volume parameter
set of quadratic interval maps.

As far as we know this is the first time that these two techniques are used to
solve the problems about wandering domains. This is actually built on the follow-
ing interesting analogue between families of one-dimensional dynamical systems and



Z. Ji and W. Shen 270

polynomial skew products. Let {g,},ep be a family of polynomials of same degree,
parametrized by the unit disk. We can associate this family to a polynomial skew
product as

fiDxC—->DxC, f(z,w):=(z,q:(w)).

Recall that a polynomial skew product with an attracting invariant line L has the
normal form

fiUxC—>UxC, f(z,w)=(Az,q:(w))

in a neighborhood U x C of L, where |A| < 1. Now it is obvious to observe the
similarity of these two objects. Unlike excluding bad parameters as Jakobson and
Benedicks—Carleson did, we exclude bad vertical lines instead for attracting polyno-
mial skew products. The one-dimensional estimates in Levin—Przytycki—Shen [15]
are also involved, to ensure the binding argument work. To prove Theorem 1.4 we use
the binding argument with the help of the one-dimensional estimates in [15]. To prove
Theorem 1.5 we use the binding argument and the parameter exclusion technique.

To complete the proof of Theorem 1.1, we also adapt some arguments in [16]
and [12]: assume by contradiction that there is a wandering Fatou component €2. Then
by Theorems 1.4 and 1.5, we can construct a vertical disk (i.e. a disk contained in a
vertical line) D C € such that the forward image f” (D) contains a vertical disk of
radius at least A{j; when n large enough, where Ao > 0 is a constant smaller but close
to 1. Since D is contained in a wandering Fatou component, the orbit of D cluster
only on the Julia set of fj. Again by using the binding argument, we show that this
vertical disk actually cannot exist. This gives a contradiction, and hence finishes the
proof.

1.5. Organization of the paper

The organization of the paper is as follows. In Section 2, we do some preliminaries,
we recall some one-dimensional results and we introduce the notion of binding time.
In Section 3, we prove Theorem 1.4. In Section 4, we prove Theorem 1.5. In Section 5,
we complete the proof of Theorem 1.1, and we prove Theorems 1.2 and 1.3. Finally,
in Section 6, we discuss a partial generalization of our results when f is multicritical.

2. Preliminaries

2.1. Expansion of one-dimensional unicritical polynomials

In the following, fo will denote a unicritical polynomial

fo(w) = w? + ¢, whereceC,d > 2. 2.1
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The following proposition summarizes results on lower bounds of derivatives
in [15].

Proposition 2.1. Ler fo(w) = w? + ¢ as in (2.1) such that fo has no attracting nor
superattracting cycle in C. Then the following hold: Given any 0 < Ay < 1, there
exists C = C(Ag) > 0 such that for any w € C and any n € N,

n—1 .
D' (w)l = CAg min | £ (w)]*". 22)

More precisely,

(i) given0 < Ao <1andd >0, there exists k = k (Ao, 8) > 0 such that for every
w € C satisfying | fg (w)| > 8 for each 0 < j < n, we have

[Dfg (w)| = KAg:

(ii) given 0 < Ao <1, there exists 8o > 0 such that for any § € (0, 8o], if [w| <,
| f&(w)| < 8, and | f§ (w)| > 8 forall 1 < j < n, then

d—1
itz agmin(1 () )

(iii) given 0 < Ao < 1, there exists kg = ko(Ag) > O such that if |f0‘i (w)| >
| fo! ()| for each 0 < j < n, then

|Dfg' (w)] = koAg.

Proof. We first prove (i)—(iii).
(i) This follows from [15, Lemma 2.2].

(i) If jw| > | fy" (w)], this follows from [15, Lemma 4.2]. If |w| < | f;" (w)], this
follows from [15, Lemma 2.1].

(iii) Fix Ao € (0, 1), let §9 > 0 be given by (ii) and let k9 = k (Ao, §9) be given
by (). If | fy"(w)| = 8o, then the desired estimate follows from (i). Otherwise, define
-+ > np > ny > 0 inductively such that

e ny is minimal such that | fy'' (w1)| < o,
e foreachi > 1,n;4; is minimal such that ;14 > n; and | £y "t (w)] < | fo' (w)].

Since | fy' (w)| < |f0j (w)| for all 0 < j < n, there exists k such that ny = n. So by
(1) and (ii),

k—1
IDfw)| = [Dfy )| TTIDf " (S ()] = ro™
i=1
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Let us finally prove (2.2). By (iii), we only need to consider the case |w| < | fo‘ (w)]
foreach 0 < j <n.(If | f§ (w)| = min |f0 (w)| for some 0 < s < n — 1, estimate
|Dfy (w)| and [Dfg = (f*(w))] separately.) By (i), we may assume |w| < 8p. Let s
be maximal in {0, 1,...,n} such that | /5 (w)| < 9. By (i) again,

1D (f5 )| = d| f§ W) ke (Ro. So)Ag "

Let0 =59 <s§1 <+ <5, = s be such that s; 1 is minimal such that s; +; > s; and
S; . / .o
| fo T (w)| = mlﬂ7=si+1 | fg' (w)|. Then by (ii),

) = s (1 -

i=1 0

Thus,
|DfI(w)] > K (Ao, So) AR w4t n

The following proposition was also proved in [15].

Proposition 2.2. Ler fy(w) = w? + ¢ as in (2.1) such that fy has no attracting nor
superattracting cycle in C. Then

(1) the lower Lyapupov exponent of fo at ¢ is non-negative:
hmmf log IDfy'(c)] = 0;

(2) the power series
F 1
O=t Z (fo Ve

has the radius of convergence at least 1, and F(z) # 0 for every |z| < 1.

Proof. The first statement is one of the main theorems in [15], and the second one
is [15, Corollary 5.1], which follows from the first by a result of Levin in [14]. ]

2.2. The binding time

In this subsection we introduce a version of the notion of binding time which was first
used by Benedicks—Carleson [5] to study perturbation of non-uniformly expanding
interval maps. Throughout we fix a map f(z, w) = (Az, w? 4 ¢(2)) asin (1.1).

Definition 2.3. Let x € B(0,r9) x C and y € B(0,r9) x C. Let £ > 0 be a con-
stant. For every integer m > 0, we define &,,(x) to be the projection of f™(x) to the
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w-coordinate. We define the u-binding time of the pair (x, y), denoted by b,,(x, y),
to be the infimum of the set of non-negative integer n such that

pmin((g, (0] 6 (0)])

1€n(x) =& (V)| = o+ 1)2

(2.3)

Here, we use the convention that inf @ = +o0.

We note that by our definition of binding time, for m < b, (x, y), £ () and §; (x)
are both non-zero for 0 < j < m, we have

Em () —EmW| _ 1

. 2.4)
1Em (V)] (m + 1)
We fix a small constant o € (0, 1) such that
o0
2 1
yue L
— 2 4d
i=1
and such that for any ¢ € C with |f| < g, we have
[t —1) <dlt —1|(1 +d|t — 1]). (2.5)
Let "
0
M1 = i (2.6)
Let us show that for every positive integer n,
p1 min(jwy |, |ws|) p1 min(|wz|, [ws|)
lwi —wa| < > Jwa —ws| < >
n n
min(|wq], |w
— |w1—w3|§ﬂo (Jw1l, | 3|)‘ 2.7)

n2

Indeed,

wy — ws| < |wy — wa| + |wy — w3
pamin(|wi ], |wz|) | 1 min(jwa], |wsl)
< +
= I’l2 n2
- 2,ul|w2|.
=z

On the other hand, we have

p min(jwy], |wa|)
2

|wa| < [wi] + w1 — wa| < [wi] + < 2|wy].

Similarly, |w,| < 2|ws|. Hence (2.7) holds.
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By (2.7), we have
buo(x1,x3) > min(bm(xl,xz),bm(xz,x3)). 2.8)

We note that (2.8) will only be used in the proof of Lemma 5.3.
In the rest of the paper, a (1o-binding time is called a binding time for simplicity.
Note that if 7 is the p-binding time of (x, y), where 0 < p < o, then

1
Elfij(Y)l < 1§ () = 2[§(y)| when0 < j <n. 2.9

The following two lemmas will be used frequently in the rest of the paper.

Lemma 2.4. Let x € B(0,r9) x C and y € B(0,ro) x C. Let n = b, (x, y), where
0 < u < wo. Then for every positive integer m < n, we have

‘ D" () ‘ !
Df™(y)(v) 2
Proof. Foreach 0 <i < n, by (2.4) and the discussion just above (2.4), we have §; (x)

and &; (y) are both non-zero, and

()| _ 6 —&WI __2p
0| TGO TG+

‘lo

Thus for 1 <m <n,

m—1
£00
2 log (5] =

Z 2n fo7> <L
GC+12 - 3 “ad

Consequently,
Df™(x)(v) ‘ ERS i 1 N K -T0 |
'Df’”(y)(v) ¢ [ <2d=D)|) log iyl <5

Let x = (zg,wg) € B(0,79) X C, y = (z,w) € B(0,7r9) x C andn > 1. We define
the following quantity
2e(V"z9) = c(W712)]
IDfF(x)(v)]

W(xyn)—2|w0—w|+z ,
where c¢(z) is the critical value curve of f asin (1.1). By our assumption (1.2), this
implies

k(i—1)
W ((0. w). (zo. wo).n) < 2Jwo — w| + Z A DG (2.10)

Z DI w)
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Lemma 2.5. Let f(z,w) = Az, w? + ¢(z)) asin (1.1). Let
x = (zo,wp) € B(0,r9) xC and y = (z,w) € B(0,ry) xC.

If n is a positive integer and n < b, (x,y), where 0 < u < o, then

[6n () = En [

Df" ()] 2 FEes

In particular, ifn = b, (x,y), then

pmin(|§x ()] 1€ (VD)

|Df"(x)(v)] > (n + 1)2W(x, y.n)

Proof. First, for every 1 < m < n, we have
|m (X) — Em ()]
= (En1(0))? = (En1 (1)) + c(A™ 1 2) —c (A 12))
< (Ema1(0)) = Ema1 )]+ e 2) — e )] (@11)

We now estimate the first term in (2.11). Since

Em—1() w <
Eno1(x) 1‘ =z S ke

by (2.5), we have
En1 ()7 — Ena ()] _ d|sm_1(x)—sm_1<y)|(1 . d|sm_1(x)—sm_1(y)|)

|§m—1(x)d| B [Em—1(x)] |Em—1(x)]
< 1Em—1(x) — Em—1(1)] dp
= e ()

and hence

_ d
-1 = En-1 ()] = 11| g1 () = Ena DI (1 4 5.
Therefore, for every 1 < m < n, we have

o)~ 6] _ (| By Boa () —ma 0] | [eG""120) —en i)

[IDf™ (X))~ m?/ |Df"=1(x)(v)| [Df™(x)(v)]
; Em—1()—Em—1 (W) i ;
Next, we estimate DT )] by the same method. Continuing this process,

we finally have

6 =60 _ N2z — i)
Do = 2 L T )

= W(x, y,n),
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using the fact that [Tor_; (1 + 24) < [Tor_, (1 + 0%0) < e'/8 < 2. Hence, we have
|§n(x) — £n (V)]

DI W) = P

In particular, by (2.3), when n = b, (x, y), we have

n pmin(|§, (x)]. 1§ (¥)])
|Df* () ()] = E Dy n

The following lemma will be used to bound from below the vertical derivatives
for an orbit starting close to the critical value line, and will be used in Section 4 and
Section 5.

Lemma 2.6. Assume that fy has no attracting nor superattracting cycle in C. Fix
0 < u < wg. For any positive integer so and Ao € (0, 1), there exists §g > 0 such that
the following holds. Let (zj, w; )}";0 be an f-orbit that satisfies:

§ := max(Jw; — c(0)]. |z0[¥])"/* € (0. 5). (2.12)

Then there exists a positive integer n such that the following hold:

(1) so = n < bu((z1,w1), (0,¢(0));

2 lwj| =8/2, 1<) <n,

() IDf" (21, w1) ()] = Ag8~“D.
Proof. Since f is Lipschitz, we have m = b, ((z1,w1), (0,¢(0))) = 400 when § — 0.
This implies that m = b, ((z1, w1), (0, c¢(0))) can be made arbitrarily large, if §o > 0
is sufficiently small.

Fix a constant A; € (0, 1) such that A; > max(1¢, |A|¥). Let s be a large positive
integer such that s > s, Aas/z > 2d and

M < 3P

—— > 2.13
20(p+1)2 = 7° @.13)
for each p > s, where
m | ki
C=2+14 _ (2.14)
; |Df*(co)l

is a positive constant. Let §o > 0 be a small constant such that the following hold:
* |foj(0)| > o holds forall 1 < j <s;
* b,u((z1,w1), (0,c(0)) > s holds when 6 € (0, §p), where 6 is as in (2.12).

Now assume § € (0,8p) and let m = b, ((z1, w1), (0,¢(0))) € N U {oo}. We dis-
tinguish two cases.
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Case 1. There exists a minimal integer 0 < n < m such that | ' *t1(0)| < 8. Thenn >
s> spand Ay"'? > 2d. By (2.9), we have |w;| > | f7(0)|/2 > §/2 forall 1 < j <n.
By Lemma 2.4, |[Df"(zy,w1)| > |Dfy'(c(0))|/2, so it suffices to show

IDf(c(0)] = 8@ -Dg=1xn/2, (2.15)

To this end, note that for any 7 € C with |¢] very close to 0, there is 8’ slightly larger
than &, such that |¢t| < &, |f0 () >8 for1 <j <nand|t| <|fyt' ()| <& By
Proposition 2.1 (ii), we have

|Dfn+1(l)| ~ An/Z(L)d—1’
BN

which implies that

IDFTHOL L na 1

[Dfg' (fo()| = D] Z 7% W'

Letting t — 0, we obtain (2.15).

Case 2. Foreach0 < j < m, we have |f]+1(0)| > §. Then by (2.9),
lw;| = | £ (0)] > g foralll < j <m.
By Proposition 2.2, there exists C; > 0 such that
|Dfy (c(0)] = C1A} foralli > 1.

If m = oo, then it suffices to take n to be a large integer such that n > s¢ and
CiA > 28_(“’_1))&8, since |Df"(z1, wi)| = |Dfy'(c(0))|/2. In the following, we
assume m < oo and take n = m. Thenn = m > s > s¢, so property (1) holds. As we
noted above, property (2) also holds. Let us prove property (3). By (2.10) and (2.12),

4[A K |zo|* d
W ((0,¢(0)), (z1, wy),m) < 2|lwy —c(0)] + Zm < Cs7,

where C is as in (2.14). By Lemma 2.5,

+1
W o O 0 §-@d=1),
m + 1)2 w —2(m+1)2C

[Df™(z1, w1)(v)] > o

which implies property (3) by (2.13) since m > s. |
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2.3. A variant of Przytycki’s lemma

We shall also frequently use the following slight generalization of a lemma due to
Przytycki [20, Lemma 1]. In the following, the Euclidean norm in C? is denoted

by |-

Lemma 2.7. Let f(z, w) = (Az, w? + ¢(2)) as in (1.1). Assume that fy has no
attracting nor superattracting cycle in C. Then there exist a constant C > 0 such that
foreverye > 0andn > 1, if x = (29, wo) € B(0,ro) x C satisfies |zo|F < &, |wo| < &
and |&,(x)| < &, then n > C log(1/e).

Recall that the constant k was defined in (1.2).

Proof. Ttis enough to prove the result when ¢ is sufficiently small. By [20, Lemma 1],
there are constants g9 € (0, 1) and Cyp > 0 such that if wg € C and n > 1 satisfies
|lwo| < € and | i (wo)| < € for some & € (0, &9), then n > Cop log(1/e).

Let R > 0 be a constant such that for any y = (z, w) with |z| < r¢ and |w| > R,
we have |£1(y)| > 2|w]|. Thus |&,(y)| < R implies |&,(y)| < R forevery 0 <m < n.
Let M := max(dR%~!,2).

Now consider x = (zq, wo) with |zo|* < &, |wo| < & and |&,(x)] < & for & <
min(e2/9, R). by the choice of R, for each 0 < m < n, |§,(x)| < R. Let ny be the
maximal positive integer such that n; < n and such that | fJ" (wo)| < R for all 0 <
m < ny. Then, foreach0 <m < nq,

|Emt1(x) — £ (wo)| = [En(X)? — ST (wo)? | + [e(zm) — c(0)]
< M&n(x) — f"(wo)| + 2|zm|*
< MEm(x) — f"(wo)| + 2,

hence
6ny (x) — fo ' (wo)| < 2M"e. (2.16)

Now if M1 > ,/1/e we get the desired estimate for C = 1/2logM . It M" < \/1/e¢,
then by (2.16) we have

| £ (wo)| < [En, (X)| +2M™ e < 3./

Thus we have |wg| < & < 3/¢ and | fJ'(wo)| < 34/¢, s0
1
3.J/e

which implies the desired estimate for a suitably chosen C. |

n>ny > Colog
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3. Lower bounds of derivatives along the orbits

In this section, we prove Theorem 1.4 which is a perturbed version of Proposition 2.1.
To obtain the desired lower bounds for the vertical derivatives | Df"(zq, wo)(0, 1)],
we decompose the orbit (z;, w;) into sub-orbits falling into the following two cases,
and do estimates separately:

* Orbits staying bounded away from the critical set, i.e. the case inf;’;(l) lw;| is
bounded away from zero.

*  Orbits corresponds to returns to a small neighborhood of the critical set, i.e. for
some small § > 0, |wg|, |w,| < 8, but |[w;| > |w,|for1 < j <n.

The first case follows from the corresponding non-perturbed result (see Propo-
sition 2.1 (i) and (iii)) by continuity argument, see Lemmas 3.1 and 3.2. The second
case is more delicate, and is derived from Proposition 2.1 (ii), using binding argument,
see Lemma 3.4. The proof of Theorem 1.4 is given at the end of this section.

We start with the lemmas dealing with orbits staying away from the critical sets
which follow from Proposition 2.1 by a continuity argument.

Lemma3.1. Let f(z,w) = (Az,w? + ¢(2)) as in (1.1) such that fy has no attracting
nor superattracting cycle in C. Given 0 < Ay < 1 and 0 < § < 1, there exists k =
k(Ag,8) > 0 and n1 = n1(Ao,8) > 0 such that for any f-orbit {x; = (z;, w;)}}_,,
if lwj| > & hold for all 0 < j < n and |z¢| < 11, then

|Df" (x0)(v)| = KA.

Proof. By Proposition 2.1 (i), there exists ¥ > 0 depending on A¢ and § such that for
any fo-orbit (y;)7_, with |y;| = 6/2forall 0 < j < n, then

IDfI ()| = 26 A2,

Choose a positive integer N such that k2 > kf)v .
By continuity, there exists 77 > 0 such that for any orbit {x; = (z;, w;)}" .
m < N, with min' [w;| > § and |zo| < 71, then min}'_ | f3/ (wo)| > 8/2 and

1
|Df™ (x0)(v)| = §|Df0m(w0)|.
Since | Df" (wo)| > 2KA6"/2, we conclude
DS (x0) (V)] = KAg "%,

In particular, when m = N, this gives us

IDfN (x0)(v)] > AY.
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Now let us consider an f-orbit (x; = (z;, w;))/_, with |w;| > § for0 <i <n.Let

n =¢gN + r, where g is a non-negative integer and 0 < r < N. Then by decomposing

this orbit into g pieces of length N together with one piece of length less than r < N,
we obtain

|Df " (x0)(v)] = 1AL 228N = ieal, n

A completely similar argument, using Proposition 2.1 (iii) instead of (i), shows the
following stronger result in the case |w, | is small. The difference between Lemma 3.1
and Lemma 3.2 is that in Lemma 3.2, k¢ does not depend on §, but in Lemma 3.1, «
depends on 4.

Lemma 3.2. Let f(z,w) = (Az,w? + c(z)) asin (1.1) such that fy has no attracting
nor superattracting cycle in C. Given 0 < Ay < 1, there exists kg = ko(Ag) > 0 such
that for any § > 0 there exists 1, = 12(Ag, 8) > 0 with the following property: If
{xj = (zj, wj)}j—o is an f-orbit with |w;| = 8 hold for 0 < j < n, |wa| < § and
|zo| < 12, then

|Df" (x0)(v)] = KkoAG.

Proof. We just specify the choice of x¢. By Proposition 2.1 (iii), there exists ko € (0, 1)
depending on 4 such that for any fo-orbit (W;)}_,, with |;| > |Wy,| forall0< j <n,
then

| Dfg ()| = 260y .

Arguing in the same way as the previous proof by a continuity argument, we show
that for any n, there exists 1), = 1,,(8) such that if |zo| < 1}, and |w;| > 5 for0 < j <n
and |wy| < 6, then

|Df" (x0)(v)| = KoAG- (3.1

On the other hand, by Lemma 3.1, there exists
Kk =k(Ao,8) >0 and n; =n(4,8) >0

such that
IDf" (x0) ()] > 1cAp?,

provided that |z¢| < 11. So there exists Ny = N1(Ag, §) > 0 such that
|Df" (x0)(v)] > KkoAg (3.2)

provided that n > N; and |zg| < 711.
Combine the estimates (3.1) and (3.2), the lemma holds with

N2 1= min(n1, 1y, ..., Ny, ),

where (7,,)1<n<n, are constants appearing before (3.1). ]
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We use the binding argument to prove a perturbed version of Proposition 2.1 (ii).
Let us first state the following one-dimensional slightly generalized form of the state-
ment.

Lemma 3.3. Given A € (0, 1), there exists §¢ > 0 such that for any § € (0, &), if
(wi)!_, is an fo-orbit with |wo| < 28, |wy| < 28 and |wj| > §/2 forall 1 < j <n,

then
|wol \ "
[Dfy! (wo)| = Ag min(l, ( ) )

| Wy |

We note that the condition on the intermediate points of the orbit |w;| > §/2 is
weaker than it would have been for Proposition 2.1 (ii) (where it would be |w; | > 24).

Proof. Fix Ag € (0, 1). By Proposition 2.1 (ii), there exists §¢ > 0 such that the follow-
ing holds: If {w;}7_ is an fo-orbit for which there exists p € (0, 8o) with |wo| < p,
|lwy,| < p, and min;?;i |lwj| > p, then

d—1
|Df (wo)| > Aﬁ/zmin(l, (|w°|) ) (3.3)

|wh |

Let

N(§) = inf{s = 1: f§(B(0,28)) N B(0,25) # 0}.

Then N(§) — oo as § — 0.
Now let (w;)7_, be as in the lemma with § > 0 small.

Case 1. |wy|, |w,| < /2. In this case the desired estimate follows immediately from
formula (3.3) by taking p = §/2.

Case 2. lwg| > 6/2. Let0 =ng <ny <np <---<np = n be all the positive integers
in{0,1,...,n} with |[wy; | < 268. Foreach 0 < j < p, we have |wy; |/|wn, | > 1/4,
so taking p = 26 in (3.3), we obtain

DT (wa)| 2 A5/ 247D,

Thus,
|Df (wo)| > AR/24~PE=D),

Since n;4+; —n; > N(8), we have p < n/N(§). Provided that § is small enough,
p < n,so that 4~7@-1) > )Lg/z. Then

|Dfg' (wo)| = AG.
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Case 3. |\wo| < §/2 and |w,| > §/2. Define n; as above. Then

n n/2 |w0| -1 d n/2 |U)0| a1
|DfJ (wo)| > Ap (—) > 47d=D)e (—) ,

28 |wn|
and
|Df i+ ()| > )&g/24_(d_1).
The desired estimate follows similarly to Case 2. |

Recall the notion of tame orbits was introduced in Section 1, before the statement
of Theorem 1.4.

Lemma 3.4. Given 0 < Ag < 1, there exists 8o > 0 and ng > 0 such that the following
holds. Let {x; = (z;, w;)}7_, be a tame f-orbit such that

*  |wol, [wal < do;

* |zol <mo;

s |wj| > |wy| foreach 0 < j < n.

Then i
|Df”(x0)(v)|zAGmin(l,(lw()') )

|wh |

Proof. Without loss of generality, we may assume that 1 > Ag > |A| > 0. Let ko be
the constant given by Lemma 3.2. Let N be a large positive integer such that

Ao > max(4?, 2 1), (3.4)

and such that
Ho s

M,
2s + )2c, o

holds for all s > N, where C; = C1(Ag) > 0 is a constant as in (3.12).
Let 8o > 0 be a small constant such that the following hold:

3.5)

« for any orbit (z}, w})7_, satisfying |zp| < 8o and |wgy| < §o and |wy| < 8o, we
haven > N;
o if|zg] < 8o, |wg| < S0, we have by, ((zg, wg), (0, wg)) > N.
Note that for small &g, the first property is guaranteed by the variant of Przytycki’s
lemma (Lemma 2.7), and the second property follows from definition of binding time
by continuity since the critical point of fy is not periodic. Let n, = nz()t(l)/ 2, 80) be
given by Lemma 3.2 and let 59 = min(n2, 8o).
We shall prove this lemma by induction on #.

Starting step. We take the trivial case n = 0 as the starting step of the induction.
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Inductive step. Now let ny be a positive integer and assume that the lemma holds
under the additional assumption that n < ng. Let us consider an f-orbit (w;)}_,
satisfying the assumption of the lemma with n = ny. Note that existence of such an
orbit implies that ng > N.

Let s be the po-binding time of (zg, wo) and (0, wo), then s > N. Let w; o =
foi (we). By Lemma 2.4, for any integer 1 <i <,

IDF (o) (W) = 51D (wo)l. (36

Case 1. s > n. Then by Lemma 3.3,

d—1
DS (wo)| = AR/ min(l, |w0|) ,
|wn|

which together with (3.6) implies the desired estimate, since

A" = AN s,

Case 2. s < n and there exists t € {1,2,...,s — 1} such that |{w;| < |wo|. Let ¢ be
minimal with the last property. Then |wjo| > |w;|/2 > |wg|/2 foreach 0 < j < ¢
and |wy 0| < 2|w;| < 2|wp|. Since > N, we have Aat/z > 29.So by Lemma 3.3,

d—1 d—1
|Dfg (wo)| > li,/zmin(l,( [wol ) ) > 2Af,min(1, @) > AL

lwe o lw,

hence |Df"(x)(v)| > Af by (3.6). By induction hypothesis,

d—1
D" (k) W)] = A min(l '"”') > A8

’ |Wa|
Thus the desired estimate holds.

Case 3. s <n, and foreach 1 < j <,
following inequality:

w;| > |wel. In this case, we first prove the

s/2
IDF? (x0) ()] = AOT 37)

If |ws,0| < |wol, then by Lemma 3.3,
|Df§ (wo)l = A%,

so (3.7) holds by (3.6). From now on, we assume that

|wg,0] > |wol. (3.8)
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Let
W = W((Z(), wo), (0, wy), s).

By Lemma 2.5, we have

|ws - ws,Ol

[Df* (xo)W)| = ——

3.9

Let us show

. Ho

, > ———|wo]. 3.10
min(|wg|, [wgol) = 3G+ 1)2|wo| (3.10)
Indeed, if |wg| < |wg|/2, then by (3.8), [ws — ws,0] > |Ws,| — |ws| = |wo|/2, s0 (3.10)
holds; if |wg| > |wo|/2, then min(Jws|, |ws,0|) = |wo|/2 and (3.10) follows from (2.3).

Now, let us provide an upper bound for W. By Proposition 2.1,

Ho
Wy — Ws,0| > ——
| K} s,0| sl (S+1)2

|Df (wo)| = Clwo|¢~'A]

for all 1 < j <s, where C > 0 is a constant depending only on Ag. Therefore,
by (2.10),

s k(i— k 00 kG-1), |k
W < Z 42 @ _1)|Zo| | < 4Ao ' |Zo|.
IDfg(wo)l  ~ = Clwold=1A;

i=1

=< Cilwol, (3.11)

where
4

— S — (3.12)
CAG(1 =267

Cy

and we have used the assumption |wg| > |zo|¥/? for the last inequality. Substituting
(3.10) and (3.11) into (3.9), we obtain

[Df*(x0)(v)| = m,

which implies (3.7) by (3.5), since s > N.
To complete the proof in Case 3, let n; > s be minimal such that |wy, | < . Then

by Lemma 3.2,
D17 (xs)(0)| = Kok ™.

By induction hypothesis,
[Df"" (xn ) ()] = A
Therefore,
Koky™/2An

[Df" (o) (v)] = 2200 > 4,

where we have used (3.4) and s > N for the last inequality. |
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Now we can prove Theorem 1.4.

Proof of Theorem 1.4. Fix Ao € (0, 1) and let 8¢, no be given by Lemma 3.4. Let
n1 = n1(Lo, 8o) and 2 = n2(Ao, §) be given by Lemmas 3.1 and 3.2, respectively.
Let 7 := min(no, 71, n2).

Now let us consider a tame orbit (x; = (z;, w;))_,. We may assume that |zo| < .
Indeed, if |zo| > 1, let N > O be the minimal integer such that |z;| > nfor0 < j < N.
Then 1 < |zo||A|Y < |A|Y, so N is bounded. By the tameness assumption, inle:O |w |
is bounded away from zero, then | Df ¥ +1(x¢)(v)| is bounded away from zero.

If |lw;| > 8o holds for all 0 < j < n, then the desired estimate follows from
Lemma 3.1. So we may assume that there is a minimal ng € {0, 1,...,n — 1} such
that |wp,| < 8o. By Lemma 3.2,

[Df"0(x0) (V)] = KoAp”.

Let ny € {no,no + 1, ..., n} be maximal such that |w,, | = inf7=n0 |wj|. Then by
Lemma 3.4,
[Df™"170 (xng) (V)] = Ag' "0

If lw,| < |wj|forall0 < j < n,thenn; = n, so the proof is completed. To deal
with the general case, let us define a sequence of integers n; <n, < -+ <n; <n
such that

e foreach 1 <i <t,|wy, | =infi_, 4+ [w;| < do;
» foreachn, + 1< j <n,|w;| > .

Then |wy, | < |wp,| <+++ < |wy,|. By Lemma 3.4, foreach 1 <i <1,

d—1
|Dfni+l_ni(xn,»)(v)| > /\gi+l_”i (M) .

[Wn;y ]
By Lemma 3.1,
D" () )| = dlwn, |9 aedg ™
Combining all the displayed inequalities, we obtain the desired estimates. |

4. Slow approach to the critical point

In this section we prove Theorem 1.5. This theorem will be deduced from the follow-
ing Theorem 4.2, which asserts that for almost every z with respect to the Lebesgue
measure in B(0, ry), pull-backs of the ball B(0, e~*") along the vertical mappings
w > &,(z, w) have bounded criticality, uniformly in n. Let L, = {z} x C denote the
vertical line passing through (z, 0).
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Definition 4.1. For every « > 0, let A, be the subset of B(0, ry) characterized by
the following property: for every z € Ay, there is a constant N = N(z) > 0 such that
for every integer n > 1, for every connected component V of £, 1(B(0,e™*")) N L,
there are at most N integers 0 < m < n satisfying 0 € f™ (V).

The following theorem implies Theorem 1.5.

Theorem 4.2. Let f(z,w) = (Az, w? + ¢(2)) as in (1.1). Assume (0, 0) is not a
periodic point. Then for any o > 0, Ay is a full Lebesgue measure subset of B(0, rop).

Proof of Theorem 1.5 assuming Theorem 4.2. By our assumption, there is R > 1 such
that for any (z, w) in the domain of f with |w| > R, we have |&1(z, w)| > |w| > R.

Since A, has full area, it is sufficient to prove for every z € Ay, a.e. x € L, (with
respect to the Lebesgue measure) is 2c-slow approach. Let

Epse = {x €L;: |5 (x) < e—Zan}

and
Ene = {x €L;:|E(x)] < e—an}_
Let V be a connected component of E,, ,. By our assumption on z, the map

&,V — B(0,e7*")

has degree at most d. Since &,(V N E, 24) C B(0,e~2%"), it follows from a ver-
sion of the Koebe distortion theorem for multivalent maps, see for instance [21,
Lemma 2.1], that there exists &’ = «’(a, N) > 0 such that

VOI(V N Enze) _ o
Vol(V) -

n

Since &,(V N Ep24) C B(0,e72%") C B(0, R), we have V C {z} x B(0, R).
Thus, Vol(E, »24) is exponentially small with respect to n, and thus

+o0
> Vol(Ey 24) < +00.

n=1

By the Borel-Cantelli lemma, Lebesgue a.e. x € L, is contained in only finitely
many E, »4. This is equivalent to saying that Lebesgue a.e. x € L is 2a-slow app-
roach. ]

The rest of this section is devoted to prove Theorem 4.2. We shall use the following
result which is a special case of [13, Lemma 4.5].
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Lemma 4.3. Let f(z, w) = (Az, w? + ¢(2)) be as in (1.1). Assume (0, 0) is not a
periodic point. Then for every a > 0,0 < 8 < 1, there is a constant N = N(a, ) > 0
such that for every integer n > 1 and for every z € B(0, ry), for every connected
component V of £;1(B(0,e™%")) N L, there are at most N integers fn < m < n
satisfying 0 € &, (V).

To deduce Theorem 4.2 from Lemma 4.3, we shall show that for almost every z,
£, (A z,0) cannot be too close to zero. More precisely, we shall show that for almost
every z, A"z belongs to the set 2,5, defined below.

Definition 4.4. For each « > 0 and each integer m > 0, define

Qam = {z € B(0,|A|"ro) : |4(2.0)| > |z|*/4 e~ for every n > 1}.
For each integer / > 1, define Ky, 1 to be the following set:

{Z € B(0,|A|™rp) : I > 1 is minimal such that |&;(z,0)| < |Z|k/de_°‘l}.

We have the following relations between Ag, Q¢,m and Kg 7.

Lemma 4.5. Assume (0, 0) is not a periodic point of f. Then for every o > 0, m > 0
and k > 1, the following hold:

(1) For every integer N > 0, (\or_ny A" Qa,m C Azq U {0}.
2) BO.1AI"r0) \ Qam = U2y Kaum.1-
Here for e Cand X C C,0X :={6x:x € X}.

Proof. The second statement is obvious by the definition of 24, and Kg ,, ;. We
only prove (1). Let 0 # z € ﬂfnozN A" Qq.m. Then for every m > N, n > m, we
have

|En—m (A2, 0)] > [257/ @ ||z|/e/d gmern=m),

Thus when |A¥™/4| > ¢=@n/3 apd |z|K/4 > ¢=*n/3 je. whenm < adn/(—3klog|A]),
and n is large enough, we have that

|€n—m (A" z,0)| > e 2",

This in particular implies that for n large enough, for every connected component V'
of £, 1(B(0,e72%")) N L, if m < adn/(—3k log|A|), then 0 ¢ f™(V).

On the other hand, by Lemma 4.3, we know that for every connected component V
of £, 1(B(0,e72*")) N L, there are at most N(2a, do/(—3k log |1]) integers m such
that 0 € f™(V) for m > adn/(—3k log |A|). To summarize, for every connected
component V of &, 1(B(0,e™2*")) N L., there are at most N(2«, da/(—3k log |A])
integers m such that 0 € f™ (V). Hence z € A,qy. This implies (1). n
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To complete the proof, we shall show that K, ,, ; has exponentially small area
relative to B(0, |A|™rp). To this end, we shall analyze the property of the map

z > &(z,0).

We shall show that for each zg € K 7, £(z, 0) maps a neighborhood of z¢ confor-
|k/de—ozl), see
Lemma 4.7. The strategy bears strong analogue with the parameter exclusion tech-

mally onto its image which contains a ball much larger than B(0, |z¢

nique introduced by Benedicks—Carleson in [5]. Indeed, the vertical fibres
w > §1(z,w)

is a composition of maps close to fj, parametrized in z. Provided that £; (2o, 0) is not
too close to O for 1 < j < [, we can relate the derivative w with D fol ~1(c(0)) in
a very precise manner, see Lemma 4.6 below. Let

d
Xi(z) = d—éz(z,O).
z
Let
Kamg = {z € B0,2]A"ro) : 4| (z,0)| > |z[¥/9e™ 1 < j < 1}.

Recall that by Proposition 2.2 (2),

ik

> A
X :=E — #0.
T iy 7

Lemma 4.6. Let f(z, w) = (Az, w? + ¢(2)) be as in (1.1). Assume (0, 0) is not a
periodic point and let o > 0 be such that e®*|A|* < 1. Then for m and [ large and for
every zg € fa,m,l, we have

Xi(zo) k—1
DI (f(z0.0)(0) 0%

Proof. Fix 1 > A¢ > |A|. For zg € I?u,m,l, write x; = (z;, w;) = f%(z0,0). Let us
first relate the derivative X (zo) to the derivative | Df~!(x;)(v)]|. For each positive
integer j,

k—1
- k| Xol|zo] .
- 2

G0 = (E1.0) + ).

Taking derivatives on both side, we have

%) = d (-1, 0) 7 X1 (2) + VW),
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Thus . .
Xj(zo)  Xj—1(20) AT (W zg)

Dfi=1(x1)(v)  Df7=2(x1)(v) * DfI=1(x1)(v) -

As Xo = 0, by induction, we obtain

Xi(z0)  _ o MKz
D))~ & DF ()

By the definition of k (see (1.3)), there exists a constant A > 0 such that

l¢'(2) — k271 < ALz
for all |z| < |A|ro. Let
-1

¥ /\ik
' ZDJ’ Hx)(v)

1=

Then we have

Xi(z0)
Df'=1(x1)(v)

_ S e zo) — k(Aizg)* |
- ;, Df G )]

-1 SR

Y Y E— N L 4.1
=42 b @D

Let us now provide lower bounds for | Df? (x1)(v)|. Let s¢ be a large integer such
that 49 (e%4 |1 |K)% < 1. Let s be the o-binding time of the pair (x1, (z1, ¢(0)). Put

d d
§ = max(lwy — c(0)], |zo|k)” = max(|e(z9) — ¢ (0)], |zo|k)1/ = |zo|¥/.

Provided that m is large enough, § is small. So by Lemma 2.6, there exists so <n <,
such that
|Df" (x1) (V)] = |zo| K@D/ emam, 4.2)

Since zg € I?a,m,l, foreachn <i < [, we have
il > |z[Fe™ 9474 > |2 AP = |z )k,

SO (xi)ll.:n is tame. By Theorem 1.4, there exists C = C(«) > 0 such that, for each
n<i<lI,

. , i
DS o) @)] = Ce 7 min fay |71,

As |wj| > |zo|¥/4e=%/ /4 for each 1 < j < [, we obtain
|Dfi—n(xn)(v)| > C’|Zo|k(d_l)/d€_a(di_n),

where C’ is a constant.
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Together with (4.2), this implies
IDf (x1)(v)| = |Df" (x0) ()| Df ™ (xp)(v)| = C'e™ % (4.3)

for each n <i < [. On the other hand, by Lemma 2.4, foreach 0 <i <,

IDF e @)] = 31DA O

Combining with Proposition 2.2, this implies that (4.3) remains true for 1 <i <n
(replacing C’ by a larger constant if necessary). It follows that

-1 |A|(k+Di

2D/ (1) (v))

is bounded from above by a constant. These lower bounds also imply that

X - Xol <
ol = 7
provided that m, [ are large enough. By (4.1), we obtain the desired estimate. ]

Consider two sets of positive real numbers {a; }ier, {bi }icr, where I is an index
set. In the following lemma we use the asymptotic notions < and >. We say a; < b;
if there exists a constant C > 0 such that b; /C < a; < Cb; for every i € I. We say
a; > b; if there exists a constant C > 0 such that a; > Cb; foreveryi € I.

Lemma 4.7. There exist constants C > 0 and w € (0, 1) such that for any a > 0 with
e |1k < 1, the following holds provided that m, | are sufficiently large. For each
20 € K m.1, there exists a neighborhood V' of zo such that ¢;(z) = &(z,0) maps V'
conformally onto B(0, C|zo|¥/?e=*®") and such that V' C B(0,2|zo|).

Proof. We shall prove that there is r; € (0, |zo|) such that ¢;(z) := & (z, 0) is univalent
on B(zg,r1) and ¢;(B(zo,r1)) contains a ball centered at & (z, 0) with radius at least
C|zo|¥/4e=*®! where C > 0 and w € (0, 1) are constants.

Note that 0 € Ky .1, 50 zg 7 0. Let r be the maximal radius satisfying the follow-
ing: r < 2|z¢| and for every z € B(zp, 1), if s denotes the jo-binding time of the pair
((Az0,£1(20,0)), (Az,&1(2,0)),thens > [ — 1. By Lemma 2.5 foreach 1 < j </,

21€(2,0)| = |£j(20.,0)| = |zo|F/4 e

Let & > 0 be a small constant such that 2(1 — £)¥/¢ > 1. Let r; = min(r, &|zo|). Then
for z € B(zg,71), we have

4gj(z,0)] = |z|*/7e
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forall 1 < j < [.Thus B(zg,71) C I?a,m’l. By Lemma 4.6, for each z € B(zg, 1),

¢(2) B
kzk=1XoD;_1(z)

1
1| < 3 forall z € B(zo,r),

where D;(z) = Df(f(z,0))(v). Then g; is univalent in B(zo, 1) and it suffices to
show that |¢’(20)|r1 = C|zo|¥/?e=*®! provided that m, [ are large enough. By the
Koebe distortion theorem, we only need to show that

|26~ r1 D11 (20)] = Clzo*/ e 4.4)
Case 1. r > |zg|. Then r; = ¢€|z¢|. In this case 0 € B(zg, r), so by the definition of r,
IDfs " (O] < |Di-1(z0)]. (4.5)

Subcase 1.1. Assume that | £ (0)| > 2|zo|¥/¢e=*!/2. Since |£;(z9,0)| < |zo|*/?e™¥,
we have
1£,(0,0) — £ (20, 0)] > |zo|¥/4e™!/2,

Then by (4.5) and Proposition 2.2 (1), we have

-1

i—1 _
W .= 2|$1(Z(),0) — 51(0’ 0)| + Z 2|C(A ZO) C(0)|
i=1

< Colzol*,
|D;(z0)|

where Cp > 0 is a constant. Then, by Lemma 2.5, we have

1£1(0.0) — &1(z0.0)| _ |zo[K/4 —2l/2

D;_1(z9) >
I 1( 0) - w - C0|Z()|k
Hence,
al/2
|2k~ Dy1(20)] = |04 S
Co
and hence (4.4) holds.

Subcase 1.2. Assume that |fol (0)| < 2|zo|*/4e=%/2 Then by Proposition 2.2 (1),
™2 < DS ()] = [Dfy~ (e (O))d] £ (©)7
and
DSy eI f3 @)147" < | Dfg ™ (e ()29 d |z O~/ el ld=I2,
which, by (4.5), again implies that
|k/de—al/2’

126711 D1—1(20)] > |20

hence (4.4) holds.
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Case 2. r < |zg|. Then r =< r;. By the maximality of r and the definition of the
binding time, there is a minimal integer 2 < n <[ — 1 such that, for z € B(zp, ),

tro min(|§, (2, 0|, [§x (20, 0)D) _ Hol€n (20,0
n2 - 2n2 ’

|€n(20,0) — £n(2,0)| =

It follows that
|Dp—1(z0)|r1 < | Dn—1(z0)|r = n72|Ex(20,0)| = 2|4 (20, 0)].

Note that {fj(zo,O)}j.:n is tame, and |&;(zo, 0)| < |§;(20,0)| foralln < j <.
By the last statement of Theorem 1.4,

|D;—1(20)] > e—al-m)/2,
|Dn—1(ZO)|

hence
Di—1(z0)r1 > 172, (20, 0)[e7*¢~m/2, (4.6)

Case 2.1. |E,(29,0)| > |zo|¥/?e*/4. Then

Di_1(zo)r = [72|zo|F/d e301/4 » |50 [k/d p=4el/5

provided that / is large enough.

Case 2.2. |£,(20,0)| < |zo|*/9e=/* By Lemma?2.7,] —n = . Since zq € Koymis
we have |£,(zo, 0)| = |zo|*/4e™2" By (4.6),

|Di—1(zo)r1| = 171 |zo|F/d e UHm/2 - gmawl
for a suitably chosen w, provided that [ is large enough. |

For each integer m, > m, let

K™ = {z € Kaymy - [M™*'rg < |2] < A" ro}.

The following estimate of the volume of K;",‘n ; 18 crucial in the proof of Theo-
rem 4.2.

Lemma4.8. Let f(z,w) = (Az, w? + ¢(2)) as in (1.1). Assume (0, 0) is not a peri-
odic point. Then for every a > 0 satisfying e~ > |A|¥, there exists y = y(a) > 0
such that, for m and [ large, the following holds for all m; > m:

Vol(K['! )

< e_yl
Vol(B(0, [A[™1ro)) —
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Proof. Fix my > m. Let Vj’ ,J =1,2,..., be the connected components of the set
(pl_l(B(O, |A[kmi/d gmawly gych that Vj’ C B(0,2|A|™1Fg) and such that

e Vj/ N B(O, |A,|kml/d€_awl)
is a conformal map. Let
Vi={z eV lp@)] < afm/deml).

By the Koebe distortion theorem,

area(V;) -

Ce—2a(1—w)l )
area(V}) ~

The previous lemma implies that K;""n ;U ; Vj. Since Vj’ are pairwise disjoint, we
obtain the desired estimate. ]

Now we can prove Theorem 4.2.

Proof of Theorem 4.2. 1t is sufficient to show that for every « > 0 small, and for
every ¢ > 0, we have Vol (B(0,rg) \ Azy) < &. We shall use Lemma 4.5 to estimate
Vol (B(0, rg) \ Azq). By Lemma 2.7, there exists a constant § = 6(«) > 0 such that
for every m > 0 and every z € B(0, |A|"ry), we have |§(z)| > e~ |A|¥™/4 provided
that / < Om. In other words, Ky ,,,; = 9 provided that / < m. By Lemma 4.8,

o,]
area(Ky m, 1) < Z et area(B(O, |A|m1r0)) < Ce ! area(B(O, |/\|mr0)).

mi=m
Thus by Lemma 4.5 (2), for m large enough, we have
+oo
VOI(B(O, |A|mr0) \ Qoz,m) = Z VOI(Ka,m,l) = Qe—y9m VOI(B(O, |A|mr0)),
I=0m
where Q := C Y[ e7 7l
Thus by Lemma 4.5 (1), for N large enough, we have

400
VOI(B(O, r0) \ AZa) = Z |/\|—2m VOI(B(Q |AI"ro) \ Qoz,m)

m=N
+o00
< D AT QeTNOI(B(0, 1A r0))
m=N
+o0
= > Oxlrol?e " <.
m=N

The conclusion follows. [
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5. Non-wandering Fatou components

In this section, we prove Theorem 1.1. The strategy is the following. We will first
show that if a vertical disk D C L, centered at xo = (2o, wp) is very close to the
invariant line L (which means that the radius of D is much larger than |zg|), then
for every n > 0, we have f;'(wo) € &,(D). The proof of this proposition is again by
using the binding argument. Now assume by contradiction there is a wandering Fatou
component, by Theorems 1.4 and 1.5, we can select a vertical disk D contained in a
wandering Fatou component, which is very close to the invariant line L. Finally, we
will get a contradiction.
More precisely, we first prove the following result.

Proposition 5.1. Let f(z, w) = (Az, w? + ¢(2)) be as in (1.1) such that fo has no
attracting nor superattracting cycle in C. There exists p > 0 such that the following
hold. Let D C L, be a vertical disk centered at x = (29, wo) of radius § € (0, p)
with |zo| < 8%2. Then for every 0 < Ao < 1, there is a constant C = C(Ag) > 0 such
that for eachn > 1,

B(f5' (o), CA58) C &r(D).
The proof of this proposition will be given after we prove two lemmas.

Lemma 5.2. For any 8o >0 and Ao €(0, 1), there exist positive integers N =N (8¢, Ag),
0 = p(89,A0) > 0and C = C(89, Ao) > 0 such that, for every wg € C, the fo-orbit
of wo is bounded, the following hold:
(1) If | f{ (wo)| > 80/2 for every 0 <i < N and |zo|* < 82 for some § € (0, p),
then
B(fy" (wo). 25'8) C &n ({20} x B(wo, 8)),

and
B(foj(wo),C/\(];‘S) C&i({zo} x B(wo.8)). 1=j <N.

(2) Ifn < N is a positive integer such that |f0‘ (wo)| > 8o/2 forall0 <i <n and
| fo' (wo)| < 80/2, and |zo|¥ < 82 for some § € (0, p), then

K()ASS
4

B(f"(wo), “50%) € & ({20} x B(wo.5)).

where kg = ko(Ao) > O is a constant, and
B(fy (wo), CAL8) C & ({z0) x B(wo,8)), 1<j <n.

Proof. Without loss of generality, we may assume Ao € (|A],1). Letk = K(A(l)/z, 80/2)
and ko = Ko ()k(l)/ 2) be given by Proposition 2.1. Choose N such that if K)LON/ Zs 4)&6\’ .
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Let D = {z¢} x B(wy, ). For every x € D, let sy be the po-binding time of the pair
(x, (0, wp)). Let s = minyep sx. Provided that § is small enough, we have s > N.

Lemma 2.4 implies that w + &,,(z¢, w) is univalent in B(wy, §) and hence &,,(D)
contains a disk centered at &, (xo) with radius at least R,, := 1/2[(fJ")"(wo)|5. Let
s1 = N in case (1) and s; = n in case (2). Let xo = (z¢, wp) and yo = (0, wy).
By (2.10) and Proposition 2.1, we have

L 4AkED 2|

W(xo, yo.51) < Z

i=1

< C|zol*,

[(fg) (wo)| ~

where C is a constant depending on Ay and §9. By Lemma 2.5,

Ry,
€5, (x0) = f5 (wo)| < 1(fo™") (o)l W(xo, yo,51) < Cl(f5") (wo)llzol* < R

provided that § is small enough. Therefore,

Ry,
£ (D) > B( /5" (wo).

The lemma follows since in case (1) we have |D, fos‘ (wo)| > lév and in case (2) we

have | Dfy" (wo)| > koA, and in both cases, | Dfy (wo)| > CA} for1 < j <s;. m

Lemma 5.3. Foreach Ag€(0,1) and each K > 0, there exist constants C = C(Ag, K)
> 0 and 8o > 0 such that the following holds. Assume |wo| < 8¢ and |zo|* < 82! for
some 0 < § < §g. Then there exists a positive integer n such that

B(fg (wo). KAGT'8) C &ny1({z0) x B(wo. ),

and ‘ .
B(f§ (wo), CA48%) C & ({z0) x B(wo,8)), 1<j <n.

Proof. Fix constants g € (0, 1), K > 0 and a large positive integer so such that
)tgs(’/ 2 > C3_ 1K, where C5 is a constant to be determined below. We may and will
assume Ag > |A|.

For each j > 0, write x; = (z;,w;) = f7(z0, wo) and

D; = f7({zo} x B(wo.8)) C {z;} x C.
Then Dy = {z1} x £&1(Dyg) D {z1} x B(wy, 1), where
81 = 68 max(Jwol. 8) " (5.1)
for some uniform constant 6 > 0. Let 141 be as in (2.6) and let

s = inf{bm((z,w),(O,c(O))) dlz| < |Allzol,w € El(Do)}.
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Claim 1. Provided that 8¢ is small enough, foreach 1 < j <,
R +1)

Rjy1 = |Df7 (z1,w1)(v)8;.

§i+1(Do) D B( I (w

where

Proof of Claim 1. Indeed, as in the proof of the previous lemma, for each integer
0<j <s,wehave §1(Do) D &i(D1) D B(§+1(x0), Rj1+1/2). So it suffices to
prove

o100 — /5 o)l < “2E

To prove this, we first apply Proposition 2.2 (1) to obtain a constant C; > 0 such that

|Df(c(0))| = 2C AL foralli > 0. (5.2)
By (2.10),
|A|EDF |z
(z1, w1), (0, w1), ) < 8.
i ; |Dfg (o)l
By (2.8),

buo ((21, wy), (0, wl)) > min(bm ((zl, w), (0, c(O))), by, ((0, w1), (0, C(O)))) >

By Lemma 2.5, it follows that

& (z1.w1) — £ T (wo) < 1DfY (z1. w) @)W ((z1.w1). (0. w1). j) < RT'

The claim is proved. ]

By Lemma 2.4, foreach 1 < j <s, we have |Df/(zy, w;)| > |Df0j (c(0))|/2.So
by (5.2) and (5.1), we obtain

&+1(Do) D B(f{ ™ (wo), C16287). (5.3)

Claim 2. Provided that 8o > 0 is small enough, there exists a positive integer n < s
such that R, 1 > 2KA{4.

Proof of Claim 2. To prove the claim, let (z], w/) be such that |z{| < |Az¢| and w] €
£1(Do) with
blL] ((Z/]a w/l)v (07 C(O))) =S.

By Lemma 2.6, there exists a positive integer so < n < s such that

|Df" (2, i) (v)] = Ap/28=E@=D),
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where
84 = min(lw} — ()], |21 ]%).

Let wy € B(wo, 8) be such that w] = &;(zo, wg). Then

[w} — c(0)] = |wg’ + c(z0) — c(0)]
< (Jwol + 8)* +2z0lF < (|wo| + )¢ + 259+,

Since |z1|¥ < |zo|F < 89+, there exists a constant C, > 0 such that
8" < Co max(|wol, §).
It follows, by the definition of §;, that
IDf" (), w}) ()81 = Aa/2Cy “gs.
By Lemma 2.4,
IDf" (2, w) )| = 2|Dfg (c(0)| < 4|Df" (z1, wi) (V).

Therefore,

1 !/ /
Rus1 = DSz w)(@)[81 = 71Df" (. wh) )81 = CaAg%s,

297

where C3 is a constant. By our choice of sq (at the beginning of the proof), the implies

the claim.
By Claims 1 and 2 and (5.3), the lemma follows.

Now we can prove Proposition 5.1.

Proof of Proposition 5.1. We may assume that Ag“ > |Al. Fix such A¢ € (|A], 1)
and let ko = ko(Lo) > 0 be given by Lemma 5.2 (2). Choose K = 4/kg. Let §g =
80(Lo, K) > 0 be given by Lemma 5.3. Let § > 0 be small. Suppose that we have

found a non-negative integer m such that

Em(D) D B(fy" (wo). A7'6)

and
£(D) D B(f{ (wo),CAY8%) forl < j <m.

Note that m = 0 satisfies these properties. For §(m) = A{'6, we have

|Zm| = [A]™|zo] < |A|™6%9 < 8(m)2,
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so that we may apply Lemma 5.2 to the f-orbit of (z,, fy" (wo)). If |f0j (wo)| = 80/2
for all j > m, then by Lemma 5.2 (1) we obtain

£/ (D) D &j—m({zm} X En(D)) D B(f (w), CALS) forall j,

and hence we are done. Otherwise, let 7 > m be minimal such that | f§ (wo)| < 80/2.
Then, by Lemma 5.2 (2), we obtain

Ko/\g(S)

&(D) > B( fq (wo). =52

together with ' '
£/(D) D B(f§ (wo),CA{S) form < j <1.

For 8(1) = koA§3, we have
|ze] = 1A |z0] < [A'8%¢ < 8(1)?*!

holds, so applying Lemma 5.3 to the f-orbit of (z;, f{(wo)), we obtain a positive
integer m’ > t such that

’ KK()/\m/S ’
n (D) D B/ (wo), =2 02) 5 B(f"(w). A7),
and ' '
£/(D) D B(f (wo),CA}89) fort < j <m'.
Repeat the argument for m’ instead of m and continue, the conclusion follows. |

Remark 5.4. Proposition 5.1 is even new in dimension one. Taking D C L, we get
the following one-dimensional result: let fo(w) = w? + ¢ as in (2.1), then for every
0 < Ao < 1, there are constants C = C(Ag) > 0 and §o = §o(Ao) > 0 such that for
every w not be contained in an attracting basins of fp ,§ < 8¢ and n > 0, we have

B(fg(w), CA38%) C fo(B(w,$)).

This improves a result of Denker—Przytycki—Urbanski [7, Lemma 3.4] for uni-
critical polynomials. In [7], it is proved that for rational map fy, there are constants
0<L <1,p>0and§ > 0such that B(fy'(w), L"8") C f'(B(w,d)) for w in the
Julia set of fy and § < 8. But the constants L and p are not controlled.

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. First it is proved in [12] that every Fatou component of fy
can be extended to a two-dimensional Fatou component of f. These kind of Fatou
components are clearly non-wandering, since their restrictions on L is non-wandering,
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by Sullivan’s theorem [24]. Next we show that every Fatou component of f in a small
neighborhood of L is an extension of a Fatou component of fj.

Since fy is unicritical, if fp has an attracting nor superattracting cycle in C,
then fy is hyperbolic. In this case it is not hard to show, by the shadowing lemma,
that the Fatou set of f is the union of basins of attracting cycles. See also [18] or [13].
In the following we assume that f; has no attracting nor superattracting cycle in C.

We argue by contradiction. Assume there is a Fatou component €2 such that 2 is
not an extension of a one-dimensional Fatou component, i.e. €2 is wandering. Clearly,
the f-orbit of €2 is uniformly bounded. Fix a small constant & > 0 such that

IAf < 24 (5.4)

and fix A¢ such that |)L|ke2d2°‘ < Ao < 1. Since €2 is open, it has positive volume. By
Theorem 1.5, there exists x” = (zy, wy) € Q such that for n large enough, [&,(x")| >
e™"%. Then there exists an integer N > 0 such that the orbit of xy := (z}y, wy) is
tame. (See the definition of tame orbits in Section 1.) By Theorem 1.4, forevery n > 1

DS (xi) ()] = Cage™ @D,
where C = C(4¢) > 0.
Claim. There exists a constant ¥ > 0 and an arbitrarily large n such that
{z,} x B(w),, kAfe” @) C @, = f"(Q).
Proof of the claim. To prove this claim, let ¢, (w) = &,,(z}y, w) for each m > 0 and
let 9 > 0 be so small that {z}y } x B(w),,&9) C . We distinguish two cases.

Case 1. There exists ¢ € (0, g9) such that ¢y, is univalent on B(w,, ge=*") for all
m > 1. Then, by the Koebe 1/4 theorem, {z}y .} X B(Wy .. Rm) C QN +m, Where

e—am

1

Ry = |Df"(zy, wy) ()]
Then the conclusion of the claim holds for all n large enough.

Case 2. Foreach ¢ € (0, &), there exists a minimal m = m(e) such that ¢,,+1 is not
univalent on B(wy, ee~®m+1)) Then m — oo as € — 0. By the minimality of m, @,
is univalent on B(w)y, se~*™) and we have {w), , y.0} C @m(B(wly,se~*™ 1)) s0
that its diameter is at least e+ ") By the Koebe distortion theorem, it follows that
the image ¢, (B(wly, ge~®m+1))) contains a ball centered at w,, v and of radius
at least p(a)e_"‘(m+N), where p(a) > 0 is a constant. Then n = m + N satisfies the
requirement of the claim. The claim is proved. |
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Take ng large for which the property in the claim is satisfied. Rename z,, o S Zo
and choose wo € F( fo) very close to w,, such that

1
wo € B<w’/10, EK)Lgoe—(d+1)omo)_

(We can choose such wyq since the Fatou set F'( fp) is dense in C.)

Leté := %K)tgoe_(dﬂ)“"o and let D := {z¢} x B(wy, §), which is a vertical disk.
By the claim, D is contained in the Fatou component §2,,. Moreover, by the choice
of « in (5.4), the vertical disk D satisfies the condition in Proposition 5.1, i.e. we have
§ € (0, p) and |zo| < 624, provided that ¢ was chosen large enough.

By Proposition 5.1, it follows, for every n > 1, that

fon(wo) €&, (D) and f"(D)C S.zno—f-n- (5.9

By the classification of Fatou components in one dimension, f'(wo) converges either
to a parabolic cycle, a Siegel disk or to co. In the latter two cases, by (5.5), for n large
enough f”(D) must intersect with an extension of a one-dimensional Fatou compo-
nent, a contradiction. In the parabolic cycle case, it is proved in [12, Theorem 3.3],
which is a special case of Ueda [26, Section 7.2], that there exist attracting petals of
the form

U = {|z| < 8} X (Uj N{z =0}),

such that £ (x) converges to the parabolic cycle p implies /¥ (x) € U; for some N
and j. Moreover, these attracting petals are contained in the extension of the one-
dimensional parabolic basin. Thus by (5.5), for n large enough f" (D) must intersect
with an attracting petal, a contradiction. The proof is completed. ]

Proof of Theorem 1.2. By Lilov’s result [16], f does not have wandering Fatou com-
ponents in the attracting basin of the line at infinity. Let 2 be a Fatou component
with bounded orbit, we need to show that €2 is non-wandering. Let = be the projec-
tion to the z-coordinate, then 7 (£2) is contained in a bounded Fatou component of p.
Since 7(£2) is connected, 7 (2) is contained in a Fatou component of p. Since p is
a polynomial without parabolic periodic points and Siegel periodic points, all Fatou
components of p are attracting or superattracting basins. The superattracting case is
again covered by [16]. We can assume that 77 (£2) is contained in the basin of a attract-
ing periodic point zy of p with periods s. Replacing f by f*, zo will be a fixed point
of p. By our assumption that the critical curve of f* in C? has a unique transversal
intersection with the vertical line L := {z = zo} C C2, f* can be conjugated in a
neighborhood U of the vertical line {z = z}, to the form as in (1.1). Clearly, there
exists N > 1 such that U N £V (Q) # @. Apply Theorem 1.1 we get that U N £V (Q)
is contained in a non-wandering Fatou component, This implies that €2 itself is non-
wandering. |
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Proof of Theorem 1.3. 1t is clear that f can be extended to a holomorphic endomor-
phism on P2. We need to show that when |A| < 1, f does not have wandering Fatou
components. When |A| < 1, p has no parabolic periodic points, nor Siegel periodic
points. The only attracting periodic point of p is 0, which is fixed. The critical curve
of f in C? has two components {z = —A/2} and {w = 0}. So the critical curve has a
unique transversal intersection with the invariant vertical line {z = 0}. (The intersec-
tion point is (0, 0)). So our map f satisfies all the assumptions in Theorem 1.2, and
we conclude the result by applying Theorem 1.2. ]

6. The multicritical case

In this section, we discuss the situation when f is multicritical (i.e. when f is a
regular polynomial skew product with an invariant attracting line). For a regular poly-
nomial skew product with an invariant attracting line, we may locally conjugate f to
the following form

fz.w) = (Az, F(z, w)), 6.1)

where |A| < 1and F(z,w) = w? + Zfz_ol c;(z)w' is a polynomial in w with coeffi-

cients holomorphic in z, d > 2. Let fy be the one-dimensional map

d—1
fow) = w? + > " ci(Ow',
i=0
which is the restriction of f on the invariant line. It is natural to ask whether our
Theorem 1.1 hold in this more general setting.

Problem 6.1. Let f(z,w) = (Az, F(z, w)) as in (6.1). Is that true that every Fatou
component of f is an extension of a Fatou component of fy?

A positive answer will imply that there is no wandering Fatou component. Notice
that most of our techniques have multicritical version (e.g. the binding argument and
the parameter exclusion technique). However, there is a major difference between
unicritical and multicritical polynomials: it was proved in [15] that for unicritical
polynomial fj the lower Lyapunov exponent of the critical value ¢ is always non-
negative, provided c is not contained in an attracting basin of fp. But in the multicrit-
ical case, there are semi-hyperbolic polynomials carrying a critical value on the Julia
set with —oo Lyapunov exponent, see Przytycki—Rohde [22].

However, assuming the following two conditions, we expect our methods can
apply and the answer of Problem 6.1 is yes. Let

C(f) :={x € C?: Df(x) is not invertible}

be the critical curve, and let L := {z = 0}.
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(1) Lyapunov exponent. For every critical value ¢ of fp such that ¢ is contained in the
Julia set of fy, its lower Lyapunov exponent satisfies

1
x—(c¢) := liminf — log| Dfy' (c)| > logA.
n—>+oon

(2) Non-degeneracy condition. The critical curve C( f) intersects L transversally, and
the following power series converges to a non-zero constant for every critical value ¢
of fo which is contained in the Julia set of fy,

NG ()
G(c 0, 6.2
(H; G 7 (©2

where G is a polynomial defined by G(w) := Zf;ol clOyw'.

We give some explanation of the second condition. By Proposition 2.2, for a uni-
critical polynomial fo(w) = w? + ¢ satisfying fy has no attracting cycle in C, we
have

+
; (fo) ©7
for every |A| < 1. Thus if f is unicritical of the form (1.1) such that ¢’(0) # 0, the
polynomial G in (6.2) is a non-zero constant, and the non-degeneracy condition (6.2)
is automatically true. A similar non-degeneracy condition is raised in other contexts;
see, for instance, Tsujii [25] and Gao—Shen [9].
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