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Monotonicity formula and stratification of the singular set
of perimeter minimizers in RCD spaces

Francesco Fiorani, Andrea Mondino, and Daniele Semola

Abstract. The goal of this paper is to establish a monotonicity formula for perimeter minimiz-
ing sets in RCD(0, N) metric measure cones, together with the associated rigidity statement.
The applications include sharp Hausdorff dimension estimates for the singular strata of perime-
ter minimizing sets in non-collapsed RCD spaces and the existence of blow-down cones for
global perimeter minimizers in Riemannian manifolds with non-negative Ricci curvature and
Euclidean volume growth.

1. Introduction

The main goal of this paper is to prove a monotonicity formula for perimeter mini-
mizing sets in RCD(0, N) metric measure cones, together with the associated rigidity
statement.

Among the applications, we establish sharp Hausdorff dimension estimates for
the singular strata of perimeter minimizing sets in non-collapsed RCD spaces and
the existence of blow-down cones for global perimeter minimizers in Riemannian
manifolds with non-negative Ricci curvature and Euclidean volume growth.

Below, we briefly introduce the setting and then discuss more in detail the main
results and their relevance.

The class of RCD(K, N') spaces consists of infinitesimally Hilbertian metric mea-
sure spaces with synthetic Ricci curvature lower bounds and dimension upper bounds.
More specifically, N € [1, co) represents a synthetic upper bound on the dimension
and K € R represents a synthetic lower bound on the Ricci curvature. This class
includes finite-dimensional Alexandrov spaces with curvature bounded from below
and (possibly pointed) measured Gromov—Hausdorff limits of smooth Riemannian
manifolds with Ricci curvature lower bounds and dimension upper bounds, the so-
called Ricci limit spaces. Many of the results in this paper are also new in these
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settings, to the best of our knowledge. We address the reader to Section 2 and to
the references therein indicated for the relevant background on RCD spaces.

Sets of finite perimeter have been a very important tool in the developments of
Geometric Measure Theory in Euclidean and Riemannian contexts in the last seventy
years. In [2,17,18], and the more recent [12,15], most of the classical Euclidean theory
of sets of finite perimeter has been generalized to RCD(K, N) metric measure spaces.
Moreover, in [48], the second and third authors started a study of locally perimeter
minimizing sets in the same setting (see also [37]). Due to the compactness of the class
of RCD(K, N) spaces with respect to the (pointed) measured Gromov—Hausdorff
topology, these developments have been important to address some questions of Geo-
metric Measure Theory on smooth Riemannian manifolds; e.g., see [13, 14].

1.1. Monotonicity formula

The first main result of this work is a monotonicity formula for perimeter minimiz-
ers in cones over RCD(N — 2, N — 1) spaces, with the associated conical rigidity
statement. We recall that, by [40], the metric measure cone over a metric measure
space (X, d, m) is an RCD(0, N') metric measure space if and only if (X, d, m) is an
RCD(N — 2, N — 1) metric measure space.

For the sake of clarity, we introduce below the relevant notion of perimeter mini-
mizing set in an RCD(K, N) space.

Definition 1.1 (Local and global perimeter minimizer). Let K € R and N > 2. Let

(X, d, m) be an RCD(K, N) space. A set of locally finite perimeter £ C X is a

» global perimeter minimizer if it minimizes the perimeter for every compactly sup-
ported perturbation, i.e.,

Per(E; Br(x)) < Per(F; Br(x))

forallx € X, R > 0,and F C X with F = E outside Br(x);

* local perimeter minimizer if for every x € X there exists r, > 0 such that £ min-
imizes the perimeter in B, (x); i.e., for all F C X with F = E outside B, (x),
it holds

Per(E; By, (x)) < Per(F; By, (x)).

Our main result is the following theorem.

Theorem 1.2 (Monotonicity formula). Let (X, d, m) be an RCD(N —2, N — 1)
space, for some N > 2, with diam(X) < r, if N = 2. Let C(X) be the metric measure
cone over (X, d, m), and let O denote its tip. Let E C C(X) be a global perimeter
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minimizer. Then, the function @ : (0,00) — R defined by

Per(E; B, (0))
d(r) := — N1 N_rl
is non-decreasing. Moreover, if there exist 0 < ry < ry < 00 such that ®(ry) = ®(r2),
then E N (B,,(0) \ By, (0)) is a conical annulus, in the sense that there exists A C X
such that

E N (Br,(0)\ B, (0)) = C(4) N (Br,(0) \ B, (0)),

where C(A) = {(t,x) € C(X):x € A} is the cone over A C X. In particular, if ® is
constant on (0, 00), then E is a cone (in the sense that there exists A C X such that

E = C(A)).

The above monotonicity formula with rigidity generalizes the analogous, cel-
ebrated result in the Euclidean setting; see, for instance, [30, 45, 50]. On smooth
Riemannian manifolds, it is well known that an almost monotonicity formula holds,
with error terms depending on two-sided bounds on the Riemann curvature tensor
and on lower bounds on the injectivity radius. For cones over smooth cross sections,
the monotonicity formula is a folklore result; see, for instance, [11,28]. Some spe-
cial cases of Theorem 1.2 have been discussed recently in [27,48]. We also mention
that in [22] an analogous monotonicity formula in RCD metric measure cones has
been obtained for solutions of free boundary problems, generalizing a well-known
Euclidean result.

In the proof, we adapt one of the classical strategies in the Euclidean setting. The
implementation is of course technically more demanding, in particular for the rigidity
part, due to the low regularity of the present context.

The relevance of Theorem 1.2 for the applications, which we are going to discuss
below, comes from the fact that tangent cones of non-collapsed RCD(K, N') metric
measure spaces (X, d, #%) and blow-downs of RCD(0, N) spaces (X, d, #) with
Euclidean volume growth are metric measure cones; see [25, 26, 40] for the present
setting and the earlier [20,23,24] for previous results in the case of Ricci limit spaces
and Alexandrov spaces.

It is an open question whether an almost monotonicity formula holds for perimeter
minimizers in general RCD(K, N ) spaces, possibly under the non-collapsing assump-
tion. In particular, we record the following.

Open question. Let (X, d, #") be an RCD(K, N) space, and let E C X be a local
perimeter minimizing set. Is it true that the limit
. Per(E; By (x))
lim ——————=
r—0 rN_l

exists for all x € dE?
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1.2. Stratification of the singular set and other applications

It is well known that monotonicity formulas are an extremely powerful tool in the

analysis of singularities of several problems in Geometric Analysis. We just mention

here, for the sake of illustration and because of the connection with the developments
of the present work,

* the Hausdorff dimension estimates for the singular strata of area minimizing cur-
rents in codimension one, originally obtained in [31];

» the Hausdorff dimension estimates for the singular strata of RCD(K, N) spaces
(X,d, H N ), obtained in [26] and earlier in [24] in the case of non-collapsed Ricci
limit spaces.

The proofs of the aforementioned results are based on the so-called dimension reduc-

tion technique, which relies in turn on the validity of a monotonicity formula with

associated conical rigidity statement.

In the present work, building on the top of Theorem 1.2, we establish analogous
Hausdorff dimension estimates for the singular strata of perimeter minimizing sets in
RCD(K, N) spaces (X, d, #%). Below, we introduce the relevant terminology and
state our main results.

Definition 1.3 (Singular strata). Let (X, d, #") be an RCD(K, N) space, E C X

a locally perimeter minimizing set, and 0 < k < N — 3 an integer. The k-singular

stratum of E, § ,f , is defined as

S,f = {x € JE:no tangent space to (X, d, HN  x, E) is of the form
(Y, p. #N .y, F), with (Y, p, y) isometric to (Z x R+ dz X dewel, (z,0))
for some pointed (Z,dz,z) and F = G x R¥*! with G C Z global
perimeter minimizer}.

The above definition would make sense also in the cases when k > N — 2. How-

ever, it seems more appropriate not to adopt the terminology singular strata in those
instances.

Definition 1.4 (Interior and boundary regularity points). Let K € R and N > 2. Let
(X,d, J€N) be an RCD(K, N) space, and let £ C X be a locally perimeter minimizing
set. Given x € JF, we say that x is an interior regularity point if

Tanx(X’ da ‘;(Nv E) = {(RN’ deucl’ ‘;(Nv 07 R{{Y)}

The set of interior regularity points of E will be denoted by R .
Given x € JF, we say that x is a boundary regularity point if

Tanx(X» d, %N’ E) = {(Rﬁs deucls J€N70’ {xl 2 O})}’
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where x; is one of the coordinates of the RV~ factor in Rf =RV x {xy >0}
The set of boundary regularity points of E will be denoted by R (’)EX'

It was proved in [48] that the interior regular set R ¥ is topologically regular, in the
sense that it is contained in a Holder open manifold of dimension N — 1. By a blow-up
argument, it is not hard to show that dim g !RBEX < N — 2 (see Proposition 4.3). Our
main results about the stratification of the singular set for perimeter minimizers are
that the complement of § 5_3 in dF consists of either interior or boundary regularity
points, and that the classical Hausdorff dimension estimate dim($ ,f ) < k holds for
any0 <k <N —3.

Theorem 1.5. Let (X, d, #") be an RCD(K, N) space, and let E C X be a locally
perimeter minimizing set. Then,

IE\SE_, = REURL,.

Theorem 1.6 (Stratification of the singular set). Ler (X, d, #") be an RCD(K, N)
space and E C X a locally perimeter minimizing set. Then, for any 0 <k < N — 3,
it holds

dimge SE < k.

We point out that the Hausdorff dimension estimate for the top-dimensional singu-
lar stratum had already been established in [27] (for limits of sequences of codimen-
sion one area minimizing currents in smooth Riemannian manifolds with Ricci cur-
vature and volume lower bounds) and independently by the second and third authors
in [48] (in the same setting of the present paper, under the additional assumption
that 0X = 0). Elementary examples illustrate that the Hausdorff dimension estimates
above are sharp in the present setting.

With respect to the classical [31] or [24,26], in the proof of Theorem 1.6, we need
to handle the additional difficulty that a monotonicity formula does not hold directly
on the ambient space.

Another application of the monotonicity formula with the associated rigidity is
that if an RCD(0, N) space (X, d, #") with Euclidean volume growth contains a
global perimeter minimizer, then any asymptotic cone contains a perimeter minimiz-
ing cone.

Theorem 1.7. Let (X,d, #) be an RCD(0, N) metric measure space with Euclidean
volume growth, i.e., satisfying for some (and thus for every) x € X:
KN (B
lim M > 0.

r—00 rN

Let E C X be a global perimeter minimizer. Then, for any blow-down (C(Z),dc(z).
HN) of (X.d, HN), there exists a cone C(W) C C(Z) global perimeter minimizer.
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The conclusion of Theorem 1.7 above seems to be new also in the more classical
case of smooth Riemannian manifolds with non-negative sectional curvature, or non-
negative Ricci curvature. We refer to [11] for earlier progress in the case of smooth
manifolds with non-negative sectional curvature satisfying additional conditions on
the rate of convergence to the tangent cone at infinity and on the regularity of the cross
section, and to the more recent [28] for the case of smooth Riemannian manifolds with
non-negative Ricci curvature and quadratic curvature decay.

Related to the open question that we raised above, to the best of our knowledge,
it is not currently known whether in the setting of Theorem 1.7 any blow-down of the
perimeter minimizing set must actually be a cone.

2. Preliminaries

In this work, a metric measure space (m.m.s. for short) is a triple (X, d, m), where
(X, d) is a complete and separable metric space and m is a non-negative Borel mea-
sure on X of full support (i.e., supp m = X), called the ambient or reference measure,
which is finite on metric balls. We write B, (x) for the open ball centered at x € X of
radius r > 0. Under our working conditions, the closed metric balls are compact, so
we assume from the beginning the metric space (X, d) to be proper. Let (X, d, m) be
am.m.s. and fix x € X. The quadruple (X, d, 1, x) is called pointed metric measure
space.

We will denote with L?(X;m) :={u : X — R : [ |[u|? dm < oo} the space of
p-integrable functions; sometimes, if it is clear from the context which space and
measure we are considering, we will simply write L? or L?(X).

Given a function u : X — R, we define its local Lipschitz constant at x € X by

lip(u)(x) := limsup Ju@) —u(y)|

if x € X is an accumulation point,
y—>x d (X 5 y)

and lip(u) (x) = 0 otherwise. We indicate by LIP(X) and LIP},.(X) the space of Lips-
chitz functions and locally Lipschitz functions, respectively. We also denote by Cp (X)
and Cys(X) the space of bounded continuous functions and the space of continuous
functions with bounded support, respectively.

We assume that the reader is familiar with the notion and basic properties of RCD
spaces. Let us just briefly recall [44, 52, 53] that a CD(K, N) metric measure space
(X, d, m) has Ricci curvature bounded below by K € R and dimension bounded above
by N €[1, +o¢] in a synthetic sense, via optimal transport. The RCD(K, N') condition
is a refinement of the CD(K, N) one, obtained by adding the assumption that the heat
flow is linear or, equivalently, that the Sobolev space WI’Z(X ,d, m) is a Hilbert space
or, equivalently, that the Laplacian is a linear operator. The RCD condition was first
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introduced in the N = oo case in [6] and then proposed in the N < oo case in [32].
We refer the reader to the original papers [5, 6, 10,21,29,32], or to the survey [1] for
more details.

2.1. Metric measure cones

An N -metric measure cone over a measure metric space (X, dy, my) is defined as
the warped product
C(X) = ([0,00) x¢ X,dc,mc)

obtained with C4(r) = r? and Cyy = V1. See [34] for some background.
We will denote by O € C(X) the tip of the cone, given by

(0} = ({0} x X) C C(X).

In what follows, we will use a slight abuse of notation and denote 7 (¢, x) by (¢, x).
In particular, O = (0, x) for any x € X. Moreover, we will adopt the more intuitive
notation d¢, mc to denote the distance and the reference measure on C(X), when
there is no risk of confusion.

There is an explicit expression for the distance between two points on a cone:

dzc((rl,xl), (r2,x2)) = r12 + r22 — 2ryrp cos(dy (x1, x2) A ). 2.1)

In particular, we have
dc(O,(r,x)) =r. (2.2)

The following result was obtained in [25].

Proposition 2.1. Letr (X, dy, miy) be a metric measure space, and let N > 2. Then,
the metric-measure cone (C(X), dc, mc) is an RCD(0, N) space if and only if
(X,dy,my) is RCD(N — 2, N — 1) and, in the case N = 2, diam(X) < x.

Remark 2.2. If N > 2, then the diameter bound diam(X) < m follows already from
the RCD(N — 2, N — 1) condition, by the Bonnet—-Meyers theorem for CD spaces.

Next, we show a result relating radial derivatives of functions defined on cones
and the distance from the tip of the cone. The gradient of such distance function, in
some sense, corresponds to the position vector field in the Euclidean setting. Some
of the identities of the proof, obtained using basic calculus in the metric setting, will
be used later in this work. The following result uses the BL characterization found in
[34, Section 3.2].

Proposition 2.3. Let (C(X),dc, m¢) be an RCD(0, N) metric-measure cone over
some RCD(N —2, N —1) space (X,dy,my) and f e W'2(X). Let f©(x):= f(t,x)

and

F®) = f(t,x)
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for (t,x) € C(X). Then,

1
IVfON@) = EWf(l,x) -Vdz(0.9)(. x)|
for m-a.e. x € X and £ -a.e. r € (0, 0).
Proof. By [34, Section3.2], f® e W'2(X) and f® e W12([0,00)) for £'-ae.t €

(0, 00) and m-a.e. x € X, respectively. By applying the BL characterization of
W2(C(X)) functions (cf. [34, Section 3.2]) and the polarization identity, we have

V£(t, x)-VdZ (0, )(t, x)
1 1
= IV +d2(0.)P@x) = SIV(f = d& (0, DI, )

1 1
= 210, (SO + dg (O = S10-(S DO = g (@D 23)

1 1
= 510, £+ 202 = 10, £ O 1) — 212
=2t 3, f O(r) = 2t sign(@, f X 1)V £ D)),

where we have denoted d¢ (O, (¢, x))® by dc,(x)(t). Moreover, we have used the
fact that | V(£ + (d2(0,)®)|2(x) = |V £ D|(x) since (dc (O, -))® is constant.
We have also exploited the identification between different notions of derivatives (by,
say, [38, Theorem 2.1.37]) |Vg| = |9, g| for smooth functions g : [0, 00) — R and the
explicit formula for the radial sections of the distance function from the origin given
by (2.2). Let us also point out that (2.3) shows that

Vf(t.x) - V(dg(0.(t.x))) = VD) - V(dE ) 0). (2.4)

Lastly, we point out that the following equality:

1
[Vdc (0, 9)|(t. x) = |8-dc,x) ()] = Z|Vd2c(0»')|(fvx) (2.5)
implies
V£ @) = |V £(t,x) - V(dc (O, (¢, x)))].
See [25, Corollary 3.6]. [

2.2. Finite perimeter sets in RCD spaces

Let (X, d, m) be a metric measure space, u € LIIOC(X ), and  C X an open set. The

total variation norm of u evaluated on €2 is defined by

|Du|(R2) := inf{li_m inf/ lip(u)(y) dm}, (2.6)
Jj—>o0 Q
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where the infimum is taken over all sequences (1) C Lip,,.(X) such that u; — u in
Lie(X).

A function u € L'(X) is said to have bounded variation if its total variation
| Du|(X) is finite. In this case, one can prove that | Du| can be extended to a Borel
measure on X . The space of functions of bounded variation is denoted by BV (X).

A set E C X is of locally finite perimeter if, for all x € X and R > 0, there holds

Ll
Per(E;BR(x))::inf{li_minf/ lip(f;)dm : { f;} CLip;,.(X), fiﬂn(E} < 0.
1—>00 B

r(x)

We denote the perimeter measure of a locally finite perimeter set E by Per(E). Let
us point out that this coincides with the variational measure | D y g| defined in (2.6).
We adopt the following notation: given a Borel set A C X,

Per(E; A) := [Dye(A4)].

An important tool for what follows is the coarea formula (cf. [46, Theorem 2.16]).

Theorem 2.4 (Coarea formula). Let (X, d, m) be an RCD(K, N) space and v €
BV(X). Then, {v > r} has finite perimeter for £'-a.e. r, and for any Borel function
f X —> R, it holds

/de|Dv| = A(/X f dPer({v > r}))dr, 2.7

where the term d| Dv| on the left-hand side denotes that the integral is computed with
respect to the total variation measure | Dv|.

Given a function u € BV(X), we define the set
E,={xeX:ulx)>tteR}
As a consequence of the coarea formula, it holds

|Du|(C) = /RPer(Et;C)dt.

We now look at a particular type of locally finite perimeter sets: cones inside
cones. Let (C(X), dc, m¢) be as in Proposition 2.1, r > 0, x € X. An important
family of sets that we will use later, in particular in the characterization of cones (see
Lemma 3.3), is the following:

C(BY (x)) :={(t.y) e C(X) : y € B¥(x)}.

Lemma 2.5. The sets C(BX(x)) C C(X), r > 0, are of locally finite perimeter.
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Proof. We will prove the claim by exhibiting an explicit sequence of Lipschitz func-
tions converging to XcBX () Let

1 if y € BX(x),
fut,y)y=nr+1—nd(y,x) ifye BrXJr%(x)\BrX(x),
0 ifyeX\ BerLl(x).

Clearly, f; is Lipschitz with bounded support, | ;| < 1; hence, f,, € W,-*(C(X)).

loc

Moreover, fu — Xc(BX (x)) i Ll (C(X)).Indeed, for p = (s,z) € C(X), R > 0,

loc
|fn_)(c BX |dmc =/ |fn|)(c BX BX dmc
/BR(p) (B ) Br(o) (BY, 4 C\BX ()
< mc(Br(p) N C(BY, 1 () \ B (v)).
Using the Bishop—Gromov inequality [53], we have

b'e X X m(BerL%(x))
m(BY () B (x) = m(B; ("))(W - 1)

< m(B,X(x))(u + o(iz))
rn n

mc (Br(p) N c(Bji%(x) \ BX(x))) = o(%), (2.8)

Therefore,

which implies fn = X (X (xy) I L. (C(X)).
Let us now show that

lim sup / lip f, dmc < 00
Br(p)

n—-oo

for any p = (s,z) € C(X), R > 0, which directly implies that C(BX (x)) is a set of
locally finite perimeter.
It is elementary to check that

n ify e BX [ (x)\ BX(x),
lip fu(t.x) = A ’
0 otherwise.

Therefore, using (2.8), we obtain

/ lip f, dmme = nmc (BR(p)ﬂC(B;X_FL(x) \ BrX(x))) =0(1), asn— oo.
Br(p) n
[
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Let us recall some useful notions of convergence in order to study blow-ups of
sets of (locally) finite perimeter. We refer to [2, 8,36] for more details.

Definition 2.6 (L' strong convergence of sets). Let {(X;,d;, m;, x;)}; be a sequence
of pointed metric measure spaces converging in the pointed measured Gromov—
Hausdorff sense to (Y, p, 4, v). Let (Z, dz) be the ambient space realizing the con-
vergence. Moreover, let E; C X; be a sequence of Borel sets with m; (E;) < oo for
every i € N. We say that { E;}; converges to a Borel set F C Y in the strong L! sense
if the measures y g, m; — y rp in duality with Cys(Z) and m; (E;) — p(F).

We also say that the convergence of E; is strong in L]

1oc if Ei N B (x;) converges
in the strong L' sense to F N B,(y) forall r > 0.

Such a convergence can be metrized by a distance & defined on (isomorphism
classes of) quintuples (X, d, m, x, F); see [2, Lemma A .4].

We use that notion of convergence to define the tangent to a set of locally finite
perimeter contained in an RCD(K, N') metric measure space. First, let us recall that
given an RCD(K, N) and a point x € X, by Gromov pre-compactness theorem, there
is a non-empty set Tan, (X)) of tangent spaces at x obtained by considering the pmGH
limits of blow-up rescalings of X centered at x; moreover, for m-a.e. x € X, the
tangent space is unique and Euclidean [19,35,47].

Definition 2.7 (Tangent to a set of locally finite perimeter). Let (X, d, mn) be an
RCD(K, N) m.m.s., and let E C X be a set of locally finite perimeter.

We say that (Y, p, i, v, F) € Tany (X, d, m, E) if (¥, p, u, y) € Tan,(X) and
F C Y is aset of locally finite perimeter of positive measure such that y g converges
in the LlloC

tangent V.

sense of Definition 2.6 to F' along the blow-up sequence associated to the

An important tool for our analysis is the Gauss—Green formula for sets of finite
perimeter in the RCD setting. We refer to [18] for the proof and background material;
here, let us briefly mention that, given a set of finite perimeter £ C X, it is possible
to define the space of L2-vector fields with respect to the perimeter measure, denoted
by L% (TX).

Theorem 2.8 (Gauss—Green formula). Let (X, d, m) be an RCD(K, N) m.m.s. and
E C X a set of finite perimeter with wi(E) < oo. Then, there exists a unique vector
field vg € LzE(TX) such that |vg| = 1 | Dy g|-almost everywhere and

/ div(v)dm = —/trE (v) - vg dPer(E)
E

forallv e Wz (TX) N D(div) with [v| € L®(|DyE]).
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We next recall a useful cut-and-paste result proved in [17, Theorem 4.11]. To this
aim, let us first fix some notation. We denote by #” the codimension one Hausdorff-
type measure induced by m with gauge function i (B,(x)) := m(B,(x))/r; see [18]
for further details. We write the total variation measure D y g using the polar factoriza-
tion Dyg = vg|Dyg|. Lastly, we denote the measure theoretic interior E( (resp.,
the measure theoretic exterior E®) of a Borel subset E C X:

. . M_}
E .—{xeX.rh_% wE o =

© . i M_}
E ._{xeX.rlgr(l) (B, (X)) =0

Theorem 2.9 (Cut and paste). Let (X, d, m) be an RCD(K, N) m.m.s., and let E,
F C X be sets of finite perimeter. Then, E N F, E U F, and E \ F are sets of finite
perimeter. Moreover, there hold

Dyenr = Dxelpm + Dyrlpm + vEH | pmvp
Dygur = Dyglpo + Dyrlgo + VEc%h|{vE=vF},
Dye\r = Dxe|lp@ — Dyrlpm + vEH | pe—vpy-
We now recall the notion of perimeter minimizing sets. To avoid discussing trivial
cases, we will always assume m(E) > 0 and m(X \ E) # 0.
Definition 2.10 (Local and global perimeter minimizer). A set of locally finite perime-
ter £ C X,withm(E)>0andm(X \ E) > 0,isa

» global perimeter minimizer if it minimizes the perimeter for every compactly sup-
ported perturbation, i.e.,

Per(E; Br(x)) < Per(F; Br(x))

forallx € X, R > 0,and F C X with F = E outside Br(x);

* local perimeter minimizer if for every x € X there exists r, > 0 such that £ min-
imizes the perimeter in B, (x);i.e., forall F C X with F = E outside B, (x),
it holds

Per(E; By, (x)) < Per(F; By (x)).
For a proof of the following density result, see [41].

Lemma 2.11 (Density). Let (X, d, m) be an RCD(K, N) m.m.s., let E C X be a
local perimeter minimizer set, and let x € 0E. Then, there exist constants ro, C > 0

such that
C—IM < Per(E; B, (x)) < CM

forall0 <r < ry.
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We report here a few results on BV functions and their associated vectorial varia-
tional measures; for their proof and background on notation, see [15].

Proposition 2.12. Let (X, d, m) be an RCD(K, o0) space and f € BV(X). Then,
there exists a unique vector field ve € L|py|(TX) such that

/fdivvdmz—fv-vfd|Df| forallv e QC*®(TX) N D(div).
X X

In what follows, for f € BV(X), we will denote Df := vs|Df|. If E is a set
of locally finite perimeter, we denote vg := v, . This definition of unit normal is
consistent with the one introduced above via the Gauss—Green formula; see [18]. For
a function f : X — R, define

0

_ B,
" = apliminf £(y) = sup{l < B:lim m( r(t:‘()Br:({xf;f 2) }

. o wB0) NS > 1))
fr= aphfvn_fgp f) = mf{t eR: lrlﬁ)l (B, () 0},

and, lastly,
_ f/\ + fV
f = T, (2.9)
with the convention co — oo = 0.
Lemma 2.13 (Leibniz rule for BV). Let (X, d, m) be an RCD(K, o0) space and
f,g € BV(X) N L*®(X). Then, fg € BV(X) and
D(fg) = fDg +gDf. (2.10)

In particular, |D(fg)| < | f||Dg| + |g||Df |

Proposition 2.14 (BV extension). Let (X, d, m) be an RCD(K, 00) space, E a set of
locally finite perimeter, and f € BV(X) N L*°(E). Then,

Flo) = f(x) ifx€E,

0 elsewhere

belongs to BV(X) and Df = fDyg + Df|E.
Proof. The result immediately follows by applying (2.10) with g = k. n

Lemma 2.15 (Cut and paste of BV functions). Let (X, d, m) be an RCD(K, 00)
m.m.s. and E a set of locally finite perimeter. Let f € BV(E) and g € BV(X \ E).
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Leth : X — R be defined as

fx) ifxeE,

h(x) :={
glx) ifxeX\E.

Then, h € BV(X). Moreover, calling f_, g the representatives given by (2.9), it holds
Dh = Df|g + Dglx\e + (f — &) DyE.
Proof. Let f and g be the extensions by zero given by Proposition 2.14. Then,

h=f+3. n

3. Monotonicity formula

A classical and extremely powerful tool for studying sets which locally minimize the
perimeter in Euclidean spaces is the monotonicity formula for the perimeter. The goal
of this section is to generalize such monotonicity formula (with the associated rigidity
statement) to perimeter minimizers in cones over RCD spaces. In the next section, we
will draw some applications on the structure of the singular set of local perimeter
minimizers.

Recall that, given an RCD(N —2, N — 1) space (X, dy, nty ), the metric-measure
cone over X, denoted by (C(X), d¢, mc), is an RCD(0, N) space. (If N = 2, we
also assume that diam(X) < m.) We denote by O = (0, x) € C(X) the tip of the cone
(see Section 2.1 for more details) and by B, (O) the open metric ball centered at O of
radius r > 0.

When we consider a local perimeter minimizer E, we will always assume that
E = EW is the open representative, given by the measure theoretic interior. See [42]
for the relevant background.

Theorem 3.1 (Monotonicity formula). Let N > 2 be a real number, and let (X, d, m)
be an RCD(N — 2, N — 1) space (with diam(X) < m, if N = 2). Let C(X) be the
metric measure cone over (X,d, m). Let E C C(X) be a global perimeter minimizer
in the sense of Definition 2.10. Then, the function ® : (0, 00) — R defined by

_ Per(E: B,(0))

O(r) = — N1 3.1

is non-decreasing. Moreover, if there exist 0 < rq < ry < 00 such that ®(ry) = O(r,),
then E N (B, (0)\ By, (0)) is a conical annulus, in the sense that there exists A C X
such that

E N (B,(0)\ B;,(0)) = C(A) N (B, (0)\ B, (0)).
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where C(A) = {(t,x) € C(X):x € A} is the cone over A C X. In particular, if ® is
constant on (0, 00), then E is a cone (in the sense that there exists A C X such that
E =C(A)).

Remark 3.2. In the case where E C C(X) is alocally finite perimeter set, minimizing
the perimeter for perturbations supported in Bg+1(0O), then the monotonicity formula
holds on (0, R); i.e., the function ® defined in (3.1) is non-decreasing on (0, R). Also,
the rigidity statement holds for 0 < r; < r, < R. The proofs are analogous.

Proof of Theorem 3.1. Let us first give an outline of the argument. The first two steps
are inspired by the approach used in the lecture notes [49], which provide a proof of
the monotonicity formula for local perimeter minimizers in Euclidean spaces bypass-
ing the first variation formula. Classical references for this approach are [30, 50].

The main idea is to approximate the characteristic function of E by regular func-
tions f; and approximate ® by the corresponding @, , show an almost-monotonicity
formula for @, , and finally pass to the limit and get the monotonicity of ®. This
will be achieved in steps 1-3. In step 4, we relate the derivative of ® with a quantity
characterizing cones as in Lemma 3.3.

Throughout the proof, we will write B, in place of B, (O) for the ease of notation.

Step 1. Approximation preliminaries. In this step, we show that, up to error terms,
regular functions approximating y g preserve the minimality condition. The argument
requires an initial approximation. Let f € LIP(C(X)) N Djoc(A)(C(X)) be non-
negative. We introduce two functions a, b : [0, 00) — [0, c0) to quantify the errors
in the approximation:

a(r) = ||Df|(Br) — Per(E; Br)}, b(r):= /«';B |tr3§r XE —tryp, f|dPer(B;),
3.2)

ext

where try B, XE is the trace of y g from the exterior of the ball B,.

We remark that the interior and exterior normal traces can be defined by consid-
ering the precise representative of yg - xg, and yg - xx\B,, respectively. See [15,
Lemma 3.23] and [4] for the Euclidean theory.

Notice that tr‘g’;r f =trag, f = flam,, since f is continuous. Fix R > 0. Let
0 <r < Rand g € BV|,(C(X)) be any function such that

ull ¢ =trpp, f and g = yponC(X)\ By,

where tria“ér g is the trace of g from the interior of the ball B,. The minimality of E
implies

Per(E; BR) < Per({g € C(X) : g(q) > t}; Br)
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for any 0 < ¢ < 1. Integrating in ¢ and using the coarea formula (2.7), we obtain

1
Per(E: Bg) < /0 Per({g € C(X) : g(g) > 1}: Br) di < |Dg|(Bg).

Therefore, using Lemma 2.15 and the definition of g, we obtain
Per(E; B;) = Per(E; Br) — Per(E; Br \ B;) < |Dg|(Br) —Per(E; Br \ B;)

— |Dg|(B,) + /a 5% x5 —tras, f|dPer(B,) = |Dg|(By) + b(r).

I

Finally, for any such g, there holds
|Df|(By) < Per(E; By) +a(r) < |Dg|(By) + a(r) + b(r). (3.3)

Step 2. Main computation. In this step, we show the monotonicity, up to error terms,
of an approximation of ®, denoted below by @, obtained by replacing y g with the
regular approximation f of step 1.

Fix f asinstep 1 and r > 0. By [34],

IV, x) = [V OR@) + 72|V D2 (x) for m-ae. x € X and £'-ae. 1 > 0.

Let i : C(X) — R be defined by A(z, x) := f)(x) for all ¢+ > 0. Notice that 4 is
locally Lipschitz away from the origin, and it is elementary to check that it has locally
bounded variation.

By [33,34], it holds

r
|Dh|(t, x) = ;lVf(r)l(x) for m-a.e. x and £!l-ae. 1.
By integrating over B, and using the coarea formula, we obtain

.
/|Dh|(t,x)dmc=// |Dh|(t, x) d Per(B;) dt
By 0 dB;

.
=/ zN—1/ DIV £O)(x) dm dr
0 x !

r tN_Z
/ — / |V £ )|(x) dPer(B,) dt
o T )

r Q)
N /aB, |V £ (x) dPer(B,). (3.4)

Let us point out that the latter expression can be viewed as the integral on dB; of the
analog of the tangential derivative of f in the smooth case, while # is the radial exten-
sion of the values of f on 9B, to the whole of C(X). Given r > 0, let us introduce
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the quantity
r
10y i= [ Vi ane = [ [ (97100 duar,
B 0 X

which will approximate ¥ ~1®(r). Notice that J is a Lipschitz function; hence, it is
almost everywhere differentiable. Using the identity (3.4), we obtain that for a.e. r it
holds

J'(r)

/ |V f|(r, x) d Per(B;)
0B,

_ # [ 1Dl dme + /BB (19 £1(r.x) — [V £ ©|(x)) dPer(B,).

' ' (3.5)
We notice that tryp, i = tryp, f. By defining h:C (X) — R to be equal to & inside
B, and y g outside, we observe that (3.4) and (3.5) still hold if we replace /& by h.
(Here, it is key that B, is the open ball.) Therefore, in step 1, we can choose g = i;
and (3.3) reads as

/ |Dh|(t, x)dme + a(r) + b(r) > J(r). (3.6)

r

Substituting (3.6) into (3.5) and rearranging yield

N -1
J’(V)—TJ(”)
N -1
r

= [ (95100 =195 10) dPer(Br) = = (a) + b)) BT

With a slight abuse of notation, and for the sake of simplicity, we will henceforth
write Vdc¢ (O, (r, x)) to denote V(dc (O, -))(r, x). Using Proposition 2.3 together
with the fact that 1 — /1 —s > % for 0 < s < 1, the BL characterization of the
norm [34, Definition 3.8] of |V f| and the identification between minimal weak upper
gradients for different exponents on RCD spaces from [33], we have

VA0 =91 _ \/1 (V.0 Vde (0. . x))?
V1) V7102
_ (Vf(rx0) - Ve (0. x))?
ENIER

_ (V) V(LdZ (0, (r,x)))* 58)

2r2(|V £1(r, x))°

for m-a.e. x € X and a.e. r € (0, +00). Above, we understand that all the terms vanish
on the set where |V f| = 0.
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Let us now define the function

IV, x) dm J
Qs (r) = s, N1 = r[\gi)l

which will approximate the function ® in the statement of the theorem. Notice that
@ is Lipschitz and differentiable almost everywhere by the coarea formula (2.7).
Taking its derivative and using (3.7) and (3.8), we obtain that for a.e. r it holds

J'(r)y— Y=Ly
& (r) = (r) rN_,l (r)

_ [ (V0 - V(342 (0. (rx)))’ N -1
- /BBr 2rNHLV £|(r, x) dPer(B;) — N (a(r) + b(r)).

3.9)

Integrating (3.9) from 0 < r; < r, < 00, and using coarea formula, we get

(V/(r.x) V(d2(0. (r.x))))°
O (r2) = @y (r1) = /B \B, 2rl"“IZVJC’I(r, x)

_/” N1 + by dr (3.10)

1 r

dmc

Step 3. Approximation. In this step, we carry out an approximating argument, using
step 2 and in particular (3.10). This allows us to conclude the monotonicity part of the
theorem.

Let { fx}xen C LIP(C(X)) N Djoc(A) be a sequence of non-negative functions
converging in BVe.(X) to yg. That is,

k— k—
| fe = XEIL1 8y ——> 0. |Dfil(By) —> |Dyg|(B,) forallr >0. (3.11)

Such a sequence can be easily constructed by approximation via the heat flow; see,
for instance, [7] for analogous arguments.
Let us start by showing that the errors defined in (3.2) relative to f; go to zero
as k tends to oo.
The term ay (r) := || Dfx |(B;) —Per(E; By)] koo, 0 by BV),.-convergence of f;
to yg,i.e., (3.11).
ext

To deal with the error term by (r) := faB, |traBr XE —ttap, fr|dPer(B,), we can
use the coarea formula (2.7) to show that

[ |fk—XE|dmc=/ bi(s) ds.
B, 0

Together with the L!-convergence of f; to y g, this shows that b (r) — 0 for £!-
ae.r > 0.
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Lastly, let us show that ®¢(r) — ®(r) for £l-ae. r > 0. By BVj, convergence
of fr to yg (3.11), we have

. 1 .
Jim 1) = fim [ 1Dl dme
1
- W/ dPer(E) = d(r). (3.12)
r B,

Consequently, letting & — oo in the estimate (3.10) with f replaced by f, we obtain
®d(rp) — d(r) =0 for £!-almost every rp > ry > 0, (3.13)

thanks to the non-negativity of the term

(V fi(r,x) - V(Ld2.(0, (r,x))))?
mel 2rNHY £ (r, x) dme =0

To conclude that ® is monotone, we need to extend (3.13) to every r, > r; > 0.
Let {rx }xen be any sequence such that ;. 1 r. Since B, is open, B,, 1 B,. Hence,
by the inner regularity of measures,

Per(E; B, ) — Per(E; B;).

Let 75, r1 > 0. Since the set of radii for which (3.13) holds is dense, we can find
{r1 x}ken and {ry ;};en for which (3.13) holds and such that r; ;. 1 ry and rp; 1 r2.
Then,
0 < lim ®(rp;) — lim ®(ryx) = P(r2) — D(r1).
l—00 k—o00

Step 4. Rigidity. In this step, we focus on the rigidity part of the statement. We show
that if there exist 7, > r; > 0 such that ®(ry) = ®(rp), then E N (B, \ By,) is a
cone.

The first step is to prove the following claim:

/ (V fi(r, x) - V(Ld2.(0, (r, x))))*
Br,\Br, 2rNFUV fi|(r x)

y / (ve(r,x) - V(Ld2(0, (. x))))*
Brz\ﬁ‘l 2yN+1

lim inf
k—o0

dmc¢

dPer(E), (3.14)

where vg is the unit normal to E; see Theorem 2.8. Subsequently, we will be able to
conclude using the characterization of cones provided by Lemma 3.3.

The plan is to apply Lemma 3.5 to prove (3.14). Using the notation in Lemma 3.5,
we define the measures

i = IV felmen g, \gy)e 1= P, By
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The BV),.-convergence of fi to yg (see (3.11)) ensures that g — u in duality with
Cp(C(X)). The functions

_ Vi V(362(0.)

2
XUV frl=0p € L7(C(X); px)
V2rEV fi

satisfy (3.38). Indeed,

IA

VA9 (360,00 ) £ 51V AIC RV, )

r|V fi|(r,x) wmc-ae.

Therefore, using (2.5),

2
(Vfi - V(5d%(0,9))
Ik e = [ : K im0 diic
(X;mk) B, \By, 2,,N+1|ka| {IV fix|>0}
1
5/ —— |V fgldme < C < +0
By, \By, 2rV7!

for some C > 0 independent of k£ € N thanks to the BV ,.-convergence (3.11).
Consequently, Lemma 3.5 provides the existence of g € L*(C(X); i) and a sub-
sequence k (/) such that

V fi) - V(392(0. )
V2 feol

XAV Sy =0y By — & Per(E g, \Bry: (B15)

in duality with C,(C(X)). Up to relabeling the approximating sequence fx, we can
suppose that the whole sequence satisfies (3.15). We next determine the limit func-
tion g.

Fix a test function ¢ € LIP N D(A)(B;, \ By,) with compact support contained
in By, \ By,.

We apply the Gauss—Green formula (Theorem 2.8) and use the fact that ¢ has
compact support in By, \ By, to obtain

. 0] 1,
frdiv( =z V(50200 ) ame
‘/;r2\Br1 \/ir N;I 2 ¢

¥ )
=— ——\V /- V(—d (0, ))) dmc
er\Brl «/Er Ng—l ( 2 ¢

V1 - V(id%(0,-
Z—/ - Tk N(ilc( ) dpi. (3.16)
B \Br,  N2r 2 |V [yl
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Using the L'-convergence of f; to yg and that

‘ div(pV (342 (0,)))

V2
. . @ 1,
lim Jedivl —F7x7V EdC(O,‘) duc

k=00 JB,,\Br, V2r—2

_ [ 4 ¢ oo
_/Edlv(ﬁr/\,;ﬂV(zdc(O, )))dmc

- —/8 . ﬁ V(%dé(o,-)) v dPer(E), 3.17)

where in the last equality we used the Gauss—Green formula (Theorem 2.8). Combin-
ing (3.16) and (3.17), we obtain
V fi - V(3dZ(0. )

lim
k—oo Je) T 2riF |V £

- [ Eﬁv(%dé(o, ) v aver()
* r—2

< 00,
L(By,\Br,)

we infer that

dpe

That is,
VA V(AE©0.9) - V(GE0.0)-y
VI fil Vs
in duality with C.(B;, \ B,), by approximation. By the uniqueness of the weak limit
and from (3.15), we can conclude that

V(3d%(0.9) - v
g = (2 ¢ )) E Per(E)|Br2\B—rl-almosteverywhere.

ﬁrNTH

From (3.39) in Lemma 3.5, we have

£ Per(E)

. . 2 2
liminf{lgi |72 c o)) = 1811220300

That is, we have shown the claim (3.14).

We are now in position to improve the estimate (3.13) and use it to show the
rigidity part of the theorem. By taking the inferior limit in (3.10), recalling (3.12) and
the fact that the error terms go to zero from step 3, we use (3.14) to infer

(ve(r.x)- V(3dZ (0, (r, x))))2
2yN+1

dPer(E) >0

(ry) — B(ry) > /

Bry\Br
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for every r, > r; > 0. Since we are assuming ®(r1) = ®(r,), it follows that
V(dc(0,7))-vg =0 Per(E)-ae.on By, \ By,.

By applying Lemma 3.3, we can conclude that £ N (B, \B_rl) is a conical annulus.
]

Let us now prove a useful characterization of conical annuli contained in cones
over RCD spaces. The characterization is based on the properties of the normal to
the boundary of the subset: roughly the subset is conical if and only if its normal is
orthogonal to the gradient of the distance function from the tip of the ambient conical
space. In case the ambient space is Euclidean, the result is classical (see, for instance,
[45, Proposition 28.8]).

Lemma 3.3 (Characterization of conical annuli). Let N > 2 be a real number, let
(X,d, m) be an RCD(N — 2, N — 1) space, and let C(X) be the cone over X. Let
E C C(X) be a locally finite perimeter set, and let 0 < ry < rp < oo. Then, the
measure theoretic interior EM N (Br,(0) \ B, (0)) is a conical annulus if and
only if

V(dc(0,") -vg =0 Per(E)-a.e. on B,,(0)\ By, (0). (3.18)

Proof. As in the proof of Theorem 3.1, to keep notation short, we will write B,
to denote the open ball of radius » > 0 and centered at the tip of the cone, i.e.,
B, = B,(0). Also, we will write BX(x) for the open ball in X, of center x and
radius r > 0. For simplicity of presentation, we will show the equivalence only in the
case r; = 0, rp, = o0o. The general case requires minor modifications. Moreover, in
order to simplify the notation, we assume without loss of generality that E = E(1,
as condition (3.18) is clearly independent of the chosen representative.

Step 1. We start with some preliminary computations aimed to establish the iden-
tity (3.24) below, which will be key in showing the characterization of conical annuli
in C(X).
Using the Gauss—Green and the coarea formulas, we will express the derivative of
the function
u(s) == mc(E N C(BX(x)) N By)

(suitably rescaled) as the product between the unit normal of £ and the gradient of
the distance function from the tip of C(X).

Letx€ X, r,s>0. By Lemma 2.5 and Theorem 2.9, the set F := ENC(BX (x))N
By is a set of finite perimeter with

DXF - DXE LC(B,?((X))ﬂBy +V(dC (O, )) Per(Bs)LEmC(BrX(x))
+ Ve oy Per(C(BY (X)) LEns, -
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Using the Gauss—Green formula (Theorem 2.8), the equality for the laplacian of the
distance function from the tip on cones [25, Proposition 3.7], and the cut-and-paste of
sets of locally finite perimeter (Theorem 2.9), we obtain

N-u(s) = /F A(%dZ(O,-)) dmce

1
/ V(—dz(O, -)) -vg dPer(E)
C(BX (x))NBsnd*E  \2

1
+/ V(—dz(O, -)) - vy, d Per(By)
ENC(BX (x))ndB; \2
1
+/ V(—d2(0,~)) VB (v APer(C(BX (x))). (3.19)
ENBsNIC(BX (x)) \2

We now study separately the three integrals on the right-hand side of (3.19), starting
from the last one.

Fix a function ¢ € LIP(C(X)) N D(A) with compact support. By applying the
Gauss—Green Theorem 2.8 on the set of locally finite perimeter C (B (x)), we obtain

1
[aC(BX(x)) PVemX ey Y (Edz(O, -)) dPer(C(B) (x)))

1 1
= —/ Vo - V(—d2(0,~)) dmc +/ ¢A(-d2(0,.)) dmc
C(BY (x)) 2 C(BX (x)) 2
o0 1
= 3,0 (r) -0 (-d2 (r))rN_l drdm(y)—|—/ @N dmc
/B,?f(m/o ’ 27 C(BX (x))

o0
= —/ / e (NN dr dm(y) +/ oN dmc =0,
BX () Jo C(BX (x))

where we have used (2.4), the definition of m¢ and integration by parts on R. Since
¢ was arbitrary, we infer that

1
VeBX () -V(EdZ(O,-)) =0 Per(C(BX(x)))-ae.,
and thus,
1
/ V(—dZ(O, -)) VeaX (ry APer(C(BX (x))) = 0. (3.20)
ENB;NIC(BX (x)) \2

Let us now deal with the second integral appearing on the right-hand side of (3.19).
By the chain rule, we have

V(%dz(O,q)) =d(0,q)Vd(0,q).
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Therefore, we obtain

1
/ V(—dz(O, -)) - vy, d Per(By)
ENC(BX (x))n3B; \2

d(0,-) Vd(O.,") - vyp, d Per(By)

/EnC(B,X (x))NdBy
= s Per(By: E N C(BX (x))). (3.21)

where we used [17, Proposition 6.1]. Inserting (3.20) and (3.21) into (3.19) yields

1 1
u(s) = — V(—dZ(O, -)) -vg dPer(E)
N Je@XxpnB,  \2
+ % Per(B,; E N C(BX (x))). (3.22)

By the coarea formula (2.7), u is Lipschitz and differentiable almost everywhere and
it holds

u(s) = /0 ' Per(B,; E N C(BX (x)))dt. (3.23)

We now compute the derivative of % Combining (3.22) and (3.23), we obtain that
for a.e. s it holds

d u(s) _ u'(s) u(s) _ fC(B,X(x))nBX V(%dz(O,.)) -vg dPer(E)
ds sN— N T U gN+1 T T NI )

(3.24)
Fix 0 < r < min(s, 1). In the following steps, we consider the sets

A((s,x),7) == C(BY (x)) N Bsu+) \ Bsi—r)-

By Lemma 3.4 below, the family of sets {A(q,r) : ¢ € C(X), r > 0} generates
the Borel o-algebra of C(X), since for any g € C(X), r > 0 there exist rq, 1 > 0
such that

B(g,ry) C A(q,r) C B(q,rp). (3.25)
Step 2. In this step, we show that if E is a cone, then (3.18) holds with r; = 0,
r, = o0o. We will first show that % is constant and then conclude using (3.24).
Since E is a cone, there exists a set ' C X such that

E={tx)eC(X):xeF,t>0}.

Note that £ N C(BJX (x)) is a cone for any x € X, r > 0. Thus, for any s > 0, it holds

s N
we(E N OB () 01 B) = w(F 0B ) [ 54 dp = Trw(F 0 BE (o)
0

yielding that s — s~V u(s) is constant.
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From (3.24), it follows that for all » > 0, p € C(X) we have
1
/ V(—d2(0,~)) -vg dPer(E) = 0. (3.26)
Apr)  \2

By the Lebesgue differentiation theorem (see, for instance, [12, Rem. 2.19]), for
Per(E)-a.e. p € C(X), it holds

lim
r—>0 B (p)

V(édz(o, q)) B — V(%d%o, p)) - vE(p)) dPer(E)(q) = 0.

From (3.25) and the asymptotic doubling property of the perimeter, we infer
1

rli—lz}) Per(E, A(p,r))
V(%d%o, q)) () — V(%dz(o, p)) g (p)' dPer(E)(q)

/A(p,r)
1

<Clm ——
~  r—>o0Per(E, B, (p))

/;rb (p)

=0,

v(50.0) e - ¥(30.)) - ve ()| averENa)

where r, and rp are as in Lemma 3.4. We can now conclude recalling (3.26):

1 1
0=lim-———— v( =d?(0, -)) -vg dPer(E)
r—0 Per(E, A(p.7)) Jap,r) (2

= V(%dZ(O, p)) -vg(p) for Per(E)-ae. p.

Step 3. In this last step, we show that (3.18) for r; = 0, r, = oo implies that E is a
cone. We will show that, given (s, x) € E and A > 0, (s, x) € E.

Combining the assumption (3.18) with (3.24), we obtain that s > u(s)/s"V =
mc(E N BrX (x) N By)/s" is constant. Therefore, for A > 0,

mc(E N A((s,x),r))
= mc (E n BrX(x) N Bs(1+r)) — e (E N BrX(x) N Bs(l—r))
mc (E n B,.X(x) N B)Ls(l—i—r)) mc (E n BrX(x) n B/ls(l—r))
AN - AN
mc(E N A((As, x),1))
= AN .

(3.27)
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Moreover,

At(1+r)
me (A((At,x), 7)) = m(BX (x)) sN1ds
At(1—r)
t(1+r)
= AN m(BX(x)) sN=1ds
t(1—r)

= AN (A((t, x), 1)), (3.28)
The combination of (3.27) and (3.28) gives
mc(ENA((s,x),r))  mc(EN A((As, x), 1))
me(A((s.x).r))  mc(A((As.x).7))

We next show that if (s, x) € E, then (As, x) € E. Thanks to (3.29), it is enough to
show that ¢ € E if and only if

(3.29)

wme(E N A@g.r) _

i (3.30)
r—0 mce (A(q, r))
Assume by contradiction that (3.30) holds, but ¢ ¢ E. Then,
X\E)NB
liminfrnc(( \ E) N B:(q)) 650,
r—0 mc (Br(q))
Using Lemma 3.4, we infer that
.. mc((X\ E)Nn A(q,r))
lim inf
r—>0 mc (A(q, r))
X\E)NB B
2 lim inf nmc (( \ ) ra(q,r)(q)) X mC( ra(‘l:r)(q)). (331)
r—>0 mC(Bra (q,r) (9)) mc (Brb(q,r) (q))

Since C(X) is an RCD(0, N) space, the Bishop—Gromov monotonicity formula [53]
gives

N
we(Br, @) = (:—b) we (Bry ().

Therefore, from (3.31), we may conclude

me((X\ E) N A(g.7))

lim inf
r=0 mc (A(g,r))
N
X\E)NB
zliminf(ra(q’r)) iming (XN E) N Brog.n (@)
r—0 rp (q, r) r—0 mC(Bra @.r) (q))
>Ce >0, (3.32)

where C := 1iminf,90(%)f" > 0 thanks to (3.33). Clearly, (3.32) contradicts

(3.30). The proof that ¢ € E implies (3.30) is analogous. |
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The following technical lemma was used in the proof of Lemma 3.3 above.

Lemma 3.4. Let N > 2, let (X,d, m) be an RCD(N — 2, N — 1) space, and let
(C(X),dc, mc) be the cone over it. If N = 2, assume also that diam(X) < m. For
x € Xand 0 < r < s, consider the sets

A((s,x),7) := C(B(x)) N Bs(14r)(0) \ Bsa—r)(O).

Then, the following hold.

o The family of sets {A(q, 1) : ¢ € C(X), r > O} generates the Borel c-algebra of
C(X).

o Foranyq € C(X), r > 0, there exist ro = rq(q, 1) and ry, = rp(q,r) > 0 such
that

By, (q) C A(q.r) C By, (q)

and .
. Ta

lim — = ——. 3.33

rgr(l) rp 4\/5 ( )
Proof. The first claim follows from the second one; thus, let us determine r, and
rp > 0 that satisfy the second statement. To this aim, we compute the minimal and
maximal distance of ¢ = (z, x) from the set dA(q, r). Let us start from the minimal
distance. We deal with the shell part first: given (£(1 4 r), y) € 0B;(14,) N 04, there
holds, using (2.2)

dZ (¢, x), (¢(1 +71),y)) = t2 +t2(1 + r)* = 2¢*(1 + r) cos(d(x, y))
> 12+ 121+ r)? =220 + 1) = 22, (3.34)

where the equality is achieved at y = x. Let now (s, y) € dC(BX(x)) N dA(q,r):
dZ ((¢,x), (s, y)) = t* + 5% — 25t cos(r). (3.35)
This defines a differentiable function of s € [t(1 —r), (1 + r)]. Its derivative
3sdZ ((t,x), (5, ¥)) = 25 — 2t cos(r)
is increasing and vanishes at s = ¢ cos(r). Therefore, we have
dZ(q,0A(q, 7)) = t*sin*(r).

Therefore, we may pick

1 1
rqg =rq(q,1) = EdC(q’ 0A(q,r)) = Et sin(r). (3.36)
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Next, let us compute the maximal distance of ¢ from dA(g, r). Since the maximal
distance is attained at the intersection of the shell with the side part of A (by mono-
tonicity of both formulas (3.34) and (3.35) with respect to d(x, y) and s, respectively),
we can simply compute the maximum by looking at the distance from the top shell.
We again compute, for d(x, y) =r,

dzc((z,x), t(14+7),y) =t24+120 +r)? —=2t2(1 4+ r) cos(r)
=122+ 2r +r* =2(1 + r)cos(r)).

Consequently, we may pick

ry =rp(q, 1) =21/ (2 +2r +r2 —2(1 +r) cos(r)). (3.37)
It is easy to check that r,, rp > 0 defined in (3.36), (3.37) satisty (3.33). ]

A useful technical tool, used to prove the rigidity statement of the monotonicity
formula, is the following lemma (see [3, Lemma 10.1] for the proof).

Lemma 3.5 (Joint lower semicontinuity). Let (X, d) be a Polish space. Let |, [y €
M (X)) with i —  in duality with Cp(X). Let g C L?(X; jux) be a sequence of
functions such that

sup [|8kllL2(x;u) < 0©- (3.38)
keN

Then, there exist a function g € L*>(X; ) and a subsequence k(l) such that

Sk(Mk() — M1

in duality with Cp(X) and

timinf g 2 s = €20 (3.39)

4. Stratification of the singular set and further applications

The first goal of this section is to prove sharp Hausdorff dimension estimates for the
singular strata of locally perimeter minimizing sets in RCD(K, N ) spaces (X,d, #).
The statement is completely analogous to the classical one for singular strata of min-
imizing currents in the Euclidean setting, see [31], and for the singular strata of
non-collapsed Ricci limits [24] and RCD spaces [26]. Also, the proof is based on
the classical Federer’s dimension reduction argument and builds upon the monotonic-
ity formula and associated rigidity for perimeter minimizing sets in RCD(0, N ) metric
measure cones, Theorem 3.1. However, a difference between the present work and the
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aforementioned papers is that the monotonicity formula is available only at the level
of blow-ups and not in the space X . This creates some challenges that are addressed
in the proof.

The second main goal will be to present an application of the monotonicity for-
mula and the associated rigidity for cones to the existence of perimeter minimizing
cones in any blow-down of an RCD(0, N) space (X, d, #*) with Euclidean volume
growth.

Below, we introduce the relevant definition of singular strata and of interior or
boundary regularity points for a locally perimeter minimizing set £ C X, where
(X,d, #") is an RCD(K, N) metric measure space.

Definition 4.1 (Singular strata). Let (X, d, #%) be an RCD(K, N) space, E C X a
locally perimeter minimizing set in the sense of Definition 2.10,and 0 <k < N — 3
an integer. The k-singular stratum of £, § If , 1s defined as

S,f:={x € dF : no tangent space to (X, d, HFN x, E) is of the form (Y, p, gV v, F),
with (Y, p, y) isometric to (Z x Rk+1,dz X deucl, (2, 0)) for some pointed
(Z,dz.z)and F = G x R*T! with G C Z global perimeter minimizer}.

The above definition would make sense also in the cases when k > N — 2. How-
ever, it seems more appropriate not to adopt the terminology singular strata in those
instances.

Definition 4.2 (Interior and boundary regularity points). Let K € R and N > 2. Let
(X,d, # N )be an RCD(K, N) space, and let E C X be alocally perimeter minimizing
set in the sense of Definition 2.10. Given x € JE, we say that x is an interior regularity
point if

Tany (X, d, ¥V, E) = {(RY, dewar, #V, 0, RY)}.

The set of interior regularity points of E will be denoted by RE.
Given x € JF, we say that x is a boundary regularity point if

Tanx(X» d9 %N’ E) == {(R]J,Y’ deucla ‘}(Nvov {xl Z 0})}5

where x; is one of the coordinates of the RV~ factor in Rﬁ =RV x {xy =0}
The set of boundary regularity points of £ will be denoted by R {fX.

It was proved in [48] that the interior regular set R is topologically regular, in
the sense that it is contained in a Holder open manifold of dimension N — 1. By a

blow-up argument, in the next proposition, we show that dim g ﬁfx <N-2.

Proposition 4.3. Let (X, d, #V) be an RCD(K, N) space. Let E C X be a locally
perimeter minimizing set, and let RBEX be the set of boundary regularity points of E,



F. Fiorani, A. Mondino, and D. Semola 222

in the sense of Definition 4.2. Then,
dimge Rpy < N —2.

Proof. We argue by contradiction. Assume that there exists k > N — 2, k € R, such
that
H*(RE;) > 0. 4.1

Let ¢ > 0. We define the quantitative e-singular set to be

SS(E) = {x € X : D((B¥ (x),d. Y x. E), (BX", deuer. 0. RY)) = &7
for all r € (0, e)}.

Recall that the distance $ was introduced in [2, Definition A.3]. Notice that S®! (E) D
Se2(F) for 0 < &1 < &, and that

0E\ RE = | s*(E) (4.2)
neN

for any sequence &, | 0. It is also clear that
Ry COE\ RE. (4.3)
The combination of (4.1), (4.2), and (4.3) implies that there exists € > 0 such that
H*(SE(E) N RE) > 0.
By [30, Theorem 2.10.17], there exists x € SE(E) N :R{‘;SX such that

HE (Br(x) N SE(E) N RE,)
k
"

lim sup > Cy >0, 4.4)

r—>0
where we denoted by ch]fo the k-dimensional co-pre-Hausdorff measure.

By the very definition of R fx’ for every sequence r; .0, EC(X,d/r;, #N/ rl.N ,X)
converges in the sense of Definition 2.6 to a quadrant {x; > 0}, where x; is one of the
coordinates of the RV~ factor in Rﬁ =RV x {xy > 0}.

Embedding the sequence of rescaled spaces X; and their limit IR{IJ\: into a proper
realization of the pGH-convergence, by Blaschke’s theorem (cf. [20, Theorem 7.3.8]),
there exist a compact set A C Rﬁ and a subsequence, which we do not relabel, such
that S¥(E) N “(RZJ)EX N B{ (x) converges to A in the Hausdorff sense.

Moreover, it is elementary to check that A C S¢({x; > 0}) in ]Rﬂ\r’ . Therefore, we
obtain

JE(SE({x1 = 0})) = HE (A) = limsup HE (S¥(E) N Rjy N B} (x))

1—>00

Jk (B, (x) N SE(E) N RE,
:limsup OO( z(x) ( ) aX)

i—00 rik

>0, 4.5)
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where we relied on the classical upper semicontinuity of the pre-Hausdorff measure
with respect to Hausdorff convergence in the second inequality and on (4.4) in the
last one. However, it is easy to check that S¥({x; > 0}) = {x; = xy = 0} which has
Hausdorff co-dimension 2, contradicting (4.5). [

Our main results about the stratification of the singular set for perimeter minimiz-
ers are that the complement of § 5_3 in dE consists of either interior or boundary
regularity points, and that the classical Hausdorff dimension estimate dim($ ,f )<k
holds for any 0 < k < N — 3. Below are the precise statements.

Theorem 4.4. Let (X,d, #") be an RCD(K, N) space, and let E C X be a locally
perimeter minimizing set in the sense of Definition 2.10. Then,

IE\SE_5 = REURL,.

Theorem 4.5 (Stratification of the singular set). Ler (X, d, #") be an RCD(K, N)
space and E C X a locally perimeter minimizing set. Then, for any 0 <k < N — 3,
it holds

dimge SE < k.

Another application of the monotonicity formula with the associated rigidity is
that if an RCD(0, N) space (X, d, #") with Euclidean volume growth contains a
global perimeter minimizer, then any asymptotic cone contains a perimeter minimiz-
ing cone.

Theorem 4.6. Let (X, d, # ) be an RCD(0, N) metric measure space with Euclidean
volume growth, i.e., satisfying for some (and thus for every) x € X:

N(B
liminfw > 0.

r—>00 rN

(4.6)

Let E C X be a global perimeter minimizer in the sense of Definition 2.10. Then, for
any blow-down (C(Z),dc(z), # ™) of (X,d, HN), there exists a cone C(W) C C(Z)
global perimeter minimizer.

Remark 4.7. The conclusion of Theorem 4.6 above seems to be also new in the more
classical case of smooth Riemannian manifolds with non-negative sectional curva-
ture, or non-negative Ricci curvature. We refer to [11] for earlier progress in the case
of smooth manifolds with non-negative sectional curvature satisfying additional con-
ditions on the rate of convergence to the tangent cone at infinity and on the regularity
of the cross section and to [28] for the case of smooth Riemannian manifolds with
non-negative Ricci curvature and quadratic curvature decay.

Proof of Theorem 4.4. Let us consider a point x € dE \ § 5_3. By the very definition
of the singular stratum § 1‘\5,_3, there exists a tangent space to (X, d, # N E ) at x of the
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form (RN 72 x Z,deyer X dz, N, y,G x R¥=2) where (Z,dz, #2) is an RCD(0, 2)
metric measure cone (because all tangent cones to an RCD(K, N) space (X, d, #V)
are metric measure cones [26]) and G C Z is a global perimeter minimizing set (in
the sense of Definition 2.10) thanks to [48, Theorem 2.42].

By Lemma 4.8, there are only two options. Either x is an interior point and a
tangent space is (R, deyer, # V. 0, Ri\_’ ), or x is a boundary point and a tangent space
is (RI.;Y’ deuct» J(N’ 0, {xl = O})

In the first case, it was shown in [48] that the tangent space at x is unique, and
hence, x € RE . If the second possibility occurs, then by [16] we infer that the tangent
cone to the ambient space (X, d, #*) is unique. The uniqueness of the tangent cone
to the set of finite perimeter can be obtained with an argument completely analogous
to the one used for interior points in [48], building on top of the classical boundary
regularity theory (cf., for instance, with [39]) instead of the classical interior regu-
larity theory for perimeter minimizers in the Euclidean setting. Hence, x € fo isa
boundary regularity point. |

Proof of Theorem 4.5. We argue by contradiction via Federer’s dimension reduction
argument. The proof is divided into four steps. In the first step, we set up the contradic-
tion argument and reduce to the case of entire perimeter minimizers inside RCD(0, N)
metric measure cones. In the second step, we make a further reduction to the case
when the perimeter minimizer is a cone itself, building on top of Theorem 3.1. Via
additional blow-up arguments, we gain a splitting for the ambient space and for the
perimeter minimizing set in step three, thus performing a dimension reduction. The
argument is completed in step four. A key subtlety with respect to more classical
situations is that the monotonicity formula holds only for perimeter minimizers cen-
tered at vertices of metric measure cones, resulting into the necessity of iterating the
blow-ups.

Step 1. We argue by contradiction. Suppose that the statement does not hold for some
0 <k < N — 3. Then, there exists k' > k, k' € R, such that

J* (SE) > o. 4.7)
Let ¢ > 0. We define the quantitative (k, €)-singular stratum to be

SE, = {x e X : D((BX(x).d, #V, x, E), BR"*Z dea x dz, #V (0, 2), F))
> ¢er forallr € (0,¢), (Z,dz, z) pointed spaces and
F = R*"! x G with G C Z global perimeter minimizer}.

Recall that the distance O was introduced in [2, Definition A.3]. Moreover, we notice
that S,fsl D S,fsz for 0 < € < &, and that S,f = U, en S,fsn for any sequence ¢, | 0.
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The contradiction argument assumption (4.7) implies that there exists € > 0 such
that

J* (SE;) > 0.
By [30, Theorem 2.10.17], there exists x € S,fg such that

JE (Br(x) N SEY)
rk’

lim sup > Cp > 0, 4.8)

r—0

where we denoted by %g the k’-dimensional co-pre-Hausdorff measure.

Then, there exists a sequence 7; | 0 such that E C (X, d/r;, #V/ rl.N , X) con-
verges in the sense of Definition 2.6 to a global perimeter minimizer (in the sense of
Definition 2.10) F C (C(Z),dc., #). Here, we used [2, Corollary 3.4] in combi-
nation with Lemma 2.11 for the compactness, [48, Theorem 2.42] for the perimeter
minimality of F, and [26] to infer that the ambient tangent space is a cone. Here,
(Z,dz, #N"1)is an RCD(N — 2, N — 1) metric measure space.

Embedding the sequence of rescaled spaces X; and their limit C(Z) into a proper
realization of the pGH-convergence, by Blaschke’s theorem (cf. [20, Theorem 7.3.8]),
there exist a compact set A C C(Z) and a subsequence, which we do not relabel, such
that S ,fg N Bi(x) converges to A in the Hausdorff sense.

Moreover, it is straightforward to check that A C § ]f 5 Therefore, we obtain

HE(SF2) = HE (A) = limsup HE (SE; 0 Bi(x))
1—>00

HE (Br, (x) N SE))

= limsup = = >0,

i—>00 r;

4.9)

where we relied on the classical upper semicontinuity of the pre-Hausdorff measure
with respect to Hausdorff convergence in the second inequality and on (4.8) in the last
one.

Lastly, (4.9) implies that

H#* (Bf P nst.) > o. (4.10)

Step 2. In this step, by performing a second blow-up, we apply Theorem 3.1 to show
that we can also suppose that the global perimeter minimizer is a cone (with respect to
a vertex of the ambient cone). For the sake of clarity, we recall that the set of vertices
of C(Z) is the collection of all points y € C(Z) such that C(Z) is a metric cone
centered at y. Moreover, we remark that the set of vertices is isometric to R¥ for
some 0 <k <N.
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We claim that there is a point O € C(Z) such that O is a vertex of C(Z) and the

following density estimate holds:

HE (B,(0) N SE)
rk’

lim sup > Cyr > 0.

r—0

If the claim does not hold, then by (4.10) there are points of density for J(’fo/ restricted
to S If ; and none of them belongs to the set of vertices of C(Z). Hence, we can repeat
the argument in step 1, blowing up at a density point for J(,’fo/ restricted to S ,f s Which
is not a vertex in the ambient cone. In this way, the dimension of the set of vertices of
the ambient space, which is isometric to a Euclidean space, increases at least by one.

The procedure can be iterated until one of the following two possibilities occurs:
the ambient space is isometric to R¥, with standard structure, in which case (4.10)
contradicts the classical regularity theory, or there is a density point for Jfé‘; restricted
to S ,f s Which is also a vertex of C(Z).

Let now O denote any such vertex of C(Z). By Theorem 3.1 and the density
estimates in Lemma 2.11, the map

Per(F'; B,(0))
r = —rN—l

is monotone non-decreasing, bounded, and bounded away from 0. Therefore, there
exists the limit

0<a:= lim LorU:Br(0)

lim @.11)

We perform a second blow-up at the tip O € C(Z) and obtain a global perimeter
minimizer G C C(Z). By (4.11) and Theorem 3.1, G is a cone. Moreover, by repeat-
ing the arguments in step 1, taking into account that O was chosen to be a density
point for J(’go/ restricted to S ,f &» it holds

g+ (S,ffg) > 0. (4.12)

It follows from (4.12) that there exists a point in S kG =\ {0}

Step 3. The goal of this step is to gain a splitting for the ambient and the perimeter
minimizer set by considering a blow-up of G at a density point for %g restricted to
S gé that is not a vertex. Roughly speaking, we will achieve this by showing that the
unit normal of the blow-up is everywhere perpendicular to the gradient of a splitting
function obtained with the help of Lemma 4.9 below; cf. [45, Lemma 28.13].

Our setup is that G C C(Z) is a global perimeter minimizing cone with vertex O,
a vertex of the ambient cone. Moreover, # k/(Sgg) > 0. In particular, by the very
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same arguments as in step 2, there exist a point O’ € C(Z), O’ # O, and a sequence
r; 4 0 such that
JE (B, (0") N SE))

K
i

lim

i—00 r

> Cy > 0.

Up to taking a subsequence that we do not relabel, we can assume that the se-
quence (C(Z),dc/ri, #N, 0, G) converges to (C(Z'),dc/, #N, 0", H), where
(C(Z"),dcr, V) is an RCD(0, N) metric measure cone splitting an additional R
factor with respect to C(Z) and H C C(Z’) is a global perimeter minimizer. More-

over,
H* (B1(0") N SE) > 0.

Consider the sequence of functions f; : C(Z) — R defined as

d2.(0,2) —d%(0, 0

r

fiz) =
which we view as functions on the rescaled metric measure space
(C(Z).dc/ri, %", 0).

By Lemma 4.9 below, the functions f; converge to some splitting function g :
C(Z'") > Rin H, 1}>’cz; see [8] for the relevant background. Moreover, A f; converge to
0 uniformly.

We claim that, for any function ¢ € LIP(C(Z’)) N W12(C(Z")), it holds

/ Vo -Vgd#" =o. (4.13)
H

To see this, let ¢; € LIP(X;) N W2(X;) converging H:2-strongly to ¢ along the
sequence (C(Z),d¢/ri, # N o ), whose existence was shown in [8]. Then, using the

Gauss—Green formula (Theorem 2.8) and the characterization of cones in Lemma 3.3,
we obtain

O=[ (pivg-VifidPeri(G)
0*G
=—/ Vi<pi~Vif,~dJ€N—/ @i - A fi dHN, (4.14)
G G

where the Hausdorff measure # is computed with respect to the rescaled dis-
tance dc /7.
By (4.22) below and (4.14),

/ Vigi - Vi f; d#N = —/ @i - A fi dHN > 0. (4.15)
G G
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On the other hand, by [8, Theorem 5.7], it follows that
/Vigai-Vif,- deN—>/ Vo -VgdieV. (4.16)
G H

Combining (4.15) and (4.16), we obtain (4.13); cf. [17, 18] for analogous arguments.
Our next goal is to use (4.13) to show that the perimeter minimizer H splits a line

in the direction of the ambient splitting induced by the splitting function g.
LetussetY := C(Z’) = R x Y/, and assume that R is the splitting induced by g.
Given any ¢ € W,*(Y), let us also denote

oD (y)==g(t.y) and @@ (1) = o(t.y).

If o € W,2(Y), then 9® € W2 (Y') and ¢ € W12 (R) for £'-ae. t and N ~1-
a.e. y, respectively (see [34]). Up to the isomorphism given by the splitting induced
by g, there holds

Vo-Vg(t,y)=d,0P() for HN-ae. (t,y)eY.

Let P; denote the heat flow on Y. Then,
/ P,y (1. y)Ve - Vg(t.y) daN = / Py 21 (1. )39 () eV
Y Y
= / Py 9,0 (1) N
H
= f 3:(Ps ) (1), (4.17)
H

where in the second equality we have used the self-adjointness of the heat flow and in
the last equality we have used Lemma 4.10.
By (4.13) and (4.17), it follows that

[ Py 22(t. )V - Vag(t,y) dN = / V(Ps¢)- Vg d#N = 0.
Y H

Since ¢ € LIP(Y) N W12(Y) is arbitrary, an elementary computation using Fubini’s
theorem and the splitting ¥ = R x Y’ shows that

3Py xa)P () =0 fort'-ae.r eR,for #V lae yey

By the L} (Y) convergence of Py yg to yg for s | 0 and the closure of H, we

conclude that )(g) is constant in ¢ for every y € Y’. That implies the existence of a
set H' C Y’ such that

xa@y) = xa(y).

By Lemma 4.11, H' C Y’ is a set of locally finite perimeter.
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Let us show that H' is a global perimeter minimizer, by following the classical
Euclidean argument, cf. [45, Lemma 28.13]. Suppose this is not the case. Then, there
existe > 0 and aset Hy C Y’ such that H'AH; € B,(y) forsomer >0and y € Y’
such that

Per(H(: By (y)) + & < Per(H'; B,;(y)).
Let t > 0. We define the sets
I :=R\ (=t.1), Ho:= (Hyx (—1.0)) U (H' xI).

At this stage, we can use the formulas for the cut-and-paste of sets of finite perime-
ter (Theorem 2.9), observe that

HAHy C Br(y) X (—t,t) := A,
and conclude by Lemma 4.11 that

Per(Ho: A)—Per(H; A) =2t (Per(H}; By (y))—Per(H: B, (y)))+2H N Y (H{AH')
< 2t + 2HN"Y(B,(y)) <0,

where we have chosen ¢ > 0 large enough so that #¥~1(B,(y)) < te.

Therefore, H' is a global perimeter minimizer, as we claimed.

If k = 0, the above argument leads to a contradiction. Indeed, we found a point
in S({{ such that some tangent space splits a line.

Step 4. If k > 0, then it is straightforward to see that (¢, y) € S,fé if and only if
yesS ,f_/ 15
In particular, from the assumption that

J* (B1(0") N S > o,

we conclude that
JX 1 (B0 NS ;) >o.

Therefore, the steps from 1 to 3 prove that if there exist an RCD(K, N) metric mea-
sure space (X, d, #%) and locally perimeter minimizing set £ C X such that for
some 0 < k < N — 3 it holds dimg (S,f) > k, then there exist an RCD(0, N — 1)
space (X', d’, #N~1) and a locally perimeter minimizing set E/ C X’ such that
dimg (S ,f_/l) > k — 1. The dimension reduction can be iterated a finite number of
times until we reduce to the case k = 0, which we have already discussed above. =

Proof of Theorem 4.6. First of all, up to modifying E on a set of measure zero if
necessary, we can (and will) assume that E is open.
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Step 1. Fix a point x € JE. We claim that there exists C > 1 such that

rN

C
N—

<HNENB,(x)<CrV foralr >0, (4.18)

J

< Per(E: B,(x)) < C r¥=! forall r > 0. (4.19)

Recall that an RCD(0, N) space is globally doubling (thanks to the Bishop—Gromov
inequality [53]) and satisfies a global Poincaré inequality [51]. Since, by assumption,
E minimizes the perimeter on every metric ball; then, by [42, Theorem 4.2], there

exists a constant Yy > 0 (depending only on the doubling and Poincaré constants of
(X.d, #")) such that

HV(E N Br(x) _

9V (B (x) \ E) _
HY(Bx)

#V (B, - yo forallr >0and x € JE.

(4.20)
Recall that the ratio #V (B, (x))/r" is monotone non-increasing by Bishop—Gromov
inequality; it is bounded above by the value in RY and it is bounded below by a
positive constant thanks to the assumption (4.6). Hence, (4.18) follows from (4.20).
The perimeter estimate (4.19) follows from (4.18) and [42, Lemma 5.1].

Yo and

Step 2. The argument is similar to those involved in the proof of Theorem 4.5 above,
and therefore, we only sketch it. Let 7; — oo be any sequence such that (X, d/r;,
FN | x) converges to a tangent cone at infinity (C(Z), dc2), FHN,0)of (X.d, HN).
By the Ahlfors regularity estimates (4.18)—(4.19) and the compactness and stability
[48, Theorem 2.42], the sequence (X, d/r;, ¥V, E, x) converges to (C(Z), dc(z)-
HN . 0, F) for some non-empty perimeter minimizer F C C(Z). At this stage, we
are in a position to apply Theorem 3.1 and obtain a perimeter minimizing cone in
C(Z), up to possibly taking an additional blow-down. ]

In the remainder of the section, we present some technical results that have been
used in the proof of Theorem 4.5.

Lemma 4.8. Let (Z,dz, #?) be an RCD(0, 2) metric measure cone, and let G C Z
be a global perimeter minimizing set, in the sense of Definition 2.10. Then, one of the
following two possibilities occur:

G) (Z,dz, #H?) is isomorphic to (R?, deyer, #?) and G is a half-plane;

(i) (Z.dz, #?) is isomorphic to the half-plane (Rﬁ_, dewets #2) and G is a
quadrant.

Proof. We distinguish two cases: if Z has no boundary, then we prove that it is iso-
metric to R? and (i) must occur; if Z has non-empty boundary, then we prove that it
1s isometric to R%r and that (ii) must occur.
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Let us assume that (Z,dz, #?) has empty boundary. Then, by [43], Z is isometric
to a cone over S! (r) for some 0 < r < 1. Moreover, by Theorem 4.6, there exists a
blow-down of G which is a global perimeter minimizing cone C(A4), with vertex in
the origin and A C S!(r) connected. Indeed, it is elementary to check that if A is not
connected, then C(A) is not locally perimeter minimizing.

Let 2716 be the length of A, where 0 < 6 < 1. Let G’ C Z be a set of finite
perimeter such that G’ = G outside By and dG N By is composed by the geodesic
connecting the two points in dG N dB; = {x1, x2}. Such geodesic is contained in B
as can be verified through the explicit form of the metric. Using (2.1), we have

Per(G'; By) = +/2(1 —cos(dz/(x1, X2) A 7))
<2 = Per(G; By). 421)

The equality in (4.21) is achieved for 2770 =dg1 () (x1, x2) > 7, that is, for 121‘92%.
Let us notice, by symmetry of S!(r), that we may suppose that § < % Indeed, for
every fixed 6, we may find a comparison set with perimeter equal to the one con-
structed above corresponding to 1 — 6. Hence, equality is only achieved at r = 1,
0 = % corresponding to the case where Z = R? and C(A) is a half-space. Notice
that once we have established that Z is isometric to R?, it is elementary that G must
be a half-space.

In the case where Z has non-empty boundary, by [43] again, Z is isometric to a
cone over a segment [0, /] for some 0 < [ < m. The upper bound for the diameter is
required in order for the cone to verify the CD(0, 2) condition. We claim that it must
hold/ = .

As above, by Theorem 4.6, there exists a blow-down of G which is a global
perimeter minimizing cone C(A), with vertex in the origin and A C [0, /] some set of
finite perimeter. If A is not connected, then it is elementary to check that C(A) is not
globally perimeter minimizing. Notice also that the complement of a global perimeter
minimizer is a global perimeter minimizer.

By minimality and symmetry, we can suppose G = C([0,!")] for some 0 <1’ < %
By considering a suitably constructed competitor in By, let us show that the only pos-
sibility is that Z is a half-space and C(A) is a quadrant. Consider the set G’ coinciding
with G outside of By and whose boundary inside B, is the geodesic minimizing the
distance between dB; N G and dZ. Then, Per(G’; B1) < Per(G; By), with equality
achieved only if /| = 7w and I’ = % As above, after establishing that Z is isometric
to R%r, it is elementary to check that G must be a quadrant. |

It is a standard fact that any blow-up of a cone centered at a point different from
the vertex splits a line. For our purposes, it is important to observe that the blow-up
of the squared distance function from the vertex is indeed a splitting function in the
blow-up of the cone.
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Lemma 4.9. Let N > 2 and (X, d, m) be an RCD(N — 2, N — 1) space, and let
(C(X),dcx). mc(x)) be the metric measure cone over X, with vertex O € C(X).
Fix p € C(X) with p # O. Let r; | 0 and consider the sequence of rescaled spaces
Y; == (C(X).,dcx)/ri» mcxy/m(Br, (p)), p) converging in the pmGH topology to
a tangent space Y of C(X) at p. Then, the functions

dé(X)(O, ) - d%(X)(O, P)

Ti

fi() =

viewed as functions f; : Yi — R, have Laplacians uniformly converging to 0 and con-
verge in Hlif to a splitting function g : Y — R, up to the extraction of a subsequence.

Proof. Let us set
fe) = d%(X)(O, ) — d%‘(x)(Oy P),

in order to ease the notation. On C(X), it holds (see [25])
Af =2N, |Vf(x)]=2dcx)(x,0) forae onx e C(X).
By scaling, we obtain that
Afi =2Nri, |Vf(x)] =2dcix)(x,0) forae x e, (4.22)

where it is understood that the Laplacian and the minimal relaxed gradient are com-
puted with respect to the metric measure structure

(C(X).dcx)/ri. mex)y/m(Br, (p)). ).

Notice that x — 2dc(x)(x, O) is a 2r;-Lipschitz function on Y;, by scaling.

Hence, the functions f; : ¥; — R are locally uniformly Lipschitz, they satisfy
fi(p) = 0, and they have Laplacians uniformly converging to 0. Up to the extraction
of a subsequence, thanks to a diagonal argument, we can assume that they converge
locally uniformly and in Hl(l)f to a function g : ¥ — R in the domain of the local
Laplacian, and that A f; converge to Ag locally weakly in L2, thanks to [8,9]. We
claim that g is a splitting function on Y, which amounts to saying that Ag = 0 and
|Vg| is constant almost everywhere and not 0.

The fact that Ag = 0 follows from the weak convergence of the Laplacians and
the identity A f; = 2Nr; that we established above.

Analogously, employing the identity |V f; (x)| = 2dc(x)(x, O) a.e. on Y;, and the
local W12 convergence of f; to g, it is immediate to check that [Vg| = 2d(-, O) a.e.
onY. ]

The next result relates the Heat flow on product spaces with one-dimensional
derivatives.
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Lemma 4.10. Ler (X, d, m) be an RCD(K, 00) space, and let X x R be endowed
with the standard product metric measure space structure. Let ¢ € W12(X x R).
Then, for every s > 0, it holds

PS 3t§0(x’f) = al(PS (p)(xvt)
formy @ £'-ae (x,t) € X xR.

Proof. The statement follows from the tensorization of the Cheeger energy and of the
heat flow for products of RCD(K, co) metric measure spaces; see, for instance, [6,7],
and from the classical commutation between derivative and heat semi-group on R
endowed with the standard metric measure structure. |

It is a well-known fact of the Euclidean theory (see, for instance, [45]) that the
perimeter enjoys natural tensorization properties, when taking an isometric product by
an R factor. The next lemma establishes the RCD counterpart of this useful property.

Lemma 4.11 (Perimeter of cylinders). Let (X, dy, my) be an RCD(K, N) space,
and let F C X be a Borel set. Under these assumptions,

E=FxRcCXxR

is a set of locally finite perimeter (where the product X X R is endowed with the
standard product metric measure structure), if and only if F C X is a set of locally
finite perimeter. Moreover, for any open set A C X and for any R > 0, it holds

RPer(F; A) = Per(E; A x [0, R]). (4.23)

Proof. By the very definition of perimeter, it holds

Per(E, A x [0, R]) = inf {hmmf/ /hp(p,(l x) dmy dl}

()i | i—o00

where the infimum is taken over all sequences (¢;); C LIPjo.(A x [0, R]) such that
(A x [0, R]). We are going to prove (4.23), and the first part of the
statement will follow immediately.

(p,—>)(EmL

loc

Step 1. Let us start by showing the inequality
RPer(F;A) > Per(E; A x [0, R]).

Let (¥i)i C LIP,c(A) be a competitor for the perimeter of F in A4;i.e., ¥; — yF in
(A, my) and all the functions y; are locally Lipschitz. Define

loc

Pt x) =¥ (x)
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for 0 <t < R and x € A. Then, by Fubini’s theorem, {¢;}; is a competitor for the
perimeter of £ in A x [0, R]. Therefore,

Per(F; A) = inf {hm 1nf/ lip ¥; (x) dmx}
W) | i—o0

= — inf {hmlnf/ /hp(p(t)(x) dmy dt}

R i) | i—oo

%

1 1
— inf liminf/ / lipg; (¢, x)dmy dt ; = — Per(E; A x [0, R]),
R @il imoo Jo Ja R

where the inequality follows from the fact that, on the right-hand side, we are taking
the infimum over a larger class.

Step 2. 'We prove the opposite inequality in (4.23).
Let us fix ¢ > 0. There exists a sequence (¢;); C LIPj,.(A x [0, R]) with ¢; — yg
in L1 (A x [0, R]) such that

loc

R
lim inf/ / lipg; (¢, x)dxdt <Per(E; Ax [0, R]) + &.
1—>00 0 A
It is straightforward to check that lip g, )(x) <lipg; (¢, x) forevery (t,x) e R x X.
Moreover, the sequence ((pi ), is a competitor for the variational definition of
the perimeter of F in A for £!-almost every ¢, by the coarea formula. Therefore, by
Fatou’s lemma,

R
RPer(F; A) 5/ li,minf/ lipq)i(t)(x) duy dt
0

< liminf/ / lip <p(t)(x) dmy dr

1—>00

< liminf/ / lip ; (¢, x) dmy dt < Per(E; A x [0, R]) + &.
0o J4

i—00

Since ¢ > (0 was arbitrary, we conclude. |
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