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Abstract. Consider the random Cayley graph of a finite group G with respect to k generators
chosen uniformly at random, with 1� log k � logjGj; denote it by Gk . A conjecture of Aldous
and Diaconis (1985) asserts, for k � logjGj, that the random walk on this graph exhibits cutoff.
Further, the cutoff time should be a function only of k and jGj, to sub-leading order. This was veri-
fied for all Abelian groups in the ’90s. We extend the conjecture to 1� k . logjGj. We establish
cutoff for all Abelian groups under the condition k � d.G/� 1, where d.G/ is the minimal size of
a generating subset ofG, which is almost optimal. The cutoff time is described (abstractly) in terms
of the entropy of random walk on Zk . This abstract definition allows us to deduce that the cutoff
time can be written as a function only of k and jGj when d.G/� logjGj and k � d.G/ � k � 1;
this is not the case when d.G/ � logjGj � k. For certain regimes of k, we find the limit profile of
the convergence to equilibrium. Wilson (1997) conjectured that Zd2 gives rise to the slowest mixing
time for Gk amongst all groups of size at most 2d . We give a partial answer, verifying the conjec-
ture for nilpotent groups. This is obtained via a comparison result of independent interest between
the mixing times of nilpotentG and a corresponding Abelian group xG, namely the direct sum of the
Abelian quotients in the lower central series of G. We use this to refine a celebrated result of Alon
and Roichman 1994: we show for nilpotent G that Gk is an expander provided k � d. xG/ & logjGj.
As another consequence, we establish cutoff for nilpotent groups with relatively small commutator
subgroup, including high-dimensional special groups, such as Heisenberg groups. The aforemen-
tioned results all hold with high probability over the random Cayley graph Gk .
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1. Introduction and statement of results

1.1. Motivation, brief overview of results and notation

1.1.1. Motivating conjectures of Aldous, Diaconis and Wilson. We analyse properties of
the random walk (abbreviated RW) on a Cayley graph of a finite group. The generators
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of this graph are chosen independently and uniformly at random. Precise definitions are
given in Section 1.4.1. For now, let G be a finite group, let k be an integer (allowed to
depend on G) and denote by Gk the Cayley graph of G with respect to k independently
and uniformly random generators. We consider values of k with 1� log k � logjGj for
which Gk is connected with high probability (abbreviated w.h.p.), i.e., with probability
tending to 1 as jGj grows.

Since pioneering work of Erdős, it has been understood that the typical behaviour of
random objects in some class can shed valuable light on the class as a whole. Thus, when
considering some class of combinatorial objects, it is natural to ask questions such as the
following:

� What does a typical object in this class ‘look like’?

� If an object is chosen uniformly at random, which properties hold with high proba-
bility?

Aldous and Diaconis [1] applied this philosophy to the study of random walks on groups.
Aldous and Diaconis [1, 2] coined the phrase cutoff phenomenon: this occurs when

the total-variation distance between the law of the RW and its invariant distribution drops
abruptly from close to 1 to close to 0 in a time-interval of smaller order than the mixing
time. The material in this article is motivated by a conjecture of theirs regarding ‘univer-
sality of cutoff’ for the RW on the random Cayley graph Gk . It is given in [1, p. 40],
which is an extended version of [2].

Conjecture (Aldous and Diaconis, 1985). For any group G, if k � logjGj and log k �
logjGj, then the random walk on Gk exhibits cutoff w.h.p. Further, the cutoff time, to
leading order, is independent of the algebraic structure of the group: it can be written as
a function only of k and jGj.

This conjecture spawned a large body of work, including [18, 19, 30, 32, 33, 44, 48];
see Section 1.3. It has been established in the Abelian set-up by Dou and Hildebrand
[18,30]; see Section 1.3.1, and Theorem 7.2 where we give a short proof. Save [33] which
considers the cyclic group Zp for prime p and [48] which considers Zd2 (which enforces
k � d D log2jGj), focus has been on k � logjGj.

We establish cutoff for all Abelian groups when 1� k . logjGj under almost optimal
conditions in terms of group-generation. We also give simple conditions under which the
cutoff time is independent of the algebraic structure of the group.

The second part of this article is motivated by a conjecture of Wilson. Wilson [48]
established cutoff for the RW on Gk when G D Zd2 and then conjectured that Zd2 is
the slowest amongst all groups of size at most 2d , asymptotically as d !1; see [48,
Theorem 1 and Conjecture 7].

Conjecture (Wilson, 1997). For all diverging d and n with n � 2d and all groups G of
size n, if k � log2 n� 1 and log k � log n, then tmix."; Gk/=tmix."

0; Hk/ � 1 C o.1/

w.h.p. for all "; "0 2 .0; 1/, where H WD Zd2 , i.e., the mixing time for Gk is at most that
of Hk w.h.p. up to smaller order terms.
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We establish a comparison between the mixing times for nilpotent and Abelian groups,
of which Wilson’s conjecture in the nilpotent set-up is an immediate consequence. Addi-
tionally, we apply our nilpotent–Abelian comparison theorem to establish cutoff for vari-
ous examples of non-Abelian groups, including p-groups with ‘small’ commutator sub-
group and Heisenberg groups.

1.1.2. Brief overview of results. Our focus is on mixing properties of the RW on the
random Cayley graph Gk . We consider the limit as n WD jGj ! 1 under the assumption
that 1� logk� logjGj. The condition 1� logk� logjGj is necessary for cutoff onGk
for all nilpotent G; see Remark A.5 below.

We establish cutoff when G is any Abelian group, requiring only k � d.G/ � 1,
where d.G/ is the minimal size of a generating subset of G. We show that the lead-
ing order term in the cutoff time is independent of the algebraic structure of G when
d.G/� logjGj and k � d.G/ � k, i.e., it depends only on k and jGj. It is the time at
which the entropy of RW on Zk is logjGj. This extends the Aldous–Diaconis conjec-
ture to 1 � k . logjGj. For certain k, we find the limit profile of the convergence to
equilibrium.

We deduce Wilson’s conjecture in the Abelian set-up, as a consequence of our cutoff
results. We then extend this to the nilpotent set-up via the following result, which is of
independent interest: to a nilpotent groupG, we associate an Abelian group xG of the same
size, which is the direct sum of the Abelian quotients in the lower central series of G, and
show that tmix.Gk/=tmix. xGk/ � 1C o.1/ w.h.p. (provided k � d. xG/� 1).

We give examples where this comparison is tight: we establish cutoff w.h.p. for the
RW on Gk where G is a nilpotent group with a relatively small commutator subgroup.
Examples of such groups include high-dimensional extra special or Heisenberg groups.

Lastly, we show that the random Cayley graph of a nilpotent group G is an expander
w.h.p. whenever k & logjGj and k � d. xG/ � k. (If G is Abelian, then G D xG.)

Introduced by Aldous and Diaconis [1], there has been a great deal of research into
these random Cayley graphs. Motivation for this model and an overview of historical work
are given in Section 1.3.

1.1.3. Notation and terminology. Cayley graphs can be either directed or undirected;
we emphasise this by writing GC

k
and G�

k
, respectively. When we write Gk or G˙

k
, this

means ‘either G�
k

or GC
k

’, corresponding to the undirected, respectively directed, graphs
with generators chosen independently and uniformly at random.

Conditional on being simple, GC
k

is uniformly distributed over the set of all simple
degree-k Cayley graphs. Up to a slightly adjusted definition of simple for undirected
Cayley graphs, our results hold with Gk replaced by a uniformly chosen simple Cayley
graph of degree k; see Section 1.4.2.

Our results are for sequences .GN /N2N of finite groups with jGN j !1 as N !1.
For ease of presentation, we write statements like ‘let G be a group’ instead of ‘let
.GN /N2N be a sequence of groups’. Likewise, the quantities d.G/ and, of course, k ap-
pearing in the statements below all correspond to sequences, which need not be fixed
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(or bounded) unless we explicitly say so. In the same vein, an event holds with high prob-
ability (abbreviated w.h.p.) if its probability tends to 1.

We use standard asymptotic notation: ‘�’ or ‘o.�/’ means ‘of smaller order’; ‘.’ or
‘O.�/’ means ‘of order at most’; ‘�’ means ‘of the same order’; ‘Å’ means ‘asymptotic-
ally equivalent’.

1.2. Statements of main results

We analyse mixing in the total-variation (abbreviated TV) distance. The uniform distribu-
tion on G, denoted �G , is invariant for the RW. Let S D .S.t//t�0 denote the RW on Gk ;
its law is denoted by PGk .S.t/ 2 �/. For t � 0, denote the TV distance between the law
of S.t/ and �G by

dGk .t/ WD kPGk .S.t/ 2 �/ � �Gk WD max
A�G

ˇ̌̌
PGk .S.t/ 2 A/ �

jAj

jGj

ˇ̌̌
:

Throughout, unless explicitly specified otherwise, we use continuous time: t � 0 means
t 2 Œ0;1/.

1.2.1. Cutoff for all Abelian groups. We use standard notation and definitions for mixing
and cutoff ; see, e.g., [35, Sections 4 and 18].

Definition. A sequence .XN /N2N of Markov chains is said to exhibit cutoff when, in
a short time-interval, known as the cutoff window, the TV distance of the distribution of
the chain from equilibrium drops from close to 1 to close to 0, or more precisely if there
exists .tN /N2N with

lim sup
N!1

dN .tN .1 � "// D 1 and lim sup
N!1

dN .tN .1C "// D 0 for all " 2 .0; 1/;

where dN .�/ is the TV distance of XN .�/ from its equilibrium distribution for each
N 2 N.

We say that a RW on a sequence of random graphs .HN /N2N exhibits cutoff around
time .tN /N2N w.h.p. if, for all fixed ", in the limit N !1, the TV distance at time
.1C "/tN converges in distribution to 0 and at time .1� "/tN to 1, where the randomness
is over the random graph HN .

To extend the Aldous–Diaconis conjecture to 1� k . logjGj, one needs additional
assumptions. For an Abelian groupG, write d.G/ for the minimal size of a generating set
of G. If k < d.G/, then the group cannot be generated by any choice of generators.
Pomerance [43] shows that the expected number of independent, uniform generators
required to generate the group is at most d.G/C 3. (That is, if Z1; Z2; : : : �iid Unif.G/
and � 2 N is minimal with hZ1; : : : ; Z�i D G, then d.G/ � E.�/ � d.G/C 3.) Thus
k � d.G/ � 1 is always sufficient for G to be generated by ¹Z˙1 ; : : : ; Z

˙
k
º w.h.p.

(by Markov’s inequality); we assume this throughout. In many cases, k � d.G/ � 1

is necessary to generate the group w.h.p., and so this assumption cannot be removed.
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For a characterisation of these cases and related discussion, see [25, Lemma 8.1]. The
condition k � d.G/ � k is particularly relevant for the Aldous–Diaconis conjecture; see
Remark A.1.

We use an entropic method, which involves defining entropic times; see Section 1.3.5
for a high-level description of the method and Section 2.1 for the specific application.
The main idea is to use an auxiliary process W to generate the walk S ; one then studies
the entropy of the process W . Write Z D ŒZ1; : : : ; Zk � for the multiset of generators
of the Cayley graph; then Gk corresponds to choosing Z1; : : : ; Zk �iid Unif.G/. Here,
Wi .t/ is, for each i , the number of times generatorZi has been applied minus the number
of timesZ�1i has been applied;W is a rate-1 RW on Zk . Then, S.t/DW.t/ �Z when the
group is Abelian. (This auxiliary processW is key even when studying nilpotent groups.)

For undirected graphs, W is the usual simple RW (abbreviated SRW): a coordinate
is selected uniformly at random and incremented/decremented by 1 each with probab-
ility 1=2. For directed graphs, inverses are never applied, so a step of W is as follows:
a coordinate is selected uniformly at random and incremented by 1; we term this the
directed RW (abbreviated DRW).

The entropic times are defined in terms of the entropy of this auxiliary RW W .

Definition A. For 
 2 N [ ¹1º, let �˙
 WD �
˙

 .k;G/ be the time at which the entropy of

rate-1 RW (i.e., SRW or DRW, as appropriate) on Zk
 is logjG=
Gj, where 
G WD ¹
g j
g 2 Gº; we use the convention Z1 WDZ and1G WD jGjGD¹idº. Set �˙� WD �

˙
� .k;G/ WD

max
2N[¹1º �
˙

 .k;G/.

We establish cutoff for all Abelian groups, under almost optimal conditions on k in
terms of G. This gives an affirmative answer for Abelian groups in a strong sense to the
primary part of the conjecture (occurrence of cutoff) of Aldous and Diaconis [1, 2] as
well as the informal question asked by Dou [13]; we discuss the secondary part (time
depending only on k and jGj) in Remark A.1.

Cutoff has already been established for Abelian groups when k� logjGjwith logk�
logjGj, as mentioned above; see Section 1.3.1. We thus restrict our statements to 1� k .
logjGj. For 1� k . logjGj, only two groups had been considered previously: Zd2 in [48]
and Zp with p prime in [33]. Recall that 1 � log k � logjGj is necessary for cutoff
for nilpotent G, e.g., Abelian G; see Remark A.5. More refined statements are given in
Theorems 2.5, 3.7, and 4.2.

Theorem A. Let G be an Abelian group and k an integer with 1� k . logjGj. Suppose
that k � d.G/� 1. Then, the RW on G˙

k
exhibits cutoff at time �˙� .k;G/ w.h.p. Further,

if k � d.G/ � k and d.G/� logjGj, then ��.k; G/ Å �1.k; jGj/, which depends only
on k and jGj.

Moreover, the following asymptotic relations regarding the entropic times hold:

� If k � logjGj, then �1.k; jGj/ Å kjGj2=k=.2�e/.

� If k � d.G/ � k � logjGj, then ��.k;G/ � kjGj2=k � k.

� If k > d.G/, then kjGj2=k . ��.k;G/ . kjGj2=k log k.
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We now give some remarks on this theorem. Further remarks are deferred to Sec-
tion 1.2.4.

Remark A.1. Theorem A establishes cutoff for all Abelian groups, under the mild
(almost necessary) condition k � d.G/� 1, verifying the primary part of the Aldous–
Diaconis conjecture. Further, the secondary part is partially verified too: the cutoff time
depends only on k and jGj, up to smaller order terms, when k � d.G/ � k and d.G/�
logjGj. Cases with k � d.G/ � k or d.G/ � logjGj need not satisfy this, however.
For example, if kÅ 2 log.4r /, then the groups Z2r2 and Zr4 give rise to mixing times which
differ by a constant factor; see also [48]. For a counterexample with 1� k � logjGj,
see [25, Proposition 3.2 and Theorem 3.4], where Zdp , with p prime, is studied.

Remark A.2. For certain regimes of k, we find the limit profile of the convergence to
equilibrium: we define entropic times �˛ and show that dGk .�˛/!

P ‰.˛/, where ‰ is
the standard Gaussian tail; see Definition 2.1, Proposition 2.2 and Theorem 2.5. This holds
for any Abelian group if, for example, k � d.G/� k and 1� k� logjGj= log log logjGj
or k � d.G/� 1 and 1� k �

p
logjGj= log log logjGj. The result holds for any 1�

k� logjGj under some constraints on the group. In [25, Theorem A], we show the same
for k � logjGj, again with some constraints on G.

Remark A.3. From the abstract entropic definition, Zd2 is the slowest amongst Abelian
groups:

max¹��.k;G/ j G Abelian group with jGj � 2d º D ��.k;Zd2 /:

This verifies Wilson’s conjecture in the Abelian set-up; the general nilpotent set-up comes
later.

Remark A.4. The entropic time �1.k;G/ arises naturally; see Section 2.5 for an outline.
In essence, we want

Wt WD

°
w 2Zk j P .W.t/Dw/�

1

jGj

±
D ¹w 2Zk j � logP .W.t/Dw/� logjGj � 1º

to satisfy P .W.t/2Wt /D1� o.1/. We thus want the entropy ofW.t/ to be at least logjGj.
The emergence of the entropic times �L (L ¤1) is more delicate. We outline this in

Section 3.5.

Cutoff in L2, instead of TV (i.e., L1), can also be analysed. For time t � 0, define

d
.2/
Gk
.t/ WD kPGk .S.t/ 2 �/ � �Gk2;�G WD

�
jGj�1

X
g2G

.jGjPGk .S.t/ D g/ � 1/
2
�1=2

:

Mixing and cutoff can then be defined with respect toL2 analogously to TV (L1) distance.
It turns out that L2 mixing time may be a constant, or even more, larger than the TV.

Similar considerations to those in Remark A.4 suggest that for the L2 mixing the key
condition is P .W.2t/ D 0/ � 1=jGj. This leads us to a conjecture for the L2 mixing
time, which we state informally now. We elaborate briefly on where the proof would
differ, compared with TV, in Section 7.3.
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Conjecture A. For L 2 Z [ ¹1º, let z�˙L WD z�
˙
L .k; G/ be the time t at which the return

probability for RW on ZkL at time 2t is jG=LGj�1. Set z�˙� .k; G/ WD maxL2N z�
˙
L .k; G/.

Then, under similar conditions to those of Theorem A, w.h.p., the RW on Gk exhibits
cutoff in the L2 metric at time z�˙� .k;G/.

We also consider cutoff in separation distance. For time t � 0, define

sGk .t/ WD max
g2G
¹1 � jGjPGk .S.t/ D g/º:

Mixing and cutoff can then be defined with respect to separation distance analogously
to TV.

It is standard that, under reversibility, the TV and separation mixing times differ by
up to a factor 2; see, e.g., [35, Lemmas 6.16 and 6.17]. However, Hermon, Lacoin and
Peres [23, Theorem 1.1] showed that TV and separation cutoff are not equivalent, and
that neither one implies the other.

We show that separation cutoff occurs w.h.p. in a certain regime and, moreover, that
the cutoff time is the same, up to subleading order terms, as for TV.

A more refined statement is given in Theorem 5.2.

Theorem B. Let G be an Abelian group and k an integer. Suppose that 1� log k �
logjGj and k � d.G/� max¹..logjGj/=k/2; .logjGj/1=2º. Then, the RW on Gk exhibits
cutoff in separation distance at time ��.k;G/ w.h.p.

Remark B. The conditions hold if k & .logjGj/3=4, log k � logjGj and k � d.G/�
.logjGj/1=2. Analogously to Remark A.3, the slowest amongst Abelian groups for separ-
ation mixing is Zd2 .

1.2.2. Comparison of mixing times between different groups. The previous results con-
cerned cutoff. The next results are of a slightly different flavour. They concern nilpotent
groups: these are groups G whose lower central series, i.e., the sequence .G.`//`�0
defined by G.0/ WD G and G.`/ WD ŒG.`�1/; G� for ` � 1, stabilises at the trivial group.
The results compare the mixing times between different groups; these mixing times are
random.

Definition. For " 2 .0; 1/ and a Cayley graph H , write

tmix.";H/ WD inf¹t � 0 j dH .t/ � "º:

For two sequences H WD .HN /N2N and H 0 WD .H 0N /N2N of random Cayley graphs,
say that tmix.H/=tmix.H

0/�1Co.1/w.h.p. if there exist non-random sequences .
N /N2N

and .ıN /N2N with limN ıN D 0 such that, for all "; "0 2 .0; 1/, we have

lim
N!1

P .tmix.";HN / � .1C ıN /
N / D 1 D lim
N!1

P ..1 � ıN /
N � tmix."
0;H 0N //:

We establish Wilson’s conjecture in the nilpotent set-up, as the following theorem
describes.
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Theorem C. For all diverging d and n with n � 2d and all nilpotent groups G of size n,
if k � log2 n� 1 and log k � log n, then tmix.Gk/=tmix.Hk/ � 1C o.1/ w.h.p., where
H WD Zd2 .

As noted in Remark A.3, for Abelian groups this follows from our cutoff result and
the abstract entropic definition of the cutoff time ��.k; G/ for Abelian G. The extension
to nilpotent groups is then established by Theorem D below, which is of independent
interest. It is quite significantly stronger than Wilson’s conjecture in the nilpotent set-up.
We can use it to establish cutoff for a class of nilpotent groups with ‘small commutator
subgroup’; see Corollaries D.1–D.3.

Theorem D. Let G be a nilpotent group. Set xG WD
LL
1 .G.`�1/=G.`//, where .G.`//`�0

is the lower central series of G and L WD min¹` � 0 j G.`/ D ¹idºº. Suppose that 1�
log k � logjGj and k � d. xG/� 1. Then, tmix.Gk/=tmix. xGk/ � 1C o.1/ w.h.p.

The quotients G.`�1/=G.`/ D G.`�1/=ŒG.`�1/; G� are all Abelian, by definition of the
commutator. The result says that the mixing time of Gk is at least as fast as its Abelian
counterpart xGk . For a group G, denote its commutator subgroup Gcom WD ŒG; G� and its
Abelianisation Gab WD G=Gcom.

Corollary D.1. Let G be a finite, non-Abelian, nilpotent group and k such that 1 �
log k � logjGj.

� If k . logjGj, then suppose that k � d.ŒG;G�/ logjŒG; G�j and k � d.Gab/ �

d.ŒG;G�/.
� If k � logjGj, then suppose only that logjŒG;G�j � logjGj.

Then, the RW on Gk exhibits cutoff at ��.k;Gab/ w.h.p.

For step-2 nilpotent groups, ŒG;G� is Abelian and hence ŒG;G� D ŒG;G�. The above
corollary is thus particularly applicable for these groups. A prime example of such groups
is special groups with small commutator subgroup. For a prime p, a p-group is special if
it is step-2 and its centreZ.G/, Frattini subgroupˆ.G/ and commutator subgroup ŒG;G�
are all equal and elementary Abelian (i.e., isomorphic to Zsp for some s). In this case, also
Gab Š Zrp , where r WD ` � s and ` WD logpjGj.

We can relax the conditions on k using this particular form of the Abelianisation and
commutator subgroup. The time at which the entropy of RW on Zkp reaches log.pr / D
logjZrpj is �p.k;Z

r
p/.

Corollary D.2. Let p be prime, G be a non-Abelian, special p-group and k be such that
1 � log k � logjGj. Let r WD logpjG

abj, s WD logpjG
comj and ` WD r C s D logpjGj.

Suppose that k � `.

� If k . logjGj, then suppose that k � s2 logp and k � r � s.
� If k � logjGj, then suppose only that s � r .

Then, the RW on Gk exhibits cutoff at ��.k;Gab/ D �p.k;Zrp/ w.h.p. conditional that Gk
is connected. If .k � r/p� 1, then Gk is connected w.h.p. If k � r � k and p� 1, then
�p.k;Zrp/ Å �1.k;Zrp/.
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Special groups are ubiquitous amongst p-groups of a given size in a precise, quant-
itative sense. Hence, Corollary D.2 is applicable to many groups. See Remark 6.12 for
a precise statement as well as some asymptotic expressions. Sims [46] gives, for given
.p; `; s/, a simple, explicit description of all special groups of size p` whose commutator
subgroup is of size ps .

Extra special groups satisfyGcom Š Zp (so d.Gcom/D 1) and jGj D p2d�3 for some
integer d � 3. For given d and p ¤ 2, up to isomorphism there are only two extra special
groups. One of these is the Heisenberg group, which can be defined for p not prime
also. For (not necessarily prime) m; d 2 N, the Heisenberg group Hm;d is the set triples
.x; y; z/ 2 Zd�2m � Zd�2m � Zm with

.x; y; z/ ı .x0; y0; z0/ WD .x C x0; y C y0; z C z0 C x � y0/;

where x � y0 is the usual dot product for vectors in Zd�2m . We have

H ab
m;d Š Z2d�4m and H com

m;d Š Zm:

For p prime, Hp;d with d � 1 falls into the class analysed in Corollary D.2 with r D
2d � 4 and s D 1. The following corollary thus focuses onHm;d withm not (necessarily)
prime. Note that �1.k;Zrm/ is the time at which the entropy of RW on Zk D Zk1 reaches
log.mr / D logjZrmj.

Corollary D.3. Let m; d 2 N with d � 1. Suppose that k � 2d � 1, k � logm and
log k � d log m � logjHm;d j. Then, w.h.p., the RW on .Hm;d /k exhibits cutoff at
��.k; H

ab
m;d
Š Z2d�4m /. If additionally k � 2d � k and m � 1, then ��.k;Z2d�4m / Å

�1.k;Z2d�4m /.

If m is fixed (and thus d � 1), then the condition k� logm is absorbed into k� 1.
Thus, this corollary handles arbitrary Heisenberg groups Hm;d with m fixed and k �
2d � 1.

We now give some remarks on Theorem D and Corollaries D.1–D.3.

Remark D.1. The bounds on ��.k; xG/, for Abelian xG, described in Theorem A, com-
plement the upper bound tmix.Gk/ � tmix. xGk/ to give explicit bounds on tmix.Gk/ which
hold w.h.p.

Remark D.2. In the course of proving this theorem, we prove an exact relation between
the L2 mixing time for the RWs on Gk and xGk , namely

E.d .2/Gk .t// � E.d .2/
xGk
.t//:

As explained below, it is natural to conjecture that Theorem D does not require G
to be nilpotent. The definition of the Abelian group xG corresponding to G required G
to be nilpotent. We extend this definition to allow general group G. (The definitions are
equivalent if G is nilpotent.)

The following conjecture extends Theorem D; it contains, as a special case, Wilson’s
conjecture.
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Conjecture D. Let G be a group, .G.`//`�0 be its lower central series and let L WD
min¹` � 0 jG.`/D ¹idºº. Let the prime decomposition of jGLj be jGLj D

Qr
1pj . Set xG WD

.
LL
1 .G.`�1/=G.`///˚ .

Lr
1Zpj /. Suppose that 1� logk� logjGj and k � d. xG/� 1.

Then, tmix.Gk/=tmix. xGk/ � 1C o.1/ w.h.p.

We are showing in Theorem D, for nilpotent groups, that being non-Abelian can only
speed up mixing. Finite nilpotent groups are intuitively thought of as ‘almost Abelian’;
this is partially because two elements having co-prime orders must commute. Removing
the nilpotent property should only mean the group is ‘farther from Abelian’, and thus is
expected to speed up mixing.

1.2.3. Expander graphs of nilpotent groups. Our last result considers the expansion prop-
erties of the random Cayley graph.

Definition E. The isoperimetric constant of a finite d -regular graph G D .V; E/ is de-
fined as

ˆ� WD min
1�jS j�jV j=2

ˆ.S/; where ˆ.S/ WD
jŒ¹a; bº 2 E j a 2 S; b 2 Sc �j

d jS j
:

Theorem E. Let G be a nilpotent group. Set xG WD
LL
1 .G.`�1/=G.`//, where .G.`//`�0

is the lower central series of G and L WD min¹` � 0 j G.`/ D ¹idºº. Then, for all c > 0,
there exists a c0 > 0 such that if k � d. xG/ � c logjGj, then ˆ�.Gk/ � c0 w.h.p.

Remark E. This theorem is already known when k � log2jGj � k, without the nilpotent
restriction: it is a celebrated result of Alon and Roichman [3]. For them, the constant c0

vanished as k got closer to log2jGj. Our result removes this when d. xG/ is not close to
log2jGj, e.g., d. xG/ � 0:99 log2jGj.

1.2.4. Further remarks on Theorem A. Here we make some remarks on Theorem A in
addition to the three in Section 1.2.1.

Remark A.5. This article establishes cutoff in a variety of set-ups, but always in the
regime 1� logk� logjGj. This leaves the regimes k � 1 and logk � logjGj, for which
there is no cutoff for any choice of generators: when k � 1, this holds whenever the group
is nilpotent; when log k � logjGj, this holds for all groups. The former result is due to
Diaconis and Saloff-Coste [15]; we give a short exposition of this in [25, §4]. We prove
the latter in Theorem 7.2 below; the mixing time is of order 1. Dou [19, Theorems 3.3.1
and 3.4.7] establishes a more general result for log k � logjGj.

Remark A.6. Our approach lifts the walk S from the Abelian Cayley graph G.Z/ to
a walk W on the free Abelian group with k D jZj generators. Note that the walk W is
independent of Z, i.e., of which k generators are chosen. We study the lifted walk W , in
particular its entropic profile, before projecting back from W to S . This gives us a can-
didate mixing time; see Sections 1.3.5 and 2.1.
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Remark A.7. The theorem is established via two distinct approaches: the former applies
for k not growing too rapidly; the second can be seen as a refinement of the first, optimised
for larger k, where the first breaks down. We combine the two approaches to analyse an
interim regime of k.

We separate the exposition of the approaches: they are given in Sections 2, 3 and 4,
respectively. In the first two, a concept of entropic times is defined; see Sections 2.2
and 3.2. A precise statement for each approach is given; see Sections 2.4, 3.4 and 4.1,
respectively. In summary, Theorem A is a direct consequence of Propositions 2.2 and 3.2
and Theorems 2.5, 3.7 and 4.2.

1.3. Historic overview

In this subsection, we give a fairly comprehensive account of previous work on mixing and
cutoff for random walk on random Cayley graphs; we compare our results with existing
ones. The occurrence of cutoff in particular has received a great deal of attention over the
years. We also mention, where relevant, other results which we have proved in companion
papers; see also Section 1.4.3.

1.3.1. Universal cutoff: The Aldous–Diaconis conjecture. Aldous and Diaconis stated
their conjecture for k� logjGj; see [1, p. 40]. A more refined version is given by Dou [19,
Conjectures 3.1.2 and 3.4.5]; see also [30, 44]. An informal, more general, variant was
reiterated by Diaconis [13, Chapter 4G, Question 8]; he gave some related open questions
recently in [14, §5]. Towards the conjecture, an upper bound, valid for arbitrary groups,
was established by Dou and Hildebrand [18, Theorem 1] and later Roichman [44, The-
orems 1 and 2], who simplified their argument. A matching lower bound, valid only for
Abelian groups, was given by Hildebrand [30, Theorem 3]; see also Hildebrand [32, The-
orem 5]. Dou and Hildebrand [18, Theorem 4] modify the proof of [30, Theorem 3] to
extend the lower bound from Abelian groups to some families of groups with irreducible
representations of bounded degree. Combined, this established the Aldous–Diaconis con-
jecture for Abelian groups and such groups with low degree irreducible representations.
Moreover, the cutoff time was determined explicitly: it is at

T .k; jGj/ WD
logjGj

log.k=logjGj/
D

�

� � 1
logkjGj; where � is defined by k D .logjGj/�:

(Having k� logjGj needs �� 1�1= log logjGj.) See also Dou [19] and Hildebrand [32].
There is a trivial diameter-based lower bound of logkjGj. If � � 1, i.e., k is super-

polylogarithmic in jGj, then T .k; jGj/ Å logkjGj. Thus, cutoff is established for all
groups for such k.

In [24, Theorem B], using the group Um;d of d � d unit upper triangular matrices
with entries in Zm, we disprove the part of the conjecture concerning the independence
of the cutoff time from the algebraic structure of the group: if d � 3 is fixed and k D
.logjUm;d j/1C1=d , then there is cutoff at .2=d/T .k; jUm;d j/. In fact, T .k; jUm;d j/ does
not even capture the correct order: letting d !1 sufficiently slowly, we still have k D
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.logjUm;d j/1C1=d� logjUm;d j and the cutoff time is still shown to be .2=d/T .k; jUm;d j/,
which is o.T .k; jUm;d j//.

There has been a little investigation into the regime 1� k . logjGj, but with much
less success. Hildebrand [30, Theorem 4] showed that the mixing time must be super-
polylogarithmic, unlike for k� logjGj. Wilson [48, Theorem 1] established cutoff for Zd2 ;
this naturally requires k � d D log2jGj. Regarding 1 � k � logjGj, a breakthrough
came recently when Hildebrand [33, Theorem 1.7] established cutoff for Zp with 1�
k � logp= log logp and p a (diverging) prime. The techniques were specialised to their
respective cases; we consider arbitrary Abelian groups.

Relatedly, Hildebrand [31] analysed the regime in which k is just above the log2 n
threshold. For k D a log2 n with a > 1, he established an upper bound on the mixing time
of a log.a=.a � 1// log2 n w.h.p.; see [31, Theorem 1]. However, this is quite far from
tight when a is large:

a log
� a

a � 1

�
� 1 for all a > 1;

yet
T .a log2 n; n/

log2 n
Å

1

log2 a
! 0 as a!1.

He also analysed k D log2 nC f .n/ with 1� f .n/� logn; see [31, Theorem 2].

1.3.2. Comparison of mixing times. In the direction of comparison of mixing times, there
has been much less work. The only work of note (of which we are aware) is by Pak [40].
There, he studies universal mixing bounds (i.e., ones valid for all groups), but his bounds
are not tight; they are always at least a constant factor away from those conjectured by
Wilson [48] (and by us above).

A related universal bound in which Zd2 is the worst case is given by Pak [41]. Let
'k.G/ WD P .Gk is connected/, i.e., the probability that the groupG is generated by k uni-
formly chosen generators. Then, Pak [41, Lecture 1, Theorem 6] proves that if jGj � 2d ,
then 'k.G/ � '.Zd2 / for all k.

1.3.3. Random walks on upper triangular matrix groups. The study of random walks
on Heisenberg groups and other groups of upper triangular matrices has a rich history.
We give a detailed historical account in [24, §1.3.2].

As noted above, in [24] we study d � d unit upper triangular matrices with entries
in Zm. By viewing the Heisenberg group as d � d matrices (see Section 1.1.3), these
d � d unit upper triangular matrices can be seen as a supergroup of the d -dimensional
Heisenberg group.

1.3.4. Expander graphs for nilpotent groups. A celebrated result of Alon and Roich-
man [3, Corollary 1] asserts that, for any finite group G, the random Cayley graph with
at least C" log jGj random generators is w.h.p. an "-expander, provided C" is sufficiently
large in terms of ". (A graph is an "-expander if its isoperimetric constant is bounded
below by "; up to a reparametrisation, this is equivalent to having the spectral gap of the
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graph bounded below by ".) There has been a considerable line of work building upon this
general result of Alon and Roichman [3]. (Pak [39] proves a similar result.) Their proof
was simplified and extended, independently, by Loh and Schulman [36] and Landau and
Russell [34]; both were able to replace log2jGj by log2D.G/, where D.G/ is the sum
of the dimensions of the irreducible representations of the group G; for Abelian groups
D.G/ D jGj. A ‘derandomised’ argument for Alon–Roichman is given by Chen, Moore
and Russell [10]. Both [10,34] use some Chernoff-type bounds on operator valued random
variables.

Christofides and Markström [11] improve these further by using matrix martingales
and proving a Hoeffding-type bound on operator valued random variables. They also
improved the quantification for C", showing that one may take C" WD 1C c" with c" !
0 as " ! 0; this means that, w.h.p., the graph is an "-expander whenever k � .1 C
c"/ log2D.G/ and c" ! 0 as " ! 0. They also generalise Alon–Roichman to random
coset graphs. The proofs use tail bounds on the (random) eigenvalues.

It is well known that D.G/ �
p
jGj. Thus, all these results require at least k �

.log2jGj/=2. Our result, on the other hand, applies to k � c logjGj for any constant
c > 0, provided the underlying group is suitable – e.g., this is the case if G is Abelian
and d.G/ � logjGj; another example is given by d � d unit upper triangular matrix
groups with entries in Zm if m� 1.

Hildebrand [33, Theorem 1.1] showed, for all diverging (sequences of) primes p,
that the order of the relaxation time of the RW on the cyclic group Zp is p2=k when
1� k � logp= log logp.

In [27, Theorem E], we restrict to Abelian groups under the assumption k�2d.G/�k
and determine, via an altogether different method, the order of the relaxation time when-
ever 1� k . logjGj: it is jGj2=k w.h.p. This extends Theorem E in the Abelian set-up to
allow 1� k � logjGj.

1.3.5. Cutoff for ‘generic’ Markov chains and the entropic method. We now put our
results into a broader context. A recurrent theme in the study of mixing times is that ‘gen-
eric’ instances often exhibit the cutoff phenomenon. In this set-up, a family of transition
matrices chosen from a certain family of distributions is shown to give rise to a sequence
of Markov chains which exhibits cutoff w.h.p. A few notable examples include random
birth and death chains [16, 47], the simple or non-backtracking random walk on various
models of sparse random graphs, including random regular graphs [38], random graphs
with given degrees [5–8], the giant component of the Erdős–Rényi random graph [7]
(where the authors consider mixing from a ‘typical’ starting point) and a large family of
sparse Markov chains [8], as well as random walks on a certain generalisation of Ramanu-
jan graphs [9] and random lifts [9, 12].

A recurring idea in the aforementioned papers is that the cutoff time can be described
in terms of entropy. One can look at some auxiliary random process which up to the cutoff
time can be coupled with, or otherwise related to, the original Markov chain – often in the
above examples this is the RW on the corresponding Benjamini–Schramm local limit. The
cutoff time is then shown to be (up to smaller order terms) the time at which the entropy
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of the auxiliary process equals the entropy of the invariant distribution of the original
Markov chain. It is a relatively new technique, and has been used recently in [7–9, 12].
For ‘most’ regimes of k, this is the case for us too; further, for the non-Abelian groups
considered in [24] we use a similar idea. As our auxiliary random process, we use a SRW
(resp. DRW) in the undirected (resp. directed) case.

With the exception of the very recent [28], to the best of our knowledge, in all previous
instances where the entropic method was used the graphs were tree-like. This is not the
case for us: in the Abelian set-up,Gk has cycles of length 4 (potentially up to the direction
of edges). Admittedly, this has less of an impact on the walk since each vertex is of
diverging degree.

1.3.6. Subsequent work. The release of this multi-paper project in early 2021 spurred
significant interest and progress on several related problems. Salez [45] established a suf-
ficient condition for cutoff involving an entropic concentration criterion, and verified it
for RW on any undirected Abelian Cayley graph which is an expander. The collection of
Cayley graphs was extended beyond expanders by Hermon et al. [22].

Regarding random Cayley graphs, Hermon and Huang [21] built on the ideas initiated
here, hinging on multiple aspects of the proofs of Theorems A and D. They established
cutoff for SRW on Gk for nilpotent G, but required bounded step and rank d.Gab/. The
generality permitted by allowing divergent rank d.G/ D d.Gab/ for Abelian G is one of
the major improvements of Theorem A over previous work. Also, several of our examples
in Corollary D, such as high-dimensional Heisenberg groups Hm;d (d � 1), are ruled
out. Under further restriction, they showed that the mixing times of the RW on G and the
projection to Gab are asymptotically equivalent.

Even more recently, Pedrotti and Salez [42] introduced a new criterion for cutoff for
Markov chains with non-negative curvature; RW on an undirected Abelian Cayley graph
has this property. Again, cutoff can be deduced when the graph is an expander, but also
under some weaker, quantitative conditions. No estimate on the mixing time itself is given
in [42, 45], though, so connection to the motivating Aldous–Diaconis conjecture is lost.
Again, directed graphs are excluded.

1.4. Additional remarks

1.4.1. Precise definition of Cayley graphs. Let G be a finite group and Z a multisub-
set of G. We focus on mixing properties of the Cayley graph of G with generators Z.
The undirected (resp. directed) Cayley graph of G generated by Z, denoted G�.Z/
(resp. GC.Z/), is the multigraph with vertex set G and edge multiset

Œ¹g; g � zº j g 2 G; z 2 Z� .resp. Œ.g; g � z/ j g 2 G; z 2 Z�/:

If the walk is at g 2 G, then a step in GC.Z/ (resp. G�.Z/) involves choosing a gener-
ator z 2 Z uniformly at random and moving to gz (resp. one of gz or gz�1 each with
probability 1=2).
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We focus attention on the random Cayley graph defined by choosing Z1; : : : ; Zk �iid

Unif.G/; when this is the case, denote GC
k
WD GC.Z/ and G�

k
WD G�.Z/. Whilst we do

not assume that the Cayley graph is connected (i.e.,Z may not generateG), in the Abelian
set-up the random Cayley graph Gk is connected w.h.p. whenever k � d.G/ � 1; see
[25, Lemma 8.1]. In the nilpotent set-up, this is the case whenever k � d.G=ŒG;G�/� 1;
see [24, Remark E.1].

The graph depends on the choice of Z. Sometimes, it is convenient to emphasise this;
we use a subscript, writing PG.z/.�/ if the graph is generated by the group G and multi-
set z. Analogously, PGk .�/ stands for the random law PG.Z/.�/, where Z D ŒZ1; : : : ; Zk �
with Z1; : : : ; Zk �iid Unif.G/.

1.4.2. Typical and simple Cayley graphs. The directed Cayley graph GC.z/ is simple if
and only if no generator is picked twice, i.e., zi ¤ zj for all i ¤ j . The undirected Cayley
graphG�.z/ is simple if in addition no generator is the inverse of any other, i.e., zi ¤ z�1j
for all i; j 2 Œk�. In particular, this means that no generator is of order 2, as any s 2 G of
order 2 satisfies s D s�1 – this gives a multiedge between g and gs for each g 2 G.

The RW onG�.z/ is equivalent to an adjusted RW onGC.z/, where when a generator
s 2 z is chosen, instead of applying a generator s, either s or s�1 is applied, each with
probability 1=2. Abusing terminology, we relax the definition of simple Cayley graphs to
allow order 2 generators.

Given a group G and an integer k, we are drawing the generators Z1; : : : ; Zk inde-
pendently and uniformly at random. It is not difficult to see that the probability of drawing
a given multiset depends only on the number of repetitions in that multiset. Thus, condi-
tional on being simple, Gk is uniformly distributed on all simple degree-k Cayley graphs.
Since k �

p
jGj, the probability of simplicity tends to 1 as jGj ! 1. So, when we say

that our results hold ‘w.h.p. (over Z)’, we could equivalently say that the result holds ‘for
almost all degree-k simple Cayley graphs of G’.

Our asymptotic evaluation does not depend on the particular choice of Z, so the stat-
istics in question depend very weakly on the particular choice of generators for almost all
choices. In many cases, the statistics depend only on G via jGj and d.G/. This is a strong
sense of ‘universality’.

1.4.3. Overview of random Cayley graphs project. This paper is one part of an extensive
project on random Cayley graphs. There are three main articles (including the current
one and [24, 27]), a technical report [25] and a supplementary document [26] containing
deferred technical proofs. Each main article is readable independently.

The main objective of the project is to establish cutoff for the random walk and to
determine whether this can be written in a way that, up to subleading order terms, depends
only on k and jGj; we also study universal mixing bounds, valid for all, or large classes
of, groups. Separately, we study the distance of a uniformly chosen element from the
identity, i.e., typical distance, and the diameter; the main objective is to show that these
distances concentrate and to determine whether the value at which these distances con-
centrate depends only on k and jGj.
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� Cutoff phenomenon (and Aldous–Diaconis conjecture) for general Abelian groups;
also, for nilpotent groups, expander graphs and comparison of mixing times with
Abelian groups (the current paper).

� Typical distance, diameter and spectral gap for general Abelian groups [27].

� Cutoff phenomenon and typical distance for upper triangular matrix groups [24].

� Additional results on cutoff and typical distance for general Abelian groups [25].

2. Total variation cutoff: Approach #1

In this section, we prove the first part of the upper bound on mixing for arbitrary Abelian
groups. The main result of the section is Theorem 2.5. The outline of the section is as
follows:

� Section 2.1 introduces the entropic method.

� Section 2.2 defines entropic times and states a CLT.

� Section 2.3 sketches arguments to evaluate these entropic times.

� Section 2.4 states precisely the main theorem of the section.

� Section 2.5 outlines the argument.

� Section 2.6 is devoted to the lower bound.

� Section 2.7 is devoted to the upper bound.

2.1. Entropic times: Methodology

We use an ‘entropic method’, as mentioned in Section 1.3; cf. [7–9, 12]. The method is
fairly general; we now explain the specific application in a little more depth.

We define an auxiliary random process .W.t//t�0, recording how many times each
generator has been used: for t � 0, for each generator i D 1; : : : ; k, write Wi .t/ for the
number of times that it has been picked by time t . By independence, W.�/ forms a rate-1
DRW on ZkC. For the undirected case, recall that we either apply a generator or its inverse;
when we apply the inverse of generator i , the increment is Wi ! Wi � 1 (rather than
Wi ! Wi C 1). In this case, W.�/ is a SRW on Zk .

Since the underlying group is Abelian, the order in which the generators are applied
is irrelevant and generator-inverse pairs cancel. Hence, we can write

S.t/ D

kX
iD1

Wi .t/Zi D W.t/ �Z:

Recall that the uniform distribution is invariant, regardless of the group and gener-
ators. For an Abelian group G, we propose as the mixing time the time at which the
auxiliary process W obtains entropy logjGj. The reason for this is the following: take t
to be slightly larger than the above entropic time; using the equivalence � log� � logjGj
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if and only if � � 1=jGj, ‘typically’ W.t/ takes values to which it assigns probabil-
ity smaller than 1=jGj; informally, this means that W.t/ is ‘well spread out’. We can
have two independent copies S and S 0 (using the same generators Z) with S.t/ D S 0.t/
but W.t/ ¤ W 0.t/. The uniformity of the generators will show that, on average, this is
unlikely. We thus deduce that S.t/ is well spread out, i.e., well mixed.

Contrastingly, if the entropy is much smaller than logjGj, thenW.t/ is not well spread
out: it is highly likely to lie in a set of size o.1=jGj/. The same must be true for S.t/;
hence, S.t/ is not mixed.

2.2. Entropic times: Definition and concentration

We now define precisely the notion of entropic times. Write �t (resp. �s) for the law
of W.t/ (resp. W1.sk/); so �t D �˝kt=k . Define

Qi .t/ WD � log �t=k.Wi .t//; and set Q.t/ WD � log�t .W.t// D
kX
iD1

Qi .t/:

So E.Q.t// and E.Q1.t// are the entropies ofW.t/ andW1.t/, respectively. Observe that
t 7! E.Q.t//W Œ0;1/! Œ0;1/ is a smooth, increasing bijection.

Definition 2.1 (Entropic and cutoff times). For all k; n 2 N and all ˛ 2 R, define t˛
so that

E.Q1.t˛// D
lognC ˛

p
vk

k
and s˛ WD

t˛

k
; where v WD V ar.Q1.t0//;

assuming that log n C ˛
p
vk � 0. We call t0 the entropic time and the ¹t˛º˛2R cutoff

times.

Comparing with notation in the introduction, t0 D �1.G/; see Definition A. The
definition there was for cutoff only; the profile is described by the full range .t˛/˛2R,
in the regime handled here.

Direct calculation with the Poisson distribution and SRW on Z gives the following
relations.

Proposition 2.2 (Entropic and cutoff times). Assume that 1� k � log n. Then, for all
˛ 2 R,

t˛ Å t0 Å
k � n2=k

2�e
and

t˛ � t0

t0
Å ˛

r
2

k
� 1:

The idea is to approximate the SRW and DRW laws by a normal distribution, then
calculate the entropy of this. A rigorous proof is long and tedious, requiring many careful
approximations. We sketch the principal ideas below in Section 2.3. The precise details
are deferred to [26, Proposition A.2].

SinceQD
P1
kQi is a sum of k� 1 iid random variables,Q.t0/ concentrates around

E.Q.t0// D logN . One can show that multiplying the time by a factor 1 C � for any
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constant � > 0 increases the entropy by a significant amount; similarly, if � < 0, then the
entropy decreases significantly. Further, the change is by an additive term of larger order
than the standard deviation

p
V ar.Q.t0//. Thus, Q..1C �/t0/ concentrates around this

new value. In particular, the following hold:

�.1C�/t0.W..1C �/t0// D e
�Q..1C�/t0/ �

1

n
w.h.p.;

�.1��/t0.W..1 � �/t0// D e
�Q..1��/t0/ �

1

n
w.h.p.

The following proposition quantifies this change in entropy and this concentration.

Proposition 2.3 (CLT). Assume that 1� k � logn. For all ˛ 2 R, we have

P .Q.t˛/ � logn˙ !/! ‰.˛/ for ! WD V ar.Q.t0//1=4 D .vk/1=4:

(There is no specific reason for choosing this !. We just need some ! with 1 � ! �

.vk/1=2.)

This follows without too much difficulty from the local CLT. Again, though, the details
are technical – albeit less so than for the entropic times. We defer the proof to [26, Pro-
position A.3]

2.3. Entropic times: Sketch evaluation

In this subsection, we sketch details towards a proof of Proposition 2.2. The full, rigorous
details can be found in [26, Proposition A.2], where all of the approximations below are
carefully justified.

Recall that t0 is the time t at which the entropy of W1.t/, which is a rate-1=k RW,
is .log n/=k. We need to find the variance V ar.Q1.t0//, as this is used in the definition
of t˛ , given in Definition 2.1.

In the sketch below, we replace V ar.Q1.t0// by an approximation.
For s � 0, denote Xs WD W1.sk/ for s � 0 and the entropy of Xs as H.s/. The target

entropy logn=k� 1, and so the entropic time s0� 1. For s� 1, the RWXs has approx-
imately the normal N.E.Xs/; s/ distribution. Translating the random variable has no
affect on its entropy, and so we approximate the entropy H.s/ of Xs by the entropy xH.s/
of a N.0; s/ random variable. Direct calculation with the normal distribution gives

xH.s/ D
1

2
log.2�es/; and hence xH 0.s/ D

1

2s
:

Define xs˛ as the entropic times for the approximation

xH.xs˛/ D
lognC ˛

p
vk

k
;

where
xv WD V ar. xQ1.xs0k//;
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where xQ1.sk/ is the analogue ofQ1.sk/, except withW1.sk/ replaced byN.0;s/. Hence,

xH.s0/ D logn implies that xs0 D
n2=k

2�e
� 1:

By direct calculation, specific to the normal distribution, one finds

V ar. xQ1.sk// D
1

2
:

As mentioned above, for this sketch, to ease the calculation of t˛ in Definition 2.1,
we replace V ar.Q1.t0// by its approximation 1=2, and assume the above normal dis-
tribution approximation.

In order to find the window, assuming for the moment that ˛ > 0, we write

s˛ � s0 D

Z ˛

0

dsa

da
da:

Again, we replace s˛ by xs˛ . By definition, xs˛ satisfies

xH.xs˛/ D log
n

k
C

˛
p
2k
; and hence

dxs˛

d˛
xH 0.xs˛/ D

1
p
2k
:

Using the expressions for dxsa=da and xH 0.s/ D 1=.2s/ above, we find that

xs˛ � xs0 D .2k/
�1=2

Z ˛

0

2xsa da � .2k/
�1=2

Z ˛

0

2xs0 da D ˛xs0

r
2

k
;

since xsa only varies by subleading order terms over a 2 Œ0; ˛�. The argument is analogous
for ˛ < 0.

We have now shown the desired result for xs˛ , i.e., when approximating W1.sk/ by
N.E.Xs/; s/. It turns out that this approximation is sufficiently good for the results to
pass over to the original case, i.e., to apply to s0 and t0 D s0k. This is made rigorous in
[26, §A] via a local CLT.

2.4. Precise statement and remarks

In this subsection, we state precisely the main theorem of the section. There are some
simple conditions on k, in terms of d.G/ and jGj, needed for the upper bound.

Hypothesis A. The sequence .kN ;GN /N2N satisfies Hypothesis A if the following hold:

lim
N!1

jGN j D 1; lim
N!1

.kN � d.GN // D1

and

kN � dN .GN / � 1

kN
� 5

kN

logjGN j
C 2

dN .GN / log log kN
logjGN j

for all N 2 N:
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Remark 2.4. Write n WD jGj. Any of the following conditions imply Hypothesis A:

1� k .

s
logn

log log logn
and k � d � 1I

1� k .
p

logn and k � d � log log kI

1� k �
logn

log log logn
and k � d � ık for some suitable ı D o.1/I

d � log
n

log log logn
and k � d � k � logn:

Throughout the proofs, we drop the subscript-N from the notation, e.g., writing k
or n, considering sequences implicitly. Recall that we abbreviate the TV distance from
uniformity at time t as

dGk ;N .t/D kPGN .ŒZ1;:::;ZkN �/.S.t/ 2 �/��GN kTV; where Z1; : : : ;ZkN �
iid Unif.GN /:

We now state the main theorem of this section. Recall that ‰ is the standard Gaus-
sian tail.

Theorem 2.5. Let .kN /N2N be a sequence of positive integers and .GN /N2N of finite,
Abelian groups; for each N 2 N, define Z.N/ WD ŒZ1; : : : ; ZkN � by drawing Z1; : : : ;
ZkN �

iid Unif.GN /. Suppose that the sequence .kN ; GN /N2N satisfies Hypothesis A.
For all ˛ 2 R and all N 2 N, write t˛;N WD t˛.kN ; jGN j/. Let ˛ 2 R. Then,

t˛;N

t0;N
! 1 and dGk ;N .t˛;N /!

P ‰.˛/ (in probability) as N !1:

That is, w.h.p. there is TV cutoff at t0 with profile given by ¹t˛º˛2R: for all " 2 .0; 1/, the
difference in the mixing times tmix."/ � tmix.1=2/ is given, up to smaller order terms, by
t‰�1."/ � t0. Moreover, the implicit lower bound on the TV distance holds deterministic-
ally, i.e., for all choices of generators.

Remark. Using Proposition 2.2, we can write the cutoff statement in the form

tmix."/ � t0

w
!

P ‰�1."/ w.h.p. 8" 2 .0; 1/;

where t0 Å kjGj2=k=.2�e/ is the mixing time and w Å
p
kjGj2=k=.

p
2�e/ the window.

Remark. The CLT, Proposition 2.3, will give the dominating term in the TV distance:

� on the event ¹Q.t˛/ � logn � !º, we lower bound the TV distance by 1 � o.1/;

� on the event ¹Q.t˛/ � lognC !º, we upper bound the expected TV distance by o.1/.

Combining this with the CLT, we deduce that dGk .t˛/! ‰.˛/ in probability.

Remark. Observe that Hypothesis A does not cover the regime k & logjGj. Under fairly
mild conditions on the group, we can apply a variation on the argument given below to
obtain a limit profile result for any 1� log k � logjGj. The detailed analysis is carried
out in [25, §2].
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2.5. Outline of proof

We now give a high-level description of our approach, introducing notations and concepts
along the way. No results or calculations from this section will be used in the remainder
of the document. Further, we restrict attention to establishing cutoff only, not the limit
profile: take t D .1˙ "/t0.

In all cases, we show that cutoff occurs around the entropic time. As Q.t/ is a sum
of many iid random variables, we expected it to concentrate around its mean. Loosely
speaking, we show that the shape of the cutoff, i.e., the profile of the convergence to
equilibrium, is determined by the fluctuations of Q.t/ around its mean, which in turn, by
the CLT (Proposition 2.3), are determined by V ar.Q.t//, for t ‘close’ to t0. Note that
V ar.Q.t// D kV ar.Q1.t// since the Qi are iid.

Throughout this section (Section 2.5), we write 0 for the identity element of the
Abelian group G, as is standard. We now outline the proof in more detail. We often drop
t -dependence from the notation.

We start by discussing the lower bound. If Q is sufficiently small, then W , and hence
also S , is restricted to a small set. Indeed, Q � log n � ! if and only if �.W / � n�1e! ,
and thus if this is the case, then W 2 ¹w j �.w/ � n�1e!º. Since we generate S via W ,
it is thus also the case that

S 2 E WD ¹g 2 G j P .S D g/ � n�1e!º:

But clearly, jEj � ne�! . Choosing the time t slightly smaller than the entropic time t0
and ! � 1 suitably, the event ¹Q.t/ � log n � !º will hold w.h.p. Thus, w.h.p., S.t/ is
restricted to a set of size o.n/. Hence, it cannot be mixed. This heuristic applies for any
choice of generators.

Precisely, we show for any ! with 1� ! � log n, all t and all Z D ŒZ1; : : : ; Zk �,
that

dGk .t/ � P .Q.t/ � logn � !/ � e�! :

Thus, we are interested in the fluctuations ofQ.t/ for t close to t0. Using the CLT applic-
ation above, i.e., Proposition 2.3 with ! WD V ar.Q.t0//1=4, we deduce the lower bound
in Theorem 2.5.

We now turn to discussing the upper bound. The lower bound was valid for any choice
of generators Z. Here, we exploit the independence and uniformity of the elements of Z.

Let W 0.t/ be an independent copy of W.t/, and let V.t/ WD W.t/ �W 0.t/. Observe
that, in both the undirected and directed case, the law of V.t/ is that of the rate-2 SRW
in Zk , evaluated at time t . The standard L2 calculation (using the Cauchy–Schwarz
inequality) says that

2k� � �GkTV � k� � �Gk2 D

s
n
X
x2G

�
�.x/ �

1

n

�2
;

recalling that �G.x/ D 1=n for all x 2 G. A standard, elementary calculation shows that

kPGk .S.t/ 2 �/ � �Gk2 D
p
nP .V .t/ �Z D 0 j Z/ � 1:
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Unfortunately, writingX D .X.s//s�0 for a rate-1 SRW on Z, a simple calculation shows
that

P .V .t0/ �Z D 0 j Z/ � P .V .t0/ D .0; : : : ; 0/ 2 Zk/

D P
�
X
�2t0
k

�
D 0

�k
�

1

n
:

(This calculation differs amongst the regimes of k.) Moreover, the L2-mixing time can
then be shown to be larger than the TV-mixing time by at least a constant factor; hence,
this is insufficiently precise for showing cutoff in TV. We drop the t -dependence from the
notation from now on.

This motivates the following ‘modified L2 calculation’. First, let W � Zk , and write

typ WD ¹W; W 0 2 Wº; xP .�/ WD P . � j typ/ and E.�/ WD E. � j typ/I

note that here we are (implicitly) averaging over Z. The set W � Zk will be chosen later
so that

xP .V D 0/ D .V D 0 j typ/�
1

n
and P .W … W/ D o.1/I

we call this typicality. We now perform the same L2 calculation, but for xP rather than P :

dGk .t/ D kPGk .S 2 �/ � �GkTV � kPGk .S 2 � j W 2 W/ � �GkTV C P .W … W/

and

4E.kPGk .S 2 � j W 2 W/ � �Gk
2
TV/ � E.jGjxP .V �Z D 0 j Z/ � 1/

D jGjxP .V �Z D 0/ � 1I

see Lemma 2.6. By taking expectation over Z and doing a modified L2 calculation,
we transformed the quenched estimation of the mixing time into an annealed calcula-
tion concerning the probability that a random word involving random generators is equal
to the identity. This is a key step.

To have w 2 W , we impose local and global typicality requirements. The global part
says that

� log�.w/ � lognC ! for all w 2 W ;

where ! WD .vk/1=4 as above; the local part will come later. For a precise statement
of the typicality requirements, see Definition 2.7. These have the property that, when
t D .1C "/t0,

P .W.t/ … W/� 1I

see Proposition 2.8. Then, since

� logp � lognC ! if and only if p � n�1e�! ;

we have
xP .V D .0; : : : ; 0// � P .W D W 0 j W 0 2 W/ � n�1e�! :
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Of course, there are other scenarios in which we may have V � Z � 0. To deal with
these, since linear combinations of independent uniform random variables in an Abelian
group are uniform on their support, we have

v �Z � Unif.gvG/; where gv WD gcd.v1; : : : ; vk ; n/I

see Lemma 2.11. Then,

jGjxP .V �Z D 0; V ¤ 0/ D jGjE
�1.V ¤ 0/

jgVGj

�
:

(Recall that V and Z are independent.) We use the local typicality conditions to ensure
that maxi jWi j � r�, for some explicit r� which diverges a little faster than n1=k . This
allows us to consider only values g 2 Œ2r�� for the gcd. It is here where the two approaches
(Sections 2 and 3) diverge.

First (Section 2), we use a rather direct approach. Elementary group theory gives

jGjE
�1.V ¤ 0/

jgVGj

�
� E.gd.G/V 1.V ¤ 0// � 1C

2r�X

D2


d.G/P .gV D 
/I

see Lemma 2.12. Since the law of SRW on Z is unimodal, for each non-zero coordinate,
the probability that 
 divides it is at most 1=
 . Thus, in general, the probability is at
most 1=
 plus the probability that the coordinate is 0, the latter of which is of order
1=
p
t=k. This leads to

xP .gV D 
/ .
� 2

n1=k
C
1




�k
when t � t0I

see Lemma 2.14. Provided at least one of d.G/ or k is not too close to log n, we are
able to use this to control the expectation, showing E.gd.G/V 1.V ¤ 0// D 1C o.1/ when
t � t0; see Corollary 2.15.

Combining these two analyses, we deduce that

nxP .V �Z D 0/ � nxP .V �Z D 0; V ¤ 0/C nxP .V D 0/ D 1C o.1/:

The modified L2 calculation then says that the TV distance tends to 0 in probability,
as required.

The only real adjustment needed to handle the profile is the use of the estimate

P .W.t˛/ … W/ Å ‰.˛/:

The remainder of the analysis is fairly robust to the specific value of t .
The second approach (Section 3) analyses the term xP .gV D 
/ and uses it to kill

jG=
Gj directly in

jGjE
�1.V ¤ 0/

jgVGj

�
D

X

2N

xP .gV D 
/jG=
Gj:

We outline the details of the adaptation in Section 3.5, including where Approach #1
breaks down.

This concludes the outline. We now move onto the formal proofs.
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2.6. Lower bound on total-variation mixing

In this subsection, we prove the lower bound on mixing, which holds for all choices of
generators.

Proof of lower bound in Theorem 2.5. For this proof only, to emphasise that the multisub-
setZ is fixed, not being averaged over, we add a subscript-Z to the probabilities involving
Z: PZ.S.t˛/ 2 �/.

For all ˛ 2 R, by the CLT (Proposition 2.3),

P .E˛/ Å ‰.˛/;

where
E˛ WD ¹�.W.t˛// � n

�1e!º D ¹Q.t˛/ � logn � !ºI

recall that ! � 1. Fix ˛ 2 R. Consider the set

E˛ WD ¹x 2 G j 9w 2 Zd st �t˛ .w/ � n
�1e! and x D w �Zº:

Then, PZ.S.t˛/ 2 E˛ j E˛/ D 1 since W generates S D W �Z. Every element x 2 E˛
can be realised as x D wx �Z for some wx 2 Zk with �t˛ .wx/ � n

�1e! . Hence, for all
x 2 E˛ , we have

PZ.S.t˛/ D x/ � P .W.t˛/ D wx/ D �t˛ .wx/ � n
�1e! :

Taking the sum over all x 2 E˛ , we deduce that

1 �
X
x2E˛

PZ.S.t˛/ D x/ � jE˛j � n
�1e! ; and hence

jE˛j

n
� e�! D o.1/:

Finally, we deduce the lower bound from the definition of TV distance:

kPZ.S.t˛/ 2 �/ � �GkTV � PZ.S.t˛/ 2 E˛/ � �G.E˛/ � P .E˛/ �
1

n
jE˛j

� ‰.˛/ � o.1/:

Remark. Given an arbitrary group G, projecting the walk from G to the Abelianisation
Gab D G=ŒG; G�, which is Abelian, cannot increase the TV distance. Thus, t0.k; jG

abj/

is a lower bound on mixing for the projected walk on the Gab, and hence for the original
walk on G too.

2.7. Upper bound on total-variation mixing

It is often easier to controlL2 distances, rather thanL1 (i.e., TV). However,L2 is sensitive
to rare events, unlike TV. We use a ‘modified L2 calculation’ to bound the TV: first,
condition that W is ‘typical’; then, use a standard L2 calculation on the conditioned law.
Let W 0 be an independent copy of W . Then, S 0 WD W 0 � Z has the same law as S and is
conditionally independent of S given Z.
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Lemma 2.6. For all t � 0 and all W � Zk , the following inequalities hold:

dGk .t/ D kPGk .S.t/ 2 �/ � �GkTV

� kPGk .S.t/ 2 � j W.t/ 2 W/ � �GkTV C P .W.t/ … W/I

and

4E.kPGk .S.t/ 2 � j W.t/ 2 W/ � �Gk
2
TV/ � nP .S.t/ D S 0.t/ j W.t/;W 0.t/2W/ � 1:

We emphasise that dGk is a random variable, a function of Z1; : : : ; Zk �iid Unif.G/.

Proof. The first claim follows immediately from the triangle inequality. For the second,
using the Cauchy–Schwarz inequality, we upper bound the TV distance of the conditioned
law by its L2 distance:

4kPGk .S 2 � j W 2 W/ � �Gk
2
TV � n

X
x

�
PGk .S D x j W 2 W/ �

1

n

�2
D n

X
x

PGk .S D x j W 2 W/2 � 1

D n
X
x

PGk .S D S
0
D x j W;W 0 2 W/ � 1;

since
S D W �Z and S 0 D W 0 �Z:

The claim follows by taking expectations over ŒZ1; : : : ; Zk �.

We now make the specific choice of the ‘typical’ set W ; we make a different choice for
each ˛ 2 R. The collection ¹W˛º˛2R of sets will satisfy P .W.t˛/ …W˛/ Å ‰.˛/, using
the CLT (Proposition 2.3); see Proposition 2.8. Recall that‰ is the standard Gaussian tail.
We show that the modifiedL2 distance (given typicality) is o.1/ at t˛; see Proposition 2.9.
Applying Lemma 2.6, we find that dGk .t˛/ � ‰.˛/C o.1/ w.h.p. over Z. This matches
the lower bound from Section 2.6.

By considering all ˛ 2 R, we find the shape of the cutoff. If we only desire the order
of the window, then we need only consider the limit ˛ !1; in this case, P .W.t˛/ …
W˛/ � ‰.˛/ � 0, which explains the use of the word ‘typical’ in describing W˛ .

The typicality conditions will be a combination of ‘local’ (coordinate-wise) and ‘glob-
al’ ones.

Definition 2.7. For all ˛ 2 R, define the local and global typicality conditions, respect-
ively:

W˛;loc WD ¹w 2 Zk j jwi �E.W1.t˛//j � r� 8i D 1; : : : ; kº; r� WD
1

2
n1=k.log k/2I

W˛;glo WD ¹w 2 Zk j P .W.t˛/ D w/ � n
�1e�!º:

Define W˛ WD W˛;loc \W˛;glo, and say that w 2 Zk is (˛-)typical if w 2 W˛ .
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The following propositions determine the probability that W.t˛/ lies in W˛ , i.e., the
probability of typicality.

Proposition 2.8a. Let X D .Xs/s�1 be a rate-1 RW – either a SRW or a DRW – on Z.
Then,

P0.jXs �E.Xs/j> r/�
1

k3=2
for all r � r�D

1

2
n1=k.logk/2 whenever s . n2=k logk;

where the subscript 0 indicates that X starts from X0 D 0. In particular, for all ˛ 2 R,
we have

P .W.t˛/ … W˛;loc/ � k
�1=2
D o.1/:

Proof. The proof of the first part of this proposition follows from standard large devi-
ation estimates on the RW on Z, and the fact that t˛ � kn

2=k for all ˛ 2 R, as stated in
Proposition 2.2. The precise details are arduously technical. We defer them to [26, §C].
The second part follows immediately from the first part and the union bound over the k
coordinates.

Proposition 2.8b. For each ˛ 2 R, we have

P .W.t˛/ … W˛;glo/! ‰.˛/:

Proof. This follows immediately from our CLT (Proposition 2.3).

Herein, we fix ˛ 2 R and frequently suppress the time t˛ from the notation, e.g., writ-
ingW forW.t˛/ or W for W˛ . Let V WDW �W 0, so ¹W �Z DW 0 �Zº D ¹V �Z D 0º.
Write

D WD D.t˛/ WD nP .V .t˛/ �Z D 0 j typ˛/ � 1;

where
typ WD typ˛ WD ¹W.t˛/;W

0.t˛/ 2 W˛º:

It remains to show that D.t˛/ D o.1/ for all ˛ 2 R. Recall Hypothesis A, the crux of
which is that

k � d � 1

k
� 2

d log log k
logn

� 5
k

logn
and k � d � 1:

For r1; : : : ; r`2Zn¹0º, we use the convention gcd.r1; : : : ; r`; 0/ WD gcd.jr1j; : : : ; jr`/j.

Proposition 2.9. Suppose that .d; n; k/ jointly satisfy Hypothesis A. (Recall that, impli-
citly, .d; n; k/ is a sequence of triples of integers.) Write g WD gcd.V1; : : : ; Vk ; n/. Then,
for all ˛ 2 R, we have

0 � D.t˛/ D
X

2N

P .g D 
 j typ/ �
jGj

j
Gj
� 1 D o.1/:

Given this proposition, we can prove the upper bound in the main theorem, The-
orem 2.5.
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Proof of upper bound in Theorem 2.5 given Proposition 2.9. Fix ˛ 2 R and consider the
TV distance at time t˛ . Apply the modified L2 calculation, i.e., Lemma 2.6 and Defin-
ition 2.7, at time t˛: by Proposition 2.9, the modified L2 distance (given typicality)
is o.1/ in expectation; by Markov’s inequality, it is thus o.1/ w.h.p. Proposition 2.8 says
that typicality holds with probability ‰.t˛/ asymptotically. Combined, this all says that
dGk .t˛/ � ‰.˛/C o.1/ w.h.p.

It remains to prove Proposition 2.9, i.e., to bound the modified L2 distance. The
remainder of the section is dedicated to this goal. To do this, we are interested in the
law of V �Z.

Obviously, when V D 0, we have V �Z D 0. The following auxiliary lemma controls
this.

Lemma 2.10. We have

nP .V D 0 j typ/ �
e�!

P .typ/
. e�! D o.1/:

Proof. By direct calculation, since W and W 0 are independent copies,

P .V D 0; typ/ D P .W D W 0; W 2 W/ D
X
w2W

P .W D w/2:

Recall global typicality: P .W D w/ � n�1e�! for all w 2 W . Thus,

nP .V D 0 j typ/ � n
X
w2W

P .W D w/2

P .typ/
�

e�!

P .typ/
:

We now analyse v � Z D
P
i viZi for v ¤ 0. Sums of independent uniform random

variables are uniform. Some simple technicalities take care of the fact that the vi ’s need
not be 1, or even equal.

Lemma 2.11 ([26, Lemma F.1]). For all v 2 Zk , we have

v �Z � Unif.
G/; where 
 WD gcd.v1; : : : ; vk ; n/:

We now need to control j
Gj, since Lemma 2.11 implies that

P .V �Z D 0 j typ/ D
X

2N

P .g D 
 j typ/

j
Gj
; where g WD gcd.V1; : : : ; Vk ; n/:

Lemma 2.12. For all Abelian groups G and all 
 2 N, we have

jGj

j
Gj
� 
d.G/:

Proof. Decompose G as
Ld
1 Zmj with d D d.G/ and some m1; : : : ;md 2 N. Then 
G

can be decomposed as
Ld
1 gcd.
;mj /Zmj . Hence, j
Gj D

Qd
1 .mj = gcd.
;mj // �Qd

1 .mj =
/ D jGj=

d .
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These lemmas combine to produce a simple, but key, corollary.

Corollary 2.13. We have

nP .V �Z D 0; V ¤ 0 j typ/ � E.gd.G/1.V ¤ 0/ j typ/:

Proof. The conditioning does not affect Z, so the claim is immediate from the previous
lemmas.

We control this gcd coordinate-by-coordinate, using a crude divisibility bound.

Lemma 2.14. Recall that V D V.t˛/. For all 
 2 N, we have

P .V1 2 
Z j V1 ¤ 0/ �
1



and P .g D 
 j typ/ .

� 1


C

2

n1=k

�k
:

Proof. For both the SRW and DRW, the difference V D W �W 0 is a rate-2 SRW on Zk .
Hence, each coordinate is an independent rate-2=k SRW on Z, which is symmetric
about 0.

It is easy to see that any non-increasing distribution on N can be written as a mixture
of Unif.¹1; : : : ;Y º/ distributions, for different Y 2N. The mapm 7!P .jV1.2t=k/j/DmW
N ! Œ0; 1� is non-increasing for any t � 0. Hence, jV1j conditional on V1 ¤ 0 has such
a distribution. Thus,

jV1j D jV1.t˛/j � Unif¹1; : : : ; Y º conditional on V1 ¤ 0;

where Y has some distribution. Hence, we have

P .V1 2 
Z j V1 ¤ 0/ D E.bY=
c=Y / �
1



:

If the gcd gD 
 , then Vi 2 
Z for all i 2 Œk�. By independence of coordinates, we then
obtain

P .g D 
 j typ/ �
P .g D 
/

P .typ/
. P .V1 2 
Z/k � .P .V1 D 0/C P .V1 2 
Z j V1 ¤ 0//

k ;

noting that P .typ/ � 1. Using Proposition 2.2 to argue that P .V1 D 0/ � 2=n1=k , we de-
duce that

P .g D 
 j typ/ .
� 2

n1=k
C
1




�k
:

From this, using the Hypothesis A, we can deduce that E.gd.G/1.V ¤ 0/ j typ/ D
1C o.1/.

Corollary 2.15. Recall that time t D t˛ . Given Hypothesis A, we have

E.gd.G/1.V ¤ 0/ j typ/ D 1C o.1/:

This proof is briefly deferred. First, we deduce Proposition 2.9 from the above results.
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Proof of Proposition 2.9. By Lemma 2.10 and Corollaries 2.13 and 2.15, we have

nP .V �Z D 0 j typ/ � nP .V D 0 j typ/C nP .V �Z D 0; V ¤ 0 j typ/

� nP .V D 0 j typ/C E.gd.G/1.V ¤ 0/ j typ/ D 1C o.1/:

We close the analysis of Approach #1 with the briefly-deferred proof of Corol-
lary 2.15.

Proof of Corollary 2.15. Let d WD d.G/. By local typicality, g � 2r� D n
1=k.log k/2 if

V ¤ 0. Thus,

E.gd1.V ¤ 0/ j typ/ D
X

2N


dP .g D 
 j typ/ � 1C
bn1=k.logk/2cX


D2


d P .g D 
 j typ/:

For 
 � 2, we use Lemma 2.14. Let ı 2 .0; 1/. For 2 � 
 � ın1=k , we use the bound

P .g D 
 j typ/ .
� 1


C

2


=ı

�k
D
.1C 2ı/k


k
:

For 
 � ın1=k , we use the slightly crude bound .aC b/k � 2k.ak C bk/ for a; b � 0 to
deduce that

P .g D 
 j typ/ . 2k
� 1

k
C
2k

n

�
D
2k


k
C
4k

n
:

Dividing the appropriate sum over 
 into two parts according to whether or not 
 �
ın1=k and using the above inequalities, elementary algebraic manipulations can be used
to deduce that

E.gd 1.V ¤ 0/ j typ/ � 1 . e2ık2dC1�k C 2kıdC1�kn.dC1�k/=k

C
4kn.dC1/=k.log k/2.dC1/

n
:

This is o.1/, by the conditions of Hypothesis A, as we now explain. Write

� WD
k � d � 1

k
2 .0; 1/:

� We wish to choose ı as large as possible, but with the first term o.1/: set ı WD �=4.

� Hypothesis A implies that � � 4k= logn, which shows that the second term is o.1/.

� The inequality in Hypothesis A is designed precisely so that the final term is o.1/.

Remark. We have always assumed that k � d.G/� 1. Our analysis does apply ifM WD
k � d.G/� 2 is fixed (i.e., not diverging) too. Then, however, it is not necessarily the case
that the group is generated w.h.p. – e.g., ifG D Zd2 , then it is not. Our analysis shows that
the mixing time is of order t0 with probability bounded away from 0, and approaching 1
as M grows.
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3. Total variation cutoff: Approach #2

Recall that Theorem A is established via two distinct approaches. In the previous section,
we used one approach to deal with the case that k is ‘not too large’. Here, we use a new
approach to deal with the case that k is ‘not too small’. The main result of the section is
Theorem 3.7. The outline of the section is roughly the same as that of the previous one.

� Section 3.1 discusses the new, refined entropic methodology.

� Section 3.2 defines the new entropic times.

� Section 3.3 states bounds on the growth rate of the entropy and concentration.

� Section 3.4 states precisely the main theorem of the section.

� Section 3.5 outlines the differences between this argument and the previous approach.

� Section 3.6 is devoted to the lower bound.

� Section 3.7 is devoted to the upper bound.

3.1. Entropic times: New methodology and definition

The underlying principles of the method used in this section (Section 3) are the same
as those of the previous one (Section 2), just adjusted slightly to deal with the cases not
previously covered.

We first discuss where the previous approach broke down and how we might fix it. The
primary issue was when d.G/was very large. For example, consider Zd2 . All elements are
of order 2, so instead of looking atW , a RW on Z, we could equally have takenW mod 2.
The entropy ofW1.t/mod 2 is significantly smaller than that ofW1.t/ once t=k & 1. This
suggests a longer mixing time.

Now, V � Z � Unif.
G/ when gcd.V1; : : : ; Vk ; n/ D 
 . This motivates defining �

to be the time at which the entropy of W1 mod 
 is logjG=
Gj, and proposing �� WD
max
2N �
 as the upper bound.

3.2. Entropic times: Definition and concentration

In this section, we refine the definition of entropic times. The concept is highly analogous
to that of the previous section. There is, thus, some overlap in both verbal description
and notation. We have been careful, though, to set it up as not to cause confusion: we
always use indices such as 
 2 N in the new entropic times �0.
; N / or �
 below, whilst
previously we used ˛ 2 R in t˛ .

We now define precisely the (updated) notion of entropic times. Let W D .Wi .t/ j

i 2 Œk�; t � 0/ be a RW on Zk , counting the uses of the generators, as in the previous
sections. This can be either a SRW on Zk or DRW on ZkC. As before, S.t/ D W.t/ � Z.
For 
 2 N [ ¹1º, define W
 via

W
;i .t/ WD Wi .t/ mod 
 for 
 2 N and W1 WD W:
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Then, W
 is a RW on Zk
 . So, W
;i WD .W
;i .t//t�0 forms an iid sequence of rate-1=k
RWs on Z
 . As before, ‘mod 1’ has no effect: w D w mod 1 for all w 2 Zk , and
G=1G D G as1G D ¹idº.

Write �
;t (resp. �
;s) for the law ofW
 .t/ (resp.W
;1.sk/); so, �
;t D �˝k
;t=k . Define

Q
 .t/ WD � log�
;t .W
 .t// and Q
;i .t/ WD � log �
;t=k.W
;i .t//:

So, Q
;i forms an iid sequence over i 2 Œk�; also,

Q
 .t/ D

iD1X
k

Q
;i .t/; h
 .t/ WD E.Q
 .t// and H
 .s/ WD E.Q
;1.sk//:

So, h
 .t/ and H
 .s/ are the entropies of W
 .t/ and W
;1.sk/, respectively. Note that
h
 .t/ D kH
 .t=k/ and that h
 W Œ0;1/! Œ0; log.
k// is a strictly increasing bijection.

Some of these expressions, such as h
 , depend on k; we usually suppress this from
the notation.

Definition 3.1. For N < 
k , define the entropic time

�0.
;N / WD h
�1

 .logN/ and �0.
;N / WD

�0.
;N /

k
D H�1


� logN
k

�
:

We are interested primarily in N WD jG=
Gj for an Abelian group G: set

�� WD ��.k;G/ WD max

2N[¹1º

�0.
; jG=
Gj/:

This �� is the same as defined in the introduction; see Definition A. Comparing with
notation in Approach #1, �0.1; jGj/ D t0; see Definition 2.1. We establish cutoff here,
not the profile as well.

Recall that1G D jGjG D ¹idº and 1G D G. So, the maximum is achieved at some

 2 Œ2; n�. Below, for brevity, we write ‘
 � 2’ to mean ‘
 2 N [ ¹1º n ¹1º’.

Our next result determines the asymptotics of ��.

Proposition 3.2a. Suppose that 1� k . logjGj. The following hold:

if k � d.G/ � k; then ��.k;G/ � kjGj2=k I

if k � d.G/ � 1; then kjGj2=k . ��.k;G/ . kjGj2=k log k:

Proposition 3.2b. Suppose that d.G/� logjGj and k � d.G/ � k � 1. Then,

��.k;G/ Å �0.1; G/ D t0:

As with earlier results, the rigorous proofs are technical. They boil down to comparing
the RW on Z
 with one on Z. Precise details are deferred to [26, Propositions B.17
and B.18].

In Section 3.6, we show that �0.
; jG=
Gj/ is a lower bound on mixing for all 
 ,
for all Z. Throughout this section, we work under the assumption that k . logjGj. (Recall
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from Section 1.3 that cutoff had already been established for all Abelian groups when
k � logjGj.) As a result of this, taking 
 WD jGj, we see that the mixing time is at least
of order k. Indeed, jGjG D ¹idº, so the target entropy per coordinate is logjGj=k & 1,
so each coordinate needs to be run for time t=k & 1. Hence, there exists a & > 0 so that
the mixing time is at least 2&k. This holds for all Z, not just w.h.p. over Z.

Unfortunately, the 
 with �0.
; jG=
Gj/ � &k cause some technical difficulties. For
this reason, we take the maximum with &k in the definition of the ‘adjusted’ entropic
time �
 below. Crucially,

max

2N

.�0.
; jG=
Gj/ _ &k/ D max

2N

�0.
; jG=
Gj/ _ &k D ��:

We emphasise that this last adjustment is purely technical. On the other hand, the entropic
times in Definition 3.1 capture properties of the group to which those in Definition 2.1 are
oblivious.

Definition 3.3. For 
 � 2 and s � 0, define the (adjusted) entropic time and relative
entropy via

�
 WD �0.
; jG=
Gj/ _ &; �
 WD �
k and R
 .s/ WD log 
 �H
 .s/:

The maximal entropy of a distribution on Z
 is log 
 , obtained uniquely by the uni-
form distribution Unif.Z
 /. Hence, R
 .s/ ! 0 as s !1, since the RW converges to
Unif.Z
 /.

3.3. Entropic times: Entropy growth rate and concentration

We determine the rate of change of the entropy around the entropic time and establish
concentration estimates on the ‘random entropy’ Q
 at a time shortly after the entropic
time.

The first lemma controls the rate of change of the entropy near the entropic time.

Lemma 3.4. There exists a continuous function xcW .0; 1/! .0; 1/ so that, for all 
 � 2,
all � 2 .�1; 1/ n ¹0º and all s � & , we have

jH
 .s.1C �// �H
 .s/j � 2xcj�j.R
 .s/ ^ 1/:

Outline of proof. If s � 1, then it is easy as all terms are order 1. If s � 
2, then the
fact that the RW is on Z
 , not Z, is not significant. The entropy is thus approximately
.1=2/ log.2�es/, i.e., that ofN.0; s/, if also s� 1. The case s & 
2 follows from standard
(modified) log-Sobolev arguments.

Making this proof rigorous is technical. Doing so is deferred to [26, Lemma B.20].

Recall that �� D max
2N �
 . Abbreviate d D d.G/. For 
 2 N, write

�
 WD
1

k
.k � d.G// log 
:



Cutoff for almost all random walks on Abelian groups 1945

Proposition 3.5. Assume that k > d . There exists a continuous function cW .0; 1/! .0; 1/

so that, for all 
 � 2 and all " 2 .0; 1/, the following hold:

P .Q
 .��.1C "// � logjG=
Gj C c".�
 ^ 1/k/ � e�c".�
^1/k ;

P .Q
 .t.1 � "// � logjG=
Gj � c".�
 ^ 1/k/ D o.1/ for all t � �
 :

Outline of proof. Recall that Q
 .t/ D
Pk
1 Q
;i .t/ is a sum of iid terms, each of mean

H
 .t=k/=k. By the entropy growth rate (Lemma 3.4), for any � 2 .�1; 1/ n ¹0º, the
change in entropy between times s and .1 C �/s is of order R
 .s/ ^ 1, with implicit
constant depending on j�j. Taking s WD �0.
; jG=
Gj/, recalling that jG=
Gj � 
d.G/ by
Lemma 2.12, gives

R
 .s/ D log 
 �H
 .s/ D log 
 �
logjG=
Gj

k
�
1

k
.k � d.G// log 
 D �
 :

We are interested in the times �
 , not �0.
; jG=
Gj/; this is only a minor tech-
nical complication. The quantitative concentration estimate requires first deterministically
bounding E.Q1;
 / �Q1;
 from above. A (one-sided) variant of Bernstein’s inequality
for a sum of iid, deterministically bounded random variables, is then applied. The non-
quantitative part is just an application of the Chebyshev inequality, once the variance
V ar.Q
;1.sk// has been uniformly bounded over s � & . Again, making argument this
rigorous is technical. It is deferred to [26, Proposition B.21].

3.4. Precise statement and remarks

In this subsection, we state precisely the main theorem of the section. There are some
simple conditions on k, in terms of d.G/ and jGj, needed for the upper bound.

Hypothesis B. The sequence .kN ; GN /N2N satisfies Hypothesis B if the following hold:

lim sup
N!1

kN

logjGN j
<1; lim inf

N!1
¹kN � d.GN /º D 1; lim inf

N!1

kN

log.jHN j C 1/
D1;

where

HN WD ¹
GN
ˇ̌

 o jGN j and 
 2 Œ2; n�;N �º and n�;N WD bjGN j

1=kN .log kN /2c;

where the notation a o b means that a divides b, i.e., b 2 aZ, for a; b 2 N.

Remark 3.6. If k �
p

logn, then k � log.jH j C 1/, since jH j � n� � n1=k.log k/2.

Throughout the proofs, we suppress the subscript-N , e.g., writing k or n, consider-
ing sequences implicitly. Recall that we abbreviate the TV distance from uniformity at
time t as

dGk ;N .t/ D kPGN .ŒZ1;:::;ZkN �/.S.t/ 2 �/ � �GN kTV;

where
Z1; : : : ; ZkN �

iid Unif.GN /:
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We now state the main theorem of this section. Recall that

�� D max


�0.
; jG=
Gj/ D max



�
 :

Theorem 3.7. Let .kN /N2N be a sequence of positive integers and .GN /N2N of finite,
Abelian groups; for each N 2 N, define Z.N/ WD ŒZ1; : : : ; ZkN � by drawing Z1; : : : ;
ZkN �

iid Unif.GN /. Suppose that the sequence .kN ; GN /N2N satisfies Hypothesis B.
Let c 2 .�1; 1/ n ¹0º. Then,

dGk ;N ..1C c/��.kN ; GN //!
P 1.c < 0/ (in probability) as N !1:

That is, w.h.p., there is TV cutoff at �� D max
 �0.
; jG=
Gj/. Moreover, the implicit
lower bound on the TV distance holds deterministically, i.e., for all choices of generators.

3.5. Outline of proof

The general outline is analogous to that before; see Section 2.5. That approach failed once
either d or k became too large or k � d became too small. We outline here the ideas used
to cover these cases.

For the lower bound, we project the walk from G to G=
G. This cannot increase the
TV distance. The same argument shows that �0.
; jG=
Gj/ is a lower bound for all 
 .

For the upper bound, fundamentally, we still wish to bound the same expression

D.t/ D
X

2N

P .g D 
 j typ/ �
jGj

j
Gj
� 1I

see Propositions 2.9 and 3.13. If g D 
 , then W � W 0 mod 
 . But W
 WD W mod 

and W 0
 WD W

0 mod 
 are simply RWs on Zk
 . So, the same argument as in Lemma 2.10
gives

P .g D 
 j typ/ � P .W
 D W
0

 j typ/�

1

jG=
Gj
D
j
Gj

jGj
when t � �0.
; jG=
Gj/:

Thus,D.t/D 1C o.1/ when t � �0.
; jG=
Gj/ for all 
 � 2. Hence, the proposed upper
bound of

�� D max

�2

�0.
; jG=
Gj/:

The adjusted entropic times �
 are only introduced to alleviate a technical problem.

3.6. Lower bound on total-variation mixing

The idea is to quotient out by 
G, and show that the walk on this quotient is not mixed
at time .1 � "/�0.
; jG=
Gj/, as in Section 2.6. Hence, the original walk is not mixed
on G either. This is achieved via the entropy growth rate and variance bounds detailed in
Proposition 3.5.
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Proof of lower bound in Theorem 3.7. As in Section 2.6, for this proof only, to emphas-
ise that Z is fixed, not being averaged over, we add a subscript-Z to the probabilities
involving Z: PZ.S.t/ 2 �/.

Fix " 2 .0; 1/ and set t WD .1 � "/�0.
; jG=
Gj/. Recall that

�
 D
k � d.G/

k
log 
:

Then, P .E/ D 1 � o.1/, where

E WD
°
�
;t .W
 .t// �

ı�1


jG=
Gj

±
and ı
 WD e

�c".�
^1/k ;

by the entropy concentration (Proposition 3.5). Also, jG=
Gj � 
d.G/ by Lemma 2.12,
and so

R
 .�0.
; jG=
Gj// D log 
 �
logjG=
Gj

k
�
1

k
.k � d.G// log 
 D �
 :

Also, k � d.G/� 1, by assumption. Thus, ı
 D o.1/ uniformly in 
 . Consider the set

E WD
°
x 2 G=
G

ˇ̌
9w 2 Zk
 st �
;t .w/ �

ı�1


jG=
Gj
and x D .w �Z/
G

±
:

Define S
 to be the projection of S D W1 �Z to G=
G. Then, PZ.S
 .t/ 2 E j E/ D 1
since W1 generates S . Every element x 2 E can be realised as x D wx � Z for some
wx 2 Zk
 with �
;t .wx/ � ı

�1

 =jG=
Gj, by definition of E. Hence, for all x 2 E,

we have

PZ.S
 .t/ D x/ � P .W
 .t/ D wx/ D �
;t .wx/ �
ı�1


jG=
Gj
;

recalling that S
 lives in the quotient G=
G. Taking the sum over all x 2 E, we deduce
that

1 �
X
x2E

PZ.S
 .t/ D x/ � jEj �
ı�1


jG=
Gj
;

and hence
jEj

jG=
Gj
� ı
 D o.1/:

Projecting onto G=
G cannot increase the TV distance, so

kPGk .S.t/ 2 �/ � �GkTV � PZ.S
 .t/ 2 E/ � �G=
G.E/

� P .E/ �
jEj

jG=
Gj
D 1 � o.1/:

Finally, recall that max
2N �
 D max
2N �0.
; jG=
Gj/ D ��. This completes the
proof.
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3.7. Upper bound on total-variation mixing

We use the same ‘modified L2 calculation’ as in Section 2.7, conditioning on ‘typicality’;
see Lemma 2.6.

Abbreviate d D d.G/ and recall that �
 D ..k � d/=k/ log 
 ; set y�
 WD �
 ^ 1. Fix
" > 0. The following depend on "; we suppress this. Set t WD ��.1C "/. Recall the constant
c D c" > 0 from Proposition 3.5.

Definition 3.8. Set t D ��.1C "/. Define global typicality sets for 
 2 N [ ¹1º by

W
;glo WD

°
w 2 Zk


ˇ̌
P .W
 .t/ D w/ �

ı


jG=
Gj

±
; where ı
 WD e

�cy�
k ;

using the convention y�1 D �1 ^ 1D 1, so ı1 WD e�ck . Define the local typicality set by

Wloc WD ¹w 2 Zk1 j jwi � E.W1;i .t//j � r� 8i 2 Œk�º; where r� WD
1

2
jGj1=k.log k/2:

When W 0 is an independent copy of W , define typicality by

typ WD ¹W1.t/;W
0
1.t/ 2 Wlocº \

� \

2�

¹W
 .t/;W
0

 .t/ 2 W
;gloº

�
;

where � is a specific subset of Œ2; jGj� to be defined below in Definition 3.11.

We are going to use a union bound over 
 2 � , so desire control on
P

2� ı
 .

Lemma 3.9. For all � � N n ¹1º, we haveX

2�

ı
 � ı1j�j C 2
�c.k�d/C1

D ı1j�j C o.1/:

Proof. Since min� � 2 and k � d � 1, we have
P

2� 


�c.k�d/ �
P

�2 


�c.k�d/ �

2�c.k�d/C1. So,X

2�

ı
 �
X

2�

.e�ck C e�c�
k/ D e�ckj�j C
X

2�


�c.k�d/ � ı1j�j C 2
�c.k�d/C1:

Proposition 3.10. For all " > 0 and any subset � � N n ¹1º, we have

P .typ/ � 1 � ı1j�j � o.1/:

Proof. Suppress the time-dependence from the notation: e.g., writeW
 forW
 .t/ andQ

for Q
 .t/.

We consider global typicality first. Observe that

Q
 D � log�
 .W
 / � logjG=
Gj C cy�
k if and only if �
 .W
 / �
e�c
y�
k

jG=
Gj
:
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Hence, recalling that ı
 D e�c
y�
k with y�
 D �
 ^ 1, by Proposition 3.5, we have

P .W
 … W
;glo/ � ı
 ; and hence P
� \

2�

¹W
 2 W
;gloº

�
� 1 �

X

2�

ı
 ;

by the union bound. Recall that �
 D .1=k/.k � d/ log 
 . Applying Lemma 3.9, we de-
duce that

P
� \

2�

¹W
 2 W
;gloº

�
� 1 � ı1j�j � o.1/:

We turn to local typicality. Proposition 3.2a gives t=k � jGj2=k log k. So, Proposi-
tion 2.8a gives

P
�\

i

¹jW1;i � E.W1;i /j � r�º
�
D 1 � o.1/; and hence P .W1 2Wloc/ D 1 � o.1/:

The claim follows by combining local and global typicality and applying the union
bound.

We now choose the set � , to make sense of typicality. Recall that a o b means that a
divides b.

Definition 3.11. Define � WD ¹
 2 Œ2; n�� j 
 o nº, where n� D b2r�c. Recall that

H WD ¹
G j 
 2 �; 
G ¤ Gº D ¹H j H D 
G ¤ G for some 
 2 �º:

Given H 2 H , write �H WD ¹
 2 � j H D 
Gº and denote by 
H the minimal 
 o n
with H D 
G, i.e., 
H WD inf �H . Finally, define � WD ¹
H j H 2 Hº [ ¹nº; so, � �
� [ ¹nº � Œ2; n�� [ ¹nº.

The following lemma, whose proof is deferred to the end of this subsection, is also
needed.

Lemma 3.12. For all H 2 H and all 
 2 �H , we have 
H o 
 .

Recall that �� D max
 �
 . In analogy with Section 2.7 and Proposition 2.9, write

D WD D.t/ WD nP .V1.t/ �Z D 0 j typ/ � 1:

Proposition 3.13. Write g WD gcd.V1;1; : : : ;V1;k ;n/. Recall that ">0 and tD ��.1C"/.
We have

0 � D.t.1C "// D
X

2N

P .g D 
 j typ/ �
jGj

j
Gj
� 1 �

ı1j�j C o.1/

P .typ/
:

The conditions of Hypothesis B imply immediately that this last term is o.1/, since
ı1 D e

�ck .

It is straightforward to deduce the upper bound on mixing from Propositions 3.10
and 3.13.
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Proof of upper bound in Theorem 3.7. We use a modifiedL2 calculation at time .1C"/�
max
 �
 .

� Condition that W satisfies typicality; see Definition 3.8 and Proposition 3.10.

� Perform the standard TV–L2 bound on S D W � Z conditional that W is typical; cf.
Lemma 2.6.

� Upper bound the expected L2 distance by .ı1j�j C o.1//=P .typ/; see Proposi-
tion 3.13.

� This gives an upper bound on the expected TV distance of .ı1j�j C o.1//=P .typ/C
P .typc/.

� Clearly, j�j � jH j C 1. So, k � log.jH j C 1/ implies ı1j�j � ı1.jH j C 1/� 1,
as ı1 D e�ck . Thus, P .typ/D 1� o.1/ by Proposition 3.10. Hence, the expected TV
distance is o.1/.

� This means that the TV distance is o.1/ w.h.p., by Markov’s inequality.

We now prove Proposition 3.13. All terms are evaluated at t D ��.1C "/, and this is
suppressed.

Proof of Proposition 3.13. Write V1 WD W1 � W
0
1 and g WD gcd.V1;1; : : : ; V1;k ; n/.

If g D 
 , which must have 
 o n as the gcd is with n, then V1 � Z � Unif.
G/ by
Lemma 2.11. Then,

D D nP .V1 �Z D 0 j typ/ � 1 D jGj
X

on

P .g D 
 j typ/

j
Gj
� 1:

We consider various cases. First, combining together all 
 such that 
G D G, we
upper bound

jGj
P .g 2 ¹
 j 
G D Gº/

j
Gj
� 1:

If V1D 0 in Zk , then gD 
 D n, which gives 
GD¹idº; using the definition of typicality,

jGj
P .V1 D 0 j typ/

j
Gj
D jGjE.P .W1 D W

0
1 j W

0
1; typ/ j typ/ �

ı1

P .typ/
I

cf. Lemma 2.10. If V1 ¤ 0, then, given (local) typicality, g � n� D b2r�c.
It remains to study 
 2 �. By Lemma 3.12, for any H 2 H , we have

¹V
 D 0 for some 
 2 �H º � ¹V
H D 0º:

(Recall that V
 2 Zk
 for each 
 .) This collapses the sum over all 
 2 �H into the single
term 
H :X


2�H

P .g D 
 j typ/

j
Gj
D

P .
S

2�H

¹g D 
º j typ/

jH j

�
P .V
 D 0 for some 
 2 �H /

jH j
�

P .V
H D 0 j typ/

jH j
�
ı
H =jGj

P .typ/
;
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using typicality for the final inequality. We decompose
P

2� into

P
H2H

P

2�H

:

jGj
X

2�

P .g D 
 j typ/

j
Gj
D jGj

X
H2H

X

2�H

P .g D 
 j typ/

j
Gj
�

X
H2H

ı
H
P .typ/

:

Combining all parts and using Lemma 3.9, we deduce the proposition

0 � nP .V �Z D 0 j typ/ � 1 D jGj
X

on

P .g D 
 j typ/

j
Gj
� 1 �

ı1j�j C o.1/

P .typ/
:

It remains to give the deferred proof Lemma 3.12. Recall that a o b means that a
divides b.

Proof of Lemma 3.12. Decompose G D
Lr
1 Zmj arbitrarily. Fix ˇ 2 �H . Then, H DLr

1 hjZmj , where hj WD gcd.ˇ;mj / for all j , since ˛GD ˇG if and only if gcd.˛;mj /D
gcd.ˇ;mj / for all j . Set 
� WD lcm.h1; : : : ; hr /. We show that 
�G D H and 
� o ˛ for
all ˛ 2 �H , proving the lemma.

Fix j 2 Œr�. Now, hj o 
� D lcm.h1; : : : ; hr / and hj omj by assumption. Hence, hj o
gcd.
�; mj /. Conversely, if x o z and y o z, then lcm.x; y/ o z, and so


� D lcm.h1; : : : ; hr / o ˇ

since hj o ˇ. Hence, gcd.
�; mj / o gcd.ˇ; mj / D hj . Thus, hj D gcd.
�; mj /. Hence,

�G D H . Now consider any ˛ with ˛G D H ; so, hj D gcd.˛; mj / for all j . Hence,
hj o ˛ for all j , and so lcm.h1; : : : ; hr / o ˛, i.e., 
� o ˛.

4. Total variation cutoff: Combining Approaches #1 and #2

The only regime which we have not yet covered iss
logjGj

log log logjGj
. k .

p
logjGj with 1� k � d.G/� kI

see Remarks 2.4 and 3.6 for the regimes covered by Approaches #1 and #2, respectively.
We combine the approaches here, using the refined notion of entropic times (Section 3.2),
to handle the rest.

4.1. Precise statements and remarks

There are some simple conditions on k, in terms of d.G/ and jGj, needed for the upper
bound.

Hypothesis C. The sequence .kN ;GN /N2N satisfies Hypothesis C if the following hold:

lim inf
N!1

kNp
logjGN j= log log logjGN j

> 0; lim sup
N!1

kNp
logjGN j

<1;

lim inf
N!1

.kN � d.GN // D1; lim sup
N!1

kN � d.GN /

kN
D 0:
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Remark 4.1. In short, the conditions of Hypothesis C say thats
logjGj

log log logjGj
. k .

p
logjGj and 1� k � d.G/� k:

Throughout the proofs, we drop the subscript-N from the notation, e.g., writing k
or n, considering sequences implicitly. Recall that we abbreviate the TV distance from
uniformity at time t as

dGk ;N .t/ D kPGN .ŒZ1;:::;ZkN �/.S.t/ 2 �/ � �GN kTV;

where
Z1; : : : ; ZkN �

iid Unif.GN /:

We now state the main theorem of this section. Recall that

�� D max

2N

�0.
; jG=
Gj/:

Theorem 4.2. Let .kN /N2N be a sequence of positive integers and .GN /N2N of finite,
Abelian groups; for each N 2 N, define Z.N/ WD ŒZ1; : : : ; ZkN � by drawing Z1; : : : ;
ZkN �

iid Unif.GN /. Suppose that the sequence .kN ; GN /N2N satisfies Hypothesis C.
Let c 2 .�1; 1/ n ¹0º. Then

dGk ;N ..1C c/��.kN ; GN //!
P 1.c < 0/ (in probability) as N !1:

That is, w.h.p., there is TV cutoff at max
 �0.
; jG=
Gj/. Moreover, the implicit lower
bound on the TV distance holds deterministically, i.e., for all choices of generators.

Remark. The TV lower bound from Section 3.6 is valid whenever k � d.G/� 1. Thus,
it suffices to consider only the upper bound here. The asymptotic evaluation of �� depends
on the regime of k.

4.2. Outline of proof

Fundamentally, we still wish to bound the same expression that we did previously:X

ojGj

P .g D 
 j typ/ �
jGj

j
Gj
� 1I

see Propositions 2.9 and 3.13. In Section 2.7, we used jG=
Gj � 
d.G/. In Section 3.7,
we used typicality to get

P .g D 
 j typ/ � P .W
 D W
0

 j typ/�

1

jG=
Gj
:

The idea here, for this interim regime of k near
p

logjGj, is to improve the bound
jG=
Gj � 
d.G/ for all but eo.k/ of the 
 ; for the remaining 
 , we use jG=
Gj � 
d.G/

and the second approach.
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4.3. Upper bound on total-variation mixing

Let G be an Abelian group; set n WD jGj. One can find a decomposition
Ld
1 Zmj of G

such that d D d.G/, the minimal size of a generating set, and mi omj for all i � j . Fix
such a decomposition.

Let " > 0 and let t WD .1C "/��.k;G/. We frequently suppress the t and " dependence
in the notation. Let c WD c" > 0 be the constant from Proposition 3.5. Recall some notation
from Section 4.3:

�
 D
1

k
.k � d/ log 
; y�
 D �
 ^ 1; ı
 D e

�cy�
k and r� D
1

2
jGj1=k.log k/2:

Since k � d � 1 and k .
p

logn, we have y�n D 1; set y�1 WD 1. Recall that W is a RW
on Z and we define W
 by W mod 
 ; set W1 WD W . We now define typicality for this
section precisely.

Definition 4.3 (Cf. Definition 3.8). Define typical sets for 
 2N [ ¹1º by the following:

W
;glo WD

°
w 2 Zk


ˇ̌
P .W
 .t/ D w/ �

ı


jG=
Gj

±
; where ı
 D e�c

y�
k I

Wloc WD ¹w 2 Zk j jwi � E.Wi .t//j � r� 8 i 2 Œk�º; where r� D
1

2
n1=k.log k/2:

Choose L to be the maximal integer in Œ1; d � with mL �M , where

M WD e
p

logn log logn
I set � WD ¹rm j r 2 Œk1=2�; m omL; rm o nº n ¹1º:

When W 0 is an independent copy of W , define typicality by

typ WD ¹W.t/;W 0.t/ 2 Wlocº \

� \

2�

¹W
 .t/;W
0

 .t/ 2 W
;gloº

�
:

Lemma 4.4. We have logj�j � k. In particular, ı1j�j D o.1/.

Proof. We have j�j � k1=2 divmL, where divm is the number of divisors of m 2 N.
It is a standard number-theoretic result that log divm . logm= log logm uniformly in
m 2 N; see, e.g., [20, §18.1]. By the definition of mL and the assumption that k &p

logn= log log logn, we obtain

log divmL .
logM

log logM
.

s
logn log logn

log logn
� k:

Thus, logj�j � k. Finally, recall that log.1=ı1/ D ck � k.

The following result is an immediate consequence of Lemmas 3.9 and 4.4 and Pro-
position 3.10.

Lemma 4.5 (Cf. Lemma 3.9 and Proposition 3.10). We haveX

2�

ı
 D o.1/ and P .typ/ D 1 � o.1/:
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Thus, by applying the modified L2 calculation, as before, it suffices to prove the fol-
lowing result.

Proposition 4.6. Let " > 0 be fixed and set t WD .1C "/��.k;G/. Then,

jGjP .S D S 0 j typ/ � 1 D
X

2N

jG=
GjP .g D 
 j typ/ � 1 D o.1/:

In order to prove this, we first show that L Å d Å k.

Lemma 4.7. We have 0 � d � L �
p

logn= log logn� k. In particular, L Å d Å k.

Proof. By definition, L 2 Œ1; d �, so L � d . If L < d , then mL � M � mLC1. Now,
n D m1 � � �md , so then M d�L � md�LLC1 � mLC1 � � �md � n. Recall that

k &

s
logn

log log logn
:

Rearranging,

d � L �
logn

logM
D

s
logn

log logn
� k Å d:

We prove Proposition 4.6 by separating the sum over 
 into two parts according to � .

Proof of Proposition 4.6. Observe that jG=
GjP .g D 
 j typ/ � 1 when 
 D 1. Also,
g o n. Thus,X


2N

jG=
GjP .g D 
 j typ/ � 1 �
X

2�0

jG=
GjP .g D 
 j typ/

C

X

2�

jG=
GjP .g D 
 j typ/;

where � 0 WD ¹
 2 Œ2; n� j 
 o nº n � . We analyse these sums with Approaches #1 and #2,
respectively: namely, we show below that both sums are o.1/, when t WD .1C "/��.k;G/
with " > 0 a constant.

#1 Suppose that 
 2 � 0, so 
 … � [ ¹1º. For each j 2 ŒL�, we may write


 D rj � gcd.
;mj / and mj D r
0
j � gcd.
;mj /;

where
gcd.rj ; r 0j / D 1:

By definition of � , if 
 D zr � m for some m o mj , then zr > k1=2, as 
 … � . Hence,
gcd.
; mj / D 
=rj � 
=k

1=2 for j 2 ŒL�. Applying this to the first L terms of the
product gives

jG=
Gj D

dY
1

gcd.
;mj / �

d

kL=2
:



Cutoff for almost all random walks on Abelian groups 1955

Let ı 2 .0; 1/. Exactly the same analysis as in the proof of Corollary 2.15 then leads
us to X


2�0

jG=
GjP .g D 
 j typ/ � e2ık2dC1�k C 2kıdC1�kn.dC1�k/=k

C
4k.log k/2.dC1/

kL=2
:

Setting ı WD .1=4/.k � d � 1/=k makes the first two terms o.1/, as in Corollary 2.15.
For the third term, 4k.log k/2.dC1/=kL=2 � 1 as L Å k Å d . Hence, the sum over

 2 � 0 is o.1/.

#2 The typicality conditions set out in Definition 4.3 imply that

P .g D 
 j typ/ � P .W
 D W
0

 j typ/ �

ı


jG=
Gj
I

cf. Lemma 2.10. Hence, combined with Lemma 4.5, the sum over 
 2 � is o.1/.

5. Separation cutoff

Recall that separation distance is defined by

s.t/ WD max
x;y

°
1 �

Pt .x; y/

�.y/

±
for t � 0;

wherePt .x;y/ is the time-t transition probability from x to y and � the invariant distribu-
tion. We write sGk ;N when considering sequences .kN ; GN /N2N , analogously to dGk ;N
for total variation.

5.1. Precise statement and remarks

As for the previous theorems, conditions are imposed on .k;G/.

Hypothesis D. The sequence .kN ;GN /N2N satisfies Hypothesis D if the following hold:

lim inf
N!1

kN � d.GN /

max¹.logjGN j=kN /2; .logjGN j/1=2º
D 1 and lim sup

N!1

log kN
logjGN j

D 0:

Remark 5.1. It is easy to check that Hypothesis D is satisfied when log k � logjGj
and

either k & .logjGj/3=4 and k � d.G/� .logjGj/1=2

or k � .logjGj/2=3 and k � d.G/ � k:

In particular, the latter holds whenever k � log2jGj & logjGj, e.g., k � logjGj.
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Theorem 5.2. Let .kN /N2N be a sequence of positive integers and .GN /N2N of finite,
Abelian groups; for each N 2 N, define

Z.N/ WD ŒZ1; : : : ; ZkN �

by drawing Z1; : : : ; ZkN �
iid Unif.GN /. Suppose that the sequence .kN ; GN /N2N sat-

isfies Hypothesis D. Let c 2 .�1; 1/ n ¹0º. Then,

sGk ;N ..1C c/��.kN ; GN //!
P 1.c < 0/ (in probability) as N !1:

That is, w.h.p. there is separation cutoff at ��.k; G/. Moreover, the implicit lower bound
on the separation distance holds deterministically, i.e., for all choices of generators.

Remark. Total-variation distance is a lower bound on separation distance; see, e.g., [35,
Lemma 6.16]. Hence, the lower bound on separation distance is immediate from that on
TV distance.

The proof uses the previously established TV mixing time upper bound as a building
block.

5.2. Upper bound on separation mixing

Preliminaries. Write n WD jGj. We want to show, for fixed � > 0, that

min
x2G

P˙t .0; x/ �
1

n
.1 � o.1// for some t � .1C 2�/�˙� .k;G/:

Abbreviate d WD d.G/. Let � D o.1/, to be specified later. Throughout the course of
the proof, we impose conditions on �; at the end, we show that these are equivalent to
Hypothesis D.

Set k0 WD k � �.k � d/; then, k0 Å k and k0 � d D .1� �/.k � d/Å k � d � 1. Let
A WD ŒZ1; : : : ; Zk0 � be the first k0 generators and B WD ŒZk0C1; : : : ; Zk � be the remaining
k � k0 D �.k � d/. Since G is Abelian, Pt D Pt;APt;B , where in Pt;A (resp. Pt;B ),
we pick each generator of A (resp. B) at rate 1=k independently. In words, first apply the
generators from A, then those from B .

Let � > 0 be a constant; let t 0 WD .1 C �/��.k
0; G/. Since there is cutoff on G.A/

w.h.p. at ��.k0; G/, we can choose ı D o.1/ so that t 0 is larger than the ı2-TV mixing
time for the rate-1 RW on G.A/ for a typical choice of A. In the regime k � log n,
simply having ı D o.1/ will be sufficient. In the regime k . log n, we quantify this to
be ı D e�2c.k�d/. Hypothesis D implies that k �

p
logn; combined with k . log n,

this means that Hypothesis B, used in Approach #2 (Section 3), is satisfied. We also
compare ��.k0; G/ and ��.k; G/, the w.h.p.-cutoff times for G.A/ and G.Z/, respect-
ively.

We need two auxiliary lemmas, which we state now; their proofs are deferred to Sec-
tion 5.3.
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Lemma 5.3. Assume Hypothesis D. Then, there exists ı� 1 such that the ı2-mixing time
of the RW on G.A/ is at most t 0 D .1 C �/��.k

0; G/ w.h.p. Further, when additionally
k . logn, there exists a constant c > 0 such that we may take ı WD e�4c.k�d/.

Lemma 5.4. We have ��.k0; G/ Å ��.k;G/ if and only if �.k � d/k�2 logn� 1.

Note that k � log n implies k � d Å k, and so .k � d/k�2 log n Å log n=k � 1

already; so, any �� 1 suffices. Assume that �.k � d/k�2 logn� 1 so that ��.k0;G/ Å
��.k; G/. To relate this to the rate-1 RW on G.Z/, rescale time by k=jAj D 1=.1 �

�.k � d/=k/: set t WD t 0=.1 � �.k � d/=k/. Thus,

t Å .1C �/��.k;G/ as �� 1 �
k

k � d
I in particular, t � .1C 2�/��.k;G/:

By monotonicity of the separation distance with respect to time, it thus suffices to show
that

min
x2G

Pt .0; x/ �
1

n
.1 � o.1// w.h.p.

Recall that the generators Z D A [ B are separated into A, the first k0, and B , the
remainder.

Lemma 5.5. Assume Hypothesis D. Let t � t 0 D .1C �/��.k0; G/. Assume that

1

k � d
� �� 1 when k . logn and

1

t 0
� �� 1 when k � logn:

Let ı be as in Lemma 5.3. For y; z 2 G, define

QB.y; z/ WD jB˙j
�1

X
b2B˙

1.y C b�1 D z/I

i.e., QB is the transition matrix for the time-reversed RW on the Cayley graph G.B/.
Suppose also that for all (deterministic) sets D � G with jG nDj � ıjGj and all x 2 G
uniformly,

P .QB.x;D/ � 1 � �/ D o
� 1

jGj

�
for some � D o.1/;

where BC WD B and B� WD B [ B�1 (as multisets). Then,

min
x2G

Pt .0; x/ �
1

n
.1 � o.1// w.h.p.

Proof. We condition on a typical realisation of A: write A WD ¹a j tmix.ı
2IG.a// � t 0º

and condition on A D a for a fixed a 2 A. Then, P .A 2 A/ D 1 � o.1/ by Lemma 5.3.
Given A D a 2 A, the set

D WD
°
z 2 G

ˇ̌
Pt;a.0; z/ �

1

n
.1 � ı/

±
satisfies jDj � n.1 � ı/:

Indeed, using the distinguishing-statistic representation of total-variation distance,

ı2 � �.Dc/ � Pt;a.0;D
c/ �

1

n
jDc
j �

1

n
.1 � ı/jDc

j D
1

n
ıjDc

j; so
1

n
jDc
j � ı:
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For the undirected case (i.e., the RW on G�
k

), by reversibility, conditional on A D a 2 A,
we have

P�t .0; x/ � P
�
t;B.x;D/ �

1

n
.1 � ı/:

While the RW onGC
k

is not reversible, Cayley graphs have the special property that a step
‘backwards’ with a generator z corresponds to a step ‘forwards’ with z�1. Thus,

PCt .0; x/ � Q
C

t;B.x;D/ �
1

n
.1 � ı/;

where QC
�;B is the heat kernel for the RW on GC.B�1/, where B�1 WD Œz�1 j z 2 B�,

rather than on GC.B/. For the RW on G�
k

, replacing the generators with their inverses
has no effect on the graph (or RW); setQ�

�;B
WD P�

�;B . We want to show thatQt;B.x;D/D

1 � o.1/ uniformly in x 2 G w.h.p.
Now, Qt;B corresponds to a RW on G˙.B�1/ run for time t . By considering just the

final step of this RW, we now argue that the hypothesis of the lemma is sufficient. Indeed,
first note that

min
x
Qt;B.x;D/ � .1 � e

�t jBj=k/ �min
x
QB.x;D/;

where e�t jBj=k is the probability that none of the generators in B are applied by time t .

� If k � logn, then .k � d/=k Å 1, so t jBj=k Å �t � 1 whenever 1=t 0 � �� 1.

� If k . log n, then t � t 0 & k, so t jBj=k & �.k � d/� 1 whenever 1=.k � d/�
�� 1.

Thus, the assumptions in the lemma allow us to perform a union bound over x 2 G:

P .min
x
Qt;B.x;D/ � 1 � 2�

ˇ̌
A D a/ D o.1/;

where the randomness is over the generators B , provided � decays sufficiently slowly.
For each a 2 A, we have the desired lower bound on minx Pt .0; x/ conditional on

A D a. Finally, we average over A and use

P .A 2 A/ D 1 � o.1/

to complete the proof:

P
�

min
x
Pt .0; x/ �

1

n
.1 � o.1//

�
� P

�
min
x
Pt .0; x/ �

1

n
.1 � o.1//

ˇ̌
A 2 A

�
P .A 2 A/ D 1 � o.1/:

We need to check that the supposition of the previous lemma is satisfiable.

Lemma 5.6. Suppose that �.k � d/2 � log n if k . log n and that �� 1 sufficiently
slowly if k � log n. Then, we can choose �� 1 vanishing sufficiently slowly so that for
all (deterministic) sets D � G with jG nDj � ıjGj and all x 2 G uniformly,

P .QB.x;D/ � 1 � �/ D o
� 1

jGj

�
:
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Proof. Fix an arbitrary x 2 G. We desire a proportion at least 1 � � of the generators
in B to connect x to D. The generators are chosen independently, and each connects
with probability jDj=jGj � 1 � ı. Since there are �.k � d/ generators, it thus suffices to
choose �� 1 so that

P .Bin.�.k � d/; 1 � ı/ � �.k � d/.1 � �// D o
� 1

jGj

�
:

Let L WD �.k � d/; then, L� 1. Direct calculation, using standard inequalities, gives

P .Bin.L; 1 � ı/ � L.1 � �// D P .Bin.L; ı/ � �L/

�

�
L

�L

�
ı�L �

�ıe
�

��L
D

�ıe
�

���.k�d/
:

� Consider first k � log n; necessarily, k � d Å k. Here, we do not quantify ı: we
simply assume ı D o.1/. Requiring � and � to vanish sufficiently slowly (compared
with ı) gives .ıe=�/�� D o.1/. Raising this to the power k � d Å k � log n gives
super-polynomial decay.

� Consider now k . logn. Here, ıD e�2c.k�d/. Choosing �� e
p
ıD e�c.k�d/C1 gives�ıe

�

���.k�d/
D ı��.k�d/=2 D e�c��.k�d/

2

:

We can choose �� 1 so that ��.k � d/2 � logn, giving super-polynomial decay.

These bounds are independent of x, and hence hold for all x 2 G uniformly, as
required.

On top of Hypothesis D, we need � to satisfy the following simultaneously when
k . logn:

� we need �.k � d/k�2 logn� 1 to hold for Lemma 5.4;

� we need 1=.k � d/� 1� � and �.k � d/2� logn to hold for Lemmas 5.5 and 5.6.

No requirements beyond ‘sufficiently slowly’, in terms of ı, are imposed on � when k�
logn. The next lemma states that having such a � is equivalent to Hypothesis D; its proof
is deferred to Section 5.3.

Lemma 5.7. Assume Hypothesis D and that k . log n. Then, we can choose � 2 .0; 1/
satisfying

�.k � d/k�2 logn� 1; �.k � d/2 � logn and
1

k � d
� �� 1:

In fact, Hypothesis D is equivalent to being able to find such a �.

These lemmas combine easily to establish the upper bound in Theorem 5.2, as we
expose now.
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Proof of upper bound in Theorem 5.2. Assume that 1� logk� logn. Lemma 5.7 guar-
antees that a � satisfying the conditions of Lemmas 5.4, 5.5 and 5.6 simultaneously can
be found under Hypothesis D when k . log n; when k � log n, simply take �� 1 suf-
ficiently slowly.

The conclusion of these lemmas is that the separation distance is o.1/w.h.p. at time t 0,
and that t 0 D .1C �/��.k0;G/� .1C 2�/��.k;G/. This completes the proof of the upper
bound.

5.3. Auxiliary lemmas

It remains to give the deferred proofs of the auxiliary lemmas: Lemmas 5.3, 5.4 and 5.7.

Proof of Lemma 5.3. Consider k0 Å k . log n first. We use Approach #2 (Section 3.7),
applied toG.A/; recall that A has k0 iid generators, and that t 0 D .1C �/��.k0;G/. Quan-
tifying the proof of upper bound in Theorem 3.7, using Lemma 3.9 and Proposition 3.13,
gives a bound of

ı1.j�j C 1/C 2
�c.k�d/C1

P .typ/
C P .typc/

on the expected TV distance at time t 0, under Hypothesis B with typicality given by Defin-
ition 3.8.

The proof of Proposition 3.10 shows that global typicality fails with probability at
most ı1j�j C e�c.k�d/C1. The local conditions as stated in Definition 3.8 do not fail
with sufficiently low probability – only at most �, for some � D o.1/. This is proved via
standard large deviation estimates from [26, §C]. Replacing r� by r� log n gives failure
probability �logn � e�k .

Increasing r� like this increases j�j, but not enough to cause any issues. Indeed,
we have

logj�j � logn� � log.n1=k.log k/2 logn/ �
1

k
lognC 3 log logn:

But, Hypothesis D implies that k � d & .logn/1=2 and that

k � k � d �
� logn
k

�2
; so k � .logn/2=3I hence, logj�j � .logn/1=3 � k � d:

Thus, the dominating term in the upper bound is 2�c.k�d/. Adjusting c, this completes
the case.

The case k0 Å k � log n is trivial, since here all Abelian groups have TV cutoff at
��.k

0; G/.

Proof of Lemma 5.4. We have k Å k0 and k � d Å k0 � d . Observe that n2=k Å n2=k
0

if
and only if

1�
� 2
k0
�
2

k

�
logn D

� 2

k � �.k � d/
�
2

k

�
logn; i.e., �.k � d/k�2 logn� 1:
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The claim follows by Proposition 3.2a for 1� k . logn. On the other hand, if k� logn,
then

��.k;G/ Å T .k; n/ WD
logn

log.k= logn/
I

see Section 1.3.1. Hence, T .k;n/Å T .˛k;n/ for all ˛ 2 .0;1/. Thus, T .k;n/Å T .k0; n/

as k Å k0.

Proof of Lemma 5.7. Rearranging the conditions, they are equivalent to havings
logn
�
� k � d �

k2

� logn
for some � 2 .0; 1/ with

1

k � d
� �� 1:

We reparametrise these conditions. Let " 2 .0;1/ and set

� WD
"k2

.k � d/ logn
I then

s
logn
�
D

p
k � d logn
p
"k

:

The conditions on � then, in terms of ", become

.logn/2

.k � d/k2
� "� 1 and

logn
k2
� "�

.k � d/ logn
k2

:

We can find such an " 2 .0;1/, implicitly a sequence, if and only if

max
° .logn/2

.k � d/k2
;

logn
k2

±
� min

°
1;
.k � d/ logn

k2

±
:

Some case analysis shows that this condition is equivalent to the first condition of Hypo-
thesis D.

6. Nilpotent groups: Mixing comparison and expansion

We compare the mixing times for a nilpotent group G with a ‘corresponding’ Abelian
group xG: tmix.Gk/=tmix. xGk/ � 1 C o.1/. We use this to show that Gk is an expander
w.h.p. if k � d. xG/ & logjGj.

To emphasise, the material in this section applies to both the un- and directed cas-
es, simultaneously. Throughout, .G.`//`�0 is the lower central series of G and L WD
min¹` � 0 j G.`/ D ¹idºº.

6.1. Precise statements

We prove Theorem D, which we recall here for the reader’s convenience as Theorem 6.1.

Theorem 6.1. Let G be a nilpotent group. Set xG WD
LL
1 .G.`�1/=G.`//. Suppose that

1� log k � logjGj and k � d. xG/� 1. Let " > 0 and let t � .1C "/��.k; xG/. Then,
dGk .t/ D o.1/ w.h.p.
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Remark. An equivalent bound, depending only on k and jGj D j xGj, valid for all groups
has already been established when k � logjGj; recall Section 1.3.1. Thus, we need only
consider 1� k . logjGj.

We use this mixing time bound to show that Gk for nilpotent G is an expander w.h.p.
when k � d. xG/ & logjGj. The isoperimetric constant was defined in Definition E for
d -regular graphs:

ˆ� WD min
1�jS j�jV j=2

ˆ.S/; where ˆ.S/ WD
1

d jS j
jŒ¹a; bº 2 E j a 2 S; b 2 Sc �j:

Specifically, we prove Theorem E, which we recall here for the reader’s convenience as
Theorem 6.2.

Theorem 6.2. Let G be a nilpotent group. Set xG WD
LL
1 .G.`�1/=G.`//. Suppose that

k � d. xG/ & logjGj. Then, ˆ�.Gk/ � 1 w.h.p.

6.2. Outline of proof

Consider the series of quotients .Q` WD G.`�1/=G.`//L`D1. For each ` 2 ŒL�, choose a set
R` � G.`�1/ of coset representatives forQ` D G.`�1/=G.`/. To sample Zi � Unif.G/, it
suffices to sample Zi;` � Unif.R`/ for each ` independently, and then take the product:
Zi WD Zi;1 � � �Zi;L; see Lemma 6.3. Then Zi;`G.`/ � Unif.Q`/ independently for each i
and `; see Corollary 6.4.

Suppose that M steps are taken; let � W ŒM �! Œk� indicate which generator is used in
each step. Set S WD

QM
mD1Z�.m/. For each ` 2 ŒL�, let S` WD

QM
mD1Z�.m/;`; this is the

projection of S to Q`. Then, each S`G.`/ is a RW on Q`, which is an Abelian group, but
all using the same choice � .

These are RWs on Abelian groups, so the ordering in � does not matter. For each
i 2 Œk�, let Wi be the number of times in � that generator Zi has been applied minus
the number of times that Z�1i has been applied. Let � 0 be an independent copy of � and
define S 0 and W 0 via � 0 and Z; for each ` 2 ŒL�, define S 0

`
WD
QM
mD1 Z�.m/;`. Then,

S and S 0 are iid conditional on Z.
To compare the RW on the nilpotent group with one on an Abelian group, we show that

nP .S D S 0 j .W;W 0// � n
LY
1

P .S`G.`/ D S
0
`G.`/ j .W;W

0// D j xG=g xGj;

where
g WD gcd.W1 �W 01; : : : ; Wk �W

0
k ; n/I

see Proposition 6.6 and Corollary 6.9. By analysing j xG=g xGj, we showed in Sections 2–4
that the RW on xGk is mixed w.h.p. shortly after ��.k; xG/; see specifically Lemma 2.11.
From this and the inequality above, we are able to deduce that the RW on Gk is mixed
w.h.p. shortly after the same time.
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6.3. Reduction to Abelian-type calculations

Consider the series of quotients .Q` WD G.`�1/=G.`//L`D1. For each ` 2 ŒL�, choose a set
R`�G.`�1/ of coset representatives forQ`DG.`�1/=G.`/, i.e., a setR` with jR`j D jQ`j
and ¹rG.`/ºr2R` D G.`�1/=G.`/ D Q`. We sample the uniform generators via uniform
random variables on each of the quotients. In this way, projecting to one of the quotients,
we get a RW on this quotient.

Lemma 6.3. For each ` 2 ŒL�, let Y` � Unif.R`/ independently. Then, Y WD Y1 � � �YL �
Unif.G/.

Proof. Let r0 2G and consider the event ¹Y D r0º. If r0 D Y1 � � �YL, then r1 WD Y �11 r0 D

Y2 � � � YL. Clearly, the right-hand side is in G.1/, and so the left-hand side is too. Hence,
r0�Y1 modG.1/. But, Y1�Unif.R1/, so the probability of this is 1=jR1jD1=jG.0/=G.1/j.
Similarly, r2 WD Y �12 r1 D Y3 � � �YL 2G.2/, so r1 � Y2 modG.2/, the probability of which
is 1=jR2j D 1=jG.1/=G.2/j. Iterating,

P .Y D r0/ D
LY
1

1

jG.`�1/=G.`/j
D

LY
1

jG.`/j

jG.`�1/j

jG.L/j

jG.0/j
D

1

jGj
;

since the Y` are independent. Since r0 2G was arbitrary, we deduce that Y �Unif.G/.

This gives the following corollary.

Corollary 6.4. For all .i; `/ 2 Œk� � ŒL�, sample Zi;` � Unif.R`/ independently and set
Zi WD Zi;1 � � �Zi;L. Then, Z1; : : : ;ZL �iid Unif.G/. Further, Zi;`G.`/ � Unif.Q`/ inde-
pendently for all .i; `/.

Proof. All the independence claims are immediate. The first claim is immediate from
Lemma 6.3.

For the second claim, we haveZi;` �Unif.R`/ and jR`j D jQ`j. Now, xG.`/D yG.`/
if and only if y�1xG.`/ D G.`/. If X � Unif.R`/ and H 2 Q`, say H D yG.`/ with
y 2 R`, then y�1X � Unif.R`/ independently of y. So, P .XG.`/ D yG.`// D 1=jR`j.
Hence, XG.`/ � Unif.Q`/.

Assume that Z is drawn in this way for the remainder of the section. The next main
result (Proposition 6.6) is the key element of the proof of Theorem 6.1. It reduces the
problem to a collection of Abelian calculations, similar to those already considered earlier.

First, we need an auxiliary lemma, showing that v �Z D 0 is the ‘worst case’.

Lemma 6.5. LetH be an Abelian group. LetZ1; : : : ;Zk �iid Unif.H/ and v 2Zk . Then,

max
h2H

P .v �Z D h/ D P .v �Z D id.H//:

Proof. Write 0 WD id.H/. Let h 2 H . Write A.h/ WD ¹z 2 H k j v � z D hº. If w 2 A.h/,
then

B WD ¹z � w j z 2 A.h/º � A.0/I
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also, clearly, jBj D jA.h/j, so jA.h/j � jA.0/j. Hence,

P .v �Z D h/ D
jA.h/j

jH jk
�
jA.0/j

jH jk
D P .v �Z D 0/:

The following theorem decomposes the probability P .S D S 0/ into a product of prob-
abilities P .S`G.`/ D S

0
`
G.`//. The latter correspond to probabilities of RWs on Abelian

groups Q`.

Proposition 6.6. Let M;M 0 2 N. Let � W ŒM �! Œk� and � 0W ŒM 0�! Œk�. Let � 2 ¹˙1ºM

and �0 2 ¹˙1ºM
0

. Recall that .G.`//`�0 is the lower central series and that G.L/ D ¹idº.
For ` 2 ŒL�, set

S` WD

MY
mD1

Z
�m
�.m/;`

; S 0` WD

MY
mD1

Z
�0m
� 0.m/;`

; S WD

MY
mD1

Z
�m
�.m/

; S 0 WD

MY
mD1

Z
�0m
� 0.m/

:

For i 2 Œk�, write

vi WD
X

m2ŒM 0�W� 0.m/Di

�0m �
X

m2ŒM�W�.m/Di

�m:

Then,

P .S D S 0/ �
LY
`D1

P .S`G.`/ D S
0
`G.`// D

LY
`D1

P

� kX
iD1

viZi;`G.`/ D id.Q`/

�
:

The randomness in the above set-up comes from the choice .Zk/kiD1 of generators,
not from the RW aspect .�; �/ or .� 0; �0/: it is valid for any choices of .�; � 0; �; �0/. In par-
ticular, it applies to both the undirected and directed Cayley graphs, the latter requiring �
and �0 to be all-1 sequences.

Proof. The claimed equality follows immediately from the fact that Q` is Abelian.
We now set up a little notation. WriteAi;` WDZi;1 � � �Zi;`�1 andBi;` WDZi;`C1 � � �Zi;L;

then Zi D Ai;`Zi;`Bi;`. (Here, Ai;1 WD id and Bi;L WD id.) Note that Bj;` 2 G.`/ for all
j 2 Œk� and ` 2 ŒL�.

Let E` WD ¹S
0S�1 2 G.`/º. Then,

P .S D S 0/ D
LY
1

P .E` j E`�1/:

Now, Œg; h� 2 G.`/ and hg D ghŒh�1; g�1� D ghŒg; h��1 for all g 2 G and h 2 G.`�1/.
So,

S 0S�1 DM`N` �

� M 0Y
mD1

B
�0m
� 0.m/;`

C 0� 0.m/;`

�
�

� MY
mD1

B
��MC1�m
�.MC1�m/;`

C 0�.MC1�m/;`

�
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for some Cj;`; C 0j;` 2 G.`/ and M` and N` defined as follows:

M` WD

� M 0Y
mD1

A
�0m
� 0.m/;`

�
�

� MY
mD1

A
��MC1�m
�.MC1�m/;`

�
;

N` WD

� M 0Y
mD1

Z
�0m
� 0.m/;`

�
�

� MY
mD1

Z
��MC1�m
�.MC1�m/;`

�
2 G.`�1/:

We thus see that
E`�1 D ¹S

0S�1 2 G.`�1/º

holds if and only if ¹M` 2G.`�1/º holds. Crucially, this implies that the indicator 1.E`�1/

of this event’s occurrence is independent of N`.
We claim that the following is true:

given that S 0S�1 2 G.`�1/; we have S 0S�1 2 G.`/ if and only if M`N` 2 G.`/:

To prove this, we first make three observations, recalling that G.`�1/=G.`/ is Abelian:

� for all ˛ 2 G.`�1/, we have ˛G.`/ D G.`/ and .˛ˇ/G.`/ D .˛G.`//.ˇG.`// for all
ˇ 2 G;

� Bj;`; Cj;`; C
0
j;`
2 G.`/ for all j 2 Œk� and N` 2 G.`�1/;

� S 0S�1 2 G.`�1/ if and only if M` 2 G.`�1/, and so M`N` 2 G.`�1/.

Assume that S 0S�1 2 G.`�1/. Applying these observations in the above formula above
gives

S 0S�1G.`/ D .M`N`G.`// �

� M 0Y
mD1

.B
�0m
� 0.m/;`

G.`//.C
0
� 0.m/;`G.`//

�
�

� MY
mD1

.B
��MC1�m
�.MC1�m/;`

G.`//.C�.MC1�m/;`G.`//

�
DM`N`G.`/:

Thus, S 0S�1 2 G.`�1/ if and only if M`N` 2 G.`�1/, as claimed.
Now, M` is independent of N`, and so N` is independent also of 1.E`�1/. Thus,

P .E` j E`�1/ D P .M`N` 2 G.`/ j E`�1/ � max
x2G.`�1/

P .xN` 2 G.`//:

Now, Q` D G.`�1/=G.`/ is Abelian, and N` is a product of generators Zj;` and Z�1
j;`

for
different j 2 Œk�. Hence, we are in the set-up of Lemma 6.5. Applying that lemma,

P .E` j E`�1/ � P .N` 2 G.`// D P .S`G.`/ D S
0
`G.`//;

using the definition of N`. This proves the desired inequality.
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6.4. Evaluation of Abelian-type calculations

The quotients Q` are Abelian, so the order in which the generators are applied does not
matter. Define Wi WD

PM
mD1 1.�.m/ D i/ for each i . Then, W D .Wi /

k
iD1 is the RW

on Zk run for M steps.
Key in analysing the Abelian-type terms are gcds: for all w;w0 2 Zk , define

g.w;w0/ WD gcd.w1 � w01; w2 � w
0
2; : : : ; wk � w

0
k ; jGj/:

We use these to evaluate the right-hand side of Proposition 6.6, culminating in Corol-
lary 6.9.

First, we prove an auxiliary lemma akin to Lemma 2.11.

Lemma 6.7. Let ` 2 ŒL�. For all w;w0 2 Zk , we have

kX
iD1

viZi;`G.`/ � Unif.g.w;w0/Q`/:

Proof. Corollary 6.4 says that Zi;`G.`/ � Unif.Q`/ independently. The quotientsQ` are
Abelian. Lemma 2.11 says that linear combinations of independent random variables in an
Abelian group are also uniform, but on the subgroup given by the gcd of the coefficients.
This proves the lemma.

This leads us to a bound on P.w;w0/.S D S
0/ in terms of a product of jQ`=
Q`j D

jQ`j=j
Q`j over ` 2 ŒL�, for some 
 which is a suitable gcd. The following lemma con-
trols this product.

Lemma 6.8. For all 
 2 N, we have
QL
`D1 j
Q`j D j


xGj.

Proof. For any Abelian groups A and B and any 
 2 N, we have 
.A˚ B/ D .
A/˚
.
B/ and jA˚Bj D jAjjBj. Since xG was defined to be a direct sum of theQ`, the claim
now follows.

Let .S 0;W 0/ be an independent copy of .S;W /. Combining Proposition 6.6 and Lem-
mas 6.7 and 6.8 gives the following corollary. For w;w0 2 Zk , write

P.w;w0/.�/ WD P . � j .W;W 0/ D .w;w0//:

Corollary 6.9. For all w;w0 2 Zk , we have

nP.w;w0/.S D S
0/ �

LY
`D1

jQ`j

jg.w;w0/Q`j
D

j xGj

jg.w;w0/ xGj
D j xG=g.w;w0/ xGj:

Proof. Note that jQ`j divides jGj, and so gcd.v1; : : : ; vk ; jQ`j/� gcd.v1; : : : ; vk ; jGj/ for
all v 2 Zk . Also, for any Abelian subgroupH of G, if ˛ o jH j and ˛ o ˇ, then ˇH � ˛H .
Combined with Proposition 6.6 and Lemma 6.7, this proves the inequality. To emphasise,
Proposition 6.6 is valid for any choice of .�; � 0; �; �0/, so, in particular, applying under
this conditioning. The first equality follows immediately from Lemma 6.8. The second
equality follows from Lagrange’s theorem.
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The right-hand side of this corollary depends only on the Abelian group xG. We apply
the theory developed in Sections 2–4 to bound the mixing time for this Abelian group.

Proof of Theorem 6.1. Let W � Zk be arbitrary for the moment. Set

D WD nP .S D S 0 j typ/ � 1; where typ WD ¹W;W 0 2 Wº:

Abbreviate g WD g.W;W 0/. Applying now Corollary 6.9, we obtain

D �
X

2N

P .g D 
 j typ/ � j xG=
 xGj � 1:

This latter expression is purely a statistics of the Abelian group xG. We established the
upper bound on mixing by looking at precisely this quantity. Bounding it was one of the
main challenges. There were three different arguments for bounding it, corresponding to
different regimes of k. We briefly outline these arguments now. The choice of W varies
from argument to argument.

� In Section 2.7, we upper bounded j xG=
 xGj � 
d. xG/; we then used unimodality to
show that P .
 oWi j Wi ¤ 0/ � 1=
 , from which we deduced that P .g D 
 j typ/ �
.1=
 C P .W1 D 0 j typ//k .

� In Section 3.7, we analysed .W; W 0/ taken modulo 
 , for each 
 ; we then used
entropic considerations to bound P .g D 
 j typ/� j xG=
 xGj in a quantitative sense.

� In Section 4.3, we combined these two approaches.

Instead of reconstructing these arguments, we reference the appropriate places in the pre-
vious sections. For each approach, there are conditions on .k; xG/; see Hypotheses A–C.
At least one of these is satisfied if

1� k . logjGj � logj xGj and k � d. xG/� 1I

see Remarks 2.4, 3.6 and 4.1.
We need to choose the set W ; see Definitions 2.7 and 3.8 for the respective definitions,

replacing G with xG in those definitions. See Propositions 2.9, 3.13, and 4.6 specifically
for the results bounding the above sum. The conclusion of these results is that

D �
X

2N

P .g D 
 j typ/ � j xG=
 xGj � 1 D o.1/:

Combined with the modified L2 calculation of Lemma 2.6, this completes the
proof.

6.5. Cutoff for nilpotent groups with small commutators

We now prove Corollaries D.1–D.3, which relate to nilpotent groups with large Abelian-
isation.

First, we compare ��.k; xG D Gab ˚ ŒG;G�/ with ��.k;Gab/.
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Proposition 6.10. Let A and B be finite, Abelian groups and k be such that 1� logk�
logjAj.

� If k . logjA˚ Bj, then suppose that k � d.B/ logjBj and k � d.A/� d.B/.

� If k � logjA˚ Bj, then suppose only that logjBj � logjAj.

(In either case, logjBj � logjAj.) Then, ��.k; A˚ B/ Å ��.k; A/.

These conditions imply that A˚ B should be viewed as a ‘small perturbation’ of A.
The proof is technical, relying on auxiliary results on entropy; it is deferred to [26, Pro-
position B.30].

Proof of Corollary D.1. The lower bound of ��.k; Gab/ follows by projecting onto the
Abelianisation, which is an Abelian group. The argument is analogous to that of Ap-
proach #2 in Section 3.6.

The conditions of Corollary D.1 match those of Proposition 6.10 when A D Gab and
B D ŒG;G�. Hence, ��.k;Gab/Å ��.k; xG DG

ab˚ ŒG;G�/. The upper bound of ��.k; xG/
is immediate from Theorem D if k . logjGj. It was already known for k� logjGj; recall
Section 1.3.1 or see Theorem 7.2.

To prove Corollaries D.2 and D.3, we need an asymptotic evaluation of the entropic
times. Recall that �
 .k; 
 r / is the time at which the entropy of RW on Zk
 reaches
log.
 r / D logjZr
 j.

Proposition 6.11 ([26, Proposition B.25a]). Let �
 WD ..k � r/=k/ log 
 . Suppose that
1� k . r log 
 .

If �
 � 1; then
�
 .k; 


r /

k
Å
1

2

log.1=�
 /
1 � cos.2�=
/

:

If �
 & 1; then
�
 .k; 


r /

k
� 
2e�2�
 D .
 r /2=k :

Suppose further that 1� k � r logm.

If �
 � 1; then
�
 .k; 


r /

k
Å

2e�2�


2�e
D
.
 r /2=k

2�e
:

Proof of Corollary D.2. The lower bound argument is exactly the same as for Corol-
lary D.1.

For the upper bound, we slightly refine the argument used to prove Theorem D. First,
we claim that Gab Š Zrp . Indeed, the Frattini subgroup ˆ.G/ satisfies ˆ.G/D ŒG;G�Gp

whenG is a p-group, whereGp WD hgp j g 2Gi. By definition of being special,ˆ.G/D
ŒG;G�. Thus,Gp � ŒG;G�. In particular, the Abelianisation is of exponent p, as required.
Thus, xG Š Z`p as Gcom Š Zsp .

The general arguments for Abelian groups used to prove Theorem A can be spe-
cialised to the group Z`p . We do not include the details here, but rather defer them to
[25, Theorem B]. The conditions for this approach are only k � `, rather than k � `� 1

as previously.



Cutoff for almost all random walks on Abelian groups 1969

We turn to the entropic time. We have 
Zrp DZrp unless p o 
 , as p is prime. Thus, the
worst-case 
 in ��.k;Zrp/ D max
opr �
 .k;Zrp/ is 
 D p, and so ��.k;Zrp/ D �p.k;Z

r
p/.

For a nilpotent group G, for Z to generate G it suffices that Z generates Gab; here,
Gab D Zrp . We analyse Abelian group generation in [25, Lemma 8.1]. That lemma shows
that k � r � 1 is always sufficient to generate the group w.h.p., but if p� 1 then merely
k � r > 0 is sufficient.

Finally, if k � r � k and p � 1, Propositions 2.2 and 6.11 gives

�p.k;Z
r
p/ Å �1.k;Z

r
p/ D t0.jZ

r
pj/:

Indeed, in the notation there, �p D ..k � r/=k/ log p is the relative entropy; so,
�p � 1.

For the Heisenberg group Hm;d , we have the explicit expression H ab
m;d
Š Z2d�4m ,

even for m not prime. This allows us to evaluate ��.k;H ab
m;d

/ even when m is not prime,
provided m� 1.

Proof of Corollary D.3. Let r WD 2d � 4. We have H ab
p;d
Š Zrm and H com

p;d
Š Zm. The

conditions of Corollary D.3 are precisely those required to apply Corollary D.1. Hence,
there is cutoff at ��.k;H ab

p;d
/ w.h.p. It remains to evaluate ��.k;H ab

p;d
/D ��.k;Zrm/ when

k � r � k and m� 1.
First, observe that


Zrm D Zrm= gcd.
;m/ for all 
:

Hence, by replacing 
 by gcd.
;m/ � 
 , we need only consider 
 with 
 o m. Next,
jZrm=Z

r
m=

j D 
 r . Hence,

��.k;Z
r
m/ D max


om
�
 .k; 


r /:

In the notation of Proposition 6.11, �
 D ..k � 
/=k/ log
 � log
 . Hence, �
 � 1 if
(and only if) 
� 1. If the maximising 
 , call it 
�, satisfies 
�� 1, then Propositions 2.2
and 6.11 give

max

om

�
 .k; 

r / D �
�.k; 


r
�/ Å

k

2r=k
�

2�e
Å �1.k; 


r
�/:

It remains to show that 
� D m. The map 
 7! k
2r=k=.2�e/ is increasing. So, if

� � 1, then in fact 
� D m. Similarly, Proposition 6.11 show that �
 .k; 
/=k . 
2r=k

as �
 � log 
 & 1. Hence,

�
 .k; 

r /

k
. 
2r=k � m2r=k �

�m.k; 

r /

k
I

thus, 
� D m.

Finally, after Corollary D.2 we mentioned that special groups are ubiquitous amongst
p-groups of a given size. We elaborate on this claim in the following remark.
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Remark 6.12. In the classical work [29], Higman gave upper and lower bounds on the
number groups of size p` for a prime p. The upper bound was later refined by Sims [46].
Together, they show that this number is equal to p.2=27/`

3˙O.`8=3/. The lower bound
p.2=27/`

3�O.`2/ is obtained from Higman [29, Theorem 2.1] by counting step-2 groups
whose Frattini group is equal to the centre and is elementary Abelian of size ps and of
index pr , where r D ` � s. It is classical that such a group is special if and only if it has
exponent p, i.e., every element other than the identity has order p.

Higman in [29] showed that the number of such groups of size p` is between
p.1=2/sr.rC1/�r

2�s2 and p.1=2/sr.rC1/�s.s�1/ if s � r.r C 1/=2 and 0 otherwise. A small
variant of his argument shows that the number of special groups of size psCr whose com-
mutator subgroup is of size ps is between p.1=2/sr.r�1/�r

2�s2 and p.1=2/sr.r�1/�s.s�1/

for s � r.r � 1/=2. (In [29], one includes in F all elements of order p. See also the short
argument in Sims [46, p. 152]; there, the change is considering the case that b.i; j / D 0
for all 1 � i � r and 1 � j � s.) Taking r and s such that jr � 2sj < 3, we see that the
logarithm of the number of groups of size p` is dominated by special groups.

6.6. Expander graphs of nilpotent groups with k & logjGj

The isoperimetric constant ˆ� can be defined for general Markov chains; see [35, §7.2].
The isoperimetric constant of a graph is that of the nearest-neighbour RW on the graph.
It is easy to see that the isoperimetric constant of a Markov chain, of its time reversal and
of its additive symmetrisation are all equal. But, for any generators Z, the additive sym-
metrisation of the RW on GC.Z/ is the RW on G�.Z/; so, ˆ�.GC.Z// D ˆ�.G�.Z//.
It thus suffices to work with undirected Cayley graphs.

We analyse the spectral gap via considering the 1=nc-mixing time for some c > 0.

Proposition 6.13. LetG be a nilpotent group. Suppose that k � d. xG/� k � logjGj. Let
" > 0 and set t WD .1C "/��� .k;G/. Then, there exists a constant c > 0 so that d�Gk .t/ �
jGj�c w.h.p.

Proof. Consider first Abelian G; here, G D xG. Since Hypothesis D is satisfied,

dGk .t/ � e
�c0.k�d.G//

w.h.p. for some constant c0 > 0, by Lemma 5.3. The claim now follows as k � d.G/ �
logjGj here.

Consider now nilpotent G; here, G ¤ xG. We apply our nilpotent-to-Abelian method.
There, we upper bounded the modified L2 distance for the RW on G (at time t ) by the
modified L2 distance for the RW on xG (at time t ); see specifically Proposition 6.6, Lem-
ma 6.7 and Corollary 6.9. For Abelian groups, we used the modified L2 calculation (in
Sections 2–4). Thus, the nilpotent case is an immediate application of the nilpotent-to-
Abelian method and Abelian case.

We apply Proposition 6.13 along with standard mixing-type results.
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Proof of Theorem 6.2. As noted in Remark E, it suffices to consider only k � logn.
First, we use the discrete Cheeger inequality, for reversible Markov chains


 . ˆ� .
p

;

where 
 is the spectral gap; see, e.g., [35, Theorem 13.10]. Thus, it suffices to show that

 � 1.

Next, we use a standard relation between the mixing time and spectral gap: for a re-
versible Markov chain with invariant distribution uniform on n states, mixing time tmix

and spectral gap 
 ,

tmix

� 1
nc

�
� 
�1 logn for any constant c > 0I

see [35, Theorem 20.6 and Lemma 20.11]. Thus, 
 � 1 if tmix.1=n
c/ . logn for such c.

The mixing claim follows immediately from Proposition 6.13 and that k� logjGj.

7. Concluding remarks and open questions

In Section 7.1, we discuss lack of cutoff in the regime where k is a fixed constant. In Sec-
tion 7.2, we give a very short proof, which is a small variant on Roichman’s argument
[44, Theorem 2], establishing an upper bound on mixing, for arbitrary groups and any
k � logjGj. In Section 7.3, we briefly discuss cutoff in other metrics, namely L2 and
relative entropy. In Section 7.4, we discuss some questions which remain open and give
some conjectures.

Throughout this section, we only sketch details.

7.1. Lack of cutoff when k is constant

Throughout the paper, we have always been assuming that k ! 1 as jGj ! 1. It is
natural to ask what happens when k does not diverge. This case has actually already
been covered by Diaconis and Saloff-Coste [15], using their concept of moderate growth.
In short, there is no cutoff.

Diaconis and Saloff-Coste establish this not only for Abelian groups, but for nil-
potent groups. Recall that a group G is called nilpotent of step at most L C 1 if its
lower central series terminates in the trivial group after at most L steps: G.0/ WD G and
G.`/ WD ŒG.`�1/; G� for ` 2 N with GL D ¹idº.

For a Cayley graph G.Z/, use the following notation. Write � WD diamG.Z/ for its
diameter. For the lazy simple random walk onG.Z/, write trel WD trel.G.Z// for the relax-
ation time (i.e., the inverse of the spectral gap) and tmix WD tmix.1=4IG.Z// for the (TV)
mixing time. When considering sequences .GN .Z.N///N2N , add an N -sub/superscript,
analogously to before.

We phrase the result of Diaconis and Saloff-Coste [15] in our language.
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Theorem 7.1 (Cf. [15, Corollary 5.3]). Let .GN /N2N be a sequence of finite, nilpotent
groups. For each N 2 N, let Z.N/ be a symmetric generating set for GN and write LN
for the step of GN . Suppose that supN jZ.N/j <1 and supN LN <1. Then,

tNmix

jZ.N/j
. �2N . tNrel . tNmix as N !1:

In particular, .tNmix/N2N does not exhibit the cutoff phenomenon.

We give a very brief exposition of the results of Diaconis and Saloff-Coste [15],
including the definition of moderate growth, leading to this conclusion in [25, §4].

7.2. A variant on Roichman’s argument

In this subsection, we give a very short argument upper bounding the mixing time for
arbitrary groups and k � logjGj; it is a small modification of Roichman’s argument [44,
Theorem 2], but it applies in both the undirected and directed cases. (Roichman [44, The-
orem 1] deals with the directed case, but requires additional matrix algebra machinery.)

Theorem 7.2. Let " > 0. Let G be a finite group and k an integer with k � logjGj and
log k � logjGj. Then, the RW on G˙

k
is mixed w.h.p. at time .1C "/T .k; jGj/, where

T .k; n/ WD
logn

log.k=n/
for n; k 2 N:

In particular, this upper bound T .k; jGj/ does not depend on the algebraic structure of
the group.

Proof. Let "> 0 and set t WD .1C "/ logjGj= log.k=logjGj/. Note that 1� t� k. Choose
some ! � 1, diverging arbitrarily slowly; set t˙ WD bt .1˙ !=

p
t /c and L WD !bt2=kc.

The number of generators picked at most once is at least k � L w.h.p.; of these, the
number picked exactly once lies in Œt�; tC� w.h.p. Take typ to be the event that these two
conditions hold for two independent copies,W andW 0. We use a modifiedL2 calculation
(see, e.g., Lemma 2.6) meaning that we need to control

D WD jGjP .S D S 0 j W D W 0; typ/ � 1:

Let E be the event that some generator is used precisely once in W and never in W 0,
or vice versa:

E WD
[
i2Œk�

.¹jWi j D 1; jW
0
i j D 0º [ ¹jW

0
i j D 1; jWi j D 0º/:

Then, S 0 � S�1 � Unif.G/ on E . Indeed, if Z � Unif.G/ and X; Y 2 G are independent
of Z, then XZY � Unif.G/; here, Z corresponds to one of the generators used precisely
once in W and not in W 0 or vice versa, with the obvious choice of X and Y so that
XZY D S 0S�1. Off E , every generator picked once in W must be picked at least once
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in W 0, and vice versa. There are at most L generators which are picked more than once
in W 0. Thus,

P .E j typ/ � max
a2Œt�;tC�;b�L

1�
k�b
a�b

� D 1�
k�L
t��L

� :
An application of Stirling’s approximation shows that this probability is o.1=jGj/when !
diverges sufficiently slowly. Combined with the modified L2 calculation, this proves the
upper bound.

Finally, consider the case k D jGj˛ for some fixed ˛ 2 .0; 1/. The discrete-time chain
cannot be mixed at time d1=˛e � 1 by considering the size of its support, but noting that�
k
t

�
� jGj for t WD b1=˛cC 1, by the above argument we see that the walk is mixed w.h.p.

after t steps.
Dou [19] proves a more general statement than this which allows the generators to be

picked from a distribution other than the uniform distribution; see [19, Theorems 3.3.1
and 3.4.7].

7.3. Mixing in different metrics

One can also consider cutoff in the L2 distance. Recall that, for a time t � 0,

d
.2/
Gk
.t/ D kPGk .S.t/ 2 �/ � �Gk2;�G D

�
jGj�1

X
g2G

.jGjPGk .S.t/ D g/ � 1/
2
�1=2

:

For reasons explained below, we strongly believe the following is true – and can be
proved in the framework which we have developed in this article. It was stated as Conjec-
ture A in Section 1.2.1.

Conjecture A. For 
 2 Z [ ¹1º, let z�˙
 WD z�
˙

 .k; G/ be the time t at which the return

probability for RW on Zk
 at time 2t is jGj�1. Set z�˙� .k; G/ WD max
2N z�
˙

 .k; G/. Then,

under similar conditions to those of Theorem A, w.h.p., the RW on Gk exhibits cutoff in
the L2 metric at time z�˙� .k;G/.

The main change is that we now no longer perform a modified L2 calculation. Repla-
cing r� WD .jGj1=k.log k/2/=2 with r� WD .jGj1=k logjGj/=2, local typicality then holds
with probability 1� o.1=jGj/; cf. Proposition 6.13. Thus, we may condition on local typ-
icality as this can only change the L2 distance by at most an o.1/ additive term. On the
other hand, we no longer condition on global typicality. Instead, we must handle directly
terms like P .W D W 0/ or P .W
 D W 0
 /.

For Approach #1, we must handle a gcd. Under the assumption that 1� k .
p

logjGj,
increasing r� as we have has little effect on the proof, in essence because .logn/d D no.1/.
In Approach #2, we replace jH j by jH j logjGj, but still k �

p
logjGj implies that

k � log.jH j logjGj/. Lastly, the combination of the two approaches works whens
logjGj

log logjGj
� k .

p
logjGj:
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Using somewhat similar adaptations, we believe that cutoff in the relative entropy
(abbreviated RE) distance can be established. In this case, we quantify the probability
with which global typicality holds: the maximal relative entropy of a measure on G with
respect to �G is logjGj; thus, naively at least, to condition on global typicality we desire it
to hold with probability 1� o.1=logjGj/ – for L2 we had 1� o.1=jGj/. Also, one should
modify local typicality as previously. This gives conditions on k and d.G/. Under such
conditions, the RE and TV cutoff times should then be the same.

We believe that with more effort these conditions can be improved via obtaining some
estimates on the relative entropy given that global typicality fails.

7.4. Open questions and conjectures

We close the paper with some questions which are left open.

(1) Does the product condition imply cutoff? The problem of singling out abstract con-
ditions under which the cutoff phenomenon occurs has drawn considerable attention. For
a reversible Markov chain X , write tmix.X/ for its mixing time and 
gap.X/ for its spec-
tral gap. In 2004, Peres proposed a simple spectral criterion1 for a sequence .XN /N2N of
reversible Markov chains, known as the product condition:

cutoff is equivalent to tmix.X
N /
gap.X

N /!1 as N !1:

It is well known that the product condition is a necessary condition for cutoff; see,
e.g., [35, Proposition 18.4]. It is relatively easy to artificially create counterexamples, but
these are not ‘natural’; see, e.g., [35, §18], where constructions due to Aldous and due
to Pak are described. The product condition is widely believed to be sufficient for most
‘natural’ chains.

We conjecture that the product condition implies cutoff for random Cayley graph of
Abelian groups. In fact, we conjecture this whenever G is nilpotent of bounded step
(denoted stepG), i.e., has lower central series terminating at the trivial group and this
sequence is of bounded length.

Conjecture 1. Let .GN /N2N be a sequence of finite, nilpotent group and .Z.N//N2N

a sequence of subsets with Z.N/ � GN for all N 2 N. For each N 2 N, write tNmix
(resp. 
Ngap) for the mixing time (resp. spectral gap) of the SRW on G�N .Z.N//. Suppose
that lim supN!1 stepGN <1 and that the product condition holds, i.e., tNmix


N
gap !1

as N !1. Then, the sequence of SRWs exhibits cutoff.

An equivalence between the product condition and cutoff has been established for
birth-and-death chains by Ding, Lubetzky and Peres [17] and, more generally, for RWs
on trees by Dasu, Hermon and Peres [4]. It is believed to imply cutoff for the SRW on
transitive expanders of bounded degree, but this is known only in the case of Ramanujan
graphs, due to Lubetzky and Peres [37].

1See https://aimath.org/WWN/mixingtimes/mixingtimes.pdf, visited on 1 February 2026.

https://aimath.org/WWN/mixingtimes/mixingtimes.pdf
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(2) An explicit choice of generators? We have shown that choosing the generators Z
uniformly gives cutoff w.h.p. at a time which does not depend on Z, in many regimes.
In particular, this means that there is cutoff for almost all choices of generators at a time
independent of the choice of generators. This ‘almost universal’ mixing time is given by
��.k; G/ from Definition 3.1. A question raised to us by Diaconis (2019, private com-
munication) is to find explicit sets of generators for which cutoff occurs; see also [13,
Chapter 4G, Question 2].

Open Problem 1. Let G be an Abelian group and 1 � k . logjGj. Find an explicit
choice of generators Z (implicitly a sequence) so that the RW on G.Z/ exhibits cutoff.
Further, find generators so that the cutoff time is ��.k;G/ asymptotically.

Hildebrand [33, Theorem 1.11] shows for the cyclic group Zp with p prime that the
choiceZ WD Œ0;˙1;˙2; : : : ;˙2dlog2 pe�1�, which he describes as ‘an approximate embed-
ding of the classical hypercube walk into the cycle’, gives rise to a random walk on Zp
which has cutoff. The cutoff time is not the entropic time, however. Although the entropic
time is the mixing time for ‘most’ choice of generators, finding an explicit choice of gen-
erators which gives rise to cutoff at the entropic time is still open – even for the cyclic
group of prime order.
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