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Abstract. We propose a new method of estimating oscillatory integrals, which we call a “stationary
set” method. We use it to obtain the sharp convergence exponents of Tarry’s problems in dimension
two for every degree k � 2. As a consequence, we obtain sharp L1 ! Lp Fourier extension
estimates for a family of monomial surfaces.
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1. Statement of the main results

In this paper, we study oscillatory integrals of the formZ
Œ0;1�d

e.Q.�// d�;

where QW Œ0; 1�d ! R is a semi-algebraic function and for a 2 R, we denote

e.a/ D exp.ia/:

Our main result is the following theorem which gives upper bounds on the absolute values
of oscillatory integrals of the kind mentioned above in terms of the complexity of Q
(see Definition 2.2) and the Lebesgue measure of a certain subset of Rd determined byQ
(see equation (1.1) below).
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Theorem 1.1 (“Stationary set” estimate). Let d; k � 1. Let Q.�/ be a bounded semi-
algebraic function in variables � 2 Œ0; 1�d with complexity � k. Then there exists a con-
stant Cd;k , depending only on d and k, such thatˇ̌̌ Z

Œ0;1�d
e.Q.�// d�

ˇ̌̌
� Cd;k sup

�2R
m.¹� 2 Œ0; 1�d W � � Q.�/ � �C 1º/: (1.1)

Here for a measurable set E � Rd , we use m.E/ to refer to its Lebesgue measure.

The proof of Theorem 1.1 relies on tools from real algebraic geometry and model
theory, in particular, o-minimal geometry. We will however apply Theorem 1.1 to obtain
new results in harmonic analysis. In particular, we obtain sharp results on the convergence
exponent of Tarry’s problem in dimension two (Theorem 1.2) and L1 ! Lp Fourier
restriction for two-dimensional Parsell–Vinogradov surfaces (Corollary 1.4). These appli-
cations only require Theorem 1.1 with functions Q being polynomials of bounded de-
grees, but our proof does not simplify in this special case. The more general setting of
semi-algebraic functions may also be of independent interest.

The rest of the introduction is organized as follows. In Section 1.1, we compare our
results with prior methods for proving estimates on oscillatory integrals. In Section 1.2,
we discuss sharpness of the bound in Theorem 1.1 in an average sense. In Section 1.3,
we discuss the applications of the main theorem to bounding convergence exponent of
Tarry’s problem and to Fourier restriction estimates. In Section 1.4, we make some obser-
vations about our method of proof of Theorem 1.1 and contrast it with pre-existing tech-
niques.

1.1. Comparison to previously known tools for estimating oscillatory integrals

A well-known method of estimating oscillatory integrals is through van der Corput esti-
mates, which assume a lower bound forDˇQ for some multi-index ˇ 2Nd . This method
is very efficient in dimension one, see, for instance, Stein [37], or Arkhipov, Chubarikov
and Karatsuba [2, Section 1.1] for a more quantitative, but perhaps lesser-known, for-
mulation. In [8], Carbery, Christ and Wright established van der Corput estimates in
dimensions greater than one with very mild assumptions on the relevant phase functions.
We also refer to Wright [48–50] for estimating multi-dimensional oscillatory integrals in
settings other than Rd (for instance, the p-adic setting).

The results in the literature that are perhaps closest to ours were obtained by Bruna,
Nagel and Wainger [7] (see also Nagel, Seeger and Wainger [32] for a related result).
To describe this result, let S � RnC1 be a smooth, compact hypersurface that is convex
and of finite type. Let d� be the surface measure on S and �.E/ be the measure of E,
where E is a subset of S . For x 2 S , let �x denote the outward unit normal to S at x.
Bruna, Nagel and Wainger [7, Theorem B] proved that there exists a large positive real
number CS depending only on S such that for all � � CS , we haveˇ̌̌Z

S

e.hy; ��xi/ d�.y/
ˇ̌̌
� CS � �.¹y 2 S W jhy � x; ��xij < 1º/: (1.2)
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The left-hand side of (1.2) is the Fourier transform of the surface-carried measure s. The
neighborhood of x on the right-hand side of (1.2) plays a similar role to our stationary
sets in Theorem 1.1.

In a slightly different direction, Varchenko [45] obtained asymptotic estimates for
oscillatory integrals Z

Rd

e.�'.x//�.x/ dx;

where � 2 R is a large parameter, ' is an analytic phase function, and � is a function
supported near one point, say the origin. The asymptotic expansion involves terms in
the Newton polyhedron of the phase function. Instead of asking a “global” condition of
the form Dˇ' � 1 as in [8], Varchenko assumed the support of � to be small enough;
he used the resolution of singularities for analytic functions, and his results are more
“local”. For further work along this line, we refer to Karpushkin [28,29], Phong, Stein and
Sturm [34] and Greenblatt [15], and the references therein. Operator-valued oscillatory
integrals in a similar spirit have also been extensively studied. It is beyond our capability
to give a review of even a small part of it, and therefore we refer interested readers to
more classical works including Phong and Stein [33] and Seeger, Sogge and Stein [36],
and more recent works including Ikromov, Kempe and Müller [25] and Ikromov and
Müller [26].

1.2. Sharpness of Theorem 1.1 in an average sense

The argument in this subsection was shared to us by Wright, who further attributed it to
Stein in the real setting and to Hua (see [23, p. 15]) in the p-adic setting. A similar form
of it was used, for instance, in [50]. Their argument also works for general valued fields,
Archimedean or non-Archimedean. Here we only present this argument in the real setting.
It shows that the upper bound (1.1) is tight in an average sense (up to a log factor). Let us
be more precise. Denote

LQ WD sup
c2R

m.¹� 2 Œ0; 1�d W c � Q.�/ � c C 1º/

and
I.sQ/ D

Z
Œ0;1�d

e.sQ.�// d�:

We will prove that

C1;d;k

Z 1

�1

jI.sQ/j ds �
Z 1

�1

LsQ ds � C2;d;k.j log ıj C 1/
Z 1

�1

jI.sQ/j ds; (1.3)

where Q is a bounded semi-algebraic function of complexity � k, ı WD LQ � 1, and the
constants C1;d;k , C2;d;k are allowed to depend on d and k.

The first inequality in (1.3) follows directly from Theorem 1.1. We only need to prove
the second inequality. Let gW Œ0; 1�d ! R be a measurable function. Let  WR! R be
a Schwartz function satisfying that k y k1 � 1, that its Fourier transform is supported on
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the interval Œ�1; 1� and that 1Œ0;1�.x/ � C .x/ for some universal constant C > 0 and for
every x 2 R. We first show that

Lg � C

Z
R
j y .s/jjI.sg/j ds: (1.4)

To see this, we write

m.¹� 2 Œ0; 1�d W c � g.�/ � c C 1º/ D
Z
Œ0;1�d

1Œ0;1�.g.�/ � c/ d�:

By the definition of  , this is bounded by

C

Z
Œ0;1�d

 .g.�/ � c/ d� D C
Z
Œ0;1�d

h Z
R

y .s/e.s.g.�/ � c// ds
i

d�:

Bound (1.4) now follows from the triangle inequality.
Recall that ı D LQ. For every j with ı � 2�j � 1, it holds thatZ 2�j

2�j�1

LsQ ds � 2�jC10L2�jQ � 2
�jC10C

Z 1

�1

jI.2�j sQ/j ds

� 210C

Z 1

�1

jI.sQ/j ds;

where in the second last inequality we applied (1.4). This, combined with the boundZ
jsj�ı

LsQ ds �
Z
jsj�ı

1 ds D 2ı � 2C
Z 1

�1

jI.sQ/j ds; (1.5)

implies the second inequality in (1.3). In the last inequality in (1.5), we applied (1.4).

1.3. Applications of the stationary set estimate

As an application of our stationary set estimate, we obtain the sharp convergence expo-
nent of Tarry’s problem in dimension two for an arbitrary degree. Let k � 2 and � D
.�1; : : : ; �d / 2 Rd with d � 1. Set

N D Nd;k D

�
d C k

k

�
� 1:

For a multi-index ˇ D .ˇ1; : : : ; ˇd / 2 Nd
0 , denote �ˇ D �

ˇ1

1 � � � �
ˇd

d
and jˇj WD ˇ1 C

� � � C ˇd . Let �d;k.�/ denote the vector .�ˇ /1�jˇ j�k 2 RN . Let Sd;k denote the d -dimen-
sional manifold

¹�d;k.�/ W � 2 Œ0; 1�
d
º;

which is sometimes referred to as a Parsell–Vinogradov manifold. ForW � Œ0; 1�d , define
the Fourier extension operator associated to W to be

E
.d;k/
W f .x/ D

Z
W

f .�/e.x � �d;k.�// d�; x 2 RN : (1.6)
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The convergence exponent of Tarry’s problem is defined to be

pd;k WD inf¹p W kE.d;k/
Œ0;1�d

1kLp.RN / <1º: (1.7)

Theorem 1.1 will serve as a main ingredient in the proof of the following theorem, in
which we obtain the sharp convergence exponent of Tarry’s problem in dimension two.

Theorem 1.2. For every k � 2, we have

p2;k D
1

6
k.k C 1/.k C 2/C 2:

The quantity kE.1;k/
Œ0;1�

1kLp.RN / appears in the leading coefficient of the asymptotic
expansion of Vinogradov’s mean value, as was first shown by Hua for large exponents p
[20, Chapter 10.3], and in the full range of p in [47, Corollary 1.3]. The problem of deter-
mining the convergence exponent (1.7) goes back to Hua’s works [21,22]. In our notation,
Hua proved that p1;k � k2=2C k, and posed the problem of determining p1;k . This prob-
lem was resolved by Arkhipov, Chubarikov and Karatsuba [2] (see also [1, Theorem 1.3]
in their book), where they proved that

p1;k D
k2 C k

2
C 1 (1.8)

for every k. For the connection to the original Tarry problem, we refer to [47, Section 13].
In the same paper [2], the authors also studied Tarry’s problem in higher dimensions

and obtained that

pd;k � d

�
k C d

d C 1

�
C d (1.9)

for every d;k � 2. At the end of their paper, they also stated as an open problem to find the
exact value of pd;k in higher dimensions. Later, Ikromov [24] obtained the lower bound

pd;k �

�
k C d

d C 1

�
C 1:

In the quadratic case, that is, the case k D 2, the problem was resolved by Mocken-
haupt [31], who proved that pd;2 D 2.d C 1/ for every d � 2.

For more partial results and for results on other systems of monomials, we refer to
Chakhkiev [9], Ikromov and Safarov [27], Safarov [35], and Dzhabbarov [12, 13].

Remark 1.3. In [13], Dzhabbarov considered the case d D 2, k D 3 and claimed that
p2;3 � 12. The strategy in that paper is to show that

E
.2;3/

Œ0;1�2
1 2 L12.R9/:

To bound theL12 norm, the author there expanded the 12-th power ofE.2;3/
Œ0;1�2

1 and applied
some delicate change of variables, which further required some careful computations of
Jacobians. Although this approach looks very natural, our results below (see Section 6,
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in particular, Remark 6.3) indicates that E.2;3/
Œ0;1�2

1 narrowly misses being L12 integrable.
Indeed, Z

BR

jE
.2;3/

Œ0;1�2
1j12 � C�1 logR

for some universal constantC > 0 and everyR� 1, whereBR �R9 is the ball of radiusR
centered at the origin.

As a consequence of Theorem 1.2, we obtain the following Fourier restriction esti-
mates.

Corollary 1.4. Let d D 2. For k � 2, let xpd;k denote the smallest even number that is
greater than or equal to pd;k . Then

kE
.d;k/

Œ0;1�d
f kp � Ck;pkf k1 (1.10)

for every p > xpd;k and some constant Ck;p that depends on k, p. Moreover, when pd;k is
even, which is the same as saying k 6� 1 mod 4, the above estimate is sharp in the sense
that it fails for every p � xpd;k .

When k� 3 mod 4, it is reasonable to believe that (1.10) also holds for every p>p2;k .
Here our result covers the range p > p2;k C 1.

Recall that Theorem 1.2 states that (1.10) holds with f D 1 whenever p > p2;k . That
such an estimate implies (1.10) for a general f 2 L1 for an even p is standard, and is
exactly how Mockenhaupt [31] proved (1.10) for every p > pd;2 and every d � 2. In the
case of Mockenhaupt, the exponent pd;2 D 2.d C 1/ is always even, which allows him
to obtain sharp estimates in p. In our case, our exponent p2;k may be odd, and by doing
this reduction we may be off the sharp exponent of p by 1.

Because of its applications to areas like partial differential equations, analytic number
theory, and combinatorics, the Fourier restriction theory has received significant amount
of attention in the past few decades. A number of methods, including the bilinear method
(see, for instance, Tao, Vargas and Vega [40], Wolff [46] and Tao [39]), the multilin-
ear method (see, for instance, Bennett, Carbery and Tao [5] and Guth [18]), the broad-
narrow analysis of Bourgain and Guth [6] and the polynomial method (see, for instance,
Guth [19]), have been introduced to study the Fourier restriction phenomenon. Perhaps
it is not exaggerating to say that each of the above mentioned papers generated an area
of active research. Our method in the current paper seems to be disjoint from the above
mentioned ones, and it would be very interesting to see how they can be connected.

1.4. A few remarks on Theorem 1.2 and Corollary 1.4

Let us first remark on the methods of proof of Theorem 1.2 and compare them with those
in the literature.

First of all, in the quadratic case k D 2 in [31], in order to bound the Lp norm of
E
.d;2/

Œ0;1�d
1, Mockenhaupt computed the function E.d;2/

Œ0;1�d
1 directly. To be more precise, he

first smoothed out the function 1Œ0;1�d to e�j�j
2=2, took the advantage of having a quadratic
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phase function and computed a Fourier transform directly (roughly speaking via complet-
ing squares). It seems difficult to generalize this approach to surfaces of cubic degree or
higher. The result of Mockenhaupt [31] has recently been recovered in [16] via the broad-
narrow analysis of Bourgain and Guth and decoupling inequalities for quadratic forms,
and the approach there does not work either for degrees k � 3.

Next, we turn to the upper bound (1.9) established in [2]. The authors of [2] first
derived an accurate pointwise bound for a d -dimensional oscillatory integral and then
applied this bound to obtain a good pointwise bound for jE.d;k/

Œ0;1�d
1.x/j in terms of x.

Their pointwise bound is sharp for some, but not all, x 2 RN , resulting in an integrabil-
ity exponent that is not sharp.

In our paper, we propose an entirely different approach, which we call a stationary
set method. This method, combined with a careful study of the geometry of stationary
sets in our problem (see Section 5.3), and certain rigidity properties of stationary sets (see
Section 5.4), allows us to prove sharp Lp integrability of jE.d;k/

Œ0;1�d
1.x/j for d D 2 and

every k � 2.

Remark 1.5. We expect our stationary set method to be useful in obtaining the sharp
convergence exponents of Fourier extension operators for more general semi-algebraic
sets. In a follow up paper, we are planning to show that the stationary set approach is
often “tight” in the following sense. Let �WRd ! RN be a semi-algebraic function and

L.x/ WD sup
�2R

m.¹� 2 Œ0; 1�d W � � x � �.�/ � �C 1º/; x 2 RN ;

be the size of the stationary set associated to x � �. Define the convergence exponent and
the stationary exponent by

pc WD inf
°
p W




 Z
Œ0;1�d

e.x � �.�// d�




L

p
x .RN /

<1
±
;

ps WD inf
°
p W kL.x/kLp

x .RN / <1
±
:

We will show that ps D max¹pc ; N º. The same principle also applies to Fourier trans-
forms of surface measures of semi-algebraic sets.

Moreover, via the method of the current paper, we will also show that, for a semi-
algebraic set S � RN of dimension d , it holds that pc <1 if and only if the intersection
of S with every hyperplane of RN has dimension < d .

Although the problem of finding pc can be reduced to finding ps whenever pc > N ,
we remark that already for three-dimensional Parsell–Vinogradov surfaces (for which the
condition pc > N holds), we encountered significant technical difficulties when estimat-
ing the relevant stationary sets. We refer to Remark 5.11 for a more detailed discussion.

In the end, we comment on Corollary 1.4. Estimate (1.10) with a sharp range of p
when d D 1 was proven by Drury [11]; indeed, he proved a stronger result with kf k1
replaced by kf kq for an optimal range of q as well. As a consequence, Drury [11] recov-
ered the result of Arkhipov, Chubarikov and Karatsuba [2] and gave an alternative proof
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for (1.8). It is worth mentioning that Drury’s result can be partially recovered via the
broad-narrow analysis of Bourgain and Guth [6] and the multi-linear restriction estimates
of Bennett, Carbery and Tao [5]; to be more precise, via these more recent tools, one
can prove (1.10) for an optimal range of p, and therefore obtain another proof of (1.8).
Moreover, as was shown in [16], if one combines the broad-narrow analysis of Bourgain
and Guth, with the multi-linear Fourier restriction estimates of Bennett, Bez, Flock and
Lee [4] and the decoupling inequalities for quadratic Parsell–Vinogradov surfaces in Guo
and Zhang [17], then one can also recover the result of Mockenhaupt [31] (i.e., the case
where d � 2 and k D 2). We tried to prove Corollary 1.4 by this approach, but did not
succeed. For d D 2 and k D 3, we encountered problems in the narrow part of the anal-
ysis; while for k � 4, we encountered significant difficulties in both the broad and the
narrow part.

The rest of the paper is organized as follows. In Section 2, we prove Theorem 1.1. The
proof needs some ingredients from the theory of o-minimal structures. For the benefit of
the reader, we include a short background material on the theory of o-minimal structures
including their definition and basic examples in Section 2.1 and the main result we need
to use in Section 2.2. In Section 3, we give an overview of the proof of Theorem 1.2. The
proof of Theorem 1.2 is quite involved and is spread over the next three sections. The
proof of the upper bound depends on two key lemmas – namely, Lemmas 3.6 and 3.7.
These are proved in Sections 4 and in 5, respectively. The proof of the lower bound is
given in Section 6. We prove Corollary 1.4 in Section 7. We aim to make the paper acces-
sible to readers having different backgrounds. In particular, for the benefit of readers more
grounded in harmonic analysis we have included a basic compendium of logical terms and
definitions in Appendices A and B.

2. Bounding oscillatory integrals by the size of stationary sets

In this section, we prove Theorem 1.1, which says that we can bound the oscillatory
integral

I.Q/ D

Z
Œ0;1�d

e.Q.�// d�

by a constant times the measure of the largest “stationary set”

� WD sup
�2R

m.¹� 2 Œ0; 1�d W � � Q.�/ � �C 1º/

if the real phase function Q is semi-algebraic with bounded complexity (where the con-
stant depends on the complexity of Q).

We first fix some notation that we will use throughout the rest of the paper.

Notation. (a) Fix the dimension parameter d and the complexity parameter k. If a and b
are positive real variables or functions, we say that a .d;k b if there exists a constant
Cd;k > 0, depending only on d and k, such that a � Cd;kb. Similarly, we define a .p b
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for other parameters p, like the Lebesgue exponents. We also define a &p b to mean
a � Cpb for some constant Cp depending only on p, and a �p b to mean a .p b and
a &p b. Moreover, if it is clear from the context what parameters p appear in a .p b,
a &p , a �p b, then we often abbreviate them to a . b, a & b, a � b, respectively.

(b) For parameters p and real positive variables a, b, we say that a �p b if there
exists a large constant Cp > 0, depending on p, such that a � b=Cp . Similarly, we define
a�p b. Moreover, if it is clear from the context what parameters appear in a�p b and
a�p b, then we often abbreviate them to a� b and a� b, respectively.

(c) We use #.E/ to denote the cardinality of a set E .

(d) For d � 1 and a subset E � Rd , we use 1E to denote the indicator function of E.

(e) Let E � Rd and e 2 Rd , we use E C e to mean ¹e0 C e W e0 2 Eº.

(f) Let ı > 0. By a ı-square in R2, we mean a square of side length ı whose sides
are axis-parallel. By a dyadic ı-square, we mean a ı-square whose projections to the
horizontal and vertical axis are both dyadic intervals.

(g) For v 2 Rd , we use kvk to denote the standard Euclidean norm of v.

In order to prove the main theorem, we will change the integral I.Q/ to a one-
dimensional integral of the form Z

R
S.ˇ/ � e.ˇ/ dˇ:

Then we will see that the conclusion follows once we prove that S changes monotonicity
finitely many times.

To prove the latter property, we have to use some tools from real algebraic, and more
generally, o-minimal geometry.

Definition 2.1. A semi-algebraic subset S �Rn is a finite union of subsets, each of which
is defined by a formula of the form P D 0;Q1; : : : ;Q` > 0, where each P;Q1; : : : ;Q` 2
RŒX1; : : : ; Xn�. If the total number of polynomials occurring in the above formulas is
bounded by s, and the maximum degree of these polynomials is bounded by D, we will
say that the complexity of S (as well as that of the formula) is bounded by k D sD.

Definition 2.2. A semi-algebraic function f is a function whose graph is a semi-algebraic
set. We will say that the complexity of f is bounded by k if the complexity of the semi-
algebraic set graph.f / is bounded by k.

We will need to define generalizations of the notion of semi-algebraic sets and func-
tions. For this purpose, it is convenient to introduce some basic terminology from model
theory, where these concepts originated. We have included this necessary background
in Appendices A and B for the uninitiated reader. We will also need to use some basic
facts from the model theory of o-minimal structures. A very good introduction to this
topic appears in the paper [44] and the book [42]. However, for the convenience of read-
ers and the sake of completeness we include below the basic background material on
o-minimality and the results we will need with appropriate pointers to the above cited
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references (as well as to Appendices A and B) for the vocabulary from mathematical
logic. Readers already familiar with o-minimal structures can safely skip the next subsec-
tion.

2.1. o-minimal structures

LetL0 be any language containing the binary relation�, and letM be anL0-structure such
that the relation � defines a total order onM (see Appendix A for definitions of language
and structure). The structure M is called o-minimal if the set of definable subsets of M
is the smallest possible – namely, the set whose elements are finite unions of points and
intervals (such subsets are clearly definable by quantifier-free L0.M/-formulas).

Example 2.3. Let L be the language of ordered fields (see Appendix B). The L-struc-
ture R (see Appendix B) is an example of an o-minimal structure.

Suppose that LC is a language containing L (we call LC an expansion of L). An
LC-structure is called an o-minimal expansion of R if the underlying set of the structure
is R, and the structure is o-minimal (i.e., the definable subsets of R are precisely the
semi-algebraic subsets of R).

Let us look at an example to better digest this notion. In the following example,
we expand the language L with one additional function symbol.

Example 2.4. Let LC be the expansion of L by an additional 1-ary function symbol f ,
and consider the LC-structure Rsin whose underlying set is R, with the symbols of L
interpreted as before, and the 1-ary function symbol f interpreted by the trigonometric
function sinWR! R. Then, Rsin is not an o-minimal expansion of R, since the definable
subset of R defined by the formula f .X/ D 0 is the set ¹n� W n 2 Zº, which cannot be
expressed as a finite union of points and intervals of R.

2.2. The o-minimal structures Ran and Ran;exp

The above example shows that the real analytic functions cannot all be definable functions
in any o-minimal expansion of R. For instance, the function sin.x/ is never definable in
any o-minimal expansion of R.

However, notice that if we consider a function f , which is equal to sin.x/ on
Œ�1; 1� � R, and defined to be 0 outside of the Œ�1; 1�, then the set of zeros of f is
a semi-algebraic set and hence definable in every o-minimal expansion of R.

Motivated by this example, we call f WRn ! R a restricted analytic function, if there
are an open subset U containing Œ�1; 1�n in Rn and an analytic function gWU ! R such
that

f .x/ D

´
g.x/ for x 2 Œ�1; 1�n;

0 otherwise:

Let Lan denote the expansion of L obtained by including a function symbol (of appropri-
ate arity) for each restricted analytic function. We denote by Ran the Lan-structure with
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underlying set R, with the usual interpretations of the symbols of L, and where we inter-
pret the new symbols by the corresponding restricted analytic functions. It is a theorem of
Gabrielov [14] that the Lan-structure Ran is an o-minimal expansion of R.

The (unrestricted) exponential function is not a restricted analytic function. We expand
the languageLan further and include a symbol exp for the exponential function and denote
the new language by Lan;exp. Denote by Ran;exp the Lan;exp-structure obtained by interpret-
ing the new symbol exp by the exponential function, and interpreting the symbols of Lan

as before. It is a theorem of van den Dries, Macintyre and Marker.

Theorem 2.5 ([43]). The Lan;exp-structure Ran;exp is an o-minimal expansion of R.

Remark 2.6. Notice that the logarithm function logW .0;1/! R is definable in Ran;exp,
since its graph

graph.log/ D ¹.x; y/ 2 R2 W x > 0; x D exp.y/º

is definable in Ran;exp.

Let � denote an o-minimal expansion of R. If we denote by �n for each n � 0 the set
of subsets of Rn which are definable in � , then the tuple .�n/n�0 satisfy the following
properties, which follow directly from the definition of an o-minimal expansion:

(a) If n � 0 and A;B 2 �n, then A[B , A\B , Rn �A 2 �n. If n;m � 0 and A 2 �m,
B 2 �n, then A � B 2 �mCn.

(b) If � WRm �Rn ! Rm is the projection map and A 2 �mCn, then �.A/ 2 �m.

(c) Elements of �1 are precisely the finite unions of points and open intervals.

Remark 2.7. While the set of definable sets in an o-minimal expansion of R is stable
under finite set operations and projections (properties (a) and (b) above), the set of defin-
able functions is not necessarily closed under taking parametric integrals. More precisely,
if f WRm �Rn ! R is a definable function in � , then the function

g.x/ D

8<:
Z

Rm

f .y; x/ dy if
Z

Rm

jf .y; x/j dy <1;

0 otherwise
(2.1)

is not necessarily definable in � . It suffices to take the example of the function

f .y; x/ D

8<:
1

y
if x > 0; 1 < y < x;

0 otherwise;

whose graph is a semi-algebraic set and so is clearly definable in the o-minimal struc-
ture R. However, the parametric integral is the logarithm function whose graph is not
a semi-algebraic and hence is not definable in R. On the other hand, notice that g.x/ is
definable in the o-minimal expansion Ran;exp (cf. Remark 2.6).

In fact, it is proved in [10, Theorem 1.3] that if f WRm � Rn ! R is a constructible
function, then the function defined in (2.1) is constructible (cf. [10, Definition 1.2]).
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We omit the definition of constructible functions in the sense of [10], but list two of
their properties, which are the only facts that we will need in this paper.

(1) Constructible functions are definable in the o-minimal expansion Ran;exp of R. This
follows easily from the definition of constructible functions and the fact that the log-
arithm function is definable in Ran;exp.

(2) Semi-algebraic functions are constructible.

An important consequence of the properties (a), (b) and (c) is the topological tameness
of definable sets in an o-minimal expansion of R. Let � be an L� -structure which is an
o-minimal expansion of R. Then the definable sets of � can only have a finite number of
connected components (this is a consequence of [42, Theorem 2.9]).

Another important property of the definable sets is that of topological tameness in
families.

Proposition 2.8 ([42, Chapter 9, Section 2] or [44, Section 4.4]). Let � be an L� -struc-
ture which is an o-minimal expansion of R. Let X and Y be definable sets, and let
f WX ! Y be a definable function. Then, there are finitely many homeomorphism types
amongst the fibersXy DX \ f �1.y/, y 2 Y . In particular, there exists a constantNf � 0
such that the number of connected components of Xy , y 2 Y , is bounded by Nf .

Let f WR ! R be a definable function in an o-minimal expansion of R. If for any
interval .a; b/� R, f is strictly increasing, or strictly decreasing, or is constant on .a; b/,
we say that f is monotone over .a; b/, and furthermore we say that the monotonicity type
of f on .a;b/ is strictly increasing, strictly decreasing or constant respectively. For x 2R,
we say that f changes monotonicity at x if there exists " > 0 such that f is monotone
over .x � "; x/ as well as .x; x C "/, and the monotonicity type of f over .x � "; x/ is
distinct from the monotonicity type of f over .x; x C "/.

Using the monotonicity theorem for definable functions [42, Chapter 3, Theorem 1.2],
there exists a finite partition of R into points and open intervals such that over each open
interval the function f is either constant, strictly increasing, or strictly decreasing. So
the set of points where f changes monotonicity is contained in the finite set of points in
the above partition and is in particular finite. Moreover, it is clear that the set of points
where f changes monotonicity can be defined by a formula in the language L [ ¹f º.

It follows that if hWRD �R! R is a definable family of functions (with parameters
in RD), then the subset

¹.x; t/ 2 RD �R W the function h.x; �/ changes monotonicity at tº

is a definable subset of RD �R.
As an application of the above observation and Proposition 2.8, we have the following.

Proposition 2.9. Let � be an L� -structure which is an o-minimal expansion of R. Let
hWRD �R! R be a definable function, and for x 2 RD , let N.x/ denote the number of
times the function h.x; �/WR! R changes monotonicity. Then, supx2RD N.x/ <1.
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Proof. Using the previous observation, we have that the set S D ¹.x; t/ 2RD �R W h.x; �/
changes monotonicity at tº is definable.

Now, applying Proposition 2.8, we get that there are finitely many homeomorphism
types amongst the fibers of the map .x; t/ 7! x restricted to S , noting that this map is
clearly definable in � . Moreover, each fiber has finitely many points using the observation
in the first paragraph of the proof. The proposition follows.

2.3. Proof of Theorem 1.1

With the preparation above, let us prove a lemma that will play a crucial role in the proof
of Theorem 1.1.

Lemma 2.10. Let d � 1 and let U be a semi-algebraic set in RdC1 with complexity � k.
Assume further that U is bounded. For each ˇ 2 R, we define

AU .ˇ/ D

Z
Rd

1U .�; ˇ/ d�:

Then the function AU changes monotonicity Od;k.1/ times.

Proof. First observe that for each k; d � 0, there exist D D D.k; d/, N D N.k; d/, and
a finite set

ˆk;d D ¹�1.Y1; : : : ; YD; X1; : : : ; XdC1/; : : : ; �N .Y1; : : : ; YD; X1; : : : ; XdC1/º;

where each �i is a quantifier-free L-formula such that if U � RdC1 is a semi-algebraic
set of complexity bounded by k, then there exist 1 � i � N and � 2 RD such that

U D ¹.x1; : : : ; xdC1/ 2 RdC1 W R ˆ �i .�;X1; : : : ; XdC1/º:

Intuitively, the above property holds because by definition, our set U can be described
by an L.R/-formula involvingOk;d .1/many polynomials of degreeOk;d .1/, parameters
in R, logic connectives and constant symbols.

For each i , 1 � i � N , let Vi � RD �RdC1 be the set defined by �i , and let � WRD �
RdC1 ! RD be the projection map to the first factor.

For 1 � i � N , consider the functions Ai on RDC1 D RD � R defined as follows:
For � 2 RD and ˇ 2 R, we set

Ai .�; ˇ/ WD

Z
Rd

1Vi
.�; �; ˇ/ d�;

whenever the above integral is finite, and A.�; ˇ/ D 0 otherwise.
The functions 1Vi

are semi-algebraic and thus definable in Ran. By [10, Theorem 1.3]
(as mentioned in Remark 2.7), Ai .�; ˇ/ is a constructible function on RDC1. Using the
properties of constructible functions listed in Remark 2.7, we obtain thatAi .�;ˇ/ is defin-
able in Ran;exp.
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It now follows from Proposition 2.9 that there exists Mi D Mi .k; d/ > 0 such that
the number of times the function Ai .�; �/, � 2 RD , changes monotonicity is bounded
byMi . LetM.k;d/Dmax1�i�NMi . It follows that the number of times the functionAU
changes monotonicity is bounded by M.k; d/, observing that there exist i , 1 � i � n,
� 2 RD , such that AU .ˇ/ D Ai .�; ˇ/ for ˇ 2 R.

With Lemma 2.10 in mind, we now prove Theorem 1.1.

Proof of Theorem 1.1. Fix a constant 0 < ı0 < 1=2 (in our proof, ı0 D 0:1 will work).
In the proof, we will suppress the dependence on the constant ı0. By a change of variables,
we have �Z ı0

�ı0

e.˛/ d˛
��Z

Œ0;1�d
e.Q.�// d�

�
D

Z
Œ0;1�d

Z ı0

�ı0

e.Q.�/C ˛/ d˛d� D
Z
Œ0;1�d

Z Q.�/Cı0

Q.�/�ı0

e.ˇ/ dˇd�

D

Z
R

m.¹� 2 Œ0; 1�d W Q.�/ 2 Œˇ � ı0; ˇ C ı0�º/ � e.ˇ/ dˇ:

Note that
R ı0

�ı0
e.˛/ d˛ is a non-zero constant (depending only on ı0) as 0 < ı0 < 1=2.

Hence, if we define a stationary set to be

SQIı0
.ˇ/ D ¹� 2 Œ0; 1�d W Q.�/ 2 Œˇ � ı0; ˇ C ı0�º;

then we have ˇ̌̌ Z
Œ0;1�d

e.Q.�// d�
ˇ̌̌
�

ˇ̌̌ Z
R

m.SQIı0
.ˇ//e.ˇ/ dˇ

ˇ̌̌
:

Since Q is bounded, the function m.SQIı0
.�// is compactly supported. We claim that it

is piecewise monotonic and that it only changes monotonicity Od;k.1/ many times. This
claim follows from Lemma 2.10 in a straightforward way, and we postpone its justification
to the end of this proof.

We now explain how to get the desired conclusion from the above claim. We decom-
pose R into a union of Od;k.1/ many closed intervals

S
j Ij such that the interiors

of Ij are disjoint and that the function m.SQIı0
.�// is compactly supported and mono-

tonic on each Ij . For each Ij , the total variation of m.SQIı0
.�// on Ij is bounded by

2 supˇ2Rm.SQIı0
.ˇ//, uniformly in j . By integration by parts, we see thatˇ̌̌ Z

Ij

m.SQIı0
.ˇ//e.ˇ/ dˇ

ˇ̌̌
. sup
ˇ2R

m.SQIı0
.ˇ//;

uniformly in j . Hence, we getˇ̌̌ Z
R

m.SQIı0
.ˇ//e.ˇ/ dˇ

ˇ̌̌
�

X
j

ˇ̌̌ Z
Ij

m.SQIı0
.ˇ//e.ˇ/ dˇ

ˇ̌̌
.d;k sup

ˇ2R
m.SQIı0

.ˇ// .d;k �

by assumption. This is the desired conclusion.
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Finally, we justify our claim that m.SQIı0
/ is piecewise monotonic and that it only

changes monotonicity Od;k.1/ many times. Consider the set

�.Q/ WD ¹.�; ˇ/ 2 Rd �R W ˇ � ı0 � Q.�/ � ˇ C ı0; � 2 Œ0; 1�
d
º:

The set �.Q/ is bounded and can be described as a “vertical” neighborhood of the graph
of Q.

Observe that sinceQ is a semi-algebraic function, graph.Q/ is a semi-algebraic subset
of RdC1 and so defined by an L.R/-formula �.X1; : : : ;XdC1/. Then �.Q/ is defined by
the formula

 .X1; : : : ; XdC1/ WD .9Y /�.X1; : : : ; Xd ; Y / ^ .XdC1 � Y C ı0/ ^ .Y � XkC1 C ı0/:

Using an effective version of Tarski–Seidenberg theorem (see Remark B.1), we obtain
that  is equivalent to a quantifier-free formula z such that the number of polynomials
and their degrees that occur in z is Od;k.1/, and so �.Q/ is semi-algebraic with com-
plexity Od;k.1/. Now we apply Lemma 2.10 to the set �.Q/, and note that SQIı0

.ˇ/ D

A�.Q/.ˇ/ in the notation of that lemma. By the conclusion of Lemma 2.10, we deduce
the claim in the beginning of this paragraph.

Remark 2.11. In Theorem 1.1, the amplitude function of the oscillatory integral is taken
to be the sharp cut-off 1Œ0;1�d . For a compactly supported smooth amplitude function, one
can apply a Fourier series expansion and then apply Theorem 1.1. In applications, due to
the rapid decay of Fourier coefficients, the extra summation that is brought in by Fourier
series expansion usually will not cause any problem. For example, in Tarry’s problem,
one can insert a compactly supported smooth amplitude function in (1.6), and ask what
the convergence exponent is. It is elementary to see that it coincides with the one of sharp
cut-off, that is, p2;k .

3. Proof of Theorem 1.2: An overview

In this section, we will give an overview of the proof of Theorem 1.2. From now on,
we will fix d D 2 and abbreviate p2;k to pk . To simplify notation, we denote

qk D
1

6
k.k C 1/.k C 2/C 2:

Under this notation, to prove Theorem 1.2, it is equivalent to prove that pk D qk for every
k � 2. This will be achieved by proving pk � qk and pk � qk separately. The lower
bound pk � qk is slightly easier, and its proof will be presented in Section 6.

Let us give an overview of the proof of the more complicated step pk � qk . We will
use Ek1.x/ to denote the function E.d;k/

Œ0;1�d
1.x/. Our goal is to show that

m.¹x 2 RN W jEk1j.x/ 2 Œı; 2ı�º/ .k jlogC ıj
k�1ı�qk (3.1)
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for every ı � 1, where

logC ı WD log
�
1C

1

ı

�
:

This will imply the upper bound of pk that pk � qk . We will use P.�I x/ to denote the
polynomial x � �k.�/. For a polynomial P W Œ0; 1�2 ! R and real numbers c > 0 and �,
define

Zc.P; �/ WD ¹� 2 Œ0; 1�
2
W � � P.�/ � �C cº:

For a given x, since the measure of Z1.P.� I x/; �/ depends continuously on �, we can
choose �x such that

m.Z1.P.� I x/; �x// D sup
�2R

m.Z1.P.� I x/; �//:

To simplify notation, we denote

Zx WD Z1.P.� I x/; �x/:

From Theorem 1.1, we immediately obtain that there exists Ck > 0 such that for every
ı � 1, it holds that

¹x 2 RN W jEk1j.x/ 2 Œı; 2ı�º � Lı=Ck
;

where
Lı WD ¹x 2 RN W m.Zx/ > ıº:

The desired estimate (3.1) therefore follows immediately from the following lemma.

Lemma 3.1. There exists Ck <1 such that

m.Lı/ � CkjlogC ıj
k�1ı�qk (3.2)

for every ı 2 .0; 1�.

Lemma 3.1 will follow using an inductive argument from the following lemma.

Lemma 3.2. There exists Ck;1 > 0 such that for every sufficiently large dyadic number
K 2 2Z; K � 1 (picking K � 210k will be enough), we can find another constant Ck;K
such that

m.Lı/ � K �Kk.kC1/.kC2/=6m.LıK=Ck;1
/

C Ck;K jlogC ıj
k�1ı�k.kC1/.kC2/=6�2: (3.3)

Proof of Lemma 3.1. Since L1 D ;, (3.2) in Lemma 3.1 follows from Lemma 3.2 after
choosing K so large that

Kk.kC1/.kC2/=6C1 <
� K

Ck;1

�k.kC1/.kC2/=6C2
and unrolling recursion (3.3).
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Remark 3.3. The main contribution in the recursive estimate (3.3) comes from the sec-
ond summand on the right-hand side. This is due to the fact that the power of K in the
first summand is strictly smaller than pk . It is this fact that allows us to use a fixed value
of K and leads to only a logarithmic loss in (3.2).

Remark 3.4. The choice of Ck;1 will be made in Lemma 5.7.

It remains to prove Lemma 3.2. Let K � 1, K 2 2Z be large dyadic number to be
determined. Let �K be the collection of all vertical dyadic rectangles SK � Œ0; 1�2 of size
1 � 1=K.1 We have

#.�K/ D K;

where #.�K/ refers to the cardinality of �K . Let Ck;1 > 1 be a large constant to be deter-
mined. We write Lı as a disjoint union

Lı D Lı;con [ Lı;sprd;

where

Lı.SK/ WD
°
x 2 Lı W m.Zx \ SK/ >

ı

Ck;1

±
;

and
Lı;con WD

[
SK2�K

Lı.SK/:

We will control the sizes of Lı;con and Lı;sprd separately. For x 2 Lı , we say that it is in
the concentrated case if x 2 Lı;con and that it is in the spread out case if x 2 Lı;sprd.

Remark 3.5. The concentrated/spread out dichotomy here is inspired by the broad-nar-
row dichotomy of Bourgain–Guth in [6]. We leave the comparison to the interested
readers.

We prove the following upper bounds, which immediately imply Lemma 3.2.

Lemma 3.6. For each dyadic number K 2 2Z, K � 1, it holds that

m.Lı;con/ � K �K
k.kC1/.kC2/=6m.LKı=Ck;1

/:

Here Ck;1 is given in Lemma 3.2.

Lemma 3.7. There exists a constant Ck;K > 0 such that

m.Lı;sprd/ � Ck;K jlogC ıj
k�1ı�k.kC1/.kC2/=6�2:

So far we have finished the proof of the upper bound pk � qk , modulo the proofs of
Lemmas 3.6 and 3.7, which will be presented separately in the next two sections.

1Here by a vertical dyadic rectangle of size 1 � w, for some dyadic number w 2 2Z, we mean
a rectangle of the form Œiw; .i C 1/w� � Œ0; 1� for some integer i .
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4. Proof of Lemma 3.6

Let us start with estimating m.Lı.SK// for a fixed SK . Without loss of generality, take
SK D Œ0; 1=K� � Œ0; 1�. For an x 2 RN , define

xx WD
� xˇ
Kˇ1

�
1�jˇ j�k

with ˇ D .ˇ1; ˇ2/ 2N2, so that P..�1; �2/Ix/D P..K�1; �2/I xx/. Then, for x 2 Lı.SK/,
we have

m.Z1.P.� I xx/; �x// D Km.Zx \ SK/ >
Kı

Ck;1
:

By definition of L�, we have°
xx 2 RN W m.Zxx/ >

Kı

Ck;1

±
D LKı=Ck;1

:

By scaling, this implies

m.Lı.SK// � m.LKı=Ck;1
/
Y
jˇ j�k

Kˇ1 D Kk.kC1/.kC2/=6m.LKı=Ck;1
/:

We sum over SK and obtain

m.Lı;con/ � K �K
k.kC1/.kC2/=6m.LKı=Ck;1

/:

This finishes the proof of Lemma 3.6.

5. Proof of Lemma 3.7

The proof of Lemma 3.7 is long and needs several intermediate results. We first outline
the main idea below.

5.1. Outline of the proof of Lemma 3.7

For x 2 Lı;sprd � Lı , recall that the stationary set Zx D ¹� 2 Œ0; 1�2 W �x � P.�I x/ �
�x C 1º has measure at least ı. Let us think about what such a Zx may look like. Note
that Zx has bounded complexity. In the second subsection, we will prove that a semi-
algebraic set of bounded complexity in Œ0; 1�d that has measure at least ı > 0 is “not far
from” a union of ı-cubes, which are cubes of side length ı. This is essentially Lemma 5.9
in two dimensions.2 Before proving such a lemma, we will need some preparations (done
in the first subsection) using elementary real algebraic geometry.

2There is a higher-dimensional version that can be proved in an identical way. We omit that
more general version here since it is irrelevant to our current problem.
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Since Zx has bounded complexity, the (quantitative) Tarski–Seidenberg theorem
shows that its projection to the �1-axis is a union of boundedly many points and inter-
vals. If we pretend thatZx is a union of ı-squares, by the fact that it is spread out in the �1
direction (thus hitting many vertical 1=K-strips3), we see that the projection of Zx to the
�1-axis has to contain a “long interval” (with constant length) if we choose Ck;1 large
enough. This means we can find an interval I � Œ0; 1� on the �1-axis of constant length
such that for all dyadic intervals QI of length ı in I , there is a ı-square � QI in Zx whose
projection to the �1-axis is QI . In real life, Zx is not honestly a union of ı-squares but we
still have something very similar to the conclusion above thanks to Lemma 5.7.

Finally, we fix a constant (kC 1, to be more accurate) many evenly-spaced QI and look
at all possible tuples .� QI / QI . For each tuple, if every ı-square in it is essentially contained
inZx , we will see that x has to be contained in a very specific rectangular box (depending
on the particular tuple .� QI / QI ). Geometrically, this is the dual box to the convex hull of
all caps corresponding to all � QI in that tuple. Therefore, the union of all such rectangular
boxes will contain Lı;sprd. Simply by adding up the volume of all the rectangular boxes
we get the desired upper bound of m.Lı;sprd/ and finish the proof. This is carried out in
the last subsection.

Remark 5.1. For general Sd;k when d � 3, we expect this proof framework to continue
working but also expect a lot more new technical difficulties and hence do not pursue the
more general problem here. See Remark 5.11 for a discussion.

5.2. Shifts of semi-algebraic sets

Lemma 5.2 (Finite boundary). For every � 2 N, there exists B� < 1 such that every
semi-algebraic subset � � R of complexity � � has at most B� boundary points.

Proof. By definition, � is a union of O�.1/ many subsets �j , where each �j is a set
defined by O�.1/ many polynomial equations or inequalities of degree O�.1/. This im-
plies that each �j is an intersection of O�.1/ many larger sets, each larger set being
a union of O�.1/ many points or intervals. Hence each �j is a union of O�.1/ many
points or intervals. Taking the union, we deduce that � is also a union of O�.1/ many
points or intervals and the conclusion follows.

Corollary 5.3 (Shifts of a bounded complexity set). Let � � Œ0; 1� be a semi-algebraic
set of complexity � �. Then, for every ı > 0, we have

m..� C Œ�ı; ı�/ n �/ .� ı:

Proof. By Lemma 5.2, � is the union of O�.1/ many intervals, which immediately im-
plies the desired bound.

3Here we use “vertical 1=K-strips” as a shorter version of “vertical dyadic rectangles of size
1 � 1=K” defined above.
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Lemma 5.4. For every k, � 2 N, there exists a small constant ck;� > 0 such that, for
every ı > 0 and every semi-algebraic set � � Œ0; 1�2 with complexity � � and measure
m.�/ > ı, we have

m
� \
a2¹0;�;kº2

.� � ck;�ıa/
�
>
ı

2
:

Proof. Let e1 D .1; 0/ and e2 D .0; 1/ be the unit vectors. Let c D ck;� > 0 be a small
number that is to be chosen. For any ı > 0, the set\

a12¹0;�;kº

.� � cıa1e1/

will be a semi-algebraic set of complexity at most �0 D �0.k; �/. Using Corollary 5.3 in
the first variable and integrating, we see that

m
� \
a12¹0;�;kº

.� � cıa1e1/
�
� ı � C�cık

for some large constant C� depending only on �. If c � 1=.4kC�/, this will be � 3ı=4.
Using Corollary 5.3 in the second variable and integrating, we see that

m
� \
a2¹0;�;kº2

.� � cıa/
�
D m

� \
a22¹0;�;kº

� \
a12¹0;�;kº2

.� � cıa1e1/
�
� cıa2e2

�
�
3ı

4
� C�0cık

for some large constant C�0 depending only on �0. If c � 1=.4kC�0/, then this is � ı=2.
Summarizing, it suffices to take ck;� WD 1=max.4kC� ; 4kC�0/.

Remark 5.5. Lemma 5.4 is also true when the dimension two is replaced by an arbi-
trary d . One just needs to repeat the procedure in the proof d times. We do not need
that more general result in this paper but record it here as it may be of independent in-
terest.

5.3. Large projections of stationary sets

In this subsection, we fix x 2 Lı;sprd and discuss some geometry of a particular stationary
set Zx .

We apply Lemma 5.4 to the setZx . Its complexity is bounded by a constant depending
on k. Therefore, we can find a small constant ck > 0 such that for the set

zZx WD
\

a2¹0;�;kº2

.Zx � ckıa/; (5.1)

we have m. zZx/ > ı=2. If we also know that x 2 Lı;sprd, then we will see that the set zZx
has a “large” projection in the horizontal axis.
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Lemma 5.6. For every x 2 Lı;sprd, it holds that

#.¹SK 2 �K j zZx \ SK ¤ ;º/ �
Ck;1

2
:

Proof. Let z�K � �K be the set consisting of those strips that have non-empty intersection
with zZx . Using that x 62 Lı.SK/ for any SK 2 �K , we obtain

ı

2
< m. zZx/ D

X
SK2

z�K

m. zZx \ SK/ �
X

SK2
z�K

m.Zx \ SK/ �
X

SK2
z�K

ı

Ck;1
D
ı#.z�K/
Ck;1

:

Rearranging the terms gives the claim.

Lemma 5.7. If Ck;1 is large enough depending on k, then, for every x 2 Lı;sprd, the
projection �1 zZx contains a dyadic interval of length 1=K. Here �1WR2! R denotes the
projection to the first variable.

Proof. Using an effective version of quantifier-elimination in the theory of real closed
fields (see Remark B.1), �1 zZx is a semi-algebraic set having bounded complexity depend-
ing only on k. By Lemma 5.2, it is the union of at most zCk intervals, where zCk depends
only on k. If Ck;1 > 4 zCk , then it follows from Lemma 5.6 that �1 zZx contains at least one
full dyadic interval of length 1=K.

Remark 5.8. From this point on, all estimates are allowed to depend implicitly on both k
andK; these implicit constants will accumulate to the constant Ck;K in (3.3). To simplify
notation, the dependence on K and k will often be dropped.

By Lemma 5.7 and a standard pigeonholing argument, we can find a subset zLı;sprd �

Lı;sprd and an interval I � Œ0; 1� of length 1=K such that

m.zLı;sprd/ �
m.Lı;sprd/

K
; (5.2)

and for every x 2 zLı;sprd, we have I � �1 zZx . Let

t0; t1; : : : ; tk 2 I

be a 1=.kK/-separated set.
Let P .ı/ be the partition of Œ0; 1�2 into dyadic squares � of side length ı. Next, for

each x 2 Lı;sprd, we will construct a sub-collection Px.ı/ � P .ı/.
Roughly speaking, the purpose of this construction is that we want Zx to be approx-

imated by a union of certain lattice dyadic ı-squares. To this end, we choose sufficiently
many � 2 Px.ı/ such that the union of all � 2 Px.ı/ approximates Zx well. Moreover,
when� 2Px.ı/, we want to have jP.�Ix/��xj. 1 for every � 2� so that

S
�2Px.ı/

�

is in a slightly thickened stationary set. This is guaranteed by the following lemma whose
proof uses the Lagrange interpolation.
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Lemma 5.9. Let Px.ı/ WD ¹� 2 P .ı/ j � \ zZx ¤ ;º. Then, for each � 2 Px.ı/ and
� 2 �, we have

jP.�I x/ � �xj .k;K 1: (5.3)

Proof. In the proof of this lemma, we will see the motivation of introducing (5.1). We take
one � 2 Px.ı/. By definition, we can find �0 2 � such that �0 2 zZx . By the definition
of zZx as in (5.1), we know that

�0 C ckıa 2 Zx for every a 2 ¹0; 1; : : : ; kº2:

As a consequence, we obtain that

�x � P.�0 C ckıaI x/ � �x C 1:

The desired bound (5.3) follows from applying the interpolation polynomials in the La-
grange form.

In particular,
tk0 2 �1� for some � 2 Px.ı/;

for every x 2 zLı;sprd and every 0 � k0 � k.

5.4. Rigidity of stationary sets

For „ � RN , let Con.„/ be the closure of the convex hull of „. By John’s ellipsoid
lemma, we know that there exists a rectangular box�„ such that

�„ � Con.„/ � CN�„;

where CN is a large constant that depends only on N . Let c.„/ denote the center of�„.
Let Dual.„/ denote

¹x 2 RN W jhx� � c.„/; xij � 2Ck;K for every x� 2 �„º;

where Ck;K is the same as the one in Lemma 5.9. Notice that

m.�„/m.Dual.„// � 1:

Recall from (5.3) that, for every � 2 � 2 Px.ı/, we have

�x � Ck;K � P.�I x/ D x � �k.�/ � �x C Ck;K :

Denote
„x WD ¹�k.�/ W � 2 � 2 Px.ı/º:

We obtain that
�x � Ck;K � x � x� � �x C Ck;K

for every x� 2 Con.„x/, and therefore

jx � .x� � c.„x//j � 2Ck;K

for every x� 2 Con.„x/, which further means x 2 Dual.„x/.
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5.5. Estimating dual boxes

In this subsection, we will bound zLı;sprd. Recall the choice of t0; t1; : : : ; tk from previous
subsections. Let Pk0.ı/ denote

¹� 2 P .ı/ W .tk0 ; s/ 2 � for some s 2 Œ0; 1�º:

For a fixed tuple
� D .�0; : : : ; �k/ 2 P0.ı/ � � � � �Pk.ı/;

denote
zLı;sprd.�/ WD ¹x 2 zLı;sprd W �k0 2 Px.ı/ for every k0º:

Therefore, we can write

zLı;sprd D
[

�2P0.ı/�����Pk.ı/

zLı;sprd.�/: (5.4)

Let us focus on estimating zLı;sprd.�/. Recall the discussion in Section 5.4. Let us
use �k.�/ to denote ¹�k.�/ W � 2 �k0 for some k0º. We have

m.zLı;sprd.�// � m.Dual.�k.�/// � m.Con.�k.�///�1: (5.5)

We will get a good lower bound on m.Con.�k.�/// by choosing a transverse set of
line segments inside this convex set. A standard geometric observation is that each set
Con.�k.�// contains line segments of length �ı�l in the direction of l-th derivatives
of �k .

Lemma 5.10. For every� 2P .ı/, every � 2�, and every multi-index ˇ with 1�jˇj�k,
the convex hull Con.�k.�// contains a line segment of length �ıjˇ j in the direction
@ˇ�k.�/.

From now on, we order the monomials in � in the increasing lexicographic order and
write

�k.�/ D .t; t
2; : : : ; tk ; s; st; : : : ; stk�1; s2; : : : /; � D .s; t/:

We also order the tj ’s in a convenient way. By the Vandermonde determinant formula,
we know that

det

0BBB@
1 t0; t20 ; : : : t l0
1 t1; t21 ; : : : t l1
:::

:::
:::

: : :
:::

1 tl ; t2
l
; : : : t l

l

1CCCA � 1:
Let vl 2 RlC1 be the vector whose Hodge dual is

?vl D

0BBB@
1

1
:::

1

1CCCA ^
0BBB@
t0
t1
:::

tl

1CCCA ^ � � � ^
0BBB@
t l�10

t l�11
:::

t l�1
l

1CCCA :
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It follows that kvlk � 1. By rearranging t0; �; tl if necessary, we may assume that the last
entry of vl is �1. Doing this in the reverse order of l D k; �; 1, we may assume that this
holds for every l .

With this order of tj ’s, we will use the following lower bound:

m.Con.�k.�///

�

ˇ̌̌̌ k̂
jD1

.�.�j / � �.�0// ^

k̂

jD0

ı@s�.�j / ^

k�1̂

k0D2

kC1�k0^
jD1

ık
0

.@k
0

s �.�j / � @
k0

s �.�0//

ˇ̌̌̌
D ık.kC1/.kC2/=6�kC1

�

ˇ̌̌̌ k̂
jD1

.�.�j / � �.�0// ^

k̂

jD0

@s�.�j / ^

k�1̂

k0D2

kC1�k0^
jD1

.@k
0

s �.�j / � @
k0

s �.�0//

ˇ̌̌̌
:

Here, we have chosen a total of

k C .k C 1/C .k � 1/C � � � C 2 D k C
k.k C 1/

2
D N

vectors in the difference set of the convex set Con.�k.�//, of which the first k come
from differences between�0 and�1; �;�k , while the remaining ones come from individ-
ual �j ’s via Lemma 5.10.

Writing these vectors as rows of a matrix, we see that, up to a .k; l/-dependent con-
stant, the latter wedge product is the determinant of the block upper triangular matrix0BBBBBBB@

Ak � : : : : : : �

0 zAk�1 �
:::

0 0 xAk�2
: : :

:::
:::

: : :
: : : �

0 : : : : : : 0 xA1

1CCCCCCCA
with

Ak D

26664
t1 � t0; t21 � t

2
0 ; : : : tk1 � t

k
0

t2 � t0; t22 � t
2
0 ; : : : tk2 � t

k
0

:::
:::

: : :
:::

tk � t0; t2
k
� t20 ; : : : tk

k
� tk0

37775 ;

zAl WD

26664
1 t0; t20 ; : : : t l0 s0
1 t1; t21 ; : : : t l1 s1
:::

:::
:::

: : :
:::

:::

1 tlC1; t2
lC1

; : : : t l
lC1

slC1

37775 ;

xAl WD

264 t1 � t0; : : : t l1 � t
l
0 .s1 � s0/

:::
: : :

:::
:::

tlC1 � t0; : : : t l
lC1
� t l0 .slC1 � s0/

375 :



A stationary set method for estimating oscillatory integrals 2091

Since Ak is a Vandermonde matrix, its determinant is �1. Consider next

det xAl D det zAl D vlC1 � .s0; �; slC1/: (5.6)

We fix some s0, s1 with
.ti ; si / 2 �i (5.7)

and select slC1 for l D 1; �; k � 1 recursively in such a way that (5.7) holds and the
absolute value of (5.6) is maximized. By our arrangement of tj ’s, the last entry of vlC1
is �1. Therefore, given s0; �; sl , the set of slC1’s for which jdet xAl j � ıl is the union
of at most two intervals of length �ıl . It follows that, given �0; �; �l and ıl 2 Œı; 1�,
there are �ıl=ı many �lC1 for which jdet xAl j � ıl , and there are no other possibili-
ties.

Therefore,X
�2P0.ı/�����Pk.ı/

m.Con.�k.�///�1

�

X
ı1;:::;ık�12Œı;1�

dyadic

X
�0;�1

X
�2

jdet xA2j�ı1

� � �

X
�k

jdet xAk j�ık�1

m.Con.�k.�///�1

. .ık.kC1/.kC2/=6�kC1/�1

�

X
ı1;:::;ık�12Œı;1�

dyadic

X
�0;�1

X
�2

jdet xA1j�ı1

� � �

X
�k

jdet xAk�1j�ık�1

�
detAk

k�1Y
jD1

det xAj

��1

. .ık.kC1/.kC2/=6�kC1/�1

�

X
ı1;:::;ık�12Œı;1�

dyadic

X
�0;�1

X
�2

jdet xA1j�ı1

� � �

X
�k

jdet xAk�1j�ık�1

� k�1Y
jD1

ıj

��1

. .ık.kC1/.kC2/=6�kC1/�1
X

ı1;:::;ık�12Œı;1�
dyadic

ı�k�1

. jlogC ıj
k�1ı�k.kC1/.kC2/=6�2:

If we recall (5.2) and (5.4), we will see that this finishes the proof of Lemma 3.7.

Remark 5.11. If we follow the proof of Theorem 1.2 in higher dimensions d � 3, the
problem of estimating the spread out set becomes much more difficult. In dimension
d D 2, we greatly benefited from a factorization of the upper bound (5.5) into linear
factors given by (5.6). Unless a similar upper bound with good factorization can be found
in higher dimensions, we would face complicated quantitative real algebraic problems.
We feel it may be difficult to find such an upper bound at this moment, and hence do not
pursue the problem for Sd;k , d � 3, in the current paper.



S. Basu, S. Guo, R. Zhang, P. Zorin-Kranich 2092

6. Lower bounds

In this section, we prove lower bounds for pk , that is,

pk � qk D
1

6
k.k C 1/.k C 2/C 2:

The idea is not difficult to explain. We will show that the function Ek1 is “large” (see
Lemma 6.2) on a disjoint union of rectangular boxes (see Lemma 6.1). This idea has
already been used by Arkhipov, Chubarikov and Karatsuba [1, 2] and by Ikromov [24].
The lower bound in Lemma 6.2 is essentially the same as in the above mentioned papers;
the key difference is that we are able to find more rectangular boxes where such a lower
bounds holds. Roughly speaking, this is achieved via applying the “rotation symmetry”
of Parsell–Vinogradov surfaces.

Let � > 0 be a large number. Let �r D r=.100�/, r D 0; 1; : : : ; �. Let wr D 1=4C
r=.2�/, r D 0; 1; : : : ; �. The choice of �r and wr is such that

j�r j �
1

100
;

1

4
� wr �

3

4
;

and what we will need is that �r is close to 0, and wr is away from both 0 and 1.
Recall that x 2 RN . Let us write

P.�I x/ D x1�
k
1 C � � � : (6.1)

For given �r and wr 0 , we let r D .r; r 0/ and write

P.�I x/ D
X

0�k0�k


r;k0.�2I x/.�1 C �r�2 � wr 0/
k0 ; (6.2)

where for each r, k0 and x 2 RN , the function 
r;k0.�2I x/ is a polynomial of degree
k � k0 in �2. In particular, 
r;k.�2Ix/ is a constant function that is independent of r and �2;
indeed, 
r;k.�2I x/ D x1, which follows from the normalization in (6.1).

Define

�r WD
®
x 2 RN W �k � x1 � .2�/

k ; k
r;k0.�I x/k � ��
k0 ; k0 D 1; 2; : : : ; k � 1;

k
r;0.�I x/ � 
r;0.0I x/k � �
¯
: (6.3)

Here � > 0 is a sufficiently small parameter that will be picked later, and for a polynomial

 W Œ0; 1�! R, we use k
k to denote the `1 sum of all its coefficients.

Lemma 6.1. If � (depending only on k) is chosen to be sufficiently small, then for each r,
it holds that

m.�r/ &k �k.kC1/.kC2/=6; (6.4)

and for r1 ¤ r2, we have �r1
\�r2

D ;.
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Lemma 6.2. For each r and each x 2 �r, it holds thatˇ̌̌ Z
Œ0;1�2

e.P.�I x// d�
ˇ̌̌
& ��1; (6.5)

provided that � is chosen to be sufficiently small, depending only on k.

The desired lower bound follows immediately from these two lemmas.

Remark 6.3. Lemmas 6.1 and 6.2 also immediately lead to the sharpness of Corol-
lary 1.4. Indeed, they imply that bound (1.10) also fails whenever p � pd;k ; in particular,
the endpoint case p D pd;k is also included.

In the end, we will prove Lemmas 6.1 and 6.2. We will start with the latter one. Its
proof relies on the following lemma by Ikromov [24], a slightly different form of which
also already appeared in Arkhipov, Chubarikov and Karatsuba [1, 2].

Lemma 6.4 ([24]). Let a < �10�2 and b > 10�2. Suppose that the polynomial q.x/ D
˛kx

k C � � � C ˛1x satisfies

Ak � ˛k � .2A/
k ; j˛k�1j � �A

k�1; : : : ; j˛1j � �A;

for some large A and small �. Then we have the following asymptotic representation:Z b

a

e2�iq.x/dx D
c.˛/

˛
1=k

k

CO.A1�k/ as A!1;

where c.˛/ is a constant depending on ˛k ; �; ˛1 satisfying

c.˛/ D c C o.�/ as � ! 0;

with c ¤ 0 depending only on k.

Proof of Lemma 6.2. Let us write our integral asZ
Œ0;1�2

e
� X
0�k0�k


r;k0.�2I x/.�1 C �r�2 � wr 0/
k0
�

d�:

After the change of variable
�1 C �r�2 � wr 0 7! z�1

for each fixed �2, the integral becomes

e.
r;0.0I x//

Z 1

0

e.
r;0.�2I x/ � 
r;0.0I x//

Z 1C�r�2�wr0

�r�2�wr0

e
� X
0<k0�k


r;k0.�2I x/z�
k0

1

�
dz�1d�2:

In the case k � 3, since 
r;k.�2I x/ D x1, Lemma 6.4 gives a uniform lower bound for
the inner integral, provided that � is chosen to be sufficiently small. In the case k D 2,
we complete squares in the phase and use the fact that the Fresnel integral

R u
0

cos.�2/ d�



S. Basu, S. Guo, R. Zhang, P. Zorin-Kranich 2094

is bounded below by a positive constant as soon as u > 0 is bounded away from 0, while
the Fresnel integral

R u
0

sin.�2/ d� is bounded above.
In both cases, the value of the inner integral is contained in a cone in C with angle<�

and bounded away from 0. Using the upper bound j
r;0.�2I x/ � 
r;0.0I x/j . �, we can
complete the proof of (6.5).

Proof of Lemma 6.1. Regarding the (elementary) lower bound (6.4), we first mention that
this has also been observed by Ikromov in the case �r D 0, see [24, p. 183]. To show (6.4),
note that the coefficient of �l2 in 
r;k0.�2; x/ equals xk0;l plus some function of � , w and
the components xk00;l with k0 < k00 � k.

Hence, for each k0 D k; �; 0, once xk00;l have been chosen for all k00 > k0 and all l ,
we can choose each xk0;l with l 2 ¹0; �; k � k0º in an interval of length��k

0

. The measure
of the set of all x that we can choose is then proportional to � to the power

kX
k0D0

k0.k � k0 C 1/ D
1

6
k.k C 1/.k C 2/:

In the end, we show that�r1
\�r2

D;whenever r1¤ r2. We argue by contradiction.
Let r1 ¤ r2 and assume that there exists x 2 �r1

\�r2
. We now expand P.�I x/ in the

form of (6.2) with .�r1 ; wr 01/ and .�r2 ; wr 02/ separately. By only considering the first term
in these two expansions, we obtain

x1.�1 C �r1�2 � wr 01
/k C � � � � x1.�1 C �r2�2 � wr 02

/k C � � �

as functions depending on �1 and �2. Recall definition (6.3). We will arrive at a contradic-
tion if we can show that the following polynomial in �1 and �2

x1.�1 C �r1�2 � wr 01
/k � x1.�1 C �r2�2 � wr 02

/k

has a coefficient of a non-constant term with absolute value & �k�1.
The monomial �k�11 �2 has the coefficient kx1.�r1 � �r2/, and the monomial �k�11

has the coefficient kx1.wr 0
1
� wr 0

2
/. At least one of these coefficients has absolute value

& jx1j=� � �k�1.

7. Proof of Corollary 1.4

Fix d D 2, k � 2 and f with kf k1 D 1. We abbreviate xp2;k to xpk . Let � be the measure
supported on the surface S2;k whose projection to R2 is given by f .�/ d�, and let �0 be
that given by 1Œ0;1�2.�/ d�. We can therefore write

E
.2;k/

Œ0;1�2
f D y� and E

.2;k/

Œ0;1�2
1 Dc�0:

Let �WRN !R be a non-negative smooth bump function supported on Œ�1;1�N satisfying
that y� is non-negative and y�.x/ &N 1 for every jxj � 1. Define �R.�/ WD RN�.R�/.
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Recall that xpk is the smallest even number � p2;k . As a consequence of Theorem 1.2 and
Hölder’s inequality, we obtain that for every � > 0 and R � 1, it holds that

kc�0kLxpk .BR/
.� R�;

where BR � RN is an arbitrary ball of radius R. We will show that

ky�kLxpk .BR/
.� R�: (7.1)

To prove this estimate, we first observe that, by modulating the function f , which does
not change its L1 norm, it suffices to consider the case that BR is centered at the origin.
In this case, we have

ky�k
xpk=2

Lxpk .BR/
. ky� �c�Rk xpk=2

Lxpk .RN /
D k.y� �c�R/ xpk=2k2:

We apply Plancherel’s theorem to the last term and obtain

k.� � �R/ � � � � � .� � �R/k2 � k.�0 � �R/ � � � � � .�0 � �R/k2:

We apply Plancherel’s theorem back and obtain (7.1). In the end, to pass from the local
estimate (7.1) to the desired global estimate in the corollary, one can follow Tao’s epsilon-
removal lemma in [38] and its variants in Bourgain and Guth [6] and Kim [30].

Appendix A. Model theory compendium

In this appendix, we recall some basic terminology and tools from model theory that are
used in the proof of Lemma 2.10 which is a crucial ingredient in the proof of Theorem 1.1.

A language L is a triple of tuples�
.ci /i2I ; .f

.mj /

j /j2J ; .R
.nk/

k
/k2K

�
;

where each ci , i 2 I , is a constant symbol, each f .mj /

j , j 2 J , is a function symbol of

arity mj , and each R.nk/

k
, k 2 K, is a relation symbol of arity nk .

An L-structure M is a tuple�
M; .cM

i /i2I ; .f
.mj /;M

j /j2J ; .R
.nk/;M

k
/k2K

�
;

where M is a set, for each i 2 I , cM
i 2 M , for each j 2 J , f .mj /;M

j is a function

Mmj !M , and for each k 2 K, R.nk/;M

k
�M nk is an nk-ary relation on M . We call

.cM
i /i2I ; .f

.mj /;M

j /j2J ; .R
.nk/;M

k
/k2K

interpretations in M of the corresponding symbols in L. It is a common abuse of notation
to denote the structure M by the underlying set M , and we will take this liberty.
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An L-formula is obtained using the logic connectives _, ^, : (denoting disjunction,
conjunction and negation, respectively), and the quantifiers 9, 8, from atomic formulas.
An atomic formula is a formula either of the form t1 D t2, where t1, t2 are terms built
out of the function and constant symbols and variables, or of the form R.n/.t1; : : : ; tn/

where R.n/ is an n-ary relation symbol and t1; : : : ; tn are terms. A variable X occurring
in an L-formula � is called a bound variable of the formula, if it appears as 9X or 8X
in �. Otherwise, X is called a free variable of �. If X1; : : : ; Xn are the free variables of
a formula �, we will denote this by writing � as �.X1; : : : ; Xn/.

Given an L-formula �.X1; : : : ; Xn/, an L-structure M D .M; : : :/, and xa 2 M n,
one can define in the obvious way (using induction on the structure of the formula �)
whether �.xa/ is true in the structure M (denoted by M ˆ �.xa/). Thus, every L-formula
�.X1; : : : ; Xn/ defines a subset, �.M/, of M n, defined by

�.M/ D ¹.a1; : : : ; an/ 2M
n
WM ˆ �.a1; : : : ; an/º:

Example A.1. If L D ..0; 1/; .C; �/; .�// denotes the language of ordered fields, where
0, 1 are constant symbols, C, � are binary function symbols, and � is a binary relation
symbol, then X1, X2, X3 are variables, 0, X21 C .1C 1/ �X2 �X1 CX3 are terms, and

�.X2; X3/ WD .8X1/.0 � X
2
1 C .1C 1/ �X2 �X1 CX3/ (A.1)

is a formula with free variables X2, X3, and a bound variable X1.
Denoting by R the L-structure whose underlying set is the real numbers, and with 0,

1,C, �, � interpreted in the usual way, we have

�.R/ D ¹.x2; x3/ 2 R2 W .8x1 2 R/ 0 � x21 C 2x2x1 C x3º:

Given an L-structure M , a formula �.Y1; : : : ; Ym; X1; : : : ; Xn/ with free variables

Y1; : : : ; Ym; X1; : : : ; Xn

and a tuple xa D .a1; : : : ; am/ 2Mm, we call �.xa;X1; : : : ;Xn/ an L.M/-formula (L-for-
mula with parameters in M ) with free variables X1; : : : ; Xn.

AnL-theory T is a set ofL-formulas without free variables (also calledL-sentences).
An L-structureM is a model of T (denoted byM ˆ T ), ifM ˆ � for each � 2 T . An L-
theory T admits quantifier elimination if for every L-formula �.X1; : : : ;Xn/, there exists
a quantifier-freeL-formula such that for every modelM of T ,M ˆ .�.X1; : : : ;Xn/$
 .X1; : : : ;Xn// (here and elsewhere, �$  is the standard abbreviation for the formula
.:� _  / ^ .: _ �/).

The theory of the L-structure M , denoted by Th.M/, is the set of L-sentences which
are true in M . Two L.M/-formulas �.xa; X1; : : : ; Xn/ and  .xb; X1; : : : ; Xn/ are said to
be equivalent modulo Th.M/ if

M ˆ .8X1/ � � � .8Xn/.�.xa;X1; : : : ; Xn/$  .xb;X1; : : : ; Xn//:

The definable sets of an L-structure M are sets of the form

¹.x1; : : : ; xn/ 2M
n
WM ˆ �.x1; : : : ; xn/º;
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where � is an L.M/-formula. The definable functions are those whose graphs are defin-
able sets.

Appendix B. Theory of real closed ordered fields

The structures that are of interest to us in this paper will be certain expansions of the
structure R discussed in Appendix A. To this end, we will fix

L D ..0; 1/; .C; �/; .�//

to be the language of ordered fields.
Notice that, by definition (Definition 2.1), semi-algebraic sets are definable sets in

the L-structure R. The Tarski–Seidenberg theorem [41] states that the L-theory, RCOF,
of real closed ordered fields admits quantifier elimination. Here, RCOF is the set of L-
sentences axiomatizing ordered fields, in which every non-negative element is a square
and every polynomial having odd degree has a root. By definition, we see that the field R
(with the usual interpretations of 0, 1, C, : : :, �) is a model of RCOF. As a consequence
of the Tarski–Seidenberg theorem [41], one immediately obtains that every definable set
of the L-structure R is semi-algebraic.

As an illustration of Tarski–Seidenberg theorem, observe that the L-formula �

in (A.1) (which has quantifiers) is equivalent modulo the theory RCOF to the quantifier-
free L-formula

 .X2; X3/ WD X2 �X2 � X3:

As a consequence,

�.R/ D  .R/ D ¹.x2; x3/ 2 R2 W x2 � x3º:

Another simple geometric consequence of the Tarski–Seidenberg theorem is that if S1
and S2 are semi-algebraic sets in R, then the set ¹x 2 R W 9y 2 S1 s.t. x C y 2 S2º is also
semi-algebraic.

Remark B.1. While the Tarski–Seidenberg theorem is not quantitative as stated above,
there are effective versions with complexity estimates. In particular, given any L-for-
mula �, there exists a quantifier-free L-formula  equivalent to � modulo RCOF such
that the number and degrees of the polynomials appearing in  is bounded by a function
of the number and degrees of the polynomials appearing in �, as well as the number
of quantified and free variables. This is in fact a consequence of the original proof of
Tarski [41] of the Tarski–Seidenberg theorem, and we omit detailed explanation here. The
above mentioned function can be made explicit, see, for instance, [3, Theorem 14.16].
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