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Abstract. In this work we investigate the existence of front propagation for a two-component reac-
tion -diffusion system of epidemic type posed in a multi-dimensional periodic medium. This system
is a spatially heterogeneous version of the well-known Kermack—McKendrick epidemic model with
Fickian diffusion. We derive sufficient conditions for the existence of pulsating travelling waves
propagating in an arbitrarily given unit direction. Specifically, we prove that the set of admissible
wave speeds contains a semi-infinite interval. Then, for each direction of propagation and each
admissible speed, there exists a pulsating travelling wave solution of the system which is globally
bounded.

Keywords: nonmonotone reaction-diffusion systems, pulsating travelling waves, uniform
boundedness, epidemic models.

1. Introduction

This paper is concerned with the existence of pulsating travelling waves for the following
two-component heterogeneous reaction-diffusion system:

{8,S—V-(DS(X)VS) =—px)SI. for (r,x) e RxRY,  (L.1)

90 I =V -(Dr(x)VI) = B(x)SI —y()1,

where N is some given positive integer and without loss of generality, the spatial hetero-
geneities are assumed to be Z ¥ -periodic. More precisely, we denote by TV = RY /ZV
the N-dimensional torus and the coefficients arising in (1.1) satisfy the following condi-
tions.

Assumption 1.1. (i) The diffusion matrix fields Dg : T — Sy (R) and Dy : TV —
Sy (R) are of class C'T® for some exponent a € (0, 1), where Sy (R) denotes
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the space of real symmetric N x N matrices. Furthermore, Dg and D are uni-
formly elliptic in the sense that there exist positive constants 8 < ® such that for
all (x,£) e TV xRV,

061> < §"Ds(x)§ < ©[¢I1> and O|El* < &TDr(0)E < OEIP. (1.2)
(ii) The functions B : TV — R and y : T — R are positive and of class C*.

System (1.1) of reaction-diffusion equations is a spatially heterogeneous version of
the well-known Kermack—McKendrick SIR epidemic model with Fickian diffusion. In
epidemiology, such a model describes the evolution of an infectious disease within a spa-
tially distributed population of individuals. Here the functions S(z, x) and (¢, x) denote
the densities of the susceptible and infected individuals at time ¢ and at spatial position
x € RV, respectively. The contamination process follows the usual mass-action incidence
with a contact rate function B(x), while the function y(x) corresponds to the additional
mortality (or recovered) rate due to the disease (or the treatment). We refer the reader
to the original 1927 paper of Kermack and McKendrick [28] and to the monograph of
Murray [32] for more details about this model mechanism.

In this work we shall focus on the propagation of fronts associated with system (1.1).
Note that the model (1.1) does not involve the so-called vital dynamics (birth and death,
sometimes called demography). Thus, one needs to prescribe the distribution of popula-
tions ahead of the travelling epidemic front. For that purpose, let Sy be a positive constant.
For a given population size Sy in areas of the absence of disease, namely

(So, 0) is a disease-free equilibrium, (1.3)

we shall study the existence of a travelling epidemic wave that connects (Sp, 0) and some
unknown stationary state after the epidemic to be determined in the future.

In a spatially homogeneous medium, Hosono and Ilyas [27] proved the existence of
travelling wave solutions via phase plane analysis. To be more specific, they studied the
parabolic system

3,8 —d02S = —BSI,
for (f,x) € R x R, (1.4)

01 —drd21 = BST —yI,
where d;, d», § and y are positive constants. Assume that

Ry = BSo/y > 1. (1.5)

Then for each ¢ > ¢, := 2\//3S0d2(1 — 1/%,), there exists a constant S~ € (0, Sp) such
that problem (1.4) has a travelling wave solution of the form (S, I)(¢, x) = (U, V)(§)
with £ := x — ¢t € R which exhibits the following behaviour at infinity:

U(Hoo) =Sy, V(+00)=0 and U(—o0)=S", V(—o0) =0.

If ¢ < c. or Zp < 1, then there exists no travelling wave solution of (1.4). The quantity %y
defined in (1.5) is called the basic reproduction number of the Kermack—McKendrick
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model [28]. In epidemiology, the basic reproduction number plays the role of an epidemic
threshold. If the basic reproduction number is greater than 1, then an epidemic propagates;
otherwise, the disease dies out. This is often referred to as the threshold phenomenon
(see [32]). Note that the above results show that % also gives a sharp threshold for the
existence of travelling waves of problem (1.4).

Starting from the aforementioned pioneering works, growing attention has been paid
to the threshold phenomenon for various epidemic models and to the travelling wave prob-
lem for some diffusive epidemic models. We refer to a nice survey by Ruan [36] for earlier
works. As far as travelling waves for some problems similar to (1.4) in a homogeneous
medium are concerned, we mention the works of Ducrot et al. [20,21] for age-structured
epidemic models and the work of Wang and Wu [38] for a diffusive epidemic model with
nonlocal interaction and delay. A travelling wave solution in the aforementioned works
is often referred to as a travelling pulse to emphasize that the profile of the infections
behaves like a spike shape in the moving frame. Recently, travelling wave solutions for
nonautonomous reaction-diffusion systems with a structure similar to the model (1.4)
have been studied in [2,39,42].

Let us also mention that in a very recent work by Berestycki, Nordmann and
Rossi [11], the authors point out that models similar to (1.4) are now also used to describe
collective behaviours in various social contexts. In that setting, we refer to .S as the level
of social unrest, while I as a field of social tension. Based on the modelling of social
phenomena, the propagation dynamics for system (1.4) in a more general form were inves-
tigated again in [11].

Structural analogues of system (1.1) also arise in combustion theory. As a typical
example, the thermo-diffusive system (also called the KPP-type reaction-diffusion sys-
tem) has been extensively studied. Let us describe such a system more precisely. In that
setting, the function / represents the temperature of the reactant while S is its concen-
tration. Set Dg(x) = Le™'d and Dj(x) = J, where J denotes the identity matrix and
the quantity Le > O represents the ratio of thermal and material diffusivities, known as
the Lewis number. For all Le > 0, Giletti [22] proved the existence of multi-dimensional
travelling waves inside a straight cylinder 2 = Ry x w, for system (1.1) with Neumann
boundary conditions in the presence of a shear flow, where w, is a smooth bounded
domain of R¥~! and the parameters 8 and y in (1.1) vary only with the cross variable y.
In the context of combustion, one may also refer to [6,25] and the references therein for
earlier works on the existence of travelling waves for this kind of systems with y = 0 and
equipped with various boundary conditions.

Coming back to the model (1.1), as mentioned above, the aim of the present paper is to
investigate the propagation of fronts associated with the spatially heterogeneous reaction-
diffusion system (1.1). Since we focus here on periodic environments, the so-called pul-
sating travelling wave, which is a generalization of the notion of planar travelling wave
in homogeneous media, should be considered. A precise definition will be given below.
The key feature of this kind of travelling wave is that its shape varies periodically as the
wave moves in the medium. In particular, the profile of pulsating waves propagating in
an arbitrarily given unit direction with rational coordinates exhibits periodicity in both
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time and space (see [13]). For scalar heterogeneous reaction-diffusion-advection equa-
tions, including periodic cases or more general ones, much more attention has been paid
to propagation phenomena, for which we refer to [5, 10] for good overviews. As far as
a periodic medium is concerned, let us also mention the work of Weinberger [40] on a
general theory of spreading properties for order-preserving evolution problems, and the
further generalization of this theory by Liang and Zhao [30].

Equipped with the prescribed values in (1.3), and following the notion of pulsating
fronts for scalar spatially periodic equations introduced in [37] and further developed in
[4,41] (see also the references therein), we now introduce the definition of a pulsating
travelling wave for problem (1.1):

Definition 1.1 (Pulsating travelling wave). Let e € SV =1 be an arbitrarily given vector.
An entire (classical) solution (S, 7)(z, x) of the parabolic system (1.1), that is, a solution
defined for all # € R and x € R¥, is said to be a pulsating travelling wave of problem
(1.1) propagating in the direction e with effective speed ¢ # 0 if the following conditions
are satisfied:

(i) The function pair (S, /) is bounded:
0<S(@t,x)<So, I(t,x)>0, V(,x)eRxRY,

(i) The function pair (S, /) satisfies the pulsating relations
k-
(S, 1)(z + —e,x) =(S.)(t,x—k), V(t,x,k)e RxRN x2zZV,
¢

(iii) The function pair (S, /) exhibits the following behaviour at x - ¢ = +o00:
lim (S,71)(, x) = (So,0),
Xx-e—>+00

where the limit is understood to hold locally uniformly for # € R and uniformly with
respect to the directions of et := {n e RN | n-e = 0.

Remark 1.1. The first and third conditions describe the basic characteristics of an epi-
demic wave associated with the model (1.1). The second condition is essential to the
notion of pulsating travelling wave already mentioned above. Note also that we do not
impose a prescribed value at x - e = —o0.

Ducrot and Giletti [18] considered a special case of model (1.1) when Dg(x) =0
and Dy (x) = 4 (the identity matrix). In this situation, by setting u (¢, x) = fé I(s,x)ds,
the system can be reduced to a single reaction-diffusion equation satisfied by u posed
in a periodic medium with a KPP-type nonlinearity. Under suitable assumptions about
the initial data, they studied the spreading speed and convergence to a one-dimensional
pulsating wave by applying some results of Berestycki et al. [7-9]. See also [3,31] for
earlier works using such a change of variables.

However, there are very few results about the existence of pulsating waves for non-
monotone systems in which all components involve the spatial diffusion. The results
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one may mention here are the work of Henderson [26] for a reactive Boussinesq sys-
tem posed on a periodic domain which is unbounded in one direction, and the work of
Constantin et al. [12] for a one-dimensional system describing the propagation of low
Mach number flames in sprays. In addition, Griette and Matano [23] recently studied the
propagation dynamics for a spatially periodic reaction-diffusion system whose reaction
terms are partly competitive and partly cooperative depending on the value of the solution
(which is motivated by an evolutionary-epidemic model in [1]). Let us emphasize that the
aforementioned works all focus on one-dimensional pulsating waves.

To the best of our knowledge, the present paper is the first to prove the existence
of multidimensional pulsating waves for nonmonotone reaction-diffusion systems posed
in periodic environments, especially for the epidemic and KPP-type systems mentioned
above. Finally, let us mention that Ducasse [15] has established threshold results associ-
ated with the heterogeneous epidemic model (1.1) posed on a smooth bounded domain
Q C R¥ with Neumann boundary conditions.

2. Main results

In this section, we state our main results and we outline the proof. To that end we need to
introduce some notations that will be used throughout this paper.

A criterion for the existence of pulsating waves is formulated in terms of the periodic
principal eigenvalue of an elliptic operator derived from the linearization of (1.1) around
(S0, 0). More precisely, let us consider the unique 1to € R such that there exists a function
¢ € C2(T") which satisfies

{—V (D1 (x)V¢) — (B(x)So — y(x))$ = po¢p in TV,

2.1
p(x) >0, VxeTVN. @

The existence of such a principal eigenvalue follows from the Krein—Rutman theorem.
Note also that analogues are often used to describe the so-called monostable or bistable
assumptions for scalar periodic reaction-diffusion equations (see [9, 16,24] for instance).
In what follows we shall see that the quantity o provides an almost sharp threshold for
the existence of pulsating waves in any given unit direction for problem (1.1).

Next, to state the existence results, we need to introduce a few more notions to define a
critical value of admissible wave speed. This relies on some heuristic arguments. Accord-
ing to Definition 1.1, the component S of the solution should be very close to S¢ far ahead
of the propagating front. Similar to the scalar KPP equations, we expect that the compo-
nent I of the solution would have exponential decay at the leading edge of the front.
Furthermore, in the multidimensional framework, we need to analyze the dependence of
spreading properties on the direction of propagation. As a consequence, for a given direc-
tion e € SN-1
A > 0 and for some positive function ¢ € C2(TV):

S(t,x) ~ Sy,
I(t,x) ~ e_'l(x'e_”)go(x),

and speed ¢ > 0, we shall use the following ansatz for some decay rate

forx-e>> ctand (t,x) € R x RV,
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Plugging the above ansatz into the /-equation of system (1.1), we obtain the equation
satisfied by ¢:
Lijp=clep in TN,
o(x) >0, VxeTV,
where the elliptic operator Ly : C2(T") — C%(T¥) is defined by
Lipy =V - (Dr(x)Vy) —21eDr(x)Vyy
+ [A%eDj(x)e — AV - (D7(x)e) + B(x)So — y(x)]y for A € R.
For each A € R and each e € S¥~!, we denote by k (e) the periodic principal eigenvalue
of the operator L , with periodicity conditions. Then k; (e) can be characterized by the
existence of a positive function ¢, € C2(TN) which is the principal eigenfunction of
the operator Ly, associated with kj(e) = cA (see [4, 34] for instance). Furthermore,

according to the result of Nadin [34, Theorem 2.1], the periodic principal eigenvalue
kj (e) can be expressed by the following variational formula:

ko) = glgj{s{— fT VYD VY dx+ /T BEOSy—y )Y+ 22 :oewzzm},

where
?:{wecl(w’)‘wm and/ 1/;2=1},
N
and the functional D, : CO(T", My (R)) — R defined by
De(A) = min / (e + VI A(x)(e + VV) dx
veCl(TN) JTN
gives the effective diffusivity of a diffusion matrix A in a given direction e € SV 1.

Recalling the definition of g in (2.1), one has
o = —ko(e), Ve e SN
Furthermore, (o can be directly expressed in terms of the Rayleigh quotient:
Jen[VoD1(x)Ve — (B(x)So — y(x))¢*] dx
$C (TN )\{0} Jrn ¢? '

In particular, if

/;rN [B(x)So — y(x)]dx > 0, (2.2)

then it follows from the above formula that p¢ is negative. Observe from (1.5) that in
a homogeneous medium, the condition (2.2) amounts to the basic reproduction number
Zy > 1. However, under a heterogeneous framework, it is not easy to get a sufficient and
necessary condition for (4o to be negative.
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Assume now that 9 < 0. Then one may define a quantity c*(e) (see (3.8) for an
explicit formula) with the help of the periodic principal eigenvalue k) (e¢). This quan-
tity turns out to be positive and depends continuously on the direction e € S¥~!. More
detailed properties of the quantities introduced above will be stated in Section 3.2 below.

With the above notations, our main result is the following existence theorem.

Theorem 2.1. Let Assumption 1.1 be satisfied and assume further that iy < 0. Then for
each direction e € SN ™1, one has c*(e) > 0, and for each wave speed ¢ > c¢*(e) problem
(1.1) admits a pulsating travelling wave solution (S, I, ¢) propagating in the direction e
according to Definition 1.1.

Remark 2.2. The condition po < 0 is almost optimal for the existence of pulsating waves
for problem (1.1). Indeed, if ;1o > 0, then any bounded entire solution (S, 7)(¢, x) of (1.1)
with 0 < § < §j satisfies I = 0 (see Section 3.3 below for more details), that is, without
epidemic to occur. For the critical case o = 0, the analogy with the scalar KPP equations
suggests that it would also lead to the extinction of the disease, but such problems remain
to be solved mathematically for systems as in (1.1) (see also [15]). One may mention
that a special case has been treated in [17] which considered system (1.1) but posed on a
straight cylinder with heterogeneity on the cross section.

Outline of the proof. The general idea of the proof of Theorem 2.1 follows the scheme
of our previous paper [13]. However, generalization to nonmonotone reaction-diffusion
systems, especially those with structures similar to the model (1.1), is not trivial.

In Section 3, we derive the equations satisfied by the profile of pulsating travelling
waves of problem (1.1) by using the formulation of the wave profile proposed in [13].
As already seen in [13], such a system of equations is nondegenerate and parabolic. In
addition, we state some technical results on the periodic principal eigenvalue & (e) and
the quantity c*(e). The proof of the nonexistence results claimed in Remark 2.2 ends this
section.

In Section 4, we first build an invariant domain of the solutions for any direction of
propagation. Next, we prove the existence of pulsating waves propagating in any given
unit direction with rational coordinates (see Theorem 4.6). A key lemma allows us to
transform this problem into a space-time periodic problem. With the help of the Poincaré
mapping and using suitable fixed-point arguments, we construct approximate solutions
for this problem posed on a finite domain. Lastly, we pass to unbounded domains after
deriving some uniform estimates of the solutions. Here we extend some arguments of
Ducrot et al. [19]. Their idea comes from a very natural contradiction: in the epidemio-
logical context, it can be explained that the susceptible population would become extinct
if there are too many infectious individuals, which conversely reduces the infected one.
However, unlike the Cauchy problem in [2, 19], the spatial heterogeneities coupled with
some boundary value problems make this generalization more complicated and technical
(see Lemma 4.10).

In Section 5, we complete the proof of Theorem 2.1 by a limiting argument for a
general direction of propagation. The key point is to prove that the component / of the
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solutions remains uniformly bounded for any rational direction of propagation. The dif-
ficulty of the proof is due to the lack of periodicity. Nevertheless, once again, based on
the very natural law of the epidemic already mentioned above, one can still reach some
contradictions to obtain uniform estimates of the solutions.

3. Preliminaries

This section is devoted to the description of our methodology and to collecting some
important properties of the periodic principal eigenvalue k (¢), as well as to the proof of
the nonexistence results claimed in Remark 2.2.

3.1. Description of the pulsating wave profile

Here we use the formulation of the wave profile proposed in our previous paper [13] to
derive the equations satisfied by the profile of pulsating waves for problem (1.1). In [13],
the pulsating travelling waves for a periodic Fisher-KPP reaction-diffusion equation were
investigated.

Assume that an entire solution (S, I) = (S, I)(¢, x) of the parabolic system (1.1) is
a pulsating travelling wave of (1.1) propagating in the direction e € SV~ with effective
speed ¢ # 0 according to Definition 1.1. We denote by {ey, ..., ey} the canonical basis
of RY and we consider a linear orthogonal transformation R € @ (R”") (the correspond-
ing matrix representation uses the same notation below) such that

Re1 = e,

et =span{Re,,...,Reny} ={a e RY |a = R0, y)T, Vy e RN ).
For any k € Z", we decompose k along e and e, using the following notations:
k=(k-e)e+k, with ki =k —(k-e)e et

so that

Rk = (okfl) + R,
e

and
0 N
= 4 Re; = RN
Rk, (Rkl)ei@ e;i = {0} x

for some linear mapping R : et — RN=1 Now we consider the frame moving with speed
¢ > 0 and we define a function pair (U, V) = (U, V)(&.t,y) for (£,¢,y) e R x R x RV~1
by

(U V)E. 1. y) = (S, I)(t.x) with x =R (S J;”) . 3.1
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From the pulsating relations of (S, I) we have, for all k € ZV,
k -e T

= (S, 1)(z + l% R(E +ct, )T + Jz—lk))

T
Cnie (el 2)0) an)
— (. V)(g:,r n ]%,y n ﬁkl).

Moreover, the 3-tuple (U, V, ¢) satisfies the parabolic system

{atU ~Vey - (Ds(E.1.9)Ve,U) — cUs = —B(E.1,y)UV.

— - (3.2)
8V — Ve, - (D1 (6.1.1)Vey V) — Ve = BEL. YUV = F(E1.0)V

posed for (£,7,y) € R x R x RV~ where the matrix-valued functions Dg :RN*!
My (R) and Dy : RV*1 — My (R) are defined by

Ds(t.1,y) = RDS(R (5 _;Ct))ﬁT and Dj(§.1.y)= RDI(JR (E _;a))fRT,

and the functions 8 : RV*+1 — (0,00) and 7 : RV *+1 — (0, c0) are defined by

B t,y) = BRE+ct,y)T) and F(E 1,y) = y(RE +ct, »)T).

Here the vector differential operator Vg, = (%, Vy)T stands for the gradient of the
unknown functions U and V with respect to (£, y) € R x R¥~!, while the operator

i O
ayi

ou N
u=(u1,...,uN)r—>V§,y-u=a_sl+
i=1

denotes the divergence of a vector-valued function u : R x R x R¥~! — R¥ with respect
to (&, y) (see [13] for more details on the above computations).

Consequently, when (S, 1) = (S, I)(¢, x) is a pulsating travelling wave of problem
(1.1) in the direction e € SV~1 with speed ¢ > 0, then the function pair given by

(U V)E 1. y) = (S, (t, RE +ct.y)T)

becomes a bounded entire solution of (3.2) and the pulsating relations for (S, /) can be
rewritten as

U, vy, t,y)y=(, V)(é,t + k;e,y +ﬁkL), V1, y) eRxRxRVN ! vk ezZVN.
c
(3.3)
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As in [13], we shall call (3.3) the R-pulsating condition. Furthermore, the function pair
(U, V) satisfies the asymptotic condition

: lim (U, V)(€.1,y) = (So,0) uniformly for (r,y) € R x RN 71, (3.4)
—>+o00

Note also that since the functions 8 and y are both Z* -periodic in x, they also satisfy
the R-pulsating condition, that is,

G604 52y 4 Rhs) = BE0), ViEry) € RxRXRY T, vk €2V,

Likewise, all entries of the matrix-valued functions D and D; also satisfy the R-pulsat-
ing condition. Furthermore, since R € @ (R") and the matrix fields Dg and Dj are both
symmetric, it follows that Dy and Dy are also symmetric and satisfy the same uniform
elliptic conditions (1.2) as Dg and Dj.

We will work with the uniformly parabolic system (3.2) in almost all the proofs. In
particular, the wave profile used in [12] is actually the one-dimensional case presented
here (namely without the variable ).

3.2. The corresponding periodic eigenvalue problem

In order to build an invariant domain and to perform an approximation argument via a
dense set of propagation directions, we recall some important properties of the periodic
principal eigenelements for an elliptic eigenvalue problem.

Consider the V -equation of system (3.2) linearized around (Sy, 0):

0V = Ve - (Dr(E.1,y)Ve V) = cVe = (B, 1,9)So = 7,1, 7))V
posed for (£,¢,y) € R x R x RV~ For clarity, we denote by
X :=R(E+ct.y)T

the generic element of T . We look for a solution to the above equation of the form

o t.y) =eMoX), XeTV.
Then the pair (A, ®) € R x C2(T¥) has to solve the elliptic equation

Ly =cAy inTV, (3.5)

where Ly , is the elliptic operator

Liay :=V-(D(X)Vy) —24eD(X)Vy
+ [A%eD;(X)e — AV - (Dr(X)e) + a(X)|y
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with a(X) := B(X)So — y(X) for all X € TV . To solve (3.5), let us consider, for each
A € R and each e € SV, the periodic principal eigenvalue kj (¢) € R of the problem

{ Lip®e=ky(e)®y, inTV, (3.6)

;. € CHTN), @;,.>0.

Recalling the definition of pto in (2.1), one has po = —ko(e) for any e € S¥~1. This
means that the quantity 119 does not depend on the direction of propagation. Let ®, , be
the unique principal eigenfunction of (3.6) such that

D,>0 and [ P)elleo = 1. 3.7)
A few properties of the eigenelements (k (e), ®, ) are collected in the following propo-
sition.
Proposition 3.1. The following properties hold:

(i) Foreach e € SN™1, k; (e) is analytic and convex with respect to A € R.

(ii) Foreach A € R, the function SN~ 5 e — k; (e) is continuous. Moreover; the princi-
pal eigenfunction @) _.(X) depends continuously on both A € R and e € SN=1 ywith
respect to the uniform topology.

Proposition 3.2. Assume that j1o < 0. Then

ky(e)
A

c*(e) := ;{IE) eR, (3.8)

and for each ¢ > c*(e), the positive real number
Ac(e) :=min{A > 0] ky(e) —cA =0}
is well-defined and the set
F.={X €(0,00) | kj(e) —cA =0}

is either the singleton {A.}, or equal to {d¢, AT} with Ac < AT. The set Fex () is either
empty or a singleton {A*}, and if it is {A*}, then the multiplicity of {A*} as a root of
kj(e) —cA = 0is2m + 2 for some m € N.

These results can be found in [24,34]. As a direct consequence of Proposition 3.1 (ii)
and the formula (3.8) for ¢*(e), we have the following results.
Proposition 3.3. Assume that 1o < 0. Then the following statements hold:
(i) The mapping SN=' 3 e > c*(e) is continuous.

(i) Ac(e) is continuous in both e € SN~1 and ¢ € (c*(e), o0).
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3.3. Nonexistence of solutions

This subsection is concerned with the nonexistence results claimed in Remark 2.2. More
precisely, we have the following proposition.

Proposition 3.4. Let Assumption 1.1 be satisfied. If (1o > O, then any bounded entire
solution (S, I)(t, x) of the parabolic system (1.1) with

0<S(t,x) <S8y, I(t,x)>0, V(t,x)eRxRY (3.9)

satisfies I = 0. In particular, problem (1.1) does not admit any pulsating travelling wave
in any given direction e € SN ! according to Definition 1.1.

Proof. Assume that (S, 1) = (S, I)(¢, x) is a bounded entire solution of (1.1) satisfying
(3.9) and assume that po > 0. Recall that p¢ is the principal eigenvalue of the problem

—V - (Dr(x)V¢) — (B(x)So — y(x))$ = po¢p in TV,
$eCHTYN), ¢(x)>0, VxeTV.

Let ¢ be the unique principal eigenfunction associated with (¢ such that minyp~ ¢o = 1.
Since 0 < S(t, x) < So for all (¢, x) € R x RV, the function I (z, x) := e "' ¢y (x) is a
supersolution for the /-equation of the parabolic system (1.1), that is,

8:1(1.%) = V- (D1 (x)VI(t.)) = (B(x)So — y(0)) [ (¢.%)
> B(x)S(t, x)1(t,x) —y(x)I(t,x), VY x)eR xRV,
Since I is bounded, there exists some constant M > 0 such that
0<I(t,x)<M, V(t,x)eRxRN.
It then follows from the parabolic comparison principle that
0<1I(t+sx)<MI(s,x)=Me "5py(x), Vs>0,V(,x)eR xRN,

Since jtp > 0, one deduces that /(¢ + s, x) tends to 0 as s — oo uniformly on any compact
subset of R x RY. This means that the bounded entire solution of (1.1) satisfying (3.9)
can only be such that / = 0. This completes the proof of Proposition 3.4. ]

4. Existence of solutions
Throughout this section we assume that

M0<0.

4.1. Construction of sub- and supersolutions

In this subsection, we construct suitable sub- and supersolutions of system (3.2) with any
direction e € SN 1. In particular, these subsolutions ensure that the solution obtained in
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both limiting procedures is nontrivial and also yield the positivity of pulsating travelling
wave solutions.

To do this we first prove that the function (0, 00) > A +— k) (e¢)/A can reach the min-
imum and the quantity c¢*(e) defined by (3.8) is positive for any e € SN~1 under our
hypothesis pg < 0.

Lemma 4.1. Assume that ;1o < 0. Then for each e € SN=1 one has

k
¢*(e) = min 1(€) > 0.
A>0
Proof. Consider the periodic Fisher-KPP equation
u;, — V- (Dr(x)Vu) = u(a(x) —u), teR, x eRY, (4.1)

with a(x) := B(x)Sy — y(x). Here the function a is Z" -periodic in x, of class C* but
may change sign. According to the results of Berestycki et al. [8,9], if ;o < O, then there
exists a unique positive stationary state p(x) of problem (4.1) which turns out to be Z" -
periodic. Furthermore, there exists ¢; > 0 such that problem (4.1) has a pulsating front
solution (u, ¢) propagating in the direction e € SV~ which satisfies

k-
u(t—i——e,x) =u(t,x—k), Y(t,xk)eRxRY xzV,
C

lim wu(t,x)=0, lim u(t,x)= p(x), VteR,
X-e—>—00

x-e—>+00

if and only if ¢ > ¢, and the minimal speed is given by the variational representation
¢y = min{c € R | 31 > 0 such that u.(1) = 0},
where . (4) denotes the periodic principal eigenvalue of the elliptic operator
V> V- (Dr(x)Vy) —24eD; (x)VY + [A%eDr(x)e — AV - (Dr(x)e) — cA + a(x)]y
posed for ¥ € C2(T¥) with periodicity conditions. These conclusions yield

ka(e) = kae) =cy >0, Vece s, ]

min
A>0 A

c*(e) = inf
( ) A>0

For notational simplicity, we temporarily forget the dependence of kj(e), ®, , and
Ac(e) on the direction e € SV~ and we still denote by

X =RE+ct, )T

the generic element of TN . From Lemma 4.1, we see that the set F, defined in Propo-
sition 3.2 equals {1, A}} when ¢ > ¢*(e). One can now construct a suitable sub- and
supersolution pair of system (3.2).

Note first that the constant Sy is a supersolution for the U -equation of (3.2).
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Lemma 4.2. Assume that g < 0. Then for each ¢ > c*(e), the function
V(g1 y) = e F,,(X)

is a solution for the V -equation of (3.2) with U(§,t,y) = So, where the function ®,_ is
the unique principal eigenfunction of problem (3.6) in the sense of (3.7) with A = A..

Proof. To prove the lemma we compute, for all (£,7,y) € R x R x RN-1,
9V — Ve, - (D15, 1,)Ve, V) —cdeV
=[cAc @y, — V- (D1 (X)V®P;,) + 2AceDr(X) Py,
— (A2eDr(X)e — AV - (Dr(X)e)) @y, Je
= leAe = (k. —a(X)]e™ 5@y, (X)
= (BE.1.)S - FE 1)V
This gives the conclusion. u

In order to construct a subsolution for the U-equation of (3.2), let us introduce for

each § € R the principal eigenvalue problem associated with the S-equation of (1.1):
Lss¥se=v(S,e)¥s, inTV,
{ ssWse =v(5,€) Vs 42)

qu’,e € CZ(TN)a \Ijﬁ,e >0,
where L s is the elliptic operator
Lssy = V- (Ds(X)VYy) —28eDs(X)VY + [§%eDs(X)e — 8§V - (Ds(X)e)]y

with periodicity conditions. As with kj (e) in Section 3.2, here the principal eigenvalue
v(8, e) depends continuously on both § € R and e € SN ~1. Moreover, the principal eigen-
function Ws (X ), up to some normalization, also depends continuously on both § and e
with respect to the uniform topology. For notational simplicity, we also temporarily forget
the dependence of v(8, ¢) and W , on e.

Lemma 4.3. Assume that iy < 0. For any ¢ > ¢*(e), let U be the function defined by
U 1,y) = So(1 — Kie 1505, (X)), (4.3)

where Ws, > 0 is the unique principal eigenfunction of problem (4.2) in the sense of
W5, lloo = 1 with § = 81. Then there exist §; € (0, A;) small enough and K, > 1 large
enough such that the function U satisfies the differential inequality

9:U — Ve, - (Ds(&,1,y) Ve, U) — cdeU < —B(E,1,y)UV (4.4)

forany (£,t,y) e R x R x RN~1,
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Proof. Substituting U and V into (4.4), inequality (4.4) is equivalent to

1
s, (X)

Ki(cd1 —v(81) = ﬂ(X)( - Kle—“lf)e“'—*f)fdm (X). Y&, X) e Rx TN,
4.5)
Since 0 < &, < 1, this inequality is satisfied for any £ > 0 as long as 0 < §; < A, and

Ki(e8y —v(n) = POV (X). VX TV,

From [4, Proposition 5.7], we know that the principal eigenvalue v(§) of problem (4.2) is
convex with respect to § € R and v(0) = v/(0) = 0, whence v(§) is nonnegative. Since
¢ > c*(e) > 0, we can choose §; > 0 small enough such that

0<6 <A, and 0 <v(d) < céy.

Therefore, it is sufficient to choose K so that

B

Ki>—
"= ms, (81— v(81))

>0 with myg, :=Xr£1}nN¢51(X)>O and E:errel%xﬂ(X).

When £ < 0, with the choice above for the parameters K; and §;, inequality (4.5) is
satisfied provided that
1> _mlele_Slg)e(Bl_)Lc)S,

which is true if we fix K7 > 1 so that
! B
K, = max {—, —}
mg, mg, (681 - 1)(81))
This ends the proof of Lemma 4.3. ]
Finally, we prove the following.

Lemma 4.4. Assume that g < 0. For any ¢ > c*(e), let V be the function defined by
V(E1.y) = @h (X)e™4F = Ky®p g5, (X)e ™R8, (4.6)

where the functions ®, . and ®, s, are the unique principal eigenfunctions of problem
(3.6) in the sense of (3.7) corresponding to A, and A, + 85, respectively. Then there exist
82 € (0,min {81, A} — A.}) small enough and K, > 0 large enough such that V satisfies
the differential inequality

0V = Vey - (Dr(E1,y)Ve) V) = OV < BE L NUTY —=FE L)Y (47)

on the set
Qt = {(t1,y) e RxRx RV | V(£,1,y) >0}
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Proof. By Propositions 3.1-3.2, one has k’ < ¢ forany ¢ > ¢*(e) (the prime denotes the
derivative with respect to A) since A, is the smallest positive solution such that kj — cA
= 0, and since k} is convex in A, also kg = —pg > 0. Setrs := c(Ac + 8) —kj . 45.Itis
not hard to check that the function § + rg satisfies the following properties:

drs

—che—ky, =0, LB
ro CAc Ac ds 5o

=c—ky >0, Yec>c*(e).

Therefore, we can choose §, > 0 small enough such that

{0<52<m1n{51, Foae), “s)

rs, = C(Ac + 82) - k/lc+52 > 0.
Since 0 < Ws, < 1, we have
U 1,y) = So(1 — K1e 51805, (X)) > So(1 — K1e7%1%), V(£,1,y) e Rx R x RV,

which implies that
+ 1 N-1
UT(Ety)=UEt,y), V$>§0:=5—an1,V(t,y)eRxR .
1

Next we fix K5 > 0 so that

@,  KiSoB ® _
K> = max {Kl sup Ac 150f sup Ac } with B = max B(X). (4.9)
™ (DAF+82 rs, TN Pr+s, XeTN

With such a choice for the parameters, one has K; > K‘fzm > %2 for any £ < &.
Therefore,

sup  V(§.1,y) <0, V& <o,
(t,y)ERxRN—1

QT = {(E1,y) e RxR xRNV | V(£ 1,y) >0} C (§,00) x R x RN,

Now, in order to prove the differential inequality (4.7) we compute, for all (§,¢,y) € QT,

0V — Ve (Dr(§.1.9) Ve, V) — sV — BE L. )UTY + F(E.1.y)V
= (B(X)So — y(X)V — Kalc(he + 82) — kpots, ] ®ots, (X )™ Pet02E
—[B(X)So(1 — K1e 1505, (X)) — y(X)]V
< K1SoB(X)Ve ¥ — Kalc(he + 82) — kpot8,]Pap s, (X )e ™ Reto2E

= [Kl Soﬂ(X)( 1 (X)

(82—61)¢ —61€ —(Act+82)

——— e — Kse ) — Korg i|q>,1( 5, (X)e
®AC+82(X) > o2

<0

due to 0 < Ws, < 1 and with the choices (4.8)—(4.9) for the parameters K, and §,.
This ends the proof of Lemma 4.7. ]
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4.2. Pulsating waves in each rational direction

In this subsection, we prove the existence of pulsating travelling waves of problem (1.1)
propagating along each direction with rational coordinates in SV ~1
of Section 3.1.

under the framework

4.2.1. Derivation of a space-time periodic problem. The aim of this part is to transform
problem (3.2)—(3.3) into a space-time periodic problem, and then to state the results that
will be proved in the next two parts. To do so let us first recall the following result, which
has been proved in our previous paper [13]:

Lemma 4.5. Assume that ¢ € QN N SN for some N > 2. Then there exist an orthog-
onal basis {E,-}lN:l of RN and N constants t; > 0 such that ¢, = ¢ and

N
ZN:@TI'ZG, GLEG G#j), i,j=1,...,N.

i=1

In particular, if { = e, for some £ € {1,..., N}, a standard coordinate vector of RY,
then r; = 1 forall 1 <i < N.Now we apply this key lemma to derive a space-time peri-
odic problem from (3.2)—(3.3). For any k € Z" and for some given vector { e Q¥ N SN¥~1,
we decompose k along ¢ and ¢ L that s,

k=(k-0¢+ky withky et

By Lemma 4.5, we have

N
k-t=up and kp=k-Gk-0t =) upd.
i=2
where p; € Z forall 1 <i < N.Recalling the moving frame of Section 3.1, we find that
the R-pulsating condition (3.3) in a given rational direction ¢ € Q¥ N S¥~1 actually
means that

Vpr€Z, V1 € L x---xtNyL, Y(E,1,y) € R x R x RN~

(% V)(g,z+ k'g,y+ﬁkL) = (U, V)(é,z+

Cc

P11
c

Y+ f) = (U, V)E.1,y).
(4.10)

In other words, under the frame moving with a speed ¢ > 0, the profile (U, V)(§, ¢, y) of
pulsating waves in a unit rational direction is periodic with respect to the last two variables
(¢, y). Furthermore, when we fix a direction { € Q¥ N S¥~! and a wave speed ¢ > 0,
then the corresponding periods 71 /¢ and 3, .. ., Ty are also automatically determined.

Note that all the parameters arising in system (3.2) satisfy the R-pulsating condi-
tion (3.3). Hence they also share the periodicity conditions as in (4.10) in the direction
¢ € QN NSN~1 In the following, we always say that a function is ; /c-periodic in ¢ and
T-periodic in y if it satisfies the periodicity conditions of (4.10).
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Recalling system (3.2) satisfied by the profile function pair (U, V'), we conclude
that the existence of pulsating travelling waves for problem (1.1) in the direction
¢ € QN N SN~ s equivalent to solving the following space-time periodic problem posed
for (£,1,y) e R x R x RN~1:

3,:U — Ve, - (Ds(&,1,y) Ve, U) — cUs = —B(E,1,y)UV,
3V — Ve, - (D151, )Ve, V) —cVe = BE 1, ) UV = (1, y)V, @11

(U, V) is 11 /c-periodic in ¢ and t-periodic in y.
To be more precise we will prove the following existence theorem.

Theorem 4.6 (Existence of bounded entire solutions for (4.11)). Let Assumption 1.1 be
satisfied, and assume further that jg < 0. Then for each direction ¢ € QN N SN~ and
for each speed ¢ > c¢* () where c*({) is given by (3.8) with e = ¢, problem (4.11) admits
a bounded and entire (classical) solution (U, V) = (U, V)(&,t, y) and furthermore the
following properties hold:

(1) The function pair (U, V) satisfies

0< min UE,t,y) <U < S, min Vi t,y) >0, VEeR.
(t,y)eERxRN—1 (t,y)ERxRN—1

(ii) The function pair (U, V') satisfies the following asymptotics at § = +00 :

; lim (U, V)(, 1, y) = (So,0) uniformly for (t,y) € R x RN 1.
—>+o0

(iii) The function V has the following exponential decay:
V(1Y) ~ Py (X)e ™ with X = R(E+ct,y)T as & - +o0

uniformly for (t,y) € R x RN=1 where @, is the unique principal eigenfunction
of problem (3.6) in the sense of (3.7) with A = A..

Roughly speaking, we split the proof of Theorem 4.6 into two steps: the first one
considers a similar space-time periodic problem posed on a finite domain and the second
one is to pass to the limit in the unbounded domains. Such an approach has been widely
used to show the existence of travelling waves for reaction-diffusion systems posed on a
straight cylinder (see [6,22,25]) and for some age-structured epidemic models (see [20,
21]), or the existence of pulsating fronts for scalar periodic reaction-diffusion equations
(see [4,9,33]). Let us mention that instead of dealing with a boundary value problem
for the elliptic system satisfied by the wave profile in [6,22,25], we need to consider a
boundary value problem for the parabolic system in the first step. As already underlined,
the main difficulty in the second step is to derive some uniform estimates of the solutions.

4.2.2. Existence result in a finite cylinder. Here we construct a solution of problem (4.11)
on a bounded domain with respect to £. In all this subsection and the next subsection, we
fix a vector ¢ € QN NSV~ and a speed ¢ > ¢*(¢). To proceed we introduce some
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notations. Let C be the periodicity cell defined by
C=(0,1)x---x(0,tn)

and we denote by
TtN_l =R/0Z x - xR/tNZ

the (N — 1)-dimensional torus with an (N — 1)-tuple (75, ..., ty) given in Lemma 4.5
(here we use the torus just to simplify some notions and function spaces that will be
introduced below). Now we consider the following two functions:

Ut 1 y) i=max(0,UE 1. y).  VT(E 1. y) = max(0, V(1. y)),

where U and V are defined by (4.3) and (4.6), respectively. Then the functions U™
and V't are continuous and satisfy

UTE 1, y)<So. VTELY) <VIELY), Y(ELy) eRxR xRV,

where the function V is defined in Lemma 4.2. Furthermore, it is easy to check that in the
direction ¢, these functions are also 71 /c-periodic in ¢ and t-periodic in y.

Leta > 0 be given and set £, = (—a,a) x R x TN =1 Consider the following bound-
ary value problem associated with (4.11):

0:U = Vg, - (Ds(&,1,y)Ve yU) = cUs = —B(E,1, y)UV in .

0,V = Vey - (D1(5.1.9)VeyV) — Ve = BE.1.Y)UV = F(E.1.y)V i Za.
(U, V) is 71 /c-periodic in ¢t and t-periodic in y,
(4.12)
together with the boundary conditions

U_ 715 :U+ - atv ) U 9ta :U+ 719
{ (cat) =Utany). Uany)=Utary) o o p pna

V(_a7t’y)=l/+(_a’t7y)’ V(a’tvy)zl/+(a7tvy)
(4.13)
Note first that from the proof of Lemma 4.4, one may introduce a positive constant

® 1 1
ap > —1n(1<2supﬂ) > K > Ik
2 1

such that for any a > ag, U (—a.,t,y) =0and V™ (—a,t,y) =0, while U (a,-,-) and
V™*(a,-,-) are strictly positive. Then we will prove the following result.

Proposition 4.7. Let Assumption 1.1 be satisfied, and assume further that (Lo < 0. Then
for any a > ag, problem (4.12)—(4.13) has a classical solution (Ug, V,) which satisfies

Ut (& t,y) < Uylg t,y) < So, V(1. y) € Za,
VIELy) <Vt y) <V(ELY), Y(Ety) e,

Proof. The proof is divided into four steps with several lemmas.
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Step 1. A fixed-point problem and its well-posedness.

In order to solve the boundary value problem (4.12)—(4.13), we first reformulate it as
a fixed-point problem. For that purpose we begin with some notations. Fix a > a¢ and let

Ct(iper (E_a, IRz)

be the space of continuous vector-valued functions from X, to R? that are 7; /c-periodic
in ¢. Recalling ¥, = (—a,a) x R x TN~1 any function in Cﬂper(E_a, R?) is also -
periodic in y. We endow this function space with the usual sup-norm. Then it is a Banach
space. To apply the Schauder fixed-point theorem, let us now define a bounded closed and

convex subset E, of C2__(Z,,R?) by

t-per

E,={UV)eCl (T4, RH|UT <U<Soand VT <V <V inZ,},

t-per

and furthermore we define a mapping 7 : Eq — C2,..(X4. R?) by

%(U*» V*) = (Uv V), V(U*, V*) € Eq,

where (U, V) € thper(E_a, R?) is the solution of the linear problem

39U — Ve, - (Ds(&,1,y) Ve, U) — cUs + B(E, 1, y)UV, =0 in %,
0V = Vg (Dr(E.1.9) Ve V) — Ve + F(E.1.y)V = B(.1.y)Us Vi in Zq.

(U, V) is 11 /c-periodic in ¢ and t-periodic in y,
(4.14)
together with the boundary conditions

U_ 71» =U+ - atv 5 U »t’ :U+ 71»
(—a,t,y)=U"(=a.t.y), Ula.t,y)=UT(a,t,y) for (1, y) € R x TN,
V(_a7t’y)=l/+(_a’t7y)v V(a’t’y)zl/+(a7tvy)

4.15)

Next we consider this fixed-point problem on the set £, and we first investigate its
solvability.

Lemma 4.8. For any given pair (U, V,) € Eg, problem (4.14)—~(4.15) admits a unique
strong solution (U, V) = (U, V)(&,t,y) in thper(E_a7 R?).

Proof. The proof is inspired by some ideas of Nadin [33, Lemma 4.3]. Let ¢ be the
function defined by

(1. y) = E%y(a,t,y). (4.16)

This function is 71 /c-periodic in ¢ and t-periodic in y. We make the change of variable
u = U — ¢. Then the function u satisfies

Lsu+ (BV)E .y = g(E.1.y) inZa.
u is 71 /c-periodic in ¢ and t-periodic in y, 4.17)

V(t,y) € R x RN, u(ta,t,y) =0,
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where £ is the parabolic operator given by
Esu=du— Ve, - (Ds(E t,y) Ve u) — cdeu

and we have set ~
g€ t,y):=—=BVIE 1, y)p — Lso.

Note that the function g is continuous in %, and also periodic with respect to the last
two variables (7, y). We are looking for a unique solution of problem (4.17) which is
continuous in X,. To that end we define the set

per loc

N
([~a.a] x RN71) ‘ forany T € l_[ 47,
i=2

0 ={veL2

v,y +1)=v(,y) forae. (§,y) € [-a,a] x RN_I}

and endow it with the L2-norm on (—a,a) x T/N=1. Then it is a Banach space. Now, for
€ > 0 small we consider the following initial boundary value problem:

Lsu+ (b(Et,y) +eu =g, t,y) fort >0and (§,y) € (—a,a) x TN,
u(xa,t,y) =0 fort>0andyeRN_1,
u(§.0,y) = uo(§.y) for (§,7) € (—a,a) x RN71,

(4.18)
where we have set b(§, ¢, y) := (BVi)(&, ¢, y). For any ug € Fger, let u =u(,t,y)
be the solution of (4.18) with an initial datum u(£, 0, y) = ue(&, y). So necessarily
u is t-periodic with respect to y due to the periodicity conditions (in which sense we
shall elaborate below). From the classical parabolic theory (see [29, Theorem 3.4.2] for
instance), there exists a unique weak solution of (4.18) in the class

u € C°([0.00). L*((=a.a) x T,Y™1) N L>(0, 001 Hy ((=a.a) x TV ).
Since the functions b and g are bounded, it further follows from [29, Theorem 3.7.1] that

u € L®((—a,a) x (0,00) x TN, (4.19)

0

In order to look for a periodic (in time) solution of (4.18), for all uo € 1"per

the Poincaré mapping

we investigate

Te: F[?er — Fger, ug > u(ty/c).

Since min , ,yex-b(§.7, y) = 0, we can choose some 7 such that 0 < 7 < € + minb.
Next, take ug1, 4oz € r;?er and set

W(E7tv y) = (M](ég_,l‘, y) - uZ(S’t»y))ent'
Then the function W satisfies

Wi = Ve, - (Ds(E.1,y) Ve, W) — cWe + (b(E,1,y) + € =W =0.
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Multiplying this equation by W and integrating by parts over (—a,a) x (0,71 /c) x TN=1,
we obtain

1 a
5/_ /TN_I(WZ(E, n/c,y)—W2(,0,))dEdy

a 11 /c _
_ _/ [0 [EM Ve, W Ds(E.1, ) Ve, W + (b(E 1, 7) + € — W] dE dr dy.

From the uniform ellipticity of Dy and with the above choice for n, one gets

luz(1/e) = ur (i /e)llrg, < e™"/¢|lu2(0) —u1(0)rg, -

Since nt1/c > 0, the mapping ¢ is a contraction from I’ger into itself. It then follows

from the Banach fixed-point theorem that J¢ admits a unique fixed point in F[?er’ denoted
by ug. In other words, there exists a unique space-time periodic solution u¢ of problem

(4.18) which satisfies
u¢ € C°([0, 71 /c], L*((—a,a) x T¥ 1) N L2(0, 11 /e; Hy ((—a,a) x TN 1)
and

{xsu + (b 1.y) +u =g(E.1.y) inZ,, (4.20)

u€(-,0,) = uc(-,ti/c,) in °

per*

Next, by letting ¢ — 0, we expect to obtain a limit function that is at least con-
tinuous in X, and that is the desired solution for problem (4.17). To that end we fix
some €9 > 0 and we consider a solution family {u#€} of problem (4.20) with any € €
(0, €9). Furthermore, we first use the classical bootstrap arguments to improve the reg-
ularity of the solution. Recall that the diffusion matrix field Dg is assumed to be of
class C1+(T¥  Sy) and 55(5 t,y) = RDs(X)RT with X € TV. Note also that
the coefficient b and the free term g of equation (4.20) are continuous and bounded
in X,. By (4.19), we know that the space-time periodic solution u€ of (4.20) is actu-
ally bounded in L*°(%,) for any € € (0, €9). Thus, the fixed point uf = ¢ (u§) belongs
to L®((—a,a) x TN=1). By parabolic regularity, we obtain

u€ € CO([0, 71 /c], LP ((—a,a) x TN7Y)) N L0, 71 /¢ ; Wy P ((—a,a) x TN 1))
for any p € (1, 00) and any € € (0, €). Since u€ is ;1 /c-periodic in ¢, it follows from
the fixed-point argument that uy = Te(ug) € Wol’p ((—a,a) x TTN ~1) and furthermore
parabolic regularity shows that

u € C°([0, t1/c], Wy P ((—a,a) x TN™1)
NL®(0,11/c; W, P N W2P((=a,a) x TNh)

for any p € (1, 00) and any € € (0, €p). Again the same argument as above implies that
for any € € (0, €g) one has

u§ = To(u§) € Wy P (—a,a) x TN N WP ((—a,a) x TN ).
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Finally, from [29, Theorem 4.9.1] and using the periodicity of € in ¢, we obtain
u¢ € WPZ’I’Z((—a,a) x (0,71/c) x TN=Y)  forany p € (1, 00),

and
u¢(+a,t,y) =0 forae. (f,y) e Rx TN71

Moreover, there exists a constant M > 0 independent of € such that

1 212 (Caayx 0,0 sepxey =1y = MUglloo + 140l w2.0 a0y —1))-
and further the periodicity in ¢ and the boundedness of g yield

”“6||W,}J~2((_a,a)x(—T,T)xT,N*1) <M, Vee(0,69), VT >0, Vpe(l,00).

Therefore, we conclude that problem (4.20) admits a unique strong solution € and the
solution family {u€} is uniformly bounded in szjsc,z (X,) forall p € (1, 00).

One can now pass to the limit € — 0. To do so we consider a sequence {€,} C (0, €¢)
such that €, — 0 as n — oo. The above conclusions ensure that the sequence u¢* con-

verges (up to extracting a subsequence) weakly in WPZ’I’;C’Z(E_,Z) for all p € (1, 00) and
1,0,1

lon (X.) to a space-time periodic function u such that

strongly in C

Lsu+ (BV)(E 1 y)u =gk, 1,y) inZ,.

Furthermore, the above convergence and the periodicity conditions also imply that the
limit function u is at least continuous in X, and satisfies the pointwise boundary condi-
tions:

u(—a,t,y) =u(a,t,y) =0, V(,y)eRx RN1,

Consequently, the function U = u + ¢ where ¢ is given by (4.16) is a solution of the U -
equation for the linear boundary problem (4.14)—(4.15). It remains to prove uniqueness.
To this end, let U; and U, be two solutions of problem (4.14)—(4.15) associated with the
U -equation. Then

(U1 = Ua)s = Ve - (DsVey (Ur = Up)) = ¢(Uy = U)g + BVa(Us — Ua) = 0 in =g
Since U; and U, are periodic in ¢ and satisfy the same boundary conditions, multiplying
the above equation by U; — U, and integrating by parts over X, one gets

a T1/c ~ _
[ [ e = U Bs Ve, 1 = U + BV.(Us — Ul g dray =
—a JOo A

Recall that the function 5(5, t,y) = B(X) with X = R(£ +ct,y)T € TV is strictly pos-
itive everywhere. Moreover, V, > V' in X, is nonnegative and nonzero for any a > ay.
From the uniform ellipticity of Dy, we conclude that the above equality holds if and only
if Uy = U, in X,.
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In the same way let ¥ be the function defined by

£+
v 1.y) = —V(a r.y).
We make the change of variable v = V' — . Then v satisfies

Lrv+ ¢ty =h(t,y) inX,,
v is 71 /c-periodic in ¢ and t-periodic in y,

V(t,y) e Rx RN y(xa,1,y) =0,
where £; is the parabolic operator given by
£1v =30 — Ve, - (Dr(£,1,y) Ve, v) — cdev
and we have set

h(E 1, y) 1= B(E 1, ) U Ve — (L1 + T(E 1, V)V

The same argument as above enables us to obtain the existence and uniqueness of a space-
time periodic strong solution v for this problem. Here we do not perform an approximation
procedure since the function y is strictly positive. Thus, it is sufficient to set n = ming; - y
when we construct a contractive Poincaré mapping.

As a consequence, (U, V) = (u + ¢, v + ¢) € CQ per(Ea, R?) is the unique strong
solution of problem (4.14)—(4.15).

This ends the proof of Lemma 4.8. ]

Step 2. The set E, is invariant by T,, that is, T,(E,) C E,.

This result follows from successive applications of the weak parabolic maximum prin-
ciple for a space-time periodic problem. Note that here we cannot directly apply the
classical weak maximum principle posed for a finite time interval. Therefore, for the sake
of completeness, we prove this extension on the domain ¥, = (—a,a) x R x TN 1. In
particular, the coefficient of the zero-order term of equatlons is not strictly positive. We
denote by A = A(£, ¢, y) the diffusion matrix fields Dg or Dy and then we prove the
following auxiliary lemma.

Lemma 4.9. Assume thatu € WPZ’I’Z((—a,a) x (0,71/c) %X Trlv_l) (for some p> N +2)
satisfies

atu - v‘g',y ) (A(Es tv J’)vé,yu) - Caéu + h(%‘v ls J’)u Z 0 ln Eas
u is Ty /c-periodic in t,

u>0 onidXy,,
where h € C%(X,) is Ty /c-periodic in t and nonnegative. Then u > 0 in .

Proof. Firstly, as p > N + 2, from Sobolev’s embeddings [29, Lemma 2.3.3] and the
periodicity in ¢, we know that the function u belongs to C1%1(X,) at least. Now set
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u~(&,t,y) :=max(—u(&,t,y),0). Since u > 0 on 0¥,, one has u~ (+a,-,-) = 0. Multiply
the equation by ¥~ and integrate by parts over X,. Since u is periodic in ¢, we obtain

a T1/c
—/ / / Ve u~ AVe yu~ dEdedy
—a JOo TN-1

[ (MO .

Since / is nonnegative and A is uniformly elliptic, the left-hand integral is nonpositive
while the right-hand one is nonnegative. Therefore, u=(£,¢, y) = 0, thatis, u > 0in X,.
|

One can now complete the proof of 7,(E,) C E,. For any given pair (U, V) € Eg,,
let (U, V) = 7,(U., V,) be the unique solution of (4.14)—(4.15). By Lemma 4.8, we know

that (U, V) € Cto_per(E_a, R?) is a strong solution in the sense of sz,l,z forany p € (1, 00).

We apply Lemma 4.9 to the following problem:

0,U = Vg, - (Ds(E.1,y) Ve, U) — cUg + (BV)(E 1, y)U =0 in T,
U is 11 /c-periodic in ¢ and t-periodic in y,
V(t’y) € R x Tz,{v_l» U(_a»t’y) = 0’ U(a»t’y) = _U(a»tvy) > 0.

Then we obtain U > 0 in X,. Likewise, since U(+a,-, ) < So, applying Lemma 4.9 to
the function W(§,1,y) := So — U(§,t,y) yields U < Sp in ¥ ,. We conclude that

0<UG 1,y) < So, Vi 1,y) €S, (4.21)
From Lemma 4.2, the function W := V — V satisfies
0 W — Ve, - (D1 (&1, )V, W) — cWe + 7.1, )W
= BSoV — BU.V, >0 inX,,
W is 11 /c-periodic in ¢ and t-periodic in y,

Y(t,y) e Rx TNV W(xa,t,y) = (V -=V1)(£a,t,y) > 0.

Therefore, V < V in E_a Further, since U > 0 and V < V in E_a, it follows from
Lemma 4.3 that for any (§,1, y) € X, we have

3(U—U)— Vg, - (Ds(t.1.y) Ve, (U = U)) — (U = U)g + (BV)(U —U) > 0,
U — U is 11 /c-periodic in t and t-periodic in y,
V(t,y) eRx TN, (U -U)(+a,t,y) >0.

Thus, using Lemma 4.9 and (4.21), we conclude that

Ut 1, y) =max(0,U(E,1,y)) <U(E1,y) < So, V(E1,y) € Za.
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Let us now verify that V > V1 in T Firstly, since V(+£a,-,-) > 0, the same argument
as above easily yields V' > 0 in .. Next, from Lemma 4.4, we obtain

3(V—V) = Ve, (D1 t,9) Ve (V =V)) —c(V = V) + FE 1, y)(V = V)
= B, ) UV =B, )UTY >0 inZ, N,  (4.22)

and

(V —Y) is 11 /c-periodic in ¢ and z-periodic in y,
(V=V)E1,y) =0 ond(Z, NQY),

where .
I, NQT) =(E, NI U O, NQT).

Now we claim that V > V in £, N QF. Without loss of generality, one may take a
sequence {(UP, V]')(&,t, y)} of smooth functions such that the corresponding limit solu-
tion V is of class C2-1:2 Indeed, if

min V=V, t,y) <O,
Ety)eTsnQt

then the point Py := (&g, to, yo) where V — V attains its minimum lies in X, N Q+
because (V —V)(+a,-,-) =0and V > V on dQ+. Since V — V is periodic in ¢, one has

(V =Y):1(Po) =0, Ve, (V = V)(Po) = Ogn, D ,(V — V) (Po) is nonnegative-definite.
Using the uniform ellipticity and symmetry of Dy, one can further verify that
Ve + (D1 Vey (V = V))(Po) 2 0.
Since ¥ is strictly positive, we obtain
(V=) = Ve - (D Ve, (V = V) = c(V = V)e + F(V = V))(Po) <0,

which contradicts the differential inequality (4.22). Finally, as V' > 0 in Z_a, we conclude
that

V¢ y) =max(0,V(E1,y) < V(E 1, y) <V (E 1 y), Y(E1,y)€Za
This completes the proof of 75 (E,;) C E,.
Step 3. The mapping T, : E; — Eg is compact.

We need to prove that 7, (E,) is compact in E,. The main arguments are based on
parabolic estimates and Sobolev embedding theorems. Let {(U, V') },eN be a sequence
in £, and let

(U™ V") = T,(U!V]) € CLoo(5a.R?), neN,

t-per

be the solutions associated with problem (4.14)—(4.15). Recalling Assumption 1.1 about
the diffusion matrix fields and since the functions U™ and V't are continuous and
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bounded, the standard parabolic L”-estimates up to the boundary give a constant M inde-
pendent of n such that

< M and ||V"||sz,1,2( M

n
v ”Wﬁ"'z((—a,a)x(o,n/c)foN> (—a.a)x(0,71 /)xTN) =

for any p € (1, 00) (see [29, Chapter IV] or [35, Theorem 48.1] for a collection of those
estimates). Now, using Sobolev’s embeddings [29, Lemma 2.3.3] for p large enough, we
see that the embedding

W22 ((—a,a) x (0,11 /c) x TY) < €Y% ([—a,a] x [0. 71 /c] x TY)

with v := 2 — (N + 2)/p > 0 is compact. Thus, from the periodicity of (U", V") in ¢,
one may extract a subsequence of {(U", V™)},en, not relabelled, such that {(U", V")}
converges uniformly (by periodicity) in X, to a function pair (U, V) € C?, (24, R?).
Since (U", V") satisfies system (4.14) and the boundary condition (4.15) foreachn € N,
the limit function pair (U, V') also satisfies (4.14) and (4.15) in .. Furthermore, the
invariance in Step 2 implies that (U, V') belongs to E,. Therefore, the operator 7, is

compact from E, into itself.
Step 4. A fixed point of T,.

We conclude from the previous steps and the Schauder fixed-point theorem that the
mapping 7, has a fixed point in E,, that is, (U,, Vi) € E, satisfying T, (U, Vi) =
(Uy, Vi). As a consequence, problem (4.12)—(4.13) has a solution (U, V) € E,. Fur-
thermore, by parabolic regularity up to the boundary, (U,, V,) is a classical solution of
(4.12)=(4.13) in the sense of C 2t 1+e/2.2+a (5 )2 (recalling Assumption 1.1 about the
coefficients).

This ends the proof of Proposition 4.7. ]

4.2.3. Passage to the limit in unbounded domains. In this part, we are going to pass to
the limit ¢ — oo in R x R x RV~ for the solution (Uy, V,)(£, ¢, y) in Proposition 4.7.
As already underlined, the main difficulty is to obtain estimates of solutions independent
of the length of the finite interval [—a, a].

Let {a, }nen be an increasing sequence of positive numbers such that a,, — +o0 as
n — oo and let (Uy,,, V4,,) be a solution of problem (4.12)—(4.13) in X,, with a = a,.
Note first that the sequence {(Uy,,, Va, )} satisfies the upper and lower estimates

max(0,U) < Us, < So and max(0.V) < Vy, <V inZ,,.

Therefore, the component Uy, of the solution is bounded for any n € N. For notational
concision, we denote by (U, V,,) = (Usg,, . Va,) the solution of (4.12)—(4.13) in X,,,. Next
in order to perform a limit procedure as n — co, we need to derive new estimates for the
sequence of functions {V,,(€,¢, y)} to ensure that it is uniformly bounded. To that end we
extend some ideas of Ducrot et al. [19], where the authors proved the weak dissipativity
of the solution semiflow for a prey-predator system (which actually covers a large class
of models) in a homogeneous medium.
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Lemma 4.10 (Uniform boundedness). The function V, (&, t, y) is uniformly bounded
on Xg,, that is, there exists a constant M > 0 such that for any n large enough,

Va(E,t,y) <M, Y(£.1,y) € [—an.an] x R x RN,
where the bound M = M (C) depends only on the direction ¢ € QN N SN—1,

Proof. Let us first recall that for each n large enough, (U, V},) satisfies the following
boundary conditions:

U(-a,,t,y) =0, Ula,,t,y) =Ulay,t,
{( ) (@n.t,y) = Ulan.t.y) for (1. ) € R x RV,

V(=an,t,y) =0, V(an,t,y) =V(an,t,y)
Thus, the sequences {U,, (£+ay,,-,-)} and {V,,(£a,,-,-)} are uniformly bounded. Moreover,
the component U, (£, ¢, y) < So is uniformly bounded with respect to (£,7, y) € 3, and
n € N. Next we prove that the other sequence {V, (&, ¢, y)} is also uniformly bounded
in Xg4,.
Assume by contradiction that there is a sequence {(&,, t,, y»)} with &, € (—ay, an),
t, € R and y, € RV~ such that

Valbn.th, yn) = 00 asn — oo.
One may suppose, without loss of generality, that

sup Vu, ty,y) =n and V, (&, tn, yn) € [n/2,n]. (4.23)
(&.y)e(—an,an)xRN 1

For all n, there exist £, € 27 and y, € ]—[;sz 7;Z such that s, = t, — I, € [0, 71 /c] and
Zn=yn—jpn€C = ]_LNZZ[O, 7;]. One may assume that, up to extracting a subsequence,
Sp —> Seo and z, — Zoo as n — o0o. Note that

Vae.t,y) < V(E 1 y) = e *E0; (X), V(. t.y)eX,,, YneN.

Since ®,, is strictly positive and bounded for all X = R(£ + ct,y)T € TV, one has
&, — —oo asn — oo. Clearly, a, — &, — oo as n — oo and up to taking a subsequence,
one may assume that —a, — &, — —« for some k € [0, o0] as n — co. Two cases may
occur: either k < co or k = oco. Consider now the sequence of functions

Un, Vi) +én.t + 10, y), (E.1,y) € [—an —En.an — ] xR x RV~1,

Define Vo + Bt 410 3)
Va(g.t.y) = " A y’)”y. (4.24)

For each nn and all (£, 7, y) € [—an — &n, an — &) X R x R¥ 7L, the function V, satisfies

3V — Ve - (Dr(E + &t + 50, 9)Vey Va) — eV — h(E. 1, )V, = 0.
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where

hn(§,1,y) = (gUn —VE+Ent +5n,y), (6,1,Y) € [—an —En,an —En] X R x RN-L
(4.25)
Since E and ¥ are globally bounded and {U, (£,¢, y)} is uniformly bounded, the sequence
of functions {h,(§,t, y)} is also uniformly bounded with respect to n € N on the domain
[—an —&n,an — En] X R x R¥~1. From our construction (4.23), one may observe that

Va6 +&n.tn.y) <n Z2Vu(En tn, yn), V& € (—an —&n. an — &n),

which implies that V,, (£,0, y) < 2 for all (€, y) € (—an — &n. an — £,) x RY~1. Further-
more, for all (z,y) € R x RN-1,

Valan,t +tn,)7) <

Vn(—an—é,,,t,y)=0 and Vn(an—én,t,y)= RTINS
n nstns yn

It then follows from the parabolic comparison principle that
Va(E,t.y) <2elinlloct (& 1, y) € [—an — En.an — Ea] X [0.71/c] x RN 7L,

Since h,, is globally bounded and V, is periodic in ¢ for each n, there exists some constant
K > 2 such that

Vi, t,y) <K, V1, y) €[—an —En,an —E] x R x RV 7L,

Consequently, {I7n (&,¢, y)} is uniformly bounded with respect to n € N on each domain of
the form [—a, — &,,a, — £,] x R x R¥N~1, Furthermore, since Dy (§,¢,y) = RD; (X)RT
with R € O(RY) and Dy is of class C1T* with respect to X = R(£ + ct, )T € TV,
one may assume that up to a subsequence,

Dr(E+Ent +50,9) = Droo(E,1 + 500, y) in CL2N ((—k,00) x R x R¥N 1) as n — o0

loc

locally uniformly with respect to £ € (—«, oo) and uniformly for (¢, y) € R¥ because of
the periodicity conditions.

Now if k = oo, then by parabolic regularity, one may assume that, possibly along a
subsequence still denoted by 7,

Va(€.1, ) = Vao(&, 1, y) locally uniformly for £ € R and uniformly for (1, y) € RY

as n — 0o, where the convergence is weak in sz,i;c’z(R xR x R¥=1) forall p € (1, 00)

and strong in Cl(l)éo’l (R x R x R¥~1) and where the limit function Voo satisfies

9t Voo — Ve + (Dr1,00(E, 1 + So0s ¥) Ve y Voo) — ¢ Voo — hoo (£, 1, y) Voo = 0,
Vo is 71 /c-periodic in ¢ and t-periodic in y,
0<Volt.t,y) <K, V(E1,y) eRxR xRN,

Voo (0,0, z0g) = 1.
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Here the bounded function /i, is the L2 loc -weak star limit of the bounded sequence
{ha(E. 1, y)} defined in (4.25). Thanks to Vao(0,0, Zso) = 1 and since Vo is nonnega-
tive, the strong maximum principle shows that Voo is positive everywhere. Thus, from the
definition of V, (§.t,y), we conclude that

Va(§ + Ep.t +1,,y) = oo locally uniformly for (£,7, y) € RV asn — oo.
(4.26)

If x < oo, we define V,,(E t,y) = Vn(é E,,, t,y) for (£, ¢,y) €
[0, 2a,] x R x RN~ where V, is given by (4.24). Then {V,,(g t, y)} is uniformly
bounded with respect to n € N on each domain of the form [0, 2a,] x R x RN~1, By
parabolic regularity, one may assume that, possibly along a subsequence still denoted
by n,

V &,t,y) > Voo (£.1, y) locally uniformly for £ € R and uniformly for (7, y) € RY
asn — oo, where the convergence is weak in szlicz (R xR x RY=1) forany p € (1, 00)
and strong in ch (]R+ x R x R¥~1). Notice that the above convergence also implies
that

loc

I7n(0, t,y) — 0 uniformly for (7, y) € R x RN asn — co.
As a consequence, the limit function 1700 satisfies
3t Voo = Ve,y - (D100 (E =K.t + o0, ¥) Ve, y Vo) — g Voo — oo (E — ke, 1, ) Vo = 0,
Voo is 71 /c-periodic in ¢ and t-periodic in y,
0<Volt,1,y) <K, V(1,y) € R xRxRVN 7,
Voo(0.2,y) =0, V(t.y) e RxRN71,

Furthermore, since 17,, (an + &,,0, y,) = 1, one has 1700 (k,0,z0) = 1, which also implies
that k > 0. Therefore, the strong maximum principle yields

Voo(£,1,y) >0, VE € (0,00), V(r,y) e R x RN,
From the definition of {17,, (&,t,y)} and (4.24), we conclude that

Va(E +&,,t + t,,y) — oo locally uniformly for (,¢, y) € (—k, 00) X RY asn — oco.
4.27)

Now we make the following claim.
Claim 1. In both cases, that is, for any k € (0, 00|, the sequence {Uy,(§,t, y)} satisfies

lim Up(§ + &0t +12,3) =0, V(. 1,) € (—k,00) xR xRN, (4.28)
n o0

Before proving the claim, let us first complete the proof of Lemma 4.10.
Recalling the definition of {h,(&, ¢, y)} in (4.25) and y(§,t, y) = y(X) > 0 with
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X = R(€ +ct,y)T € TV, Claim | implies that the L2 -weak star limit /o, satisfies
hoo(§,2,y) <=y, V(& 1.y) € (—Kk,00) xR x RN,

where we have set y = minyny ¥ > 0. As a consequence, the limit function

(—k,00) x Rx RN~ 5 (£.1,y) > W (£, 1, y) given by
WoolE,1,3) = Vo (£, 1, ¥) ifk = 00, Wao(E,1,¥) = Vo + 4,1, y) if k < 00
satisfies the problem
3:Woo < Vey + (D00 (€. 1 + S00. ) Ve,y Woo) + €0 Woo — ¥ W,
Weoo is 71 /c-periodic in ¢ and t-periodic in y,

0 < Wel(E,1,y) <K, V(. 1,y) € (—k,00)x Rx RN
WOO(Ovos Zoo) - 17

together with the boundary condition
Weo(—k,2,y) =0 forall (¢, y) € R x R¥~! when k < oo.

Notice that the function e’ is a supersolution of the above equation. Since K > 2, it
follows from the parabolic comparison principle that

Weo(£,1,y) < Ke ™Y, V(£ 1,y) € (—k,00) x Ry x RN~
Since W is 11 /c-periodic in ¢, we have
Wio (0,0, Zoo) = Wao(0,n71/¢, 200) < Ke™ &2, Vn > 1.

Finally, as y > 0 and 71/c > 0, letting 7 — oo one gets a contradiction with the normal-
ization W (0,0, z5) = 1.
This completes the proof of Lemma 4.10. ]

Proof of Claim 1. Let M, R,T > 0be given. Choose ¢ € (—k,0) and let U = Ug";-(£,7,)
be the solution of the following problem:
0:U — Ve - (Ds(E +&nt + 50.9) Ve U) — cUs + BMU =0 in Q% 7.
U(e,t,y) =U(R,t,y) =Sy for|t|]<Tandy € RN_I,
UE,-T,y)=3So foreféfRandye]RN_l,
where

R = R) X (=T,T) x TN

Note first that U;’"T is still T-periodic in y since Dy is 7-periodic in y and the constant Sy
is spatially periodic. Furthermore, by (4.26)—(4.27), one can choose Ny > 0 large enough
(depending on M, &, R and T') such that

Va6 +6nt +1tn,y) =M, Vn=No, V(§.1,y) € Q% 7.
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Therefore, the parabolic comparison principle ensures that
Un(§ +&n.t +1a,y) URT(E.1,y), Vn = No, V(€ 1,y) € Q5% 7. (4.29)
Observe further that
0 < UR%(E.1.y) < So. Yn=No. V(E.1.y) € Qi .

Recall that 55(&', t,y) = RDs(X)RT with R € O(RY) and Dy is a matrix-valued
function of class C!*® with respect to X = R(£ + ct, y)T € TV. As a consequence
of the above uniform boundedness of U ;"T and Schauder parabolic regularity, for any
positive constants R, T and any sequencé {ni}ren tending to infinity as k — oo, one
may extract a subsequence (not relabelled) such that for some o’ € (0, @),

Ds(E+ €t + 5. ¥) = Dsioo(E.t + 500, y) in CHH@/21ve QR 1)

and
U;nT" (¢.1.y) > Ug r(§,1,y) uniformly for (§,7,y) € Q% , 7/,-

Thanks to the uniform boundedness of U E’T with respect to ¢, R and 7', using parabolic
regularity again, for any sequences { Ry} and {7} tending to infinity, one may extract
subsequences (not relabelled) such that

U Ieik,Tk — U*® locally uniformly for (£, 1) € [e, 00) x R and uniformly for y € RV 71,

where the limit function U¢ becomes a bounded (0 < U?¢ < §y) classical solution of the
following boundary value problem:

0:U — Ve, (Ds.co(E.t + 500, )V yU) —cUs + BMU =0 in [, 00) x RV,
U is t-periodic in y,

Ule,t,y) = S for (f,y) e R x RN,
(4.30)

Next we prove that the bounded solution U¢ of problem (4.30) tends to 0 as M — oo.
To that end we look for a supersolution of the form

Us(&,t,y) = Soe M E=e),

where the parameter Ajs > 0 will be chosen later so that Ay — oo as M — oo. In order
for e=*% to be a supersolution of (4.30), it is sufficient that

AV - (Ds,00 (6.1 + S0, ¥)e1) — A2e1 Dig o0 (£, + Soo. V)1 + cA + BM]e™ > 0.
4.31)

Coming back to the original variable, let us recall the notations of Section 3.1:

Ds(E+Ent+5ny)=RDs(X + X)RT, X =R (é “;”),X,, =£(5'6 J“NCf)
-
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where X € TV, {X,} ¢ TV and R € O(RY) is such that Re; = ¢ € QN N SN~
By compactness of TV and since Dg € C'**(T¥, Sy), one may assume that, up to
extracting a subsequence,

Ds(X + X)) = Ds(X + Xoo) in C'T4(TY)asn — oo.
In other words, the limit matrix-valued function 55,00 can be equivalently written as
Ds.oo(E,t + 500, y) = RDs(X + Xoo)RT,

and since the vector-valued function Vg , (D cce1) is bounded, so is Ve, - (Ds,00€1)-
Therefore, using the uniform ellipticity (1.2) of Dg, we find that inequality (4.31) holds
true as long as

AVey - (D06, + So0. ¥)e1) — A2e1Ds o6, 1 + Soo. y)e1 + ¢ + BM
= AVey - (Ds,colE. 1 + S0, ¥)e1) = A7EDs(X + Xoo)l + A + M
—0A% + (¢ — | Ve, - (Ds.00€1)lloc) A + BM > 0.

L [em
M= 20 4.32)

Then for any M > 0, Ay satisfies the above inequality, whence e *»¢ is a supersolu-
tion of (4.30). Further, applying the weak maximum principle to problem (4.30), one can
obtain

v

Set

Ut y) < Soe *™™ME9  ve>e Vi, y) e Rx RN (4.33)

Indeed, assume by contradiction (recall that the solution U? of problem (4.30) is no
longer periodic with respect to ¢) that

n:i= sup (Ue(&,t, y) — Sge M E=9)) 5 0,
(£,t,y)€(e,00) xRN

Then there exists a sequence {(£,,7/,y/)} C (g,00) x R x TN~ with y/, — y/ € TN-!
as n — oo such that

Us(&yotys V) — SoeME= . n asn — oo. (4.34)

Note that the diffusion matrix field 55 is still 71 /c-periodic in ¢. For all n, there exists
some #, € 27 such that s, =1, —t; € [0, 71/c]. One may assume that, up to taking
a subsequence, s, — s, as n — oo. As for the limit of the sequence {£,,}, we need to
distinguish two cases:

Case 1: &, — &, € [g,00) as n — co. We define

Wa(E, 2, y) = US(E,t + 1., y) — Soe ™*METD (&1, ) € [e,00) x R x RN 7L,
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As 0 < U?® < Sp and Ay > 0, the sequence {W,} is uniformly bounded with respect to n
and e. Moreover, for each n and any (£, ¢, y) € [, 00) x R x RN~1, the function W,
satisfies

0 Wp — v‘g‘,y : (ES,oo(svl + S; + Soos Y)VE,yWn) —Caan +EMWn <0,
W, is t-periodic in y and W, (e, ¢, y) = O forall (z, y) € R x RN 1.

From standard parabolic estimates, the sequence {W,} converges (up to taking a subse-

quence) in Clggl’z([e, 00) x R x R¥~1) to a bounded function W, which satisfies

0:Woo — Ve + (D 00 (E. 1 + 55, + So0. ¥) Vi Woo) — € Woo + BM Weo < 0,
Weo is T-periodic in y and Wy (., y) = O forall (¢, y) € R x RV,

(4.35)

By (4.34), Woo(£L,. 0, ¥5,) = n > 0, which implies that £ > ¢. Therefore, from (4.34)
and using the uniform ellipticity and symmetry of Dg o, One gets

0 Woo (650 0. ¥5o) = 0 Woo(§60- 0. 746) = 0. Vi (D00 Vey Woo) (6. 0. ¥50) = 0.
Thanks to é M > 0, a contradiction with (4.35) has been achieved.
Case 2: &, — oo asn — oo. We define
Wal€.1.9) = U°(E + &t + 15.9) = Soe M EH=9 (€., y) € e &, 00) x RV,
For each n, the function Wn satisfies

9 W — Ve, - (Dsu(E.t, )V, W) — cde Wy + BM W, <0,

{Wn is T-periodic in y and Wn(s —&.,t,y) =0forall (1, y) € R x RN,

where the matrix-valued function D s,n 18 given by

ﬁS,n(E7t’y)=5S,OO(E+§;/1’t+S;1+SOO’y)’ (E,l‘,y)E[&—E;,OO)XRN. (436)

Because of the uniform boundedness of {Wn} with respect to n and ¢, using parabolic
regularity, one may assume that, possibly along a subsequence still denoted by n,

W, &,t,y) > WOO(E, t, ) locally uniformly for (£,¢) € R?, uniformly for y € RN1
as n — oo, where the limit function Woo becomes an entire solution of the problem
W — Ve (Ds,o0(E.1.y)Vey W) —cOsW + BMW =0 inR xR xRV™!,

W is t-periodic in y,

0<W(E.1,y) < Sy, V(1 y) e RxR xRN
4.37)



Pulsating waves in a multidimensional reaction-diffusion system of epidemic type 2435

Here the matrix-valued function 55,00 is the limit of the sequence {ﬁs,n} defined by
(4.36) in the topology of C\T%*/217%(R » R x RN=1). Furthermore, from the defini-

loc

tion of {Wn (§,t, y)} and (4.34), the above convergence also yields
Weo (0,0, %) = 5 > 0. (4.38)

However, as é M > 0, it is easy to verify that a bounded entire solution of (4.37) can only

be 0, so WOO(E, t,y) = 0, contrary to (4.38).
Eventually, as a consequence of (4.33) we obtain

lim sup limsup U (£, 7, ) < Soe M E=9) v (£,1,y) € [5,00) x R x RN 71,
¥%oo n—00 ’
—00

Further, we deduce from (4.29) that for all (£,1, y) € [¢,00) x R x RN 1,

limsup U, (§ + &p,t + 1y, y) < Spe MM E=8) vy > 0.

n—oQ

Recalling the definition of A,z in (4.32) and by letting M — o0, one gets
lim Un(€ 4 €n,t +1,,¥) =0, V(E1,9) € (e,00) x R x RN~
n—>0o0
Since & € (—«, 0) can be chosen arbitrarily, Claim 1 follows. ]

In the remaining part of this subsection, we pass to the limit # — oo and complete the
proof of Theorem 4.6.

Proof of Theorem 4.6. Using parabolic regularity coupled with the uniform estimates in
Lemma 4.10, there exist a subsequence of {(Uy, V;)} (not relabelled) and a bounded limit
function pair (U, V') such that

(Un, V) (€. 1, y)— (U, V)(£,1, y) locally uniformly for £ € R, uniformly for (¢, y) e R¥,

where the convergence holds in the topology of Cli:r“/’H“// 2240 (R R x RN=1)2 for

all o’ € [0, &) due to Schauder parabolic estimates (recalling Assumption 1.1 about the
coefficients). Furthermore, the limit function pair (U, V) € C%>12(R x R x R¥N~1)2 sat-
isfies the problem

3:U—Ve,-(Ds(£.1,y)Ve U)—cUs =—B(£,1,y)UV  inRxRxRV™,
0V —Ve, «(Dr (&1, YIVe V)—cVe= ,g(%’, LYY UV =51, y)V in RxRxRN L,
(U, V) is 11 /c-periodic in ¢ and t-periodic in y.
Since the functions U and V' are bounded, they also enjoy the following estimates:
max(0,U) <U < Sy and max(0,V)<V <V inRxRxRN71 (439
In particular, the lower estimates for (U, V') ensure that for some & large enough,

min UE,t,y) >0 and min V(E,t,y) >0, VE>E&.
(t.y)€[0,71 /c]xTN ! (t.y)€[0,71 /c]xTN !
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Thus the strong maximum principle and the periodicity conditions yield U > 0and V > 0
in R x R x R¥~1 and furthermore one also deduces that

min UE,t,y) >0 and min VE,t,y) >0, VEeR.
(t,y)eRxRN—1 (t,y)eERxRN—1

Next, as B > 0, it follows from the positivity of V' and the strong maximum principle that
U 1,y) < So. V1, y) e RxR xRN
Observe that the estimates (4.39) also ensure that

S1im (U, V) (€. 1,y) = (So,0) uniformly for (z, y) € R x RN 71,
—>+00

We have completed the proof of the first two properties in Theorem 4.6. The third property
follows from the estimates for V in (4.39) since the functions ¥ and V have the same
exponential decay as § — +o0.

This ends the proof of Theorem 4.6. |

5. Proof of Theorem 2.1

In this section, we complete the proof of Theorem 2.1. Throughout this section we again
assume that
Mo < 0.

Before going any further, let us make a brief summary. Coming back to the original
variables (¢, x), Theorem 4.6 equivalently implies that for each ¢ > ¢*({), problem (1.1)
admits a pulsating travelling wave (S, 1) = (S, I)(¢, x; {) propagating along the direction
¢ € Q¥ N SN~ with speed ¢ according to Definition 1.1. Furthermore, from Lemmas
4.3-4.4 and Theorem 4.6, the following properties hold:

(i) For each ¢ € Q¥ N SN, the function pair (S, I) is positive and satisfies the fol-
lowing lower and upper estimates:

max(0, S (¢, x;¢)) < S(,x;¢) < So, V(t,x) e Rx RY,
max(0, I (t,x:8)) < I(t.x;¢) < M(¢), V(t,x) e RxRY, (5.1

where the functions S and / are defined as

S(t.x:8) = So(1 = K1e 1870w, (x:0)),
1@, x8) = e e @=en) D.0)(x:0) — Kze_uc(§)+82)(x'§_6t)@Al)(;-)_i_gz (x;0).

(ii) Foreach ¢ € QN N SN~ the function pair (S, I) satisfies the pulsating relations

(S. )t +k-&/c,x)=(S.I)(t,x—k), V(. x k)eRxRN xz".
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(iii) For each ¢ € QN N SN~ the function pair (S, I') exhibits the following behaviour
atx - ¢ = 4o00:
lim (S,71)(t,x) = (So,0)
o0

x-§—>+
locally uniformly for ¢ € R and uniformly in the directions of {*.

In order to obtain the existence of pulsating travelling waves for problem (1.1) prop-
agating along any given direction in SV, we will perform an approximation argument
with the help of a dense subset of SV ~1. This requires uniform estimates of the solutions
with respect to the direction of propagation. Unlike the observations in Section 4.2, the
profile of pulsating waves propagating in a unit direction with some irrational coordinates
no longer exhibits periodicity in space and time (see below for a more precise explana-
tion).

5.1. Uniform boundedness with respect to direction

Note first that the component S of the solution is globally bounded for any e Q¥ NSV 1,
We now prove that the other component /(, x; ¢) is also bounded on any subset of
QY N SN~ and for all (¢, x) € R x R¥, namely the upper bound in (5.1) is actually
independent of the direction of propagation. To this end, we further extend some argu-
ments developed in Lemma 4.10 to more general heterogeneous media.

Lemma 5.1. Let X be any subset of QN N SN~1. If a function pair (S, I) defined by

(S.1):RxRY x K — (0, 00) x (0, 00),
(t,x,e) — (S, I1)(t, x;e),

is a pulsating travelling wave of problem (1.1) propagating along the direction e with the
direction varying speed c(e) defined by

c: K — (c*(e),0), e c(e),

where the formula of c*(e) for each e € K is given by (3.8), then there exists a constant
M = M(XK) > 0 such that

I(t,x;e) <M, V(. x)eRxRY, VeeX.

Proof. We still work with the moving frame of Section 3.1. Recall that (S, /) is a pul-
sating travelling wave of problem (1.1) propagating in the direction e € SV =1 with speed
¢ > 0 if and only if the function pair (U, V') defined by

(U V)E 1. y) = (S, Dt RE +ct.y)T)

satisfies the parabolic system (3.2) and the JR-pulsating condition

(U, V)(E,t + %,y + ﬁkl) = (U, V)E 1 y), Vit y) e RV ViezVN.
(5.2)
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Here R € O(RY) is such that Re; = e € SV~1. By estimate (5.1), for any e € X, the
function V is bounded, that is,

V(E 1, y) < M(e), V(&1,y) e RxR xRN

Next we prove that the bound M (e) is actually independent of the direction. To that end
we still argue by contradiction and use the following notation:

U™ VE 1 y) = (U V)E 1, yse") = (S, 1), Ra(E + "1, 3)D),

which denotes the solution of (3.2) in the direction e” with ¢” := c¢(e™) for eachn € N.
Assume by contradiction that there exist a sequence {(&,, tn, Yn)lnen C
R x R x RV~ of points and a sequence {¢"*},en C K of directions such that

V*(Enatn, yn) — 00 asn — oo.

One may assume, without loss of generality, that

sup V(2. y) =V llo and  V7*(En.tn.yn) € IV oo/ 2. I1V" [loo]-
(6,1,y)eRN+1

(5.3)
Note that the component U” of the solution satisfies the lower and upper estimates

max(0, U (£,1, y;e")) < U™(E,t,y) < So, V(E.t,y) e RVT! vneN.

Hence {U"} is uniformly bounded. By compactness of SV !

e € SNlasn — oo. Equivalently, | R, — Rlomny —> 0and Rye; — Req asn — oo.
On the other hand, as 0 < ¢*(e") < ¢" < oo for each n € N, the sequence {c;, }nen Of
speeds is bounded. Thus, one may assume again that ¢ — ¢*° > ¢*(e) as n — oo since
the mapping S¥ =1 5 e > c*(e) is continuous.

To proceed let us first point out that for a vector in S ~! with some irrational coordi-
nates, the JR-pulsating condition (5.2) no longer yields periodicity with respect to (, ).
Next, we define

, one may assume that e” —

Vn n» ns n
Wo(E.t.y) = ¢ J;/i(gtjtyy)er )

For each n, the function W,, satisfies
0 Wn — Ve y - (iil,n(g»l, VIVeyWy) — CnaSWn —b"(&. t,y)Wy =0 inR xR x RN_I,
where the sequence {3‘61,,, (&,t, y)} of matrix-valued functions is defined by

E+& +c"+ t”))):RT

D€, 1.Y)=Dyp(E+Enrt + 10,y + yn) = RuD (,R,,( I
1n(&.1,y) (€ +E Y+ yn) 1 3+

with
BraE.t.y) = Br(e.t. yie") = RuDy (:R (é * t))eﬂf ,
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while the sequence {b" (£, 1, y)} of functions is defined by

b (€1, ) = (BaU" = Pu)(& + Enst + 1,y + Vi) (5.4)

with

B Ta)E + Enst + tn, y + ) = (ﬂ,y)(ﬁn (s +yc"t) + R, (sn + an,,)),

Yn
Bas Ta) (.1, 9) = (B.P)(E 1, yie™) = (ﬁw)(ﬁn (E +ycnt))‘

Note first the following convergence for the coefficient sequences as n — oo:

ﬁl,n(g»[’y) - ﬁl(g’t,y;e) = RDy (ﬁ (E +yC°°z))<ﬂT,

B ) (E.1,9) — (B P)E 1, vie) = (B.y) (ﬁ (s +ycwt))

with respect to the uniform topology. Furthermore, since {U"} is uniformly bounded,
the sequence {b" (&, ¢, y)} of functions defined in (5.4) is also uniformly bounded for all
(&,t,y) e RxR x R¥-1 and n € N. On the other hand, since we can rewrite

D, (Rn (E + & 4t + t,,))) _ D, («ﬂn (S + c”t) LR, (g,, + cntn))
Y+ n y Vn

= DI(X + Xn)

with X = R, (£ + ¢*t,y)T € TV and {X,}nen € T, by the compactness of TV and
since Dy € C(TN  §y), one has

n
R,D; (Jzn (’E + 5"y+fy(t + l"))),ﬂ,{ — RDI(X + Xoo)RT  in C1H(TN)
n

as n — oo. Thus, one may assume at least that 33,,,,(5, t,y) —> 551,00(5, t,y) in

Chl)éo’l (R x R x R¥=1) as n — oo. From our construction (5.3), one may observe that

W,(0,0,0) =1, 0< Wy t,y)<2, V(. t,y)e RV vneN.

As a consequence of this uniform boundedness and parabolic regularity, one may assume
that, possibly along a subsequence still denoted by n,

Wi (E.1,y) = Wao (€, 1, y) locally uniformly for (£,7,y) € Rx R x RVl asn — oo,

where the convergence is weak in szisc’z (R xR x RN=1) forany p € (1, 00) and strong

in Ckl)éo’l (R x R x R¥~1). Furthermore, the limit function W, satisfies

3 Woo — Ve - (Di.00(E, 1, ) Vey Woo) — X8 Woo — b® (£, 1, y) Weo = 0,
W (0,0,0) =1, 0 < Weo(£,2,y) <2, V(£2,y) e RxRxRNT
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where the bounded function »*° is the L°°-weak star limit of {b" (£, ¢, y)} defined in
(5.4). Since Wy, is nonnegative and Wy, (0, 0,0) = 1, it follows from the strong maximum
principle that W, is positive everywhere. Thus, from the definition of {W, (&, ¢, y)}, we
conclude that

V(€ + En.t + 1y, y + yn) — oo locally uniformly for (£,7, y) € RVl asn — oo.
(5.5)
Next, following the proof of Lemma 4.10, we make the following claim.

Claim 2. The sequence {U"(&,t, y)} of functions satisfies
le U+ Ent + 10,y +yn) =0, V(1,y) e RxRxRNL
n—oo

The proof of this claim is also postponed and let us first complete the proof of Lem-
ma 5.1. Using Claim 2, since ¥, (§,1, y) := J(£,¢, y;e”) > 0 forany (£,1,y) € RV *1 and
n € N, we find that the L°°-weak star limit 5> of {b, (£, ¢, y)} defined in (5.4) satisfies

bR 1 y) <=7, V(E.1y) e RxRx RV
where we have set

y := inf inf Y, t,y;e") = min y(X) > 0.
v nEN(g,t,y)eRNHy(E yie) i y(X)

Thus, the limit function W, has the following properties:
0 Woo < Ve - (Di0o(E.1.9) Ve,y Woo) + 0 Woo — T Woo,

V(£ 1, y) e RxR xRN,
Woo(0,0,0) = 1, 0 < Woo(E.1,y) <2, V(&1 y) e RxR xRN

Notice that e ¥ is a supersolution of the above equation. From the parabolic comparison
principle, we obtain

Wool(,1 +5,y) < 20775 W5 >0, YV, t,y) e R xR x RN,
This implies, with (§£,¢, y) = (0, —s, 0), that
Weo(0,0,0) <2775, Vs> 0.

Finally, as Z > 0, this contradicts the normalization W4, (0,0,0) = 1.
This ends the proof of Lemma 5.1. ]

Proof of Claim 2. Let R, T > 0 be given and consider for each n € N the solution

U=UgrEt,y):=Urr(£t ye") withe" € X
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of the following problem:

0,U — Ve y - (Dsn(E 1, y)Ve yU) —c"deU + BU =0 for|t| < T, (£, y) € B,
U.t.y;e") = So for [t| < T, (§,y) € 0Bg,
U, T, yse") = So for (§,y) € Bg.

where Br denotes the open ball of R¥ with radius R and centre 0 = (0,0g~-1), and the
sequence {Ds (&, ¢, y)} of matrix-valued functions is defined by

§+ & +c”(t+tn)))ﬁr

ﬁs,n(s,r,y>=ﬁs,n<s+sn,z+zn,y+yn>=ﬁnDs(azn( 1
Y+
with

Bsn.t,y) = Ds(E.t,yie") = mnbs(m (E *e t))fR,{ ,

Here we have set

= inf inf  B(E.t.y:e") = min B(X) >0,
B neN(g,z,y)e]RN-H'B(g yie™) XGTNﬂ( )

where the equality holds true since 5 is independent of the direction. By (5.5), we can
choose Ny > 0 large enough (depending on R and 7T') such that

VPE+Ent +1ny +yn) 21, ¥n 2 No, ¥t €[-T.T], V(§.y) € Bg.
Thus, the parabolic comparison principle ensures that
U™E +Enst +1n,y + yn) < Ugp(E.2.y), Vn = No, Vit € [-T.T], V(§,y) € Br.
Observe further that
0<Ugp(.1.y) <So. Vn= Ny, Vte[-T.T]. V(. y) € Bg.

As a consequence of this uniform boundedness and Schauder parabolic regularity, for any
positive constants R, T and any sequence {1y }xen tending to infinity as k — oo, one
may extract a subsequence, still denoted by {ny }, such that

U;f‘T(S,t,y) — UR,T(g,t,y;E) uniformly for [¢| < T/2 and (£, y) € Bgy2,
where the limit function U R,T satisfies
3,U— Vg, (Ds,00(E.1,7) Ve, U)—c®Us + U =0 for |t| < T/2 and (£. ) € Bry».

Here the matrix-valued function 553,00 is a limit of the sequence {555,,, &1, y) k>0 in
the topology of C1+e"@'/2:.1+e for some o’ € (0, or). Again, thanks to the uniform bound-
edness of (A]R,T with respect to R and T, using parabolic regularity, for any sequences
{ Ry} and {T} } tending to infinity, one may extract subsequences (not relabelled) such that

Ur,.1 (5.1,y:e) = U(E,1,y;e) locally uniformly for (£,7,y) € R x R x RV 71,
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where the limit function U becomes a bounded entire solution of the problem
9, U — Ve - (Ds,c0(6.1,9) Ve, U) — c®Us + U = 0. (5.1,y) e Rx R x RV 7L,

As E > 0, one can readily verify that U(E, t,y;e) =0.
As a consequence, for any (£,7,y) € R x R x RVN~1,
limsup U"(§ + &u.t + tn,y + yu) < limsuplimsup Ug r(§,1,y) = 0.

n—o0 R—>o0 n—00
T—00

This ends the proof of Claim 2. ]

5.2. Rational approximation to any direction of propagation

In this subsection, we prove the existence of pulsating travelling waves for problem (1.1)
propagating in any given direction e € SV =1, To do so we first recall the following well-
known result (see [7, Proposition 4.1] or [14, Lemma 4.1]):

Proposition 5.2. The set Q¥ N SN~ is dense in SNV,

Equipped with Lemma 5.1 and the above proposition, we are now able to complete
the proof of Theorem 2.1.

Proof of Theorem 2.1. Fix any e € S¥~!. Then there exists a sequence {Cm}men C

QY N SM=1 such that ¢, — e as m — oco. Since the mapping S¥~! 5 e > c*(e)
is continuous, for each speed ¢, € (c¢*(e), 00), we can choose a sequence {Cm}meN C
(¢*(&m), 00) such that ¢, — ¢, as m — o0o. Now we consider the following sequences of
solutions corresponding to problem (1.1):

em > *m)s (Sp In)(@.x) := (S, D)t x:&m),  (t.x) eRxRY m e N,

For each m € N, the function pair (S, I,,,) satisfies the pulsating relations

k-Cm
,X

Cm

(Sm,lm)(t + ) = Spm. In)t,x —k), V(t.x.k) e RxRN xzV,

as well as the lower and upper estimates
max(0,S,;) < S, <So and max(0,/,) <1, < I,, inR x RY,

where the functions S, := S(-, - &m), Im := 1(-, ;&) and I, := I (-, -; &) are of the
following forms:

S(t,x:8m) = Soll = Kye 1 OEm=emDs, (x: 8,0,

I(t,x:8m) = e PemEmGIm=emD e, o (x; En),

10,53 6m) = 11, 5; 5n) — Ko™ QemCmFIClm=emq, (015, (x; Em).
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Applying Lemma 5.1 to K = {{;}men, We find that the sequence {(Su, In)(, X)} is
uniformly bounded for all (¢, x) € R x RY and m € N. By parabolic regularity, there exist
a subsequence of {(Sy,, I;»)} (not relabelled) and a bounded limit function pair (S, ) such
that

(Sm, Im)(t,x) = (S, I)(t,x;e) in Cl’z(R x RM)2 as m — oo.

loc

Moreover, c*({m) — c*(e) as m — oo since the mapping SV =1 5 e > c*(e) is con-
tinuous. Consequently, the 3-tuple limit (c., S, I') satisfies ¢, > ¢*(e) and the parabolic
system

{atS_V(Ds(X)VS):_,B(x)SI’ for(l,x)eRXRN'

301 =V - (Dr(x)VI) = B(x)ST —y(x)I,
Furthermore, it is not hard to verify that the above convergence also yields

k-e

(S, I)(t + ,x) =(S.(t,x—k), Y(t.,x,k)e RxRN xzVN. (5.6)

e

From Propositions 3.1 and 3.3, we know that the mapping S¥~! 5 e > A.(e) is contin-
uous in both r € S¥~! and ¢ € (¢*(e), 00), and that the principal eigenfunction ®; (-; e)
depends continuously on both A € R and e € SV~ with respect to the uniform topology.
The same conclusion holds true for the principal eigenfunction Ws(-; e). Since (S, I) are
bounded and ¢, > c¢*(e), they also enjoy the following lower and upper estimates:

max(0, S (¢, x;e)) < S(t, x;e) < So, V(t,x) e R xRV,
max (0, 1 (t,x;e)) < I(t,x;e) < I(t,.x;e), V(t,.x) e RxRY, (5.7)

where the functions S,  and I are the respective limits of {S,,}, {I,,} and {I,,} in the
uniform topology, and they are of the following form:

S(t,x;e) = So(1 — Kye B1emee gy (x:e)),
I(t,x;e) = eThee@emceda, ) (xie),

1(t,x3€) = 1(t,x;€) — Kpe~ e @FRIremcel @, ) 15 (x:e).
In order to obtain our result, we also need to prove that

lim (S, 1)(t,x) = (Sp.0)

x-e—>+
locally uniformly for # € R and uniformly in the directions of e, as well as
0<S(t,x:e)<So, I(t,x;e)>0, V(,x)eRxRY.

Using the pulsating relations (5.6) for (S, /) and the positivity of c,, the former is equiv-
alent to proving that

, lim (S,1)(t,x;e) = (So,0) locally uniformly for x € RY,
——00
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which follows immediately from the estimates (5.7) for (S, /) since S(z, x; e) is decreas-
ing in ¢ while I (¢, x; e) is increasing in 7. The latter inequality follows from the strong
maximum principle. Indeed, the lower estimates for (S, 7') in (5.7) ensure that there exists
1o large enough such that
inf S(¢,x;e) >0, inf I(t,x;e) >0, Vit<—t.
xeRN xeRN

Therefore, S(t, x;e) > 0 and I(¢, x;e) > O for any (¢, x) € R x R¥ . Furthermore, as
B > 0, the positivity of I and the strong maximum principle yield S(z, x;e) < So for any
(t,x) e Rx RN,

This ends the proof of Theorem 2.1. ]

6. Some comments and future work

Let us mention some issues that will be considered in the future, and comment on the
difficulties that arise.

Firstly, in a forthcoming work, based on the periodicity exhibited by the profile in each
unit rational direction, we will investigate the asymptotic behaviour of pulsating waves
for problem (1.1) far behind the propagating front. More precisely, the pulsating travelling
wave we investigate here would have a travelling pulse of the infected populations. This is
areasonable and natural expectation because no flux of susceptible individuals is involved
in the model (1.1). Furthermore, there exists a constant S, € [0, Sp) that is the desired
limit of the component S. This quantity describes the severity of the epidemic. In general,
it depends on the wave speed ¢ and the population size Sy before the introduction of the
disease. For a general unit direction, this problem remains open for the moment.

Secondly, we expect that the critical value ¢* corresponds to the minimal wave speed.
A general methodology is to use a limiting argument ¢, — ¢* with larger speeds ¢, > c¢*.
The main difficulty is proving that the resulting solution is nontrivial. On the one hand,
as underlined above, the state S, = S, after the epidemic does depend on the wave
speeds ¢, and the pulsating wave exhibits a pulse-like shape of the infections. On the other
hand, for scalar periodic reaction-diffusion equations, the pulsating front of monostable
or bistable type is monotonic in time (see [5, 24]), but this is not the desired property of
the pulsating wave for problem (1.1). We leave this issue for future work.

Lastly, we have not focused in this work on the nonexistence of pulsating waves for
problem (1.1) with small speeds ¢ < ¢*. This is also left for future work.
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