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Cross-diffusion systems coupled via a moving interface
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Virginie Ehrlacher

Abstract. We propose and study a one-dimensional model which consists of two cross-diffusion
systems coupled via a moving interface. The motivation stems from the modeling of complex diffu-
sion processes in the context of the vapor deposition of thin films. In our model, cross-diffusion of
the various chemical species can be, respectively, modeled by a size-exclusion system for the solid
phase and the Stefan–Maxwell system for the gaseous phase. The coupling between the two phases
is modeled by linear phase transition laws of Butler–Volmer type, resulting in an interface evolution.
The continuous properties of the model are investigated, in particular its entropy variational structure
and stationary states. We introduce a two-point flux approximation finite-volume scheme. The mov-
ing interface is addressed with a moving-mesh approach, where the mesh is locally deformed around
the interface. The resulting discrete nonlinear system is shown to admit a solution that preserves the
main properties of the continuous system, namely, mass conservation, nonnegativity, volume-filling
constraints, decay of the free energy, and asymptotics. In particular, the moving-mesh approach is
compatible with the entropy structure of the continuous model. Numerical results illustrate these
properties and the dynamics of the model.

1. Introduction

We propose and study an extension of the mathematical model introduced in [6] to de-
scribe a physical vapor deposition process used in particular for the fabrication of semi-
conducting thin film layers in the photovoltaic industry. The process can be described as
follows: a wafer is introduced in a hot chamber where chemical elements are injected
under gaseous form. As the latter deposit on the substrate, a heterogeneous solid layer
grows upon it. Because of the high-temperature conditions, diffusion occurs in the bulk
until the wafer is taken out and the system is frozen. There are two essential features in the
problem: the evolution of the surface of the film and the diffusion of various species due
to high-temperature conditions. In the series of works [6, 7, 15], the authors introduced
and studied a one-dimensional moving-boundary cross-diffusion model where only the
evolution of the solid layer was considered. The latter is composed of n different chem-
ical species and occupies a domain of the form .0; X.t//, where X.t/ > 0 denotes the
thickness of the film at time t > 0. For any i 2 ¹1; : : : ; nº, the flux of atoms of species i
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absorbed at the surface of the solid film layer at time t is denoted by Fi .t/. For all t > 0
and x 2 .0; X.t//, denoting by ci .t; x/ the local volume fraction of species i at position
x 2 .0;X.t// and time t and setting F .t/ D .Fi .t//1�i�n and c.t; x/ WD .ci .t; x//1�i�n,
the resulting moving-boundary cross-diffusion system reads as

@tc.t; x/ � @x.As.c/@xc/.t; x/ D 0; for t > 0 and x 2 .0; X.t//; (1.1)

for some cross-diffusion matrix mappingAs W Rn! Rn�n describing the diffusion in the
solid phase, together with the boundary conditions

.As.c/@xc/.t; 0/ D 0; (1.2)

.As.c/@xc/.t; X.t//CX
0.t/c.t; X.t// D F .t/; (1.3)

and appropriate initial conditions. In other words, no-flux boundary conditions are assumed
on the bottom (x D 0) part of the thin film layer while (1.3) expresses the fact that the flux
of the i th species absorbed on the upper part of the layer (corresponding to x D X.t/) is
given by Fi .t/. The evolution of the thickness of the layer is assumed to be driven by the
following equation:

X 0.t/ D

nX
iD1

Fi .t/: (1.4)

In [6,7], the absorbed fluxes F .t/ are assumed to be explicitly known, which is not realis-
tic since the values of these fluxes depend on the interaction between the gaseous and the
solid phase in the hot chamber. This work is a first attempt to build a more evolved model,
taking into account the evolution of the gaseous phase and its interaction with the solid
phase. For the sake of simplicity, we only consider here an isolated system (no incoming
fluxes in the hot chamber) in order to mainly focus on the moving-interface coupling. The
present paper is then devoted to some theoretical and numerical analysis of the proposed
system.

Let us present some related contributions from the literature before highlighting the
novelty of the present work. Cross-diffusion systems have gained significant interest from
the mathematical community in the last twenty years. Indeed, it has been understood in
the seminal works [12, 17, 23–25] that many of these systems have a variational entropy
structure, which enables obtaining appropriate estimates in order to prove the existence of
weak solutions and to study convergence to equilibrium. In particular, many contributions
study theoretical and numerical aspects of the Stefan–Maxwell system [8,10,11,13,21,25]
and of the size-exclusion system [12, 14, 22, 23] that we both consider in this work as
typical applications. The variational entropy structure was extended to reaction-diffusion
systems of mass-action type in [28] and to bulk-interface systems in [20]; see also the
related works [19, 26, 30, 33]. However, all these contributions are restricted to a fixed
domain.

Similar problems posed in moving-boundary domains were investigated in previous
works by the authors: in [6], the existence of global weak solutions to the system (1.1)–
(1.2)–(1.3) was proved and the long-time asymptotics were studied in the case of constant
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fluxes F . The rapid stabilization of the associated linearized system was studied in [15]. A
similar moving-boundary parabolic system was introduced and studied in [3–5] to model
concrete carbonation. In [16], the authors introduced a finite-volume scheme approx-
imating the system, using a rescaling to a fixed domain, and proved its convergence
towards a continuous weak solution. Additionally, the long-time regime of the approxi-
mated moving-interface was studied in [38] (see also the thesis [39]). In [35], the authors
studied a scalar parabolic problem in a one-dimensional moving-boundary domain, using
Wasserstein gradient flows methods. This approach was adapted to a more complex model
in [27]. The authors of [9] studied Stefan–Maxwell reaction-diffusion in moving-boundary
domains of arbitrary dimension. Their model, though more complex, is very much related
to ours, but they do not seem to include energy dissipation through the interface and are
more interested in dynamical aspects than in numerical considerations. We also refer to
the monograph [36] for mathematical tools related to quasilinear parabolic problems in
moving-boundary domains.

Our work makes the following contributions.

• In Section 2, we introduce a new moving-interface cross-diffusion model and highlight
its variational entropy structure. The latter implies the thermodynamic consistency of
the model and lays the foundations for a rigorous mathematical analysis. The sta-
tionary states are identified (Proposition 1), and insights are given concerning the
long-time behaviour of the model (Proposition 2).

• In Section 3, a structure-preserving finite-volume scheme is introduced to discretize
the system. In contrast to the scheme designed in [16], we do not rescale the system to a
fixed domain but rather discretize the moving-interface following a cut-cell approach.

• We present some results of numerical analysis of the scheme in Section 4. We prove
the existence of at least one discrete solution to the scheme at each time step and that
this solution preserves the entropic structure of the continuous system (Theorem 1).
In particular, the procedure proposed here to update the interface and the mesh at
each time step preserves the decay of the entropy at the discrete level (Lemma 4). In
addition, the numerical scheme enables preserving on the discrete level some expected
fundamental properties of the solutions of the model, namely, nonnegativity of the
solutions and total mass (Lemma 2).

• Numerical results are given in Section 5, illustrating the properties of the model and the
nice properties of the scheme. Relying on these numerical observations, we formulate
some conjectures concerning the long-time behaviour of the solutions of the model.

2. Moving-interface coupled model

This section is devoted to the presentation and analysis of the continuous model we con-
sider in this work. The model is first broadly presented in Section 2.1, while technical
assumptions on the cross-diffusion matrices together with relevant examples are given in
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Section 2.2. The entropy structure of the system is formally investigated in Section 2.3.
Section 2.4 is devoted to the characterization of the stationary states and to a discussion
about the dynamics. Finally, Section 2.5 presents a stability analysis of a simplified ODE
model.

2.1. Presentation of the model

Let .0; 1/ be the physical domain containing both the solid and gaseous phases, and let
Q WD RC � .0; 1/ be the time-space domain of the problem. For all t � 0, letX.t/ 2 Œ0; 1�
denote the position at time t of the interface between the two phases. More precisely, at
time t , the solid phase occupies the domain .0; X.t// and the gaseous phase occupies the
domain .X.t/; 1/. We adopt the convention that if X.t/D 0 (respectively, X.t/D 1), then
the domain is entirely composed of a gaseous (respectively, solid) phase. We consider
n different chemical species represented by their densities of molar concentration. More
precisely, for all i 2 ¹1; : : : ;nº, ci .t;x/� 0 represents the density of molar concentration of
species i at time t � 0 and position x 2 .0; 1/ and we set c.t; x/ WD .ci .t; x//i2¹1;:::;nº. We
expect that so-called volume-filling constraints are satisfied; then, for almost all .t;x/ 2Q,
the vector c.t; x/ is expected to belong to the set

A WD

´
.c1; : : : ; cn/ 2 RnC;

nX
iD1

ci D 1

µ
: (2.1)

From a modeling perspective, the volume-filling constraints arise from size exclusion
effects in the solid phase and from isobaric assumptions in the gas mixture (see Sec-
tion 2.2 below). We assume that initial conditions for the model are given such that, at
time t D 0,

X.0/ D X0 and c.0; x/ D c0.x/; for a.a. x 2 .0; 1/; (2.2a)

for someX0 2 .0;1/ and c0.x/2A for almost all x 2 .0;1/. Now, for almost all .t;x/2Q
and all i 2 ¹1; : : : ; nº, we denote by Ji .t; x/ 2 R the molar flux of species i at time t and
position x 2 .0; 1/ and set J .t; x/ WD .J1.t; x/; : : : ; Jn.t; x//T . The local conservation of
matter inside the solid and gaseous phase, respectively, reads as

@tc C @xJ D 0; a.e. in Q: (2.2b)

Let us also denote by

Qs WD
®
.t; x/ 2 Q; x 2 .0; X.t//

¯
and Qg WD

®
.t; x/ 2 Q; x 2 .X.t/; 1/

¯
the time-space domain associated to the solid and gaseous phases, respectively. Cross-
diffusion phenomena are modeled by a diffusion matrix-valued application As W Rn !
Rn�n (resp., Ag W Rn ! Rn�n) in the solid (resp., gaseous) phase, as

J D �As.c/@xc; a.e. in Qs;

J D �Ag.c/@xc; a.e. in Qg :
(2.2c)
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We require that the diffusion matrix applications As and Ag satisfy some assumptions,
which will be made precise below in Section 2.2. On the boundary of the full domain
.0; 1/, zero-flux boundary conditions are imposed, i.e.,

J .t; 0/ D J .t; 1/ D 0; for a.a. t � 0: (2.2d)

To complete the definition of the model, it remains to introduce (i) the evolution of the
position of the interfaceX.t/ and (ii) the flux transmission conditions across this interface.
To this aim, we use a flux vector F .t/ D .Fi .t//i2¹1;:::;nº which accounts for phase tran-
sition mechanisms located at the vicinity of the interface between the solid and gaseous
phases. We focus in this work on simple expressions that directly follow from the mass
action law. They are written under the form of Butler–Volmer-type laws (i.e., with drift
terms in exponential form) even though our model does not take electric interactions into
account. These types of flux laws, which are well known in electrochemistry, are also com-
monly used in the case of phase separation; see [37] for instance. For a justification of the
introduction of such exponentials in a classical mass-action law context (without electric
interactions), we refer, for instance, to [31]. More precisely, we introduce some rescaled
reference chemical potentials ��;s WD .��;si /i2¹1;:::;nº, ��;g WD .�

�;g
i /i2¹1;:::;nº 2 Rn and

define the constants

ˇ�i WD exp.J��i K/; J��i K WD �
�;g
i � �

�;s
i 8i 2 ¹1; : : : ; nº: (2.2e)

Then, the vector F .t/ is defined for all t � 0, for all i 2 ¹1; : : : ; nº by

Fi .t/ D

8<:
p
ˇ�i c

g
i .t/ �

1p
ˇ�i
csi .t/ if X.t/ 2 .0; 1/;

0 otherwise:
(2.2f)

Moreover, the evolution of the location of the interface is defined, for almost all t � 0, as

X 0.t/ D

nX
iD1

Fi .t/: (2.2g)

Notice that if there exists t0 � 0 such thatX.t0/D 0 (respectively,X.t0/D 1), thenX.t/D
0 (respectively, X.t/ D 1) for all t � t0, and the system boils down to a single cross-
diffusion system defined in the whole domain .0; 1/ with no-flux boundary conditions and
diffusion matrix given by Ag (respectively, As). We define

T WD inf¹t 2 RC; X.t/ D 0 or X.t/ D 1º

so that X.t/ 2 .0; 1/ if and only if t 2 Œ0; T /. For all 0 � t < T and all i 2 ¹1; : : : ; nº, we
define the quantities

csi .t/ WD ci .t; X.t/
�/; c

g
i .t/ WD ci .t; X.t/

C/;

J si .t/ WD Ji .t; X.t/
�/; J

g
i .t/ WD Ji .t; X.t/

C/;
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and set
cs.t/ WD .csi .t//i2¹1;:::;nº; cg.t/ WD .c

g
i .t//i2¹1;:::;nº;

J s.t/ WD .J si .t//i2¹1;:::;nº; J g.t/ WD .J
g
i .t//i2¹1;:::;nº:

Then, we impose the following transmission conditions across the moving interface:

J s D �As.c
s/
�
@xc

�s
;

J g D �Ag.c
g/
�
@xc

�g
;

�J s.t/CX 0.t/cs.t/ D �J g.t/CX 0.t/cg.t/ D F .t/:

(2.2h)

Note that this implies in particular that, for almost all 0 � t < T ,

JJ .t/K �X 0.t/Jc.t/K D 0; (2.3)

where
JJ .t/K D J g.t/ � J s.t/ and Jc.t/K D cg.t/ � cs.t/:

Let us point out that conservation of matter follows from the local conservation equa-
tion (2.2b), the zero-flux conditions on the fixed boundary, and the conservative condition
(2.3). Indeed, taking into account the discontinuity of the fluxes and concentrations at the
interface, it holds that, for any i 2 ¹1; : : : ; nº and almost all t � 0,

d

dt

�Z 1

0

ci .t/ dx

�
D

d

dt

�Z X.t/

0

ci .t/ dx C

Z 1

X.t/

ci .t/ dx

�
D

Z X.t/

0

@tci .t/ dx C

Z 1

X.t/

@tci .t/ dx �X
0.t/Jci .t/K

D �

Z X.t/

0

@xJi .t/ dx �

Z 1

X.t/

@xJi .t/ dx �X
0.t/Jci .t/K

D JJi .t/K �X 0.t/Jci .t/K

D 0;

where Jci .t/K D c
g
i .t/ � c

s
i .t/ and JJi .t/K D J

g
i .t/ � J

s
i .t/.

2.2. Assumptions on cross-diffusion matrices

The aim of this section is to summarize the assumptions that As and Ag must satisfy for
the coupled model presented in the previous section to enjoy the entropy structure that
will be highlighted in the next section. Let us define

V0 WD

´
z D .z1; : : : ; zn/ 2 Rn;

nX
iD1

zi D 0

µ
:

We make the following two assumptions: for ˛ 2 ¹s; gº,

(A1) for all c 2 A \ .R�C/
n, A˛.c/.V0/ � V0.
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(A2) There exists C˛ > 0 and m1; : : : ; mn � 2 such that for all c D .ci /i2¹1;:::;nº 2
A \ .R�C/

n and all z D .zi /i2¹1;:::;nº 2 V0,

zTA˛.c/H .c/
�1z � C˛

nX
iD1

c
mi
i jzi j

2;

where j � j denotes the Euclidean norm of Rn and where

H .c/ D diag
�
1

c1
; : : : ;

1

cn

�
:

Let us make a few remarks before giving explicit examples of diffusion matrices satisfying
conditions (A1)–(A2). First, let us point out here that if As and Ag are chosen so that
(A1) is satisfied, then in the light of (2.2b)–(2.2c) this implies, at least on the formal
level, that

Pn
iD1 Ji .t; x/ D 0 from which it follows that

Pn
iD1 ci .t; x/ D 1 for almost

all .t; x/ 2 Q. Second, let us mention that condition (A2) implies that the cross-diffusion
system associated to a pure (gaseous or solid) phase enjoys an entropy structure in the
sense of [23], associated to the logarithmic free energy functional with free energy density
defined by

8c WD .ci /i2¹1;:::;nº 2 A; h.c/ WD

nX
iD1

ci log ci :

Let us point out in particular that H .c/ is the Hessian of h at vector c 2 A \ .R�C/
n. In

the following for all c 2 A \ .R�C/
n, we denote by

M˛.c/ D A˛.c/H
�1.c/ (2.4)

the so-called mobility matrix of the phase ˛.
We give in the following two typical examples of diffusion matrix applications which

satisfy conditions (A1) and (A2). We will use them throughout the rest of the article.

Example 1 (Solid phase). We consider here the diffusion matrix application introduced
in [6]. More precisely, for all i; j 2 ¹1; : : : ; nº, we introduce some cross-diffusion coef-
ficients �sij D �

s
j i > 0 (with �si i D 0 by convention). For all c D .ci /i2¹1;:::;nº 2 Rn, the

diffusion matrix As.c/ 2 Rn�n is defined by

.As/i i .c/ D
X
j¤i

�sij cj ; i 2 ¹1; : : : ; nº;

.As/ij .c/ D ��
s
ij ci ; i ¤ j 2 ¹1; : : : ; nº:

(2.5)

First, it can be easily checked that, for all c 2A,As.c/ satisfies condition (A1). Moreover,
it can be checked thatAs satisfies condition (A2) withmi D 1 for any i 2 ¹1; : : : ; nº, and
we refer the reader to [6, Lemma 1] for a proof.
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Example 2 (Gaseous phase). For all i; j 2 ¹1; : : : ; nº, we introduce some (inverse) cross-
diffusion coefficients �gij D �

g
ji > 0 (with �gii D 0 by convention). In the gaseous phase,

the fluxes are implicitly defined via the Stefan–Maxwell linear system [8]

zAg.c/J D �@xc and J 2 V0; a.e. in Qg ; (2.6)

where for all c D .ci /i2¹1;:::;nº 2 Rn, the diffusion matrix {zAg.c/ 2 Rn�n is defined by�
zAg
�
i i
.c/ D

X
j¤i

�
g
ij cj ; i 2 ¹1; : : : ; nº;

�
zAg
�
ij
.c/ D ��

g
ij ci ; i ¤ j 2 ¹1; : : : ; nº:

(2.7)

Notice that the expression of zAg.c/ is similar to the one of As.c/. The matrix zAg.c/
is not invertible in general, but it holds that, for all c 2 A \ .R�C/

n, zAg.c/.V0/ � V0

and the restriction zAg.c/jV0 defines an invertible linear mapping from V0 onto V0 (see
[8, Section 5]). As a consequence, for all c 2 A \ .R�C/

n, there exists a unique matrix
Ag.c/ 2 Rn�n so that

Ag.c/z D

´
zAg.c/j

�1
V0
z if z 2 V0;

0 if z 2 .V0/?:

The relationship (2.6) can then be rewritten as

J D �Ag.c/@xc; a.e. in Qg : (2.8)

It can then easily be checked that Ag satisfies condition (A1). The proof that it satisfies
condition (A2) with mi D 1 for any i 2 ¹1; : : : ; nº can be found in [25, Lemma 2.4].

Remark 1 (Physical variables). In [6], the system in the solid phase is written in terms of
volume fraction variables, and the volume-filling constraint originates from size exclusion
effects. Since we work here with molar concentrations, we should rather write

nX
jD1

vj cj D 1 in .0; X/;

where the vj are constant molar volumes, but we normalize these constants to one to
simplify. In [8], the volume-filling constraint in the Stefan–Maxwell model follows from
isobaric conditions in the mixture. Let us point out that, although void can be modeled in
the solid layer as one particular species accounting for vacancies at the microscopic level
and represented by its volume fraction in the continuous limit, the Stefan–Maxwell model,
because it is written in terms of molar concentrations of an incompressible mixture, does
not address void (or free volume); see, for example, [34].
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2.3. Entropy structure

The aim of this section is to highlight the entropy structure of the coupled model intro-
duced in Sections 2.1 and 2.2. For any X 2 Œ0; 1� and c W .0; 1/! Rn such that c.x/ 2 A

for almost all x 2 .0; 1/, the coupled free energy functional is defined by

H Œc; X� D

Z X

0

hs.c/ dx C

Z 1

X

hg.c/ dx; (2.9)

with free energy densities given by, for ˛ 2 ¹s; gº,

8c D .ci /i2¹1;:::;nº 2 A; h˛.c/ WD

nX
iD1

ci .log.ci /C �
�;˛
i / � ci C 1: (2.10)

Remember here that ��;˛i is the rescaled reference chemical potential of species i in the
phase ˛ (see (2.2e)). For all c WD .ci /i2¹1;:::;nº 2 A, the chemical potentials are defined
for ˛ 2 ¹s; gº as �˛ D .�˛;i /i2¹1;:::;nº and

�˛;i .c/ D @cih˛.c/ D log.ci /C �
�;˛
i 8i 2 ¹1; : : : ; nº: (2.11)

Note that @x�˛.c/ D @x log.c/ does not depend on the phase ˛ 2 ¹s; gº, and let us define

J�.t/K WD

´
�g.c

g.t// � �s.c
s.t// if t 2 Œ0; T /;

0 otherwise:

Let us now formally time-differentiate the free energy along solutions to (2.2):

d

dt
H Œc; X� D

Z X

0

@tc
T�s dx C

Z 1

X

@tc
T�g dx �X

0Jh˛.c/K

D �

Z X

0

@x log.c/TAs.c/@xc dx �
Z 1

X

@x log.c/TAg.c/@xc dx

C JJ T�K �X 0Jh˛.c/K

D �

Z X

0

@x log.c/TM s.c/@x log.c/ dx�
Z 1

X

@x log.c/TMg.c/@x log.c/ dx

C J
�
J �X 0c

�T
�K �X 0Jh˛.c/ � cT�K;

where we used integration by parts and definition (2.4). Then, using the transmission
conditions (2.2h) and the fact that Jh˛.c/ � cT�K D 0 for c 2 A, we obtain the free
energy dissipation equality: for almost all t � 0,

d

dt
H Œc.t/; X.t/�C

Z X.t/

0

@x log.c.t//TM s.c.t//@x log.c.t// dx

C

Z 1

X.t/

@x log.c.t//TMg.c.t//@x log.c.t// dx C F .t/T J�.t/K D 0: (2.12)
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First, since, for ˛ 2 ¹s; gº, A˛ satisfies condition (A2), it holds that, almost everywhere
in Q˛ ,

@x log.c/TM˛.c/@x log.c/ � C˛
nX
iD1

c
mi
i j@x log.ci /j2

� C˛

nX
iD1

1

c
2�mi
i

j@xci j
2
� C˛j@xcj

2; (2.13)

where in the last inequality we used the fact that, for any i 2 ¹1; : : : ; nº,mi � 2 and ci � 1.
Furthermore, for almost all t 2 .0;T /, the Butler–Volmer fluxes (2.2f) can be reinterpreted,
using (2.11), as, for i 2 ¹1; : : : ; nº,

Fi .t/ D c
g
i .t/ exp

�
1

2
J��i K

�
� csi .t/ exp

�
�
1

2
J��i K

�
D 2

q
csi .t/c

g
i .t/ sinh

�
1

2
J�i .t/K

�
; (2.14)

which guarantees that, for almost any t � 0,

F .t/T J�.t/K � 0:

As a consequence, the free energy is a Lyapunov functional of the coupled system, in the
sense that, for almost all t � 0,

d

dt
H Œc.t/; X.t/� � 0:

Note that, given the definition of the free energy density (2.10), this property guarantees
the preservation of the nonnegativity of the concentrations along the dynamics.

Let us now go a step further in the analysis of the structure of the interface fluxes (2.14)
with respect to the free energy (2.9). In the series of works [20, 26, 28], the mass action
law was associated to a quadratic gradient structure with respect to H . Later, the authors
of [1, 2, 32] tried to derive this structure from microscopic systems using large deviations
theory. Interestingly, they did not recover the previously known quadratic structure but
discovered a new generalized (non-quadratic) gradient structure. We use this structure in
this work. More precisely, let us introduce an auxiliary function, defined on the real line
as

�.x/ D 4
�

cosh
�x
2

�
� 1

�
8x 2 R:

This function is a dissipation potential: it is smooth, strictly convex, and nonnegative such
that �.0/ D 0. Its derivative is given by

�0.x/ D 2 sinh
�x
2

�
8x 2 R;
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and �0 is bijective from R to R. The convex conjugate of � (dual dissipation potential) is
given by (see [1, Section 5a])

��.z/ D sup
x2R
¹xz � �.x/º D 2z log

�
z C
p
z2 C 4

2

�
� 2

p
z2 C 4C 4 8z 2 R:

The Fenchel–Young duality states that z D �0.x/ if and only if

�.x/C ��.z/ D zx (2.15)

so that
��.�0.x// D x�0.x/ � �.x/; x 2 R;

which implies, by strict convexity of �, the fact that �.0/ D 0 and that �0 W R! R is
bijective and that �� � 0 in R and ��.z/ D 0 if and only if z D 0.

Let us now remark that the Butler–Volmer fluxes (2.14) are related to � via the fol-
lowing relationship:

�0.J�iK/ D
Fiq
c
g
i c
s
i

; i 2 ¹1; : : : ; nº:

As a consequence, applying (2.15) to x WD J�iK, it holds that, for any i 2 ¹1; : : : ; nº,q
csi c

g
i

�
�.J�iK/C ��

�
Fiq
csi c

g
i

��
D FiJ�iK:

Therefore, one can rewrite (2.12) as

d

dt
H Œc.t/; X.t/�C

Z X.t/

0

.@x log.c.t///TM s.c.t//@x log.c.t// dx

C

Z 1

X.t/

.@x log.c.t///TMg.c.t//@x log.c.t// dx

C

nX
iD1

q
csi .t/c

g
i .t/

�
�.J�i .t/K/C ��

�
Fi .t/q
csi .t/c

g
i .t/

��
D 0: (2.16)

This identity is not yet satisfying, since it may degenerate when csi ; c
g
i D 0. To cir-

cumvent this issue, we use on the one hand the estimates (2.13) on the diffusion terms,
and on the other hand the fact that it holdsq

csi c
g
i

�
�.J�iK/C ��

�
Fiq
csi c

g
i

��
�

q
csi c

g
i �
�

�
Fiq
csi c

g
i

�
� ��.Fi / � 0:

The first inequality follows from the nonnegativity of � and the second from the convexity
of �� combined with ��.0/ D 0. We have derived the weak dissipation inequality: for
some Cs; Cg > 0,

d

dt
H Œc.t/;X.t/�CCs

Z X.t/

0

j@xc.t/j
2 dx CCg

Z 1

X.t/

j@xc.t/j
2 dx C

nX
iD1

��.Fi .t// � 0:

(2.17)
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Remark 2 (Extension of the model). We have seen in the derivation of the dissipation
equality (2.12) that in fact a more general equality holds:

d

dt
H Œc.t/; X.t/�C

Z X.t/

0

@x log.c.t//TM s.c.t//@x log.c.t// dx

C

Z 1

X.t/

@x log.c.t//TMg.c.t//@x log.c.t// dx

C F .t/T J�.t/K �X 0.t/J�.c.t//K D 0;

where we have introduced the thermodynamic pressure, for ˛ 2 ¹s; gº,

�˛.c/ D c
T�˛.c/ � h˛.c/; (2.18)

and J�.c/K WD �g.c
g/ � �s.c

s/. The term X 0.t/J�.c/K happens to be null in our case,
but we have identified three different contributions to free energy dissipation: the two first
terms account for bulk diffusion; the term F .t/T J�K accounts for "reactions" at the inter-
face, driven by a jump of chemical potentials; the last term X 0.t/J�.c/K accounts for a
displacement of the interface driven by a jump of pressure. It is worth noticing that if the
volume-filling constraints were not normalized to the same constant in (2.1) (which would
be physically relevant, since the molar volumes are not expected to be equal in the two
phases), then there would be a (constant) nonzero contribution of J�.c/K to the dissipa-
tion of the free energy. To go further in the modeling, one may question the relevance
of the isobaric assumption (or incompressibility) in the context of vapor deposition. This
assumption led to the saturation constraint in the gaseous phase and is fundamental for the
Stefan–Maxwell model. Going beyond it would lead us to implement a different model to
describe a compressible fluid mixture. In this model, the pressure � may become a proper
time-dependent variable, and equation (2.12) would suggest defining an evolution law for
the location of the interface of the form

X 0 2 @� .c
s; cg ;�J�K/

for some function

 W

´
A �A �R! RC

.c1; c2; �/ 7!  .c1; c2; �/

that is convex with respect to its last variable to ensure dissipation. This goes beyond the
scope of this work.

2.4. Stationary states

One deduces from the weak dissipation inequality (2.17) that stationary solutions . Nc; xX/
must be such that Nc is equal to a constant vector Ncs WD . Ncsi /i2¹1;:::;nº 2 A in .0; xX/ and
another constant vector Ncg WD . Nc

g
i /i2¹1;:::;nº 2A in . xX;1/. Moreover, if xX 2 .0; 1/, xFi WDp

ˇ�i Nc
g
i �

1p
ˇ�i
Ncsi should be equal to 0 for any i 2 ¹1; : : : ; nº. We set m0 WD

R 1
0
c0
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(remember that c0 is the initial condition of c given by (2.2a)), and denote by m0i the
i th component ofm0 for all i 2 ¹1; : : : ; nº.

Definition 1. A state . Ncs; Ncg ; xX/ 2 A � A � Œ0; 1� is said to be a stationary state of
model (2.2) if and only if

(i) for all i 2 ¹1; : : : ; nº, xX Ncsi C .1 � xX/ Nc
g
i D m

0
i (mass conservation);

(ii) if xX D 0 (respectively, xX D 1), then Ncs D 0 (respectively, Ncg D 0) (convention
in the case of a pure phase);

(iii) if xX 2 .0; 1/, then for all i 2 ¹1; : : : ; nº, xFi WD
p
ˇ�i Nc

g
i �

1p
ˇ�i
Ncsi D 0 (zero

interface flux in the case of two phases).

We characterize the set of stationary states of (2.2) in the sense of Definition 1, as
stated in Proposition 1.

Proposition 1 (Stationary states). Let us assume that m0i > 0 for all i 2 ¹1; : : : ; nº. In
addition to the trivial pure phase stationary states .m0; 0; 1/ and .0;m0; 0/, we can char-
acterize the set of stationary states of model (2.2) (in the sense of Definition 1) as follows.

Case 1 (Indistinguishable phases). If ˇ�i D 1 for all i 2 ¹1; : : : ; nº, then the set of non-
trivial stationary states is equal to the set of vectors of the form .m0;m0; xX/ with xX 2
.0; 1/.

Case 2 (Distinguishable phases). If there exists i0 2 ¹1; : : : ; nº such that ˇ�i0 ¤ 1, then
there exists a non-trivial stationary solution (i.e., such that xX 2 .0; 1/) if and only if

min

 
nX
iD1

m0i ˇ
�
i ;

nX
iD1

m0i
1

ˇ�i

!
> 1: (2.19)

In addition, if (2.19) is satisfied, uniqueness holds.

Proof. Since c0.x/ 2 A for almost any x 2 .0; 1/, it holds that
Pn
iD1m

0
i D 1. Moreover,

it can be easily proved that, for all x 2 R�C, x C 1
x
� 2 with equality if and only if x D 1.

As a consequence, it holds that

nX
iD1

m0i

�
ˇ�i C

1

ˇ�i

�
� 2;

with equality if and only if ˇ�i D 1 for all i 2 ¹1; : : : ; nº. We can thus distinguish two
cases.

Case 1. For all i 2 ¹1; : : : ; nº, ˇ�i D 1. Then, it holds that

nX
iD1

m0i ˇ
�
i D

nX
iD1

m0i
1

ˇ�i
D 1:
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Case 2. There exists i0 2 ¹1; : : : ; nº such that ˇ�i0 ¤ 1. Then, it holds that

nX
iD1

m0i

�
ˇ�i C

1

ˇ�i

�
> 2:

In this proof, we consider each case separately.

Case 1. Let . Ncs; Ncg ; xX/ 2 A �A � .0; 1/ be a non-trivial stationary state of model (2.2)
in the sense of Definition 1. Then, from (iii), it holds that, for all i 2 ¹1; : : : ; nº, xFi D
Nc
g
i � Nc

s
i D 0, which yields Ncs D Ncg . Now, the mass conservation property (i) implies

necessarily that Ncs D Ncg Dm0. Conversely, for any xX 2 .0; 1/, .m0;m0; xX/ can be easily
checked to be a stationary state of model (2.2).

Case 2. Let . Ncs; Ncg ; xX/ 2A�A� .0; 1/ be a non-trivial stationary state of model (2.2) in
the sense of Definition 1. Let us first prove that, for all i 2 ¹1; : : : ; nº, Ncgi > 0 and Ncsi > 0,
reasoning by contradiction. Indeed, if, for instance, there exists i0 2 ¹1; : : : ; nº such that
Nc
g
i0
D 0, the fact that xFi0 D 0 yields that Ncsi0 D 0 as well. This yields a contradiction with

the fact that
xX Ncsi0 C .1 �

xX/ Nc
g
i0
D m0i0 > 0:

Now, we see that (i) and (iii) are satisfied if and only if

8i 2 ¹1; : : : ; nº; Nc
g
i D ˇ

�
i Nc
g
i and Nc

g
i D

m0i

ˇ�i
xX C .1 � xX/

: (2.20)

As a consequence, . Ncs; Ncg ; xX/ is a stationary state in the sense of Definition 1 if and only
if xX is a solution in .0; 1/ to

nX
iD1

m0i

ˇ�i
xX C .1 � xX/

D 1: (2.21)

In addition, for any solution xX 2 .0;1/ to (2.21), Ncg and Ncs are necessarily given by (2.20),
which immediately implies that

Pn
iD1 Nc

s
i D

Pn
iD1 Nc

g
i D 1 and thus that Ncg and Ncs belong to

A. It thus remains to characterize the set of solution xX 2 .0; 1/ to (2.21). Let us introduce

' W

8̂̂<̂
:̂
Œ0; 1�! R

x 7!

nX
iD1

m0i
ˇ�i x C .1 � x/

� 1:
(2.22)

Then, the function ' is C1 on Œ0; 1� and its first- and second-order derivatives are, respec-
tively, given by

8x 2 Œ0; 1�; '0.x/ D �

nX
iD1

.ˇ�i � 1/m
0
i

.ˇ�i x C .1 � x//
2

and '00.x/ D 2
nX
iD1

.ˇ�i � 1/
2m0i

.ˇ�i x C .1 � x//
3
:
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Then, the function ' enjoys the following properties. First, it can be easily seen that
'00.x/ > 0 for all x 2 Œ0; 1�, the strict positivity stemming from the fact that there exists at
least one index i0 2 ¹1; : : : ; nº such that ˇ�i0 ¤ 1. Hence, ' is strictly convex. Second, it
holds that '.0/D

Pn
iD1m

0
i � 1D 0. Thus, there exists at least one solution xX 2 .0; 1/ to

the equation '. xX/ D 0 if and only if

'.1/ > 0 and '0.0/ < 0; (2.23)

and the solution is then unique. The desired result is then obtained by remarking that
(2.23) is equivalent to (2.19).

Let us now make some remarks about the dynamics. On the one hand, if (2.19) is vio-
lated, we expect solutions to converge in finite time to one of the one-phase solutions,
depending on which quantity violates the condition. On the other hand, under condi-
tion (2.19), we expect the two-phase stationary state to be the only stable one, and the
solution to converge exponentially to this state. Note, however, that, in our model, this
convergence can by no means hold for any initial condition, but at best for close enough
initial conditions. Indeed, the interface dynamics only depends on the local concentra-
tions around the interface cs; cg . Thus, the interface is not necessarily monotone over
time (think of very slow diffusion) and, since the value of X.t/ might reach 0 or 1 in
finite time, the dynamics may get "trapped" in a one-phase solution, even when (2.19)
holds. Therefore, it seems difficult to predict to which state the dynamics converges for
any initial condition, since it certainly does not depend only on the quantities involved in
condition (2.19). We refer to the numerical results in Section 5.

2.5. Stability in a simplified setting

We address in this section the stability of the two-phase equilibrium in a simplified model.
Assuming that diffusion is infinitely fast in comparison to the interface reactions, our
system amounts to a system of ordinary differential equations. More precisely, we may
first assume that all the components are uniform in space and still denoted by cs; cg .
Then, the masses are simply defined by ms D csX; mg D m0 �ms D .1 � X/cg and
the constraints cs; cg 2 A; X 2 .0; 1/ are equivalent to .ms; X/ 2M, where

M WD

´
.m;X/2RnC1 j 0<mi <m

0
i ; 8i 2 ¹1; : : : ;nºI 0<X <1I

nX
iD1

mi DX

µ
: (2.24)

The dynamics then reduces to the system of ordinary differential equations

d

dt
ms.t/ D F .t/; (2.25)

associated to the free energy

xH Œms; X� D Xhs.c
s.ms//C .1 �X/hg.c

g.ms//: (2.26)
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xH is smooth in .0; m01/ � � � � � .0; m
0
n/ � .0; 1/ and, imitating the computations of Sec-

tion 2.3, we obtain

@msi
xH D X@msi hs C .1 �X/@m

s
i
hg

D X@msi c
s
i @csi hs C .1 �X/@m

s
i
c
g
i @cgi

hg D �
s
i � �

g
i ;

and

@ xH

@X
D hs �

nX
iD1

csi �
s
i �

 
hg �

nX
iD1

c
g
i �

g
i

!
D

nX
iD1

�
c
g
i � c

s
i

�
:

Therefore, for any .ms; X/ 2M, it holds

rms
xH D �J�K;

@ xH

@X
D 0: (2.27)

The free energy dissipation equality boils down to

d

dt
xH .t/

C

nX
iD1

q
csi .m

s
i .t//c

g
i .m

g
i .t//

�
�.J�i .msi .t//K/C �

�

�
Fi .t/q

csi .m
s
i .t//c

g
i .m

g
i .t//

��
D 0:

(2.28)

Note that the latter identity refers to a generalized gradient flow formulation of the system
[29, Section 3]. In addition, we have the following result.

Proposition 2. Assume that phases are distinguishable (Case 2 of Proposition 1), that
(2.19) is satisfied, and let . xms; xX/ be the unique non-trivial stationary state obtained in
Proposition 1. Then, this state is stable for the dynamics (2.25).

Proof. First, it follows from (2.27) the point (iii) of Definition 1 and the definition of the
interface fluxes (2.14) that . xms; xX/ is a critical point of xH . Let us now show that xH is
strictly convex at . xms; xX/, from which it will follow that the stationary state is in fact
a strict local minimizer of xH and is therefore stable, since d xH

dt
� 0. Let us define the

functions

�˛i .c/ D c.log.c/C ��;˛i / � c C 1; c > 0; ˛ 2 ¹s; gº; 1 � i � n;

 i .m
s
i ; X/ D X�

s
i .c

s
i .m

s
i //C .1 �X/�

g
i .c

g
i .m

s
i //; 1 � i � n;

such that

xH .ms; X/ D

nX
iD1

 i .m
s
i ; X/: (2.29)
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Let us fix i 2 ¹1; : : : ; nº and compute, for any .msi ; X/ 2 .0;m
0
i / � .0; 1/,

@2 i

@X2
.msi ; X/ D

msi
X2
C

m
g
i

.1 �X/2
> 0;

@2 i

@.msi /
2
.msi ; X/ D

1

msi
C

1

m
g
i

> 0;

@2 i

@msi @X
.msi ; X/ D �

1

X
�

1

1 �X
:

Then,

Tr.D2 i / > 0 and detD2 i D
1

X.1 �X/

.csi � c
g
i /
2

csi c
g
i

� 0:

Therefore,  i is convex for any i 2 ¹1; : : : ; nº, and so is xH , according to (2.29). Besides,
because of (2.20) and the assumption that ˇ� ¤ .1; : : : ; 1/T , at least one of the previous
determinant is strictly positive at . xms; xX/, which implies that xH is strictly convex at this
state.

The study of the stability of stationary states in more complex settings will be the
object of future research work.

3. Finite-volume scheme

This section is devoted to the finite-volume approximation of system (2.2). In Section 3.1,
we introduce a space-time discretization of the domain and some useful notations. The
scheme is presented in two steps: in Section 3.2, we discretize the conservation laws,
while Section 3.3 is devoted to the mesh displacement.

In this section, we restrict ourselves to the case where the cross-diffusion matrix appli-
cation for the solid (respectively, gaseous) phase is given by Example 1 (respectively,
Example 2) of Section 2.2.

3.1. Discretization

We consider N 2 N� reference cells of uniform size �x D 1
N

. The N C 1 edge vertices
are denoted by 0 D x 1

2
� x 3

2
� � � � � xNC 1

2
D 1. More precisely, xKC 1

2
D K�x for

all K 2 ¹0; : : : ; N º. We consider a time horizon T > 0 and a time discretization with
mesh parameter �t defined such that NT�t D T with NT 2 N�. The concentrations are
discretized as cp D .cpi;K/i2¹1;:::;nº; K2¹1;:::;N º for p 2 ¹0; : : : ;NT º. The interface is time-
discretized as Xp for p 2 ¹0; : : : ; NT º, and we denote by Kp 2 ¹0; : : : ; N º the lowest
integer such that jxKpC 1

2
�Xpj � jxKC 1

2
�Xpj for allK 2 ¹0; : : : ;N º. For all p � 1, at

time tp�1 D .p � 1/�t , the mesh is locally modified around Xp�1. More precisely, for
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all K 2 ¹1; : : : ; N º, we denote by Cp�1K the Kth cell of the mesh defined by

C
p�1
K WD

8̂̂<̂
:̂
.xK� 12

; xKC 1
2
/ if K < Kp�1 or K > Kp�1 C 1;

.xKp�1� 12
; Xp�1/ if K D Kp�1;

.Xp�1; xKp�1C 3
2
/ if K D Kp�1 C 1:

We refer to the initial configuration in Figure 1, where the interface cell is assumed to be
the Kth one (instead of Kp�1) to alleviate the notation. The size of the cell Cp�1K is then
denoted by �p�1K for all K 2 ¹1; : : : ; N º:

�
p�1
K D

8̂̂<̂
:̂
.Xp�1 � xKp�1� 12

/ if K D Kp�1;

.xKp�1C 3
2
�Xp�1/ if K D Kp�1 C 1;

�x otherwise.

(3.1)

With these notations, an initial condition c0 such that c0.x/ 2 A for almost all x 2 .0; 1/
is naturally discretized as c0i;K D

1

�0K

R
C 0K
c0i dx for any i 2 ¹1; : : : ; nº, K 2 ¹1; : : : ; N º.

Starting from the knowledge of .cp�1; Xp�1/, our scheme consists in

(i) solving the conservation laws and updating the interface position, leading to
.cp;?; Xp/, where cp;? D .cp;?i;K /i2¹1;:::;nº;K2¹1;:::;N º 2 .R

n/N is a set of inter-
mediate cell values of the concentrations and Xp 2 Œ0; 1�,

(ii) updating the cells of the mesh .CpK /K2¹1;:::;N º and post-processing the interface
concentrations into the final values cp .

Section 3.2 describes the scheme corresponding to step (i), while Section 3.3 describes
the scheme corresponding to step (ii).

3.2. First step: Conservation laws

The conservation laws (2.2b) are discretized implicitly as, for K 2 ¹1; : : : ; N º and i 2
¹1; : : : ; nº,

1

�t
.�

p;?
K c

p;?
i;K ��

p�1
K c

p�1
i;K /C J

p

i;KC 1
2

.cp;?/ � J
p

i;K� 12
.cp;?/ D 0; (3.2a)

where we have introduced the numerical fluxes J p
i;KC 1

2

.cp;?/ and J p
i;K� 12

.cp;?/ which
will be defined below and the quantity (see the intermediate mesh in Figure 1 whereK WD
Kp�1)

�
p;?
K D

8̂̂<̂
:̂
.Xp � xKp�1� 12

/ if K D Kp�1;

.xKp�1C 3
2
�Xp/ if K D Kp�1 C 1;

�x otherwise.

(3.2b)

We can impose conditions on the time step �t to guarantee that the new position of the
interface Xp remains in the interval .xKp�1� 12 ; xKp�1C 3

2
/. These conditions are made
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explicit in the next section, and we assume that they hold here. The aim of the term
1
�t
.�

p;?
K c

p;?
i;K ��

p�1
K c

p�1
i;K / for K D Kp�1 in (3.2a) is to yield the approximation

d

dt

�Z X.t/

x
Kp�1� 12

ci .t/

�
jtDtp

�
1

�t

�Z X.tp/

x
Kp�1� 12

ci .t
p/ �

Z X.tp�1/

x
Kp�1� 12

ci .t
p�1/

�
�

1

�t

�Z Xp

x
Kp�1� 12

c
p;?

i;Kp�1
�

Z Xp�1

x
Kp�1� 12

c
p�1

i;Kp�1

�
D

1

�t
.�

p;?

Kp�1
c
p;?

i;Kp�1
��

p�1

Kp�1
c
p�1

i;Kp�1
/:

Similarly, the aim of the term 1
�t
.�

p;?
K c

p;?
i;K ��

p�1
K c

p�1
i;K / forK D Kp�1 C 1 in (3.2a) is

to yield an approximation of d
dt
.
R xKp�1C 32
X.t/

ci .t//.
Let us now turn to the definition of the fluxes. It is sufficient to define for all p 2 N�,

i 2 ¹1; : : : ; nº, and K 2 ¹0; : : : ; N º, the map J p
i;KC 1

2

.c/ for any vector

c D .ci;K/i2¹1;:::;nº;K2¹1;:::;N º 2 .R
n/N :

Given such a vector c, we will make use of the notation ci WD .ci;K/K2¹1;:::;N º 2 RNC for
all i 2 ¹1; : : : ; nº, and cK WD .ci;K/i2¹1;:::;nº 2 A for all K 2 ¹1; : : : ; N º.

First, the zero-flux conditions on the boundary of the domain .0; 1/ are discretized by
defining for all c 2 .Rn/N ,

8i 2 ¹1; : : : ; nº; J
p

i; 12
.c/ D J

p

i;NC 1
2

.c/ D 0:

We are thus left with the definition of the fluxes Jp
KC 1

2

WD .J
p

i;KC 1
2

/i2¹1;:::;nº for all K 2

¹1; : : : ; N � 1º. To this aim, we need to introduce, for a given

c D .ci;K/i2¹1;:::;nº;K2¹1;:::;N º 2 .R
n/N ;

the associated set of edge concentrations cKC 1
2
D .ci;KC 1

2
/i2¹1;:::;nº 2 RnC for all K 2

¹1; : : : ; N � 1º, defined through a logarithmic mean as

ci;KC 1
2
WD

8̂̂<̂
:̂
0 if min.ci;K ; ci;KC1/ � 0;

ci;K if 0 < ci;K D ci;KC1;
ci;K�ci;KC1

log.ci;K /�log.ci;KC1/
otherwise:

(3.2c)

We also need to introduce the finite difference notation, for all K 2 ¹1; : : : ; N � 1º, and
any d D .dK/K2¹1;:::;N º 2 .Rq/N with any q 2 N�,

DKC 1
2
d WD dKC1 � dK :

Then, the choice (3.2c) yields a discrete chain rule: for any i 2 ¹1; : : : ;nº,K 2 ¹1; : : : ;N �
1º, if ci;K ; ci;KC1 > 0, then

DKC 1
2
ci D ci;KC 1

2
DKC 1

2
log.ci /: (3.2d)



C. Cancès, J. Cauvin-Vila, C. Chainais-Hillairet, and V. Ehrlacher 170

We define, for ˛ 2 ¹s; gº, the coefficients ��;˛ D minij �˛ij > 0, x�˛ij D �
˛
ij � �

�;˛ � 0 and,
for all uD .ui /i2¹1;:::;nº 2 Rn, we define the matrices xA˛.u/ 2 Rn�n similarly to (2.5) by

. xA˛/i i .u/ D
X
j¤i

x�˛ijuj ; i 2 ¹1; : : : ; nº;

. xA˛/ij .u/ D �x�
˛
ijui ; i ¤ j 2 ¹1; : : : ; nº:

Then, the bulk solid fluxes are defined as follows (similarly to [14]): for all

c D .ci;K/i2¹1;:::;nº;K2¹1;:::;N º 2 .R
n/N ;

all i 2 ¹1; : : : ; nº and any K 2 ¹1; : : : ; N � 1º,

�xJ s
i;KC 1

2

.c/ WD ���;sDKC 1
2
ci �

nX
jD1

x�sij
�
cj;KC 1

2
DKC 1

2
ci � ci;KC 1

2
DKC 1

2
cj
�
;

which rewrites in compact form as

�xJ s
KC 1

2

.c/ D �yAs.cKC 1
2
/DKC 1

2
c; K 2 ¹1; : : : ; N � 1º; (3.2e)

where
8u 2 Rn; yAs.u/ WD xAs.u/C �

�;sI ; (3.2f)

with I 2 Rn�n the identity matrix. The bulk gas fluxes (2.6) are defined similarly as in the
scheme proposed in [13], introducing first,

8u 2 Rn; {zAg.u/ WD xAg.u/C �
�;gI (3.2g)

so that we can define implicitly, for any c 2 .Rn/N ,

�x
{zAg.cKC 1

2
/J

g

KC 1
2

.c/ D �DKC 1
2
c; K 2 ¹1; : : : ; N � 1º (3.2h)

We then define for all c 2 .Rn/N

J
p

KC 1
2

.c/ D J s
KC 1

2

.c/ 81 � K < Kp�1;

and J
p

KC 1
2

.c/ D J
g

KC 1
2

.c/ 8Kp�1 < K � N � 1:
(3.2i)

In the latter formula, J g
KC 1

2

.c/ is any solution to the system (3.2h), and at this point, we
do not even claim existence. The well-posedness of the scheme will follow from the a
priori estimates proved in Lemma 2, using the following lemma.

Lemma 1. For any u 2 A, {zAg.u/ has positive eigenvalues, lower bounded by ��;g > 0.

In particular, {zAg.u/ is invertible.
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Proof. Let u 2 A \ .R�C/
n. Then, it follows from Assumption (A2) on Ag that xAg.u/

can be rewritten as the product

xAg.u/ D H .u/ xMg.u/;

where xMg.u/ is symmetric positive semi-definite, andH .u/ D diag. 1
c1
; : : : ; 1

cn
/. Hence,

xAg.u/ is similar to the symmetric positive semi-definite matrix H .u/
1
2 xMg.u/H .u/

1
2

and is therefore diagonalizable with nonnegative eigenvalues. In consequence, {zAg.u/ is
diagonalizable with positive eigenvalues lower bounded by ��;g > 0. The result follows
for any u 2 A, using this uniform lower bound and the continuity of the spectrum with
respect to the matrix coefficients.

Therefore, provided c 2 AN , the system (3.2h) can be equivalently written as

�xJ
g

KC 1
2

.c/ D �yAg.cKC 1
2
/DKC 1

2
c; K 2 ¹1; : : : ; N � 1º; (3.2j)

where yAg.cKC 1
2
/ D
{zAg.cKC 1

2
/�1.

We are now left with the definition of the interface flux Jp
Kp�1C 1

2

. The interface

fluxes (2.2f) are discretized by introducing for all c D .ci;K/i2¹1;:::;nº;K2¹1;:::;N º 2 .Rn/N ,

F
p
i .c/ D

q
ˇ�i ci;.Kp�1C1/ �

1p
ˇ�i
ci;Kp�1 8i 2 ¹1; : : : ; nº; (3.2k)

and we define
J
p

Kp�1C 1
2

.c/ WD �F p.c/; (3.2l)

where F p WD .F pi /i2¹1;:::;nº. This expression stems from the fact that, on the continuous
level, it holds that

d

dt

�Z X.t/

x
Kp�1� 12

c.t/

�
D X 0.t/cs.t/C

Z X.t/

x
Kp�1� 12

@tc.t/;

D X 0.t/cs.t/ � J s.t/C J .t; xKp�1� 12
/;

D F .t/C J .t; xKp�1� 12
/:

Finally, (2.2g) is discretized as

Xp D Xp�1 C�t

nX
iD1

F
p
i .c

p;?/: (3.2m)

A solution to (3.2) is denoted by .cp;?; Xp/. In the sequel, we also make use of the
following notation: for all K 2 ¹0; : : : ; N º,

J
p;?

KC 1
2

WD .J
p;?

i;KC 1
2

/i2¹1;:::;nº D J
p

KC 1
2

.cp;?/ and F p;? WD .F p;?i /i2¹1;:::;nº D F
p.cp;?/:
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3.3. Post-processing

Once the new value of the interface location Xp has been determined, the updated value
of the integerKp can be computed as well. If applicable, the mesh has then to be updated,
together with the discretized values of the concentrations accordingly.

First, note that, if for all 1 � K � N , cp;�K WD .c
p;�
i;K /i2¹1;:::;nº 2 A (we prove in

Lemma 2 below that it is indeed the case), this implies the uniform bound on the interface
fluxes

jF
p;?
i j � 2

ˇ̌̌̌
cosh

�
1

2
J��i K

�ˇ̌̌̌
8i 2 ¹1; : : : ; nº: (3.3)

Therefore, we obtain from (3.2m), defining

C�� WD max
i2¹1;:::;nº

2

ˇ̌̌̌
cosh

�
1

2
J��i K

�ˇ̌̌̌
> 0; (3.4)

for all p 2 N�,
jXp �Xp�1j � C���t:

Assuming then that �t > 0 is chosen in order to ensure the condition

�t �
�x

2C��
; (3.5)

we obtain that, necessarily, for all p 2 N�, jXp � Xp�1j � 1
2
�x, which in particular

ensures that jKp �Kp�1j � 1 and that Xp belongs to .xKp�1� 12 ; xKp�1C 3
2
/ (see Figure 1

with K WD Kp�1).
IfKp DKp�1, then we can directly iterate the scheme with cp D cp;?. Otherwise, let

us assume that Kp D Kp�1 C 1 < N , the case Kp D Kp�1 � 1 > 1 being treated sim-
ilarly. We perform the following steps (see the final mesh in Figure 1 where the notation
K WD Kp�1 is used):

(i) Projection: the value cp;?
i;Kp�1

is assigned to the virtual cell .xKp�1� 12 ; X
p/. We

assign this value to both the fixed cell Cp
Kp�1

D .xKp�1� 12
; xKp�1C 1

2
/ and the

new interface cell Cp
Kp�1C1

D C
p
Kp D .xKp�1C 1

2
; Xp/:

c
p

i;Kp�1
D c

p

i;Kp�1C1
WD c

p;?

i;Kp�1
: (3.6)

(ii) Average: we define the value in the cell Cp
Kp�1C2

D .Xp; xKp�1C2/ as the fol-
lowing average:

c
p

i;Kp�1C2
D c

p
i;KpC1 WD

1

�x C�
p;?
Kp

�
�
p;?
Kp c

p;?
i;Kp C�x c

p;?
i;KpC1

�
: (3.7)

(iii) For all 1 � K � N , such that K ¤ Kp�1, Kp�1 C 1, Kp�1 C 2, cpi;K D c
p;?
i;K .

In the limit cases where Kp D N (resp., Kp D 1), we consider in agreement with the
continuous model that only a single phase remains in the system, and definitively set
Xp D 1 (resp., Xp D 0).

The scheme (3.2)–(3.6)–(3.7) is now complete and referred to as .S/.
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0 1xKC 1
2

xK� 12
xKC 3

2
xKC 5

2

Xp�1

c
p�1
i;K c

p�1
i;KC1 c

p�1
i;KC2

�
p�1
K

�
p�1
KC1 �

p�1
KC2

0 1xKC 1
2

xK� 12
xKC 3

2
xKC 5

2Xp

c
p;?
i;K c

p;?
i;KC1 c

p;?
i;KC2

�
p;?
K

�
p;?
KC1 �

p;?
KC2

0 1xKC 1
2

xK� 12
xKC 3

2
xKC 5

2Xp

c
p
i;K c

p
i;KC1 c

p
i;KC2

�
p
K

�
p
KC1 �

p
KC2

Figure 1. A virtual mesh displacement between tp�1 D .p � 1/�t and tp D p�t , where K WD
Kp�1.

4. Elements of numerical analysis

The aim of this section is to gather some elements of numerical analysis of the finite-
volume scheme presented in Section 3. We present here some properties of the scheme
on a fixed grid, the convergence of the scheme when discretization parameters go to zero
being work in progress. From now on and in all the rest of the section, we assume that the
time step �t satisfies the following assumption:

�t <
�x

2C ��
; (4.1)

where C �� was defined in (3.4).
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4.1. “Modified” scheme (S̃)

In this section, we introduce some modifications to the scheme that are helpful to obtain
the desired a priori estimates. Indeed, summing the conservation laws (3.2a) over the
number of species does not allow to easily prove the volume-filling property because, in
contrast to the situation on the continuous level, the discrete interface fluxes do not vanish.
We overcome this difficulty by modifying (3.2l), defining seemingly non-conservative
discrete interface fluxes. Second, proving nonnegativity of the solution is not obvious
because of the lack of sign of the interface fluxes (3.2k), so we introduce some truncations
in these quantities. Keeping in mind the need for uniform bounds for (3.3) to hold, one
should also introduce suitable normalizations. We then look for a continuous map Rn 3
x 7! x˘ WD .x˘i /i2¹1;:::;nº 2 Rn that enjoys the following properties:

(P1) for all x 2 Rn, 0 � x˘i � 1, 8i 2 ¹1; : : : ; nº;

(P2) for all x 2 A, x˘ D x;

(P3) for all x WD .xi /i2¹1;:::;nº 2Rn such that
Pn
iD1 xi D 1, denoting by .x˘i /i2¹1;:::;nº

the coordinates of x˘, for any i 2 ¹1; : : : ; nº, x˘i D 0 if and only if xi � 0.

An example of such continuous map Rn 3 x 7! x˘ is given by

8i 2 ¹1; : : : ; nº; x˘i D
xCi

max
�
1;
Pn
jD1 x

C

j

� : (4.2)

We then introduce the following modified scheme. Starting from .cp�1; Xp�1/ 2

AN � .0; 1/, and assuming that 1 < Kp�1 < N , we first compute .cp;?;Xp/ 2 .Rn/N �
Œ0; 1� solution to (3.2) up to the following modifications:

(i) The discrete interface fluxes (3.2k) are replaced by zF
p
.c/D . zF

p
i .c//i2¹1;:::;nº with,

for all i 2 ¹1; : : : ; nº,

zF
p
i .c/ D

q
ˇ�i c

˘

i;.Kp�1C1/
�

1p
ˇ�i
c˘
i;Kp�1

: (4.3)

We will also use the notation

zF
p;?
D . zF

p;?
i /i2¹1;:::;nº D zF

p
.cp;?/:

(ii) Equation (3.2l) is replaced by two different equations on each respective side of
the interface: for all c D .ci;K/i2¹1;:::;nº;K2¹1;:::;N º 2 .Rn/N ,

J
p;s

Kp�1C 1
2

.c/ D �

 
nX
iD1

ci;Kp�1

!
zF
p
.c/;

J
p;g

Kp�1C 1
2

.c/ D �

 
nX
iD1

ci;Kp�1C1

!
zF
p
.c/:

(4.4)
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We then define Jp;?;s
Kp�1C 1

2

D J
p;s

Kp�1C 1
2

.cp;?/ and Jp;?;g
Kp�1C 1

2

D J
p;g

Kp�1C 1
2

.cp;?/. This leads

to the (seemingly non-conservative) scheme, for i 2 ¹1; : : : ; nº,

zXp � xKp�1� 12
�t

�
c
p;?

i;Kp�1
� c

p�1

i;Kp�1

�
�

 
nX

jD1

c
p;?

j;Kp�1

!
zF
p;?
i � J

p;?

i;Kp�1� 12
D 0;

xKp�1C 3
2
� zXp

�t

�
c
p;?

i;Kp�1C1
� c

p�1

i;Kp�1C1

�
C J

p;?

i;Kp�1C 3
2

C

 
nX

jD1

c
p;?

j;Kp�1C1

!
zF
p;?
i D 0;

�x

�t

�
c
p;?
i;K � c

p�1
i;K

�
C J

p;?

i;KC 1
2

� J
p;?

i;K� 12
D 0 8K … ¹Kp�1; Kp�1 C 1º;

(4.5)
where we have accordingly modified the interface evolution as

zXp WD Xp�1 C�t

nX
iD1

zF
p;?
i : (4.6)

We also introduce the notation

z�
p
K D

8̂̂<̂
:̂
. zXp � xKp�1� 12

/ if K D Kp�1;

.xKp�1C 3
2
� zXp/ if K D Kp�1 C 1;

�x otherwise.

(4.7)

The resulting modified scheme is referred to as . zS/, while we still denote a possible
solution by .cp;?; Xp/ (respectively, .cp; Xp/ after the post-processing step) for the sake
of simplicity. We will prove existence of a solution to . zS/ that satisfies the positivity of the
concentrations and the volume-filling constraint, and is therefore a solution to the original
scheme .S/.

4.2. Non-negativity and volume-filling constraints

The following lemma provides some a priori estimates on any solution to . zS/.

Lemma 2. Let p 2 N n ¹0º. Let .cp�1;Xp�1/ be such that, for all 1 � K � N , cp�1K WD

.c
p�1
i;K /i2¹1;:::;nº belongs to A and Xp�1 2 Œ0; 1�. Let .cp; Xp/ be a solution to . zS/. Then,

it holds that

c
p
i;K � 0 8i 2 ¹1; : : : ; nº; 8K 2 ¹1; : : : ; N º;

nX
iD1

c
p
i;K D 1 8K 2 ¹1; : : : ; N º;

NX
KD1

�
p
Kc

p
i;K D

NX
KD1

�
p�1
K c

p�1
i;K 8i 2 ¹1; : : : ; nº:
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In particular, Jp;?;s
Kp�1C 1

2

D J
p;?;g

Kp�1C 1
2

and for all i 2 ¹1; : : : ; nº and all K 2 ¹1; : : : ; N º,

.c
p;?
i;K /

˘ D c
p;?
i;K , from which it follows that .cp; Xp/ is also a solution to .S/. In addition,

the Stefan–Maxwell linear system (3.2h) can be inverted.

Proof. Let .cp;?; Xp/ be a solution to ( zS ) before post-processing. Using formulas (4.3)–
(4.6)–(4.7) together with condition (4.1), it holds

z�
p

Kp�1
D �

p�1

Kp�1
C�t

nX
iD1

zF
p;?
i > 0;

z�
p

Kp�1C1
D �

p�1

Kp�1C1
��t

nX
iD1

zF
p;?
i > 0:

Let us first prove that for all K 2 ¹1; : : : ; N º,
Pn
iD1 c

p;?
i;K D 1. We sum the conservation

laws (3.2a) over i 2 ¹1; : : : ; nº. On the one hand, when summing the solid bulk fluxes, the
cross-diffusion terms disappear and we obtain linear diffusion associated to the parameter
��;s . On the other hand, the interface fluxes vanish, thanks to the modification (4.4). We
obtain in Cp�1

Kp�1
:

1

�t

 
z�
p

Kp�1

nX
iD1

c
p;?

i;Kp�1
��

p�1

Kp�1

nX
iD1

c
p�1

i;Kp�1

!
�

 
nX

jD1

c
p;?

j;Kp�1

! 
nX
iD1

zF
p;?
i

!

�

nX
iD1

J
p;?

i;Kp�1� 12
D
�
p�1

Kp�1

�t

 
nX
iD1

c
p;?

i;Kp�1
� 1

!
C ��;s

nX
iD1

DKp�1� 12
c
p;?
i :

Similarly, it holds in Cp�1
Kp�1C1

(since for any c 2 A, Ran. xAg.c// � V0):

1

�t

 
z�
p

Kp�1C1

nX
iD1

c
p;?

i;Kp�1C1
��

p�1

Kp�1C1

nX
iD1

c
p�1

i;Kp�1C1

!

C

 
nX

jD1

c
p;?

j;Kp�1C1

! 
nX
iD1

zF
p;?
i

!
C

nX
iD1

J
p;?

i;Kp�1C 3
2

D
�
p�1

Kp�1

�t

 
nX
iD1

c
p;?

i;Kp�1C1
� 1

!
�
�
��;g

��1 nX
iD1

DKp�1C 3
2
c
p;?
i :

As a consequence, we obtain that the field .�K/K2¹1;:::;N º defined by �K D
Pn
iD1 c

p;?
i;K � 1

is the solution to a backward TPFA Euler scheme for the heat equation, with diffusion
coefficient ��;s in the solid phase and .��;g/�1 in the gaseous phase (the two phases
decouple). We thus obtain that

Pn
iD1 c

p;?
i;K D 1 for all K 2 ¹1; : : : ;N º, by well-posedness

of this scheme.
Let us now prove the nonnegativity of cp;? (hence of cp). Let us reason by contradic-

tion and assume that there exist i 2 ¹1; : : : ; nº and K 2 ¹1; : : : ; N º such that

c
p;?
i;K D min

j2¹1;:::;nº
min

L2¹1;:::;N º
c
p;?
j;L < 0:
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The conservation law in Cp�1K reads

1

�t
.z�

p
Kc

p;?
i;K ��

p�1
K c

p�1
i;K / D J

p;?

i;K� 12
� J

p;?

i;KC 1
2

;

from which it follows that
J
p;?

i;K� 12
� J

p;?

i;KC 1
2

< 0:

Then, a contradiction would follow if we could show that J p;?
i;K� 12

� 0 and J p;?
i;KC 1

2

� 0.

By symmetry, it suffices to show that J p;?
i;KC 1

2

� 0 for the three different forms of discrete
fluxes.

If K < Kp�1, then, according to (3.2e), it holds

��xJ
p;?

i;KC 1
2

D ��;sDKC 1
2
c
p;?
i C

nX
jD1

x�sij
�
c
p;?

j;KC 1
2

DKC 1
2
c
p;?
i � c

p;?

i;KC 1
2

DKC 1
2
c
p;?
j

�
D DKC 1

2
c
p;?
i

 
��;s C

nX
jD1

x�sij c
p;?

j;KC 1
2

!
� 0;

as DKC1=2c
p;?
i , ��;s , x�sij , and cp;?

j;KC1=2
are all nonnegative.

If K D Kp�1, it holds that

J
p;?

i;KC 1
2

D � zF
p;?
i D

1p
ˇ�i

�
c
p;?

i;Kp�1

�˘
�

q
ˇ�i
�
c
p;?

i;.Kp�1C1/

�˘
D �

q
ˇ�i
�
c
p;?

i;.Kp�1C1/

�˘
� 0:

If K > Kp�1 C 1, it holds according to (3.2h)

�x

 
��;g C

nX
jD1

x�
g
ij c

p;?

j;KC 1
2

!
J
p;?

i;KC 1
2

D �DKC 1
2
c
p;?
i � 0;

from which the conclusion follows from the nonnegativity of �x; ��;g ; x�gij ; c
p;?

j;KC 1
2

. We

conclude that cp;? � 0.
Let us now investigate conservation of matter. We have just proved that .cp; Xp/ is in

fact a solution to the original scheme .S/. In particular, the fluxes are locally conservative,
and it follows from summing the conservation laws (3.2a) over the cells K that, for any
i 2 ¹1; : : : ; nº,

NX
KD1

�
p;?
K c

p;?
i;K D

NX
KD1

�
p�1
K c

p�1
i;K :

If Kp D Kp�1, the result follows immediately. Otherwise, fix i 2 ¹1; : : : ; nº, and let us
prove that the quantity

PN
KD1�

p
Kc

p
i;K �

Pn
KD1�

p;?
K c

p;?
i;K is null. Observe first that, from
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the post-processing formulas (see Figure 1), we only have to study the difference in the
cells Cp�1

Kp�1
; C

p�1

Kp�1C1
; C

p�1

Kp�1C2
. Then, compute, setting K WD Kp�1,

�
p
Kc

p
i;K C�

p
KC1c

p
i;KC1 C�

p
KC2c

p
i;KC2

D �x c
p
i;K C .X

p
� xKC 1

2
/c
p
i;KC1 C .xKC 5

2
�Xp/c

p
i;KC2

D �x c
p;?
i;K C .X

p
� xKC 1

2
/c
p;?
i;K C

�
.xKC 3

2
�Xp/c

p;?
i;KC1 C�x c

p;?
i;KC2

�
D .Xp � xK� 12

/c
p;?
i;K C .xKC 3

2
�Xp/c

p;?
i;KC1 C�x c

p;?
i;KC2

D �
p;?
K c

p;?
i;K C�

p;?
KC1c

p;?
i;KC1 C�

p;?
KC2c

p;?
i;KC2;

where we used formulas (3.6)–(3.7) in the second equality. The result follows.

In Lemma 2, we proved that solutions to . zS/ are a priori nonnegative. We now prove
that they are in fact (strictly) positive.

Lemma 3 (Strict positivity). Let p 2 N n ¹0º. Let .cp�1; Xp�1/ be such that, for all
1 � K � N , cp�1K WD .c

p�1
i;K /i2¹1;:::;nº belongs to A. Assume furthermore that

NX
KD1

�
p�1
K c

p�1
i;K > 0:

Let .cp; Xp/ be a solution to . zS/. Then, it holds

c
p
i;K > 0 8i 2 ¹1; : : : ; nº; 8K 2 ¹1; : : : ; N º: (4.8)

Proof. The proof follows the lines of the proof of nonnegativity in Lemma 2, but one can
now take advantage of the mass conservation property. Let us reason by contradiction and
assume that there exists i 2 ¹1; : : : ; nº and K 2 ¹1; : : : ; N º such that

c
p;?
i;K D min

j2¹1;:::;nº
min

L2¹1;:::;N º
c
p;?
j;L D 0:

Then, because of mass conservation (Lemma 2), and since the initial mass is positive,
c
p;?
i cannot be uniformly null. By symmetry, we can assume without loss of generality

that K < N and cp;?i;KC1 > 0. As previously, we obtain from the conservation law that

J
p;?

i;K� 12
� J

p;?

i;KC 1
2

� 0;

where now the inequality is large. To obtain a contradiction, we need to prove that the
quantity on the left-hand side is (strictly) positive. We already know from the proof of
Lemma 2 that it is nonnegative; therefore, we only need to show that J p;?

i;KC 1
2

< 0. There
are again three cases depending on the formula for the flux.

If K < Kp�1, the conclusion follows from the previously established inequality

��xJ
p;?

i;KC 1
2

� ��;sDKC 1
2
c
p;?
i

 
1 �

nX
jD1

c
p;?

j;KC 1
2

!
;
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combined with the fact that, because we know that cp;?
i;KC 1

2

D 0 and cp;?i;KC1 > 0, it holds

nX
jD1

c
p;?

j;KC 1
2

D

X
j¤i

c
p;?

j;KC 1
2

�
1

2

X
j¤i

�
c
p;?
j;KC1 C c

p;?
j;K

�
D 1 � c

p;?
i;KC1 < 1:

If K D Kp�1,

J
p;?

i;KC 1
2

D � zF
p;?
i D

1p
ˇ�i

�
c
p;?

i;Kp�1

�˘
�

q
ˇ�i
�
c
p;?

i;.Kp�1C1/

�˘
D �

q
ˇ�i c

p;?

i;.Kp�1C1/
< 0:

If K > Kp�1 C 1, then  
��;g C

nX
jD1

x�
g
ij c

p;?

j;KC 1
2

!
J
p;?

i;KC 1
2

< 0;

and conclusion follows from the positivity of the expression between the brackets.

4.3. Discrete free energy dissipation inequality

Let us introduce the notation, for any K 2 ¹1; : : : ; N º,

˛
p
K D

8<: s if K � Kp;

g if K > Kp
(4.9)

so that the discrete version of the free energy functional (2.9) reads

Hp
�
cp; Xp

�
D

NX
KD1

�
p
Kh˛pK

.c
p
K/ D

X
K�Kp

�
p
Khs.c

p
K/C

X
K>Kp

�
p
Khg.c

p
K/: (4.10)

Note that, besides the explicit dependence on .cp; Xp/, the functional depends implicitly
on p through the interface cell Kp (resp., through ˛pK). We eliminate this dependence by
introducing the interpolation operator 	�p that maps cp into the (vector-valued) piecewise
constant function, defined in .0; 1/, that interpolates the values cp on the mesh defined
by .�pK/K2¹1;:::;N º. We can now connect the discrete energy functional to its continuous
counterpart (2.9) as

Hp
�
cp; Xp

�
D H

�
	�p .c

p/; Xp
�
: (4.11)

Following the modifications of the diffusion matrices (3.2f)–(3.2g), we define the modified
mobility matrices in the spirit of (2.4) as, for any c 2 A \ .R�C/

n,

yM s.c/ D yAs.c/H
�1.c/;

yMg.c/ D yAg.c/H
�1.c/:

(4.12)
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The positivity result of Lemma 3 implies that the chain rule is valid for any p � 1, and
therefore, the fluxes (3.2e)–(3.2j) can be rewritten in mobility form as

�xJ
p;?

KC 1
2

D � yM s.c
p;?

KC 1
2

/DKC 1
2

log.cp;?/ 81 � K < Kp�1;

�xJ
p;?

KC 1
2

D � yMg.c
p;?

KC 1
2

/DKC 1
2

log.cp;?/ 8Kp�1 < K � N � 1:
(4.13)

We are ready to prove a discrete version of the free energy dissipation relation (2.12), as
stated in the next lemma.

Lemma 4. Let .cp�1; Xp�1/ be such that cp�1 � 0 and
Pn
iD1 c

p�1
i;K D 1 for any K 2

¹1; : : : ; N º. Let .cp; Xp/ be a solution to . zS/. It holds

Hp.cp; Xp/C
�t

�x

X
K¤Kp�1

.DKC 1
2

log.cp;?//TM
˛
p�1
K
.c
p;?

KC 1
2

/DKC 1
2

log.cp;?/

C�t

nX
iD1

F
p;?
i DKp�1C 1

2

�
log.cp;?i /C ��i

�
� Hp�1.cp�1; Xp�1/: (4.14)

In particular, Hp.cp; Xp/ � Hp�1.cp�1; Xp�1/.

Proof. In the same spirit as in the proof of matter conservation, we first introduce the
intermediate energy quantity

Hp�1.cp;?; Xp/ D

NX
KD1

�
p
Kh˛p�1K

.c
p;?
K /

D

X
K�Kp�1

�
p;?
K hs.c

p;?
K /C

X
K>Kp�1

�
p;?
K hg.c

p;?
K /:

Using the expression of the entropy density (2.10) and conservation of matter, it holds

Hp�1.cp;?; Xp/ �Hp�1.cp�1; Xp�1/

D

NX
KD1

nX
iD1

�
�
p;?
K c

p;?
i;K

�
log.cp;?i;K /C �

�;˛
p�1
K

i

�
��

p�1
K c

p�1
i;K

�
log.cp�1i;K /C �

�;˛
p�1
K

i

��
:

On the other hand, multiplying the conservation laws (3.2a) by�t.log.cp;?i;K /C�
�;˛

p�1
K

i /—
bear in mind that cp;?i;K > 0 owing to Lemma 3—we obtain

nX
iD1

NX
KD1

�
�
p;?
K c

p;?
i;K ��

p�1
K c

p�1
i;K

��
log.cp;?i;K /C �
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p�1
K

i

�
D �t

nX
iD1

NX
KD1

�
J
p;?

i;K� 12
� J
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i;KC 1
2

��
log.cp;?i;K /C �

�;˛
p�1
K

i

�
: (4.15)
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Using the mobility form of the bulk fluxes (4.13) and applying discrete integration by
parts, the right-hand side of (4.15) can be reformulated as

�t

nX
iD1

NX
KD1

�
J
p;?

i;K� 12
� J

p;?

i;KC 1
2

��
log.cp;?i;K /C �

�;˛
p�1
K

i

�
D �

�t

�x

X
K¤Kp�1

.DKC 1
2

log.cp;?//TM
˛
p�1
K
.c
p;?

KC 1
2

/DKC 1
2

log.cp;?/

��t

nX
iD1

F
p;?
i DKp�1C 1

2

�
log.cp;?i /C ��i

�
:

On the other hand, the convexity of the functional c ! c log c implies that

nX
iD1

NX
KD1

�
�
p;?
K c

p;?
i;K ��

p�1
K c

p�1
i;K

��
log.cp;?i;K /C �
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p�1
K

i

�
�

NX
KD1

nX
iD1

�
�
p;?
K c

p;?
i;K

�
log.cp;?i;K /C �

�;˛
p�1
K

i

�
��

p�1
K c

p�1
i;K

�
log.cp�1i;K /C �

�;˛
p�1
K

i

��
D Hp�1.cp;?; Xp/ �Hp�1.cp�1; Xp�1/;

so inserting the two previous equations in (4.15) gives

Hp�1.cp;?; Xp/C
�t

�x

X
K¤Kp�1

.DKC 1
2

log.cp;?//TM
˛
p�1
K
.c
p;?

KC 1
2

/DKC 1
2

log.cp;?/

C�t

nX
iD1

F
p;?
i DKp�1C 1

2

�
log.cp;?i /C ��i

�
� Hp�1.cp�1; Xp�1/: (4.16)

It remains to prove the inequality

Hp.cp; Xp/ � Hp�1.cp;?; Xp/;

or equivalently,
H
�
	�pK

.cp/; Xp
�
� H

�
	�p;?K

.cp;?/; Xp
�
:

The latter stems from the convexity of H with respect to its first argument and the fact that
	�pK

.cp/ is obtained from 	�p;?K
.cp;?/ by projection (3.6) and convex combination (3.7).

The proof is complete.

4.4. Existence of a discrete solution

Thanks to the a priori estimates that were established in the previous sections, we are now
in position to prove the existence of at least one discrete solution to the scheme (S) that
satisfies all the required properties.
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Theorem 1. Let .cp�1; Xp�1/ be such that cp�1 � 0 and
Pn
iD1 c

p�1
i;K D 1 for any K 2

¹1; : : : ; N º, Xp�1 2 Œ0; 1�. Assume in addition that
PN
KD1�

p�1
K c

p�1
i;K > 0. There exists a

solution .cp; Xp/ to .S/ that satisfies the properties listed in Lemmas 2, 3, and 4.

Proof. The proof uses the topological degree theory and in particular the properties of
the degree listed in [18, Theorem 3.1]. The idea is to continuously deform our coupled
system to two independent linear systems for which we know that a solution exists, while
ensuring that some a priori estimates remain valid along the path. In fact, only the non-
negativity and volume-filling estimates are needed, since they provide boundedness in l1

norm. We detail the argument below.
Let � 2 Œ0; 1�. The scheme . zS�/ is constructed by introducing the following modifica-

tions to . zS/. First, we introduce for any u 2 Rn the matrices

yA
�

s .u/ WD �
�;sI C � xAs.u/;

{zA�g.u/ WD �
�;gI C � xAg.u/:

(4.17)

Note that, adapting the proof of Lemma 1, {zA�g.u/ has positive eigenvalues uniformly
bounded away from 0 and is therefore in particular invertible as soon as u 2 A. Then, the

bulk fluxes are defined as in (3.2e)–(3.2h), using yA
�

s .u/ (resp., {zA�g.u/) instead of yAs.u/

(resp., {zAg.u/).
Second, the interface fluxes (4.4) are modified into, for any c 2 .Rn/N ,

J
p;s;�

Kp�1C 1
2

.c/ D ��

 
nX
iD1

ci;Kp�1

!
zF
p
.c/;

J
p;g;�

Kp�1C 1
2

.c/ D ��

 
nX
iD1

ci;Kp�1C1

!
zF
p
.c/:

(4.18)

Finally, the interface evolves according to

zXp;� D Xp�1 C ��t

nX
iD1

zF
p;?
i : (4.19)

A solution to this scheme is denoted by .c�; zXp;�/. For any c 2 .Rn/N , � 2 Œ0; 1�, and
X 2 Œ0; 1�, we denote by h.�; c; X/ 2 .Rn/N � R the associated residual vector. For
� D 0, the scheme boils down to two independent linear diagonal systems defined in a
fixed boundary domain with zero-flux boundary conditions, for which we know that a
solution exists in AN . For � D 1, we get the scheme . zS/, for which we have already
proven nonnegativity and volume-filling constraint in Lemma 2. The proof can be directly
adapted to the case � 2 .0; 1/ so that any solution c� to the scheme . zS�/ belongs to AN .
Let us now define, for � > 0, the open sets

AN
� WD

®
u 2 .Rn/N ; inf

v2AN
ku � vkl1 � �

¯
and I� D .��; 1C �/:
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For � > 0 sufficiently small, arguing again by continuity of the spectrum and using the
uniform lower bound on the eigenvalues as in the proof of Lemma 1, the residual Œ0; 1� �
AN
� � I� 3 .�; c; X/! h.�; c; X/ is a well-defined, continuous function. Moreover, the

estimates give that any solution .c�; zXp;�/ to h.�; c�; zXp;�/ D 0 lies in AN � Œ0; 1� and
therefore in the interior of AN

� � I� . These two ingredients allow to conclude that the
topological degree of .h.�; �/;AN

� � I�; 0/ is constant with respect to � and therefore
equal to 1 when � D 1, which yields existence of a solution to . zS/. This solution then
satisfies all the previously established a priori estimates and is in consequence a solution
to .S/.

5. Numerical results

The numerical scheme has been implemented in the Julia language. The nonlinear system
is solved with Newton’s method, with stopping criterion kcp;kC1 � cp;kk1 � 10�12 and
adaptive time stepping based on the CFL condition (3.5). We fix an initial interface X0 D
0:51 and consider smooth initial concentrations

c01.x/ D c
0
2.x/ D

1

4

�
1C cos.�x/

�
; c03.x/ D

1

2

�
1 � cos.�x/

�
;

which are suitably discretized on a uniform mesh of N D 100 cells. The cross-diffusion
coefficients are taken equal in each phase, with values �12 D �21 D 0:2; �23 D �32 D

0:1; �13 D �31 D 1 and the numerical diffusion parameters are ��;s D ��;g D 0:1 (but
remember that the cross-diffusion matrices of each phase are formally inverses of each
other). The solid reference chemical potential is chosen such that ��;s D 0 so that the
interface dynamics only depends on ˇ� D exp.��;g/. We always consider the time hori-
zon T D 5.

Our first test case is devoted to the trivial situation ˇ� � 1. We start from a time step

�t1 D 8 � 10
�4:

Snapshots of the simulation are presented in Figure 2, where we verify that, although dis-
continuities appear across the interface, the interface itself does not move, and the system
converges to constant concentrations in the entire domain. Exponential decay of the rela-
tive free energy H .cp; Xp/�H .c1; X1/ is shown in Figure 6a. Note that, in this case,
in each phase, the local concentrations converge exponentially fast to constant profiles,
even though the convergence may be slower in one phase than in the other.

In our second test case, we choose ˇ� D Œ1
6
; 4; 4�, so as to fulfill the equilibrium

condition (2.19), and an initial time step �t2 D 6 � 10�4. The simulation is presented
in Figure 3, where we observe the interface evolution and convergence in the long-time
limit to the two-phase stationary solution defined by Proposition 1. To study the long-time
asymptotics, we first compute accurately the stationary solution .c1;X1/. (We construct
the function ' defined in (2.22) and solve '.X1/ D 0 with Newton’s method.) Then,
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Figure 2. Trivial case: no interface movement.

in addition to the relative free energy, we study the relative interface jX1 � Xpj over
time, see Figure 6b, where we observe exponential convergence and decrease of both
functionals. In particular, our scheme is well balanced and preserves the asymptotics of
the continuous system.

Note that, in the previous case, the interface evolves monotonously and jX1 �Xpj D
X1 �Xp . However, modifying ˇ�, we can easily construct a test case where the interface
is not monotone along the evolution; see Figures 4 and 6c. Finally, we verify that, as soon
as ˇ� 6� 1 violates (2.19), then the system converges in finite time to a one-phase solution;
see Figures 5 and 6d.

Our final set of numerical tests is devoted to a convergence analysis with respect to
the size of the mesh. Results are reported in Figure 7. We consider a fixed time step
�t2 D 10

�4, a final time T2 D 0:25, uniform meshes from 23 to 210 cells. We compare
the different time-dependent solutions at each time step with respect to a reference time-
dependent solution computed on a finer grid of 211 cells. The comparison is done by
projecting the certified solution onto the coarse grid using the mean value of the certified
solution in the coarse cell. Then, the discreteL1t;x error is calculated on the coarse grid. We
also display in Figure 7 the L1t error on the interface. One clearly observes convergence,
at first order in space for the concentrations. This indicates that the interface treatment
induces a loss of order with respect to the case of a fixed interface, where the scheme is
second-order accurate [13, 14].



Cross-diffusion systems coupled via a moving interface 185

1:0

0:8

0:6

0:4

0:2

0:0
0 X0 1

c1
c2
c3

co
nc

en
tr

at
io

n

(a) Initial profiles

1:0

0:8

0:6

0:4

0:2

0:0
0 X

c1
c2
c3

co
nc

en
tr

at
io

n

(b) t D 0:25

1:0

0:8

0:6

0:4

0:2

0:0
0 X

c1
c2
c3

co
nc

en
tr

at
io

n

(c) t D 1:0

1:0

0:8

0:6

0:4

0:2

0:0
0 X1 1

c1
c2
c3

co
nc

en
tr

at
io

n

(d) Stationary profiles

Figure 3. Equilibrium case with monotone interface.
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Figure 4. Equilibrium case with non-monotone interface.
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Figure 5. Non-equilibrium case.
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Figure 6. H .cp ; Xp/ �H .c1; X1/ and jX1 �Xp j for different test cases.
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Figure 7. Convergence analysis of the solution under space grid refinement.

6. Perspectives

A natural perspective is to prove the convergence of the finite-volume scheme presented
here to some weak solution of the model (2.2), which would yield in particular the exis-
tence of such a solution to the model. The study of the long-time asymptotic behaviour
of such weak solutions and their discrete counterparts is also on the scientific agenda. In
particular, proving the conjecture inspired by the numerical results shown in Section 5 that
the solution converges exponentially fast with respect to time to some stationary state of
the model in the sense of Definition 1 is an interesting question. We intend to study these
issues in a future work.
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