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Abstract. We show that ®-positive Anosov representations p : [' — PO(p, q) of a surface group
I" satisfy root versus weight collar lemmas for all the Anosov roots, and are positively ratioed
with respect to all such roots. We deduce from this, using a result of Beyrer—Pozzetti (2014), that
®-positive Anosov representations p : I' — PO(p, g) form connected components of character
varieties.
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1. Introduction

Higher rank Teichmiiller theory stems from the seminal work of Labourie [30], Fock—
Goncharov [17], and Burger—lozzi—-Wienhard [11]; they discovered that, for some classes
of Lie groups, there exist higher rank Teichmiiller spaces: connected components of char-
acter varieties of fundamental groups I" of closed surfaces S of genus at least 2 in higher
rank semisimple Lie groups that only consist of injective representations with discrete
image. More specifically, Labourie and Fock—Goncharov showed that for split real Lie
groups the Hitchin components, discovered by Hitchin [24], form higher rank Teichmiiller
spaces, while Burger—lozzi—Wienhard discovered the maximal components for Hermi-
tian Lie groups and proved that they also form higher rank Teichmiiller spaces. These
components consist only of representations with further remarkable geometric properties
bearing strong similarities with holonomies of hyperbolizations [12, 16, 25, 31, 32, 40];
furthermore, since they form connected components of character varieties, they can be
studied with an array of different tools including Higgs bundles [7,24] and real algebraic
geometry [9].

A recent breakthrough in the field was given by the insight of Guichard—
Wienhard [22]. Partially in collaboration with Labourie, they developed a beautiful and
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clear conjectural picture of all higher rank Teichmiiller spaces [19,23]. They give a com-
plete list of pairs of Lie groups and parabolic subgroups that admit a @-positive structure;'
when this is the case they define ®-positive representations. They conjecture that higher
rank Teichmiiller spaces are precisely the connected components of character varieties
that contain a ®-positive representation [22, Conjecture 5.4], and prove that the limit
set of ®-positive representations has important positivity features, generalizing [17].
The latter are behind the good geometric properties of these representations. Simulta-
neously Bradlow—Collier—Garcia-Prada—Gothen—Oliveira, partially in collaboration with
Aparicio-Arroyo, discovered and parametrized special connected components of the mod-
uli space of Higgs bundles on a compact Riemann surface X that conjecturally detected
all examples of higher rank Teichmiiller spaces, up to some exceptional Lie groups [1,6].

In this work we study aspects of the higher rank Teichmiiller theory of PO(p, ¢q); the
classification of [23] shows that PO(p, q) is the only family of classical groups that car-
ries a positive structure besides split real Lie groups and Hermitian Lie groups of tube
type; in the last two cases ®-positive representations are, respectively, Hitchin and max-
imal representations. We make three major contributions: we show that every ®-positive
Anosov representation satisfies collar lemmas comparing roots and weights, we show that
every ©-positive Anosov representation is positively ratioed, and, also relying on results
of the companion paper [4], we confirm Guichard—Wienhard’s conjecture that ®-positive
Anosov representations form connected components of character varieties.”

The first two results generalize familiar properties of holonomies of hyperbolizations
to ®-positive representations, and can be regarded as additional geometric justification
for the name higher rank Teichmiiller theory. The third result gives the first proof that a
connected component of a character variety in a higher rank Lie group consists only of
discrete and injective representations, not relying on Higgs bundles® or bounded coho-
mology. The new strategy we develop could also be applied to Hitchin representations in
PSL(n, R), after extracting a suitable formulation of a root versus weight collar lemma
from [32, Proposition 2.12]. All our results also hold and are new for Hitchin representa-
tions into PO(p, p); see Appendix A for details.

®-Positive representations are positively ratioed

To describe our results in more detail, we need to recall some basic facts from Guichard—
Wienhard’s theory of ®-positivity in the special case of the group PO(p, ¢). For technical

'In Guichard—Wienhard’s theory the letter ® refers to the subset of simple roots associated to
the parabolic subgroup playing a role for the notion of positivity, but for the purpose of the paper it
is harmless to understand “®-positive” as “positive in the sense of Guichard—Wienhard”.

2In an independent paper Guichard—Labourie-Wienhard proved that ©-positive representations
for any admissible target G form connected components of the set of non-parabolic representations
[19]. Relying on the aforementioned results by Aparicio-Arroyo—Bradlow—Collier—Garcia-Prada—
Gothen—Oliveira [1, 6] this gives examples of higher rank Teichmiiller spaces.

3Labourie’s proof that Hitchin representations are injective relies on Higgs bundles techniques
to guarantee that Hitchin representations are irreducible and thus non-parabolic [30, Lemma 10.1].
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reasons, we assume from now on that 1 < p < g. However, the case p = g works sim-
ilarly; we discuss it in Appendix A. We denote by 5,_; (R?>9) the set of partial flags of
isotropic subspaces of R?>4, which consist of isotropic subspaces of all dimensions but the
maximal one (see Section 3.1). The ®-positive structure associated to PO(p, ¢) is defined
with respect to the stabilizer of a point in ¥,_;(R?*?). Since PO(p, ¢) has a ®-positive
structure, one can define ®-positive n-tuples in ¥,_; (R?>?). This generalizes the notion
of cyclically oriented n-tuple on RP! ~ 9, H?, which is crucial in classical Teichmiiller
theory. A map £ : S — F,_1(R?*9) is @-positive if it maps positive n-tuples in S! to
positive n-tuples in 5, (R?-?). Let I" be the fundamental group of a closed hyperbolic
surface, so that in particular d,,I" ~ S!. Following [22, Definition 5.3] we say that a rep-
resentation p : I' — PO(p, q) is ®-positive if it admits an equivariant ®-positive map. In
this paper we will only consider ®-positive representations that are furthermore Anosov;*
while any ®-positive map is automatically transverse, in order to be Anosov it needs
to additionally be continuous and dynamics preserving (see Section 2.1 for the precise
definition).

The first result of the paper establishes an additional positivity property of ®-positive
representations: they are positively ratioed in the sense of Martone—Zhang ([34, Def-
inition 2.25], see also Definition 2.7). This amounts to saying that the restriction of
the natural cross ratio on the set Isog (R??) of k-dimensional isotropic planes to the
image of the boundary map induces a positive cross ratio; a ®-positive boundary map
induces boundary maps to the isotropic k-planes for k < p through the natural projection
Fp—1(RP1) — Isox (RP9).

Theorem A (Theorem 4.9). Let p: ' — PO(p, q) be a ©®-positive Anosov representation.
Then p is k-positively ratioed for all k < p.

Being positively ratioed implies that suitable Finsler length functions associated to
the representations can be computed as intersections with a geodesic current [34, Theo-
rem 1.1]. In turn this has a number of geometric consequences: length shortening under
surgery [34, Corollary 1.3], relations between systole and entropy [34, Corollary 1.2], as
well as domains of discontinuity for the mapping class group action on suitable compact-
ifications [8, Corollary 1.10].

It follows from our results of [3] that ®-positive representations into PO(p, g) are
k-positively ratioed for k < p — 2; thus Theorem A is only new for k = p — 1. However,
in this case a new substantial difficulty has to be overcome, as the boundary maps are
only Lipschitz regular and not C!. As a result, rather than relying on continuity of the
derivative, we need to perform a much more careful analysis. We also include a new
proof for k < p — 2, since it is better adapted to the ®-positive structure and builds on
two results of independent interest: First, for all k < p, we show that any ®-positive triple

“In the aforementioned independent paper Guichard—Labourie~-Wienhard proved that a ©-
positive representation is necessarily Anosov, so this assumption is not really needed [19]. However,
since our two papers are independent we will keep the assumption.
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(x,y,z) in Fp—1(RP9) naturally defines a tangent cone c,j (x) in TyIsog (RP7), and
the induced boundary map of a ®-positive representation containing (x, y, z) is almost
everywhere tangent to C]j (x) (Proposition 4.4, see also Remark 4.6). This relies on the
fact that the boundary map is Lipschitz regular as shown in [38], and was inspired by
discussions of the second author with Wienhard while working on [38]. Second, we prove
that the cross ratio (infinitesimally) increases along those cones (Proposition 4.8).

Collar lemmas

An important property of holonomies of hyperbolizations is the collar lemma [28]: any
simple curve g admits an embedded collar neighbourhood of width logarithmic in the
inverse of the hyperbolic length of g. In particular, this has the algebraic consequence
that the length of any curve A crossing g must be at least the logarithm of the inverse
of the length of g. As a result, only simple curves can be very short in a hyperbolic
structure. We generalize here the algebraic formulation of the collar lemma to ®-positive
representations and prove an asymmetric strengthening: we show that the k-th Finsler
length, which is the logarithm of the product of the first k eigenvalues, of an element g
already controls the k-th eigenvalue gap of all linked elements /2. We say that two elements
g, h € T are linked if the attracting and repelling fixed points 44, h_ € doo[" of h are in
different connected components of doo " \ {g—, g+}. Given A € PO(p, ¢) we denote by
A1(A), ..., Apsq(A) the generalized eigenvalues of a lift of A to O(p, ¢) ordered so that
their moduli are non-decreasing, i.e. |A; (A)]| > |Ai+1(A4)].

Theorem B (Theorem 5.11). Let p: ' — PO(p, q) be a ®-positive Anosov representation
and g, h € T a linked pair. Then, foranyk < p — 1,

Akt1 -
(1 - ‘ e POD| )< A2k e(e).

We can rephrase the statement in Lie-theoretic terms: Let ax (o(k)) be the k-th re-
stricted root of PO(p, q) (for the standard numeration) applied to the Jordan projection

of p(h), so that o (p(h)) = log |A:i1 (p(h))|, and let wi (p(g)) be the k-th fundamental

weight applied to the Jordan projection of p(g), namely wi (p(g)) = log(A-- 'ki (p(2))).
Theorem B, after elementary algebraic operations, states that for any linked pair g, # and
k S p - 1,

(eak(p(h)) _ 1)(ewk(p(g)) —1)>1. (1.1)

In higher rank many measures of the magnitude of an element play an important role in
understanding geometric features of actions, and different measures generalize different
properties of hyperbolizations. On the one hand, the fundamental weights wy describe the
translation length on the symmetric space with respect to suitable Finsler distances [26],
and, as mentioned above, behave like the hyperbolic length function under surgery for
representations in higher rank Teichmiiller spaces. On the other hand, the roots ay, albeit
not being induced by a distance, are, for Anosov representations, coarsely equivalent to
the stable length with respect to any generating system [27], and their entropy is constant
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and equal to one on higher rank Teichmiiller spaces [36,38]. Adding to this, Theorem B
encodes a powerful generalization of another feature of holonomies of hyperbolizations
— the collar lemma — to ®-positive representations into PO(p, ¢); analogous results were
previously established for Hitchin representations [32], maximal representations [12] and
representations that satisfy some partial hyperconvexity properties, a class containing rep-
resentations that are not ®-positive, and does not always consist of connected components
of the character variety [3].

The asymmetry comparing two different length functions in Theorem B is key and
indicates that both o3 and wy play an important role in the study of ®-positive represen-
tations. Equation (1.1) implies that also a weight versus weight collar lemma holds: for
any linked pair g, 2 and k < p — 1 we have

(e (o(h)) _ 1)(e®* (o(g)) _ 1) > 1.

This generalizes the collar lemma from [14] in the case of PO(2, g). Since it is not
expected that a root versus root collar lemma holds (see [3, Section 7]), the asymmet-
ric version is the strongest version to hope for. We will indeed need this strong version, as
in the proof of Theorem C it is crucial that the collar lemma allows us to bound the root
length from below.

Theorem B follows from our results in [3] for kK < p — 2, and is new for k =
p — 2, p — 1. To deal with the two additional cases we need a different approach com-
pared to [3] since ®-positive representations are in general not p-Anosov and do not
satisfy additional transversality properties. There are three key new tools, building on
the ®-positive structure, that allow us to circumvent this problem. First we need that the
cross ratio is increasing along cones defined by ®-positive triples, as mentioned above.
The second tool is the construction of a hybrid flag associated to a pair of transverse
flags in ¥,—; (Definition 5.4). In Proposition 5.9 we establish in which sense positivity
is preserved under the hybrid construction. This result is of independent interest, and we
believe it will be useful in further study of geometric properties of ®-positive represen-
tations and more general classes of Anosov representations. With Proposition 5.9 at hand
we can reduce the proof of Theorem B to an inequality for the ®-positive structure for
PO(2, g), which we establish in Lemma 5.3, and which is the third key building block of
our proof. It constitutes the main step in the proof of a root versus weight collar lemma
for maximal representations in PO(2, ¢) (Theorem 5.1), which is substantially different
from the available proof for Sp(2n, R) [12].

As it does not cost any extra effort, we include proofs of the collar lemmas for the
cases k < p — 2 as well, which are simpler and more direct than the ones in [3], making
this work independent of [3].

®-Positive Anosov representations form connected components

A key advantage of a collar lemma controlling eigenvalue gaps is that it guarantees that
a limit of representations satisfying such collar lemma remains proximal. This is par-
ticularly important since we showed in the companion paper [4] that a proximal limit
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of positively ratioed representations admits continuous, dynamics preserving equivariant
boundary maps [4, Theorem B]. Since thanks to Theorems A and B we can apply such
result, we obtain the following.

Theorem C. The set of ®-positive Anosov representations is closed in Hom(T', PO(p, q)).

We show that a limit of ®-positive Anosov representations is ®-positive Anosov in
two steps. First we use Theorems A and B to show that [4, Theorem B] is applicable. This
guarantees that the limit representation admits continuous, dynamics preserving equiv-
ariant boundary maps, which we prove being additionally ®-positive using properties of
®-positivity. In the second step of the proof we show that the representation is Anosov, by
using a criterion due to Guéritaud—Guichard—Kassel-Wienhard [18] based on eigenvalue
gap growth. Here we use once again the positivity of hybrid flags, and we introduce a
new idea, allowing us to read the eigenvalue gap of an element as a cross ratio involving a
hybrid flag; we use this to control the growth of the eigenvalue gaps (see Proposition 6.5
for details).

Since by the work of Guichard—Wienhard positivity of n-tuples is an open condition
[22, Theorem 4.7] (see also Corollary 3.8 below), and Anosov representations are open
[21, Theorem 1.2], the set of ®-positive Anosov representations is open in the character
variety. A consequence of Theorem C is thus the following.

Corollary 1.1 (Corollary 6.6). Being ©-positive Anosov is an open and closed condition
in the character variety

E(I', PO(p. q)) := Hom™(I', PO(p. 4))/PO(p. q)

and thus the set of ®-positive Anosov representations is a union of connected components
of the character variety.

Recall that the character variety E(I", PO(p, ¢)) can be defined equivalently as the
semialgebraic GIT quotient of the representation space Hom(I", PO(p, ¢)) by the PO(p, q)
action by conjugation [10, 39], or by the quotient of the subset Hom™¢(T", PO(p. q)) C
Hom(T", PO(p, q)) consisting of reductive representations, on which the PO(p, g)-action
is separated [35, Section 4.1].

Remark 1.2. A representation into O(p, ¢),” a group that also naturally acts on
Fp—1(RP?), is @-positive if and only if its projectivization is positive. In particular, all the
results in this work also hold for ®-positive representations in O(p, ¢). The case where the
image is in SO(p, q) is particularly interesting, since for those groups connected compo-
nents of character varieties have been studied in detail with Higgs bundles techniques [1]
(see Remark 6.7).

Combining Corollary 1.1 with [1, Theorem 7.6, Proposition 7.13] we find that a con-
jugacy class of reductive representations p : I' — SO(p, q) consists of ®-positive Anosov

SObserve that, when p + ¢ is odd, SO(p.¢q) = PO(p.¢) and O(p. q) = SO(p.q) x Z/27Z, but
that things are more subtle when p + ¢ is even, and delicate liftability questions arise.
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representations if and only if it belongs to one of the special connected components
parametrized in [1, Theorem 4.1]. This gives the following result.

Theorem (see [1, Section 7.2]). Let X be a Riemann surface structure on S. The subset
of (T, SO(p, q)) consisting of conjugacy classes of reductive ®-positive Anosov repre-
sentations is parametrized by

p—1
Mg (SO(1,q — p + 1) x @) HO(K?),
j=1

where K is the canonical bundle of X, Mgr(SO(1,q — p + 1)) denotes the moduli space
of KP-twisted SO(1,q — p + 1)-Higgs bundles on X and H°(K?) is the vector space
of holomorphic sections of K* .

®-positive representations of open surfaces

It is possible to define good notions of ®-positive representations of more general sur-
faces that are not necessarily compact, by requiring the existence of a positive boundary
map defined on some associated cyclically ordered set such as the circle with the action
induced by a finite volume hyperbolization, or the subset of cusps (see [17] for repre-
sentations in split real Lie groups and [11] for maximal representations in Hermitian Lie
groups). We expect that Theorem B works verbatim in this setting, and that Theorem A
and Theorem C admit suitable generalizations, respectively that the natural pullback of the
cross ratio is positive, and that the space of ®-positive representations forms connected
components of relative character varieties.

Some of our techniques require however that the surface is closed: we use differential
arguments based on the regularity of the image of the boundary map, which cannot be
directly generalized to the open surfaces where, in most cases, the boundary map is not
even continuous. While new ideas are needed to treat the general case, we expect that
our general strategy, as well as some of the tools we develop, such as the study of hybrid
flags, and the discovery of cross ratios that read eigenvalue gaps, will also be precious for
dealing with open surfaces.

Relation to Guichard—Wienhard’s work

We build on Guichard—Wienhard’s theory of positivity for general Lie groups G, which
generalizes aspects of Lusztig positivity [33] to this setting. We freely use results
from [23] where general properties of positive n-tuples of flags, as well as of the pos-
itive semigroup, are established. In a previous version of this work we re-established
many properties of ®@-positive triples only building on results announced in [22], but now
that [23] is available we decided to avoid duplicates. As already remarked, we also build
upon [38, Theorem D], by the second author in collaboration with Sambarino and Wien-
hard, and the ideas behind positivity that are crucial in that proof.
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Our work is independent from the work of Guichard—-Labourie—Wienhard, who proved
that there exist higher rank Teichmiiller components consisting of ®-positive representa-
tions in any Lie group G admitting a ®-positive structure [19]. In their paper they prove
that general ®-positive representations are necessarily ®-Anosov, and form connected
components of the subset of representations that are not contained in a parabolic sub-
group. Since we show that ®-positive Anosov representations are closed in the whole
representation variety, our papers are complementary and together prove [22, Conjecture
5.4] for the group PO(p, g¢). Combining our results with [ 1] we obtain a statement stronger
than [22, Conjecture 5.4]: for 1 < p < ¢ the only higher rank Teichmiiller components
of the PO(p, g)-character variety are the ones which contain a ®-positive representation
(see also Remark 6.7).

2. Preliminaries
We list here some notation that we keep throughout this work.

The group T’

e [' denotes a surface group, i.e. the fundamental group of a closed connected ori-
entable surface of genus at least 2. Its Gromov boundary decI" is homeomorphic to the
circle ST.

o 35,'() denotes the set of j-tuples of oI consisting of pairwise distinct points.

e 3001 € 8o T'U) denotes the set of cyclically ordered j-tuples, namely the j-tuples
that are either positively or negatively ordered for the standard cyclic orientation of the
circle.

e (x,y); C 0ool is the interval of doo " \ {x, y} that does not contain z, for (x, y, z) €
9o T3 [34].

Isotropic subspaces and eigenvalues

e RP+ is the vector space R4 equipped with a non-degenerate symmetric bilinear form
Q of signature (p, g) — apart from the appendix, we will assume 1 < p < g. We denote
by -+ the orthogonal complement with respect to Q. The isometry group of R?+ is
denoted by O(p, q), its subroup consisting of matrices of determinant 1 by SO(p, q),
and the quotient of O(p, g) by its center is denoted by PO(p, q).

® A1(g). ..., Ap+q(g) denote the eigenvalues of an element g € O(p, g) counted with
multiplicity and ordered so that their absolute values are non-increasing, i.e. |4;(g)| >
|Ai+1(g)|- Since g € O(p, q), it follows that A;(g) = )L;}rqﬂ_i (g). If g € PO(p, q)
denote by g € O(p, q) alift, then

Ai g) = Ai(g)
Aivr 0 Aig1(8)

does not depend on the choice of the lift.
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o Isox (RP?) denotes the set of isotropic k-planes in R?9, i.e. k-planes on which the
form Q is identically zero. Given V € Isog (R?*?) and W € Isox (R?'?) we say that VV
and W are transverse if the sum V 4 W+ is direct (equivalently V' + W is direct);
we denote this by V'  W. If two subspaces are not transverse we write V /K W.

2.1. Anosov representations

The stable length of y € T is |y|oo := limy 00 | V™| /0, where | - |1 is a fixed word
metric on the Cayley graph of I'. Anosov representations in PO(p, ¢) admit the following
characterization [18, Theorem 1.7] which we will use as a definition.

Definition 2.1. A homomorphism p : I' — PO(p, q) is k-Anosov for k € {1, ..., p} if
there exists a p-equivariant continuous boundary map &% : o' — Isox (R?*9) such that

(1) E5(x) h EF(y) forall x # y € dooT;

(2) & is dynamics preserving, i.e. for every infinite order element y € I' with attracting
fixed point y4 € dsoI the point £%(y,) is an attracting fixed point for the action of
p(y) on Isox (RP-9);

(3) 132 (p(yi)| = 00 [yiloo — o0,

Anosov representations have many interesting geometric and dynamical properties,
for instance they are discrete and faithful and form an open subset of Hom(I", PO(p, ¢)).

Remark 2.2. Anosov representations are defined for general reductive Lie groups; we
do not introduce the general theory here as we only work with PO(p, ¢). Via the natural
inclusion PO(p, g) — PGL(R?-?), a representation p : ' — PO(p, q) is k-Anosov if and
only if it is k-Anosov in PGL(R?:?). In particular, any result for k-Anosov representations
in PGL(R?7) applies to our context.

We say that a representation is ®-Anosov if it is k-Anosov forallk = 1,..., p — 1.
Since the boundary maps of Anosov representations are dynamics preserving, for all non-
trivial y € T we have £¥(y4) C £5t1(y,). Thus for any ©-Anosov representation the
continuity of the boundary map and the density of the fixed points in doo[" imply that the
map

E: (Slv"'vg:p_l):aoorﬁfp_l

is well defined, equivariant, continuous and transverse. Here, and in the rest of the paper,
Fp—1 denotes the partial flag manifold consisting of flags of isotropic subspaces of dimen-
sions 1,...,p — 1.

Notation. We will write x]; and x¥ for £% (x), where p is a k-Anosov representation and
£X the associated boundary map. Similarly we may write ¥, instead of p(y) for y € T'.
Moreover, we will write x? 9% for £5(x)L.
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2.2. Cross ratios
In this paper we use the cross ratios defined on

A = {(V1. Wi, Wa, V) € Isog RP9) | Vi h Wj, i, j = 1,2}
Definition 2.3. The cross ratio crg : A — R\ {0} is defined by

Vi AWsE Vo n Wit

cr(Vi, Wi, Wa, V) = .
k( 1 1 2 2) Vl/\WlJ_ Vz/\WzJ'

Here V; A WjJ- denotes the element vy A -+ A Ug AWy A= A Wpigi € NP TIRPH
~ R for bases {vy,..., vk}, {w1,..., Wptq—r} of V; and WjJ-, and a fixed identification
APT4RPT4 ~ R. The value of cry is independent of all choices made.

If (Vi, Wi, Wh,V,) € Ay C Iso‘l‘(]RP’q), the cross ratio cry can be expressed as
Q(Vl, Wz) Q(Vz, Wl)
QVi. W1) Q(Va, Wa)'

where V;, Wj € R74 \ {0} are such that V; € V; and Wj e Ww;.
The following properties are classical and easy to verify.

cri(Vi, W1, W, Va) =

Proposition 2.4. Let Vi, V5, V3, Wi, Wa, W3 € Isog (RP?). Then whenever all quantities
are defined we have:

(1) crp(Vy, Wi, Wa, Vo)™l = cri (Va, Wy, Wa, Vi) = e (Vi, Wa, Wy, Va),
in particular cry (Vy, Wy, Wi, V2) = 1.

2) cry (Vi, Wy, Wa, Vo) et (Va, Wi, Wa, Vi) = crp (Vy, Wi, Wa, V3).

(3) cre(Vi, Wi, Wa, Va) - crp (Vi, Wa, W3, Vo) = crpe (Vi, Wi, W3, 132).

) crg(Vi, Wi, W, Va) = cr(gV1, gWi, gWa, gV2) for all g € PO(p, q).

(5) The cross ratio is algebraic.

The identities (3) and (4) will be called cocycle identities.
Proof. (1)-(3) are straightforward computations from the expression in Definition 2.3,
while (4) follows since PO(p, g) preserves orthogonal complement and induces multipli-
cation by a scalar on AP T4 RPH4,

(5) The expression for the cross ratio is clearly algebraic when defined on the frame

manifold, and descends to an algebraic function on #Ay since it does not depend on the
choice of a lift. |

In the context of Anosov representations, the cross ratio computes the fundamental
weights. It is easy to check the following.

Lemma 2.5 ([34, p. 19]). If p is k-Anosov, then

cre (YE, 3k yxk yky = 23(n) - A2(p)

for all non-trivial y € I and x € 00T \ {y+}.
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A computation as in [3, proof of Proposition 3.11] yields the following.
Proposition 2.6. Let (Vy, Wi, W, V,) € A withdim V; NV, =k — 1. Set
Vi=VinVe, Vi=Vi+Vs, Vo:=Vy/V, Vi:=V/V
Denote by [Vil. [Va]. Wi N VA W2 N V4] € Isoy (V1) and [V1]. [Va]. [Wit 0 V4,
(Wit N V4] € P(Vy) ~ RP! the associated subspaces. Then
ey (Vi, Wi, Wa, V) = CT?L([Vl], Wi N VAL W N VAL [Va])

N AR AR A AN AN

V. 5 Lo )
where we define cr, *t on P(Vy) to be the usual projective cross ratio on RIPL.

Martone—Zhang [34] introduced a class of Anosov representations that satisfy a posi-
tivity condition with respect to the cross ratio. Recall that a quadruple (x, y,z, w) in 0oo I’
is cyclically ordered if it is positively or negatively oriented for the standard cyclic order
onS! = 95T

Definition 2.7 ([34, Definition 2.25]). A representation p : I' — PO(p, q) is called
k-positively ratioed if it is k-Anosov and for all cyclically ordered quadruples (x, y, z, w)
€ doo T4,

cry (xK, y¥, 2k wky > 1. (2.1)

It is shown in [34] that the inequalities in (2.1) are necessarily strict.

2.3. Property Hy

The following transversality property of boundary maps was introduced by Labourie in
his work on Hitchin representations, and was further studied in [37,4 1] where relations to
differentiability of boundary maps were established.

Definition 2.8 ([30, Section 7.1.4]). A representation p : I' — PO(p, q) satisfies prop-
erty Hy for2 <k < p—1ifitis{k —1,k,k 4+ 1}-Anosov and for all (x, y,z) € 9o
the following sum is direct and thus equal to R?:4:

xk + (yk N Zp+q—k+1) + Zp+q—k—1. (22)

A representation satisfies property Hy if it is {1, 2}-Anosov and for all (x, y,z) € oo I'®
the following sum is direct and thus equal to R?9:

x! gyl g opta2,

The transversality of the Anosov boundary maps implies that the sum in (2.2) is direct
if and only if the sum (x* N z2+a=k+1y 4 (yk N zp+a—k+1) 4 ;p+a—k—1 ig direct. More-
over, taking the orthogonal complement, one easily checks that the sum is direct if and
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only if the following sum is direct:
(xp+q—k N Zk+1) + (yp+q—k N Zk+l) + Zk_l. (23)

It was shown in [37] that representations satisfying property Hj have boundary maps
with C! image, with tangent spaces prescribed by the Anosov boundary maps. The tan-
gent space to Gry (R?19) at a subspace V can be naturally identified with Hom(V, W)
where W is a vector subspace of dimension p + g — k transverse to V. Since Isog (R?9)
is a submanifold of Grx (R?*9), we identify its tangent space T« Isox (R?:?) with a sub-
space of Hom(xk, y?+a=k),

Proposition 2.9 ([37, Proposition 8.11]). If p: I' — PO(p, q) satisfies property Hy, then
the boundary curve £% has C' image and the tangent space is given by

Txkék((')oof) ={¢p ¢ Hom(xk,yp+q_k) | xk1c kerg, Im¢ vkt A yp+q—k}

forany y # x € 0T .

Proof. To deduce this statement from [37, Proposition 8.11], we set in their notation
p =k and s =k + 1, and observe that condition (i) in [37, Proposition 8.11] is guaranteed
since p is (p — 1)-Anosov. [37, Proposition 8.11] then shows that /\k pis (1,1, 2)-
hyperconvex and thus has C! 1-Anosov boundary map by [37, Proposition 7.4] with
tangent space given by the 2-Anosov boundary map of /\k p. Since the 1-Anosov bound-
ary map of /\k p is given by the composition of the k-Anosov boundary map of p with
/\k :Isor (RP7) — P ( /\k RP-1), and the latter is algebraic, we deduce that the k-Anosov
boundary map is itself C'!. The statement about the tangent space follows from the proof
of [37, Proposition 8.9] where it is observed that the image of the vector subspace

{¢ € Hom(x¥, yPT47ky | xk=1 C kergp, Im¢p € x¥T1 0 yPHa7ky < T 4 Isor (RPY)

under d A\¥ is the tangent space at E/Z\k p(x) of the submanifold E/z\k ) n

3. ©-Positive structure for PO(p, q)

In this section we recall the definition and general facts about the ®-positive structure,
®-positive triples and ©-positive representations associated to PO(p, ¢q), restricting, as
always, to the case 1 < p < g. We additionally prove several basic facts that will be
relevant for us in the the rest of the paper.

We fix a basis (e1, ..., ep+4) such that the form Q is represented by the matrix

0 0
o=|0 J o], 3.1)
0 0
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where
0 0 0 (~1r!
0 0 1
k=9 0 0 and J=[0 —Id;—, ©
0 1 0 0 . o0 o
-1 0 0 0

An important role for the ®-positive structure will be played by the vector subspace
Vy := span{ep, . .., eq+1} together with the bilinear form® b of signature (1, — p + 1)
induced by J, and the induced quadratic form g 7. Namely,

by(w.z) :=iw'Jz, gqy(w):=bs(w,w), wzelVj.
We will denote by
cy(Vy) ={w= Wp,...,Wg41) € Vj [ wp >0, gy(w) > 0} (3.2)

the cone of Q-positive vectors with positive first entry and by ¢ (V) its partial closure,
where the second inequality is not required to be strict. For every w in c¢; (V) we have
Wwg+1 > 0: indeed, denoting by w the vector (Wp11, ..., Wg) wWe have

qs (W) = WpWgi1 — ”V_V”2 >0,

from which the claim follows.
The following basic observation will be important later on.

Lemma 3.1. Letv e cy(Vy), andw € cy(Vy). Then by(v,w) > 0.

Proof. Ifvecy(Vy)andw e cy(Vy), then the quadratic form by |, w) has signature (1, 1).
Indeed, since b, has signature (1,¢ — p + 1) and g (v) > 0, the restriction of b to v+
is negative definite.

In particular, we can choose a basis of (v, w) with respect to which b is represented by
the matrix (9 §). Since v, w are (semi-)positive vectors for by, they belong to the closure
of either the positive or the negative quadrant; the (semi-)positivity of the last coordinates
of a vector in c s (V) guarantees that they furthermore belong to the same quadrant, and
thus their inner product is positive. ]

3.1. ®-Positive elements

Guichard—Wienhard defined the notion of ®-positive structure. We introduce here the
®-positive structure of PO(p, ¢) following [22, Section 4.5].

We denote by ® the first p — 1 simple roots of PO(p, ¢) in the standard way of
drawing the Dynkin diagram,” and by %,—; = F,—1(R?*?) the associated flag manifold,

By construction this represents the restriction of Q to V.
"Namely, ® consists of all roots but the simple root that is only connected to one other root by
a double arrow; equivalently of all the long roots.
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which we realize as the set of flags of subspaces of R?4 of dimension {1, ..., p — 1,
q+1,...,9 + p— 1} such that the first p — 1 subspaces are isotropic for Q and the
other subspaces are their orthogonals with respect to Q. Clearly an element in %,_; is
uniquely determined by the first p — 1 subspaces. Throughout we will denote by Z and X
the partial flags in ¥, defined by

Z'=(er,....¢;) and X = (€ptqs-- s eptgaiti)- (3.3)

Here, as above, / ranges in the set{1,...,p— 1,4 + 1,...,¢q + p}. Observe that we have

Xl nzrratitt = (eptq—1+1)-

Given a positive real number s and an integer 1 < k < p — 2 the elementary matrix
Ex(s) is the matrix that differs from the identity only in positions (k,k + 1) and (p +
q—k,p+qg—k+ 1) where it is equal to s. Instead, for k = p — 1, we choose a vector
s € ¢j(Vy), denote by s’ the transposed vector and set

dy, 0 0 0 0
0 1 s q7(s) 0
Epi(9)=| 0 0 Idgpra Js 0 (3.4)
0 0 0 1 0
0 0 0 0 Idys

Our next goal is to recall the definition of the ®-positive semigroup Ug 0 of the unipo-
tent subgroup Ug of the stabilizer in PO(p, ¢) of the partial flag Z (see [22, Theorem 4.5]).
To this end, we consider the cone

Vo :={v= (Sl,...,Sp—z,S;—ﬂt eRY[s1,....5p2 € R, s5p-1 €5 (V)}.
Given v € Vg we set

aw)y= ] EiGp.

J=<p—1,jodd

b=  [] EiG).

J=<p—1,jeven

Since the matrices in the product defining a, respectively b, commute, their order plays
no role. It will be convenient to also use the notation

ab(v) := a(v)b(v).

Definition 3.2. Let v = (v1,...,Vp—1) € V(g_l. The @-positive element P(v) is the

product
P(@) = ab(v1) -+ ab(vy—1).
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The ®-positive semigroup Ug 0 is the set of ®-positive elements defined above, which
forms a semigroup [23, Corollary 8.16 (2)].%

Remark 3.3. There are 27! possible different choices for the cone Vg, depending on the
choice of the sign of each of the first p — 2 entries and of the sign of the first coordinate
of the vector s,—1. Each such choice gives a different choice of a ®-positive semigroup
and any two choices are conjugate in PO(p, q).

3.2. ©-Positivity of triples of partial flags

We can now define positivity for triples and n-tuples of flags associated to PO(p, g) (see
[22, Definition 4.6]).

Definition 3.4. A triple (x, y,z) € 371;3—1 is ®-positive if there exists g € PO(p, ¢) and a
®-positive element P € Ug 0 such that

(gx.,gy.82) = (X, PX,2).

An n-tuple (x1,...,x,) € 3*:,"_1 is ®-positive if there exist P,, ..., P, € U and
g € PO(p, q) such that
(gx1.8%x2,...,8Xn-1,8%n) = X, P2X, ..., Py--- P,_1X,2). (3.5)

A standard ©-positive n-tuple is an n-tuple of the form
(X,PzX,...,PZ"'Pn_IX,Z) for P, ..., ,,leU

Since Ugo is a semigroup, P P, € Ugo for Py, P, € Ugo.

In order to obtain a notion that is invariant under the PO(p, ¢)-action by conjugation
it is necessary to consider as ®-positive also negatively oriented triples: already in the
case of PO(1,2) = Isom(H?) both positively and negatively oriented triples in the circle
belong to the same PO(1, 2)-orbit. In general, the following holds.

Proposition 3.5 ([23, Proposition 10.15 (3)]). If (x1,x2,x3) € 37173_1 is ®-positive, then
for any permutation o the triple (X5(1), Xg(2), Xo(3)) is positive.

In order to choose a coherent orientation for various triples one uses positivity of
n-tuples for n > 4.

81n order to match this with the discussion in [22, Definition 6.5] it is useful to note that the
Coxeter number of the root system of type Bp—1, p > 3, is equal to 2(p — 1) [5, pp. 150-151].
Furthermore, if Wp, | denotes the Weyl group associated to the root system B,—1, we choose the
standard generating system S of Wp,_, given by S = {s1,...,sp—1}, where sp—1 corresponds
to the reflection along the only short root in a set of simple roots. Then the longest element wg of
Wpg,,_, can be expressed as wo = (ab)P~1, where a is the product of all the elements of S with
odd index and b is the product of all elements of S with even index, and the latter is a reduced
expression [5, pp.150-151] (see also [15, Lemma 4.3]); such reduced expression is different from
the one chosen in [23, Appendix B], but it is proven in [23, Theorem 8.1 (8)] that the positive
semigroup does not depend on the choice of the reduced expression.
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Proposition 3.6 ([23, Lemma 10.24]). For every n, any ©-positive n-tuple (xy, ..., Xy)

an
S

positive.

and any permutation o in the n-th dihedral group, the triple (Xg(1), - - . Xo(n)) iS

We conclude this subsection with another useful characterization of positive triples
proven by Guichard—Wienhard. Given a flag A € ¥,_; we denote by Q24 the set of flags
transverse to A, that is, the set of flags F' € #,_; such that forevery 1 <k < p — 1, the
sum A% + (F*)* is direct.

Theorem 3.7 ([23, Theorem 9.2]). The set
{FeFp | F=PX PeUZ"
is a connected component of Qx N Qz. Thus, if A, B are transverse flags, the set
{F € ¥5_1 | (A, F, B) is ®-positive}
is a union of connected components of 24 N Qp.

We record the following useful corollary.

Corollary 3.8. Let ¢ : R D [0,a] — FL | (RP), ¢(t) = (x1(2), ..., xn(1)), be a con-
tinuous path such that x;(t) h x;j(¢) fori # j and all t € [0, a]. If ¢(0) is a O-positive
n-tuple, then c(t) is a ©-positive n-tuple for all t € [0, a].

Proof. Let g € PO(p, q) with gc(0) = (X, P2X, ..., Py--- P,_1X,Z). Since the identity
component PO, (p, ¢) acts transitively on transverse pairs, we find a continuous curve
t+— g € PO(p,q) suchthat g,x1(t) =X, g;x,(t) = Zand go = g. Thus for all 7 € [0, a],
the point g;x5(¢) is in the same connected component of Qx N Q27 as P, X. Hence we find
a continuous map ¢ — P,(¢t) € Ugo such that g; x> () = P,(¢)X. By the same reasoning
we find a continuous map ¢ — P3(t) € Ug 0 such that

(P2(t) " gex2(t), Pa(t)  gex3(t), gexa(t)) = (X, P3(1)X,2),

(8:x1(2), 81X2(2), 81X3(2), g1 xn (1)) = (X, P2 ()X, P2(2) P3(1)X, Z).

The claim follows by induction. ]

3.3. ©-Positive triples in PO(2, q)

In the case p = 2 the flag manifold #; = Iso; (R?9) is also known as the Einstein uni-
verse (see for instance [2] for an introduction to this space). In this case a transverse pair
(x.z) € Iso; (R*9) determines a positive cone C;f, C Iso; (R*9); this is the unique con-
nected component of the set of points transverse to both x and z whose intersection with
a small neighbourhood of x is in the future of x and similarly it is locally in the past of
z. The pair (x, z) also determines a negative cone C, = szx C Iso; (R%9). Note that
the choice of sign depends on the time orientation of the Einstein universe, and is thus
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only invariant by an index 2 subgroup of PO(2, ¢), while there are elements in PO(2, ¢)
exchanging C ;“ ;and Cy . A triple (x, y, z) is ©-positive if y belongs either to the pos-
itive or to the negative cone. If a 4-tuple (x, y, z, w) is positive then necessarily not only
y and z belong to the same of the two cones determined by x, w, say Cx,,,(2), but also
Cy,w (Z) c Cx,w (Z)

We will not need the interpretation in terms of the Einstein universe, but we need
several geometric properties of the positive semigroup Ug 0 and of positive n-tuples in
Iso; (R%7) which we collect in this section.

Example 3.9 (Case p = 2). Any element P € ngo can be written as

1 s" qy(s)
P(s)=Eis)=|0 14, Js |. (3.6)
0 O 1

forsome s € Vg, = cy(Vy).

For the sake of readability we denote by e; also the line generated by the i-th basis
vector. Any element x € 7 (R?¢) = Iso; (R?9) transverse to e; has a unique represen-
tative of the form (¢ (sx), sx, 1). The following elementary lemma will be useful in the
proof of Proposition 5.3.

Lemma 3.10. The 4-tuple (eg+2,x,y, 1) € FH(R*?) is equal to a standard ©-positive
4-tuple (X, P(s1)X, P(s1)P(s2)X, 2) for some s1,s; € ngo if and only if both sy and
sy —sx are in ¢y (Vy), i.e. are positive for qy and have positive first entry.

Proof. Observe that e;4» = X and e; = Z. Moreover, x = Ej(Jsx)Xand y = E(Jsy)X
= E1(Jsx)E1(Jsy — Jsx)X. Setting s; = Js, and s, = J(s, — syx), the claim follows
from the fact that J preserves cj (V7). ]

As a result we obtain the following compatibility of cross ratio and positivity, which
will be useful later.

Proposition 3.11. Ifa 4-tuple (a, b, c,d) € Iso}(R*9) is positive, then
cri(a,b,c,d) > 1.

Proof. Since both notions are invariant by the PO(2, ¢)-action, we can assume that
(a,b,c,d) = (eg4+2,x,y,ey) is a standard O-positive 4-tuple. A direct computation gives

q(sy) qi(sx) +qy(sy —sx) +2by(sx, sy —Sx)
crl(eq+2,x,y,e1) = = .

qJ(sx) B qJ(sx)
The result follows from the definition of ¢ (V;), which ensures that g (s — sx) is posi-
tive, and from Lemma 3.1 which ensures that 25 (sx, s, — Syx) is positive. [ ]

Given g € PO(2, ¢) we denote by g’ its transpose, that is, the element represented by
the transposed matrix with respect to the standard basis. By our choice of quadratic form,
g' € PO(2, q) as well. Observe that for every P € Ug = Stab(Z), P' € Stab(X).
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Lemma 3.12. For any P € UZ° there is Q € Ug° such that PX = Q'Z and P™'X =
(0H71Z. Conversely, for any Q € U®>0 there is P € U(;O such that Q'Z = PX and
(0H1z=P7X

Proof. This is a direct computation. For example, if P = P (v) for some v € ¢ (V) then
Q = P(qs(v)~"'Jv).Since P~! = P(—v), we also get P™'X = P(—q;(v)"1Jv)'Z, as
desired. ]

Lemma 3.13. For every Q € Ugo, Q' acts trivially on TxIso; (R%9).

Proof. We identify TxIso; (R?9) with V; via the inverse of the map v > % |s:OP(sv)X.
We compute
52q7 (v)
52¢7 ()gs W) +s@ w)+1
P(w)' P(sv)X = s2q; Ww+sJv
52q7 (W)g s (W) +s@ w)+1
1

Taking % 4—o 2ives the desired result. ]

3.4. ©-Positive representations and ®-positive curves

Definition 3.14 ([22, Definition 5.3]). A map & : S! — F,_; is O-positive if, for every
positively oriented n-tuple (x, ..., x,) € (S')", the n-tuple (£(x1),....E(x,)) € ¥l
is ®-positive.

The following is an immediate consequence of Corollary 3.8 and the fact that the set
of positively oriented n-tuples in S! is connected.

Corollary 3.15. Let £ : S' — F,_1 be a continuous transverse curve. If the image of
one positively oriented n-tuple in S under & is a ®-positive n-tuple in Fp—1, then every
positively oriented n-tuple in S is mapped to a ®-positive n-tuple in Fp-1.

In particular, such a map £ is ®-positive if and only if for every n > 3 there is one
positively oriented n-tuple in S which is mapped to a ©-positive n-tuple in F,_;.

Definition 3.16 (see [22, Definition 5.3]). A representation p : I' — PO(p, q) is ©-
positive Anosov if it is ®-Anosov and the Anosov boundary map & : dooI" — Fp—1 is
a ®-positive map. We will sometimes write just positive Anosov representation.’

This is a conjugation invariant notion: the conjugate of a ®-Anosov representation is
®-Anosov, and the conjugate of a ®-positive representation is ®-positive.

°In the original definition of ®-positive representations there is no requirement on the repre-
sentation being Anosov. In the work of Guichard-Labourie—Wienhard [19, Proposition 5.8], which
appeared on the arXiv at the same time as this paper, the authors show that any ®-positive rep-
resentation is ®-positive Anosov. It is not immediate that a representation that is ®-positive and
®-Anosov is ©-positive Anosov according to our definition, as, a priori, the ®-positive boundary
map and the ®-Anosov boundary map might be different: the ®-positive boundary map might not,
a priori, be dynamics preserving.
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Important examples of ®-positive Anosov representations are representations in Fuch-
sian loci, namely the subloci of the set of ®-positive Anosov representations arising
through the following construction:

Example 3.17 (see [ 1, Section 7]). Let R?-?~1 @ R49=P+1 = R4 be an orthogonal split-
ting of R?-4, denote by O(p, p — 1) x O(q — p + 1) C O(p, ) the subgroup preserving
this splitting. For every irreducible representation 7 : SL(2, R) — SO(p, p — 1), every
discrete and faithful representation ¢ : I' — SL(2, R) and any representation o : ' —
O(g — p + 1), the projectivization

p: ' =>PO(p,q), p:=(tol)Pa,

is ®-positive Anosov. More generally, T o ¢ can be replaced by any Hitchin representation
n:T —SO(p,p—1).

Combining Theorem C and the classification of connected components of the
SO(p, q)-character variety given in [1] we will be able to deduce that if ¢ # p + 1,
then every ®-positive Anosov representation into SO(p, ¢) can be deformed to such a
representation (Remark 6.7) — see Remark 1.2 for ®-positive representations in O(p, q)
and SO(p, q).

3.5. The boundary map of a ®-positive representation

The Anosov boundary map of a ®-positive Anosov representation has remarkable addi-
tional properties, which were proven by Sambarino, Wienhard and the second author and
will be useful in our work as well.

We first consider the k-boundary maps for k < p — 1. The following was shown
in [38, proof of Theorem 10.3]. We include the simple argument here for the reader’s
convenience; this step of the proof does not require the assumption that the ®-positive
curve is equivariant with respect to some representation.

Letz € F,—jandk < p — 1. We set

Iso,@z = {yk € Isox (RP9) | dim((y¥)*t nzFh =1, OBt nkt = {0}}.
We then have a well defined projection
nf :Is0p” — P25 ~ RPY, YR s (%) N2l + 2571

This yields a well defined projection nf (x) for any x € ¥,_ transverse to z € ¥,_; by

restricting to x¥.

Proposition 3.18 (see [38, Theorem 10.3]). For every O-positive (n + 1)-tuple

(X1,...,x,2) € 371,”_‘”'11, and for every k < p — 1, the (n + 1)-tuple
(F (x1). - 7f (). [2F])

is cyclically ordered in P(zF+1 /zk=1) ~ RPL.
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Proof. This is a consequence of the explicit expression for a standard ®-positive triple

recalled in Section 3.1: we can assume without loss of generality that (xq, ..., x,, 2)
= (X, P(V2)X, ..., P(V2)--- P(Un)X, Z) for O-positive elements P (V;), U; € V®p_1, for
i =2,...,n.Then, since P(v) is an element of the stabilizer of Z, we get

((P(l-}’)x)q+p—k N Zk+1) + Zk—l — P(l-)')(xq+p—k n Zk+1) + Zk_l.

In particular, it is enough to verify that the k-th coordinate of the vector P(U2)eq+ p—k
is positive and that the k-th coordinate of P () --- P(¥;)X is greater than the one of
P(V3) -+ P(V;+1)X. Recalling the definitions one directly computes that the k-th coor-
dinate of the vector P(V)eg4p—k is Zf:ll si > 0, where we set U = (v, ..., Vp—1)
and v; = (s},...,s,_;) and the k-th coordinate of P (V)P (W)ey+ p—x is the sum of
the k-th coordinate of P(vV)e,+ p—i and the one of P(wW)e,4 p—k. Inductively the claim
follows. ]

As a consequence, we recover the following result.

Corollary 3.19 ([38, Theorem 10.3]). Let & : S' — F,_1 be a ©O-positive map. Then &
satisfies property Hy for k < p — 1, i.e. the transversalities of (2.2) are satisfied.

Proof. This is a direct consequence of Lemma 3.18 and (2.3). ]

For every z € ¥,_1, the quotient z¢72/zP~2 is naturally endowed with a bilinear
form of signature (2, — p + 2). Our next goal is to define a natural projection from a
big subset of Iso,_1(R?*9) to Iso1 (z¢72/2zP~2). Observe first that zP~! induces a point

[z271] € Iso; (2972 /zP72). We denote by Isog‘f1 the subset of Iso,—1 (R?*9) consisting

of subspaces in general position with respect to z?~2:
Isolr,hf1 = {y?7! €Isopm 1 (R?Y) | dim(y? ' N z972) =1, y?~ N zP72 = {0}}.
We then have a well defined projection

P! :Isog‘fl — Is01(z912/2772), yP s [(pP7 1 N z972) 4 2772

For the projection 7, we have:

Proposition 3.20 (see [38, Proposition 10.5]). Ifthe (n + 1)-tuple (x1,...,Xn,2) € 371,"_4'11
is ®-positive, then

(P ), .. P (x), [2P7Y]) € Isoq (29712 /2272yt
is ®-positive.

Proof. 1t follows from (3.5) that we can assume, up to conjugating with a suitable g €
PO(p, q), that there exist Ua, ..., U, € Vgil such that

(X1, Xn,2) = (X, P(02)X, ..., P(V3) - P(Un)X, 2).
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For 1 < k < p — 2 the elementary matrices Ej (s) act as the identity on 242 /2P =2,
while the elementary matrix E,_;(s) acts by the corresponding ®-positive element (as in
Example 3.9), which we still denote, with a slight abuse of notation, by E,_;(s). Given
v e Vg_l we denote 1771 = Zf:ll 3271 € ¢y (Vy). It then follows from the definition

that the (n 4 1)-tuple (nf_l(xl), e, nf_l(xn), [z771]) is given by
([eq+2]s P(Eéj_l)[eqﬁ‘z]s ey P(azp_l) tt P(Brf_l)[eq-f'Z]v [ep—l])v
which concludes the proof. ]

Letnow p: I' = PO(p,q) be {p — 2, p — 1}-Anosov. For every x € do,I" we can use
the projection 7y, to define a curve £y : o' — Isol(xZH/xf,’_z) by

{sx(y) =l P,
Ec(x) =27

The following is an immediate consequence of Proposition 3.20.

(3.7)

Corollary 3.21 ([38, Proposition 10.5]). Let p: ' — PO(p, q) be ®-positive Anosov with
boundary map £ : 0T — Fp_1. Then &; : 0T — Isol(zg+2/25_2) is a ©-positive

curve for every z € ool

The following regularity property of the map & was obtained in [38] as a consequence
of Corollaries 3.19 and 3.21. We record it here for future reference.

Theorem 3.22 ([38, Corollary 10.4 and Proposition 10.5]). Let p : T' — PO(p, q) be ©®-
positive Anosov. Then the curve §P~1 : 90T — Isop—1 (RP*9) has Lipschitz image, and
the curves €% : 35T — Isox (R?9) fork < p — 2 have C! image.

In particular, the image of & is a Lipschitz submanifold of ¥,_, since it is the graph
of monotone functions between Lipschitz circles.

4. ©-Positive representations are positively ratioed

In this section we describe tangent cones defined by ®-positive triples in ¥, that nat-
urally come from the ®-positive structure. The main technical result of this section is
that the cross ratio increases along these tangent cones (Proposition 4.8). This implies
that ®-positive Anosov representations into PO(p, g) are k-positively ratioed for k =
1,..., p — 1 (Theorem 4.9). Proposition 4.8 will also be crucially used in the proof of the
collar lemma.

The proof of Proposition 4.8 will build upon the Lipschitz regularity of the image of
the boundary maps (Theorem 3.22). As a result, for every k, we can (and will) choose a
Lipschitz structure on dooI" ~ S! defining a Lebesgue measure class with the property
that for almost every point x € oo, the curve ¥ has a non-zero derivative ék (x) €
Tk (x)Isog . The Lipschitz structures on doo I induced by the boundary maps £X are, except
for very special cases, mutually singular.
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In our analysis we will need a more precise understanding of where these derivatives
lie; this is provided in the next subsection. In Section 4.2 we will use this information to
show that the derivative of the cross ratio is positive along explicit paths that we construct
with the given derivative. Thanks to Rademacher’s theorem, this is enough to deduce the
main result of this section (Theorem 4.9).

4.1. Tangent cones

The goal of this subsection is to define, for every ®-positive triple (x, y, z) € 371,3_1 and
every | <k < p—1,acone c,': (x,y,z) in a linear subspace of T« Isox (R?*?) with the
property that, for each equivariant ®-positive curve £ containing (x, y, z) in its image and
differentiable at x, one has ék (x) € c,': (x, v, z). We will also show that if x, y, z belong
to the image of a positive curve £ : dooI" — F,—1, the cone c,j (x, y, z) only depends on
the point x, and on the orientation of doo .

We focus first on the case p = 2, so that 1 (R?Y) = Iso; (R?:). Given a ®-positive
triple (x, y, z), we choose g € PO(2, ¢) such that (gx, gy, gz) = (X, PX, Z) for some
P eUg 0. The unipotent radical Ug of the stabilizer of Z acts freely and transitively on
the open subset of ¥,_1 consisting of elements transverse to Z; through this action we
obtain an open chart around the point X identified with Ug. Differentiating this chart and
composing with the differential action of g~! we obtain a linear isomorphism between
the Lie algebra ng of Ug and T,1Iso; (R?:9). Recall from Section 3 that ug consists of
matrices of the form

0w 0
0 0 Jw]|lweR?;,
0 O 0

and thus we obtain an isomorphism fg : T,11s0; (R29) — V. Recalling (3.2), we define

o (x.p.2) = [ @ (Vi) 4.1)

In the interpretation of Iso;(R?:9) as the Einstein universe from Section 3.3, the cone
cf(x, ¥, z) is the tangent at x to the cone Cy ;(y). The following lemma should be clear
for the experts in Einstein geometry; we include a proof in our framework.

Lemma 4.1. (1) The cone cl+(x, v, z) does not depend on the element g.
(2) Forevery g € PO(2,q), ci (x,y,2) = gx'lci (gx, gy, g2).
3) If (x,y,z,w) € Iso](R>)@ s positive, then c;f (x,y, w) = ¢f (x, z, w) =

cfr(x, ¥, z). Furthermore, cfr(x, V,z) = —cfr(x,z, y).

Proof. (1) Let g1, g2 be such that (g;x, g;y, giz) = (X, P;X,Z) some P; € U(;O. Then
h = gog7" belongs to the stabilizer of (X, Z), and since hPy = P, € U5°, h preserves
the cone ¢y (V). This implies that

Il @ V) = [, (1T (Vi) = f, @ (Vi)).
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(2) follows directly from (1).
(3) Pick g e PO(2,q) with (gx,gy,gw, gz) = (X, P2X, P, P3X,Z). Since P, P3 € Ugo,
it follows by definition that

Ci‘_(xv y,U)) = fg_l(EJ(VJ)) = CIF(X,Z,U}).

Next we show that cf(x, y,z) = —cl+(x, z,y). Since by (2) we have cl+(x, y,z) =
g*_lcr(gx, gy, gz) for any g € PO(2, ¢) with differential g, it is enough to show that
e (X, PX,2) = —c; (X, Z, PX). Let

~1
H= 1d, € PO(2,9q).
-1

Then H stabilizes X and Z and acts as —Id on TxIso; (R?9). Let P = P(v) for some
v € cy(Vy). Then

HP()X = HP(v)HX = P(—v)X = P7'X.

Thus ci"(X, P7X,2) = —CI+(X, PX,Z).Let Q € Ugo be such that PX = Q?Z; it exists
by Lemma 3.12. According to Lemma 3.12 we also have (Q?)~'Z = P~'X. Thus

(X,Z,PX) = (X.Z,0'2) = Q" - (X, (0" '2,2) = Q" - (X, P"'X, 2).

Therefore cf'(X, Z, PX) = kacf'(X, P~1'X,2). Since the differential Q°, acts trivially on
TxIso; (R%9) by Lemma 3.13, Q preserves the cone cl+(X, P71X,2) = —CT(X, PX,2).
This proves the claim.

Finally, we show C1+ (x,y,2) = ci”(x, y, w). For this recall that by Proposition 3.6,
(x,w, z, y) is also a positive quadruple. Thus by what we have shown so far,

cf(x,y,z) = —cf(x,z,y) = —cf(x, w,y) = cfr(x,y, w). |

In particular, if x = £(a) is in the image of a @-positive curve £ : S! — Iso; (R?9),
then the cone cf' (x, (D), £(c)) does not depend on b, ¢, but only on the orientation
induced on the circle by the triple (a, b, ¢). For this reason, in this situation, we will
simply write

c1+(x) = c1+(x, £(),&(c)) forany b, c inducing the given orientation.

Lemma 4.2. Let £ : S' — Iso; (R?Y) be @-positive. If £ is differentiable at x € S with
non-zero derivative, then

§(x) € o ().
Thus if & is the boundary map of a ®-positive representation, then E (x) € cf'(x) for
almost all x € JooT ~ SI.

Proof. Let x be a differentiability point for £. We complete x to a positively oriented triple
(x,y.2) € (S')?, and choose g € PO(2, q) so that (g&(x). g§(¥). g&(2)) = (X, PX,2).
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In this way we obtain a smooth chart
Vy — Uy CIso; (R%9), w> g lexp(w) - X.

Working in this smooth chart, the derivative of &, where defined, is the limit of rescaled
partial increments. Since each of those belongs to ¢y (Vy) (compare Example 3.9), the
limit belongs to the closure ¢y (V). It follows from Theorem 3.22 that almost every point
X € 0c 1 is a differentiability point for . |

We now turn to the general situation. Recall that for any x € ¥,_;, the quotient
x972 /xP~2 is naturally endowed with a form of signature (2, g — p + 2), and there is
a natural inclusion

by : Ts01 (x912/xP72) — Tso,—1 (RP7)

whose image is the analytic submanifold consisting of (p — 1)-dimensional isotropic
subspaces contained in x¢*2 and containing x?~2 as a subspace. In order to improve
readability we will denote by Iso,—1(x912/x?~2) the image of ¢.

Realizing Isop—1 (R?*7) as a subset of the (p — 1)-Grassmannian of R?*4, we obtain,
for any z97%! transverse to x?~1, an inclusion

Tyr—11s0p_1 (RP?) < Hom(x?~!, z2T1),

The tangent space to ¢ (Iso; (x9+2/xP~2)) is then precisely given by those linear maps
in T p—11s0,—1 (RP4) that vanish on x?~2 and have image in x972:

Tyr—11s0p—1 (x972/xP72) = {C[) € Typ—11Is0p—1 (RPY)

<I>(x1’_2) =0,
O(xP7l) < xI12 N et

Letnow (x, y,z) € ?;_1 be ®-positive. Recall from Proposition 3.20 that we denote
by Pt Iso?fl — Iso; (x9%2 /xP~2) the natural projection, and that if (x, y,z) € 371)371
is ®-positive, then y, z belong to Isoz’fl and the triple ([x?~], 727 '(y). 727" (2)) €
Iso; (x912/xP~2) is ®-positive. In the last statement we are also using the fact that any
permutation of a ®-positive triple is ®-positive (Corollary 3.5).

3

Definition 4.3. For a ©-positive triple (x, y,z) € ¥, we set

P
of (x.y.2) i=dgu (e (P72 (). 72 7(2)).

It is clear from the construction that for every ®-positive triple (x, y,z) € f’”p3_l and
for any g € PO(p, q),

ey 1(8x,8y.82) = gucl 1 (x,y,2),

where g denotes the induced action of g on TyIso,_; (RP-7).

Combining Lemma 4.1 and Proposition 3.20, which ensures that the image
under 77 lofa positive n-tuple is positive, we deduce that if x = £(a) is in the image
of a ®-positive curve & : S! — F,_; (R??), then the cone c;'_l (x,&(b), &(c)) does not
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depend on b, ¢, but only on the orientation induced on the circle by the triple (a, b, ¢). As
in the case p = 2, in this situation we will write

c;_l (x) := c;_l (x,&(b),&(c)) forany b, ¢ inducing the given orientation.

While in the case p = 2 the cone c1+ (x) has full dimension, for p > 3 it is supported in a
proper vector subspace.

In the following proposition we use the O-positive curves &y : 0ol —
Isoq (x912 /xP~2) associated to a ®-positive curve & : dooI' — Fp—1 (RP*9) through (3.7).

Proposition 4.4. Let p : T — PO(p, q) be ©O-positive Anosov. If the derivative S P=1(x)
of € at x exists, we have

EP(x) e of ().

Proof. We divide the proof into two steps. First we show that if E P=1(x) exists, then it is
in Ty p—11s0p—1 (x972/xP72).

We denote by ¥ € Hom(x?~!, z41) the vector corresponding to é"_l(x). Since p
has property Hp_, the curve £772 is C'! and the tangent space Ty,—2£772 is generated
by a vector ® € Hom(x?~2, z9%2) with Im ® < x?~! (see Proposition 2.9). In turn this
means that infinitesimal variations of vectors in x?~2 are contained in x?~!, and thus
ker W = x?72. Since xP~! is isotropic, it follows that Im¥ < (x?~2)L = x972 Asa
result, £771(x) € TxpflISOP_l(qurz/.X:p_z).

We conclude by showing that then £7~!(x) necessarily belongs to the cone. By defi-
nition, we have c;'_l(x) C Typ—11s0p_1(x972/xP~2). To show that é”_l(x) € c;_l(x)
we can assume that, up to the action of PO(p, q), (£(x), (), &(2)) = (X, PX,2) is a
standard ®-positive triple. Then consider the projection

7z 1502, — 150y (2942/2P72),  ¥YP7' s (Y27 N 2072 4 2072,
where, as always,

Isof2, := {¥?7! € Isop—y | dim(YP~1 NZ9%2) = 1, YP~1 N 2772 = {0}}.

The set Iso,,,l(Xq+2 /XP~2) is contained in the domain of definition of mz, and mz
induces a diffeomorphism between Iso,—1 (X912/XP~2) and Iso; (2412 /Z2P~2), so that
it is enough to check that

dmz(E771(x)) € dmz(c,f_ 1 (X)).

Observe that 1z 0 £ = &, on do" \ {z}. Moreover, Proposition 3.20 guarantees that
(£2(x), £2(»). £2(2)) is a standard ®-positive triple in Iso; (Z912/ZP~2). Since &, is O-
positive and differentiable at x (because £ is differentiable at x by assumption), we deduce
from Lemma 4.2 that

drz(771(x)) € ¢f (IX]) = cff (£ (x)).

where ¢; ([X]) is the cone defined by the standard ®-positive triple in Iso; (2472/ZP72).
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We claim that d 7 (c:_1 X)) = cf' (£2(x)). Indeed,

exp(c, 1 (X)) ={Ep-1(s)- X | s € cs(V)},

where E,_1(s) is as in (3.4). Thus

mz(exp(c,_1 (X)) = {E{(s) - £:(x) | s € cy (V)

where EZ#(s) is the (only) elementary matrix for the ®-positive structure on Z4+2/z7~2
(as in Example 3.9). Since

{ET(s) - £:(x) | s € cy (Vy)} = exp(c; ([X]) = exp(c; (:(x)))

and exp is a diffeomorphism, the claim follows.
Thus, as desired,
drz(§771(x)) € dmz(c,_y (X)) u

The same analysis can be done for the other boundary maps &* : 3o I" — Isox (R?9).
In this case, since the @-positive curve has property Hy (Corollary 3.19), the curve & is
already C'!, with tangent space at x given by the line (Proposition 2.9)

K e T [x* 1 /xk=1] € Toalsor (RP9).

In this case the cone c,j (x) is the ray corresponding to the positive orientation of the
circle (compare [3, p. 31]) induced by the choice of the triple. In particular, the following
holds.

Proposition 4.5. Let p: T' — PO(p, q) be ©O-positive Anosov. Then forallk=1,...,p—2
and all x € 0soT,

X (x) € off ().

Remark 4.6 (Interpretations of the tangent cones in terms of positivity). A more Lie-
theoretic way of defining the cones c,:' (x) is as follows. Given a Lie group G, a parabolic
subgroup Py which is conjugate to its opposite and a transverse pair x, z € G/Pg, the
tangent space 7, G/Py is canonically identified with the Lie algebra ny of the unipotent
radical Uy of the stabilizer in G of the point z.

If now the group G admits a ®-positive structure, then, by definition, there are
L%-invariant convex cones cg C ug, where ug C ng is the sum of all the root spaces
ge that are equal to B modulo the span of A \ ®. In particular, for every § € O,
ug C nygy = TxG/Pygy, and we have ¢} = cq.

4.2. The derivative of the cross ratio

We can now compute the variation of the cross ratio along paths tangent to the cones ci+

introduced in the previous section, thus proving Proposition 4.8. We begin with an explicit
computation in the case p = 2.
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Lemma 4.7. Let (x, y, z) € Is03(R*%) be a ®-positive triple and ® € cf'(x) C
T, Iso1 (R?9). Then
dycri(z,x,-, y)(®) > 0.

Proof. Up to the action of an element in PO(2, ¢) we can assume that z = e;, x = ez and
there existy € cy(Vy) and w € ¢ (V) such that

qs(y) J 27 (w)
y = y , &=— x; for x; := tw, .
1 dtli=o 1

As in the proof of Proposition 3.11, we have

—qs(y)
—12q;(w) + 2thy(w.y) — qs(y)’

cri(z,x,xs,y) =
and therefore

d 2b s (w,
deenGx )@ = T (e x ) = 220

tli=o qs(y)
by Lemma 3.1. ]
For k = p — 1 we reduce the general case to Lemma 4.7 using Proposition 3.20.

Proposition 4.8. Let (x, y,z) € 371,3_1 be a O-positive triple and let Oy € c,j (x) C
ToxIsop (RP9) fork = 1,..., p — 1. Then

d o« crp (25, x5, - y*)(@r) > 0.

Proof. As the cross ratio is invariant under the action of PO(p, q), we assume without loss
of generality that x = X, z = Z, and y = PX for some P € Ugo. Fork=1,...,p—2
and ¢ € R we consider the element

xf =x"o (eptrqg—k+1 + tepirg—i)
of Isog (R?-?), while for k = p — 1 we consider the element
X 7Hi=xP @ (eg4n + 1W)

of Isop—1 (R?9) for some w € ¢y (V) (recall that Vy < R”9).

By construction, for 1 <k < p — 1, the map ¢ — xf gives a curve in Isox (R?:9)
whose derivative lies in the cone c;" , and for every @y € c,j we can find such a curve
tangent to .

Thus it is enough to check

d
— crk(zk,xk,xf,yk) > 0.
dt|i=o
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Let X; := xk*1/x%=1 for k < p — 2 and X,_; := x9%2/xP~2. We denote by [] the
obvious projection to P (X ) (resp. Iso; (X,—1)), so that

T L L B
. [yp_lﬂxq+2], k=p—1,

and the same for [z]. Then

er (25, 1%, xK, yR) = erp (6, 25, yK xF) = erf (1], 2], D), [xeD)
= ey ([2], [x], [xe], D),

where the first and last equalities follow from Proposition 2.4 (2), and the second is a
consequence of the second statement in Proposition 2.6.

For k < p — 2, property Hy, (Corollary 3.19) guarantees that [z], [x], [y] are distinct
(see (2.3)); by definition [®f] = %\tzo[x,] # 0 € Ty Xk is directed towards [y], i.e.
[z]. [x]. [x:]. [y] are cyclically ordered on P(X;) ~ RP!. As crf(" is the usual projective
cross ratio on P (Xy), this is enough to guarantee the claim (compare [3, Lemma 3.2]).

In the case k = p — 1, Lemma 4.7 guarantees that

d

ai| e EL b DD > 0.

which proves the claim. ]

Theorem 4.9. Let p: T — PO(p, q) be ©-positive Anosov. Then p is k-positively ratioed
fork=1,...,p—1

Proof. Let (x, y, z, w) be cyclically ordered on deoI". Theorem 3.22 implies that, for
all 1 <k < p—1, the curve u Ek (u) has rectifiable image. Thus, for each k, we
can parametrize the interval (y,z) C doo[" not containing x, w by a map ¢ — y; such
that ¢ > £%(y,) is Lipschitz and yo = y, y; = z. Then also f :[0,1] — R defined
by f(t) := crp(x¥, y*, yi‘, wX) is Lipschitz and thus by Rademacher’s theorem and the
fundamental theorem of calculus we get

1
ere (e, vk, 2K k) = £(1) = £(0) + / £(s)ds
0
1

d
= crp (XK, yF, yF wh) +[ —

k k k k
crr (x, y©, y5, w) ds.
o di % ( Vo) )

t=s

We have crg (x*, y*, y* wk) = 1. Using the cocycle identity, we deduce that (almost
everywhere)

cry (xk, yﬁ), yf, wk). 4.2)
t=to

d d
Tl e Rty = en oty k)
t=to
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From Proposition 4.8, whose assumptions are satisfied thanks to Proposition 4.4 (resp.
Proposition 4.5), it follows that (almost everywhere)

d
n crk(xk,yf;,yf,wk) > 0.
t t=to

For every to the coefficient cry (x¥, y¥, yi‘o, wX) in (4.2) is positive since the 4-tuple
(xk, yk, yi%, w¥) is in the same connected component of the domain of definition of cry as
the 4-tuple (x¥, y*, y* wk) for which cri (x¥, y¥, y¥, w*) = 1 and the cross ratio is con-
tinuous and does not vanish (recall Definition 2.3). Hence f”(¢) > 0 almost everywhere
and therefore cry (xk, yk, zk, wk) > 1, as desired. [

5. Collar lemmas for O -positive representations

The goal of this section is to prove the collar lemma, stated as Theorem B in the intro-
duction. As a warm up, we give in Section 5.1 a complete proof in the case p = 2, which
builds on the technical Lemma 5.3, a key ingredient also in the proof of the general case.
In Section 5.2 we introduce the notion of hybrid flags, and discuss the general strategy of
proof, which is carried out in the remaining three subsections.

5.1. Collar lemma for PO(2, q)-positive representations

In this subsection we focus on the case p = 2; in this case the group PO(2, q) is of
Hermitian type, and ®-positive Anosov representations p : I' — PO(2, g) are nothing
other than maximal representations as in [11,14]. Our aim is to give a self-contained proof
of the collar lemma in this case, which is considerably simpler, but already illustrates
the topological input needed for the general proof, and sheds some light on the general
strategy. Recall from the introduction that we say that two elements g, h € T" are linked
if the attracting and repelling fixed points &4, h_ € 0" of & are in different connected
components of dooI" \ {g—, g+ }. Theorem B in this context can be restated as follows.

Theorem 5.1. Let p: I' — PO(2, q) be ®-positive Anosov and g, h € T be a linked pair.
Then

A -1
(1 - ‘ﬁ(p(k»') < 23(p(2)).

Remark 5.2. A (slightly weaker) collar lemma for maximal representations p : I' —
Sp(2n, R) was proven in [12], but [12] does not cover maximal representations in Her-
mitian Lie groups different from Sp(2n, R), and our techniques of proof are different.
Our techniques are also different from the technique of the proof of the collar lemma for
Hitchin representations in [32], albeit all the three proofs build on the topological input
from hyperbolic geometry giving the orientation of a well chosen 6-tuple of fixed points
of hyperbolic elements recalled in Figure 3 below.
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An important advantage of the projective cross ratio crgp1 over the cross ratios cry,
which is at the basis of an easy proof of the collar lemma for holonomies of hyperboliza-
tions, is its additional symmetry:

crgpi(d,a,b,c) = (1 —crgpi(a,b,c.d)™ )7L

While this does not always hold for cr;, we establish the following generalization, which
has the advantage of involving the exponential of the root (recall from Lemma 2.5 that
cry(hy, hx,x,h_) = 11 (h)?).

Lemma 5.3. Let h € PO(2,q) be such that | A1 (h)| > |A2(h)|. Denote by hy € Iso; (R?9)
the eigenlines corresponding to the eigenvalues of highest and lowest absolute value. Then
for every x € Iso; (R?9) such that (hy, hx, x, h_) is positive,

1 -1
(1 _‘)L—Z(h)D <cry(h—, hy, hx, x).
1

Proof. Since the 4-tuple (hy, hx, x,h_) is positive, in particular the triple (h4, x, h_) is
positive. Thus we can assume without loss of generality that, with respect to the standard
basis, iy = e442, h— = e} and we can write, as in Example 3.9,

x =[qs(sx) :sx: 1]

for some vector sy € ¢y (Vy).

We choose the lift of & to O(2, ¢), which we also denote by 4, such that A, :=
A1(h) > 0. Since hy = eq42 and h_ = ey, the element & acts on the subspace V; =
(e1, eq+2)L. We denote by hg : V; — V; the induced linear map, which preserves the
form by. Then

hx = [)kl_lqj(sx) thosx t Aq] = [Al_qu(sx) : )Ll_lhosx - 1].

Since the quadruple (e412, hx, x, e1) is positive, in particular the triple (e;42. hx, e1) is
positive, and thus Al_lhosx ecy(Vy).

Recall that ¥ € R?+? denotes a non-trivial lift of x € Iso; (R?7). We can now explicitly
compute'?

O(h—.hx)Q(hy, %)
Q(h—.hi)Q(F. hx)

o )‘%QJ(Sx)

(A3 4 Dgy(sx) —2by(sx. A1hosy)

In order to conclude the proof we need to find a good lower bound on the value

2by(sx, A1hoSy), which is positive by Lemma 3.1. Setting v, := ﬁsx, we note

that vy and hgvy belong to q;l (1). Therefore vy and hgv, are in the —1 level set of the

cry(h—,hy,hx,x) =

5.1)

10Recall from (3.1) that Q((a, s, b)*, (c,t,d)") = —ad — bc + 2b (s, 1).
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quadratic form —g of signature (g, 1). Since, by assumption, v, and hgv, both have
positive first entry with respect to the basis (e3, ..., e441), they are also in the same con-
nected component, denoted by S, of —q;l (—1) , which is preserved by h¢. This also
implies that the eigenvalue of 4 of greatest modulus, which we denote by A, and which
coincides with A, (), is positive.

Observe that ST is the hyperboloid model of real hyperbolic (g — 1)-space H4~!.
Therefore

arccosh(b s (vyx, hovy)) = dma (vx, hovy) > Lpga (ho)

where g« denotes the translation length of the hyperbolic isometry /¢. Basic hyperbolic
geometry yields
cosh(fga (ho)) = 2(A2 +A51)

and therefore
2by (5x, Mhosx) = 27 (8x) 21 (Vx, hovx) > gy (sx)h1(Aa + A5 71).
As a result, using the fact that A, > 0 and thus also A, + )L;l > 0, we obtain

A%‘IJ(Sx)
(k% + 1)qy(sx) —2by(sx, A1hosx)
- A%QJ(SJC)
T (A2 4+ 1)gs(sx) — A1(Az + A5 g (sx)
(A1 —A2)(1 = A7IATh
- A1 _ 1 _ 1
A=Ay 1—=A/A1  1—|A2/M]

cry(h—,hy, hx,x) =

Theorem 5.1 follows by combining Lemma 5.3 and the positivity of the cross ratio
(Theorem 4.9). Given x € 0o, we denote as usual by x! € Iso; (R?:) the image of the
boundary map, and for g € I' we denote by g, € PO(2, ¢) the element p(g).

Proof of Theorem 5.1. We know from Lemma 5.3 that

(1_

Since the points (h—, g_, hy,hgy,ghy.g1) € 05 are cyclically ordered (compare
Figure 1, and [32, Lemma 2.2]), and cr; is positive along the image of the boundary map,
we deduce using the cocycle identity (Proposition 2.4 (3, 4)) that

l —1
ﬁ(h)') <cry(hl,h hogl, gl).

cri(ht hY  hpgh . gh) <eri(gh h hpgh htyeri (bl kY hpgl, gh)
=cri(gl. hh hogh.g}h)
<ori(gh bl hpgh . gh)eri(gl. hpgh . gohl . gh)
=cri(gl hl, gohl . gl).
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hg+
gh+

8+ 8-

h—

Fig. 1. The proof of Theorem 5.1.

The theorem follows from Lemma 2.5, stating

cri(gl.hl. gohl, g}) = A3(gp). n

5.2. Hybrid flags and strategy of proof in the general case
For the proof of the collar lemma we will need the following construction.
Definition 5.4. Given two transverse flags x, y € ¥,_1, the (x, k)-hybrid flag is
X < y:= ()cl,...,xk_l,xk_1 <) (xkJrl N y”+q—k),xk+1,...,x1’_1)
ifk=1,...,p—2and
X <oy yi=(x o xPTExPT2 g (x4 0 yPTY)
otherwise.

In the case of the standard flags X, Z where Z¥ = (e, ..., ex) the hybrid flags are

7 < X = 2, ..., 25 (er, ... ep—1,epq), 2T, 2P7Y) ik < p—1,
(Z',...,Z2P72 (e1, ..., ep—2,€q+2)) ifk=p—1.

The goal of the section is to prove the collar lemmas; more specifically, we want to
show that for any ®-positive representation p, any linked pair g, € " \ {e}, and any

k<p-—1,
Ak+1 -
(1 - ‘ m (hp) ) < )L%---)L,%(gp).

We will prove the collar lemma in two steps: First we show that

Ak+1
1-— h
( ‘lk(p)

—1
) < o (WS, W8, ghs, (he < g4)5); (5.2)

in the case k = p — 1 we show in Section 5.3 how to reduce this claim to Lemma 5.3,
building on the study of some level sets of the cross ratio cry carried out in Proposition 2.6.
If k < p — 1 then (5.2) is simpler and follows directly from property Hy [3].
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In the second step we prove that cry (7%, h]_i, gh’_i, gff_) is greater than the right hand

side. The main ingredients used in this step are a technical statement (Proposition 5.9)
about k-hybrid flags, which we prove in Section 5.4, and the connection between posi-
tivity of triples and positivity of the cross ratio (Proposition 4.8). We conclude the proof
using the fact that the representations are k-positively ratioed and Lemma 2.5.

Remark 5.5. Note that since the Jordan projections of g and g~ ! agree, it is enough to

prove the collar lemma only for one of the pairs (g, ) and (g7', k). As a result we can
and will assume, possibly replacing g with g—1, that the quadruple (h_,hy, ghy,gy) is
positive.

5.3. Step 1
The first step for k < p — 1 follows directly from [3].

Proposition 5.6 ([3, Corollary 6.3]). Let p: I' — PO(p, q) satisfy property Hy. Then for
k < p — 1 and any linked pair g, h € T\ {e} we have

Ak+1
(1 - ‘ £41 1)

—1
) < ore(h% hE gh*  (h_ <y g)b).

Thus we are left to consider the case k = p — 1.

Proposition 5.7. Assume that p : T’ — PO(p, q) is {p — 2, p — 1}-Anosov and the pro-
jections £ to x172/xP~2 are @-positive curves for all x € dsoI'. Then for any linked
pair g, h € T'\ {e},

(-]

Ap—1
Proof. We consider the vector space H = h4"2/h?~2 with the induced non-degenerate
form of signature (2, — p + 2). Of course /4, induces an element hePOR.,9g—p+2)=
PO(H) satisfying Af{;' (hp) = %(l;)

We consider the ©-positive curve £,_ : dooI" — F1 (7212 / h?~2) defined as in Corol-
lary 3.21: &, (x) = [(xP~' N h9T2) @ h?72], &,_(h_) = [hP~!]. In order to make the
notation lighter we will denote the image £,_(x) by [x?71] € Iso (H).

Since &p,_ is hp-equivariant and positive (Corollary 3.21), we deduce from Lemma 5.3

that
(-

Since &,_ is @-positive and the 5-tuple (h_,hy, hgy.ghi,g4) € 0o ®) is positively
oriented (see [32, Lemma 2.2], and Figure 3 below), we can apply Proposition 3.11 to
derive

-1
(h,) ) <ty (W21 7 gh?™h (he <pmt g4)P7Y).

Ap

2 )

-1
) <o L L e ). 53)

o ((hP=1), [hg? ™", [gh% "1 [g27']) > 1.

Since the cocycle identity implies that cri ([h271], [hi_l], [ghi_l], [gi_l]) equals
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(1 A S 1 'S/ I e XS s (L M 172 A M P2/ Rt 2
we deduce
e (P71, 271, (he2 7" 827D < e (27 10271 [ghS 7 L 127, (5.4

We can then use Proposition 2.6 to compute the right hand side:

e (a N A N L N < )
= crpoy (B2 R27E gh?T P72 @ (4T3 N gPTY).

This concludes the proof once we observe that, by definition,

(h— <p—r g+)P V= P2 @ (g2 Nhat?). .

5.4. Positivity of hybrid flags

Recall from Definition 5.4 that to a pair of flags x, y € ¥,_; and an integer 1 < k <
p — 1 we associate the (x, k)-hybrid flag x <¢ y. The goal of this section is to prove that
positivity is preserved under hybridization. We will need the following basic lemma.

Lemma 5.8. Let (w, x, y,z) € ¥,* be O-positive. Then there is a continuous path ¢ :
[0, 1] — F1 from x to w such that {(t) is transverse to y, z forall t € [0, 1].

Proof. Recall the notation from Example 3.9. Up to the action by an element in PO(2, g),
we can assume that x = X,z =7,y = P(sy)Xand w = P(—sy)X fors,,sy, € cj(Vy).
Then £(t) := P(—tsy)X is a continuous path from x to w. Moreover, {(¢) is transverse
to y,z forallt € [0, 1], since (P(—tsw)X, P(sy)X,Z) is a positive triple; the image of this
triple under P(tsy) is (X, P(tsy +5,)X,2) . [

Proposition 5.9. Let (w, x, y, z) be a ©-positive quadruple in ?p“_l. Forallk =1,...,
p — 1 the triple (x <} w,y,z) € ?;_1 is positive.

Proof. Since (x, y,z) € ?;_1 is positive, by Corollary 3.8 it is enough to construct a
continuous path 7 : [0, 1] — #,_; with n(0) = x and n(1) = x <x w such that n(¢) is
transverse to y, z for all t € [0, 1].

We consider the projection nf : Iso,dgx — P(xk+1/x*=1) for k < p — 1 (respec-
tively 727" : Iso;‘f1 — F1(x972/xP~2)) defined in Section 3.5. Choose a continuous
path &, : [0, 1] = F1(x472/xP2) from [x?~'] to 77" (w) as in Lemma 5.8 for
the quadruple (72" (w), [x?~1], 727" (y), 727! (2)). The latter quadruple is positive by
Proposition 3.20. For k < p — 1 choose a continuous path & : [0, 1] — P(x**1/xk=1)
from [x*] to 77)]5 (w) not passing through n)lc‘ (y) and nf (z). This is possible according to
Proposition 3.18.

We set (0) := x. For > 0, if k < p — 1, we set n(t) := x’ for i # k and n*(¢)
to be the unique point of Isoy that contains x*~!, is contained in x¥*! and satisfies
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7k (n()*) = & (t) in P (x*+1 /xk=1). Analogously, for k = p — 1, we set 5(t)* := x' for
i # p—1and n?~1(z) to be the unique point of Iso,—_; that contains x?~2, is contained
in x9%2 and satisfies 7% (7(¢)%) = &k (¢) in Iso; (x972/xP72).

By construction, 7 is a continuous path from x to x <iz w. Since n(t)! = x* fori # k
and x is transverse to y and z, it is enough to observe that 7(z)* is transverse to y* and z¥,
which is equivalent to nf (n(t)) being transverse to nf (%) and nf (z%). The latter holds
by construction. ]

5.5. Step 2

To finish the proof of the collar lemma we need the following fact, which is essentially a
combination of Propositions 5.9 and 4.8.

Proposition 5.10. Let p be O-positive and (w, x, y, z) be a ©O-positive quadruple
in (00o)*. Then for anyk < p — 1,

ere (K, y%, 2K (v < w)F) < ere (xR, yR 2R wh).

Proof. Proposition 5.9 applied to the ®-positive quadruple (§(w), £(x),E(y), £(z)) guar-
antees that (x <1z w)F is transverse to y¥ and z*. Since also x¥ is transverse to y¥ and z¥,
the cross ratio on the left hand side of the statement is defined. Using the cocycle identity
for the cross ratio, the claim reduces to showing that

crp ((x < w)k,yk,zk,wk) > 1.

We consider crg ((x <ix w)¥, y*, yf, wk) as a function of the point y, varying between
y and z. Since &% has Lipschitz image, by Rademacher’s theorem and the fundamental
theorem of calculus we know that crg ((x <1x w)¥, y*, 2, wk) is the integral of the deriva-
tive of this function — see the proof of Theorem 4.9. As a result, using again the cocycle
identity, it is enough to show that, for every yo € (v, z)x such that ék (y0) is defined, and

for some C!-approximation ¢ > y{‘ of £ at yé‘, we have

| el <ew), yg yE wh) 2 0
Hi=o

here once again Proposition 5.9 applied to the 4-tuple (§ (w), £(x), £(yo), £(2))) ensures
that the cross ratio is defined.

y()yt

=

X

Fig. 2. The order of x, y, yo, ys,z, w,u fort > 0.
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Proposition 5.9 together with Proposition 3.5 implies that for all u € (w, x), the triple
Eo), E(w), E(x) <x £(u)) is O-positive. Thus we can apply Proposition 4.8 to derive

et ((x < w*, y§. y¥ wk) > 0.

di| =g

Now the regularity of the cross ratio yields

d
7 crg ((x < u)",yé‘,yf, wk) - i cr ((x < w)k’yg’ygc’ wk)

t=0 t=0

as u — w. This proves the claim. ]

The collar lemmas can now be proved following the same lines as the proof of Theo-
rem 5.1:

Theorem 5.11. Let p: I' — PO(p, q) be a ®-positive Anosov representation and g, h € T’
a linked pair. Then for any k < p — 1,

(1- |t
k

—1
) <aete.

A
hgt Mt
gh+
8+ 8-
h— < g
h_

Fig. 3. The proof of Theorem 5.11.

Proof. From Propositions 5.6 and 5.7 we know that for any k < p — 1,

Ak+1
1-— h
( ‘ Ak (o)

Proposition 5.10 implies

eric(hE h g (h- < g0 < ene (W WY g ).

-1
) < crk(hli,hlj_,ghk  (h— <1k g4)5).

Since p is k-positively ratioed and h_, g_, h4, gh4, g+ are in that order on 0o " (Which

implies cry (gf, h’_j, ghk , h]i) > 1), we deduce from the cocycle identity that

Crk(hliy hlj_v gh]j_» glj-) < CI‘k(gE, hl—i—v gh]j—v gﬁ—)
The theorem follows from Lemma 2.5 which shows

cre (g8, hE ghk  gk) =22 22(g,). n
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6. Higher rank Teichmiiller theory for PO(p, ¢)

In this section we show that ®-positive Anosov representations into PO(p, ¢) form higher
rank Teichmiiller spaces. In other words, we show that being ®-positive Anosov is a
closed condition in the character variety

E(PO(p. q)) = Hom™ (T, PO(p, ¢))/PO(p. q).

A direct consequence of Corollary 3.8 is that the set of ®-positive representations is open
in the set of Anosov representations, and thus the set of ®-positive Anosov representations
is open in the character variety. We then deduce that ®-positive Anosov representations
form connected components of E (PO(p, q)).

We begin with an easy consequence of Theorem 3.7 due to Guichard—Wienhard [23].

Proposition 6.1. The set of ©-positive Anosov representations is a union of connected
components of the set Homg C Hom(T", PO(p, q)) of ®-Anosov representations.

Proof. Since open connected subsets of a real algebraic variety are path connected, it is
enough to verify that if p, : [0, T] — Homg is a continuous path, and py : I' — PO(p, q)
is ®-positive, then pr is ®-positive. We denote by &; : dooI" — F,—; the boundary map
associated to the representation p;, which is transverse because p; is Anosov. It is well
known that &, depends continuously on p; [21, Theorem 5.13]; as a result, given a ©-

positive n-tuple (x1, ..., Xn) € oo '™, the path (& (x1). ..., & (x,)) is a continuous
transverse path. Corollary 3.8 applies, showing that also (§7(x1),...,&r(x,)) is a ®-
positive n-tuple. ]

A semisimplification p* : I' — PO(p, q) of a representation p : I' — PO(p, q)
can be characterized as a representation in the unique closed orbit inside the closure
PO(p,q) - p C Hom(T", PO(p, q)), where the action of PO(p, ¢q) is by conjugation (see
[18, Proposition 2.39]). Thanks to the semisimplification, it is enough to consider reduc-
tive limits of representations, instead of general limits: if {p,},en converges to po in
Hom(T', PO(p, ¢)), then we can find conjugates {g,pn g, ' }nen converging to Py - More-
over, any semisimplification is reductive.

Corollary 6.2. A representation p : I' — PO(p, q) is ©-positive Anosov if and only if all
its semisimplifications p* are.

Proof. 1t is known that p is ®-Anosov if and only if p* is [18, Proposition 2.39]. Since
p and p* belong to the same connected component of Homg, the result follows from
Proposition 6.1. u

Since the set of ®-Anosov representations is open in Hom(T', PO(p, g)), it follows
again from Proposition 6.1 that also the set of ®-positive Anosov representations, a
union of connected components of the former set, is open in Hom(T", PO(p, q)). It
remains to show that the set of ®-positive Anosov representations is also closed in
Hom(T", PO(p, g)). For this we crucially need the following result from [4]: any proximal
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and reductive limit of positively ratioed representations admits a well behaved boundary
map.

Theorem 6.3 ([4, Theorem B]). Let {p, : ' = PO(p, q)}neN be a sequence of k-posi-
tively ratioed representations converging to a k-proximal reductive representation py :
I' - PO(p, q). Then py admits an equivariant transverse continuous boundary map
Sgo : 0oo ' — Isog (RP-9), which is dynamics preserving'' at y; € oo for any y € T
with po(y) k-proximal.

An element g € PO(p, q) is k-proximal if it has a unique attracting point in

Isog (RP-7), equivalently if | lii (g)| > 1; a representation is k-proximal if its image

1
contains a k-proximal element. We prove closedness in two steps. First we deduce from
Theorems A, B and 6.3 that any limiting representation admits well behaved boundary

maps.

Proposition 6.4. Let {p, : ' — PO(p, q)}neNn be O-positive Anosov representations
converging to a reductive representation pg in Hom(I", PO(p, q)). Then po admits equiv-
ariant, dynamics preserving, ®-positive maps.

Proof. From the collar lemma (Theorem B) it follows that po(y) is k-proximal for every
k=1,...,p—landevery y € I" \ {e}. Indeed, we can find a linked element g € " \ {e}

and thus Theorem 5.11 gives
1 Ak+1 - 22...)2
i (Pn (¥)) < AT A (on(8))-

As both quantities converge to the corresponding quantities for the representation pgy, we
deduce that |%(po(y))| > 1.

Since every p;, is k-positively ratioed fork = 1,..., p — 1 (Theorem A), we can apply
Theorem 6.3 and deduce that py admits an equivariant, transverse, continuous, dynamics
preserving boundary map

£py D00l — Fp1.

It follows from Corollary 3.8 that this map is furthermore ®-positive. Indeed, since &, is
dynamics preserving, we have &,, (y+) — &, (y+) for every attracting fixed point y4 €
doo[" of y € T\ {e}. The same argument as in the proof of Proposition 6.1 shows that the
restriction of &, to the set of fixed points of elements in I" \ {e} is a ®-positive map, and
thus Corollary 3.15 implies that &, itself is ®-positive. ]

Second, we show that this is enough to guarantee that the limiting representation is
Anosov; for this we introduce a new way to use the ®-positive boundary map to read
eigenvalue gaps for the representation py.

Proposition 6.5. A representation p admitting equivariant, continuous, ®-positive,
dynamics preserving boundary maps &, is ©-positive Anosov.

HRecall Definition 2.1 (ii).
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Proof. Since ®-positive boundary maps are by definition transverse, it remains to show
the third condition in our definition of Anosov representations, namely that for a sequence
Yn € I' with |y, |00 — 00 we have

A
‘A—’Wpo(yn))‘ — 0.
k+1

Up to conjugating and extracting a subsequence we can assume that y,” — 4, y, — [,
and /_ # [;. Pick x € 0 I different from /_ and /.
It follows from the proofs of Propositions 5.6 and 5.7 (see Lemma 5.3) that

> ere ()%, )5, DE., vy < 0)).

Akt
1 - ‘ e (o(yn))

It is enough to show that the right hand side converges to 1. Ifk < p — 1 set L := [¥ / /%1
and if k = p — 1 set L := [972/]P~2, The boundary dynamics of the surface group
guarantees that y, x converges to /; using continuity of the cross ratio we deduce

et (), )%, DR, (v <k X)) = ene ()R, ()R, (1%, (- <k x)F).

We apply Proposition 2.6 to the latter cross ratio. If k = p — 1 the cross ratio in the limit

equals
erf (U2 L I LT A e 010,

Since £, is a ®-positive map, by Proposition 3.20 the last cross ratio is defined (i.e.
[l_‘z_1 N 1472 i [1271], [xP~! N 1472)), thus it is equal to 1, as desired.
If k < p — 1 the cross ratio in the limit equals

erb (UE1LLEF47 QIR R A R e 0 k),
As &, satisfies property Hy (Corollary 3.19), it follows that
2R QIR [k ke k),

Therefore the cross ratio is again defined and equal to 1. In particular, pg is k-Anosov for
k < p —1, as desired. L]

This concludes the proof of Theorem C, that the set of ®-positive Anosov representa-
tions is closed in the representation variety: it follows from Propositions 6.4 and 6.5 that
any reductive limit of ®-positive Anosov representations is ®-positive Anosov. Corollary
6.2 and the discussion just before the corollary imply that any limit of ®-positive Anosov
representations is ®-positive Anosov.

Theorem C has applications to character varieties, which, as in the introduction, we
realize as the quotient of the set of reductive representations by the PO(p, ¢)-action by
conjugation. Combining Corollary 6.6 and the work of [1] it follows that ®-positive
Anosov representations in SO(p, ¢) are necessarily reductive, since it is proven in [1] that
all representations in the components of the caracter variety corresponding to ®-positive
Anosov representations are non-parabolic, while a non-reductive representation, as well
as its semisimplification, is parabolic.
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Corollary 6.6. The subset consisting of (the conjugacy classes of) ®-positive Anosov
representations is a union of connected components of

Hom(T',PO(p,q)) and E(PO(p,q)).

Corollary 6.6 also shows that ®-positive Anosov representations form connected com-
ponents in E(SO(p, g)) (see Remark 1.2).

Remark 6.7. Aparicio-Arroyo, Bradlow, Collier, Garcia-Prada, Gothen and Oliveira [1]
used Higgs bundle techniques to count the connected components of the character variety
E(SO(p, q)) and checked for the existence of ®-positive representations. The component
count in [1] is as follows, denoting by g the genus of the Riemann surface:

e There are 22672 mundane components. Each of these compontents contains a represen-
tation with image contained in a compact subgroup of SO(p, ¢) — such a representation
is clearly non-discrete and thus not Anosov. It follows from Corollary 6.6 that those
connected components contain no ®-positive Anosov representation.

e If g > p + 1, then there are 228! additional exceptional components. Each such com-
ponent contains a ®-positive Anosov representation, namely one as in Example 3.17."2
Thus every representation in those connected components is ®-positive Anosov. The
exceptional components are then, as conjectured, the higher rank Teichmiiller spaces
associated to the group SO(p, q) for p + 1 < g.

e Ifg = p + 1there are 226! — 1 4 2p(g — 1) further exceptional components, which
are smooth and conjectured to consist entirely of Zariski dense representations [13,
Conjecture 1.7]. According to [I, Remark 7.14], Corollary 6.6 implies that these
also consist only of ®-positive Anosov representations: For the natural embedding
SO(p, p + 1) — SO(p, p + 2) these components inject into ®-positive components
of SO(p, p + 2), in particular all representations are positive, when composed with the
embedding SO(p, p + 1) — SO(p, p + 2). As a result those representations are also
®-positive in SO(p, p + 1). It would be interesting to construct explicit hybrid repre-
sentations in these components, in analogy to [20]. See [29] for results in this direction
from the Higgs bundle perspective.

Appendix A. Positive representations in the split group PO(p, p)

We restricted throughout the paper to the case p < g because the root system of the
split group PO(p, p) has a different expression, and in this case the ratio log |’lf1;l p(2)]
is not a simple root of PO(p, p), but rather the minimum of the last two simple roots.
Furthermore, the manifold #,_; we deal with in this paper identifies, in this case, with

the full flag manifold (the stabilizer of a point is a Borel subgroup); this is due to the

12 Actually, using the notation of Example 3.17, a representation of the form p : ' —
SO(p,q),p :=det(ax)(tot) & .
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fact that in a space of signature (p, p) every (p — 1)-dimensional isotropic subspace is
contained in precisely two p-dimensional isotropic subspaces.

However, it is easy to check that we never use the root system formalism in this
paper, but only the linear algebraic interpretation of the group PO(p, ¢) and of the asso-
ciated flags of isotropic subspaces. Moreover, if p = ¢, then the ®-positive structure we
describe is the positive structure of the split group PO(p, p) (see e.g. [13, proof of Propo-
sition 7.10]). As a result, our proofs of Theorems A, B and C work in the case p = ¢q as
well."? In particular, this shows that the Hitchin component in PO(p, p), which so far had
been elusive, only consists of Anosov representations (Theorem C) which are furthermore
positively ratioed with respect to all symmetrized weights (Theorem A) and satisfy root
versus (symmetrized) weight collar lemmas for all simple roots in the root system: The-
orem B for k = p — 1 compares the minimum of the last two roots to the symmetrized
fundamental weight w,_; + w, (i.e. an opposition involution invariant weight). Taking
the minimum of the roots can be dropped to get collar lemmas comparing the last two
simple roots to the symmetrized weight. We believe that all these results are new for
PO(p, p)-Hitchin representations.
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