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Abstract. In this work we investigate the existence of front propagation for a two-component reac-
tion -diffusion system of epidemic type posed in a multi-dimensional periodic medium. This system
is a spatially heterogeneous version of the well-known Kermack–McKendrick epidemic model with
Fickian diffusion. We derive sufficient conditions for the existence of pulsating travelling waves
propagating in an arbitrarily given unit direction. Specifically, we prove that the set of admissible
wave speeds contains a semi-infinite interval. Then, for each direction of propagation and each
admissible speed, there exists a pulsating travelling wave solution of the system which is globally
bounded.

Keywords: nonmonotone reaction-diffusion systems, pulsating travelling waves, uniform
boundedness, epidemic models.

1. Introduction

This paper is concerned with the existence of pulsating travelling waves for the following
two-component heterogeneous reaction-diffusion system:´

@tS � r � .DS .x/rS/ D �ˇ.x/SI;

@tI � r � .DI .x/rI / D ˇ.x/SI � 
.x/I;
for .t; x/ 2 R �RN ; (1.1)

where N is some given positive integer and without loss of generality, the spatial hetero-
geneities are assumed to be ZN -periodic. More precisely, we denote by TN D RN =ZN

the N -dimensional torus and the coefficients arising in (1.1) satisfy the following condi-
tions.

Assumption 1.1. (i) The diffusion matrix fields DS W TN ! �N .R/ and DI W TN !

�N .R/ are of class C 1C˛ for some exponent ˛ 2 .0; 1/, where �N .R/ denotes
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the space of real symmetric N � N matrices. Furthermore, DS and DI are uni-
formly elliptic in the sense that there exist positive constants � � ‚ such that for
all .x; �/ 2 TN �RN ,

�k�k2 � �TDS .x/� � ‚k�k
2 and �k�k2 � �TDI .x/� � ‚k�k

2: (1.2)

(ii) The functions ˇ W TN ! R and 
 W TN ! R are positive and of class C ˛ .

System (1.1) of reaction-diffusion equations is a spatially heterogeneous version of
the well-known Kermack–McKendrick SIR epidemic model with Fickian diffusion. In
epidemiology, such a model describes the evolution of an infectious disease within a spa-
tially distributed population of individuals. Here the functions S.t; x/ and I.t; x/ denote
the densities of the susceptible and infected individuals at time t and at spatial position
x 2RN , respectively. The contamination process follows the usual mass-action incidence
with a contact rate function ˇ.x/, while the function 
.x/ corresponds to the additional
mortality (or recovered) rate due to the disease (or the treatment). We refer the reader
to the original 1927 paper of Kermack and McKendrick [28] and to the monograph of
Murray [32] for more details about this model mechanism.

In this work we shall focus on the propagation of fronts associated with system (1.1).
Note that the model (1.1) does not involve the so-called vital dynamics (birth and death,
sometimes called demography). Thus, one needs to prescribe the distribution of popula-
tions ahead of the travelling epidemic front. For that purpose, let S0 be a positive constant.
For a given population size S0 in areas of the absence of disease, namely

.S0; 0/ is a disease-free equilibrium; (1.3)

we shall study the existence of a travelling epidemic wave that connects .S0; 0/ and some
unknown stationary state after the epidemic to be determined in the future.

In a spatially homogeneous medium, Hosono and Ilyas [27] proved the existence of
travelling wave solutions via phase plane analysis. To be more specific, they studied the
parabolic system ´

@tS � d1@
2
xS D �ˇSI;

@tI � d2@
2
xI D ˇSI � 
I;

for .t; x/ 2 R �R; (1.4)

where d1, d2, ˇ and 
 are positive constants. Assume that

R0 WD ˇS0=
 > 1: (1.5)

Then for each c � c? WD 2
p
ˇS0d2.1 � 1=R0/, there exists a constant S� 2 .0; S0/ such

that problem (1.4) has a travelling wave solution of the form .S; I /.t; x/ D .U; V /.�/

with � WD x � ct 2 R which exhibits the following behaviour at infinity:

U.C1/ D S0; V .C1/ D 0 and U.�1/ D S�; V .�1/ D 0:

If c < c? or R0 � 1, then there exists no travelling wave solution of (1.4). The quantity R0

defined in (1.5) is called the basic reproduction number of the Kermack–McKendrick
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model [28]. In epidemiology, the basic reproduction number plays the role of an epidemic
threshold. If the basic reproduction number is greater than 1, then an epidemic propagates;
otherwise, the disease dies out. This is often referred to as the threshold phenomenon
(see [32]). Note that the above results show that R0 also gives a sharp threshold for the
existence of travelling waves of problem (1.4).

Starting from the aforementioned pioneering works, growing attention has been paid
to the threshold phenomenon for various epidemic models and to the travelling wave prob-
lem for some diffusive epidemic models. We refer to a nice survey by Ruan [36] for earlier
works. As far as travelling waves for some problems similar to (1.4) in a homogeneous
medium are concerned, we mention the works of Ducrot et al. [20, 21] for age-structured
epidemic models and the work of Wang and Wu [38] for a diffusive epidemic model with
nonlocal interaction and delay. A travelling wave solution in the aforementioned works
is often referred to as a travelling pulse to emphasize that the profile of the infections
behaves like a spike shape in the moving frame. Recently, travelling wave solutions for
nonautonomous reaction-diffusion systems with a structure similar to the model (1.4)
have been studied in [2, 39, 42].

Let us also mention that in a very recent work by Berestycki, Nordmann and
Rossi [11], the authors point out that models similar to (1.4) are now also used to describe
collective behaviours in various social contexts. In that setting, we refer to S as the level
of social unrest, while I as a field of social tension. Based on the modelling of social
phenomena, the propagation dynamics for system (1.4) in a more general form were inves-
tigated again in [11].

Structural analogues of system (1.1) also arise in combustion theory. As a typical
example, the thermo-diffusive system (also called the KPP-type reaction-diffusion sys-
tem) has been extensively studied. Let us describe such a system more precisely. In that
setting, the function I represents the temperature of the reactant while S is its concen-
tration. Set DS .x/ � Le�1I and DI .x/ � I, where I denotes the identity matrix and
the quantity Le > 0 represents the ratio of thermal and material diffusivities, known as
the Lewis number. For all Le > 0, Giletti [22] proved the existence of multi-dimensional
travelling waves inside a straight cylinder � D Rx � !y for system (1.1) with Neumann
boundary conditions in the presence of a shear flow, where !y is a smooth bounded
domain of RN�1 and the parameters ˇ and 
 in (1.1) vary only with the cross variable y.
In the context of combustion, one may also refer to [6, 25] and the references therein for
earlier works on the existence of travelling waves for this kind of systems with 
 � 0 and
equipped with various boundary conditions.

Coming back to the model (1.1), as mentioned above, the aim of the present paper is to
investigate the propagation of fronts associated with the spatially heterogeneous reaction-
diffusion system (1.1). Since we focus here on periodic environments, the so-called pul-
sating travelling wave, which is a generalization of the notion of planar travelling wave
in homogeneous media, should be considered. A precise definition will be given below.
The key feature of this kind of travelling wave is that its shape varies periodically as the
wave moves in the medium. In particular, the profile of pulsating waves propagating in
an arbitrarily given unit direction with rational coordinates exhibits periodicity in both
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time and space (see [13]). For scalar heterogeneous reaction-diffusion-advection equa-
tions, including periodic cases or more general ones, much more attention has been paid
to propagation phenomena, for which we refer to [5, 10] for good overviews. As far as
a periodic medium is concerned, let us also mention the work of Weinberger [40] on a
general theory of spreading properties for order-preserving evolution problems, and the
further generalization of this theory by Liang and Zhao [30].

Equipped with the prescribed values in (1.3), and following the notion of pulsating
fronts for scalar spatially periodic equations introduced in [37] and further developed in
[4, 41] (see also the references therein), we now introduce the definition of a pulsating
travelling wave for problem (1.1):

Definition 1.1 (Pulsating travelling wave). Let e 2 SN�1 be an arbitrarily given vector.
An entire (classical) solution .S; I /.t; x/ of the parabolic system (1.1), that is, a solution
defined for all t 2 R and x 2 RN , is said to be a pulsating travelling wave of problem
(1.1) propagating in the direction e with effective speed c ¤ 0 if the following conditions
are satisfied:

(i) The function pair .S; I / is bounded:

0 < S.t; x/ < S0; I.t; x/ > 0; 8.t; x/ 2 R �RN ;

(ii) The function pair .S; I / satisfies the pulsating relations

.S; I /

�
t C

k � e

c
; x

�
D .S; I /.t; x � k/; 8.t; x; k/ 2 R �RN � ZN ;

(iii) The function pair .S; I / exhibits the following behaviour at x � e D C1:

lim
x�e!C1

.S; I /.t; x/ D .S0; 0/;

where the limit is understood to hold locally uniformly for t 2 R and uniformly with
respect to the directions of e? WD ¹� 2 RN j � � e D 0º.

Remark 1.1. The first and third conditions describe the basic characteristics of an epi-
demic wave associated with the model (1.1). The second condition is essential to the
notion of pulsating travelling wave already mentioned above. Note also that we do not
impose a prescribed value at x � e D �1.

Ducrot and Giletti [18] considered a special case of model (1.1) when DS .x/ � 0

and DI .x/ � I (the identity matrix). In this situation, by setting u.t; x/ D
R t
0
I.s; x/ ds,

the system can be reduced to a single reaction-diffusion equation satisfied by u posed
in a periodic medium with a KPP-type nonlinearity. Under suitable assumptions about
the initial data, they studied the spreading speed and convergence to a one-dimensional
pulsating wave by applying some results of Berestycki et al. [7–9]. See also [3, 31] for
earlier works using such a change of variables.

However, there are very few results about the existence of pulsating waves for non-
monotone systems in which all components involve the spatial diffusion. The results
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one may mention here are the work of Henderson [26] for a reactive Boussinesq sys-
tem posed on a periodic domain which is unbounded in one direction, and the work of
Constantin et al. [12] for a one-dimensional system describing the propagation of low
Mach number flames in sprays. In addition, Griette and Matano [23] recently studied the
propagation dynamics for a spatially periodic reaction-diffusion system whose reaction
terms are partly competitive and partly cooperative depending on the value of the solution
(which is motivated by an evolutionary-epidemic model in [1]). Let us emphasize that the
aforementioned works all focus on one-dimensional pulsating waves.

To the best of our knowledge, the present paper is the first to prove the existence
of multidimensional pulsating waves for nonmonotone reaction-diffusion systems posed
in periodic environments, especially for the epidemic and KPP-type systems mentioned
above. Finally, let us mention that Ducasse [15] has established threshold results associ-
ated with the heterogeneous epidemic model (1.1) posed on a smooth bounded domain
� � RN with Neumann boundary conditions.

2. Main results

In this section, we state our main results and we outline the proof. To that end we need to
introduce some notations that will be used throughout this paper.

A criterion for the existence of pulsating waves is formulated in terms of the periodic
principal eigenvalue of an elliptic operator derived from the linearization of (1.1) around
.S0; 0/. More precisely, let us consider the unique �0 2R such that there exists a function
� 2 C 2.TN / which satisfies´

�r � .DI .x/r�/ � .ˇ.x/S0 � 
.x//� D �0� in TN ;

�.x/ > 0; 8x 2 TN :
(2.1)

The existence of such a principal eigenvalue follows from the Krein–Rutman theorem.
Note also that analogues are often used to describe the so-called monostable or bistable
assumptions for scalar periodic reaction-diffusion equations (see [9, 16, 24] for instance).
In what follows we shall see that the quantity �0 provides an almost sharp threshold for
the existence of pulsating waves in any given unit direction for problem (1.1).

Next, to state the existence results, we need to introduce a few more notions to define a
critical value of admissible wave speed. This relies on some heuristic arguments. Accord-
ing to Definition 1.1, the component S of the solution should be very close to S0 far ahead
of the propagating front. Similar to the scalar KPP equations, we expect that the compo-
nent I of the solution would have exponential decay at the leading edge of the front.
Furthermore, in the multidimensional framework, we need to analyze the dependence of
spreading properties on the direction of propagation. As a consequence, for a given direc-
tion e 2 SN�1 and speed c > 0, we shall use the following ansatz for some decay rate
� > 0 and for some positive function ' 2 C 2.TN /:´

S.t; x/ � S0;

I.t; x/ � e��.x�e�ct/'.x/;
for x � e � ct and .t; x/ 2 R �RN :
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Plugging the above ansatz into the I -equation of system (1.1), we obtain the equation
satisfied by ': ´

LI;�' D c�' in TN ;

'.x/ > 0; 8x 2 TN ;

where the elliptic operator LI;� W C 2.TN /! C 0.TN / is defined by

LI;� D r � .DI .x/r / � 2�eDI .x/r 

C Œ�2eDI .x/e � �r � .DI .x/e/C ˇ.x/S0 � 
.x/� for � 2 R:

For each � 2 R and each e 2 SN�1, we denote by k�.e/ the periodic principal eigenvalue
of the operator LI;� with periodicity conditions. Then k�.e/ can be characterized by the
existence of a positive function 'e 2 C 2.TN / which is the principal eigenfunction of
the operator LI;� associated with k�.e/ D c� (see [4, 34] for instance). Furthermore,
according to the result of Nadin [34, Theorem 2.1], the periodic principal eigenvalue
k�.e/ can be expressed by the following variational formula:

k�.e/D max
 2F

²
�

Z
TN
r DI .x/r dxC

Z
TN
.ˇ.x/S0�
.x// 

2 dxC�2De. 
2DI /

³
;

where

F D

²
 2 C 1.TN /

ˇ̌̌̌
 > 0 and

Z
TN

 2 D 1

³
;

and the functional De W C
0.TN ;MN .R//! R defined by

De.A/ D min
‰2C1.TN /

Z
TN
.e Cr‰/A.x/.e Cr‰/ dx

gives the effective diffusivity of a diffusion matrix A in a given direction e 2 SN�1.
Recalling the definition of �0 in (2.1), one has

�0 D �k0.e/; 8e 2 SN�1:

Furthermore, �0 can be directly expressed in terms of the Rayleigh quotient:

�0 D min
�2C1.TN /n¹0º

R
TN Œr�DI .x/r� � .ˇ.x/S0 � 
.x//�

2� dxR
TN �

2
:

In particular, if Z
TN
Œˇ.x/S0 � 
.x/� dx > 0; (2.2)

then it follows from the above formula that �0 is negative. Observe from (1.5) that in
a homogeneous medium, the condition (2.2) amounts to the basic reproduction number
R0 > 1. However, under a heterogeneous framework, it is not easy to get a sufficient and
necessary condition for �0 to be negative.
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Assume now that �0 < 0. Then one may define a quantity c�.e/ (see (3.8) for an
explicit formula) with the help of the periodic principal eigenvalue k�.e/. This quan-
tity turns out to be positive and depends continuously on the direction e 2 SN�1. More
detailed properties of the quantities introduced above will be stated in Section 3.2 below.

With the above notations, our main result is the following existence theorem.

Theorem 2.1. Let Assumption 1.1 be satisfied and assume further that �0 < 0. Then for
each direction e 2 SN�1, one has c�.e/ > 0, and for each wave speed c > c�.e/ problem
(1.1) admits a pulsating travelling wave solution .S; I; c/ propagating in the direction e
according to Definition 1.1.

Remark 2.2. The condition �0 < 0 is almost optimal for the existence of pulsating waves
for problem (1.1). Indeed, if �0 > 0, then any bounded entire solution .S; I /.t; x/ of (1.1)
with 0 � S � S0 satisfies I � 0 (see Section 3.3 below for more details), that is, without
epidemic to occur. For the critical case �0 D 0, the analogy with the scalar KPP equations
suggests that it would also lead to the extinction of the disease, but such problems remain
to be solved mathematically for systems as in (1.1) (see also [15]). One may mention
that a special case has been treated in [17] which considered system (1.1) but posed on a
straight cylinder with heterogeneity on the cross section.

Outline of the proof. The general idea of the proof of Theorem 2.1 follows the scheme
of our previous paper [13]. However, generalization to nonmonotone reaction-diffusion
systems, especially those with structures similar to the model (1.1), is not trivial.

In Section 3, we derive the equations satisfied by the profile of pulsating travelling
waves of problem (1.1) by using the formulation of the wave profile proposed in [13].
As already seen in [13], such a system of equations is nondegenerate and parabolic. In
addition, we state some technical results on the periodic principal eigenvalue k�.e/ and
the quantity c�.e/. The proof of the nonexistence results claimed in Remark 2.2 ends this
section.

In Section 4, we first build an invariant domain of the solutions for any direction of
propagation. Next, we prove the existence of pulsating waves propagating in any given
unit direction with rational coordinates (see Theorem 4.6). A key lemma allows us to
transform this problem into a space-time periodic problem. With the help of the Poincaré
mapping and using suitable fixed-point arguments, we construct approximate solutions
for this problem posed on a finite domain. Lastly, we pass to unbounded domains after
deriving some uniform estimates of the solutions. Here we extend some arguments of
Ducrot et al. [19]. Their idea comes from a very natural contradiction: in the epidemio-
logical context, it can be explained that the susceptible population would become extinct
if there are too many infectious individuals, which conversely reduces the infected one.
However, unlike the Cauchy problem in [2, 19], the spatial heterogeneities coupled with
some boundary value problems make this generalization more complicated and technical
(see Lemma 4.10).

In Section 5, we complete the proof of Theorem 2.1 by a limiting argument for a
general direction of propagation. The key point is to prove that the component I of the
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solutions remains uniformly bounded for any rational direction of propagation. The dif-
ficulty of the proof is due to the lack of periodicity. Nevertheless, once again, based on
the very natural law of the epidemic already mentioned above, one can still reach some
contradictions to obtain uniform estimates of the solutions.

3. Preliminaries

This section is devoted to the description of our methodology and to collecting some
important properties of the periodic principal eigenvalue k�.e/, as well as to the proof of
the nonexistence results claimed in Remark 2.2.

3.1. Description of the pulsating wave profile

Here we use the formulation of the wave profile proposed in our previous paper [13] to
derive the equations satisfied by the profile of pulsating waves for problem (1.1). In [13],
the pulsating travelling waves for a periodic Fisher-KPP reaction-diffusion equation were
investigated.

Assume that an entire solution .S; I / D .S; I /.t; x/ of the parabolic system (1.1) is
a pulsating travelling wave of (1.1) propagating in the direction e 2 SN�1 with effective
speed c ¤ 0 according to Definition 1.1. We denote by ¹e1; : : : ; eN º the canonical basis
of RN and we consider a linear orthogonal transformation R 2 O.RN / (the correspond-
ing matrix representation uses the same notation below) such that

Re1 D e;

e? D span ¹Re2; : : : ;ReN º D ¹˛ 2 RN j ˛ D R.0; y/T ; 8y 2 RN�1º:

For any k 2 ZN , we decompose k along e and e?, using the following notations:

k D .k � e/e C k? with k? D k � .k � e/e 2 e
?

so that

R�1k D

�
k � e

0RN�1

�
CR�1k?

and

R�1k? D

�
0
yRk?

�
2

NM
iD2

Rei D ¹0º �RN�1

for some linear mapping yR W e?!RN�1. Now we consider the frame moving with speed
c > 0 and we define a function pair .U;V /D .U;V /.�; t; y/ for .�; t; y/ 2R�R�RN�1

by

.U; V /.�; t; y/ D .S; I /.t; x/ with x D R

�
� C ct

y

�
: (3.1)
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From the pulsating relations of .S; I / we have, for all k 2 ZN ,

.U; V /.�; t; y/ D .S; I /

�
t C

k � e

c
;R.� C ct; y/T C k

�
D .S; I /

�
t C

k � e

c
;R..� C ct; y/T CR�1k/

�
D .S; I /

�
t C

k � e

c
;R

��
� C c

�
t C

k � e

c

�
; y

�T
CR�1k?

��
D .U; V /

�
�; t C

k � e

c
; y C yRk?

�
:

Moreover, the 3-tuple .U; V; c/ satisfies the parabolic system´
@tU � r�;y � . zDS .�; t; y/r�;yU/ � cU� D � ž.�; t; y/UV;

@tV � r�;y � . zDI .�; t; y/r�;yV / � cV� D ž.�; t; y/UV � z
.�; t; y/V
(3.2)

posed for .�; t; y/ 2 R � R � RN�1, where the matrix-valued functions zDS W RNC1 !
MN .R/ and zDI W RNC1 !MN .R/ are defined by

zDS .�; t; y/DRDS

�
R

�
� C ct

y

��
RT and zDI .�; t; y/DRDI

�
R

�
� C ct

y

��
RT ;

and the functions ž W RNC1 ! .0;1/ and z
 W RNC1 ! .0;1/ are defined by

ž.�; t; y/ D ˇ.R.� C ct; y/T / and z
.�; t; y/ D 
.R.� C ct; y/T /:

Here the vector differential operator r�;y D . @
@�
; ry/

T stands for the gradient of the
unknown functions U and V with respect to .�; y/ 2 R �RN�1, while the operator

u D .u1; : : : ; uN / 7! r�;y � u D
@u1

@�
C

N�1X
iD1

@uiC1

@yi

denotes the divergence of a vector-valued function u WR�R�RN�1!RN with respect
to .�; y/ (see [13] for more details on the above computations).

Consequently, when .S; I / D .S; I /.t; x/ is a pulsating travelling wave of problem
(1.1) in the direction e 2 SN�1 with speed c > 0, then the function pair given by

.U; V /.�; t; y/ D .S; I /.t;R.� C ct; y/T /

becomes a bounded entire solution of (3.2) and the pulsating relations for .S; I / can be
rewritten as

.U;V /.�; t;y/D .U;V /

�
�; t C

k � e

c
;yC yRk?

�
; 8.�; t;y/ 2R�R�RN�1; 8k 2ZN :

(3.3)



L. Deng, A. Ducrot 2410

As in [13], we shall call (3.3) the R-pulsating condition. Furthermore, the function pair
.U; V / satisfies the asymptotic condition

lim
�!C1

.U; V /.�; t; y/ D .S0; 0/ uniformly for .t; y/ 2 R �RN�1: (3.4)

Note also that since the functions ˇ and 
 are both ZN -periodic in x, they also satisfy
the R-pulsating condition, that is,

. ž; z
/

�
�; t C

k � e

c
; y C yRk?

�
D . ž; z
/.�; t; y/; 8.�; t; y/ 2R�R�RN�1; 8k 2 ZN :

Likewise, all entries of the matrix-valued functions zDS and zDI also satisfy the R-pulsat-
ing condition. Furthermore, since R 2 O.RN / and the matrix fields DS and DI are both
symmetric, it follows that zDS and zDI are also symmetric and satisfy the same uniform
elliptic conditions (1.2) as DS and DI .

We will work with the uniformly parabolic system (3.2) in almost all the proofs. In
particular, the wave profile used in [12] is actually the one-dimensional case presented
here (namely without the variable y).

3.2. The corresponding periodic eigenvalue problem

In order to build an invariant domain and to perform an approximation argument via a
dense set of propagation directions, we recall some important properties of the periodic
principal eigenelements for an elliptic eigenvalue problem.

Consider the V -equation of system (3.2) linearized around .S0; 0/:

@tV � r�;y � . zDI .�; t; y/r�;yV / � cV� D
�
ž.�; t; y/S0 � z
.�; t; y/

�
V

posed for .�; t; y/ 2 R �R �RN�1. For clarity, we denote by

X WD R.� C ct; y/T

the generic element of TN . We look for a solution to the above equation of the form

'.�; t; y/ D e���ˆ.X/; X 2 TN :

Then the pair .�;ˆ/ 2 R � C 2.TN / has to solve the elliptic equation

LI;� D c� in TN ; (3.5)

where LI;� is the elliptic operator

LI;� WD r � .DI .X/r / � 2�eDI .X/r 

C Œ�2eDI .X/e � �r � .DI .X/e/C a.X/� 
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with a.X/ WD ˇ.X/S0 � 
.X/ for all X 2 TN . To solve (3.5), let us consider, for each
� 2 R and each e 2 SN�1, the periodic principal eigenvalue k�.e/ 2 R of the problem´

LI;�ˆ�;e D k�.e/ˆ�;e in TN ;

ˆ�;e 2 C
2.TN /; ˆ�;e > 0:

(3.6)

Recalling the definition of �0 in (2.1), one has �0 D �k0.e/ for any e 2 SN�1. This
means that the quantity �0 does not depend on the direction of propagation. Let ˆ�;e be
the unique principal eigenfunction of (3.6) such that

ˆ�;e > 0 and kˆ�;ek1 D 1: (3.7)

A few properties of the eigenelements .k�.e/;ˆ�;e/ are collected in the following propo-
sition.

Proposition 3.1. The following properties hold:

(i) For each e 2 SN�1, k�.e/ is analytic and convex with respect to � 2 R.

(ii) For each � 2 R, the function SN�1 3 e 7! k�.e/ is continuous. Moreover, the princi-
pal eigenfunction ˆ�;e.X/ depends continuously on both � 2 R and e 2 SN�1 with
respect to the uniform topology.

Proposition 3.2. Assume that �0 < 0. Then

c�.e/ WD inf
�>0

k�.e/

�
2 R; (3.8)

and for each c > c�.e/, the positive real number

�c.e/ WD min ¹� > 0 j k�.e/ � c� D 0º

is well-defined and the set

Fc D ¹� 2 .0;1/ j k�.e/ � c� D 0º

is either the singleton ¹�cº, or equal to ¹�c ; �Cc º with �c < �Cc . The set Fc�.e/ is either
empty or a singleton ¹��º, and if it is ¹��º, then the multiplicity of ¹��º as a root of
k�.e/ � c� D 0 is 2mC 2 for some m 2 N.

These results can be found in [24, 34]. As a direct consequence of Proposition 3.1 (ii)
and the formula (3.8) for c�.e/, we have the following results.

Proposition 3.3. Assume that �0 < 0. Then the following statements holdW

(i) The mapping SN�1 3 e 7! c�.e/ is continuous.

(ii) �c.e/ is continuous in both e 2 SN�1 and c 2 .c�.e/;1/.
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3.3. Nonexistence of solutions

This subsection is concerned with the nonexistence results claimed in Remark 2.2. More
precisely, we have the following proposition.

Proposition 3.4. Let Assumption 1.1 be satisfied. If �0 > 0, then any bounded entire
solution .S; I /.t; x/ of the parabolic system (1.1) with

0 � S.t; x/ � S0; I.t; x/ � 0; 8.t; x/ 2 R �RN (3.9)

satisfies I � 0. In particular, problem (1.1) does not admit any pulsating travelling wave
in any given direction e 2 SN�1 according to Definition 1.1.

Proof. Assume that .S; I / D .S; I /.t; x/ is a bounded entire solution of (1.1) satisfying
(3.9) and assume that �0 > 0. Recall that �0 is the principal eigenvalue of the problem´

�r � .DI .x/r�/ � .ˇ.x/S0 � 
.x//� D �0� in TN ;

� 2 C 2.TN /; �.x/ > 0; 8x 2 TN :

Let �0 be the unique principal eigenfunction associated with �0 such that minTN �0 D 1.
Since 0 � S.t; x/ � S0 for all .t; x/ 2 R �RN , the function yI .t; x/ WD e��0t�0.x/ is a
supersolution for the I -equation of the parabolic system (1.1), that is,

@t yI .t; x/ � r � .DI .x/r yI .t; x// D
�
ˇ.x/S0 � 
.x/

�
yI .t; x/

� ˇ.x/S.t; x/ yI .t; x/ � 
.x/ yI .t; x/; 8.t; x/ 2 R �RN :

Since I is bounded, there exists some constant M > 0 such that

0 � I.t; x/ �M; 8.t; x/ 2 R �RN :

It then follows from the parabolic comparison principle that

0 � I.t C s; x/ �M yI .s; x/ DMe��0s�0.x/; 8s � 0; 8.t; x/ 2 R �RN :

Since�0 > 0, one deduces that I.t C s;x/ tends to 0 as s!1 uniformly on any compact
subset of R � RN . This means that the bounded entire solution of (1.1) satisfying (3.9)
can only be such that I � 0. This completes the proof of Proposition 3.4.

4. Existence of solutions

Throughout this section we assume that

�0 < 0:

4.1. Construction of sub- and supersolutions

In this subsection, we construct suitable sub- and supersolutions of system (3.2) with any
direction e 2 SN�1. In particular, these subsolutions ensure that the solution obtained in
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both limiting procedures is nontrivial and also yield the positivity of pulsating travelling
wave solutions.

To do this we first prove that the function .0;1/ 3 � 7! k�.e/=� can reach the min-
imum and the quantity c�.e/ defined by (3.8) is positive for any e 2 SN�1 under our
hypothesis �0 < 0.

Lemma 4.1. Assume that �0 < 0. Then for each e 2 SN�1, one has

c�.e/ D min
�>0

k�.e/

�
> 0:

Proof. Consider the periodic Fisher-KPP equation

ut � r � .DI .x/ru/ D u.a.x/ � u/; t 2 R; x 2 RN ; (4.1)

with a.x/ WD ˇ.x/S0 � 
.x/. Here the function a is ZN -periodic in x, of class C ˛ but
may change sign. According to the results of Berestycki et al. [8,9], if �0 < 0, then there
exists a unique positive stationary state p.x/ of problem (4.1) which turns out to be ZN -
periodic. Furthermore, there exists c�0 > 0 such that problem (4.1) has a pulsating front
solution .u; c/ propagating in the direction e 2 SN�1 which satisfies8̂<̂

:u
�
t C

k � e

c
; x

�
D u.t; x � k/; 8.t; x; k/ 2 R �RN � ZN ;

lim
x�e!C1

u.t; x/ D 0; lim
x�e!�1

u.t; x/ D p.x/; 8t 2 R;

if and only if c � c�0 , and the minimal speed is given by the variational representation

c�0 D min ¹c 2 R j 9� > 0 such that �c.�/ D 0º;

where �c.�/ denotes the periodic principal eigenvalue of the elliptic operator

 7! r � .DI .x/r / � 2�eDI .x/r C Œ�
2eDI .x/e � �r � .DI .x/e/ � c�C a.x/� 

posed for  2 C 2.TN / with periodicity conditions. These conclusions yield

c�.e/ D inf
�>0

k�.e/

�
D min

�>0

k�.e/

�
D c�0 > 0; 8e 2 SN�1:

For notational simplicity, we temporarily forget the dependence of k�.e/, ˆ�;e and
�c.e/ on the direction e 2 SN�1 and we still denote by

X D R.� C ct; y/T

the generic element of TN . From Lemma 4.1, we see that the set Fc defined in Propo-
sition 3.2 equals ¹�c ; �Cc º when c > c�.e/. One can now construct a suitable sub- and
supersolution pair of system (3.2).

Note first that the constant S0 is a supersolution for the U -equation of (3.2).
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Lemma 4.2. Assume that �0 < 0. Then for each c > c�.e/, the function

xV .�; t; y/ D e��c�ˆ�c .X/

is a solution for the V -equation of (3.2) with U.�; t; y/ � S0, where the function ˆ�c is
the unique principal eigenfunction of problem (3.6) in the sense of (3.7) with � D �c .

Proof. To prove the lemma we compute, for all .�; t; y/ 2 R �R �RN�1,

@t xV � r�;y �
�
zDI .�; t; y/r�;y xV

�
� c@� xV

D
�
c�cˆ�c � r � .DI .X/rˆ�c /C 2�ceDI .X/ˆ�c

�
�
�2ceDI .X/e � �cr � .DI .X/e/

�
ˆ�c

�
e��c�

D Œc�c � .k�c � a.X//�e
��c�ˆ�c .X/

D
�
ž.�; t; y/S0 � z
.�; t; y/

�
xV :

This gives the conclusion.

In order to construct a subsolution for the U -equation of (3.2), let us introduce for
each ı 2 R the principal eigenvalue problem associated with the S -equation of (1.1):´

LS;ı‰ı;e D �.ı; e/‰ı;e in TN ;

‰ı;e 2 C
2.TN /; ‰ı;e > 0;

(4.2)

where LS;ı is the elliptic operator

LS;ı WD r � .DS .X/r / � 2ıeDS .X/r C Œı
2eDS .X/e � ır � .DS .X/e/� 

with periodicity conditions. As with k�.e/ in Section 3.2, here the principal eigenvalue
�.ı; e/ depends continuously on both ı 2R and e 2 SN�1. Moreover, the principal eigen-
function ‰ı;e.X/, up to some normalization, also depends continuously on both ı and e
with respect to the uniform topology. For notational simplicity, we also temporarily forget
the dependence of �.ı; e/ and ‰ı;e on e.

Lemma 4.3. Assume that �0 < 0. For any c > c�.e/, let U be the function defined by

U .�; t; y/ D S0.1 �K1e
�ı1�‰ı1.X//; (4.3)

where ‰ı1 > 0 is the unique principal eigenfunction of problem (4.2) in the sense of
k‰ı1k1 D 1 with ı D ı1. Then there exist ı1 2 .0; �c/ small enough and K1 > 1 large
enough such that the function U satisfies the differential inequality

@tU � r�;y � . zDS .�; t; y/r�;yU / � c@�U � � ž.�; t; y/U xV (4.4)

for any .�; t; y/ 2 R �R �RN�1.
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Proof. Substituting U and xV into (4.4), inequality (4.4) is equivalent to

K1.cı1 � �.ı1// � ˇ.X/

�
1

‰ı1.X/
�K1e

�ı1�

�
e.ı1��c/�ˆ�c .X/; 8.�; X/ 2 R � TN :

(4.5)

Since 0 < ˆ�c � 1, this inequality is satisfied for any � > 0 as long as 0 < ı1 � �c and

K1.cı1 � �.ı1// � ˇ.X/‰
�1
ı1
.X/; 8X 2 TN :

From [4, Proposition 5.7], we know that the principal eigenvalue �.ı/ of problem (4.2) is
convex with respect to ı 2 R and �.0/ D �0.0/ D 0, whence �.ı/ is nonnegative. Since
c > c�.e/ > 0, we can choose ı1 > 0 small enough such that

0 < ı1 < �c and 0 � �.ı1/ < cı1:

Therefore, it is sufficient to choose K1 so that

K1�
x̌

mı1.cı1 � �.ı1//
>0 with mı1 WD min

X2TN
‰ı1.X/>0 and x̌ WD max

X2TN
ˇ.X/:

When � � 0, with the choice above for the parameters K1 and ı1, inequality (4.5) is
satisfied provided that

1 � .1 �mı1K1e
�ı1�/e.ı1��c/� ;

which is true if we fix K1 > 1 so that

K1 D max
²
1

mı1
;

x̌

mı1.cı1 � �.ı1//

³
:

This ends the proof of Lemma 4.3.

Finally, we prove the following.

Lemma 4.4. Assume that �0 < 0. For any c > c�.e/, let V be the function defined by

V .�; t; y/ D ˆ�c .X/e
��c� �K2ˆ�cCı2.X/e

�.�cCı2/� ; (4.6)

where the functions ˆ�c and ˆ�cCı2 are the unique principal eigenfunctions of problem
(3.6) in the sense of (3.7) corresponding to �c and �c C ı2, respectively. Then there exist
ı2 2 .0;min ¹ı1; �Cc � �cº/ small enough and K2 > 0 large enough such that V satisfies
the differential inequality

@tV � r�;y � . zDI .�; t; y/r�;yV / � c@�V � ž.�; t; y/U
CV � z
.�; t; y/V (4.7)

on the set
�C WD ¹.�; t; y/ 2 R �R �RN�1 j V .�; t; y/ � 0º:
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Proof. By Propositions 3.1–3.2, one has k0
�c
< c for any c > c�.e/ (the prime denotes the

derivative with respect to �) since �c is the smallest positive solution such that k� � c�
D 0, and since k� is convex in �, also k0 D ��0 > 0. Set rı WD c.�c C ı/ � k�cCı . It is
not hard to check that the function ı 7! rı satisfies the following properties:

r0 D c�c � k�c D 0;
drı
dı

ˇ̌̌̌
ıD0

D c � k0�c > 0; 8c > c
�.e/:

Therefore, we can choose ı2 > 0 small enough such that´
0 < ı2 < min ¹ı1; �Cc � �cº;

rı2 D c.�c C ı2/ � k�cCı2 > 0:
(4.8)

Since 0 < ‰ı1 � 1, we have

U .�; t; y/D S0.1�K1e
�ı1�‰ı1.X// � S0.1�K1e

�ı1�/; 8.�; t; y/ 2 R �R �RN�1;

which implies that

UC.�; t; y/ D U .�; t; y/; 8� > �0 WD
1

ı1
lnK1; 8.t; y/ 2 R �RN�1:

Next we fix K2 > 0 so that

K2 D max
²
K1 sup

TN

ˆ�c
ˆ�cCı2

;
K1S0 x̌

rı2
sup
TN

ˆ�c
ˆ�cCı2

³
with x̌ D max

X2TN
ˇ.X/: (4.9)

With such a choice for the parameters, one has K1 > K
ı2=ı1
1 � eı2� for any � � �0.

Therefore,

sup
.t;y/2R�RN�1

V .�; t; y/ < 0; 8� � �0;

�C WD ¹.�; t; y/ 2 R �R �RN�1 j V .�; t; y/ � 0º � .�0;1/ �R �RN�1:

Now, in order to prove the differential inequality (4.7) we compute, for all .�; t; y/ 2 �C,

@tV � r�;y � . zDI .�; t; y/r�;yV / � c@�V � ž.�; t; y/U
CV C z
.�; t; y/V

D .ˇ.X/S0 � 
.X//V �K2Œc.�c C ı2/ � k�cCı2 �ˆ�cCı2.X/e
�.�cCı2/�

� Œˇ.X/S0.1 �K1e
�ı1�‰ı1.X// � 
.X/�V

� K1S0ˇ.X/V e
�ı1� �K2Œc.�c C ı2/ � k�cCı2 �ˆ�cCı2.X/e

�.�cCı2/�

D

�
K1S0ˇ.X/

�
ˆ�c .X/

ˆ�cCı2.X/
e.ı2�ı1/� �K2e

�ı1�

�
�K2rı2

�
ˆ�cCı2.X/e

�.�cCı2/�

� 0

due to 0 < ‰ı1 � 1 and with the choices (4.8)–(4.9) for the parameters K2 and ı2.
This ends the proof of Lemma 4.7.
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4.2. Pulsating waves in each rational direction

In this subsection, we prove the existence of pulsating travelling waves of problem (1.1)
propagating along each direction with rational coordinates in SN�1 under the framework
of Section 3.1.

4.2.1. Derivation of a space-time periodic problem. The aim of this part is to transform
problem (3.2)–(3.3) into a space-time periodic problem, and then to state the results that
will be proved in the next two parts. To do so let us first recall the following result, which
has been proved in our previous paper [13]:

Lemma 4.5. Assume that � 2 QN \ SN�1 for some N � 2. Then there exist an orthog-
onal basis ¹�iºNiD1 of RN and N constants �i > 0 such that �1 D � and

ZN D
NM
iD1

�iZ�i ; �i ? �j .i ¤ j /; i; j D 1; : : : ; N:

In particular, if � D e` for some ` 2 ¹1; : : : ; N º, a standard coordinate vector of RN ,
then �i D 1 for all 1 � i � N . Now we apply this key lemma to derive a space-time peri-
odic problem from (3.2)–(3.3). For any k2ZN and for some given vector �2QN\SN�1,
we decompose k along � and �?, that is,

k D .k � �/� C k? with k? 2 �?:

By Lemma 4.5, we have

k � � D �1p1 and k? D k � .k � �/� D

NX
iD2

�ipi�i ;

where pi 2 Z for all 1 � i � N . Recalling the moving frame of Section 3.1, we find that
the R-pulsating condition (3.3) in a given rational direction � 2 QN \ SN�1 actually
means that

8p1 2 Z; 8� 2 �2Z � � � � � �NZ; 8.�; t; y/ 2 R �R �RN�1;

.U; V /

�
�; t C

k � �

c
; y C yRk?

�
D .U; V /

�
�; t C

p1�1

c
; y C �

�
D .U; V /.�; t; y/:

(4.10)

In other words, under the frame moving with a speed c > 0, the profile .U; V /.�; t; y/ of
pulsating waves in a unit rational direction is periodic with respect to the last two variables
.t; y/. Furthermore, when we fix a direction � 2 QN \ SN�1 and a wave speed c > 0,
then the corresponding periods �1=c and �2; : : : ; �N are also automatically determined.

Note that all the parameters arising in system (3.2) satisfy the R-pulsating condi-
tion (3.3). Hence they also share the periodicity conditions as in (4.10) in the direction
� 2QN \ SN�1. In the following, we always say that a function is �1=c-periodic in t and
� -periodic in y if it satisfies the periodicity conditions of (4.10).
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Recalling system (3.2) satisfied by the profile function pair .U; V /, we conclude
that the existence of pulsating travelling waves for problem (1.1) in the direction
� 2QN \SN�1 is equivalent to solving the following space-time periodic problem posed
for .�; t; y/ 2 R �R �RN�1:8̂̂<̂

:̂
@tU � r�;y � . zDS .�; t; y/r�;yU/ � cU� D � ž.�; t; y/UV;

@tV � r�;y � . zDI .�; t; y/r�;yV / � cV� D ž.�; t; y/UV � z
.�; t; y/V;

.U; V / is �1=c-periodic in t and � -periodic in y:

(4.11)

To be more precise we will prove the following existence theorem.

Theorem 4.6 (Existence of bounded entire solutions for (4.11)). Let Assumption 1.1 be
satisfied, and assume further that �0 < 0. Then for each direction � 2 QN \ SN�1 and
for each speed c > c�.�/ where c�.�/ is given by (3.8) with e D �, problem (4.11) admits
a bounded and entire .classical/ solution .U; V / D .U; V /.�; t; y/ and furthermore the
following properties holdW

(i) The function pair .U; V / satisfies

0 < min
.t;y/2R�RN�1

U.�; t; y/ � U < S0; min
.t;y/2R�RN�1

V.�; t; y/ > 0; 8� 2 R:

(ii) The function pair .U; V / satisfies the following asymptotics at � D C1 W

lim
�!C1

.U; V /.�; t; y/ D .S0; 0/ uniformly for .t; y/ 2 R �RN�1:

(iii) The function V has the following exponential decay:

V.�; t; y/ � ˆ�c .X/e
��c� with X D R.� C ct; y/T as � !C1

uniformly for .t; y/ 2 R � RN�1, where ˆ�c is the unique principal eigenfunction
of problem (3.6) in the sense of (3.7) with � D �c .

Roughly speaking, we split the proof of Theorem 4.6 into two steps: the first one
considers a similar space-time periodic problem posed on a finite domain and the second
one is to pass to the limit in the unbounded domains. Such an approach has been widely
used to show the existence of travelling waves for reaction-diffusion systems posed on a
straight cylinder (see [6, 22, 25]) and for some age-structured epidemic models (see [20,
21]), or the existence of pulsating fronts for scalar periodic reaction-diffusion equations
(see [4, 9, 33]). Let us mention that instead of dealing with a boundary value problem
for the elliptic system satisfied by the wave profile in [6, 22, 25], we need to consider a
boundary value problem for the parabolic system in the first step. As already underlined,
the main difficulty in the second step is to derive some uniform estimates of the solutions.

4.2.2. Existence result in a finite cylinder. Here we construct a solution of problem (4.11)
on a bounded domain with respect to �. In all this subsection and the next subsection, we
fix a vector � 2 QN \ SN�1 and a speed c > c�.�/. To proceed we introduce some
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notations. Let C be the periodicity cell defined by

C D .0; �2/ � � � � � .0; �N /

and we denote by
TN�1
� D R=�2Z � � � � �R=�NZ

the .N � 1/-dimensional torus with an .N � 1/-tuple .�2; : : : ; �N / given in Lemma 4.5
(here we use the torus just to simplify some notions and function spaces that will be
introduced below). Now we consider the following two functions:

UC.�; t; y/ WD max.0; U .�; t; y//; V C.�; t; y/ WD max.0; V .�; t; y//;

where U and V are defined by (4.3) and (4.6), respectively. Then the functions UC

and V C are continuous and satisfy

UC.�; t; y/ < S0; V C.�; t; y/ < xV .�; t; y/; 8.�; t; y/ 2 R �R �RN�1;

where the function xV is defined in Lemma 4.2. Furthermore, it is easy to check that in the
direction �, these functions are also �1=c-periodic in t and � -periodic in y.

Let a > 0 be given and set†a D .�a;a/�R�TN�1
� . Consider the following bound-

ary value problem associated with (4.11):8̂̂<̂
:̂
@tU � r�;y � . zDS .�; t; y/r�;yU/ � cU� D � ž.�; t; y/UV in †a;

@tV � r�;y � . zDI .�; t; y/r�;yV / � cV� D ž.�; t; y/UV � z
.�; t; y/V in †a;

.U; V / is �1=c-periodic in t and � -periodic in y;
(4.12)

together with the boundary conditions´
U.�a; t; y/ D UC.�a; t; y/; U.a; t; y/ D UC.a; t; y/

V .�a; t; y/ D V C.�a; t; y/; V .a; t; y/ D V C.a; t; y/
for .t; y/ 2 R � TN�1

� :

(4.13)
Note first that from the proof of Lemma 4.4, one may introduce a positive constant

a0 �
1

ı2
ln
�
K2 sup

TN

ˆ�cCı2
ˆ�c

�
�
1

ı2
lnK1 >

1

ı1
lnK1

such that for any a > a0, UC.�a; t; y/ � 0 and V C.�a; t; y/ � 0, while UC.a; �; �/ and
V C.a; �; �/ are strictly positive. Then we will prove the following result.

Proposition 4.7. Let Assumption 1.1 be satisfied, and assume further that �0 < 0. Then
for any a > a0, problem (4.12)–(4.13) has a classical solution .Ua; Va/ which satisfies

UC.�; t; y/ � Ua.�; t; y/ � S0; 8.�; t; y/ 2 †a;

V C.�; t; y/ � Va.�; t; y/ � xV .�; t; y/; 8.�; t; y/ 2 †a:

Proof. The proof is divided into four steps with several lemmas.
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Step 1. A fixed-point problem and its well-posedness.

In order to solve the boundary value problem (4.12)–(4.13), we first reformulate it as
a fixed-point problem. For that purpose we begin with some notations. Fix a > a0 and let

C 0t -per.†a;R
2/

be the space of continuous vector-valued functions from †a to R2 that are �1=c-periodic
in t . Recalling †a D .�a; a/ � R � TN�1

� , any function in C 0t -per.†a;R
2/ is also � -

periodic in y. We endow this function space with the usual sup-norm. Then it is a Banach
space. To apply the Schauder fixed-point theorem, let us now define a bounded closed and
convex subset Ea of C 0t -per.†a;R

2/ by

Ea D ¹.U; V / 2 C
0
t -per.†a;R

2/ j UC � U � S0 and V C � V � xV in †aº;

and furthermore we define a mapping Ta W Ea ! C 0t -per.†a;R
2/ by

Ta.U?; V?/ D .U; V /; 8.U?; V?/ 2 Ea;

where .U; V / 2 C 0t -per.†a;R
2/ is the solution of the linear problem8̂̂<̂

:̂
@tU � r�;y � . zDS .�; t; y/r�;yU/ � cU� C ž.�; t; y/UV? D 0 in †a;

@tV � r�;y � . zDI .�; t; y/r�;yV / � cV� C z
.�; t; y/V D ž.�; t; y/U?V? in †a;

.U; V / is �1=c-periodic in t and � -periodic in y;
(4.14)

together with the boundary conditions´
U.�a; t; y/ D UC.�a; t; y/; U.a; t; y/ D UC.a; t; y/

V .�a; t; y/ D V C.�a; t; y/; V .a; t; y/ D V C.a; t; y/
for .t; y/ 2 R � TN�1

� :

(4.15)

Next we consider this fixed-point problem on the set Ea and we first investigate its
solvability.

Lemma 4.8. For any given pair .U?; V?/ 2 Ea, problem (4.14)–(4.15) admits a unique
strong solution .U; V / D .U; V /.�; t; y/ in C 0t -per.†a;R

2/.

Proof. The proof is inspired by some ideas of Nadin [33, Lemma 4.3]. Let � be the
function defined by

�.�; t; y/ D
� C a

2a
U .a; t; y/: (4.16)

This function is �1=c-periodic in t and � -periodic in y. We make the change of variable
u D U � �. Then the function u satisfies8̂̂<̂

:̂
LSuC . žV?/.�; t; y/u D g.�; t; y/ in †a;

u is �1=c-periodic in t and � -periodic in y;

8.t; y/ 2 R �RN�1; u.˙a; t; y/ D 0;

(4.17)
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where LS is the parabolic operator given by

LSu D @tu � r�;y � . zDS .�; t; y/r�;yu/ � c@�u

and we have set
g.�; t; y/ WD �. žV?/.�; t; y/� �LS�:

Note that the function g is continuous in †a and also periodic with respect to the last
two variables .t; y/. We are looking for a unique solution of problem (4.17) which is
continuous in †a. To that end we define the set

�0per D

°
v 2 L2loc.Œ�a; a� �RN�1/

ˇ̌̌
for any � 2

NY
iD2

�iZ;

v.�; y C �/ D v.�; y/ for a.e. .�; y/ 2 Œ�a; a� �RN�1
±

and endow it with the L2-norm on .�a; a/ � TN�1
� . Then it is a Banach space. Now, for

� > 0 small we consider the following initial boundary value problem:8̂̂<̂
:̂

LSuC .b.�; t; y/C �/u D g.�; t; y/ for t > 0 and .�; y/ 2 .�a; a/ � TN�1
� ;

u.˙a; t; y/ D 0 for t > 0 and y 2 RN�1;

u.�; 0; y/ D u0.�; y/ for .�; y/ 2 .�a; a/ �RN�1;
(4.18)

where we have set b.�; t; y/ WD . žV?/.�; t; y/. For any u0 2 �0per, let u D u.�; t; y/

be the solution of (4.18) with an initial datum u.�; 0; y/ D u0.�; y/. So necessarily
u is � -periodic with respect to y due to the periodicity conditions (in which sense we
shall elaborate below). From the classical parabolic theory (see [29, Theorem 3.4.2] for
instance), there exists a unique weak solution of (4.18) in the class

u 2 C 0
�
Œ0;1/; L2..�a; a/ � TN�1

� /
�
\ L2

�
0;1IH 1

0 ..�a; a/ � TN�1
� /

�
:

Since the functions b and g are bounded, it further follows from [29, Theorem 3.7.1] that

u 2 L1..�a; a/ � .0;1/ � TN�1
� /: (4.19)

In order to look for a periodic (in time) solution of (4.18), for all u0 2 �0per we investigate
the Poincaré mapping

T� W �
0
per ! �0per; u0 7! u.�1=c/:

Since min.�;t;y/2†a b.�; t; y/ � 0, we can choose some � such that 0 < � < � C min b.
Next, take u01; u02 2 �0per and set

W.�; t; y/ WD .u1.�; t; y/ � u2.�; t; y//e
�t :

Then the function W satisfies

Wt � r�;y � . zDS .�; t; y/r�;yW / � cW� C .b.�; t; y/C � � �/W D 0:
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Multiplying this equation byW and integrating by parts over .�a;a/� .0; �1=c/�TN�1
� ,

we obtain

1

2

Z a

�a

Z
TN�1�

�
W 2.�; �1=c; y/ �W

2.�; 0; y/
�

d� dy

D �

Z a

�a

Z �1=c

0

Z
TN�1�

Œr�;yW zDS .�; t; y/r�;yW C .b.�; t; y/C � � �/W
2� d� dt dy:

From the uniform ellipticity of zDS and with the above choice for �, one gets

ku2.�1=c/ � u1.�1=c/k�0per
� e���1=cku2.0/ � u1.0/k�0per

:

Since ��1=c > 0, the mapping T� is a contraction from �0per into itself. It then follows
from the Banach fixed-point theorem that T� admits a unique fixed point in �0per, denoted
by u�0. In other words, there exists a unique space-time periodic solution u� of problem
(4.18) which satisfies

u� 2 C 0
�
Œ0; �1=c�; L

2..�a; a/ � TN�1
� /

�
\ L2

�
0; �1=cIH

1
0 ..�a; a/ � TN�1

� /
�

and ´
LSu

�
C .b.�; t; y/C �/u� D g.�; t; y/ in †a;

u�.�; 0; �/ D u�.�; �1=c; �/ in �0per:
(4.20)

Next, by letting � ! 0, we expect to obtain a limit function that is at least con-
tinuous in †a, and that is the desired solution for problem (4.17). To that end we fix
some �0 > 0 and we consider a solution family ¹u�º of problem (4.20) with any � 2
.0; �0/. Furthermore, we first use the classical bootstrap arguments to improve the reg-
ularity of the solution. Recall that the diffusion matrix field DS is assumed to be of
class C 1C˛.TN ; �N / and zDS .�; t; y/ D RDS .X/R

T with X 2 TN . Note also that
the coefficient b and the free term g of equation (4.20) are continuous and bounded
in †a. By (4.19), we know that the space-time periodic solution u� of (4.20) is actu-
ally bounded in L1.†a/ for any � 2 .0; �0/. Thus, the fixed point u�0 D T�.u

�
0/ belongs

to L1..�a; a/ � TN�1
� /. By parabolic regularity, we obtain

u� 2 C 0
�
Œ0; �1=c�; L

p..�a; a/ � TN�1
� /

�
\ L1

�
0; �1=c IW

1;p
0 ..�a; a/ � TN�1

� /
�

for any p 2 .1;1/ and any � 2 .0; �0/. Since u� is �1=c-periodic in t , it follows from
the fixed-point argument that u�0 D T�.u

�
0/ 2 W

1;p
0 ..�a; a/ � TN�1

� / and furthermore
parabolic regularity shows that

u� 2 C 0
�
Œ0; �1=c�;W

1;p
0 ..�a; a/ � TN�1

� /
�

\ L1
�
0; �1=cIW

1;p
0 \W 2;p..�a; a/ � TN�1

� /
�

for any p 2 .1;1/ and any � 2 .0; �0/. Again the same argument as above implies that
for any � 2 .0; �0/ one has

u�0 D T�.u
�
0/ 2 W

1;p
0 ..�a; a/ � TN�1

� / \W 2;p..�a; a/ � TN�1
� /:
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Finally, from [29, Theorem 4.9.1] and using the periodicity of u� in t , we obtain

u� 2 W 2;1;2
p ..�a; a/ � .0; �1=c/ � TN�1

� / for any p 2 .1;1/;

and
u�.˙a; t; y/ D 0 for a.e. .t; y/ 2 R � TN�1

� :

Moreover, there exists a constant M > 0 independent of � such that

ku�k
W
2;1;2
p ..�a;a/�.0;�1=c/�TN�1� /

�M.kgk1 C ku
�
0kW 2;p..�a;a/�TN�1� //;

and further the periodicity in t and the boundedness of g yield

ku�k
W
2;1;2
p ..�a;a/�.�T;T /�TN�1� /

�M; 8� 2 .0; �0/; 8T > 0; 8p 2 .1;1/:

Therefore, we conclude that problem (4.20) admits a unique strong solution u� and the
solution family ¹u�º is uniformly bounded in W 2;1;2

p;loc .†a/ for all p 2 .1;1/.
One can now pass to the limit �! 0. To do so we consider a sequence ¹�nº � .0; �0/

such that �n ! 0 as n!1. The above conclusions ensure that the sequence u�n con-
verges (up to extracting a subsequence) weakly in W 2;1;2

p;loc .†a/ for all p 2 .1;1/ and
strongly in C 1;0;1loc .†a/ to a space-time periodic function u such that

LSuC . žV?/.�; t; y/u D g.�; t; y/ in †a:

Furthermore, the above convergence and the periodicity conditions also imply that the
limit function u is at least continuous in †a and satisfies the pointwise boundary condi-
tions:

u.�a; t; y/ D u.a; t; y/ D 0; 8.t; y/ 2 R �RN�1:

Consequently, the function U D uC � where � is given by (4.16) is a solution of the U -
equation for the linear boundary problem (4.14)–(4.15). It remains to prove uniqueness.
To this end, let U1 and U2 be two solutions of problem (4.14)–(4.15) associated with the
U -equation. Then

.U1 � U2/t � r�;y � . zDSr�;y.U1 � U2// � c.U1 � U2/� C žV?.U1 � U2/ D 0 in †a:

Since U1 and U2 are periodic in t and satisfy the same boundary conditions, multiplying
the above equation by U1 � U2 and integrating by parts over †a, one getsZ a

�a

Z �1=c

0

Z
TN�1�

Œr�;y.U1 � U2/ zDSr�;y.U1 � U2/C žV?.U1 � U2/
2� d� dt dy D 0:

Recall that the function ž.�; t; y/D ˇ.X/ withX DR.� C ct; y/T 2 TN is strictly pos-
itive everywhere. Moreover, V? � V C in †a is nonnegative and nonzero for any a > a0.
From the uniform ellipticity of zDS , we conclude that the above equality holds if and only
if U1 � U2 in †a.
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In the same way let  be the function defined by

 .�; t; y/ D
� C a

2a
V .a; t; y/:

We make the change of variable v D V �  . Then v satisfies8̂<̂
:

LIv C z
.�; t; y/v D h.�; t; y/ in †a;

v is �1=c-periodic in t and � -periodic in y;

8.t; y/ 2 R �RN�1; v.˙a; t; y/ D 0;

where LI is the parabolic operator given by

LIv D @tv � r�;y � . zDI .�; t; y/r�;yv/ � c@�v

and we have set

h.�; t; y/ WD ž.�; t; y/U?V? � .LI C z
.�; t; y// :

The same argument as above enables us to obtain the existence and uniqueness of a space-
time periodic strong solution v for this problem. Here we do not perform an approximation
procedure since the function z
 is strictly positive. Thus, it is sufficient to set �D min†a z

when we construct a contractive Poincaré mapping.

As a consequence, .U; V / D .uC �; v C  / 2 C 0t -per.†a;R
2/ is the unique strong

solution of problem (4.14)–(4.15).
This ends the proof of Lemma 4.8.

Step 2. The set Ea is invariant by Ta, that is, Ta.Ea/ � Ea.

This result follows from successive applications of the weak parabolic maximum prin-
ciple for a space-time periodic problem. Note that here we cannot directly apply the
classical weak maximum principle posed for a finite time interval. Therefore, for the sake
of completeness, we prove this extension on the domain †a D .�a; a/ � R � TN�1

� . In
particular, the coefficient of the zero-order term of equations is not strictly positive. We
denote by A D A.�; t; y/ the diffusion matrix fields zDS or zDI and then we prove the
following auxiliary lemma.

Lemma 4.9. Assume that u2W 2;1;2
p ..�a;a/� .0;�1=c/�TN�1

� / . for some p�NC 2/
satisfies 8̂<̂

:
@tu � r�;y � .A.�; t; y/r�;yu/ � c@�uC h.�; t; y/u � 0 in †a;

u is �1=c-periodic in t;

u � 0 on @†a;

where h 2 C 0.†a/ is �1=c-periodic in t and nonnegative. Then u � 0 in †a.

Proof. Firstly, as p � N C 2, from Sobolev’s embeddings [29, Lemma 2.3.3] and the
periodicity in t , we know that the function u belongs to C 1;0;1.†a/ at least. Now set
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u�.�; t;y/ WDmax.�u.�; t;y/;0/. Since u� 0 on @†a, one has u�.˙a; �; �/D 0. Multiply
the equation by u� and integrate by parts over †a. Since u is periodic in t , we obtain

�

Z a

�a

Z �1=c

0

Z
TN�1�

r�;yu
�Ar�;yu

� d� dt dy

�

Z a

�a

Z �1=c

0

Z
TN�1�

h.�; t; y/.u�/2 d� dt dy:

Since h is nonnegative and A is uniformly elliptic, the left-hand integral is nonpositive
while the right-hand one is nonnegative. Therefore, u�.�; t; y/ � 0, that is, u � 0 in †a.

One can now complete the proof of Ta.Ea/ � Ea. For any given pair .U?; V?/ 2 Ea,
let .U;V /D Ta.U?; V?/ be the unique solution of (4.14)–(4.15). By Lemma 4.8, we know
that .U;V / 2C 0t -per.†a;R

2/ is a strong solution in the sense ofW 2;1;2
p for any p 2 .1;1/.

We apply Lemma 4.9 to the following problem:8̂̂<̂
:̂
@tU � r�;y � . zDS .�; t; y/r�;yU/ � cU� C . žV?/.�; t; y/U D 0 in †a;

U is �1=c-periodic in t and � -periodic in y;

8.t; y/ 2 R � TN�1
� ; U.�a; t; y/ D 0; U.a; t; y/ D U.a; t; y/ > 0:

Then we obtain U � 0 in †a. Likewise, since U.˙a; �; �/ � S0, applying Lemma 4.9 to
the function W.�; t; y/ WD S0 � U.�; t; y/ yields U � S0 in †a. We conclude that

0 � U.�; t; y/ � S0; 8.�; t; y/ 2 †a: (4.21)

From Lemma 4.2, the function W WD xV � V satisfies8̂̂̂̂
<̂
ˆ̂̂:
@tW � r�;y � . zDI .�; t; y/r�;yW / � cW� C z
.�; t; y/W

D žS0 xV � žU?V? � 0 in †a;

W is �1=c-periodic in t and � -periodic in y;

8.t; y/ 2 R � TN�1
� ; W.˙a; t; y/ D . xV � V C/.˙a; t; y/ � 0:

Therefore, V � xV in †a. Further, since U � 0 and V � xV in †a, it follows from
Lemma 4.3 that for any .�; t; y/ 2 †a we have8̂̂<̂
:̂
@t .U � U/ � r�;y �

�
zDS .�; t; y/r�;y.U � U/

�
� c.U � U/� C . ž xV /.U � U/ � 0;

U � U is �1=c-periodic in t and � -periodic in y;

8.t; y/ 2 R � TN�1
� ; .U � U/.˙a; t; y/ � 0:

Thus, using Lemma 4.9 and (4.21), we conclude that

UC.�; t; y/ D max.0; U .�; t; y// � U.�; t; y/ � S0; 8.�; t; y/ 2 †a:
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Let us now verify that V � V C in†a. Firstly, since V.˙a; �; �/� 0, the same argument
as above easily yields V � 0 in †a. Next, from Lemma 4.4, we obtain

@t .V � V / � r�;y �
�
zDI .�; t; y/r�;y.V � V /

�
� c.V � V /� C z
.�; t; y/.V � V /

D ž.�; t; y/U?V? � ž.�; t; y/U
CV � 0 in †a \�C; (4.22)

and ´
.V � V / is �1=c-periodic in t and � -periodic in y;

.V � V /.�; t; y/ � 0 on @.†a \�C/;

where
@.†a \�

C/ D .†a \ @�
C/ [ .@†a \ V�

C/:

Now we claim that V � V in †a \ �C. Without loss of generality, one may take a
sequence ¹.U n? ; V

n
? /.�; t; y/º of smooth functions such that the corresponding limit solu-

tion V is of class C 2;1;2. Indeed, if

min
.�;t;y/2†a \�C

.V � V /.�; t; y/ < 0;

then the point P0 WD .�0; t0; y0/ where V � V attains its minimum lies in †a \ V�C

because .V � V /.˙a; �; �/D 0 and V � V on @�C. Since V � V is periodic in t , one has

.V � V /t .P0/D 0; r�;y.V � V /.P0/D 0RN ; D
2
�;y.V � V /.P0/ is nonnegative-definite:

Using the uniform ellipticity and symmetry of zDI , one can further verify that

r�;y � . zDIr�;y.V � V //.P0/ � 0:

Since z
 is strictly positive, we obtain�
@t .V � V / � r�;y � . zDIr�;y.V � V // � c.V � V /� C z
.V � V /

�
.P0/ < 0;

which contradicts the differential inequality (4.22). Finally, as V � 0 in †a, we conclude
that

V C.�; t; y/ D max.0; V .�; t; y// � V.�; t; y/ � xV .�; t; y/; 8.�; t; y/ 2 †a:

This completes the proof of Ta.Ea/ � Ea.

Step 3. The mapping Ta W Ea ! Ea is compact.

We need to prove that Ta.Ea/ is compact in Ea. The main arguments are based on
parabolic estimates and Sobolev embedding theorems. Let ¹.U n? ; V

n
? /ºn2N be a sequence

in Ea and let

.U n; V n/ D Ta.U
n
? ; V

n
? / 2 C

0
t -per.†a;R

2/; n 2 N;

be the solutions associated with problem (4.14)–(4.15). Recalling Assumption 1.1 about
the diffusion matrix fields and since the functions UC and V C are continuous and
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bounded, the standard parabolicLp-estimates up to the boundary give a constantM inde-
pendent of n such that

kU nk
W
2;1;2
p ..�a;a/�.0;�1=c/�TN� /

�M and kV nk
W
2;1;2
p ..�a;a/�.0;�1=c/�TN� /

�M

for any p 2 .1;1/ (see [29, Chapter IV] or [35, Theorem 48.1] for a collection of those
estimates). Now, using Sobolev’s embeddings [29, Lemma 2.3.3] for p large enough, we
see that the embedding

W 2;1;2
p ..�a; a/ � .0; �1=c/ � TN

� / ,! C �;�=2;�.Œ�a; a� � Œ0; �1=c� � TN
� /

with � WD 2 � .N C 2/=p > 0 is compact. Thus, from the periodicity of .U n; V n/ in t ,
one may extract a subsequence of ¹.U n; V n/ºn2N , not relabelled, such that ¹.U n; V n/º
converges uniformly (by periodicity) in †a to a function pair .U; V / 2 C 0t -per.†a;R

2/.
Since .U n; V n/ satisfies system (4.14) and the boundary condition (4.15) for each n 2N,
the limit function pair .U; V / also satisfies (4.14) and (4.15) in †a. Furthermore, the
invariance in Step 2 implies that .U; V / belongs to Ea. Therefore, the operator Ta is
compact from Ea into itself.

Step 4. A fixed point of Ta.

We conclude from the previous steps and the Schauder fixed-point theorem that the
mapping Ta has a fixed point in Ea, that is, .U?; V?/ 2 Ea satisfying Ta.U?; V?/ D

.U?; V?/. As a consequence, problem (4.12)–(4.13) has a solution .Ua; Va/ 2 Ea. Fur-
thermore, by parabolic regularity up to the boundary, .Ua; Va/ is a classical solution of
(4.12)–(4.13) in the sense of C 2C˛;1C˛=2;2C˛.†a/2 (recalling Assumption 1.1 about the
coefficients).

This ends the proof of Proposition 4.7.

4.2.3. Passage to the limit in unbounded domains. In this part, we are going to pass to
the limit a!1 in R � R � RN�1 for the solution .Ua; Va/.�; t; y/ in Proposition 4.7.
As already underlined, the main difficulty is to obtain estimates of solutions independent
of the length of the finite interval Œ�a; a�.

Let ¹anºn2N be an increasing sequence of positive numbers such that an ! C1 as
n!1 and let .Uan ; Van/ be a solution of problem (4.12)–(4.13) in †an with a D an.
Note first that the sequence ¹.Uan ; Van/º satisfies the upper and lower estimates

max.0; U / � Uan � S0 and max.0; V / � Van � xV in †an :

Therefore, the component Uan of the solution is bounded for any n 2 N. For notational
concision, we denote by .Un; Vn/D .Uan ; Van/ the solution of (4.12)–(4.13) in†an . Next
in order to perform a limit procedure as n!1, we need to derive new estimates for the
sequence of functions ¹Vn.�; t; y/º to ensure that it is uniformly bounded. To that end we
extend some ideas of Ducrot et al. [19], where the authors proved the weak dissipativity
of the solution semiflow for a prey-predator system (which actually covers a large class
of models) in a homogeneous medium.
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Lemma 4.10 (Uniform boundedness). The function Vn.�; t; y/ is uniformly bounded
on †an , that is, there exists a constant M > 0 such that for any n large enough,

Vn.�; t; y/ �M; 8.�; t; y/ 2 Œ�an; an� �R �RN�1;

where the bound M DM.�/ depends only on the direction � 2 QN \ SN�1.

Proof. Let us first recall that for each n large enough, .Un; Vn/ satisfies the following
boundary conditions:´

U.�an; t; y/ D 0; U.an; t; y/ D U.an; t; y/

V .�an; t; y/ D 0; V .an; t; y/ D V .an; t; y/
for .t; y/ 2 R �RN�1:

Thus, the sequences ¹Un.˙an; �; �/º and ¹Vn.˙an; �; �/º are uniformly bounded. Moreover,
the component Un.�; t; y/ � S0 is uniformly bounded with respect to .�; t; y/ 2 †an and
n 2 N. Next we prove that the other sequence ¹Vn.�; t; y/º is also uniformly bounded
in †an .

Assume by contradiction that there is a sequence ¹.�n; tn; yn/º with �n 2 .�an; an/,
tn 2 R and yn 2 RN�1 such that

Vn.�n; tn; yn/!1 as n!1:

One may suppose, without loss of generality, that

sup
.�;y/2.�an;an/�RN�1

Vn.�; tn; y/ D n and Vn.�n; tn; yn/ 2 Œn=2; n�: (4.23)

For all n, there exist Ntn 2 �1
c

Z and Nyn 2
QN
iD2 �iZ such that sn D tn � Ntn 2 Œ0; �1=c� and

zn D yn � Nyn 2 C D
QN
iD2Œ0; �i �. One may assume that, up to extracting a subsequence,

sn ! s1 and zn ! z1 as n!1. Note that

Vn.�; t; y/ � xV .�; t; y/ D e
��c�ˆ�c .X/; 8.�; t; y/ 2 †an ; 8n 2 N:

Since ˆ�c is strictly positive and bounded for all X D R.� C ct; y/T 2 TN , one has
�n!�1 as n!1. Clearly, an � �n!1 as n!1 and up to taking a subsequence,
one may assume that �an � �n ! �� for some � 2 Œ0;1� as n!1. Two cases may
occur: either � <1 or � D1. Consider now the sequence of functions

.Un; Vn/.� C �n; t C tn; y/; .�; t; y/ 2 Œ�an � �n; an � �n� �R �RN�1:

Define
zVn.�; t; y/ D

Vn.� C �n; t C tn; y/

Vn.�n; tn; yn/
: (4.24)

For each n and all .�; t; y/ 2 Œ�an � �n; an � �n/ �R �RN�1, the function zVn satisfies

@t zVn � r�;y �
�
zDI .� C �n; t C sn; y/r�;y zVn

�
� c@� zVn � hn.�; t; y/ zVn D 0:
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where

hn.�; t; y/D . žUn � z
/.� C �n; t C sn; y/; .�; t; y/ 2 Œ�an � �n; an � �n��R�RN�1:
(4.25)

Since ž and z
 are globally bounded and ¹Un.�; t; y/º is uniformly bounded, the sequence
of functions ¹hn.�; t; y/º is also uniformly bounded with respect to n 2 N on the domain
Œ�an � �n; an � �n� �R �RN�1. From our construction (4.23), one may observe that

Vn.� C �n; tn; y/ � n � 2Vn.�n; tn; yn/; 8� 2 .�an � �n; an � �n/;

which implies that zVn.�; 0; y/ � 2 for all .�; y/ 2 .�an � �n; an � �n/ �RN�1. Further-
more, for all .t; y/ 2 R �RN�1,

zVn.�an � �n; t; y/ D 0 and zVn.an � �n; t; y/ D
Vn.an; t C tn; y/

Vn.�n; tn; yn/
� 1:

It then follows from the parabolic comparison principle that

zVn.�; t; y/ � 2e
khnk1t ; 8.�; t; y/ 2 Œ�an � �n; an � �n� � Œ0; �1=c� �RN�1:

Since hn is globally bounded and zVn is periodic in t for each n, there exists some constant
K > 2 such that

zVn.�; t; y/ � K; 8.�; t; y/ 2 Œ�an � �n; an � �n� �R �RN�1:

Consequently, ¹ zVn.�; t;y/º is uniformly bounded with respect to n2N on each domain of
the form Œ�an � �n;an � �n��R�RN�1. Furthermore, since zDI .�; t;y/DRDI .X/R

T

with R 2 O.RN / and DI is of class C 1C˛ with respect to X D R.� C ct; y/T 2 TN ,
one may assume that up to a subsequence,

zDI .� C �n; t C sn; y/! zDI;1.�; t C s1; y/ in C 1;0;1loc ..��;1/�R�RN�1/ as n!1

locally uniformly with respect to � 2 .��;1/ and uniformly for .t; y/ 2 RN because of
the periodicity conditions.

Now if � D 1, then by parabolic regularity, one may assume that, possibly along a
subsequence still denoted by n,

zVn.�; t; y/! zV1.�; t; y/ locally uniformly for � 2 R and uniformly for .t; y/ 2 RN

as n!1, where the convergence is weak in W 2;1;2
p;loc .R �R �RN�1/ for all p 2 .1;1/

and strong in C 1;0;1loc .R �R �RN�1/ and where the limit function zV1 satisfies8̂̂̂̂
<̂̂
ˆ̂̂̂:
@t zV1 � r�;y �

�
zDI;1.�; t C s1; y/r�;y zV1

�
� c@� zV1 � h1.�; t; y/ zV1 D 0;

zV1 is �1=c-periodic in t and � -periodic in y;

0 � zV1.�; t; y/ � K; 8.�; t; y/ 2 R �R �RN�1;

zV1.0; 0; z1/ D 1:
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Here the bounded function h1 is the L1loc-weak star limit of the bounded sequence
¹hn.�; t; y/º defined in (4.25). Thanks to zV1.0; 0; z1/ D 1 and since zV1 is nonnega-
tive, the strong maximum principle shows that zV1 is positive everywhere. Thus, from the
definition of zVn.�; t; y/, we conclude that

Vn.� C �n; t C tn; y/!1 locally uniformly for .�; t; y/ 2 RNC1 as n!1:
(4.26)

If � < 1, we define yVn.�; t; y/ D zVn.� � an � �n; t; y/ for .�; t; y/ 2

Œ0; 2an� � R � RN�1, where zVn is given by (4.24). Then ¹ yVn.�; t; y/º is uniformly
bounded with respect to n 2 N on each domain of the form Œ0; 2an� � R � RN�1. By
parabolic regularity, one may assume that, possibly along a subsequence still denoted
by n,

yVn.�; t; y/! yV1.�; t; y/ locally uniformly for � 2 RC and uniformly for .t; y/ 2 RN

as n!1, where the convergence is weak inW 2;1;2
p;loc .RC �R�RN�1/ for any p 2 .1;1/

and strong in C 1;0;1loc .RC � R � RN�1/. Notice that the above convergence also implies
that

yVn.0; t; y/! 0 uniformly for .t; y/ 2 R �RN�1 as n!1:

As a consequence, the limit function yV1 satisfies8̂̂̂̂
<̂̂
ˆ̂̂̂:
@t yV1�r�;y �

�
zDI;1.���; tCs1; y/r�;y yV1

�
�c@� yV1�h1.���; t; y/ yV1 D 0;

yV1 is �1=c-periodic in t and � -periodic in y;

0 � yV1.�; t; y/ � K; 8.�; t; y/ 2 RC�R�RN�1;

yV1.0; t; y/ D 0; 8.t; y/ 2 R�RN�1;

Furthermore, since yVn.anC �n; 0; yn/D 1, one has yV1.�; 0; z1/D 1, which also implies
that � > 0. Therefore, the strong maximum principle yields

yV1.�; t; y/ > 0; 8� 2 .0;1/; 8.t; y/ 2 R �RN�1:

From the definition of ¹ yVn.�; t; y/º and (4.24), we conclude that

Vn.� C �n; t C tn; y/!1 locally uniformly for .�; t; y/ 2 .��;1/ �RN as n!1:
(4.27)

Now we make the following claim.

Claim 1. In both cases, that is, for any � 2 .0;1�, the sequence ¹Un.�; t; y/º satisfies

lim
n!1

Un.� C �n; t C tn; y/ D 0; 8.�; t; y/ 2 .��;1/ �R �RN�1: (4.28)

Before proving the claim, let us first complete the proof of Lemma 4.10.
Recalling the definition of ¹hn.�; t; y/º in (4.25) and z
.�; t; y/ D 
.X/ > 0 with
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X D R.� C ct; y/T 2 TN , Claim 1 implies that the L1loc-weak star limit h1 satisfies

h1.�; t; y/ � �
; 8.�; t; y/ 2 .��;1/ �R �RN�1;

where we have set 
 D minTN 
 > 0. As a consequence, the limit function
.��;1/ �R �RN�1 3 .�; t; y/ 7! W1.�; t; y/ given by

W1.�; t; y/ D zV1.�; t; y/ if � D1; W1.�; t; y/ D yV1.� C �; t; y/ if � <1

satisfies the problem8̂̂̂̂
<̂
ˆ̂̂:
@tW1 � r�;y �

�
zDI;1.�; t C s1; y/r�;yW1

�
C c@�W1 � 
W1;

W1 is �1=c-periodic in t and � -periodic in y;

0 < W1.�; t; y/ � K; 8.�; t; y/ 2 .��;1/ �R �RN�1;

W1.0; 0; z1/ D 1;

together with the boundary condition

W1.��; t; y/ D 0 for all .t; y/ 2 R �RN�1 when � <1:

Notice that the function e�
t is a supersolution of the above equation. Since K > 2, it
follows from the parabolic comparison principle that

W1.�; t; y/ � Ke
�
t ; 8.�; t; y/ 2 .��;1/ �RC �RN�1:

Since W1 is �1=c-periodic in t , we have

W1.0; 0; z1/ D W1.0; n�1=c; z1/ � Ke
�
n�1
c 
 ; 8n � 1:

Finally, as 
 > 0 and �1=c > 0, letting n!1 one gets a contradiction with the normal-
ization W1.0; 0; z1/ D 1.

This completes the proof of Lemma 4.10.

Proof of Claim 1. LetM;R;T >0 be given. Choose "2 .��;0/ and letU DU ";nR;T .�; t;y/
be the solution of the following problem:8̂̂<̂

:̂
@tU � r�;y �

�
zDS .� C �n; t C sn; y/r�;yU

�
� cU� C ˇMU D 0 in �"R;T ;

U."; t; y/ D U.R; t; y/ D S0 for jt j < T and y 2 RN�1;

U.�;�T; y/ D S0 for " � � � R and y 2 RN�1;

where
�"R;T WD ."; R/ � .�T; T / � TN�1

� :

Note first that U ";nR;T is still � -periodic in y since zDS is � -periodic in y and the constant S0
is spatially periodic. Furthermore, by (4.26)–(4.27), one can choose N0 > 0 large enough
(depending on M , ", R and T ) such that

Vn.� C �n; t C tn; y/ �M; 8n � N0; 8.�; t; y/ 2 �
"
R;T :
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Therefore, the parabolic comparison principle ensures that

Un.� C �n; t C tn; y/ � U
";n
R;T .�; t; y/; 8n � N0; 8.�; t; y/ 2 �

"
R;T : (4.29)

Observe further that

0 � U
";n
R;T .�; t; y/ � S0; 8n � N0; 8.�; t; y/ 2 �

"
R;T :

Recall that zDS .�; t; y/ D RDS .X/R
T with R 2 O.RN / and DS is a matrix-valued

function of class C 1C˛ with respect to X D R.� C ct; y/T 2 TN . As a consequence
of the above uniform boundedness of U ";nR;T and Schauder parabolic regularity, for any
positive constants R, T and any sequence ¹nkºk2N tending to infinity as k ! 1, one
may extract a subsequence (not relabelled) such that for some ˛0 2 .0; ˛/,

zDS .� C �nk ; t C snk ; y/!
zDS;1.�; t C s1; y/ in C 1C˛

0;˛=2;1C˛.�"R;T /

and
U
";nk
R;T .�; t; y/! U "R;T .�; t; y/ uniformly for .�; t; y/ 2 �"

R=2;T=2
:

Thanks to the uniform boundedness of U "R;T with respect to ", R and T , using parabolic
regularity again, for any sequences ¹Rkº and ¹Tkº tending to infinity, one may extract
subsequences (not relabelled) such that

U "Rk ;Tk ! U " locally uniformly for .�; t/ 2 Œ";1/ �R and uniformly for y 2 RN�1;

where the limit function U " becomes a bounded (0 � U " � S0) classical solution of the
following boundary value problem:8̂̂<̂
:̂
@tU � r�;y �

�
zDS;1.�; t C s1; y/r�;yU

�
� cU� C ˇMU D 0 in Œ";1/ �RN ;

U is � -periodic in y;

U."; t; y/ D S0 for .t; y/ 2 R �RN�1:
(4.30)

Next we prove that the bounded solution U " of problem (4.30) tends to 0 asM !1.
To that end we look for a supersolution of the form

U ".�; t; y/ D S0e
��M .��"/;

where the parameter �M > 0 will be chosen later so that �M !1 as M !1. In order
for e��� to be a supersolution of (4.30), it is sufficient that

Œ�r�;y � . zDS;1.�; t C s1; y/e1/ � �
2e1 zDS;1.�; t C s1; y/e1 C c�C ˇM�e��� � 0:

(4.31)

Coming back to the original variable, let us recall the notations of Section 3.1:

zDS .�C �n; t C sn;y/DRDS .X CXn/R
T ; X DR

�
� C ct

y

�
; XnDR

�
�n C csn
0RN�1

�
;
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where X 2 TN , ¹Xnº � TN and R 2 O.RN / is such that Re1 D � 2 QN \ SN�1.
By compactness of TN and since DS 2 C 1C˛.TN ; �N /, one may assume that, up to
extracting a subsequence,

DS .X CXn/! DS .X CX1/ in C 1C˛.TN / as n!1:

In other words, the limit matrix-valued function zDS;1 can be equivalently written as

zDS;1.�; t C s1; y/ D RDS .X CX1/R
T ;

and since the vector-valued function r�;y. zDS;1e1/ is bounded, so is r�;y � . zDS;1e1/.
Therefore, using the uniform ellipticity (1.2) of DS , we find that inequality (4.31) holds
true as long as

�r�;y � . zDS;1.�; t C s1; y/e1/ � �
2e1 zDS;1.�; t C s1; y/e1 C c�C ˇM

D �r�;y � . zDS;1.�; t C s1; y/e1/ � �
2�DS .X CX1/� C c�C ˇM

� �‚�2 C
�
c � kr�;y � . zDS;1e1/k1

�
�C ˇM � 0:

Set

�M WD

s
ˇM

2‚
: (4.32)

Then for any M > 0, �M satisfies the above inequality, whence e��M � is a supersolu-
tion of (4.30). Further, applying the weak maximum principle to problem (4.30), one can
obtain

U ".�; t; y/ � S0e
��M .��"/; 8� � "; 8.t; y/ 2 R �RN�1: (4.33)

Indeed, assume by contradiction (recall that the solution U " of problem (4.30) is no
longer periodic with respect to t ) that

� WD sup
.�;t;y/2.";1/�RN

.U ".�; t; y/ � S0e
��M .��"// > 0:

Then there exists a sequence ¹.� 0n; t
0
n; y
0
n/º � .";1/�R�TN�1

� with y0n! y01 2TN�1
�

as n!1 such that

U ".� 0n; t
0
n; y
0
n/ � S0e

��M .�
0
n�"/ ! � as n!1: (4.34)

Note that the diffusion matrix field yDS is still �1=c-periodic in t . For all n, there exists
some Nt 0n 2

�1
c

Z such that s0n D t 0n �
Nt 0n 2 Œ0; �1=c�. One may assume that, up to taking

a subsequence, s0n ! s01 as n!1. As for the limit of the sequence ¹� 0nº, we need to
distinguish two cases:

Case 1: � 0n ! � 01 2 Œ";1/ as n!1. We define

Wn.�; t; y/ D U
".�; t C t 0n; y/ � S0e

��M .��"/; .�; t; y/ 2 Œ";1/ �R �RN�1:
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As 0 � U " � S0 and �M > 0, the sequence ¹Wnº is uniformly bounded with respect to n
and ". Moreover, for each n and any .�; t; y/ 2 Œ";1/ � R � RN�1, the function Wn
satisfies´

@tWn � r�;y �
�
zDS;1.�; t C s

0
n C s1; y/r�;yWn

�
� c@�Wn C ˇMWn � 0;

Wn is � -periodic in y and Wn."; t; y/ D 0 for all .t; y/ 2 R �RN�1:

From standard parabolic estimates, the sequence ¹Wnº converges (up to taking a subse-
quence) in C 2;1;2loc .Œ";1/ �R �RN�1/ to a bounded function W1 which satisfies´

@tW1 � r�;y �
�
zDS;1.�; t C s

0
1 C s1; y/r�;yW1

�
� c@�W1 C ˇMW1 � 0;

W1 is � -periodic in y and W1."; t; y/ D 0 for all .t; y/ 2 R �RN�1:
(4.35)

By (4.34), W1.� 01; 0; y
0
1/ D � > 0, which implies that � 01 > ". Therefore, from (4.34)

and using the uniform ellipticity and symmetry of zDS;1, one gets

@tW1.�
0
1; 0; y

0
1/ D @�W1.�

0
1; 0; y

0
1/ D 0; r�;y � .

zDS;1r�;yW1/.�
0
1; 0; y

0
1/ � 0:

Thanks to ˇM > 0, a contradiction with (4.35) has been achieved.

Case 2: � 0n !1 as n!1. We define

yWn.�; t; y/ D U
".� C � 0n; t C t

0
n; y/ � S0e

��M .�C�
0
n�"/; .�; t; y/ 2 Œ" � � 0n;1/ �RN :

For each n, the function yWn satisfies´
@t yWn � r�;y � . yDS;n.�; t; y/r�;y yWn/ � c@� yWn C ˇM yWn � 0;

yWn is � -periodic in y and yWn." � � 0n; t; y/ D 0 for all .t; y/ 2 R �RN�1;

where the matrix-valued function yDS;n is given by

yDS;n.�; t; y/D zDS;1.� C �
0
n; t C s

0
nC s1; y/; .�; t; y/ 2 Œ"� � 0n;1/�RN : (4.36)

Because of the uniform boundedness of ¹ yWnº with respect to n and ", using parabolic
regularity, one may assume that, possibly along a subsequence still denoted by n,

yWn.�; t; y/! yW1.�; t; y/ locally uniformly for .�; t/ 2 R2; uniformly for y 2 RN�1

as n!1, where the limit function yW1 becomes an entire solution of the problem8̂̂<̂
:̂
@tW � r�;y � . yDS;1.�; t; y/r�;yW / � c@�W C ˇMW D 0 in R �R �RN�1;

W is � -periodic in y;

0 � W.�; t; y/ � S0; 8.�; t; y/ 2 R �R �RN�1:
(4.37)
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Here the matrix-valued function yDS;1 is the limit of the sequence ¹ yDS;nº defined by
(4.36) in the topology of C 1C˛

0;˛=2;1C˛
loc .R � R � RN�1/. Furthermore, from the defini-

tion of ¹ yWn.�; t; y/º and (4.34), the above convergence also yields

yW1.0; 0; y
0
1/ D � > 0: (4.38)

However, as ˇM > 0, it is easy to verify that a bounded entire solution of (4.37) can only
be 0, so yW1.�; t; y/ � 0, contrary to (4.38).

Eventually, as a consequence of (4.33) we obtain

lim sup
R!1
T!1

lim sup
n!1

U
";n
R;T .�; t; y/ � S0e

��M .��"/; 8.�; t; y/ 2 Œ";1/ �R �RN�1:

Further, we deduce from (4.29) that for all .�; t; y/ 2 Œ";1/ �R �RN�1,

lim sup
n!1

Un.� C �n; t C tn; y/ � S0e
��M .��"/; 8M > 0:

Recalling the definition of �M in (4.32) and by letting M !1, one gets

lim
n!1

Un.� C �n; t C tn; y/ D 0; 8.�; t; y/ 2 .";1/ �R �RN�1:

Since " 2 .��; 0/ can be chosen arbitrarily, Claim 1 follows.

In the remaining part of this subsection, we pass to the limit n!1 and complete the
proof of Theorem 4.6.

Proof of Theorem 4.6. Using parabolic regularity coupled with the uniform estimates in
Lemma 4.10, there exist a subsequence of ¹.Un; Vn/º (not relabelled) and a bounded limit
function pair .U; V / such that

.Un; Vn/.�; t; y/!.U;V /.�; t; y/ locally uniformly for �2R; uniformly for .t; y/2RN ;

where the convergence holds in the topology of C 2C˛
0;1C˛0=2;2C˛0

loc .R �R �RN�1/2 for
all ˛0 2 Œ0; ˛/ due to Schauder parabolic estimates (recalling Assumption 1.1 about the
coefficients). Furthermore, the limit function pair .U; V / 2 C 2;1;2.R �R �RN�1/2 sat-
isfies the problem8̂̂<̂
:̂
@tU �r�;y �. zDS .�; t; y/r�;yU/�cU� D� ž.�; t; y/UV in R�R�RN�1;

@tV �r�;y �. zDI .�; t; y/r�;yV /�cV� D ž.�; t; y/UV � z
.�; t; y/V in R�R�RN�1;

.U; V / is �1=c-periodic in t and � -periodic in y:

Since the functions U and V are bounded, they also enjoy the following estimates:

max.0; U / � U � S0 and max.0; V / � V � xV in R �R �RN�1: (4.39)

In particular, the lower estimates for .U; V / ensure that for some �0 large enough,

min
.t;y/2Œ0;�1=c��TN�1�

U.�; t; y/ > 0 and min
.t;y/2Œ0;�1=c��TN�1�

V.�; t; y/ > 0; 8� > �0:



L. Deng, A. Ducrot 2436

Thus the strong maximum principle and the periodicity conditions yield U > 0 and V > 0
in R �R �RN�1 and furthermore one also deduces that

min
.t;y/2R�RN�1

U.�; t; y/ > 0 and min
.t;y/2R�RN�1

V.�; t; y/ > 0; 8� 2 R:

Next, as ž> 0, it follows from the positivity of V and the strong maximum principle that

U.�; t; y/ < S0; 8.�; t; y/ 2 R �R �RN�1:

Observe that the estimates (4.39) also ensure that

lim
�!C1

.U; V /.�; t; y/ D .S0; 0/ uniformly for .t; y/ 2 R �RN�1:

We have completed the proof of the first two properties in Theorem 4.6. The third property
follows from the estimates for V in (4.39) since the functions V and xV have the same
exponential decay as � !C1.

This ends the proof of Theorem 4.6.

5. Proof of Theorem 2.1

In this section, we complete the proof of Theorem 2.1. Throughout this section we again
assume that

�0 < 0:

Before going any further, let us make a brief summary. Coming back to the original
variables .t; x/, Theorem 4.6 equivalently implies that for each c > c�.�/, problem (1.1)
admits a pulsating travelling wave .S; I /D .S; I /.t; xI �/ propagating along the direction
� 2 QN \ SN�1 with speed c according to Definition 1.1. Furthermore, from Lemmas
4.3–4.4 and Theorem 4.6, the following properties hold:

(i) For each � 2 QN \ SN�1, the function pair .S; I / is positive and satisfies the fol-
lowing lower and upper estimates:

max.0; S.t; xI �// � S.t; xI �/ < S0; 8.t; x/ 2 R �RN ;

max.0; I .t; xI �// � I.t; xI �/ �M.�/; 8.t; x/ 2 R �RN ; (5.1)

where the functions S and I are defined as

S.t; xI �/ D S0
�
1 �K1e

�ı1.x���ct/‰ı1.xI �/
�
;

I .t; xI �/ D e��c.�/.x���ct/ˆ�c.�/.xI �/ �K2e
�.�c.�/Cı2/.x���ct/ˆ�c.�/Cı2.xI �/:

(ii) For each � 2 QN \ SN�1, the function pair .S; I / satisfies the pulsating relations

.S; I /.t C k � �=c; x/ D .S; I /.t; x � k/; 8.t; x; k/ 2 R �RN � ZN :
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(iii) For each � 2 QN \ SN�1, the function pair .S; I / exhibits the following behaviour
at x � � D C1:

lim
x��!C1

.S; I /.t; x/ D .S0; 0/

locally uniformly for t 2 R and uniformly in the directions of �?.

In order to obtain the existence of pulsating travelling waves for problem (1.1) prop-
agating along any given direction in SN�1, we will perform an approximation argument
with the help of a dense subset of SN�1. This requires uniform estimates of the solutions
with respect to the direction of propagation. Unlike the observations in Section 4.2, the
profile of pulsating waves propagating in a unit direction with some irrational coordinates
no longer exhibits periodicity in space and time (see below for a more precise explana-
tion).

5.1. Uniform boundedness with respect to direction

Note first that the component S of the solution is globally bounded for any �2QN\SN�1.
We now prove that the other component I.t; xI �/ is also bounded on any subset of
QN \ SN�1 and for all .t; x/ 2 R � RN , namely the upper bound in (5.1) is actually
independent of the direction of propagation. To this end, we further extend some argu-
ments developed in Lemma 4.10 to more general heterogeneous media.

Lemma 5.1. Let K be any subset of QN \ SN�1. If a function pair .S; I / defined by

.S; I / W R �RN �K ! .0;1/ � .0;1/;

.t; x; e/ 7! .S; I /.t; xI e/;

is a pulsating travelling wave of problem (1.1) propagating along the direction e with the
direction varying speed c.e/ defined by

c WK ! .c�.e/;1/; e 7! c.e/;

where the formula of c�.e/ for each e 2 K is given by (3.8), then there exists a constant
M DM.K/ > 0 such that

I.t; xI e/ �M; 8.t; x/ 2 R �RN ; 8e 2K:

Proof. We still work with the moving frame of Section 3.1. Recall that .S; I / is a pul-
sating travelling wave of problem (1.1) propagating in the direction e 2 SN�1 with speed
c > 0 if and only if the function pair .U; V / defined by

.U; V /.�; t; y/ D .S; I /.t;R.� C ct; y/T /

satisfies the parabolic system (3.2) and the R-pulsating condition

.U; V /

�
�; t C

k � e

c
; y C yRk?

�
D .U; V /.�; t; y/; 8.�; t; y/ 2 RNC1; 8k 2 ZN :

(5.2)
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Here R 2 O.RN / is such that Re1 D e 2 SN�1. By estimate (5.1), for any e 2 K , the
function V is bounded, that is,

V.�; t; y/ �M.e/; 8.�; t; y/ 2 R �R �RN�1:

Next we prove that the bound M.e/ is actually independent of the direction. To that end
we still argue by contradiction and use the following notation:

.U n; V n/.�; t; y/ WD .U; V /.�; t; yI en/ D .S; I /.t;Rn.� C c
nt; y/T /;

which denotes the solution of (3.2) in the direction en with cn WD c.en/ for each n 2 N.
Assume by contradiction that there exist a sequence ¹.�n; tn; yn/ºn2N �

R �R �RN�1 of points and a sequence ¹enºn2N �K of directions such that

V n.�n; tn; yn/!1 as n!1:

One may assume, without loss of generality, that

sup
.�;t;y/2RNC1

V n.�; t; y/ D kV nk1 and V n.�n; tn; yn/ 2 ŒkV
n
k1=2; kV

n
k1�:

(5.3)

Note that the component U n of the solution satisfies the lower and upper estimates

max.0; U .�; t; yI en// � U n.�; t; y/ < S0; 8.�; t; y/ 2 RNC1; 8n 2 N:

Hence ¹U nº is uniformly bounded. By compactness of SN�1, one may assume that en!
e 2 SN�1 as n!1. Equivalently, kRn �RkO.RN /! 0 and Rne1!Re1 as n!1.
On the other hand, as 0 < c�.en/ < cn <1 for each n 2 N, the sequence ¹cnºn2N of
speeds is bounded. Thus, one may assume again that cn ! c1 � c�.e/ as n!1 since
the mapping SN�1 3 e 7! c�.e/ is continuous.

To proceed let us first point out that for a vector in SN�1 with some irrational coordi-
nates, the R-pulsating condition (5.2) no longer yields periodicity with respect to .t; y/.
Next, we define

Wn.�; t; y/ D
V n.� C �n; t C tn; y C yn/

V n.�n; tn; yn/
:

For each n, the function Wn satisfies

@tWn �r�;y � . zDI;n.�; t; y/r�;yWn/� c
n@�Wn � b

n.�; t; y/Wn D 0 in R�R�RN�1;

where the sequence ¹ zDI;n.�; t; y/º of matrix-valued functions is defined by

zDI;n.�; t; y/D zDI;n.� C �n; t C tn; yC yn/DRnDI

�
Rn

�
� C �n C c

n.t C tn/

y C yn

��
RT
n

with
zDI;n.�; t; y/ WD zDI .�; t; yI e

n/ D RnDI

�
Rn

�
� C cnt

y

��
RT
n ;
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while the sequence ¹bn.�; t; y/º of functions is defined by

bn.�; t; y/ D . žnU
n
� z
n/.� C �n; t C tn; y C yn/ (5.4)

with

. žn; z
n/.� C �n; t C tn; y C yn/ D .ˇ; 
/

�
Rn

�
� C cnt

y

�
CRn

�
�n C c

ntn
yn

��
;

. žn; z
n/.�; t; y/ WD . ž; z
/.�; t; yI e
n/ D .ˇ; 
/

�
Rn

�
� C cnt

y

��
:

Note first the following convergence for the coefficient sequences as n!1:

zDI;n.�; t; y/! zDI .�; t; yI e/ D RDI

�
R

�
� C c1t

y

��
RT ;

. žn; z
n/.�; t; y/! . ž; z
/.�; t; yI e/ D .ˇ; 
/

�
R

�
� C c1t

y

��
with respect to the uniform topology. Furthermore, since ¹U nº is uniformly bounded,
the sequence ¹bn.�; t; y/º of functions defined in (5.4) is also uniformly bounded for all
.�; t; y/ 2 R �R �RN�1 and n 2 N. On the other hand, since we can rewrite

DI

�
Rn

�
� C �n C c

n.t C tn/

y C yn

��
D DI

�
Rn

�
� C cnt

y

�
CRn

�
�n C c

ntn
yn

��
D DI .X CXn/

with X D Rn.� C c
nt; y/T 2 TN and ¹Xnºn2N � TN , by the compactness of TN and

since DI 2 C 1C˛.TN ; �N /, one has

RnDI

�
Rn

�
� C �n C c

n.t C tn/

y C yn

��
RT
n ! RDI .X CX1/R

T in C 1C˛.TN /

as n ! 1. Thus, one may assume at least that zDI;n.�; t; y/ ! zDI;1.�; t; y/ in
C
1;0;1
loc .R �R �RN�1/ as n!1. From our construction (5.3), one may observe that

Wn.0; 0; 0/ D 1; 0 � Wn.�; t; y/ � 2; 8.�; t; y/ 2 RNC1; 8n 2 N:

As a consequence of this uniform boundedness and parabolic regularity, one may assume
that, possibly along a subsequence still denoted by n,

Wn.�; t; y/! W1.�; t; y/ locally uniformly for .�; t; y/ 2 R �R �RN�1 as n!1;

where the convergence is weak inW 2;1;2
p;loc .R�R�RN�1/ for any p 2 .1;1/ and strong

in C 1;0;1loc .R �R �RN�1/. Furthermore, the limit function W1 satisfies´
@tW1 � r�;y � . zDI;1.�; t; y/r�;yW1/ � c

1@�W1 � b
1.�; t; y/W1 D 0;

W1.0; 0; 0/ D 1; 0 � W1.�; t; y/ � 2; 8.�; t; y/ 2 R �R �RN�1;
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where the bounded function b1 is the L1-weak star limit of ¹bn.�; t; y/º defined in
(5.4). SinceW1 is nonnegative andW1.0; 0; 0/D 1, it follows from the strong maximum
principle that W1 is positive everywhere. Thus, from the definition of ¹Wn.�; t; y/º, we
conclude that

V n.� C �n; t C tn; y C yn/!1 locally uniformly for .�; t; y/ 2 RNC1 as n!1:
(5.5)

Next, following the proof of Lemma 4.10, we make the following claim.

Claim 2. The sequence ¹U n.�; t; y/º of functions satisfies

lim
n!1

U n.� C �n; t C tn; y C yn/ D 0; 8.�; t; y/ 2 R �R �RN�1:

The proof of this claim is also postponed and let us first complete the proof of Lem-
ma 5.1. Using Claim 2, since z
n.�; t; y/ WD z
.�; t; yI en/ > 0 for any .�; t; y/ 2RNC1 and
n 2 N, we find that the L1-weak star limit b1 of ¹bn.�; t; y/º defined in (5.4) satisfies

b1.�; t; y/ � �z
; 8.�; t; y/ 2 R �R �RN�1;

where we have set

z
 WD inf
n2N

inf
.�;t;y/2RNC1

z
.�; t; yI en/ D min
X2TN


.X/ > 0:

Thus, the limit function W1 has the following properties:

@tW1 � r�;y � . zDI;1.�; t; y/r�;yW1/C c
1@�W1 � z
W1;

8.�; t; y/ 2 R �R �RN�1;

W1.0; 0; 0/ D 1; 0 < W1.�; t; y/ � 2; 8.�; t; y/ 2 R �R �RN�1:

Notice that e�z
t is a supersolution of the above equation. From the parabolic comparison
principle, we obtain

W1.�; t C s; y/ � 2e
�z
s; 8s � 0; 8.�; t; y/ 2 R �R �RN�1:

This implies, with .�; t; y/ D .0;�s; 0/, that

W1.0; 0; 0/ � 2e
�z
s; 8s > 0:

Finally, as z
 > 0, this contradicts the normalization W1.0; 0; 0/ D 1.
This ends the proof of Lemma 5.1.

Proof of Claim 2. Let R; T > 0 be given and consider for each n 2 N the solution

U D U nR;T .�; t; y/ WD UR;T .�; t; yI e
n/ with en 2K
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of the following problem:8̂̂<̂
:̂
@tU � r�;y � . zDS;n.�; t; y/r�;yU/ � c

n@�U C žU D 0 for jt j < T; .�; y/ 2 BR;

U.�; t; yI en/ D S0 for jt j < T; .�; y/ 2 @BR;

U.�;�T; yI en/ D S0 for .�; y/ 2 BR;

where BR denotes the open ball of RN with radius R and centre 0 D .0; 0RN�1/, and the
sequence ¹ zDS;n.�; t; y/º of matrix-valued functions is defined by

zDS;n.�; t;y/D zDS;n.�C �n; t C tn;yC yn/DRnDS

�
Rn

�
� C �n C c

n.t C tn/

y C yn

��
RT
n

with
zDS;n.�; t; y/ D zDS .�; t; yI e

n/ D RnDS

�
Rn

�
� C cnt

y

��
RT
n ;

Here we have set

ž WD inf
n2N

inf
.�;t;y/2RNC1

ž.�; t; yI en/ D min
X2TN

ˇ.X/ > 0;

where the equality holds true since ž is independent of the direction. By (5.5), we can
choose N0 > 0 large enough (depending on R and T ) such that

V n.� C �n; t C tn; y C yn/ � 1; 8n � N0; 8t 2 Œ�T; T �; 8.�; y/ 2 BR:

Thus, the parabolic comparison principle ensures that

U n.� C �n; t C tn; y C yn/ � U
n
R;T .�; t; y/; 8n � N0; 8t 2 Œ�T; T �; 8.�; y/ 2 BR:

Observe further that

0 � U nR;T .�; t; y/ � S0; 8n � N0; 8t 2 Œ�T; T �; 8.�; y/ 2 BR:

As a consequence of this uniform boundedness and Schauder parabolic regularity, for any
positive constants R, T and any sequence ¹nkºk2N tending to infinity as k ! 1, one
may extract a subsequence, still denoted by ¹nkº, such that

U
nk
R;T .�; t; y/!

yUR;T .�; t; yI e/ uniformly for jt j � T=2 and .�; y/ 2 BR=2;

where the limit function yUR;T satisfies

@tU �r�;y �. zDS;1.�; t; y/r�;yU/�c
1U�C žU D 0 for jt j � T=2 and .�;y/ 2BR=2:

Here the matrix-valued function zDS;1 is a limit of the sequence ¹ zDS;nk .�; t; y/ºk�0 in
the topology of C 1C˛

0;˛0=2;1C˛0 for some ˛0 2 .0;˛/. Again, thanks to the uniform bound-
edness of yUR;T with respect to R and T , using parabolic regularity, for any sequences
¹Rkº and ¹Tkº tending to infinity, one may extract subsequences (not relabelled) such that

yURk ;Tk .�; t; yI e/!
yU.�; t; yI e/ locally uniformly for .�; t; y/ 2 R �R �RN�1;
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where the limit function yU becomes a bounded entire solution of the problem

@tU � r�;y � . zDS;1.�; t; y/r�;yU/ � c
1U� C žU D 0; .�; t; y/ 2 R �R �RN�1:

As ž > 0, one can readily verify that yU.�; t; yI e/ � 0.
As a consequence, for any .�; t; y/ 2 R �R �RN�1,

lim sup
n!1

U n.� C �n; t C tn; y C yn/ � lim sup
R!1
T!1

lim sup
n!1

U nR;T .�; t; y/ D 0:

This ends the proof of Claim 2.

5.2. Rational approximation to any direction of propagation

In this subsection, we prove the existence of pulsating travelling waves for problem (1.1)
propagating in any given direction e 2 SN�1. To do so we first recall the following well-
known result (see [7, Proposition 4.1] or [14, Lemma 4.1]):

Proposition 5.2. The set QN \ SN�1 is dense in SN�1.

Equipped with Lemma 5.1 and the above proposition, we are now able to complete
the proof of Theorem 2.1.

Proof of Theorem 2.1. Fix any e 2 SN�1. Then there exists a sequence ¹�mºm2N �

QN \ SN�1 such that �m ! e as m ! 1. Since the mapping SN�1 3 e 7! c�.e/

is continuous, for each speed ce 2 .c�.e/;1/, we can choose a sequence ¹cmºm2N �

.c�.�m/;1/ such that cm! ce asm!1. Now we consider the following sequences of
solutions corresponding to problem (1.1):

cm > c
�.�m/; .Sm; Im/.t; x/ WD .S; I /.t; xI �m/; .t; x/ 2 R �RN ; m 2 N:

For each m 2 N, the function pair .Sm; Im/ satisfies the pulsating relations

.Sm; Im/

�
t C

k � �m

cm
; x

�
D .Sm; Im/.t; x � k/; 8.t; x; k/ 2 R �RN � ZN ;

as well as the lower and upper estimates

max.0; Sm/ � Sm < S0 and max.0; Im/ � Im � xIm in R �RN ;

where the functions Sm WD S.�; �I �m/, Im WD I .�; �I �m/ and xIm WD xI .�; �I �m/ are of the
following forms:

S.t; xI �m/ D S0Œ1 �K1e
�ı1.x��m�cmt/‰ı1.xI �m/�;

xI .t; xI �m/ D e
��cm .�m/.x��m�cmt/ˆ�cm .�m/.xI �m/;

I .t; xI �m/ D xI .t; xI �m/ �K2e
�.�cm .�m/Cı2/.x��m�cmt/ˆ�cm .�m/Cı2.xI �m/:
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Applying Lemma 5.1 to K D ¹�mºm2N , we find that the sequence ¹.Sm; Im/.t; x/º is
uniformly bounded for all .t;x/ 2R�RN andm 2N. By parabolic regularity, there exist
a subsequence of ¹.Sm; Im/º (not relabelled) and a bounded limit function pair .S;I / such
that

.Sm; Im/.t; x/! .S; I /.t; xI e/ in C 1;2loc .R �RN /2 as m!1:

Moreover, c�.�m/ ! c�.e/ as m ! 1 since the mapping SN�1 3 e 7! c�.e/ is con-
tinuous. Consequently, the 3-tuple limit .ce; S; I / satisfies ce > c�.e/ and the parabolic
system ´

@tS � r � .DS .x/rS/ D �ˇ.x/SI;

@tI � r � .DI .x/rI / D ˇ.x/SI � 
.x/I;
for .t; x/ 2 R �RN :

Furthermore, it is not hard to verify that the above convergence also yields

.S; I /

�
t C

k � e

ce
; x

�
D .S; I /.t; x � k/; 8.t; x; k/ 2 R �RN � ZN : (5.6)

From Propositions 3.1 and 3.3, we know that the mapping SN�1 3 e 7! �c.e/ is contin-
uous in both r 2 SN�1 and c 2 .c�.e/;1/, and that the principal eigenfunction ˆ�.�I e/
depends continuously on both � 2 R and e 2 SN�1 with respect to the uniform topology.
The same conclusion holds true for the principal eigenfunction ‰ı.�I e/. Since .S; I / are
bounded and ce > c�.e/, they also enjoy the following lower and upper estimates:

max.0; S.t; xI e// � S.t; xI e/ � S0; 8.t; x/ 2 R �RN ;

max.0; I .t; xI e// � I.t; xI e/ � xI .t; xI e/; 8.t; x/ 2 R �RN ; (5.7)

where the functions S , I and xI are the respective limits of ¹Smº, ¹Imº and ¹ xImº in the
uniform topology, and they are of the following form:

S.t; xI e/ D S0
�
1 �K1e

�ı1.x�e�ce t/‰ı1.xI e/
�
;

xI .t; xI e/ D e��ce .e/.x�e�ce t/ˆ�ce .e/.xI e/;

I .t; xI e/ D xI .t; xI e/ �K2e
�.�ce .e/Cı2/.x�e�ce t/ˆ�ce .e/Cı2.xI e/:

In order to obtain our result, we also need to prove that

lim
x�e!C1

.S; I /.t; x/ D .S0; 0/

locally uniformly for t 2 R and uniformly in the directions of e?, as well as

0 < S.t; xI e/ < S0; I.t; xI e/ > 0; 8.t; x/ 2 R �RN :

Using the pulsating relations (5.6) for .S; I / and the positivity of ce , the former is equiv-
alent to proving that

lim
t!�1

.S; I /.t; xI e/ D .S0; 0/ locally uniformly for x 2 RN ;
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which follows immediately from the estimates (5.7) for .S; I / since S.t; xI e/ is decreas-
ing in t while xI .t; xI e/ is increasing in t . The latter inequality follows from the strong
maximum principle. Indeed, the lower estimates for .S; I / in (5.7) ensure that there exists
t0 large enough such that

inf
x2RN

S.t; xI e/ > 0; inf
x2RN

I.t; xI e/ > 0; 8t < �t0:

Therefore, S.t; xI e/ > 0 and I.t; xI e/ > 0 for any .t; x/ 2 R � RN . Furthermore, as
ˇ > 0, the positivity of I and the strong maximum principle yield S.t; xI e/ < S0 for any
.t; x/ 2 R �RN .

This ends the proof of Theorem 2.1.

6. Some comments and future work

Let us mention some issues that will be considered in the future, and comment on the
difficulties that arise.

Firstly, in a forthcoming work, based on the periodicity exhibited by the profile in each
unit rational direction, we will investigate the asymptotic behaviour of pulsating waves
for problem (1.1) far behind the propagating front. More precisely, the pulsating travelling
wave we investigate here would have a travelling pulse of the infected populations. This is
a reasonable and natural expectation because no flux of susceptible individuals is involved
in the model (1.1). Furthermore, there exists a constant S1 2 Œ0; S0/ that is the desired
limit of the component S . This quantity describes the severity of the epidemic. In general,
it depends on the wave speed c and the population size S0 before the introduction of the
disease. For a general unit direction, this problem remains open for the moment.

Secondly, we expect that the critical value c� corresponds to the minimal wave speed.
A general methodology is to use a limiting argument cn! c� with larger speeds cn > c�.
The main difficulty is proving that the resulting solution is nontrivial. On the one hand,
as underlined above, the state S1 D Sn1 after the epidemic does depend on the wave
speeds cn and the pulsating wave exhibits a pulse-like shape of the infections. On the other
hand, for scalar periodic reaction-diffusion equations, the pulsating front of monostable
or bistable type is monotonic in time (see [5, 24]), but this is not the desired property of
the pulsating wave for problem (1.1). We leave this issue for future work.

Lastly, we have not focused in this work on the nonexistence of pulsating waves for
problem (1.1) with small speeds c < c�. This is also left for future work.
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