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On the free boundary for thin obstacle problems with
Sobolev variable coefficients

Giovanna Andreucci, Matteo Focardi, and Emanuele Spadaro

Abstract. We establish a quasi-monotonicity formula for an intrinsic frequency function related to
solutions to thin obstacle problems with zero obstacle driven by quadratic energies with Sobolev
WP coefficients, where p is bigger than the space dimension. From this, we deduce several reg-
ularity and structural properties of the corresponding free boundaries at those distinguished points
with finite order of contact with the obstacle. In particular, we prove the rectifiability and the local
finiteness of the Minkowski content of the whole free boundary in the case of Lipschitz coefficients.

1. Introduction

In this article, we consider a class of lower-dimensional obstacle problems with variable
coefficients which has been extensively considered in the literature. In order to state the
results, we introduce the following notation: for any subset £ C R™"*1, we set

Et :=En{xeR" :x,41 >0} and E':=EN{x,41 =0}.
For any point x € R"*!, we will write
x = (x',xp41) € R" xR.

Moreover, B, (x) C R**! denotes the open ball centered at x € R”*! with radius r > 0,
and B, (x) its closure (we omit to write the center of the ball x if x = 0).
We consider the problem of minimizing a variable coefficient quadratic (Dirichlet)
energy with a unilateral constraint:
min/ (A(x)Vv, Vou)dx, (1.1)
vEA B{*’

where the class of competing functions is given by
A:={ve H'(Bf):v=gin(3B))" andv > 0in B},

with g € H p ((0B1)™) such that # is not empty. (The boundary conditions are meant in
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the sense of traces.) We assume the following hypotheses:

(H1) Aewbr(By,RO+Dx+1)) ' e (n 4 1, 00] (in particular, by Morrey’s embed-
ding, we have A € C%¥(B;, RO+ Dxn+1)) oy :— | — '%1);

(H2) A(x) = (a;j (x))f’jil is a symmetric, bounded, and coercive matrix, i.e., for

every x € Bl+, i,je{l,...,n+1},and £ € R2H1 aij(x) = aji(x), and

A = (A)E. &) < AlE%,

forsome 0 < A < A,

By a well-known result due to Ural’tseva [38], the minimizers of (1.1) are C 1. regular
for some B > 0 and satisfy an elliptic partial differential equation in the half-ball B,
whereas on the flat part of the boundary B] the unilateral constraint ¥ > 0 leads to a free
boundary problem. The Euler—Lagrange equation of (1.1) is

{div (AG)Vu(x) =0 in By, (1.2)

u>0, AVu-e,y1 <0, u(AVu-e,41)=0 inBj].

The condition u(AVu - e, 1) = 0 in Bj is the so-called Signorini complementary bound-
ary condition. The behavior of u on B is not prescribed and is characterized by the
so-called free boundary T (u), which is the relative boundary in B] of the contact set
B N {u = 0}, where the solution saturates the constraint.

This problem has been widely studied in the last decades and has become a very
active field of research after the seminal papers by Athanasopoulos and Caffarelli [4]
and Athanasopoulos, Caffarelli, and Salsa [5]. The key idea introduced in [5] is the use of
Almgren’s frequency function in the study of both the regularity of the solution u and the
properties of the free boundary I' (). This has been the turning point for a long series of
results for the constant coefficient case, leading to a detailed analysis of the free bound-
ary (see, e.g., [5,7,8, 14-16,19,23,26] and the references therein). The regularity of the
solutions of the variable coefficients case has been considered since the works of Caf-
farelli [6] and Kinderlehrer [25] in the case of smooth coefficients, whereas problem (1.1)
with Sobolev coefficients has been considered by Ural’tseva in [36-38]. The optimal reg-
ularity of the solutions and the regularity of a subset of the free boundary (points with
selected orders of contact) have been proven more recently by Garofalo, and Smit Vega
Garcia [22] and Garofalo, Petrosyan and Smit Vega Garcia in [20], respectively, for Lips-
chitz coefficients using a generalization of the frequency function (see also [21] for further
results in the Lipschitz setting). In case of Sobolev coefficients, both topics have been
addressed by Koch, Riiland, and Shi [27,28] by means of Carleman inequalities, the opti-
mal regularity of solutions is established by Riiland and Shi [34] for Holder coefficients,
and for a more general notion of quasi-minimizers by Jeon, Petrosyan, and Smit Vega
Garcia [24].

In this paper, we continue the analysis for quadratic energies with matrix field with
Sobolev regularity. In particular, we address the question of the global structure of the
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free boundary. In details, we need to consider only the points with finite order of contact:
to this aim, we write
[(u) := [inile y 70,

where T'i"i® and ', to be properly defined in the next sections, represent the points with
finite and infinite order of contact. For I"®°, no structure at all is expected, in analogy with
the case of nonzero obstacles studied in [10, 18], and the results on the lack of unique
continuation by PIli§ [33], Miller [30], Filonov [11], and Mandache [29] for solutions
to second-order elliptic partial differential equations with Holder coefficients. We show
that the set of free boundary points with finite order of contact is rectifiable; i.e., can be
stratified along submanifolds of dimension n — 1 and class C.

Theorem 1.1. Let u € A be a solution to (1.1) under the hypotheses (H1) and (H2). The
subset of points of the free boundary with finite order of contact T"™®(y) is (n — 1)-
rectifiable, i.e., there exists a countable family of C ' -submanifolds M; C Bj of dimension
n — 1 such that
Jen—1 (Fﬁnite(u) \ U Mi) = 0.
ieN

Furthermore, there exists a set £ (u) C '™ () with Hausdorff dimension at most n — 2
such that for every x € TTM€(y) \ 2 (u)

Nu(x,0) € 2m,2m —1/2,2m + 1} menio}-

In the statement above, Ny, (x, 0T) represents the intrinsic frequency of u at the free
boundary point x (cf. Section 5 for its definition).

In addition, if A is Lipschitz continuous, a more complete result holds for the whole
free boundary I'(u), completely analogous to the case of the classical scalar Signorini
problem for the Dirichlet energy, as shown in [15, 16].

Theorem 1.2. Let u € A be a solution to (1.1) under the hypotheses (H1) with p = co
and (H2). Then, the free boundary T (u) is (n — 1)-rectifiable with locally finite Minkowski
content: for every K CC B, there exists a constant C(K) > 0 such that

;Cn-i-l(rj;(r(u) ) K)) < C(I()rz7 Vr € (0,1),

where T.(I'(u) N K) C R*" V1 s the r-tubular neighborhood of T'(u) N K.
Furthermore, there exists a set ¥ (u) C I'™®) with Hausdorff dimension at most
n — 2 such that for every x € I'"e(y) \ = (u)

Ny(x,07) € {2m,2m — 1/2,2m + 1} men\(0}-

Theorems 1.1 and 1.2 are a natural development of a common trend of recent results,
which are directed to the understanding the robustness of the techniques conceived for the
Laplacian (i.e., constant coefficients operators) in more general cases (and more realistic
from the point of view of applications). In the setting of the thin obstacle problem, we
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recall the recent contributions on the structure of the regular set for Lipschitz coefficients
[20], for Sobolev coefficients [28], and for Holder continuous coefficients [24]; for the
structure of the singular set with Lipschitz coefficients [21], and [24] for Holder coeffi-
cients. The rectifiability of the whole free boundary has been addressed in [17] for the
nonlinear case of the area functional.

One motivation for this study is related to the standard thin obstacle problem, provided
the obstacle condition is assigned on a C ! manifold rather than on a hyperplane. Indeed,
a rectification of the manifold leads to a thin obstacle problem as the one stated in (1.1).
A further motivation is contained in Section 7.1. Our results allow to deduce the global
structure of the free boundary for solutions to some nonlinear thin obstacle problems,
following the approach used for the area functional in [17] (cf. [1,9] for preliminary results
on the regularity of the solutions).

1.1. New insights and main difficulties

The main ideas for this work stem from [16]. Starting from the groundbreaking papers
by Naber and Valtorta [31, 32], it is well known that a monotone quantity of the type of
the energy ratio for harmonic maps can be used to describe the structure of singularities:
indeed, if the monotone quantity is able to detect homogeneous blowups at singular points
and satisfies a suitable rigidity property, then general covering and rectifiability arguments
lead to the estimate of the measure (actually the Minkowski content) and the rectifiability
of the singular set.

This principle has been exploited in [16] in the case of thin and fractional obstacle
problems with constant coefficients, using suitable variants of Almgren’s frequency func-
tions, which revealed itself to be a key tool for this class of problems since [5].

The main difficulties here are due to extension of such approach to the case of variable
coefficients. Indeed, the monotonicity of the frequency is closely related to the linearity
of the equations and is valid only for harmonic functions, while in the general case, one
should find a suitable linear approximation of the local geometry prescribed by the matrix
A. This is clearly an issue for general nonlinear problems, and understanding this question
for low regularity matrix fields A is a first step towards such program.

We circumvent this difficulty by introducing an intrinsic frequency adapted to the
coefficients matrix A (as opposed to the natural frequency for variable coefficients, see
Section 5 for more details). Actually, we need to use three different forms of the frequency,
which, although different, can be suitably compared at the right scales. In particular, we
show a quasi-monotonicity formula for a Dirichlet-type frequency for solutions to variable
coefficient thin obstacle problems. This idea has been used for the analysis of the classical
obstacle problem in [3,13]. In the current setting, we couple it with the fundamental insight
provided by Simon and Wickramasekera in the framework of 2-valued minimal graphs,
that quasi-monotonicity of the frequency is actually equivalent to a doubling condition on
the relevant quantities provided Schauder estimates hold (cf. [35, Lemma 6.1]).
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A comment deserves the restriction to Sobolev coefficients as opposite to the more
general Holder setting, for which the analysis of regular and singular points is contained
in [23, 24]. In the derivation of the basic estimate on the oscillation of the frequency, as
well as for the monotonicity, we differentiate the matrix of coefficients and the gradient of
the solutions, and therefore, we need enough regularity for A.

2. Preliminaries on the thin obstacle problem

Here, we recall the hypotheses on the thin obstacle problem we address. We consider
quadratic energies of the form

/ (A(x)Vu(x), Vu(x)) dx,
By
where the matrix field A satisfies the following hypotheses:
(H1) AeWbr (B RO+DXn+D) ) ¢ (5 4 1, 00] (in particular, by Morrey’s embed-
ding, we have A € C%¥(B;, R+Dx+1)) o .— | — ”’%1);
(H2) A(x) = (a;j(x) f;ril is a symmetric, bounded, and coercive matrix, i.e., for
every x € B1+, i,jef{l,...,n+1},and § € R**! ai,j(x) = aj;(x),and

AEP < (Ax)E.§) < Al§I,
forsome 0 < A < A.

Following [37, Remark 1], by a means of a change of variables, it is not restrictive to
additionally assume that

(H3) ajpns1(x’,0) =0foralli =1,...,n forevery x € Bj.

Under these hypotheses, we can extend all the functions on B; by even symmetry:
with a slight abuse of notation, we set

AW xXnt1) = A —Xnt1), U, Xp41) = u(x’, —xn11) Vx € By

In this way, it is equivalent to formulating the problem on B; with the symmetry condition

veEA

min/ (A(x)Vu(x), Vu(x)) dx, 2.1
B
in the class of functions

A= {veg+ Hy(Br):v(xX, xpp1) = v(x', —Xn41), v(x’,0) > 0},

with g € H'(By) even symmetric and such that g > 0 on Bj.

By aresult due to Ural’tseva [38, Theorem 3.1], the solution of the thin obstacle prob-
lem under assumptions (H1), (H2), and (H3) have Holder continuous first derivative up to
B i (for the optimal Holder exponent, see [27,28]).
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Theorem 2.1 ([38]). For every g € Hl(Bl), even symmetric with g > 0 on B, there
exists a unique solution u € A to the thin obstacle problem (2.1). Moreover, u € Hlf)c n
Cl(l)’C'3 (B}t U B}) for some B € (0, 1), and

”u”HZ(Bf/ZUB(/Z) + ||u||CLﬂ(B,+/2UB(/2) = C“””LZ(Bl)v

where C = C(p,n, B, ||Allwir) > 0.

The Euler-Lagrange equations satisfied by the solution u to the thin obstacle problem
are then the following:

{div (A(X)Vu(x)) =0 forx € By \ {(x',0) : u(x’,0) = 0}, 22)

div (A(x)Vu(x)) < 0 in the sense of distribution in Bj.
Moreover, in view of the assumptions (H2) and (H3), the Signorini complementary con-

dition in (1.2) then reads as
udy41u =0 on Bj.

In the sequel, u will always denote a solution to the thin obstacle problem (2.1), unless
otherwise stated.

3. The frequency function

In this section, we introduce a suitable version of Almgren’s frequency function. Let ¢ :
[0, 00) — [0, o0) be a decreasing C ! function such that ¢/(¢) < 0 if% <t <1land

1 for0 <t <
p(t)=4>0 for%<t<
0 forl <t.

1
2’
1,

For the sake of simplicity, we assume that

57

We define the frequency function of a function u at a point xo € B by

rDu(XO»V)

Vr <1—|xo],
H,(xo,7)

Iu(XOJ') =

where the Dirichlet energy is given by

Dutin )= [o(F ) vuoax,
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and the “boundary” L? norm of u is given by

e ’ |x—x0| Z(X)
Hu(XOsr)-—_/¢( , )|x_x0|

Note that the frequency function is well defined as long as H,, (xg, ) > 0. In what follows,

when u is a solution to (2.1), we will tacitly assume that the latter condition is satisfied
when writing 1,,(xo, ). Indeed, Hy,(xg,7) > 0 if xg € I'(u) by minimality of u and the
uniqueness of minimizers. Otherwise, ¥ = 0 on B, (xo) \ Br/,(Xo), in turn implying u = 0
on B,(xg). This contradicts the fact that x¢ is a free boundary point. Analogously, if
xo € I'(u), then D, (xq,7) > 0.

Additionally, for later convenience, we introduce the following quantities:

Gu(xo,1) = —r"! /tp’('x_r—x()')u(x)Vu(x)- |;c:iz| dx

Ey(xo,7) :=—/¢’(|x_x°|)|x xO'(v (x) - 0) dx.
r r2 |x—x0|

In particular, note that E,, (xo, ) Hy (xo,7) — G2(xo,7) > 0 by Cauchy-Schwarz inequal-
ity.
Finally, for every x¢ € I"(u) and r > 0, the rescalings of a solution u are given by

and

¥

Unor (V) 1= u(xo+ry) Vy € Bix

H:,/z(xo,r)
so that
Huxo,r (Q’ 1) =1

We will always omit to write the base point x¢ in the notation of I, D,,, Hy, Ey, Gy
when xo = 0.
By a simple corollary of Theorem 2.1, we have the following compactness: if (1;);eN

are such that

sup (Dy; (1) + Hy,; (1)) < +o0,

JjeN
then u; is uniformly bounded in H '(B;) for every s < 1. Therefore, if u; are solutions to
the thin obstacle problem (2.1) satisfying the hypotheses (H1)—(H3) (holding uniformly
in j for varying matrix fields A ;, with the same constants p, A, A), then by Theorem 2.1
there exist a function u € C -8 (Bl‘|r ) and a subsequence (u;7) C (u;) such that

ujy —u inCLY(Bf UB)) Vye(0,8).

loc

where f is the constant in Theorem 2.1.
In particular, the following compactness result holds for the rescaling of solutions.
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Proposition 3.1. Let (uj)jen be a sequence of solutions to the thin obstacle problem
(2.1) for varying matrix fields A under assumptions (H1)-(H3) holding uniformly in j,
with x; € I'(uj) N Bl'/zfor every j € N. Assume that

sup Iy (x;,0j) < oo forsome g; | 0.
J

Then, there exist a subsequence (j') such that Xj1 — Xoo € B! h and a function v, Such
that vjr == (Uj')x; 0,0 satisfy as j = o0

vy = Ve in CY (BT UB)) Yy €(0,8), 3.1

loc

0 €{x € Bi, : Voo(x) = |VUeo(x)| = 0}. (3.2)

Moreover, voo is a solution to the thin obstacle problem for the constant coefficients
quadratic energy having density £ — (A(x)E, £).

Proof. From the assumption on the frequency, clearly, the functions v; := (u;)x; o; satisfy

sup (va(l) + ij(l)) < +oo.

JjeN
Therefore, by compactness, there exists a subsequence (') such that the points x;: con-
verge to some Xoo € B e and v;s converge to a limiting function v, in the sense of (3.1).
Since v;/(0) = |Vv;/(0)| = 0 (because x; € I'(u;)), by the convergence (3.1), we infer
also (3.2).

Finally, the fact that v is a solution to a thin obstacle problem with fixed coefficients
A(x) follows either by a I"-convergence result or by passing into the limit in the weak
formulation of the Euler—Lagrange equations (2.2) characterizing the solutions, thanks to
the convergence (3.1) and the continuity of the matrix field A. ]

3.1. Doubling estimates

To establish quasi-monotonicity of the frequency at distinguished points of the free bound-
ary, we follow a perturbative approach developed for the classical obstacle in [13]. This
approach is coupled with a fundamental insight present in the work of Simon and Wick-
ramasekera [35] on minimal immersion, who highlighted that the doubling condition is
equivalent to the quasi-monotonicity of the frequency.

More in detail, we will consider xo € I' (1) satisfying the following hypothesis:

(H4) xo € T(u) N Bl’/2 such that

m(xg) := sup [I,(xg,r) < co. 3.3)
re(0,1/2)

As shown in Appendix A, condition (3.3) is equivalent to assuming that u has a finite
order of contact with the null obstacle at xo € I' () (cf. the Introduction).
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A first step towards the monotonicity of the frequency is to establish a lower bound. A
more refined version of the ensuing result will follow after showing the quasi-monotonicity
of the frequency (cf. (3.26)). All the constants that will appear in the results below can
depend on the parameters p, A, A of (H1)-(H3), even though it will never be explicitly
highlighted.

Lemma 3.2. For every mqy > 0, there exist constants o, C > 0 depending on mq with
this property. If u is a solution to (2.1) under assumptions (H1)—(H3), for every xo €

') N Bl//2 satisfying (H4) with m(xq) < my, then

I,(xg,r) > C Vr e (0,0].

Proof. Assume by contradiction that there exist solutions u; and points x; € T'(u;) N B} b
with m(x;) < mg for some mo < oo as in the statement such that for a suitable choice of
radii ; | O we have that

Ly (xj,rj) < 1/;.
For j sufficiently large Iy, (x;,2r;) < my, and therefore by Proposition 3.1, up to a sub-
sequence not relabeled and keeping the notation introduced there, we conclude that the
functions v; := (u;)x; 2, converges in C 1(By) to some function v, that minimizes

V> (A(x00)Vv, Vu)dx,
B
among all functions v € veo + H{ (By) with v(x’,0) > 0 on Bj. Moreover, by strong
convergence, we infer that H,__ (1) = H(u,;)xj 2 (1) =1and

Lo (/2) = M Ly, oy, (12) = lim Ly (3, 75) = 0.

Therefore, D, (1/2) = 0 and thus v, = 0 on By, a contradiction being v, analytic on
B] \ Bi |

Next, we prove the above-mentioned doubling estimates.

Proposition 3.3. For every my > 0, there exist constants 0, C > 0 depending on my
with this property. If u is a solution to (2.1) under assumptions (H1)-(H3), for every

xo € T(m) N Bl’/2 satisfying (H4) with m(xo) < my, then

D 2
C, lfmfc Vr e (0,0].
Dy (xg,7)

< Hu(XO’zr) <

C—l
- Hu(XOv r) N

Proof. First, note that by the very definition D, (xg,r) < D, (x¢,2r). Assume by contra-
diction that there exist solutions u;, points x; € I'(u;) N B 1, With m(x;) < myg for some
mg < oo as in the statement, and radii r; |, 0 such that

H,. (x;,2r; D,,.(x;,2r;
lim M € {0,00} and/or lim M =
J Hu,'(xj’rj) J Duj(x]',}’j)
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For j sufficiently large, Iy, (x;,2r;) < myo; thus, by Proposition 3.1, up to a subsequence
not relabeled, v; 1= (u;) xj,2r; CONVErges in C 1(Bl) to some function v, that minimizes

v (A(xeo) Vv, Vu)dx;
By
among all functions, v € vy + HOI(Bl), with v(x’,0) > 0 on Bj. In particular, we con-
clude that
My (x,2r)  Hy (1)
lim =
j=oo Hy;(xj.1j)  Hy(1)2)

e[c™1,C]

and
D (5.2) Dy ()
j=oo Dy (xj,17) Dy (1)2)
for some constant C > 0 (depending on 1) because of the doubling estimates satisfied
by vso Which is a solution to an obstacle problem with constant coefficients and frequency
I, (1) bounded by my (e.g., cf. [16, Corollary 2.8]). This gives the desired contradiction.
[

€ [1,C],

In a similar fashion, the frequency computed at nearby points can be compared at radii
that are bigger than the distance between the points.

Lemma 3.4. For every my > O, there exist constants 9, C > 0 depending on wy with
this property. If u is a solution to (2.1) under assumptions (H1)-(H3), for every xq €
') N Bl’/2 satisfying (H4) with m(x¢) < my, then for all r € (0,9], x € B,’/z(xo), and
t €lr, o]

Hy,(x,t) Dy(x,t)

Hu(X(),l‘), DM(X(),Z)
In particular, the frequency function of u is well defined at every point x € B/ /z(xo) at the
scales t € [r, o] and

e[c™t,C]. (3.4)

| (xo0. 1) — Ly (x,1)| < C. (3.5)

Remark 3.5. We stress that the conclusions of Lemma 3.4 hold even for points x not
necessarily in the free boundary.

Proof. The proof proceeds analogously to the previous ones by contradiction: assume that
there exist functions u;, points z; € I'(u;) N Bl’/2 withm(z;) <mg <ooand x; € B,/J/Z(Zj)
contradicting one of the two sets of inequalities in (3.4) for some sequence ¢; € [r;, 0]
with o; | 0. As above, we can apply Proposition 3.1; thus (up to passing to a subsequence
not relabeled), there exists voo such that v; := (u))z;;; — Voo in C](l)éﬂ (B2) with v
solution to the thin obstacle problem with matrix fields A(x). Clearly, we may also
assume that tj_l(xj —Zj) > Yoo € El’/z (note that 7/, < 1).
Assume now that the first set of inequalities in (3.4) is contradicted, i.e.,

. Hy (x5, 1)
lim ————

€ {0, co}.
j Hu/(zjvt])
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By the convergence of v; to v, we then deduce that

H,. ()C,' s lj)
H ) =1lim Hy (171 (x; — z;), 1) = lim ——2,
v (oo D = 1, (505 =20 D =l g e )
Thus, Hy (Yoo, 1) € {0, 00} N R = {0}. Given that v is analytical in B \ {x,+1 = 0},
by unique continuation, we conclude that vs, = 0 in B», against the assumption

Hy, (1) = lim Hy, (1) = 1.
im Hy

In case the second set of inequalities in (3.4) is contradicted, i.e.,

. Duj(xj,tj)
llm—
J Duj(Z]s[])

€ {0, oo}.

we have on, one hand that Dy, (1) = lim; Dy, (1) = lim; Iy, (z;,1;) € [C,mo], where C
is the constant of the lower bound found in Lemma 3.2 and ¢ is the upper bound for the
m(z;). On the other hand, we have that

Dy; (x5, 1)

Dy (xi,t;
u,/( J J)—limluj(Zj,tj)m.
u;\Zj, lj

D ,D=lim D, (¢ (x; —z;),1)=lim#; ——2"2" =
Voo (Voo 1) H v,(J (xj —z),1) i lHu]-(Zj,fj) :

Therefore, under the contradiction assumption, we infer that D, (Yoo, 1) € {0, 00} N
R = {0}, and taking into account the analyticity of the solutions, the last equality implies
Voo = 0, which is a contradiction.

Finally, as a byproduct of the first estimate in (3.4), the frequency function is well
defined for ¢ € [r, g], provided that x € B/ 7 (x0)- Moreover, (3.5) follows straightforwardly
from (3.4):

|1 (x0.1) = Ly (x.1)| =

Iu(xo,t)(l Dy(x,1) Hu(xO,t))'EC

" Du(x0.1)  Hy(x.1)

As an immediate consequence, the doubling estimates hold not only for the points on
the free boundary but also for nearby points at suitable scales. This information will be
crucial to bound error terms in the almost monotonicity formulas in the sequel (cf. (3.12)
and (3.13)).

Corollary 3.6. For every my > 0, there exist constants o, C > 0 depending on mg with
this property. If u is a solution to (2.1) under assumptions (H1)-(H3), for every x¢ €
'(w)N Bl'/2 satisfying (H4) with m(x¢) < my, then for everyr € (0,9], x € B,’/Z(xo), and

telrol
H,(x,2t) Dy(x,2t) -

Hy,(x,t) " D,(x,t) ~

[c~t Cl. (3.6)

Proof. The proof follows straightforwardly from Proposition 3.3 and Lemma 3.4 once the
constants are chosen in such a way to apply the above-mentioned results. ]
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3.2. Almost monotonicity of the frequency

By means of the doubling estimates established in Proposition 3.3, and arguing similarly
to [13, Theorem 2.2], we can conclude almost monotonicity of the frequency 1,,(xo, -)
under the condition

A(xo) = 1d.

In fact, we establish quasi-monotonicity for all points xy and radii r > (a(xo))é; recall

thata = 1 — ";1 , provided that

a(xg) := |A(xo) —Id|.

Notice that a(x¢) = 0 if and only if A(x¢) = Id. We start off proving a couple of prelim-
inary results. In what follows, differentiation with respect to the radius will be denoted by
a prime, and we write

ep(x,t) := Gyu(x,t) — Dy(x,1), 3.7
ep/(x,t) :=1D] (x,1) — (n — 1) Dy (x,1) — 2t Ey(x,1). (3.8)
Lemma 3.7. For every mg > 0, there exist constants o, C > 0, depending on wmgy with

this property. If u is a solution to (2.1) under assumptions (H1)—(H3), for every xo €
I'(u) N B}, satisfying (H4) with wm(xg) < my, then for everyr € (0,0], x € B,’/z(xo), and

1/
t €r, 0]
lep(x,1)] < C([Aloa(Ix — xo| + 1)* + a(xo))
- (Du(x,t) + 7P H (x, ) D (x, 1)) (3.9)
and
lep (x,1)] < C([Aloa(lx — xo| + 1) + a(xo)) Du(x,1). (3.10)

Proof. Without loss of generality, we suppose xo = 0. Fix a point x € B/ 1 andset B(z) :=
A(z) —1Id for every z € Bj. To infer (3.9) and (3.10), we consider the equation satisfied
by u and test it with a suitable function.

We start noticing that

ep(x,t) = Gy(x,t) — Dy(x,t)

= —/Vu(z)-V(u(z)gb('Z;—x')) dz
=/B(Z)Vu(z).V(u(z)¢(|2;x|)) dz, 3.11)

where in the last equality we use that u is a solution to (2.2) (tested with u(z)qb(‘z;—xl))
and Signorini ambiguous boundary conditions. In order to prove (3.9), we use (3.11): for
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o sufficiently small, by the Holder inequality we get

lep (x. )] < ([Alo.e(Ix] + )% + a(xo))

- (Du<x,t>—f1 / ¢’(u)|u<z>||wz>|dz)
B (x)\B),(x) t

< C([Alo.o (X[ 4+ +a(x0)) (Dux, )+t~ 7 H, (x, ) D, (x,21)). (3.12)

with C = C(||¢’||c0). We conclude the estimate in (3.9) in view of Corollary 3.6 (cf. (3.6)).

To prove (3.10), we argue similarly and test the equation with the function w defined
as the even extension across By of the restriction to B 1+ of ¢(@)Vu(z) - (z — x). Note
that w is an admissible test in view of the H?2 (BllL U BY) regularity of u. Additionally,

loc
(H3) and Signorini’s ambiguous boundary conditions imply that

(A(2)Vu(z) - ens1)Vu(z) - (z = X) = dnt1,n+1(2)n41u(z) =0 on Bj.
In view of this, we compute explicitly using the divergence theorem:
/B(Z)Vu(z) -Vwdz (3.13)

= /Vu(z) -Vwdz

= Dyu(x.,1) + %/¢(|Z _xl)V(|Vu(z)|2) Sz —x)dz

t

+l/¢/(IZ—XI)(VM(Z)'(Z—X))2 dz

t t |z — x|

_ _ 2 (v ))2
() (< TRy (R

|z — x|

—1 '
- = Du(x.t) + 5D} (x.1) = 1Ey (x.1) = —epr(x.1).

To establish (3.10), we can then proceed similarly as above:

lepr(x,1)]
< C([Alo,a(Ix| + 1)* + a(x0))

. (Du(x,l) + —i—t/qb(u)wzu(z)HVu(zﬂ dz +/ |Vu(z)|? dz)
t B, (X)\B.,(x)
< C([Aloa(IX| + )% + a(x0)) (Du(x, 1) + D,/ (x,t) D,/ (x,2t) + Dy(x,21t)),

where we used the Hlic(BlﬂE) regularity estimates of u. The conclusion then follows from

the doubling properties of D, (x, -) (cf. Corollary 3.6). |

We establish next a similar result for H,(x¢, -) together with a quasi-monotonicity
formula.
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Lemma 3.8. For every mqo > 0, there exist constants o, C > 0 depending on my and
[Alo,o with this property. If u is a solution to (2.1) under assumptions (H1)—(H3), for
every xo € I'(u) N Bl’/2 satisfying (H4) with m(x) < mo, if (a(x))"”* < o, then

1 H 1
((a(xp)) fa, o]>t W - exp (Ct“) is non-decreasing, (3.14)
and
1 H Jt
((a(xo) ™, 0] 31 — % -exp (— Ct*) is non-increasing. (3.15)

In particular, for all (a(x))"* <r <s <o,
/ lu(x))?dx < CsHy(xo, ). (3.16)
B;(x0)\ Br(x0)

Proof. First, note that by scaling and a direct differentiation we easily get

Hy () = L H (e - 217! /W('Z n x')”(z)v”(z) Sl

— §Hu(x,z) +2Gu(x,1). 3.17)

We employ equalities (3.7), (3.17) and estimate (3.9) (with x = x) to deduce that

d Hy, (xo,t) QI (xo,s)
() o2 [ 20

2 ! -
_ —|€D(x°”)| < c([A]O,az“ + (o)) (L (xo. 1) + 1 (x0.1)) < C1o7,
Hu(XOaZ)

where C = C([A]o.«. 9) > 0 and we have used that (a(x¢))"/* < ¢ < 1. The conclusion
in (3.14) then follows at once by direct integration. Similarly, using I,,(xg, s) < mg, we
have

H, H, @]
4 (Hubon d (- H(o.0) +2/ w08 (N pant
dr 2o d tn p s

and (3.15) follows.
Finally, the proof of (3.16) is a simple consequence of Fubini theorem by taking advan-
tage of (3.14). [

Thanks to Lemmata 3.7 and 3.8, we are now ready to establish the quasi-monotonicity
of the frequency function at free boundary points x¢ with a(xg) = 0.

Proposition 3.9. For every mg > 0, there exist constants 9, C > 0 depending on my,
[Alo,a, and o with this property. If u is a solution to (2.1) under assumptions (H1)—(H3),
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for every xo € T'(u) N Bl/2 satisfying (H4) with m(xo) < mo, if max{(a(xo))’*, r} <o
and x € B/ (xo) then

2t

I(x.1) = m(

Eu(xst)Hu(xvl)_Gi(xst))+Ru(xvt) (318)
and
|Ru(x.0)] < C1* (1) V1 € [max{(a(xo))'*.r}. ] (3.19)
In particular, if a(xg) = 0, then for every x € B,’/z(xo), r <o,
[r.0] 3t eC I,(x, 1) is non-decreasing. (3.20)

Proof. Without loss of generality, we prove the result in case xo = 0. We take advantage
of formulas (3.7)—(3.10) in Lemma 3.7 and (3.17) in Lemma 3.8 to deduce that

L 1 Dyt | Hyn) oo ) But)  Gulxt) | ep(xii)

Li(x.t) ¢ Du(x.t) Hyu(x,t)  Du(x,t) Hy(x,1) tDy(x.,1)
B 2 €p(x.1)
= DG DG (Eu(x,0)Hy(x,1) = Gy (x, 1) Dy (x, 1)) + Du(r.0)
37 2 2
- Du(x,t)Hu(x,t) (Eu(x,t)Hu(x,l) Gu(x,t))

ep(x,t) ep(x,)Gy(x,t)
tDy(x,1) Dy, (x,t)Hy(x,t)
Thus, for ¢ € (0, 1/2), we conclude equality (3.18), i.e.,
) 21
I (x,t) — W(Eu(x,t)Hu(x, 1) — GL(x,1))
_ epr(x,t) Gyu(x,t)
= T + 2t H,f(x,t)eD(x’t)
37 €pr(x,1) €p(x,1) ep(x,1)
= Ho(x.1) H,f(x,t) + 21 (x, )H( t) T Ry(x,1). 3.21)

To estimate R,,, we note that if # > max{(a(xo))"*,r} and x € Br//z(xo), then

ep/(x,t)| G.10)
L )

Hu(x Hi-
in turn implying that
1€ (x,1) lep(x, 1) G -1
_— - 1 ) —— Cta 1 1),
w20 T ey S w0

with C = C(m(x¢), [A]o,«), where we use the local uniform upper bound on I, (x, )
given by Lemma 3.4. Therefore, estimate (3.19) follows straightforwardly.

In particular, if a(xg) = 0, then (3.19) holds true for all ¢ € [r, o], and thus, (3.20)
follows by direct integration of (3.18) by taking into account estimate (3.19) and Cauchy—
Schwarz inequality that implies Ey (x, 1) H, (x,1) — G2(x,1) > 0. |
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Remark 3.10. It is also convenient to highlight a different expression of the derivative of
the frequency function for later purposes: from (3.21), we get

/ _ 2t N2 153
I,(x,t) = —Hg(x,t) (Eu(x,t)Hu(x,t) Du(x,t)) + Ry(x,1), (3.22)
where
Roen) = 20D o o p2XD (3.23)

H,(x.1) Y H (x, 1)
In particular, if (H4) is satisfied in x¢, x € B,/2 (x0) and ¢ > max{(a(xo))"*, r}, then

|Ry(x,0)] < Ct* Ly (x.1). (3.24)
An additive quasi-monotonicity formula is then easily deduced.

Corollary 3.11. For every mg > 0, there exist constants o, C > 0 depending on mq and
[Alo,o with this property. If u is a solution to (2.1) under assumptions (H1)—(H3), for
every xo € I'(u) N Bl/2 satisfying (H4) with m(xo) < mo, if max{(a(xo))", r} < 0 and
X € B,/Z(xo), then

[max{(a(xo)) .7}, 0] 3t — L,(x,t) + Ct* is non-decreasing. (3.25)
In particular, if a(xg) = 0, then
Li(x0,0") 1= 11&1 Li(xo.7) > 3/2. (3.26)
r

Proof. The proof of (3.25) is straightforward from inequality (3.18), estimate (3.19) in
Proposition 3.9, and (3.5) in Lemma 3.4. Furthermore, if a(x¢) = 0, then from [5, Lemma
1], Proposition 3.1, and Proposition 3.9, one deduces that I,,(xg, r) > %e‘cr “ for all
r € (0, o]. Therefore, I,,(xg,07) > 3/2. =

Remark 3.12. The Hlic(Bl) regularity of a solution u has been exploited to infer the
quasi-monotonicity property of the frequency function 7, (x¢, ) at points xg as in the state-
ment of Corollary 3.11 in order to estimate the error term €p- (cf. Lemma 3.7). Different
approaches, such as those in [23, 24], lead to quasi-monotonicity formulas holding in the
less restrictive Holder regularity scale for the matrix field. Despite this, in order to estab-
lish rectifiability of free boundary points with finite order of contact, we will crucially
use the W7 regularity of the matrix field as well as the already mentioned H2 (B1)

regularity of solutions (cf. Proposition 4.2).

4. Main estimates on the frequency

4.1. Oscillation estimate of the frequency

We introduce the following notation for the radial variations of the frequency at a point
xo € I'(u) with m(xg) < oo and a(xg) = 0:

Al (x0) 1= Iy (x0.7) + Cr® — (Iy(x0.p) + Cp%), O0<p<r, 4.1
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for C > 0 the constant in Corollary 3.11 so that A;(xo) > 0 for r, p sufficiently small. The
result in the ensuing Proposition 4.2 shows how the spatial oscillation of the frequency in
two nearby points at a given scale is in turn controlled by the radial variations at compa-
rable scales. We establish first a technical result. To this aim, it is convenient to define the
parameter

6 := min{[A], L, 1}. 4.2)

Lemma 4.1. For every my > 0, there exist constants 0, C > 0 depending on mqy and
[Alo,o with this property. If u is a solution to (2.1) under assumptions (H1)—(H3), for
every xo € I'(u) N Bl’/2 satisfying (H4) with m(xg) < my, and a(xg) = 0, then, for all

rp<org€ (%rl,rl), and x € B/, , (x9), we have
3271

/ (Vu(z) c(z —x)=1,(x, ro)u(z))2 dz < CHy(x, Zrl)AfOr‘ (x).
By, (0)\Byy (x)

|z — x|

Proof. By translation, it suffices to prove the lemma for xo = 0. We start off with the
following computation that uses Remark 3.10:

—/qs’('Z:—x')(vu(z) (2 = x) — Lu(x, t)u(z))z; dz

lz — x|
- tzEu(x9t) - 2Z1M(X’Z)Gu(xst) + Ij(x’Z)Hu(xvt)

= m(Eu(x,t)Hu(x, 1) — Dj(x,1)) — 2tep(x, 1) Ly(x,1)
G2 %Hu(x,;)(z;(x,z) — Ry(x.1)). @3)
where
5 5 4 _ ED’(x’t) ED(.X',I)
R, = R, + mé])(x,l)]u(x,l) = —Hu(x,l) +21"(x’t)—Hu(x,t)'

with R,, function in (3.23). In particular, the above equalities show that the last factor in
(4.3) is nonnegative, being nonnegative the term on the first line of (4.3) itself. Therefore,
we may use the elementary integral estimate

C 2r1 |Z—_x|
/B B ()f(Z)dZS—E/ /(]5’( — )f(z)dzdt forall0 < rg <rq,
rp X ro (X 7o

4.4)
which holds true for any measurable function f > 0, in order to deduce
» 1

/ (Vu(z) -(z—x) — Li(x, ro)u(z)) —dz

Byy (0)\Byy () |z — x|
@4y C [ — 1

S-S e (B e -0 - ) ez

rO ro t |Z - X|
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2ry
< —— /¢ (lZ ) Vu(z) - (z —x) — Iu(X,l)u(Z))2 dz dr

1
|z — x|
27‘1/ |Z 2 5 1

( ) (Iu(x, 1) = Ly(x,1r0)) u?(2) dz dt
|z — x|

@3 C [y _
< = EHu(x,z)(l;(x,t)—Ru(x,z))dt

ro Jry

2ry
+ rg((lu(x, 2r1) — Lu(x,r0))> + (2r1)2"‘) Hy(x,t)dt, 4.5)
0

ro

where in the last estimate we have used Corollary 3.11 because x € B/, o C B .
From Lemma 3.4 and Lemma 3.8, we get that H,(x,t) < CHu(x 2ry) for all t €
[ro. 2r1]. Furthermore, we can use (3.24) in Remark 3.10 to estimate | Ry (x, ¢)| for all
X € B%rl (x0) and ¢ € [rg, 2r1]. Thus, by taking into account that I, (x,7) — Ry (x,1) > 0
2
(cf. (4.3)), from (4.5), we get

/ (Vu(z) - (z — x) — Lu(x, ro)u(Z))Z; dz
By, (O\Bry (x) |7 =]

21‘1

< CHy(x, 2r1)/ I (x,t)—ﬁu(x,t))dt

+ CHu(x,2r1)((Iu(x,2r1) —Iy(x, rO))2 + (zrl)a _ rg)
< CHy(x.2r1) (Iu(x.2r1) = Lu(x.70)) + CHy(x. 2r) (2r1)* = 7))
< CHu(x,Zrl)Afgl (x),

where we used that rg € (%rl,rl) and I, (x,t) < C forall ¢t € (r9,2r;) and x € B/
r1

by Lemma 3.4. “u

We are now ready to prove a spatial oscillation estimate on the frequency function in
terms of the radial oscillation computed between suitable radii in all points belonging to a
neighborhood of a point x¢ with a(xg) = 0.

Proposition 4.2. For every mg > 0, there exist constants o, C > 0 depending on wm and
[Alo,o with this property. If u is a solution to (2.1) under assumptions (H1)-(H3), then for
every xg € F(u) N B]/2 satisfying (H4) with m(x¢) < my, and a(xg) =0, forall R,p > 0
with R > == and Rp < o, we have

| Lu(x1. Rp) — Lu(x2. Rp)| < C((ARRP (o) + (ARE (02))* + (Rp)%).
for every x1,x2 € By (xo) (where 8 is defined in (4.2)).

Proof. Without loss of generality, we show the conclusion for xo = 0. Moreover, we set
t = Rp. Note that, under the assumption R > —, if ¢+ < o is sufficiently small, then
I,(x,t) < C with the constant C depending on iy by Lemma 3.4.
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The proof is based on estimating the tangential derivative of the frequency function
x> I,(x,t) for x € B/’) by taking advantage of the HI%)C regularity of u. Thus, we start
off noticing that the functions x — H,,(x,t) and x — D, (x,t) are differentiable and, for

every e € R™**! with e - e,41 = 0, we have that

9, Hy(x, 1) = —Z/gb’('z:x')u(z)aeu(z)

and setting B(z) := A(z) — A(0)(= A(z) —1d),

1
- dz, (4.6)

|z —x

B Du(x, 1) =2/¢( t |
:2/¢(|Z:x|

l/qs’( )a U()AE@)Vuz) - ——> dz
| — x|

)Vu(z) -V(0.u)(z)dz

) (A =B)(2)Vu(z) - V(deu)(z) dz

2/¢>(|Z t )B(Z)Vu(z) V(0,u)(z) dz

1/¢/('Z )au(z)Vu(Z)l ;‘|dz+eaeb(x,t)’<4-7>

where

€0, (x,1) 1= 217" /¢'(|Z;—X|)B(z)8eu(z)Vu(z). é : il dz

— 2/¢(|Z :x|)B(2)Vu(Z) YV (9ou)(z) dz.

The third equality in (4.7) follows from the divergence theorem applied to the vector
field V(z) := gb(‘zj—xl)aeu(z)A(z)Vu(z); note that V € C®(B,(x) \ B/, R"T1), V has
compact support, and the divergence of V' does not concentrate on B} . Recalling the ngc
estimates in Theorem 2.1 and the doubling estimates in Corollary 3.6, we have

léa,p (X, )] < Clelt™ (|x| + 1)* Dy (x, 20) + C(x] + 0)* D, (x, )|l 2, ()
< Clelt™"(|x| + )* (Du(x.2t) + D,/ (x.1)D,/*(x.21))
< Cle|t™ (|x| + )* Dy (x,1). (4.8)

We choose ¢ := x5 — x1 and set

&i(z) =Vu(z)-(z—x;) — Ly(xj,t)u(z) fori = 1,2,
Al = I,(x1,t) — I,(x2,t) and AE(2) := 81(z) — E2(2).

Then, we have that 0,u(z) = Alu(z) + A&(z). Thus, from (4.6), we infer that

|z — x| u(z)
t

|z — x|

e Hy(x,1) = 2A1-Hu(x,t)—2/¢/( )AS( 2) dz,
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while from (4.7) and (3.7), we conclude
deDu(x.1) =2A1 - (Dy(x,1) + €p(x,1)) + €9,p(x, 1)
—2t_1/¢’(|2;—x|)A8(z)Vu(z)-

In particular, by a direct computation, we deduce that

dz.

zZ—X

x|

|z

deI(x,1)
t

= m(Hu(x,t)BeDu(x,t) — Dy (x,1)de Hy(x, 1))

= —Hu(zx,t) /_¢/(|Z;X|)A8(z)(Vu(z) (z—x)— Iu(x,l)u(z))
t

|z — x|

+ m -(2AI -ep(x,1) + €y,p(x,1)).

210

dz

(4.9)

We estimate (4.9) (recall thatt = Rp and x € Bl’,). First, notice that thanks to (3.9) we

may conclude that

Hu(x,t)|2AI ‘GD(X,Z)l = C|A]|t‘x(1u(x,[) + I,:/Z(X,l)) < Cta,

for some C > 0. Furthermore, by (4.8), we get that

t
_— D < Ct*Ly(x,t) < Ct?,
Ty 9l = Crhy(xn) <

where we used that |e| < 2p < t. Note that since x € B/, by elliptic regularity of u (cf.

Theorem 2.1), we infer that
sup |Vu(z) - (z —x) — Li(x,t)u(z)|
zeB;" (x)

<t sup |Vu(2)|+ Lu(x,0)|ullcos,,,)

+
ZGBHp

—ntl _n o,
= Ct™ 2 |ullL2Bypn,) = Ct *H,)/ (2t + 2p).
where we use (3.16) in Lemma 3.8. Hence, we have that

H, (21 +2p)
Hy(x,t)

[0 (B a1+ e

In order to estimate the integral term in (4.10), we notice that

de Ly (x,1) < Cct:

dz 4+ Cr“.

|z — x|

By (x)\ Biy(x) C Bry2p(xi) \ Bipp—ap(xi) Vx € By, fori =1,2;

(4.10)
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therefore,
2(t 4+ 2p) 1
/ 6()]——dz = 16 ()| —— dz
Bz(X)\B%(X) |z — x| t Bl+2p(xi)\B%_2p(xi) |z — x|
n '
<Ct2 (/ 2(z) ) ,
Bit2p(xi)\By _,,(xi) |z — xll

A.11)

where we choose R > 8§ and we use the direct computation

dz < Ct",

/Bmp(x,-)\Bé_z,,(xi) |z — xil

with C > 0 a dimensional constant. If R > 372, then we are in the position to apply
Lemma 4.1 (withrg =t/2—2pand ry =t + 2p) to get

62(z) dz < Cy (A Hy(xi, 21 + 4p)A2(t+2p)(xl) 4.12)

/Bmp(x»\&/z_zﬂ(xi) R
Using (4.10)—(4.12), we claim that for all x € B},

deLy(x.1) < C(AY ()" + C (A% (x2) " + €12, (4.13)

from which the conclusion follows by integrating (4.13) along the segment {x; + re :r €
[0, 1]}. Indeed, 41 > 2(t + 2p) and £ < £ —2p, and the monotonicity of Corollary 3.11
in the set of radii under consrderatlon Moreover

H,2(2t +2p) Hy  (x,t) H,*(xi. 2t + 4p) < H(2t +2p) H, ' (1) H,* (21 + 4p) < C,
thanks to the estimates in Lemma 3.4 and Corollary 3.6 because x; € B;, andt = Rp €
(2p. 0). n
4.2. Estimate of the mean flatness via the frequency function

We introduce the mean flatness.

Definition 4.3. Given a Radon measure . in R 1, for every x € R” and for every r > 0,
set

1/
Bu(x,r) :=inf (r_"_1 / dist?(y, £) d/L(y)) ,
£ By (x)
where the infimum is taken among all affine (n — 1)-dimensional planes £ C R"*!, and
dist(y, £) := infyeg |y — x|-

As shown in [16, 18], the mean flatness 8, of an arbitrary measure p supported on
I"(u) is controlled in terms of the integration of suitable radial oscillations of the frequency
with respect to .
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Proposition 4.4. For every my > 0 and R > %4 (where 0 is defined in (4.2)), there exist
constants ¢, C > 0 depending on R, my, and [A]o o with this property. If u is a solution
to (2.1) under assumptions (H1)-(H3), for every xo € T'(u) N B 1 satisfying (H4) with
m(xg) < myg, and a(xg) = 0, then for every r > 0 with Rr < g, for every finite Borel
measure (L with spt ;v < I'(u), and for every p € T'(u) N B.(xo),

C
pron < A @ + (R (B (1) ).
r(p

Proof. The proof is a simple adaptation of the ones in [16, Proposition 4.2] and [18,
Proposition 5.1]. The condition R > %4 is used in order to apply Lemma 4.1. We leave
the details to the readers. ]

5. Intrinsic frequency

In this section, we introduce an elementary change of variables in order to make a generic
free boundary point xq satisfy a(xg) = 0 for a different, related thin obstacle problem
(cf. [20-22] for the thin obstacle, and [12] in the case of the classical obstacle problem).
In such a way, we define an intrinsic frequency function for which the conclusions of
Proposition 4.4 hold even without the matrix A(xo) being the identity at free boundary
points.

Given a solution u of (2.2) and x¢ € I'(u) N B, consider the function

Ua(xy) : Prp (B1) > R

defined by
UA(x0) (X) 1= u(Pry (X)),

where @, : R?*! — R"*! s the affine map ®,,(x) := xo + A">(x0)(x — Xo). In par-
ticular, changing variables by means of @, leads to

/ (A()Vu(x), Vu(x)) dx = det (A"(x0)) € axp) (Ua(x0) Prp (B1)),

1

where
et (0 U) = [ (€090, Vo) dx, 5.1)
U

for every open set U € @71 (By), and Cy,(x) := A™"2(x0)A(Px, (x))A™(xo). Note
that Cy,(xo) = Id. Therefore, u4(x,) turns out to be the solution to the thin obstacle
problem for the energy in (5.1) among all functions in v € g(®y,) + HO1 (CIJ;O1 (Bl)) that
are even across the corresponding hyperplane CID;O1 ({xn+1 = 0}) = {xp4+1 = 0} (thanks
to hypothesis (H3)), and such that v|¢;01 B) = 0. Moreover, there is a bijection of the free

boundaries: I'(1a (xy)) = D5} (T (w)).
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Let u be a solution to (2.2), and let xo € B{ and r > 0 be such that
q)xo(Br(XO) N{xp4+1 =0}) C Bi

Being u 4 (x,) solution to the thin obstacle problem corresponding to the matrix field Cy, (-)
in By (xp), we consider the related frequency function

SDMA(XO) (x,)

o X €{xpt1 =0} N By(x0), s <r—|x—x0/| (52)
HMA(XO)(x,s)

L iy (X28) =
In passing, note that if x¢ satisfies assumption a(xo) = 0, then u coincides with u 4 (xy),
and correspondingly, I, Alxo) coincides with 7, at all points in B} and admissible radii.
For later purposes, it is convenient to point out explicit formulas for the Dirichlet energy

_ |5y () = X1\ (A(x0) Vu(y), Vu(y))

and for the “boundary” L? norm of u

B (1950 (v) — x| u?(y) 1
o 29 == [ (52 )|<I>;ol(y)—x|detA‘/2(x0) e B

We call I, AGo) (x0, ) the intrinsic function at a free boundary point xo € I'(u) and set
Nu(xo,7) 1= Luy (X0, 7).

Having fixed a point x¢ of the free boundary with finite frequency, we compare the intrin-
sic frequency function and the (standard) Dirichlet based one at points of the free boundary
with finite frequency close to xo. Thus, for every ntg > 0, we set

™) :={x eT(u)N Bj,: sup Ny(x,r) < mo}.
re(0,!/2)

Proposition 5.1. For every my > 0O, there exist constants o, C > 0 depending on the
ellipticity constant A, wy, and [Ao,o with this property. If u is a solution to (2.1) under
assumptions (H1)—(H3), for every xo, x1 € I'™°(u) N Bl’/z, ifr € (0,0) and |xg — x1] <
C~'r, then

L gy (@d (¥1).7) = Nu(x1.7)| < Clxo — X1 Nyg(x1. 7). (5.4)
Proof. We start off noticing that by (H1)
|0 (x1) = xo| = @) (x1) = DL (x0)| < A7 |x1 — X0,

where the square root of the ellipticity constant A bounds from below the norm of
A~'"2(x¢). Therefore, I, Ao (P (x1).r) is well defined provided that o, C~! are suf-
ficiently small (cf. Lemma 3.4).



G. Andreucci, M. Focardi, and E. Spadaro 214

To prove the inequality in (5.4), it is convenient to recall formulas (5.2)—(5.3):

A - A(xo)V Vv
D (@5 (1)) = / ¢(I (on(y xl)|)< (xz)etzf/yzzxo)u(y)) dy
and
. _ (1AT2(x0) (v —x1)| u?(y) 1
Hus @500 = | ¢( : )|A T (o) (y—x1)] det A )

To estimate the difference between the Dirichlet energies, we introduce the sets

Ur(x) := ((x + A(x)By) U (x1 + A (x0) By))
\ ((x + A() B N (61 + A(x0) B )

forall x € B/ b Then, we argue as follows:

D“A(n)(xl’ r)— D"A(xo)(cD;ol (x1),7)

_ / ¢(IA_1/2(x1)(y - x1)|) (AGe)Vu(y). Vu(y))
N r det A'2(x;)

_/¢(|A 1/2()60)()’ —

(A(xo)Vu(y), Vu(y))

) det A'2(x)
_ /( (|A l/2(351)()’ —x1)|) (|A1/2(x0)(y —x1)|)) (A(x)Vu(y), Vu(y)) d
N r det A'2(x;) J
+/ (|A_1/2(x0)(y—x1)|)( (A(x1)Vu(y), Vu(y)) (A(xo)Vu(y),Vu(y)))d
det A'2(xy) det A'2(x) Y

=: DV () + DD (r).

Since |y — x1| < C(A)r forall y € U, (x1) and Cb;ll (Ur(x1)) € Bc,ayr(x1), we deduce
that

(Alx)Vu(y), Vu(y))
Ur (x1) det A'2(xy)

DD ()| < Clploa|A™"(x0) — A7 (xy)]

< CJA(xo) = A ()| / iy PRI
r xl

(H1)

= Clxl —X()l uA(xl)(xhcr),

and, analogously,

det A'2(x1)

DA < |ld— ———~
DO = 1= e AT xo)

AT (x1)A(x0)

/ (A(x)Vu(y), Vu(y))
Ur(x1) det A'2(x1)

(HD)
< C|.x1_.x0| uA(xl)(xl’Cr)’
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for some constant C = C(n, A, A, [¢]o,1, [A]o,a) > 0. For p sufficiently small, we apply
iteratively Corollary 3.6 to u g (x,) to conclude

Dty (¥1.7) = Dty ) (@) (x1). )] < Clxy = x0|“/2DuA(X1)(x1,r), (5.5)

To estimate the difference of the H-terms, we define [0, 00) > t > Y (¢) := ¢ O/
(recall that ¢'(¢t) = 0 for ¢ € [0, 1/2] U [1, 00)) and notice that ¥ is Lipschitz continuous
on [0, 00), having assumed ¢ € C 1. We then argue as follows:

H"A(xl)(xl’ r)— HuA(xO)(qD;[)l (x1),7)

_ / w(lA—l/Z(xoxy—xln) w2(y)
N r rdet A'2(xq)

AT (x)(y — x1)| u(y)
—/W( r )rdetA'/z(xl) &

_ A (xo) (y — x1)| A7)0 =20\ w20)
B / (W( r ) - 1/I( r )) r det A'2(xo) dy

AT~ () (y — x1) 1 1 u?(y)
+/w( r )(detA‘/z(xo) _detAl/z(xl)) ma

= HY(r)+ HO ).

Therefore, we get straightforwardly that

det A2 (x1)

H(Z) < A
| ("l = det A'/2(xo)

1

HMA(XI)(xlar) = C|X1 _X0|u/2HuA(xl)(X1,l”),

with C(n, A, A, [A]o,e) > 0. To estimate H® | we introduce the set

V() = (1 + A (o) (Br \ Bi)) U (31 + A (1) (B, \ B.p)

and get
2
HOW| < A0y~ Ao [ P gy
Vr(xl) r
2
<Clu —xo|“/2/ Oy,
Vr(x1) r

2
. 2, (2)
§C|x1—xo|/2/ RXCLL
q:';]l(Vr(xl)) r

where C(n, A, A, [¢]1,1,[A]o,e) > 0. We have that
Cb;ll(Vr(xl)) - B()L—IA)l/zr(XI) \ B%(AA—I)‘/zr(Xl),

and thus, we may estimate the r.h.s. above as follows:

2
. U (o) (2)
|H(1)(r)|§C|x1—xo|/2/ ZAE)T g
B(;LflA)‘/zr(xl)\B%(AAfl)‘/zr(xl) r
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With w4 (x,) being a solution to a thin obstacle problem with a(x;) = 0, for o sufficiently
small, Lemma 3.8 yields

U (xp(2)dz < CrH, x1, (ATTA) )

A(xl)(
/BulA)‘/Zr(xl)\B;(AA1)‘/zr(x1)

with C = C([A]o,o, mt(x1)) > 0. In turn, the doubling properties of Hyy o (x1,-) together
with the quasi-monotonicity in (3.14) imply

|H® ()] < Clx1 = ol Huy, (x1,7).
Thus, we conclude that
|y (61 7) = Hu ) (050 (1), 1)| < Clxy = X0 P Huy ) (X1.7). (5.6)

and from estimates (5.5) and (5.6), we conclude that (always under the hypothesis that o
is sufficiently small)

_ 2C|xy — xo|”?
|IuA(xo) (cI)xO1 (x1),7) — IuA(xl)(xl,r)| < 1 7 UaGey) (X1: 7). [

—»C|x1——x0
In view of the previous estimate on the intrinsic frequency function, we can rephrase
the bound on the mean flatness in terms of the intrinsic frequency itself dispensing with
the assumption a(xg) = 0 for the base point.
For points xo € I'(u) with sup,¢(,11,) Nu(X0,7) < 00, we set

E(x0) := Ny(xo,7) + Cr® — (Nu(x0.p) + Cp%), O0<p<r,

for C > 0 the constant in (4.1) and r sufficiently small. Finally, we note that the semi-
norm [(det A">(x9))Cyx,]o.« is uniformly bounded; therefore, the constants @ in (4.2) for
this new matrices are uniformly bounded with respect to xq in view of (H1) and (H2). We
denote by 6y > 0 its infimum.

Proposition 5.2. For every mg > 0 and R > 64/s,, there exist constants o, C > 0 depend-
ing on R, my, and [A)o o, with this property. If u is a solution to (2.1) under assumptions
(H1)—(H3), for every finite Borel measure . with spt u € I'™0 (u), for every xo € I'™0(u),
then for every r > 0 with Rr < ¢ and p € T™(u) N B/.(xo)

Br(p.r) <

rn—l

( / E gf:(x) d(x) + (Rar)*'?11(BR,, (P))) ’
BRr,r(p)

for every Ry > max{2R? 2R + 4} and R, < %(R —5)r.

Proof. Set [La(xe) 1= (P )upt: then, spt(iea(xy)) S I'(Ua(xy))- Note that D1 (B, (p)) =
xo + A™2(x0) By (p — x0) C B(1 4222 (p)- Thus, from the very definition of the mean
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flatness B,,, we infer that for all p € B (x¢)
Bitp.r) =intr " [ dis (5, 2) d(@r ettty )
£ B:(p)

= infr "1 / distz(CDxO(y), £) dpta(x) (V)
£ @5l (Br (p))

= infr! / dis (D, (1), Py (£)) dfta ey ()
£ @5l (Br(p))

< Ainfr="! / dist®(y, £) dtaceg) ()
£ @4 (B (p))

< CR"MAB%2  (p,Rr),

A (xg)

if R>1+2A"""2. Since u A(xo) satisfies the hypotheses of Proposition 4.4 in x, recalling
that f14(xp) = (P54t we deduce that

B2(p.r) < CR™ABZ,  (p.Rr)

IA

C 2R+4
< ( /B () S 0 e () + (Rr)“quo)(BRr(p)))
RrD

C / QR+Dr , 1
= (Dupiegy) 1 (R sy (Prg (1)) da(x)
P o ey 2RI

C
n—1 (Rr)a/‘L(@xo (BRr (p)))v

+

where we denote by A, (x0) the quantity defined in (4.1) by means of I, R 1+
247y v %, and r is sufficiently small (cf. Proposition 4.4).
Eventually, Proposition 5.1 provides the conclusion as spt u € '™ (u), i.e.,

C
o <o [ SR m + RO o) ).
r BRZr(p)
for R, > max{2R? 2R +4}and R, < %(R — 5)r, and r is sufficiently small (cf. Propo-

sition 5.1). [ ]

6. The measure and the structure of the free boundary

We recall the definition of homogeneous and almost homogeneous solutions to the (stan-
dard) thin obstacle problem:

H = {w € HL.(R"™H)\ {0} : w(x) = |x|’lw(|;c—|), A>3/,

w|p, solves (2.1) with A = Id}.
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Given a solution ¥ to (2.1) with A satisfying (H1)-(H3), we set

e () = {x € [(u) : limsup Ny (x, ) < 400}

r—0t

Note that, for every ng > 0, we have that ['™° (1) C I'i"i¢(3). For any point xo € ['i"(y),
we set
Ju(xo,1) 1= €1 Ny (x0, 1),

for all # > 0 such that J, (xg, t) is monotone, namely, for all ¢ € (0, ¢) with o > 0 a constant
depending on [A]o o and n1g as in the statement of Proposition 3.9.

Definition 6.1. Letn > 0, and let u : B; — R be a solution to thin obstacle problem (2.1).

Assume that xo € I'inite(3) N B/, and r € (0,1/2) is such that Jy (xo, r) is defined. Then,

u is called n-almost homogeneous of (2.1) in B, (x¢) if
Ju(x0,7/2) — Ju(x0,7/4) < 1.

The following lemma justifies this terminology.

Lemma 6.2. Forevery ¢ > 0 and mo > O, there exist n, 0 > 0 with the following property:
if u is an n-almost homogeneous solution in By (xq) withr < o and xo € T™°(u) N Bl’/z,
then

dnf [ (aco)xor = 0] 1, < &

Proof. The proof follows by a contradiction argument similar to [ 16, Lemma 5.5]. Assume
that for ¢ > 0 we could find sequences r; of numbers and u; of %-almost homogeneous
solutions in By, (x;) such that

irllfwiggf I ((uz)A(x,))xl’,l - w||H1(Bl) > ¢, 6.1)

with x; € Tine(y;) N Bl//2 and m(x;) < mg. By Proposition 3.1, there exists a subse-
quence (not relabeled) of v; = ((u;)A(x;))x;,r, CONverging to a solution v to the thin
obstacle problem in B; for the standard Dirichlet energy. Moreover, we can assume that
the points x; converge to Xoo € B! b From Proposition 3.3, we infer that

H, (1f) = lilrn Hy, (1)) = C lilm Hy (1) >0
so that v, is not zero. On the other hand, we have that
Ly (12) = Iy (1/4) = lilrn(lv,(l/Z) — 1y, (1/4) = lilm(Ju(xzy nf2) — Ju(xy,71/4)) = 0.

This implies that v is a solution with constant frequency and thus is homogeneous (see,
for instance, [16, Proposition 2.7]), contradicting (6.1). [
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A rigidity property of the type shown in [16, Proposition 5.6] holds in the case of
non-smooth coefficients as well. We call spine S(w) of a function w € # the maximal
subspace of invariance of u,

Sw) :={y e R" x {0} : w(x +y) = w(x) VxeR" '}

We recall that the maximal dimension of the spine of a function w in J is at most n — 1
(cf. [16, Section 5.2]), and we set FH'°P for the set of homogeneous solutions w with
dim S(w) = n — 1; whereas H'°% := J¢ \ J'°P.

Proposition 6.3. For every t > 0 and my > 0, there exists n, 0 > 0 with this property. If
u is an n-almost homogeneous solution in B, (xg), r < 0 and xo € T™(u) N Bl’/2 with
m(xg) < my, then the following dichotomy holds:

(i)  either for every point x € T™(u) N B,//2 (x0), we have

| hu(x.7/2) = Julxo. 72| < 7.

(ii)  or there exists a linear subspace V. C R"™ x {0} of dimension n — 2 such that

e I'o(y) N B/ ,
{y " ) = dist(y,xo+ V) <rtr.

Ju(y.7/8) — Ju(y.7/16) < 1

Proof. The proof proceeds by contradiction and follows the ideas in [16, Proposition 5.6].
Let T > 0 be a given constant and assume that there exist 7; and a sequence (u;);en Of
1/1-almost homogeneous solutions in B,, (this clearly holds up to horizontal translations)
such that

(i)  there exists x; € I'™°(u;) N B}, for which

i

|Ju(xp,m1/2) = (0, 71/2)| > T, (6.2)

(i) for every linear subspace V € R” x {0} of dimension n — 2, there exists y; €
r'™o(u;) N B, /z(xo) (a priori depending on V') such that

Le.nfs) = Ty rifie) < i and dist(y. V) > . (6.3)

We consider the rescaled functions v; := (4;)o,r. By the compactness result in Propo-
sition 3.1, v; converge, up to a subsequence, to a nonzero solution to the thin obstacle
problem with constant coefficients vo. In particular, v, € H thanks to Lemma 6.2.

If voo € H'P, then (6.2) is contradicted. Indeed, up to choosing a further subsequence,
we can assume that z; :=r;” Iy > zo0 € El/z; MOTeOVer, Zs, 1S a critical point for ve,
because both v;(z;) = |Vv;(z;)| = 0 and the convergence is C!, and by a simple change
of variables, we have that

[Tuso (Zoos 1/2) = 1o (0,1/2)| = Him [ Ju(x1,7/2) = Ju(0,7/2)] = 7,
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which is a contradiction to the constancy of the frequency at critical points of homoge-
neous solutions vy, € FP (see [16, Lemma 5.3]).

On the other hand, if vy € H low "we show a contradiction to the second condition
in (6.3) with V any (n — 2)-dimensional subspace containing S(veo). Indeed, let y; be
as in (6.3) for such a choice of V. By compactness, up to passing to a subsequence (not
relabeled), z; 1= rl_lyl — Zoo for some zo, € El/z with dist(zeo, V) > 7 > 0. Arguing as
before, we obtain

[ Tone (200, 1/8) = Lo (200, 1/16) [ = lim [ Ju(y1./5) = Ju(ys.7/r6)| < lim 1/1 =0,

where the last inequality is given by the !/i-almost homogeneity of the functions u; (cf.
the first condition in (6.3)). Using [16, Proposition 2.7, Lemma 5.2], it follows that zo, €
S'(vso), from which we infer a contradiction as Zo, € S(Voo) € V and dist(zeo, V) > 7. =

Proof of Theorem 1.1

The proof is now a simple consequence of the results established in the previous sections.
Indeed, we can follow verbatim [16, Section 6] (see also [18, Section 5.3]). Recall that

rine(y) .= {x € B} : limsup Ny(x,7) < +00}.
r—0+
By a simple rescaling argument, if xo € Bj and r < dist(xo, 0B;), then the function
ur(y) := u(xo + ry) solves a thin obstacle problem (1.1) with A satisfying (H1)-(H3)
and
Fﬁm[e(ur) N B/% = U Fmo(ur).

3
mo=3

Therefore, it is enough to show that '™ (u) N B] b is rectifiable. To this aim, we fix pg > 0
such that the conclusions of all propositions in the previous sections hold for points x €
r™o(w)n B] b and radii p < pg. We can then follow the proof of [16, Section 6] applied
to the intrinsic frequency N, starting at po: indeed, the proof uses only the lower bound of
the frequency (cf. Corollary 3.6), the estimate of the spatial oscillation of the frequency in
terms of the mean flatness (cf. Proposition 5.2) and the rigidity of Proposition 6.3, together
with the Reifenberg-type rectifiability criteria provided in the work by Naber and Valtorta
[31].

Finally, we note that the proof of the rectifiability also gives the local finiteness of
the measure of each '™ (u), which we will use for the proof of Theorem 1.2 in the next
section.

7. Finiteness of the frequency for A € W1

In this section, we prove the finiteness of the intrinsic frequency N, at all free boundary
points for a solution u of (2.2), assuming that the matrix field A satisfies (H1) with p = oo,
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(H2), and (H3) (see also [22]). Given this for granted, Theorem 1.2 is then an immediate
consequence of Theorem 1.1.

We first establish several auxiliary results under the simplifying assumptions that the
base point is the origin and that A (0) = Id in the spirit of [12, Section 3.2]. Consider then
the function

i By — [0,00)
defined by
p(x) := (A(x)v(x),v(x)) ifx # 0and n(0) =1,

where v(x) = |§—| Recalling that A is Lipschitz-continuous, we infer that u € C%!(By),
and

A <u(x) <A, foreveryx € By, (7.1)

where A, A are the ellipticity constants in (H2) (for a proof, see [12, Lemma 3.10]).

Here, for the sake of simplicity, we follow the computations in [12] which use Almgren
original frequency function (cf. [2]) tailored for Lipschitz coefficients. Let us define the
functions

Eu(r) ::/B (AVu,Vu)dx and H,(r) := /aB pu’ dien,

and the energy-driven frequency function

r&u(r)
J = .
u(r) Hu(r)
It is useful for the sequel to observe that
Eu(r) = / u{AVu,v)die". (7.2)
B,

This equality follows by computing the divergence of the vector field uAVu, by tak-
ing into account (2.2), and by exploiting the Signorini’s ambiguous conditions together
with (H3).

In order to establish the monotonicity of J,,, we start with the following lemma.

Lemma 7.1. Let A satisfy (H1) with p = oo, (H2), and A(0) = 1d, and let {4 be as above.
Then, there exists a constant C > 0 depending on n and on [Aly,1 such that, for every
r € (0,1) and x € By, we have that

ITrA(x) — (n + Du(x)| < Cr.
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Proof. Fixing a point x € B,, let {/\l}:’: 11 be the eigenvalues of the matrix A(x) and
{e; };’:11 be the corresponding orthonormal base of eigenvectors. Set y; := re;; then,

| Tr A(x) = (n + Dp(x)|

n+1 |

Y (i — p(x)

i=1

n+1

Y ((Aer,e) — (Ax)v(x), v(x)))
i=1

n+1

<> ((AMei i) = (Aier e)| + [(Aiei. ei) = (AX)(x), v(x)) )

i=1

n+1

= ([((A) = AG))ei. )| + [n(yi) — n(x)])
i=1
n+1

<C Y (el + Dlx—y| =Cr.
i=1

where we used the Lipschitz continuity of A and p, and that x, y; € Er. [

Remark 7.2. From Lemma 7.1, we deduce that
TrA(x)—(m + Du(x) > —Cr,
in turn implying that for every x € B;
PO TrAR) = =Crp™ (x) + (n + 1). (7.3)

First, we compute the derivative of &,.

Proposition 7.3. Let u be a solution to (2.1) under assumptions (H1)—(H3) with
p=o00 and A(0)=1d,

and let . be as above. Then, there exists a constant C > 0 depending on n, A, A, and
[Alo.1 such that for £ a.e. r € (0, 1)

& (r) = 2/ w YAy, Vu)2dH" + E,,
0B,
with

1
Er > —C&u(r) + 2= u(r).
r
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Proof. By the coarea formula and [12, Lemma 3.4] applied to the Lipschitz vector field

F(x) := %, we have

&, (r) = / (AVu, Vu)dH"
3B,
1
= 2/ w YAV, Vu)2dH" + —/ w VA Ax @ Vu ® Vu dx
3B, r JB,

+%/ (AVu, Vu) div (u_le)dx—g/ (AVu, V7 (1" Ax)Vu)dx
B,

r

=: 2/ w YAy, Vu)2dH" + Ry + R, + Rs. (7.4)
0B,

We now estimate the R;’s. We start with R;. By using the Lipschitz continuity of A, (7.1),
and (H2), we get

1 _
|Ry| < ;/B Z ],u laiaj,lai,kxkajualu‘dx

i,j,k,l
51—1/ > 10iajgllaidjudpu| dx
Br ikl
< C/ (AVu,Vu)dx = CE,(r). (7.5)

By computing explicitly the divergence, R, rewritten as

1 n+1
R, —/ (AVu,Vu)Zai(u_laijxj)dx
B,

r —
L,J

n+1

1 1
= —/ (AVu, Vu) Zai(u_laij)xj dx + —/ (AVu, Vu)pu ' Tr A dx
r B, r.JB

i.j "

1
z—C/ (AVu,Vu)dx—i——/ (AVu, Vu)pu ' Tr A dx
r

r

> _CE&u(r) + ”rLleu(r), (7.6)

where we used the Lipschitz continuity of w~'A, (7.1), and (7.3). Analogously, for R,
we have

2 2
R = —-/ (AVu, (VT (w™ ' A)x)Vu) dx — -/ (AVu, u='AVu) dx
r r

r r

2 2
>—C [ (AVu,Vu)dx — -/ (AVu, (WA —Id)Vu) — -/ (AVu, Vu) dx
Br r Br r r

= —CEulr) — 28,0, 1.7)
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where we used the Lipschitz continuity of u~!A, (H2), (7.1), and £~ (0)A(0) = Id. Col-
lecting (7.4)—(7.7), we conclude. [

We now focus on the derivative of J,,.

Proposition 7.4. Let u be a solution to (2.1) under assumptions (H1)—(H3) with p = oo,
and A(0) = Id, and let . be as above. Then, there exists a constant C > 0 depending on
n, A, A, and [Alo,1 such that for Elae re (0, 1)

H,(r) = Eﬂfu(r) + 2/ u(AVu,v)dH" + H,,
r 9B,
with

|H,| < CH,(r).
Proof. First, note that by the definition of u, v, the divergence theorem implies
1 .
Hy(r) = - div(u“Ax)dx.
r B,

Thus, the coarea formula and Lemma 7.1 yield for £! a.e. r € (0, 1)

1 1
3,0) =~ () + /a | div ) "

1 2 1 n+1
=——5Hu(r)+—/ u(Ax,Vu)dJ(’"—i——/ u? Zaiai,jxj+TrA dger
r r JaB, r JaB, i
n n+1
= -%, +2/ u({Av, Vu) d#" + / ZB a; jxjdi"
r 9B,

1
—i——/ u?(TrA — (n+ D) dF".
r JoB,

We now estimate the last two summands. Thanks to the Lipschitz continuity of A and
(7.1), we have

n+1

1 2
- E 0;a; ix; dFH"
”/83,” idi,jXj

< C/ u? dH" < CH,(r).
i JB,

Moreover, using Lemma 7.1, we have that

1
—/ uz(TrA—(n—i—l)pL)de" §C/ u?dgen < CHy(r).
r JaB, dB

The conclusion then follows at once. [

‘We now prove the quasi-monotonicity of J,,.
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Proposition 7.5. Let A satisfy (H1) with p = oo, (H2), (H3), and A(0) = Id, and let
be as above. Then, there exists a constant C > 0 depending on n, A, A, and [Alo,1 such
that the function

0,1] 3 r > €79, (r)

r&yu(r)

is non-decreasing, where we recall that J,,(r) = ()"

Proof. Propositions 7.3 and 7.4, formula (7.2), and the Cauchy—Schwarz inequality give
for £l ae.r € (0,1)

, r&yu(r) Ju(r) & (1) (r) — 4y (r)3, (r)
Tulr) = (Mr)) rt )
. Uu(r)
= T
2
f]-(z(r) (25{ (r)/ YAv, Vu)?dH —2(/8Bru(AVu,v)d]€ ) )
’
+ 5w (E Halr) — ()~ Hrsu(r))
- Ju(r) r n
> 20 ) o (Erﬂw) - I~ HE())
Ju(r) 1
> 20y (— Ceu(r)Iulr) - ;%umeu(r)) = 0.
The conclusion then follows at once. [

The quasi-monotonicity of J, is exploited in what follows to show the finiteness of the
intrinsic frequency N,,. To this aim, we will also need the following auxiliary result.

Lemma 7.6. Let u be a solution to (2.1) under assumptions (H1)-(H3) with p = oo, and
A(0) = Id. Then, there exists § > 0 such that

Hau (1) oCt g'fu(”)eCr

B =3 Vo<r<t<l.

Proof. From Proposition 7.4 and (7.2), we have for £! a.e. 7 € (0, 1)
n
H,(r) < 75—(,, (r) +2&,(r) + CHy(r)

so that ,
%u_(r)fli_kzju_(")_l’_(jfw_;’_c’
Hy(r) — r r r

from which we obtain

where B = n + CJ,(1). The conclusion then follows by a simple integration. |
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We can finally prove the finiteness of N, (xo,0") for every point xq in " (u).

Proposition 7.7. Let u be a solution to (2.1) under assumptions (H1)—~(H3) with p = oc.
Then, T (1) = T (u), i.e., Ny(x9,0T) < oo for every xo € T'(u).

Proof. Without loss of generality, we verify the finiteness of the frequency in xg = 0 €
I"(4). Moreover, by the arguments in Section 5, it is enough to consider the case A(0) =
Id: indeed, the intrinsic frequency function is defined after change of coordinates ®,
which sets the matrix A (0) to be the identity. In the sequel, we use the convention adopted
throughout the paper to drop the base point being equal to the origin.

We begin by estimating H,,(r) and D,,(r) in terms of 3, (r) and &, (r), respectively.
Let us begin with H,,(r): from Lemma 7.6, we get

= [ ¢>('X')|x| //B ("") !
2[Ry omene= _¢,(;)W)ds

2 2

r 5B
Z/2_(]>(|3:|) L g, r)eCC- s)ﬂd
> 96,0 [ (' |) ds > CH,(r). (7.8)
r/2

Instead, for &, and D,,, we have

D,,(r)=/ ('f|)|Vu|2dx</ IVul?dx < A71€,(r). (7.9)
B,

Thus, from (7.8), (7.9), and the definition of the frequency 7,,(r), we conclude by taking
into account Proposition 7.5:
rDy(r) réy(r)

Nyu(r) =I,(r) = 0 <C g{“(r) = CJy(r) < Cyu(1) < co.

We then conclude that all points of the free boundary have finite frequency, i.e., I'(u) =
Fﬁnite (M) -

We are then in the position to prove Theorem 1.2.

Proof of Theorem 1.2. The rectifiability of the free boundary is a consequence of Theo-
rem 1.1 and the previous Proposition 7.7 which establishes the fact that all free boundary
points belong to I'fine ().

In order to deduce the local finiteness of the Minkowski content of I"(u), we observe
that the intrinsic frequency is locally bounded in B} N T (u): i.e., there exists ng > 0 such
that ’

B’% NT(u) C T™(u).
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Indeed, we have that Ny, (x,r) < CJ,(x,r) < CJy(x,1/2) for every r € (0, %], taking into
account the continuity of B 5,0 I'(u) 2 x — J,(x,1/2), we infer that N, (x, r) is bounded
in El’/z N T'(u) for every r € (0,1/2].

By simple covering and scaling arguments, the conclusion of Theorem 1.2 is shown
for every compact K CC Bj. [

7.1. Free boundary of nonlinear thin obstacle problems

The results proven above can be applied to the case of nonlinear thin obstacle problems
studied in [1], i.e., to the class of problems

min/ f(Vu) dx, (7.10)

ueA B
where the energy density f : R"*! — R is convex and is of the form

S(p) =h(pl) (7.11)

for every p € R"*!, and the matrix D7 f(p) is uniformly coercive on compact subsets,
i.e., fulfills the following local ellipticity condition: for every M > 0, there exists A =
A(M) > 0 such that

(D] f(p)&.€) = AlgI (7.12)

for every |p| < M and § € R**1,
As shown in [1], if the function 2 € C2(R) satisfies

hO) =) =0, h'(t)=1+0@) fort— 0",

then the solutions to the variational problem in (7.10) are Ckl);l/ *(B 1+ U B7). Here, we show
that, if in addition
W'(t) =14 0@?) fort — 07, (7.13)

and, for the sake of simplicity, # € C°°, then we may apply Theorem 1.2 to infer all the
results on the free boundary regularity in that statement.

Proposition 7.8. Letu € Wlééoo(B{F) be a solution to (7.10) in A with h € C*° under the
assumptions (7.11), (7.12), and (7.13); then, u € Cl(l);l/z(Bl'" U B)), and the free boundary

I'(u) is (n — 1)-rectifiable and its Minkowski content is locally finite; i.e., for every K CC
Bj, there exists a constant C(K) > 0 such that

LTI W) N K)) < C(K)r?

for everyr € (0,1).
Moreover, there exists a set X (u) C I'(u) with Hausdorff dimension at most n — 2
such that for every x € I'(u) \ Z(u)

Ny(x,0%) € 2m,2m — 1/2,2m + 1}men\(0}-
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Proof. The solution to (7.10) is Ckl)’cl/ *(Bi" U B}) by [1] and by standard elliptic regular-

ityueC ""(Bl+ ) (thanks to the simplifying assumption & € C°). Moreover, u can be
characterized as the weak solution to the system

div(V, f(Vu)) = 0 in B},
udy+1f(Vu) =0 onBj,

i1 f(VU) =0 on B), (7.14)
u=>0 on By,
u=g on (0B;)*.

In particular, we deduce from the first equation in (7.14) that for every ¢ € C(B 1+ ) with
support non-intersecting (dB1) ™

/ (V, £(Vu), Vo (x)) dx = 0. (7.15)

B

We can write assumption (7.13) in the form A”(¢) = 1 + w(t) with |w(t)| < Ct? for t
sufficiently small. Integrating, we infer that

1 t
W@y=1t(14+a@), a@) = ;/ w(s)ds,
0
and @ € C! with @(0) = @'(0) = 0 and
@'(t) = _tiz/ w(s)ds + ;w(t) = |&'(t)] < Ct,
0

for ¢ sufficiently small. The first variation (7.15) reads then for every ¢ € C! (Bf' ) with
support non-intersecting (dB;) ™"

/B+ (1 + &(|Vu(x)])) Vu(x), Vo (x))dx = 0,

1

which is the Euler—Lagrange equation of the linear thin obstacle problem driven by the
quadratic energy

/ 0(x)|Vu(x)|?dx, 6(x):=1+a(Vu(x)|).
B

Note that 1 < 6(x) < 1 + C|Vu(x)|; therefore, 6 is locally bounded on BlJr U Bi. Thus,
if we prove that the function 8 is locally Lipschitz continuous on B1+ U B, we can apply
Theorem 1.2 and conclude all the results about the structure of I'" (u).

To this aim, we notice that for nontrivial solutions u in B1+ we have

Vu(x)
[V (x)]

VO(x) = & (|Vu(x)|) D?u(x) if [Vu(x)| # 0.
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Extend for simplicity u by even reflection to the whole B; (without renaming the func-
tion u), and let d : By — [0, o0) be the distance from the free boundary I'(u). By (7.14),
the function u satisfies the nonlinear elliptic equation

div(Vp, f(Vu)) =0 on By \ {(x',0) : u(x",0) = 0},

and thus, the following classical elliptic estimates hold locally in By \ {(x’,0) : u(x’,0) =
0}:

[Vu(x)| < C d(x) ™ ull Lo (B < C d(x)"",
|D?u(x)] < € d () [lull Lo (yq e < C ()™
Recalling that by assumption
&' (|Vu(x)]) = C|Vu(x)],
we then conclude for points outside the contact set, i.e., B \ {(x’,0) : u(x’,0) = 0}, that

|&"(IVu(x)D|

|D%u(x)| |Vu(x)| < Cd(x)""d(x)" < C. (7.16)
|Vu(x)|

[VO(x)| <
Moreover, if x € I'(u), then |[Vu(x)| = 0 so that for every y € Bl‘|r U B;

1
10(x) —0(y)| = [o(|Vu(y)])] < /0 &' (¢ |[Vu(y))|[Vu(y)| dt
<C|Vu)* <Clx —yl,

using the optimal regularity of u. Finally, if x belongs to the relative interior of {(x’, 0) :
u(x’,0) = 0} in B, we use the odd reflection across the hyperplane {x,+; = 0} as in
[1, Theorem 4.1] to infer that (7.16) holds as well.

In conclusion, 6 is locally Lipschitz continuous on B;” U B}. m

A. Order of contact

We introduce the definition of lower and upper order of contact with zero at a point.

Definition A.1. Letv € H!(Q), xo € 2 C R"*!, the lower and upper orders of contact
with O of v at x¢ are defined, respectively as

H,y (xo,
P (xp) :=supi e R: limsupM <00y, (A.1)
o0+ pn+219
5 . .. Hy(xo,p)
B (xo) := 1nf{19 eR: lzrgérif% > 0}. (A.2)
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Few elementary properties of ¥ (xo) and ¥ (xo) are resumed in the ensuing list: for all
Xo € 2, we have

(1) =00 < B(x0) < D (x0) < 00,

(2) the lower order of contact can be characterized equivalently as

Hu(XO’ ,O) — 0}

P (xg) = sup{z‘} eR: lim P

p—>0t
(3) the upper order of contact can be characterized equivalently as

5 . . Hy(xo, p)
ﬁ(XO) = 1nf{1.9 eR: pl_l)f{)l+ ;nT =0y.

Additionally, we compare the latter notions with those used by Koch, Riiland, and Shi [28].

Proposition A.2. Let u € A be a solution to (1.1) under the hypotheses (H1) and (H2),
and xo € I' () with A(xo) = Id. Then, on setting Ap(xo) := By(x0) \ Bop(x0), we have
that

1>
ln(pr(xO) u? dx)

¥ (x9) = liminf =: k(xp), (A3)
p—0+ Inp

_ In u? dx)"

3 (x0) = lim sup (hay a7 ) —: %(x0). (A4)

Inp

p—>07F
Proof. We will only prove the equality in (A.3), the other in (A.4) being completely anal-
ogous. We first note that by Lemma 3.8

1 _ (3.16)
It = [ P ax S Courop). (AS)

Ap(xo)
for points on the free boundary with A (xg) = Id.
Assume k(xg) € R; then, for every ¢ > 0, there are p; € (0, 1) and p; | O such that
for all p € (0, p;)

][ W2 dx < p2eG0)—e)
Ap(xo)

][ W2 dx > plg(g(xo)w)_
Apj (xo0) ’

From the former inequality and (A.5), we infer that k (x¢) — & < 9 (xp), and thus, k(xg) <
¥ (xp). Instead, from the latter inequality and (A.5), we deduce that k(xg) + 2 > ¥ (x¢);
thus, k(xg) > ¥ (xg). Therefore, k(xg) = ¥ (xo).

If k(x9) = —oo, then there exists p; | O such that for all i € N there exists j; € N

such that for all j > j;
7[ W2 dx > p]_—Zi’
Apj (x0)

and thus, —i + % > 19 (x¢), in turn implying B (xg¢) = —oo.

and forall j € N
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If k(xp) = o0, then for every i € N there is p; € (0, 1) such that for all p € (0, p;)

][ u?dx < pZi,
Ap(xo)

from which we conclude that ¢ (x¢) > i, and thus, ¥ (xg) = oco.
In conclusion, ¥ (xg) = k(xp) in all possible instances. [

For solutions to the thin obstacle problem, the points with finite frequency are points
with finite order of contact.

Lemma A.3. Let u be a solution to the thin obstacle problem (2.2) in By. Then, for every
xo € T'(u), B
limsup 7, (xg,7) > 9 (xp). (A.6)

r—0+t

Moreover, if limsup,_, o+ I, (xo,7) < 0o, then the limsup is actually a limit and

lim 1y (x0,7) = 9 (x0) = B (x0) € [¥/2.00). (A7)
r—>0

Proof. Without loss of generality, we take xo =0, and set I, (0") := lim sup, _, o+ 1,,(0, 7).

We start off proving (A.6). Without loss of generality, we assume 1,,(01) < oo, the
inequality being trivial otherwise. Hence, the doubling of both H,, (0, -) and D,,(0, -) holds
thanks to Proposition 3.3. Then, we use the equality in (3.17), namely,

H,(r) = = Hy(r) + 26, (r).

and (3.9) with x = x¢o = 0 and x = 0, to infer that

H,y(r) = = Hy(r) = 2Dy (1)

< CreDu(r(1+ 1),

in turn implying

< Cro 'L, () + 17 7(r)

i ln(Hu—(r)) — %Iu(r)

dr rt

= Cro Y (L, (r) + 1) (r)). (A.8)

Then, for every & > 0, there is r, > 0 such that I,,(r) < I,,(0%) + & for every r € (0, r,).
We use (A.8) to deduce for such radii that

d (Hu(r)

—In
rn

2
) < 2,0 4+ &)+ Crot,
dr r

Hence, by direct integration, we get that forall0 <r < s < rg

Hu(s) _C . < Hu(r) _% a

7—6 ES 7—8 r
sn+2(T(0)+e) = pnt2(Iu(0M)+e)
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From this and the very definition of 9 (0) in (A.2), we have 9(0) < I,(0%) + & for every
& > 0, which implies (A.6).

In order to prove (A.7), we combine the results in (A.6) with those in Proposition 3.9
(cf. (3.20)) to infer that the lim sup of the frequency is actually a limit so that the latter is
rewritten as

lim 7,,(r) = 9(0). (A.9)
r—>0+t

Therefore, arguing as above, by the inequality in (3.26) of Corollary 3.11 and (A.8), we
get that for every r € (0, r,)

i1n(H“—(’)) > 2(Ta0) — &) — Cret,
dr rn r

from which we conclude by integration that forall0 <r < s <7,

Hu (r) %ra <
rr+2(1, (01)—¢) = gn+2(1,(07)—¢)

H,(s) c

C
oS

Hence, we deduce that 1,,(0%) — & < 9(0) for every ¢ > 0; (A.7) then follows at once
from the last inequality, (A.9), and Corollary 3.11. ]

As a consequence of a Carleman-type estimate in [28], it is established there that for
the solutions to the variable coefficients thin obstacle problem:

(@) ®(xo) = 9(xo) for every xo € B!;

(b) if ¥(x¢) < o0, then doubling for H,,(xg, -) holds provided A (xo) = Id.
Items (a) and (b) right above yield the doubling of H, A(xo)(xo, -), in turn implying that
for Dy, (xo, -) thanks to an elementary Cacciopoli inequality. The latter and the proof
of Proposition 3.9 imply the quasi-monotonicity of Ny, (x¢,-) = I, Atc) (x0,-) and thus the
finiteness of N,,. On the other hand, item (a) of Lemma A.3 shows that points with finite
frequency have finite order of contact. Therefore, we infer the following corollary.

Corollary A.4. Let u € A be a solution to (1.1) under the hypotheses (H1) and (H2).
Then, the subset of points of the free boundary with finite order of contact is well defined:

Fﬁnite(u) — {Xo € I'(u) : limsup Ny, (xg,7) < oo}
r—>0%t

= {xo € T'(u) : k(x0) = K(x0) < 00}.

In particular, the points with finite order of contact do not depend on the choice of the
cut-off function ¢ in the definition of the frequency function.
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