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Rigidity of totally geodesic hypersurfaces in negative curvature

Ben Lowe

Abstract. Let M be a closed hyperbolic manifold containing a totally geodesic hypersurface S,
and let N be a closed Riemannian manifold homotopy equivalent to M with sectional curvature
bounded above by —1. We study the following question: if 771 (S) can be represented by a totally
geodesic hyperbolic hypersurface in N, then must N be isometric to M ? We show that many
such § are rigid in the sense that the answer to this question is positive. On the other hand, we
construct examples of .S for which the answer is negative.

1. Introduction

A lattice T" in a nonpositively curved symmetric space X is a discrete subgroup of
the isometry group of X with the property that the quotient I"\ X has finite volume.
The rank of a nonpositively curved symmetric space is the maximum dimension of
a totally geodesic submanifold isometric to flat R that it contains. In groundbreak-
ing work, Margulis showed that every lattice in a higher rank (rank greater than one)
symmetric space is arithmetic [26]. This means that it can be constructed by a pro-
cedure analogous to taking the integer points of a group of matrices. Later, Corlette
proved an arithmeticity theorem for lattices in quaternionic and octonionic hyperbolic
spaces [11]. There are, however, examples of non-arithmetic lattices in rank one nega-
tively curved symmetric spaces [19], and it was not until quite recently that an analog
of Margulis’s arithmeticity theorem was found in the setting of real and complex
hyperbolic manifolds.

A closed, immersed, totally geodesic submanifold of a Riemannian manifold is
called maximal if it is not contained in another closed, immersed, totally geodesic
submanifold. It has recently been shown that the presence of infinitely many maximal
totally geodesic submanifolds of dimension at least two in the quotient actually forces
a real or complex hyperbolic lattice to be arithmetic.

This was proved by Margulis—-Mohamaddi [32] for lattices in three-dimensional real
hyperbolic space, Bader—Fisher—Miller—Stover [2, 3] for lattices in real and complex
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hyperbolic spaces of any dimension, and Baldi-Ulmmo [4] in the complex hyperbolic
case, assuming that the totally geodesic submanifolds are subvarieties (see [5, 20, 29]
for results in infinite covolume and [38] for a result in moduli space). This answered
a question asked independently by McMullen, Reid for the hyperbolic 3-manifolds
(see [12, Question 7.6], [30, Question 8.2].)

The attempt to find analogs outside the world of locally symmetric spaces for these
kinds of rigidity statements has proven to be a fruitful line of inquiry [16,17,37]. With
this in mind, we state the following question that was asked by David Fisher'.

Question 1.1. Must a closed, negatively curved Riemannian manifold N that con-
tains infinitely many maximal totally geodesic hypersurfaces be real hyperbolic (and
thus arithmetic)?

One goal of this paper is to give an affirmative answer to this question under
additional assumptions on the topology and curvature of N and the totally geodesic
hypersurfaces that it contains (see Theorem 1.2). Although the setting in which we
work is more restricted, it has the merit that our main theorems can also be viewed as
rigidity statements for minimal hypersurfaces. This was in fact the original motivation
for the paper, and it is explained more fully in Section 3.

We say that a hypersurface ¥ in a Riemannian manifold N is well distributed in
N if every point in the universal cover N of N is contained in an embedded solid
hypercube, all of whose hyperfaces lie in lifts of X to N. The following is our first
main theorem.

Theorem 1.1. Let N be a Riemannian manifold with sectional curvature at most
—1 that contains a totally geodesic hyperbolic hypersurface %. Then, if ¥ is well
distributed in N, N must be hyperbolic.

Let M be a closed hyperbolic manifold that contains infinitely many totally geodesic
hypersurfaces X, (see [25,31], for examples). Then, using Theorem 1.1, we can prove
the following theorem.

Theorem 1.2. Fix a closed hyperbolic manifold M containing infinitely many totally
geodesic hypersurfaces. Then, there exists K € N (depending on M and an ordering
31, 2o, ... of the totally geodesic hypersurfaces in M) so that the following holds.
Fix 3y fork > K. Let N be a Riemannian manifold homotopy equivalent to M with
sectional curvature at most —1. Assume that there is a totally geodesic hyperbolic
hypersurface in N that represents w1(Xy) in w1 (N), where we have used the homo-
topy equivalence to identify w1 (M) and 71 (N). Then, N is isometric to M in its
hyperbolic metric.

'Personal communication.
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A subgroup H of 71(N) is said to be represented by a submanifold ¥ of N
if 771(X) injectively includes to a subgroup conjugate to H under the map on funda-
mental groups induced by inclusion. In Section 3, we explain how the corollary below
follows from Theorem 1.2.

Corollary 1.1. Fix M as in the previous theorem. Then, there exists K € N (depend-
ing on M and the ordering of the totally geodesic hypersurfaces 31, ¥, .. .) so that
the following holds. Fix X for k > K. Let N be a Riemannian manifold homotopy
equivalent to M with sectional curvature at most —1. Assume that 71 (X ) cannot be
represented by an immersed hypersurface with volume smaller than the volume of 3y,
in its hyperbolic metric. Then, N is isometric to M in its hyperbolic metric.

Although it is unclear how sharp Theorem 1.2 is certainly, some assumption on
the hypersurface ¥j in the model case is needed by the construction in Section 6.
To the author’s knowledge, Corollary 1.1 and the construction in Section 6 give the
first example of a rigidity phenomenon for minimal hypersurfaces that is sensitive
to how the minimal hypersurface is distributed in the ambient space. We comment
that Farrell-Jones proved that if N is a closed manifold homotopy equivalent to a
closed hyperbolic manifold M of dimension above four, then N and M must be
homeomorphic [14] but not necessarily diffeomorphic [15]. The sectional curvature
of such an N can, moreover, be taken to be pinched between —1 — ¢ and —1 for any
& > 0. On the other hand, all closed negatively curved 3-manifolds have hyperbolic
metrics by geometrization.

The results of this paper are evidence for the following conjecture.

Conjecture 1.1. Forevery D > 0 (resp., V > 0) and k € N, there exists A = A(D, k)
(resp., A = A(V, k)) so that the following holds. Let N be a closed Riemannian man-
ifold of dimension k, sectional curvature bounded above by —1, and diameter at most
D (resp., volume at most V.) Then, if N contains a totally geodesic hyperbolic hyper-
surface with volume greater than 4, N must be isometric to a hyperbolic manifold.

One could formulate a similar conjecture for totally geodesic submanifolds % of
higher codimension. In this case, one would need to modify the statement by requiring
that X is not contained in some higher-dimensional totally geodesic submanifold with
small volume, and one would need to allow for the possibility that the universal cover
of N is some other negatively curved symmetric space. It might also be interesting to
drop the compactness assumption on N.

1.1. Related work

In contrast to the examples described in Section 6, there is a general rigidity state-
ment for totally geodesic surfaces in the setting of positive curvature lower bounds in
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three dimensions, due to Mazet-Rosenberg [28]. Their work was inspired by a sim-
ilar statement for geodesics in Riemannian 2-spheres, due to Calabi (see [1]). Mazet
recently proved a version for totally geodesic spheres in higher codimension [27]. We
also mention that Espinar—Rosenberg obtained rigidity statements for totally umbilic
surfaces in negatively curved 3-manifolds [13].

There are many examples of closed hyperbolic manifolds that contain closed
totally geodesic hypersurfaces (see [25] for the three-dimensional case, and [31],
for examples, coming from so-called arithmetic hyperbolic manifolds of simplest
type.) An arithmetic hyperbolic manifold that contains one totally geodesic hyper-
surface must contain infinitely many maximal totally geodesic hypersurfaces [24,
34]. Every even-dimensional closed arithmetic hyperbolic manifold contains infinitely
many maximal totally geodesic hypersurfaces. In the other direction and as men-
tioned above, Bader—Fisher—Miller—Stover [2] and Margulis—Mohamaddi (the latter
in dimension 3) [32] proved that a finite volume hyperbolic manifold with infinitely
many maximal totally geodesic hypersurfaces must be arithmetic. There are examples
of closed hyperbolic 3-manifolds that contain no totally geodesic surfaces [25]. It is
an open problem whether there are closed hyperbolic manifolds in dimension above
three that contain no totally geodesic hypersurfaces.

Let M be a closed hyperbolizable 3-manifold. Calegari-Marques—Neves intro-
duced an entropy functional on metrics g defined by asymptotic counts of minimal
surfaces in (M, g), and proved it to be uniquely minimized at the hyperbolic metric
over all metrics with sectional curvature at most —1 [9]. The way we move informa-
tion obtained via homogenous dynamics from constant curvature to variable curvature
in the proof of Theorem 1.2 is inspired by their ideas.

Results that assume a negative sectional curvature upper bound often have analogs
that instead assume a negative Ricci or scalar curvature lower bound. For example,
in joint work with Neves [23], we establish the weaker analog of Corollary 1.1 and
inequality (3.1) below. Let (M, gnyp) be a closed hyperbolic 3-manifold containing a
sequence of closed totally geodesic surfaces X, with areas tending to infinity. Then,
for any metric g on M with scalar curvature at least —6, the liminf of the ratio between
the minimal area of a surface in (M, g) homotopic to X, and

Areag, (3,) = =27 x(Zn) (1.1

must be at least 1, and rigidity in the case of equality holds in that if it is equal to
1 then g is isometric to gpyp. It is an interesting problem to determine whether this
result could be strengthened to results similar to those of this paper.

1.2. Outline

This paper has four main parts. The reader is encouraged to assume that M and N are
three dimensional on first reading.
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In the first part, we cover some preliminaries (Section 2) and explain how Corol-
lary 1.1 follows from Theorem 1.2 (Section 3).

In the second part, we prove Theorem 1.1. Let N be a negatively curved mani-
fold containing a totally geodesic hyperbolic hypersurface X that satisfies the well-
distribution condition. Every point in the universal cover of N is then contained in
some solid embedded hypercube (] whose hyperfaces lie in lifts S of T to the univer-
sal cover. The crucial point for our argument is that there is an isometric embedding
of the boundary of [J in H”. After constructing ®, we define a new metric on H” by
gluing the unbounded connected component of H” — ®(d0J) to [J. Using the Rauch
comparison theorem, we are able to argue that this metric must have been isometric to
H". We thus conclude that the metric on the interior of [ has constant curvature —1.
Since the point we chose was arbitrary, this shows that N has constant curvature —1.

In the third part, we find examples of totally geodesic hypersurfaces % in closed
hyperbolic manifolds M that satisfy a slightly stronger version of the well-distribution
condition. Here, we rely on the work by Mozes—Shah that implies uniform distribu-
tion statements for totally geodesic hypersurfaces in closed hyperbolic manifolds. The
strong well-distribution condition will imply that for any Riemannian manifold N
homotopy equivalent to M with sectional curvature at most —1, any totally geodesic
hypersurface in N corresponding to ¥ will satisfy the well-distribution condition.
This allows us to apply Theorem 1.1 to prove Theorem 1.2.

In the fourth part, we construct examples of closed Riemannian manifolds M with
sectional curvature at most —1 that contain totally geodesic hyperbolic hypersurfaces
without themselves being hyperbolic.

2. Background

In this section, we collect some facts that we will need in the paper.

2.1. Comparison geometry

Informally speaking, the Rauch comparison theorem states that if one Riemannian
manifold is more negatively curved than the other, then its Jacobi fields will grow
faster than those of the other. We will need the following corollary of that theorem
(see [10, Corollary 1.35 and Remark 1.37]).

Corollary 2.1 (Corollary of Rauch comparison theorem). Let (M, g) be a Rieman-
nian manifold of dimension n and let m € M. Assume the sectional curvature K, of
(M, g) satisfies Kg < —1. Choose a point mg € H", and let I : TM,, — THp, bea
linear isometry between the tangent spaces. Let ¢ : [0, 1] — M be a geodesic segment
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in (M, g) so that exp,, is a nonsingular embedding on s - exp,,! (c(t)) for0 < s < 1
and 0 <t < 1. Then, we have

Llc] > Llexp,,, ol o exp,,! (¢)]. 2.1)

In other words, the distance between c(0) and c(1) in M is at least the distance
between exp,,, ol o exp;,' (c(0)) and €Xpyy, o1 © exp,,  (c(1)) in H". Moreover, in
the case of equality, the image of the map

(s, 1) > exp,,(s -exp;ll(c(t))), 0<s<1,0<t<1,

is a solid totally geodesic triangle, and every 2-plane tangent to the image has con-
stant sectional curvature —1.

2.2. Negatively curved manifolds

Let M be a closed hyperbolic n-manifold. Then, M is the quotient of H” by a discrete
group isomorphic to i1 (M) acting properly discontinuously and by isometries. If N
is closed negatively curved Riemannian manifold, then M is homotopy equivalent to
N if and only if r1 (M) is isomorphic to 771 (/). Assume that this is the case, and fix
a homotopy equivalence F' : M — N. We can lift F to a map F : M — N thatis
equivariant for the actions of 71 (M) and 71 (N ) by deck transformations.

A map Q : (X,dx) — (Y, dy) between two metric spaces (X, dx) and (¥, dy) is
a quasi-isometry if there exist constants Cy, C, such that for all x; and x5 in X,

Cildx(xl,xz) — () < dY(Q()C]), Q()Cz)) < C]dX()Cl,Xz) + C,.

The map F defines a quasi-isometry between M and N.

The boundary at infinity deo(X) of a simply connected negatively curved mani-
fold X is the set of geodesic rays in X up to the equivalence relation of remaining
at uniformly bounded distance for all time when parametrized by arc-length. For any
x € X, the exponential map defines a bijection between the unit sphere in the tangent
space to X and d(X). The sphere at infinity deo(X) is topologized so that this map
is a homeomorphism for all x. Every geodesic in X is uniquely determined by its two
endpoints in deo(X), and conversely any two distinct points in deo(X) determine a
geodesic.

The fundamental groups 1 (M) and 71 (N) act by homeomorphlsms on Jeo (M )
and Joo (N ). Because M and N are closed, the map F induces a homeomorphlsm

Fy: 800M — BOON between the boundaries at infinity of M and N , that is equivari-
ant for the actions of 1 (M) and 71 (N).
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Suppose that ¥ and ¥ are closed totally geodesic hyperbolic hypersurfaces of
M and N so that F,m1(X) is conjugate to 771 (X ) in 771 (N). Let X be a lift of ¥ to
M, and suppose that the intersection

n—k _
G = ﬂ ViE

i=1

is transverse and nonempty for some y1, ..., Yn—r €71(M). Then G is a k-dimensional
totally geodesic subspace in M = H". The embedded n — 2-sphere F’oo(aoo(y,- f])) in
doo (V) bounds a unique totally geodesic hyperplane that lifts X 5, which by an abuse
of notation we call y; . It will be important for us that

n—k

ﬂ yiZN

i=1
is a totally geodesic k-plane with boundary at infinity Foo (300 G). This implies, for
example, that if [J is an embedded hypercube in M whose hyperfaces are totally
geodesic and extend to totally geodesic hyperplanes containing lifts yf] of T to M,
then the region [y bounded by the corresponding lifts of X in N will also be a
hypercube.

Since this last fact—that the lifts of Ty to N corresponding to [ bound a hyper-

cube [0y—is important in the paper, we give a detailed justification. It is a direct
consequence of the following lemma.

Lemma 2.1. Suppose that X is a simply connected negatively curved manifold, and
that there is a quasi-isometric diffeomorphism Q : H" — X. Suppose that the totally
geodesic hyperplanes Hy, ..., Hapys bound a compact region O in H" homeo-
morphic to a solid hypercube, and that each image Q(H;) of one of the H; is at a
uniformly bounded distance from a totally geodesic hyperplane H] in X. Then, there
is a connected component of the complement of the union of the H] whose closure is
homeomorphic to a solid hypercube.

Proof. We argue by induction on the dimension n of X. In the case that » = 2 and
the ¥; are geodesics, the statement is clear. Assume that it holds in all dimensions
less than or equal to n — 1. Then, note that, for each fixed H;, Q|g, composed with
the nearest distance projection to H; defines a quasi-isometry between H;, which is
an isometric copy of H”~!, and H]. The nearest-distance projection to H; is well-
defined because X is negatively curved and H| is totally geodesic. Note also that the
H; N H; are totally geodesic hypersurfaces in H; that bound a solid hypercube in
H;, and they map under Q composed with the nearest distance projection to H/ to
hypersurfaces of H/ at uniformly bounded distance from the H/ N H ]’ . Therefore, the
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hypotheses of the theorem are met with X = H/, and so, by the induction hypoth-
esis the union of the intersections of the /| with a fixed H; bound a region in H/
homeomorphic to a solid hypercube [J; in H.

By applying the inductive hypothesis to a fixed k-dimensional intersection H;, N
---MN Hj;,_, in a similar way, we can conclude that the compact region in Hl.’l n---N
Hi/n—k bounded by intersections with the H J’ is homeomorphic to a solid hypercube
in Hl.’1 N---N Hi’n_k.

This shows that the cube complex [1? obtained by taking the union of the J; is
specified by the same combinatorial data as the boundary of the standard n-dimen-
sional hypercube, and therefore must be homeomorphic to the boundary of the stan-
dard n-dimensional hypercube.

By Alexander duality, the complement of (07 in X (or equivalently the one-point
compactification of X) has two connected components. Call the connected component
with compact closure K. Then, K is convex as the intersection of convex regions in X
(namely, connected components of complements of totally geodesic hypersurfaces).
The fact that K is star-shaped with respect to any point in its interior and that 0K = [1°
is homeomorphic to the boundary of a solid hypercube implies that the closure of K
is homeomorphic to a solid hypercube. ]

2.3. Homogenous dynamics

We state the result from homogenous dynamics that we will need. Let X be a se-
quence of distinct totally geodesic hypersurfaces in a closed hyperbolic 7-manifold M .
Denote by f)k their lifts to the Grassmann bundle Gr,—; (M) of unoriented tangent
n — 1 planes to M. The flk define probability measures p; on Gr,—1 (M) by

1 ~

mh) = s 145

for f a continuous function on Gr,—;(M), and where d S is the volume form for
the hyperbolic metric on X. The hyperbolic metric induces a metric on Gr,—; (M)
on which we denote the volume measure, normalized to have unit volume, by ftpp. It
follows from Ratner’s measure classification theorem that any weak-x* limit of the ux
is equal to a convex combination of measures supported on totally geodesic submani-
folds and pcp. That we can rule out ergodic components that are supported on totally
geodesic submanifolds is a consequence of work by Mozes—Shah [33, Theorem 1.1].

Theorem 2.1. The . weak-* converge to iy ep.

In fact, we will only require a weaker statement. We say that a surface ¥ is e-dense
if every tangent plane in Gr,—; (M) is at a distance of at most ¢ from some tangent
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plane to X, where the distance is measured in the natural metric on Gry,—;(M). The
corollary below follows from Theorem 2.1.

Corollary 2.2. For every ¢ > 0, there is K so that Xy, is e-dense if k > K.

3. Area-minimizing hypersurfaces

In this section, we explain how Corollary 1.1 follows from Theorem 1.2 and provide
some context.

There is a sharp upper bound for the area of a minimal surface in a Riemannian
3-manifold with a negative upper bound on its sectional curvature. Namely, if (M, g)
is a Riemannian 3-manifold containing a minimal surface X, and if the sectional cur-
vature K, through every tangent 2-plane satisfies Ky < —1, then

Areag (X) <2x|x(2)]. 3.1

It is simple to check this inequality using the Gauss equation and the Gauss—Bonnet
formula, but the question of what happens in the case of equality is more interesting.
Equality in (3.1) implies that X is totally geodesic and hyperbolic (constant curva-
ture —1) in its induced metric. The straightforward way for this to happen is if g itself
is hyperbolic, but is this the only way?

Lima [21] showed that the answer to this question is negative by constructing
non-hyperbolic examples of metrics on ¥ x R with sectional curvature at most —1
for which equality in (3.1) is attained [21]. In Section 6, we construct closed non-
hyperbolic Riemannian 3-manifolds with sectional curvature at most —1 that contain
totally geodesic hyperbolic surfaces. These give examples of metrics for which rigid-
ity in the case of equality in the area inequality (3.1) fails, even in the case when the
ambient manifold is closed. One way of describing the goal of this paper is to give
conditions under which equality in (3.1) forces the ambient metric to be hyperbolic.

Our arguments will work in any dimension. For a closed hyperbolic n-manifold
% and a closed n + I-manifold N with sectional curvature less than or equal to —1
the following holds. Suppose we have a map F' : ¥ — N so that the induced map
m1(X) — m1(N) is injective. Assume also that there is a closed hyperbolic mani-
fold homotopy equivalent to N via a homotopy equivalence that sends F(X) to the
homotopy class of a totally geodesic hypersurface. Then, as we explain shortly, the
next theorem is a consequence of the work of Besson—Courtois—Gallot. Together with
Theorem 1.2, it directly implies Corollary 1.1.

Theorem 3.1. There exists a smooth map F homotopic to F so that the n-volume of
the image F(X) of T in N is less than or equal to the volume of X in its hyperbolic
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metric. The map F has the property that in the case that the volume of F(X) is equal
to the volume of X in its hyperbolic metric. Then, the following statements hold.

(1) The image F(X) of = under F is a totally geodesic hypersurface in N with
induced metric the hyperbolic metric on X.

(2) The volume of any immersed hypersurface in N homotopic to and distinct
from F () up to reparametrization is greater than that of F (X).

Remark 3.1. If N is three dimensional, the previous theorem is essentially a conse-
quence of the fact that ¥ is homotopic to a least area minimal immersion [35] and
inequality (3.1).

We explain how Theorem 3.1 follows from the work of Besson—Courtois—Gallot.
That F is homotopic to a smooth map with Jacobian pointwise smaller than 1 is a
direct consequence of [6, Theorem 1.10], taking the manifold X in the statement of
that theorem to be the universal cover N of N, and the representation to correspond
to the action of 71 (X) C 71 (N) on N by deck transformations. That the action of
m1(X) is convex cocompact follows from the fact that N is homotopy equivalent
to a closed hyperbolic manifold via a homotopy equivalence that sends F(X) to a
totally geodesic hypersurface. Lifting the homotopy equivalence to a quasi-isometry
h i H" — N between universal covers, [8, Proposition 2.5.4] implies that there is a
convex set in N, contained for some R in the R-neighborhood of the image under h
of a totally geodesic hyperplane in H” preserved by 71(X) C 71 (M). This convex
set is then contained in the orbit of a compact set under the action of 71 (X) C 71 (N).
Therefore, 1 (X) C m1(N) acts cocompactly on the convex hull of its limit set, and
is convex cocompact.

For the equality case, if no immersion homotopic to F has smaller volume than the
volume of X in its hyperbolic metric, then the volume of F(X) is equal to the volume
of ¥ in the hyperbolic metric, and the Jacobian of F (X) must be everywhere equal
to 1. In that case [6, Theorem 1.2] implies that the differential of F is at every point
an isometry onto its image. The image F(X) is therefore isometric to the hyperbolic
metric on X in its induced metric.

Since F(X) achieves the minimal volume over all hypersurfaces homotopic to
it, we know that F(X) is a minimal hypersurface. Thus, at every point the principal
curvatures A1, ..., A, sum to zero. If any were nonzero, then we could find A; > 0 and
A; < 0. The tangent plane to F (%) spanned by the corresponding principal directions
would then have sectional curvature strictly less than one by the Gauss equation and
the fact that the sectional curvature of N is less than or equal to —1, which contradicts
the fact that F(X) is hyperbolic in its induced metric. Therefore, F(X) is totally
geodesic. If there were some other immersed hypersurface in the homotopy class of
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F (X) with the same volume, then one could argue as in [7, Proof of Theorem 1.2] to
show that it is equal to F(X).

4. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1. Again, we recommend that the
reader assume N is three dimensional on a first reading.

Assume that X is a closed totally geodesic hypersurface in N that satisfies the
well-distribution condition. This means that every point p € N is contained in an
embedded solid hypercube [J whose hyperfaces are contained in lifts of X to N.We
claim that there is an isometric embedding ® of the boundary 000 of [J in H".

4.1. Warm-up: Construction of an isometric embedding for tetrahedra

To illustrate some of the ideas, we first give a proof of a similar statement with the
boundary of the hypercube dJ replaced by the boundary A of a solid embedded
tetrahedron A C N whose faces are contained in lifts of . We assume also that N is
three dimensional. We originally tried to work with tetrahedra rather than hypercubes,
but it does not seem possible to follow the approach of Section 5 using tetrahedra.

We claim that A isometrically embeds in H3. Label the vertices of A as 4, B, C,
and D. Note that the faces of A meet at constant angles, since the faces are totally
geodesic, i.e., for any edge of A, the angle that the two faces meeting at that edge
make at any point on the edge is the same. Then, since the face ABC is contained in
a totally geodesic plane isometric to H?, we can map ABC isometrically into some
copy of H? contained in H?. Call this map ®.

Note also that the choice of ® together with a choice of orientation for H? and for
the triangle A BC uniquely determines linear isometries between the tangent spaces
to A, B, and C and, respectively, ®(A4), ®(B), and ®(C)—fix such a linear isometry

d®y : T4(M) — Tocay(H?),

and similarly for B and C. We can then extend & to the line segment A D by sending
it to the geodesic ray beginning at ®(A) with tangent vector at ®(A4) equal to the
image under d &4 of the tangent vector to AD at A, and similarly for B and C.

By the fact that the faces of A meet along constant angles, we know that ®(AD)
and ®(BD) intersect, and that triangle ®(ABD) is isometric to triangle ABD, and
similarly for triangles ACD and BCD. We can thus extend & to an isometry on all
of A as desired.
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4.2. Construction of an isometric embedding for hypercubes

In the hypercube case, it is possible by a similar but more complicated argument to
define an isometric embedding ® of 0] in H” “by hand”. Instead, we give a short
proof that this is possible using an analytic-continuation-type argument.

Note that every point p on a hyperface of [ has a neighborhood in d[J that iso-
metrically embeds in H”. If p is contained in the interior of a hyperface then this is
immediate. Otherwise, we can first define an isometric embedding @’ on the inter-
section of a neighborhood of p with a hyperface H containing p. Then, the fact
that hyperfaces of [1 meet along constant angles, since they are contained in totally
geodesic hypersurfaces, allows us to extend @’ to a neighborhood of p in 9.

To see that any two hyperfaces of O meet along a constant angle, suppose that
two incident hyperfaces of [J are contained in totally geodesic hypersurfaces S; and
S». Take two points p and g on S; N 2, and join them by a geodesic y parametrized
by arc-length. Let 11 (0) and 7,2(0) be normal vectors to S; N S, inside, respectively,
S1 and S5. Parallel transport 71 (0) and 1,(0) in S; and S, along y to obtain normal
vector fields 71 (¢) and 7,(¢) defined along y(¢). Then, if we denote the Levi-Civita
connection on §; by V¢ and in the ambient space by V¢, we have

d
77 Mm@ m20)g = (Vem(@). n2(0))g + (11(0). Vena(0))g-

Since S and S, are totally geodesic, this is equal to

<vg51 n1(t), n2(1))g + (m (@), Vgsz n2(1))g-

Both terms in the previous sum vanish because 7; (¢) is the parallel transport of 1; (0)
in along y in S;. Therefore, the inner product of 11 (¢) and 7, (¢) is constant in ¢, and
S1 and S5 meet at the same angle at p and gq.

To define @, we fix a point p in d0J, and define ® on a neighborhood of p in dJ
to be some isometric embedding of that neighborhood in H". Then, for any p’ € 00
and any path y in 000 joining p to p’, we can use the fact that each point has a
neighborhood in 0[] that isometrically embeds in H” to extend ® along the path y
and define ®(p’). Since 901 is simply connected, ®(p’) is well defined independent
of the choice of y. Therefore, the map @ is a well-defined local isometry onto its
image from 000 into H”. Note that ® is an isometry restricted to each hyperface of
00 and that the images of opposite hyperfaces under ® are disjoint. Therefore, @ is
an isometric embedding onto its image. We comment that this argument would fail in
the case that the dimension 7 of the ambient space were equal to 2, since dLJ would
not be simply connected.
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Vi
Vin—1

Vk

Vi Vk+1

Figure 1. The polygon P in the totally geodesic plane S.

4.3. Definition of the new Riemannian manifold H and rigidity via comparison
geometry

We define a new Riemannian manifold H as follows. First, we take the closure of the
non-compact connected component of the complement of ®([J) in H” equipped with
the hyperbolic metric. We then “fill in” the boundary () by gluing in the region R
bounded by I in N to obtain H. Since ® is an isometry, this defines a Riemannian
manifold which we denote by H. Note that a priori the metric tensor of H is only
continuous.

We claim that H must be isometric to H". Our proof is similar to some of the
arguments in [36] (see also the recent paper [18] and references therein).

Every totally geodesic two-dimensional plane S in H” that intersects () trans-
versely corresponds to a totally geodesic surface with boundary S’ in H, whose
polygonal boundary is contained in ®((J). The surface S’ is isometric to S with the
compact region bounded by some m-sided polygon P’ removed. Note that P’ is iso-
metric to a polygon P in § = HZ, and label the vertices of P (resp., P)asvy,...,vg
(resp., vy, ..., vy.)

First, consider the case that P is a triangle. Note that P has the same angles and
side-lengths as a geodesic triangle in H2. Then, since R is geodesically convex and
has curvature bounded above by —1, the equality case of Corollary 2.1 implies that P
bounds a totally geodesic hyperbolic solid triangle in R, and S’, thus, extends to an
embedded hyperbolic plane in H. See Figure 1.

To prove the general case, we will show that for any 7, j with 1 <i, j < { and
£— i — j|orl|i — j|less than k, the length of vlfv} is greater than or equal to that of
v; v;. Take this as the inductive hypothesis, assume that it holds for k, and choose i
and j with |i — j| = k — 1. Relabeling if necessary we can assume i = 1 and j = k.
m—1Vy Uy 18
less than or equal to < V1 Uk V. To see this, by the inductive hypothesis v;, v}

First, we claim that for any m such that 1 < m < k, the angle < v
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and vy, v, have length greater than or equal to, respectively, vp,—1 v and vy, vk, and
the length of v),_,v;, is the same as that of v,;,—1v,,. The claim then follows from
Corollary 2.1.

Second, we claim angle > viv, v, | is greater than or equal to angle > v1 Vg Vg 1.
Note that the sum of > vjv; vy . | and

k—1

/ /AN
> >, v, 4.1
p=2

is equal to > v;_ v, v, which is equal to > vg_1 Vg Ug+1. Therefore, since (4.1)
is smaller than or equal to the same sum with the v;] replaced by v;, this implies that
> V]V, v, is greater than or equal to > v1 Vg Vg 4. Using Corollary 2.1, we can then
conclude that the length of vv} 41 1s greater than or equal to the length of vivg4.
In the case of equality, we could then use the equality case of Corollary 2.1 to con-
clude that v} vy has length equal to v1vg and v{vy | has length equal to v1vg41, and
that Avjvy v, can be filled in by a totally geodesic hyperbolic triangle. Continu-
ing in this way we see that we must have had equality at every previous stage of the
induction, and we, finally, get that the length of v} v} equals the length of v;v3, and
so, Avjvj v} can be filled in by a hyperbolic triangle. Removing Av}v,v} we obtain
a new polygon with one fewer side on which we can repeat the same argument. If
we never have equality, then we can conclude the finite induction to get that vjvy
has length strictly greater than vjvg, which is a contradiction since the two have the
same length. We have, thus, shown that S’ extends to an embedded totally geodesic

hyperbolic plane.

4.4. Conclusion: All tangent planes in H are tangent to totally geodesic
hyperbolic planes

We explain why the previous subsection implies that H has constant curvature —1.
Take a large metric sphere B in H” that contains ®([J), and let € be the set of round
(but not necessarily great) circles contained in the metric sphere dB. There is a natural
disk bundle & over € whose fiber over C € € is equal to the totally geodesic disk in
B bounded by C. We define a map f from D to the Grassmann bundle Gr,(Rp) of
unoriented tangent 2-planes to the closure of R as follows. Here, Gr; (R_D) is defined
by viewing R as a subset of N and pulling back Gr,(N) to R.

Suppose d € D corresponds to a circle C € € that bounds a totally geodesic
disk D containing d. In other words, d belongs to the fiber of C in the disk bundle
introduced in the previous paragraph. We take the unique totally geodesic tangent
plane S that intersects dB in D, which by what we have shown above corresponds
to a totally geodesic plane S’ in H. This S’ contains an isometric copy D’ of the
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hyperbolic disk S N B. We define f(d) to be the tangent plane IT’ to the point d’ on
D’ corresponding to d if it is contained in R0, or else the parallel transport of 1’
along the geodesic joining d’ to its nearest point projection to d R.

Note that f is continuous, and f is injective near every point that maps into the
interior of R. Since D and the interior of Gry (R_D) both have dimension 3n — 4,
the invariance of domain theorem implies that f is a local homeomorphism onto its
image near any such point d. Since the image of f is both open and closed, the fact
that Gr, (R) is connected implies that f is surjective. It follows that R has constant
curvature —1, which implies that H is isometric to H".

5. Proof of Theorem 1.2

Let M be a closed hyperbolic manifold, and let N be a Riemannian manifold homo-
topy equivalent to N with sectional curvature at most —1. Fix a homotopy equivalence
F : M — N.Let X be atotally geodesic hypersurface in M, and assume that N con-
tains a totally geodesic hypersurface Xy whose fundamental group includes to 71 (X)
up to conjugacy, where we have used F to identify 71 (M) and 71 (N). To show
that X satisfies the well-distribution property, we will actually need X to satisfy a
stronger condition, which we introduce now.

5.1. Strong well-distribution in M

Definition 5.1. We say that X satisfies the strong well-distribution property if the
following holds. Let 8y be the set of solid embedded hypercubes in H” = M each of
whose boundary hyperfaces is contained in a lift of X to the universal cover H". Then,
for each geodesic y in the universal cover M = H”" of M, we can find hypercubes
O; € Bz, i € Z, so that the following holds. This sequence of hypercubes is then said
to enclose y. See Figure 2.

(1) Exactly two hyperfaces H; op and H; porom Of [J; intersect y.

(2) The totally geodesic hyperplanes that contain the hyperfaces of [J;, excluding
H; op and H; poitom, do not intersect y.

(3) O;—; and OJ; satisfy the interlocking property: the totally geodesic hyperplane
that contains H;_1 . is contained in the region between those of H; ., and
Hi,bottom'

(4) Each point on y is contained in some [J;.

Now, let ¥ be an infinite sequence of distinct closed totally geodesic hypersur-
faces in M. We claim that for k large enough, X satisfies the strong well-distribution
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01

i —q

Figure 2. Hypercubes enclosing y.

property. By Corollary 2.2, we know that for every ¢ > 0 the ¥ are e-dense in
Gr,—1 (M) for k large enough.

For ¢ > 0 sufficiently small, we define the following hypercube Uyode1(€) with
totally geodesic faces in H”". Take some point P in H”, and let Ey, ..., E, be an
orthonormal basis for the tangent space at that point. For each i, let H i+ and H; be the
totally geodesic hyperplanes orthogonal to the geodesic through P in the direction of
E;, and at signed distance of, respectively, ¢ and —e from P. Let U; be the connected
component of the complement of H i+ U H;” in H" containing P. We define [ljode1 (¢)
to be the closure of the intersection (7_,; U;, where we have taken ¢ small enough
that this intersection is a solid embedded hypercube.

We say that two hypercubes [0 and [0’ with totally geodesic hyperbolic faces are
8-close if there is a labeling of the vertices V7, . .., V; of O and the vertices V7, ..., V(’
of O’ such that

(1) forall i, j such that V; and V; are adjacent the length of V;V; and the length
of V/ V; differ by less than 8,

(2) foralli, j, p such that V; and V), are adjacent to V; the angle > V; V; V,, differs
from the angle > V/'V/V, by less than 4.

Denote by ii’%k the set of hypercubes [ in By, that are §-close to Dyogei (€), for
some small § be specified later. The reason for defining i?%k is that having lots of
elements of By, of controlled shape will be useful for enclosing y.

Fix ¢ > 0 small enough that (441 (¢) is defined. For every geodesic y in the uni-
versal cover, we claim that we can find a collection of solid hypercubes I contained
in B%k that enclose y, provided that k was chosen sufficiently large and § was chosen
sufficiently small at the start. Let B%k () be the set of hypercubes [ in the universal
cover so that the following holds:

(1) O is the lift of some element of B%k to the universal cover,
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(2) y intersects the boundary of [J in exactly two points p; and p, on opposite
hyperfaces Hio, and Hyoom of O,

(3) p1 and p are at a distance of less than § from the centers of Hi,, and Hyotom,
respectively. Here, the centers of Hi,, and Hpoom are the endpoints of the
geodesic segment of shortest length beginning at Hygtom and ending at Hiqp,

(4) y makes an angle between 7/2 — § and /2 4+ § with H,,p and Hpoiom at,
respectively, p; and p;.

Here, § is chosen small enough that for every y and [J satisfying the above four
conditions, y will be disjoint from all of the totally geodesic hyperplanes that con-
tain hyperfaces of O different from H,, and Hpoom. We emphasize that all of the
requirements we impose on § and k will be independent of y. That they can be satis-
fied follows from the fact that given any 6’, any embedded copy of [l;0de1(€) in H” is
§’-close to some element of B %k (y), provided § was chosen small enough and k was
chosen large enough at the start.

If k was chosen large enough, then every point on y will be contained in some
element of ng (). Suppose that p € y is contained in some [, € ng (y), whose
boundary intersects y at p; and p,. Then, provided § was chosen small enough and
k was chosen large enough, we can find some [J,, € i)’%k (y) that contains p;, and
whose boundary intersects y at points p’ and p” so that

min(d(p’, p1).d(p", p1)) > /4.

In this case, again provided § was chosen small enough, [J,, and [, satisfy the
interlocking property, and in a similar way we can find a [1,, containing p, in its
interior so that [,, and [J,, satisfy the interlocking property. Continuing in this way,
we can find a collection of [J € B%k () that enclose y. This shows that X satisfies
the strong well-distribution property for large enough k.

5.2. Well-distribution in N

Suppose that 3 satisfies the strong well-distribution property. Then, we claim that
2y is well distributed in N . First, note that each hypercube [ bounded by lifts of X
to the universal cover corresponds to a hypercube [’ in N bounded by lifts of Xy .
This can be seen as follows. Suppose that [ is bounded by 2n + 2 totally geodesic
hyperplanes Hy, ..., Hy, 45 that are lifts of X.

Recall the discussion in Section 2.2. The map F defines a homeomorphism between
the boundary at infinity of H" and the boundary at infinity of the universal cover N
of N. Taking the images of the boundaries at infinity of the H; we obtain 2n + 2,
n — 2-disks in 9o N . These bound totally geodesic hyperplanes that project down to
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Y n. By Lemma 2.1, we obtain a hypercube (I’ in N whose sides are contained in
lifts of X .

We claim that ¥y satisfies the well-distribution property in N. Let yy be a
geodesic in the universal cover N. Let y be a geodesic in M = H" with the same
endpoints at infinity as yy, identifying the two boundaries at infinity as above. Since
Y satisfies the strong well-distribution property, we can find a sequence of hypercubes
O; : i € Z in H" whose hyperfaces are contained in lifts of ¥ and that enclose y. In
particular, the following properties hold.

(1) Exactly two hyperfaces H; iop and H; poyom Of J; intersect y.

(2) The totally geodesic hyperplane that contains H;_1 s, is contained in the
region between the totally geodesic hyperplanes containing H; iop, H; pottom-

(3) Each point on y is contained in some [J;.

The hyperplanes corresponding to the faces of [; excluding H; op and H; pottom
bound an infinite solid rectangular “pillar” that contains y.

The hypercubes [J; corresponding to the [J; satisfy the same three properties in
N, but with y replaced by yy. Item (1) follows from the fact that a totally geodesic
hyperplane H in N will intersect a given geodesic y exactly if the two endpoints of
y in dooN are in separate components of the complement of doo H in dooN. This
implies that whether y intersects H is determined by what happens in H” for the
corresponding geodesic and lift of . The second property follows in a similar way.

The first two properties imply that the subset of y of points contained in some [J]
is both open and closed, and so, must be all of y.

Therefore, since every point in N is contained in some geodesic, every point p of
N is contained in an embedded hypercube D’p as above. By Theorem 1.1, this implies
that N has constant curvature —1. Since N is homotopy equivalent to M, N must be
isometric to M by Mostow’s rigidity theorem.

6. Examples where rigidity fails

In this section we prove the following theorem. We expect that a similar construction
works in higher dimensions, but for simplicity we focus on the three-dimensional
case.

Theorem 6.1. There exists a closed hyperbolic 3-manifold (M, gny,) and a smooth
Riemannian metric g on M that is not isometric to gnyp such that the following hold:
(1) M contains a closed surface S that is totally geodesic in gy,
(2) S is a totally geodesic hyperbolic surface in the metric (M, g),

(3) the sectional curvature of g is less than or equal to —1.
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Our construction will be based on the following proposition.

Proposition 6.1. Let £ > 1 and let g¢ be a metric on S x R with constant curva-
ture — so that S x {0} is a totally geodesic surface in the metric g;. There exists a
smooth metric g on S x R satisfying the following conditions:

(1) g = g¢ outside of a compact set,

(2) g has sectional curvature Ko, < —1,

(3) S x {0} is totally geodesic in g with constant sectional curvature —1.

Lima [21] constructed non-hyperbolic examples as in the proposition, but with
point (1) excluded. The examples we give were explained to us by Laurent Mazet,
and we are grateful to him for allowing us to include them. Our verifications closely
follow [21, Section 3].

Proof. Let (S, gnyp) be a hyperbolic surface, and let f be a function defined by
1 1
S(@) =  cosh(en) + )((t)(l - Z>

for y(t) a smooth non-negative function satisfying, for ¢ > 0 and M, respectively,
sufficiently small and large to be specified later,

(1) y(¢t) =1neart =0, y(t) =0for |t| > M,
2 max([y' @) [x" @) <e.
We take £ > 1. Define g to be the warped product metric

)

g:= fz(t)gﬁyp + dt?.
Writing g as
1
8= coshz(ﬁt)gﬁyp +dr?,
only the second item in the statement of the proposition requires an argument. In

computing the curvature of g, we follow [21]. For a vector field V' on (S x R, g),
define the projection to S by

VS =V —g(V,08,)d;.

The curvature tensor R of g can be written in terms of the curvature tensor Rg of
(S7 ghyp) as
\2
R(X,Y,Z) = Rs(X5,Y5)Z5 - (7) (g(X. Z)Y — g(Y, 2)X)
+ (log £)"g(Z.0:)(g(Y.0,)X — g(X,0,)Y)
—(log 1)"(g(X, Z)g(Y,d;) — g(Y, Z)g(X,3,)d,)
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for X, Y, and Z smooth vector fields. Given a plane I1 spanned by unit length orthog-
onal vector fields X, Y, we have that the sectional curvature of IT is given by

_Ks—(f")  (—Ks+(U)V-S"f
B Iz

For |¢| smaller than some #y, we have that y(¢) is equal to 1. The numerator of the
coefficent of (g(X, 9;)? + g(¥, d;)?) is then equal to

Kn

)(g(x, 902+ g(Y,007).  (6.1)

1 1
= 1 + sinh?(£t) — £ cosh {1 (Z cosh({t) + )((t)(l — Z)) = (1 —¥{)cosh/t,

which is less than zero, so we have that (6.1) is maximized when (g(X, 9,) +
g(Y,9;)?) = 0. In this case, we just need to show that the initial term

Ks— (f))? _ —1—(sinh(€r) + x'(1)(1 — }))?
f? B (% cosh(£t) + x(t)(1 — %))2

(6.2)

is at most —1. This will actually be true for all ¢, not just |¢| < fo, which we verify
now. Note that this holds at # = 0. It is then enough to show that the quantity (6.2)
is decreasing in ¢ for + > 0 and increasing in ¢ for ¢t < 0. For the derivative of the
quantity (6.2) to be negative, we need

0> —2(sinh(€t) + )('(t)(l — %)) (E cosh(¢r) + )(”(t)(l — %))
X (% cosh({t) + )((t)(l - %))
2
+ (1 + (sinh(ﬁt) + )(’(t)(l — %)) )(sinh(ﬁt) + )('(t)(] — %)) (6.3)

Choose ty so that y(z) = 1 for |¢| < to9. We first do the case |f| < ty. Assume that
t > 0. To verify (6.3), it is enough to show that

0> sinh(ﬁt)( —2cosh®(£t) — 24 cosh(ﬁt))((t)(l — %) + 1+ sinhz(ﬁt)), (6.4)

where the right-hand side of (6.4) is all of the terms of the right-hand side of (6.3) that
do not contain y’(¢) or y”(¢). Since sinh(£¢)(—2£ cosh(£t) y(¢)(1 — %)) is always
non-positive provided ¢ > 0, for (6.4) to hold it is enough that

0 > —2cosh?(£t) + 1 + sinh?(£¢),

which is true since the right-hand side equals — cosh?(£¢). Thus, the quantity (6.2) is
negative if 7o > ¢ > 0, and the same reasoning shows it is positive if —tp <t < 0.
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Now, assume that r > 1, (the case t < —g is similar) Then, by the previous com-
putations, we will be able to conclude that (6.2) is smaller than —1 for all ¢ as long as
— sinh(£¢) cosh?(£¢) is larger in absolute value than all of the terms of the right-hand
side of (6.3) that, when expanded out, contain y’(¢) or y”(¢). This will be true pro-
vided ¢ was taken small enough at the beginning, since max (| y’(¢)], |x”(¢)|) < ¢ and
no term in (6.3) has more than three factors equal to sinh(£¢) or cosh(£¢). We have,
thus, shown that (6.2) is smaller than —1 for all 7.

We now check the case that |¢| > ty. Because the initial term in (6.1) is always less
than or equal to —1, if the second term in (6.1) is negative then we are done. If not, it
is enough to check (6.1) in the case that g(X, ;)% + g(Y, d,)? assumes its maximum
possible value

g(X.0:)* +g(Y.0)% = 1.

The quantity (6.1) is then equal to — f”/ f". Therefore, we need to show that

0% cosh(Lt) + £x"(t)(1 — %)

=== cosh(€r) + £x(t)(1 — 1

Since y < 1, it is enough to show that

02 cosh(£t) X' -1)

. 6.5
~ cosh({t) +£—1 cosh({t) +£{—1 (6.5)

Note that
€2 cosh(£t) > £cosh(£t) + (L — 1),

so the first term on the right-hand side of (6.5) is greater than or equal to

Lcosh(lt) +L(L—1)
cosh(¢t) +€—1

We can make the second term on the right-hand side of (6.5) as small as desired by
choosing ¢ small enough because | y”| < e. Therefore, inequality (6.5) holds, which
completes the proof of Proposition 6.1. |

We also need the following lemma.

Lemma 6.1. Let M be a closed hyperbolic 3-manifold containing an embedded two-
sided totally geodesic surface S. Then, for any L > 0, there exists a finite cover My
of M which contains a totally geodesic surface Sy isometric to S and with normal
injectivity radius greater than L.

Recall that S has normal injectivity radius greater than L in M, if no two distinct
geodesic segments of length less than L beginning normal to Sy intersect. This means
that the normal exponential map So X (—L, L) — M, is a diffeomorphism onto its
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image, for So x (—L, L) identified with a tubular neighborhood of the zero section of
the normal bundle of Sg in My in the natural way.

Proof. This is a consequence of subgroup separability for Fuchsian subgroups
m1(S, p) C m(M, p)

for some choice of basepoint p on S [25, Lemma 5.3.6]. This means that for any finite
subset {g1,...,8&n} C m1(M, p) disjoint from 71 (S, p), we can choose a finite index
subgroup of 71 (M, p) containing 71 (S, p) but none of g1, ..., gn.

Let F be the Fuchsian cover of M corresponding to 71 (.S). Fix a connected poly-
hedral fundamental domain P for the action of 71 (M) on the universal cover H?> of
M. Then, we can choose a fundamental domain in H?3 for the cover F that is tiled
by copies of P, and any fixed normal neighborhood of S in F is contained in the
projections of finitely many such copies. The images of the projections to F of the
copies of P correspond to cosets of 771 (.8) in 771 (M). Choose finitely many coset rep-
resentatives g1, ..., g, so that the corresponding projections of copies of P contain
the L-neighborhood of S in F.

We can now use the Fuchsian subgroup separability result described in the first
paragraph of the proof to choose a finite index subgroup of 71 (M) containing 771 (S)
but none of gy, ..., gy. The finite cover of M corresponding to this finite index
subgroup is then also covered by F, and the restriction of the covering map to the
L-neighborhood of S in F is a diffeomorphism onto its image. This shows that we
can make the normal injectivity radius of S as large as desired by passing to finite
covers. ]

We can now prove Theorem 6.1. (Compare [22, Section 6], where a similar con-
struction appeared.) Take a closed hyperbolic 3-manifold (M, gnyp) containing an
embedded two-sided totally geodesic surface S. See [25], for examples.

Let F' = § x R be the Fuchsian cover of (M, gny,) corresponding to S. Let g¢ be
the homothetic scaling of the hyperbolic metric on F that has constant curvature —{
for some £ > 1. We apply Proposition 6.1 to obtain a metric gxg on F that agrees
with g, outside a compact set K, and so, that S x {0} is a totally geodesic hyperbolic
surface.

Next, we apply Lemma 6.1 to find a finite cover of M’ so that F also covers M’,
and the restriction of the covering map p : F — M’ to K is injective. We can then
define a metric on M’ to be the scaled hyperbolic metric with constant curvature —¢
outside of p(K), and to be the pushforward of gx under p on p(K). Since g¢ and gg
agree outside of the compact set K, this gives a smooth well-defined metric on M’,
which completes the proof.
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