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Abstract. We study the weight part of Serre’s conjecture for generic n-dimensional mod p Galois
representations. We first generalize Herzig’s conjecture to the case where the field is ramified at
p and prove the weight elimination direction of the conjecture. We then introduce a new class of
weights associated to n-dimensional local mod p representations which we call extremal weights.
Using a “Levi reduction” property of certain potentially crystalline Galois deformation spaces, we
prove the modularity of these weights. As a consequence, we deduce the weight part of Serre’s
conjecture for unit groups of some division algebras in generic situations.
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1. Introduction

In [58], Serre announced his celebrated modularity conjecture for two-dimensional mod p
Galois representations (now a theorem of Khare–Wintenberger [43]). Much of that paper
is dedicated to formulating a strong version which predicts the minimal level and weight
at which one would find a suitable modular form in terms of the restriction of the mod p
Galois representation to decomposition groups. There has been enormous progress on
generalizing Serre’s strong version to other number fields and higher dimensions as well
as proving that the strong version follows from the weak version. This includes rather
complete results in dimension 2 [8,14,20,27,31,32,34,54,57], which have led to a much
better understanding of the hypothetical mod p Langlands correspondence [5, 6]. Still,
there has been no complete generalization of the weight part of Serre’s conjecture in any
dimension larger than 2, reflecting difficulties in integral p-adic Hodge theory.

Already in Serre’s original paper, the most subtle case occurs when the restriction x� to
the decomposition group at p is not semisimple: the très ramifiée extensions have fewer
modular Serre weights than the peu ramifiée ones. Still in dimension 2 but for unrami-
fied extensions of Qp , the set of Serre weights attached to a nonsplit extension by [8]
depends in a subtle way on the extension class even in generic cases (see also [9, 16]).
In higher dimensions, [29, 38] define a conjectural weight set for unramified extensions
of Qp only when x� is generic and semisimple. This conjecture was proven in [49] (for
many definite unitary groups) under a somewhat exotic genericity condition—again only
for semisimple x�. Further, [49, Conjecture 9.1.5] extended (still for unramified extensions
of Qp) the weight part of Serre’s conjecture to generic nonsemisimple Galois repres-
entations using stacks defined by Emerton–Gee [23] and their local models. It predicts
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that x� is modular of a Serre weight � if x� lies on a certain cycle on the Emerton–Gee
stack attached to � using known cases of the Breuil–Mézard conjecture. It seems that
this geometric perspective is essential because already in dimension 3 the set of modular
weights cannot be described by linear conditions on extension classes [50]. At present,
this conjecture seems difficult to access for several reasons. First, proving the conjecture
using the Breuil–Mézard perspective would require showing that various Taylor–Wiles
patched modules have full support, which is a notoriously difficult problem. (The relevant
deformation rings are not always integral domains when x� is not semisimple.) Second,
the cycle attached to � depends on cycle multiplicities appearing in local models that
are not well understood at present. Finally, a classification of possible weight sets seems
complicated because the formal definition of the Emerton–Gee stack makes it difficult to
understand basic geometric questions such as the intersection patterns of its irreducible
components. The goal of this paper is to establish upper and lower bounds for the set
of modular Serre weights which apply to generic nonsemisimple Galois representations
in arbitrary dimension over possibly ramified extensions of Qp . When applicable, our
bounds greatly improve the existing ones in the literature (see Remark 1.1.7). They arise
from our study of (potentially crystalline) Emerton–Gee stacks. The new symmetries and
geometric structures we observe should play a role in organizing further investigations on
Serre weight conjectures. Our results are new even in the semisimple case: we formulate a
generalization of Herzig’s conjecture for ramified p-adic fields which we prove is always
an upper bound. We give two concrete applications of our bounds. Under a mild and expli-
cit genericity condition, we establish the weight part of Serre’s conjecture for unit groups
of certain division algebras and generalize Gross’s automorphic tameness criterion.

1.1. Results

Let p be a prime and n � 2 be an integer. Let F=FC be a CM extension of a totally real
field FC ¤ Q. Assume for the sake of exposition that there is a single place v of FC

dividing p which splits in F . (Our results apply whenever all the places of FC dividing p
split in F .) Let G be a definite unitary group over FC split over F which is isomorphic
to U.n/ at each infinite place and split at v. A (global/ Serre weight is an irreducible
smooth xFp-representation V of G.OFC;v/, i.e. the inflation to G.OFC;v/ of an irredu-
cible xFp-representation of G.kv/, where kv is the residue field of FC at v. For a mod p
Galois representation xr WGF !GLn.xFp/, letW.xr/ denote the collection of modular Serre
weights for xr . That is, V 2W.xr/ if the Hecke eigensystem attached to xr appears in a space
of mod p automorphic forms on G of weight V for some level prime to v.

Fix a place zv of F dividing v which identifies G.kv/ with GLn.kv/. Define xrv WD
xr jGal. xFzv=Fzv/

. The goal of the weight part of Serre’s conjecture is to predict W.xr/ in terms
of xrv , or more precisely, the restriction of xrv to inertia.

Our global (and local) results include genericity conditions on xrv which will be made
precise in the body of the paper. We stress that our genericity conditions are completely
explicit, unlike those of [49]. We note however that for most results the genericity condi-
tions require p to be at least O.en2/ (where e is the absolute ramification index of Fzv).
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Let K=Qp be a finite extension with residue field k. With any tame n-dimensional
xFp-representation x� of IK � Gal. xK=K/ which extends to Gal. xK=K/, one associates a
Deligne–Lusztig representation V.x�/ of GLn.k/ (generalizing [29, Proposition 9.2.1])
which is defined over a finite extension E=Qp . It is also a representation of GLn.OK/
by inflation. Recall also the operator R (see [29, Section 9.2]) on the set of irreducible
xFp-representations of GLn.k/ (i.e. the set of Serre weights).

If K is unramified over Qp and x� is tame and generic, then Herzig defined the collec-
tionW ‹.x�/D ¹R.�/ j � 2 JH. xV .x�jIK //º. In the ramified setting, we make the following
generalization:

Definition 1.1.1. If x� is tame and generic, we define

W ‹.x�/ WD
®
R.�/

ˇ̌
� 2 JH

�
xV .x�jIK /˝

xW .0; 1 � e; 2.1 � e/; : : : ; .n � 1/.1 � e//
�¯
:

whereW.0;1� e; 2.1� e/; : : : ; .n� 1/.1� e// is the irreducible algebraic representation
of (parallel) highest weight .0; 1 � e; 2.1 � e/; : : : ; .n � 1/.1 � e//.

Remark 1.1.2. (1) In [49, Theorem 4.7.6], in the unramified case, we give a geometric
interpretation of Herzig’s W ‹.x�/ in terms of torus fixed points on certain subvarieties of
the affine flag variety. Although we do not directly use this description here because of a
lack of local model theory in the ramified case, it motivated Definition 1.1.1.

(2) When n D 2, Schein [57] gave an explicit description of a weight set for tamely
ramified x�. The two sets agree when x� is sufficiently generic (see Section 2.4.1).

We prove the weight elimination direction generalizing [47]:

Theorem 1.1.3 (“Weight elimination”, cf. Theorem 5.1.1). Suppose xr W GF ! GLn.xFp/
satisfies standard Taylor–Wiles hypotheses and xrv is tame and sufficiently generic. If � is
a sufficiently generic Serre weight, then

� 2 W.xr/ H) � 2 W ‹.xrv/:

When x� is not tame, unless n � 3, we do not have an analogue of W ‹.x�/. Historic-
ally, certain classes of Serre weights have been identified which are expected to belong
to W ‹.x�/. For example, Gee–Geraghty proved very generally the modularity of ordinary
weights, i.e., those weights for which xrv admits ordinary crystalline lifts. For tame x� andK
unramified, [29] introduced a notion of obvious weight which roughly speaking are charac-
terized by the property that x� admits an “obvious” crystalline lift of specified Hodge–Tate
weights, namely a sum of inductions of characters. Building on what we discovered when
nD 3 in [50], we introduce a notion of extremal weights Wextr.x�/ which encompasses (in
generic cases) both these earlier notions and prove the following theorem:

Theorem 1.1.4 (“Modularity of extremal weights”, Theorem 5.5.5). Let xr W GF !
GLn.F/ be an automorphic representation satisfying standard Taylor–Wiles conditions
and such that xrv is sufficiently generic. If either xr is potentially diagonalizably auto-
morphic or Wextr.xrv/ \W.xr/ is nonempty, then

Wextr.xrv/ � W.xr/:
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When xr is tamely ramified at v and FC is unramified at p, Theorem 1.1.4 was proven
in [47] and played a critical role in the theory of local models in [49] and its applications
to the weight part of Serre’s conjecture and the Breuil–Mézard conjecture. We expect
Theorem 1.1.4 to have similar applications when FC is ramified at p and hope to return
to this in future work.

There are two main ingredients in the proof of Theorem 1.1.4: a geometric one (which
will be discussed in the next section) and a combinatorial one. The combinatorial ingredi-
ent is a hidden Weyl group symmetry. If x� is tame and generic, thenWextr.x�/ is naturally a
torsor for a product of Œk W Fp� copies of the Weyl group Sn of GLn, as explained in [29].
Wildly ramified x� have fewer weights in general and fewer extremal weights (see Propos-
ition 3.7.3), but it turns out that the symmetry can be restored by enhancing an extremal
weight with the data of a specialization.

A tame inertial xFp-type is a continuous tame representation IK ! GLn.xFp/ which
admits an extension to GK . Tame inertial xFp-types admit a combinatorial description in
terms of fundamental characters of GK (see Section 2.3.3). To a generic x�, we attach a
collection of tame inertial xFp-types which we call (extremal) specializations (Definition
3.4.1). This notion is somewhat elaborate, relying on the geometry of the Emerton–Gee
stack (see e.g. Section 3.10). The semisimplification of x� restricted to IK is a prototypical
example of a specialization but there are always others when x� is not tame. It is generally
expected that the predicted Serre weights of a wildly ramified x� should be a subset of
those of x�ss. What we discover is that the same is true for the other specializations of x� as
well.

Theorem 1.1.5 (cf. Theorem 5.1.1). Suppose that xr W GF ! GLn.xFp/ satisfies standard
Taylor–Wiles hypotheses and xrv is sufficiently generic. Let xr sp

v be a specialization of xrv . If
� is a sufficiently generic Serre weight, then

� 2 W.xr/ H) � 2 W ‹.xr sp
v /:

This follows from a purely local result, showing that if xrv admits a tamely potentially
crystalline lift of type .�; .n� 1; n� 2; : : : ; 0// then so does any extension of the special-
ization of xr sp

v to GK , combined with the same weight elimination combinatorics as in the
tame case.

Remark 1.1.6. Theorems 1.1.4 and 1.1.5 interact in an interesting way to constrainW.xr/.
Weight elimination can be used to produce further extremal Serre weights, which in turn
can be used to produce further specializations, and hence further weight elimination. Each
iteration sharpens the bounds on W.xr/.

Remark 1.1.7. (1) When FCv =Qp is unramified the assumption that � is sufficiently
generic can be removed [47]. A similar argument can remove this assumption even in the
ramified case, but we do not pursue this here.

(2) Theorem 1.1.4 improves on previous lower bounds for the set of modular weights
given by the sets of ordinary weights [28] and Fontaine–Laffaille weights [2]. For
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example, if xrv is completely reducible and generic, then xrv has nŠ ordinary weights, nf

Fontaine–Laffaille weights, and .nŠ/f extremal weights, where f denotes Œkv W Fp�.
(3) The only previously known upper bound for W.xr/ was W ‹.xr ss

v / (when FCv =Qp

is unramified) [47]. If xrv has .nŠ/f specializations (which is the generic behavior geo-
metrically on the Emerton–Gee stack), Theorem 1.1.5 gives a far better upper bound. For
instance when nD 3, FCv =Qp is unramified, and xrv has 6f specializations, Theorem 1.1.5
gives an upper bound with a set of size at most 2f rather than 9f .

(4) When n D 2 and FCv =Qp is unramified, the lower and upper bounds are equal
and agree with the set defined in [8]. When n D 3 and FCv =Qp is unramified, the lower
and upper bounds are close and play a major role in the resolution of the Serre weight
conjecture in generic cases [50].

A byproduct of our methods is an automorphic tameness criterion in the spirit of [34].
When n D 2 and F D Q, Gross’s tameness criterion says that for generic modular xr ,
tameness of xr at p is equivalent toW.xr/ having two distinct Serre weights (as opposed to
one). Here we show a similar criterion in terms of the modularity of two extremal weights.

Theorem 1.1.8 (“Automorphic tameness criterion”, Theorem 5.5.6). Let �v; � 0v 2
Wextr.xr

ss
v / be extremal weights of xr ss

v which differ by the longest element w0 under the
Weyl group symmetry. Suppose that �v 2 W.xr/ and xrv is sufficiently generic. Then the
following are equivalent:

(1) � 0v 2 W.xr/;

(2) xrv is tame.

Remark 1.1.9. In the case whereW.xr/ contains a lowest alcove weight, our methods also
give a refined version of the tameness criterion, showing that automorphic information
even detects the stratum of xrv in the moduli of Fontaine–Laffaille representations (with
respect to a natural partition). This idea plays a crucial role in [51].

Finally, we discuss our results on the weight part of Serre’s conjecture for division
algebras. When G is an anisotropic mod center inner form of GLn locally at v, Serre
weights lift to characteristic zero, and hence the modularity of a Serre weight can be
rephrased in terms of the existence of automorphic lifts of specified types. By local-global
compatibility, a necessary condition for the modularity of a generic Serre weight �v is the
existence of a lift which is potentially crystalline at v of type .�.�v/; .n� 1;n� 2; : : : ; 0//
for a certain tame cuspidal type �.�v/. We prove the converse under some hypotheses.

Theorem 1.1.10 (Serre weights for division algebras, Theorem 5.5.13). Suppose that v
is unramified in FC, G is an anisotropic mod center inner form of GLn locally at v,
xr W GF ! GLn.xFp/ satisfies standard Taylor–Wiles hypotheses and is potentially diag-
onalizably automorphic, and x�v is sufficiently generic. Then �v 2 W.xr/ if and only if x�v
admits a potentially crystalline lift of type .�.�v/; .n � 1; n � 2; : : : ; 0//.

This generalizes results in [33] when n D 2 and [17] (announced in 2019) when
xr is tamely ramified at v. The main difficulty lies in the construction of automorphic
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lifts. One has access to powerful potentially Barsotti–Tate modularity lifting results when
n D 2 [30] that are not available in general. Via a transfer à la Jacquet–Langlands, it suf-
fices to construct automorphic lifts for a group which is quasisplit at places dividing p.
Generalizing [47] in the tame case, we construct the desired automorphic lifts using the
modularity of extremal weights. In fact, we prove a more general criterion for the exist-
ence of automorphic lifts where �.�v/ is replaced by any sufficiently generic tame inertial
type (Corollary 5.5.11). That the modularity of extremal weights suffices to produce the
desired automorphic lifts reduces to combinatorics of the extended affine Weyl group
when xr is tamely ramified at v. In general, it requires an analysis of the geometry of local
models (Section 3.10).

1.2. Geometric methods: Levi reduction for deformation rings

We now explain how we go about proving the modularity of the extremal weights (The-
orem 1.1.4). As mentioned earlier, this notion expands on the notions of ordinary and
obvious weights. Gee–Geraghty [28] proved modularity of ordinary weights in consid-
erable generality. Three of the present authors proved modularity of obvious weights in
the unramified and generic semisimple case [47]. Both of these results rely on producing
potentially diagonalizable lifts of some prescribed type. Using these methods, we can
access some but not all of the extremal weights. Instead, we adopt the strategy of [48] and
exploit the symmetry of our situation.

As described above, extremal weights when enhanced with the data of a specializa-
tion admit a Weyl group symmetry. The main point is to show that if two extremal weights
�; � 0 are related by a simple reflection then the modularity of one implies the modular-
ity of the other. To do this, we show that we can find a sequence of well-chosen tame
types �0; : : : ; �2e connecting � to � 0 where we can establish good combinatorial behavior
of Serre weights and show that the Galois deformation rings are integral domains. The
following is the main result on deformation rings that we use.

Theorem 1.2.1 (particular case of Theorem 4.1.1). Let �i be one of the well-chosen tame
inertial types described above .which will be sufficiently generic in our setup/. Then
R
.n�1;n�2;:::;0/;�
x� is either zero or a normal domain. Furthermore, if it is nonzero, then

either it is formally smooth over O or the special fiber is reduced with exactly two irredu-
cible components.

We actually prove a more general result for a larger class of deformation rings (The-
orem 4.1.1). We approach the deformation spaces using the methods for studying Breuil–
Kisin modules developed in [47–49]. This is the first time these methods have been
adapted to the ramified setting. The key ingredient in our proof of Theorem 4.1.1 is the fact
that the local models (in the sense of [49] adapted to the ramified setting) of these Galois
deformation spaces have a Levi reduction property: namely, they are formally smooth
over similar local models attached to suitable Levi subgroups of GLn. This turns out to be
a general phenomenon whenever the shape of x� relative to the type � is suitably “decom-
posable”, which may be of independent interest. In the specific case of Theorem 1.2.1,
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the Levi subgroup we reduce to is GL2 � GLn�21 . Thus, we are able to show essentially
that R.n�1;n�2;:::;0/;�

x� is smooth over the completed local ring of a ramified local model of
Pappas–Rapoport, from which we deduce the normality and the description of the special
fiber. We prove a similar Levi reduction property for the Pappas–Zhu local models, which
is a key geometric input (Lemma 2.2.7) into the analysis of Serre weight combinatorics
for these tame types.

Remark 1.2.2. When K=Qp is unramified, the relevant local model is a product of the
Iwahori local models for GL2. Concretely, Theorem 1.2.1 says thatR.n�1;n�2;:::;0/;�

x� either
will be the power series ring over O or will be formally smooth over OJx; yK=.xy � p/.
This observation in the case of GL3 in [48] was the starting point for this work.

1.3. Overview

In Section 2, after preliminaries on the affine Weyl group and admissible sets (Sec-
tion 2.2), and recollections on Serre weights (Section 2.3), we formulate a Serre type
conjecture on the weights of tame Galois representations over a possibly ramified field
(Definition 2.3.1) and obtain our main results on the combinatorics of Serre weights and
tame inertial types for the shapes we will be interested in (Propositions 2.4.8, 2.4.9).

Section 3 introduces the notion of extremal weights for Galois representations (Sec-
tion 3.7). This requires preliminaries on the semicontinuity of shapes for Kisin modules
(Sections 3.3, 3.5, in different degrees of generality), the notion of specializations for
Galois representations (Section 3.4) and the closely related notion of specialization pairs
(Section 3.6). The nonemptiness of the set of extremal weights is proved in Sections 3.8
and 3.10 with different methods. In particular, the geometric interpretation of this set in
terms of the Emerton–Gee stack in the unramified case is in Sections 3.9 and 3.10.

Section 4 calculates the tamely potentially crystalline deformation rings which appear
when studying extremal weights of Galois representations. We first establish structural
results on of Breuil–Kisin modules of certain parabolic shapes (Section 4.2) and then
analyze the monodromy condition on them (Section 4.4, Lemma 4.4.3).

In Section 5, after a number of preliminaries on patching functors and cycles on
potentially crystalline deformation rings (Sections 5.2, 5.3), we prove in Section 5.4 the
modularity of extremal weights in an axiomatic setup (Theorem 5.4.3). Section 5.5 con-
tains our global applications to automorphic forms on definite unitary groups.

1.4. Notation

For a field K, we denote by xK a fixed separable closure of K and let GK WD Gal. xK=K/.
IfK is defined as a subfield of an algebraically closed field, then we set xK to be this field.

If K is a nonarchimedean local field, we let IK � GK denote the inertial subgroup
andWK � GK denote the Weil group. We fix a prime p 2 Z>0. Let E � xQp be a subfield
which is finite-dimensional over Qp . We write O to denote its ring of integers, fix a
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uniformizer $ 2 O and let F denote the residue field of E. We will assume throughout
that E is sufficiently large.

1.4.1. Reductive groups. LetG denote a split connected reductive group (over some ring)
together with a Borel subgroup B , a maximal split torus T � B , and Z � T the center
of G. Let d D dimG � dimB . When G is a product of copies of GLn, we will take B
to be the upper triangular Borel subgroup and T the diagonal torus. Let ˆC � ˆ (resp.
ˆ_;C � ˆ_) denote the subset of positive roots (resp. positive coroots) in the set of roots
(resp. coroots) for .G; B; T /. We use the notation ˛ > 0 (resp. ˛ < 0) for a positive
(resp. negative) root ˛ 2 ˆ. Let � (resp. �_) be the set of simple roots (resp. coroots).
Let X�.T / be the group of characters of T , and set X0.T / to be the subgroup consisting
of characters � 2X�.T / such that h�;˛_i D 0 for all ˛_ 2�_. LetƒR �X�.T / denote
the root lattice for G. Let W.G/ denote the Weyl group of .G; T /. Let w0 denote the
longest element of W.G/. We sometimes write W for W.G/ when there is no chance
for confusion. Let Wa (resp. zW ) denote the affine Weyl group and extended affine Weyl
group for G,

Wa D ƒR ÌW.G/; zW D X�.T / ÌW.G/:

We use t� 2 zW to denote the image of � 2 X�.T /.
The Weyl groups W.G/, zW , and Wa act naturally on X�.T /. If A is any ring, then

the above Weyl groups act naturally on X�.T /˝Z A by extension of scalars.
Let M be a free Z-module of finite rank (e.g. M D X�.T /). The duality pairing

betweenM and its Z-linear dualM � will be denoted by h ; i. If A is any ring, the pairing
h ; i extends by A-linearity to a pairing betweenM ˝Z A andM �˝Z A, and by an abuse
of notation it will be denoted by the same symbol h ; i.

We write G_ D G_
=Z for the split connected reductive group over Z defined by the

root datum .X�.T /; X
�.T /; ˆ_; ˆ/. This defines a maximal split torus T _ � G_ such

that we have canonical identifications X�.T _/ Š X�.T / and X�.T _/ Š X�.T /.
Let V WD X�.T /˝Z R n

S
.˛;n/H˛;n. For .˛; k/ 2 ˆ � Z, we have the root hyper-

plane H˛;k WD ¹x 2 V j h�; ˛
_i D kº and the half-hyperplanes HC

˛;k
D ¹x 2 V j

hx; ˛_i > kº andH�˛;n D ¹x 2 V j hx; ˛
_i < kº: An alcove is a connected component of

V n
S
.˛;n/H˛;n.

We say that an alcove A is restricted if 0 < h�; ˛_i < 1 for all ˛ 2 � and � 2 A.
We let A0 denote the dominant base alcove, i.e. the set of � 2 X�.T / ˝Z R such that
0 < h�; ˛_i < 1 for all ˛ 2 ˆC. Let A denote the set of alcoves. Recall that zW acts
transitively on the set of alcoves, and zW Š zWa Ì� where � is the stabilizer of A0. We
define

zW C WD ¹ zw 2 zW j zw.A0/ is dominantº;

zW C1 WD ¹ zw 2
zW C j zw.A0/ is restrictedº:

We fix an element �0 2 X�.T / such that h�0; ˛_i D 1 for all positive simple roots ˛ and
let zwh be w0t��0 2 zW

C
1 .
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When G D GLn, we fix an isomorphism X�.T /Š Zn in the standard way, where the
standard i -th basis element .0; : : : ; 1; : : : ; 0/ (with 1 in the i -th position) of the right-hand
side corresponds to extracting the i -th diagonal entry of a diagonal matrix. When G is
a product of copies of GLn indexed over a set J, we take �0 2 X�.T / to correspond to
the element .n � 1; n � 2; : : : ; 0/j2J 2 .Zn/J in the identification above. In this case,
given j 2 J we write �0;j 2 X�.T / to denote the element which corresponds to the tuple
.n � 1; : : : ; 1; 0/ at j and to the zero tuple elsewhere.

Let FCp be a finite étale Qp-algebra. Then FCp is isomorphic to a product
Q
Sp
FCv for

some finite set Sp where for each v 2 Sp , FCv is a finite extension of Qp . For each v 2 Sp ,
let O

F
C
v
� FCv be the ring of integers, kv the residue field, FCv;0 � F

C
v the maximal

unramified subextension, fv the unramified degree ŒFCv;0 W Qp�, and ev the ramification
degree ŒFCv W F

C
v;0�. Let Op be the product

Q
v2Sp

O
F
C
v

and kp the product
Q
v2Sp

kv .
In global applications, Sp will be a finite set of places dividing p of a number fieldFC.

When working locally, Sp will have cardinality 1, in which case we drop the subscripts
from fv , ev , and kv and denote the single extension FCv of Qp by K.

If G is a split connected reductive group over Fp , with Borel subgroup B , maximal
split torus T , and center Z, we let G0 WD Reskp=FpG=kp with Borel subgroup B0 WD
Reskp=FpB=kp , maximal torus T0 WD Reskp=FpT=kp , and Z0 D Reskp=FpZ=kp . Assume
that F contains the image of any ring homomorphism kp ! xFp and let J be the set of
ring homomorphisms kp ! F . Then G WD .G0/=F is naturally identified with the split
reductive group GJ

=F . We similarly define B; T ; and Z. Corresponding to .G; B; T /, we
have the set of positive roots ˆC � ˆ and the set of positive coroots ˆ_;C � ˆ_. The
notations ƒR, W , Wa, zW , zW C, zW C1 , � should be clear as should the natural isomor-
phisms X�.T / D X�.T /J and the like. The absolute Frobenius automorphism ' on kp
induces an automorphism � of the identified groups X�.T / and X�.T _/ by the formula
�.�/� D ��ı'�1 for all � 2 X�.T / and � W kp ! F . We assume that, in this case, the
element �0 2 X�.T / we fixed is �-invariant. We similarly define an automorphism �

of W and zW .

1.4.2. Galois theory. We now assume that Sp has cardinality 1. We write K WD FCv and
drop the subscripts from fv , ev , and kv . Let W.k/ be the ring of Witt vectors which is
also the ring of integers OK0 of K0. We denote the arithmetic Frobenius automorphism
on W.k/ by ', which acts as raising to p-th power on the residue field. We fix an embed-
ding of �0 ofK0 intoE (equivalently an embedding of k into F ) and define �j D �0 ı '�j ,
which gives an identification between J D Hom.k;F/ and Z=f Z.

We normalize Artin’s reciprocity map ArtK W K�! W ab
K in such a way that uniform-

izers are sent to geometric Frobenius elements.
Given a uniformizer �K 2 OK and a sequence �K WD .�K;m/m2N 2 xK

N satisfying
�
p
K;mC1 D �K;m, �K;0 WD �K we let K1 be

S
m2N K.�K;m/.

Given an element �1 WD .��K/
1

pf �1 2 xK we have a corresponding character !K W
IK !W.k/� which, using our choice of embedding �0, gives a fundamental character of
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niveau f ,
!f WD �0 ı !�1 W IK ! O�:

Let � W GK ! GLn.E/ be a p-adic, de Rham Galois representation. For � W K ,! E,
we define HT� .�/ to be the multiset of � -labeled Hodge–Tate weights of �, i.e. the set
of integers i such that dimE .� ˝�;K Cp.�i//GK ¤ 0 (with the usual notation for Tate
twists). In particular, the cyclotomic character " has Hodge–Tate weights 1 for all embed-
dings � W K ,! E. For � D .�j /j 2 X

�.T / we say that � has Hodge–Tate weights �
if

HT�j .�/ D ¹�1;j ; �2;j ; : : : ; �n;j º:

The inertial type of � is the isomorphism class of WD.�/jIK , where WD.�/ is the Weil–
Deligne representation attached to � as in [15, Appendix B.1] (in particular, � 7!WD.�/ is
covariant). An inertial type is a morphism � W IK ! GLn.E/ with open kernel and which
extends to the Weil group WK of GK . We say that � has type .�; �/ if � has Hodge–Tate
weights � and inertial type given by (the isomorphism class of) � .

1.4.3. Miscellanea. For any ring S , we define Matn.S/ to be the set of n � n matrices
with entries in S . If M 2 Matn.S/ and A 2 GLn.S/ we write

Ad.A/.M/ WD AMA�1: (1.1)

If X is an ind-scheme defined over O, we write XE WD X �Spec O SpecE and XF WD

X �Spec O Spec F to denote its generic and special fiber, respectively.

2. Preliminaries

2.1. Extended affine Weyl groups

In this section, we collect some background material on Weyl groups which will be needed
throughout the paper.

Recall from Section 1.4.1 that G is a split reductive group with split maximal torus T
and Borel subgroup B . Let W WD W.G; T / be the Weyl group and V WD X�.T /˝R Š
X�.T

_/˝ R denote the apartment of .G; T / on which zW WD X�.T / ÌW acts. Let C0
denote the dominant Weyl chamber in V . For any w 2 W.G/, let Cw D w.C0/. In partic-
ular, denoting the longest element of W by w0, Cw0 is the antidominant Weyl chamber.

Recall from Section 1.4.1 that A denotes the set of alcoves of X�.T /˝ R and that
A0 2 A denotes the dominant base alcove. We let " denote the upper arrow ordering on
alcoves as defined in [42, Section II.6.5]. Since Wa acts simply transitively on the set of
alcoves, zw 7! zw.A0/ induces a bijection Wa

�
�! A and thus an upper arrow ordering "

on Wa. The dominant base alcove A0 also defines a set of simple reflections in Wa and
thus a Coxeter length function on Wa denoted by `.�/ and a Bruhat order on Wa denoted
by �.
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If � � zW is the stabilizer of the base alcove, then zW D Wa Ì� and so zW inherits a
Bruhat and upper arrow order in the standard way: For zw1; zw2 2Wa and ı 2�, zw1ı� zw2ı
(resp. zw1ı " zw2ı) if and only if zw1 � zw2 (resp. zw1 " zw2), and elements in different right
Wa-cosets are incomparable. We extend `.�/ to zW by letting `. zwı/ WD `. zw/ for any
zw 2 Wa and ı 2 �.

Definition 2.1.1. If zw1; : : : ; zwm 2 zW , we say that zw1 � � � zwm is a reduced expression if
the inequality `. zw1 � � � zwm/ �

Pm
iD1 `. zwi / is an equality.

Let . zW _;�/ be the following partially ordered group: zW _ is identified with zW as a
group, and `.�/ and � are defined with respect to the antidominant base alcove.

Definition 2.1.2. We define a bijection zw 7! zw� between zW and zW _ as follows: for
zw D t�w 2 zW , with w 2 W and � 2 X�.T / D X�.T _/, then zw� WD w�1t� 2 zW _.

This bijection respects the notions of length and Bruhat order (see [47, Lemma 2.1.3]).
We recall some fundamental notions associated to the geometry of X�.T / and zW .

Definition 2.1.3. Let � 2 X�.T /. The convex hull of the set ¹w.�/ j w 2 W º is defined
to be

Conv.�/ WD
\
w2W

.w.�/C xCww0/;

where xCww0 denotes the closure of the Weyl chamber Cww0 .

We recall the definition of the admissible set from [44]:

Definition 2.1.4. For � 2 X�.T /, define

Adm.�/ WD ¹ zw 2 zW j zw � tw.�/ for some w 2 W º:

For a positive integer e, define an e-critical strip to be H .1�e;e/
˛ D ¹x 2 V j 1 � e <

hx; ˛_i < eº for some ˛ 2 ˆC.

Definition 2.1.5. An alcove A 2 A is e-regular if A does not lie in any e-critical strip.
For any zw 2 zW , we say zw is e-regular if zw.A0/ is e-regular. Define

Adme-reg.�/ D ¹ zw 2 Adm.�/ j zw is e-regularº:

Proposition 2.1.6. If zw 2 zW is e-regular, then there exist zw1; zw2 2 zW C1 and a dominant
weight � 2X�.T / such that zwD zw�12 w0t�C.e�1/�0 zw1. Moreover, zw1, zw2, and � as above
are unique up toX0.T /. Conversely, if zw1; zw2 2 zW C, then the element zw�12 w0t.e�1/�0 zw1
is e-regular.

We conclude this section by recalling from [49, Definition 2.1.10] the various notions
of genericity for elements of X�.T /.

Definition 2.1.7. Let � 2 X�.T / be a weight and let m � 0 be an integer.

(1) We say that � lies m-deep in its p-alcove if for all ˛ 2 ˆC, there exist m˛ 2 Z such
that pm˛ Cm < h�C �0; ˛

_i < p.m˛ C 1/ �m.
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(2) We say that � 2 X�.T / is m-generic if m < jh�; ˛_i C pkj for all ˛ 2 ˆ and k 2 Z
(or equivalently � � �0 is m-deep in its p-alcove).

(3) We say that an element zw D wt� (in either zW or zW _) is m-small if h�; ˛_i � m for
all ˛ 2 ˆ.

2.2. Combinatorics of the extended affine Weyl group

In this section, we collect a variety of results on the combinatorics of the extended affine
Weyl group. These will be applied to the analysis of the combinatorics of Serre weights
in Section 2.4. The methods are elementary with the exception of a geometric input from
Pappas–Zhu local models in the proof of Lemma 2.2.7. We begin with results concerning
the partial orderings � and ".

Lemma 2.2.1. Suppose that zxC 2 zW C and w 2 W . Then wzxC is a reduced expression.

Proof. There are galleries in the 1-direction fromw�1.A0/ toA0 and fromA0 to zxC.A0/.
We conclude that `.wzxC/ D `.w/C `.zxC/.

Lemma 2.2.2. Suppose that zx 2 zW and zwC 2 zW C and zx � w0 zwC. Then w0 zwC " wzx
for any w 2 W .

Proof. Since w0 zwC is a reduced factorization by Lemma 2.2.1, zx � w0 zwC implies that
zx D szx0 for s 2 W and zx0 2 zW with zx0 � zwC. Factoring zx0 as the reduced expression
s0zxC where s0 2W and zxC 2 zW C, we find that zxC � zx0. Replacing s by ss0 and zx0 by zxC,
we can thus assume without loss of generality that zx0 D zxC is in zW C. Wang’s theorem
([59, Theorem 4.3] or [47, Theorem 4.1.1]) implies that zxC " zwC. Then we conclude that
w0 zw

C " w0zx
C " wszxC D wzx for any w 2 W by [42, II 6.5(5)].

Lemma 2.2.3. If zx; zy 2 zW and zx � zy, then zxC " zyC where zxC and zyC are the unique
elements in W zx \ zW C and W zy \ zW C, respectively. In particular, zx " zyC.

Proof. Let zyC be w zy with w 2 W . Since w0 D .w0w/w
�1 and w0.w zy/ are reduced

expressions (the latter by Lemma 2.2.1, the former by e.g. [40, Section 1.8]), so is
.w0w/w

�1.w zy/ and therefore so is .w0w/zy. Since zxC � zx (by Lemma 2.2.1) and zx � zy,
w0wzx

C � w0w zy D w0 zy
C. Lemma 2.2.2 implies that w0 zyC " w0zxC so that zxC " zyC.

The last claim follows from [42, II 6.5(5)].

Lemma 2.2.4. If zw; zw0 2 zW C1 , and �; � 2 X�.T / with � dominant, then t�w0t� zw �
w0t� zw

0 and t��w0t� zw0 � w0t� zw imply that � 2 X0.T / and zw0 D t� zw.

Proof. Suppose that t�w0t� zw � w0t� zw0 and t��w0t� zw0 � w0t� zw. Lemma 2.2.2 implies
thatw0t� zw0 " t�w0t� zw andw0t� zw " t��w0t� zw0. Combining these, we see thatw0t� zw0 "
t�w0t� zw " w0t� zw

0, which implies that w0t� zw0 D t�w0t� zw or equivalently zw0 D tw0� zw.
This implies that zw and zw0 have the same image in W . Using the fact that zw and zw0 are
both in zW C1 , we find that tw0� D zw

0 zw�1 2 X0.T / and in particular w0� D �.



D. Le, B. V. Le Hung, B. Levin, S. Morra 2486

We now begin our analysis of certain elements of the admissible set which play an
important role in our modularity results. For a simple root ˛, let Wa;˛ be the subgroup
of Wa generated by s˛ and t˛ .

Lemma 2.2.5. Let ˛ be a simple root. Suppose that zw˛ zw1 " zw2 " zw1 for some zw˛ 2Wa;˛ .
Then zw2 2 Wa;˛ zw1.

w̃1

w̃αw̃1

w̃2

Fig. 1. The alcoves which are below zw1.A0/ in the " order are those below the thickened red lines.
The alcoves corresponding to Wa;˛ zw1 are drawn in dotted blue lines.

Proof. Let x 2 A0. Then zw1.x/ � zw2.x/ and zw2.x/ � zw˛ zw1.x/ are nonnegative linear
combinations of positive simple roots. On the other hand, zw1.x/� zw˛ zw1.x/ is a nonneg-
ative multiple of ˛. This implies that so is zw1.x/ � zw2.x/.

There is a series .si /miD1 of hyperplane reflections such that

zw2 " s1 zw2 " s2s1 zw2 " � � � " sm � � � s2s1 zw2 D zw1:

If the corresponding positive roots are .˛i /miD1, then zw1.x/ � zw2.x/ is a positive linear
combination of the roots in .˛i /miD1. The above paragraph implies that ˛i D ˛ for all i .

Let e be a positive integer. Recall that the e�0-admissible set Adm.e�0/ � zW is the
subset of elements zw such that zw � tw.e�0/ for some w 2 W .

Proposition 2.2.6. The set w�1Wa;˛te�0w \ Adm.e�0/ consists of the elements

tw�1.e�0�k˛/ for 0 � k � e

and
zw�1s˛te�0�.kC1/˛ zw for 0 � k � e � 1;

where zw 2 zW C1 is an element .unique up to X0.T // with image w in W .
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Proof. It is easy to check that the listed elements lie inw�1Wa;˛te�0w. Furthermore, they
are all less than or equal to either tw�1.e�0/ or t.s˛w/�1.e�0/. Indeed, set zzk WD t.e�1/�0�k˛
and zz0

k
WD t.e�1/�0�.e�1�k/˛s˛ . Then

tw�1.e�0�k˛/ D . zwh zw/
�1w0.zzk zw/ D . zwh zw/

�1.w0s˛/.zz
0
k zw/; (2.1)

zw�1s˛te�0�.kC1/˛ zw D . zwh zw/
�1.w0s˛/.zzk zw/ D . zwh zw/

�1w0.zz
0
k zw/; (2.2)

where 0 � k � e for the elements in (2.1) and 0 � k � e � 1 for the elements in (2.2).
Both zzk ; zz0k " t.e�1/�0 and, if k ¤ e, one is them is in zW C. Wang’s theorem implies that,
for 0 � k � e � 1, one among zzk , zz0

k
is less than or equal to t.e�1/�0 . This implies that for

0 � k � e � 1 the elements (2.1), (2.2), with the exception of t.s˛w/�1.e�0/, are less than
or equal to tw�1.e�0/ in the Bruhat ordering. The exceptional element is less than or equal
to itself.

We claim that any element in w�1Wa;˛te�0w of length at most that of tw�1.e�0/ is one
of the listed elements. This would provide the reverse inclusion. For each positive root ˇ
and zw 2 zW , let

nˇ . zw/ D

´
bh zw.x/; w�1.ˇ_/ic if w.ˇ/ > 0;

bh zw.x/; w�1.ˇ_/ic C 1 if w.ˇ/ < 0;

for any x 2A0. Letmˇ . zw/ be jnˇ . zw/j. Then `. zw/ is the sum
P
ˇ>0mˇ . zw/ ([41, Propos-

ition 1.23], see also [37, Section 1.3]). Let d. zw/ be the summ˛. zw/C
P
ˇ>0;ˇ¤˛ nˇ . zw/.

The function d.�/ has three favorable properties: d. zw1/� `. zw1/ for all zw1 2 zW , `. zw1/D
d. zw1/ ifw zw1 2 zW C (in particular for zw1 D tw�1.e�0/), and as we shall see next, d. zw1/�
m˛. zw1/ D

P
ˇ>0;ˇ¤˛ nˇ . zw1/ is the same for all zw1 2 w�1Wa;˛te�0w.

Fix x as above such that hx; w�1.˛_/i D ˙1
2

. Then for each zw1 2 w�1Wa;˛te�0w,
zw1.x/ D x C w�1.e�0 �

k
2
˛/ for some k 2 Z. Moreover, the map zw1 7! k defines a

bijection w�1Wa;˛te�0w ! Z. We claim thatX
ˇ>0;ˇ¤˛

bhtw�1.e�0/.x/; w
�1.ˇ_/ic D

X
ˇ>0;ˇ¤˛

bh zw1.x/; w
�1.ˇ_/ic: (2.3)

Assuming (2.3) for the moment, we obtain

`.tw�1.e�0//� d. zw1/ D d.tw�1.e�0//� d. zw1/

D m˛.tw�1.e�0//�m˛. zw1/

C

X
ˇ>0;ˇ¤˛

.bhtw�1.e�0/.x/; w
�1.ˇ_/ic� bh zw1.x/; w

�1.ˇ_/ic/

D m˛.tw�1.e�0//�m˛. zw1/

D jej � je� kj:

If `. zw1/ � `.tw�1.e�0//, then since d. zw1/ � `. zw1/ we have jej � je � kj, so that 0 �
k � 2e. These 2eC 1 values for k correspond to the 2eC 1 listed elements. (See Figure 2
for the case of GL3 and e D 3.)
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It suffices to justify (2.3). We need to show thatX
ˇ>0;ˇ¤˛

bhx;w�1.ˇ_/ic D
X

ˇ>0;ˇ¤˛

��
x �

k

2
w�1.˛/; w�1.ˇ_/

��
;

or equivalently, letting y D w.x/, thatX
ˇ>0;ˇ¤˛

bhy; ˇ_ic D
X

ˇ>0;ˇ¤˛

��
y �

k

2
˛; ˇ_

��
:

We can ignore roots ˇ such that h˛; ˇ_i D 0. The remaining positive roots come in pairs
.ˇ�; ˇC/ where h˛; ˇ_�i < 0 and ˇC D s˛.ˇ�/. Fix such a pair. The fact that h˛; ˇ_�i C
h˛; ˇ_Ci D 0 implies that

hy; ˇ_Ci C hy; ˇ
_
�i D

�
y �

k

2
˛; ˇ_C

�
C

�
y �

k

2
˛; ˇ_�

�
:

It suffices to show that

¹hy; ˇ_Ciº C ¹hy; ˇ
_
�iº D

²�
y �

k

2
˛; ˇ_C

�³
C

²�
y �

k

2
˛; ˇ_�

�³
; (2.4)

where ¹rº denotes the fractional part r � brc of r 2 R. If h˛; ˇ_Ci, and therefore h˛; ˇ_�i,
is even, then (2.4) is clear. Now suppose that h˛; ˇ_Ci is odd. Recall that we chose x so
that hy;˛_i D˙1

2
. Then ˇC D ˇ�C hˇC; ˛_i˛ implies that ¹hy;ˇ_�iº D ¹hy;ˇ

_
Ci C

1
2
º.

We see that the terms of each side of (2.4) are the same (resp. permuted) when k is even
(resp. odd).

Lemma 2.2.7. Let ˛ be a simple root and w be an element of W . If zw 2 w�1Wa;˛te�0w
\ Adm.e�0/ and zw � t��1.e�0/ for some � 2 W , then � 2 ¹w; s˛wº.

Proof. Suppose that zw is as in the statement. If zw D tw�1.e�0/ or t.s˛w/�1.e�0/ and zw �
t��1.e�0/, then zw D t��1.e�0/ since `. zw/ D `.t��1.e�0// and the conclusion follows. Oth-
erwise, zw � tw�1.e�0/; t.s˛w/�1.e�0/ by Proposition 2.2.6 and the first part of its proof
(applying Proposition 2.2.6 with w taken to be both w and s˛w here). But by Corollary
4.3.3, there are at most two � 2W with zw � t��1.e�0/ (the reader can check that the proof
of Corollary 4.3.3 only involves geometric properties of Pappas–Zhu local models, and
does not make use of any of the results of this section). The conclusion follows.

Proposition 2.2.8. Let ˛ be a simple root and w be an element of W . Suppose that

(1) zx 2 w�1Wa;˛te�0w \ Adm.e�0/;

(2) zw2 2 zW C and zw� 2 zW C1 such that zw2 " zwh zw�;

(3) zw2zx � w0t.e�1/�0 zw�.

Then zw2 equals zwh zw� and the image of zw� inW is in the set ¹w; s˛wº. Moreover, we can
take zw� as above to have image w 2 W (resp. s˛w 2 W ) if and only if zx ¤ t.s˛w/�1.e�0/
(resp. zx ¤ tw�1.e�0/).
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tβ(3η0)

t3η0

tα(3η0)

tαβ(3η0)

tw0(3η0)

Id
αβ

tβ(3η0)

tβα(3η0)

Fig. 2. The G D GL3 3�0-admissible set is in red. The set ˇ�1Wa;˛te�0ˇ is in blue.

Proof. There exists a dominant weight ! (unique up to X0.T /) such that t�! zw2 2 zW C1 .
Then t�w0.!/ zw� 2 zW

C and item (2) and [47, Proposition 4.1.2] give us t�w0.!/ zw� "
t�w0.!/ zw

�1
h
zw2 D zw

�1
h
t�! zw2. Then Wang’s theorem implies t�w0.!/ zw� � zw

�1
h
t�! zw2,
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and so by [47, Lemma 4.1.9] we have

zx � zw�12 w0t.e�1/�0 zw� D .t�! zw2/
�1w0t.e�1/�0 t�w0.!/ zw�

� .t�! zw2/
�1w0t.e�1/�0 zw

�1
h t�! zw2 D t.w0w2/�1.e�0/;

where w2 2 W is the image of zw2. Lemma 2.2.7 implies that w0w2 2 ¹w; s˛wº.
Suppose without loss of generality thatw0w2 D w. Let zw2 be t! zwh zw where zw 2 zW C1

has image w 2 W and ! 2 X�.T / is dominant (! in the last paragraph can be chosen to
coincide with ! here). By (1), we let zx be . zwh zw/�1w0 zw˛t.e�1/�0 zw for some zw˛ 2 Wa;˛ .
Then (3) becomes t!w0 zw˛t.e�1/�0 zw � w0t.e�1/�0 zw�, which implies by Lemma 2.2.3
that

tw0.!/ zw˛t.e�1/�0 zw " t.e�1/�0 zw�;

which upon multiplying by t�.e�1/�0 and using item (2) and [47, Proposition 4.1.2] gives

zw0˛ zw
�1
h zw2 " zw� " zw

�1
h zw2

for some zw0˛ 2 Wa;˛ (using the fact that Wa;˛ is stable under conjugation by X�.T /).
Then zw� 2 Wa;˛ zw�1h zw2 by Lemma 2.2.5, or equivalently zw2 2 Wa;�w0.˛/ zwh zw�.

The relations zw2 2 zW C, zw2 " zwh zw�, and zwh zw� 2 zW C1 imply respectively that

0 � bh zw2.x/;�w0.˛
_/ic � bh zwh zw�.x/;�w0.˛

_/ic D 0

for any x 2 A0, which forces equalities throughout. Combining this with the fact that
zw2 2 Wa;�w0.˛/ zwh zw�, we see that zw2 D zwh zw�. In particular, the image of zw� in W is
w0w2.

The final part follows from the first part of the proof of Proposition 2.2.6.

Proposition 2.2.9. Let ˛ be a simple root and w be in W . If zw1 2 w�1Wa;˛te�0w and
zw1 � zw2 � tw�1.e�0/, then zw2 2 w�1Wa;˛te�0w.

Proof. By Lemma 2.2.3, the inequalities zw1 � zw2 � tw�1.e�0/ imply that w zw1 " s zw2 "
wtw�1.e�0/ where s 2 W is the unique element such that s zw2 2 zW C. Since w zw1 2
Wa;˛wtw�1.e�0/, we deduce from Lemma 2.2.5 that s zw2 2 Wa;˛wtw�1.e�0/ or equival-
ently, that zw2 2 s�1Wa;˛wtw�1.e�0/.

We now narrow the possibilities of s. Since zw1 � zw2 � ts�1.e�0/, where the final
inequality follows from [36, Corollary 4.4], s 2 ¹w; s˛wº by Lemma 2.2.7. Combining
this with the above paragraph shows that zw2 2 w�1Wa;˛te�0w.

2.3. The weight part of a Serre-type conjecture for tame representations

The aim of this section, and of the following one, is to recollect the necessary notions
to formulate the weight part for Serre conjectures, and to pursue a combinatorial study
of the set of conjectural modular weights in terms of the geometry of the affine Weyl
group.



Extremal weights and a tameness criterion for mod p Galois representations 2491

2.3.1. Serre weights. Recall from Section 1.4.1 that G is a split group defined over Fp ,
kp is a finite étale Fp-algebra, G0 D Reskp=FpG=kp and F contains the image of any ring

homomorphism kp ! xFp so that G WD .G0/=F Š G
Hom.kp ;F/
=F . Let G be G0.Fp/. A Serre

weight (of G) is an absolutely irreducible F -representation of G.
Let �2X�.T/ be a dominant character. We writeW.�/=F for theG-module IndGBw0�.

Let F.�/ denote the (irreducible) socle of the G-restriction of W.�/=F .F/.
We define

X1.T / WD ¹� 2 X
�.T / j 0 � h�; ˛_i � p � 1 for all ˛ 2 �º;

which we call the set of p-restricted weights. Then the map � 7! F.�/ defines a bijection
from X1.T /=.p � �/X

0.T / to the set of isomorphism classes of Serre weights of G (see
[29, Lemma 9.2.4]). We say that � 2 X1.T / is regular p-restricted if h�;˛_i < p � 1 for
all ˛ 2 �, and say a Serre weight F.�/ is regular if � is. Similarly we say that F.�/ is
m-deep if � is m-deep.

To handle the combinatorics of Serre weights it is convenient to introduce the notion
of p-alcoves and the p-dot action on them. A p-alcove is a connected component of
X�.T/˝Z R n

S
.˛;pn/.H˛;pn � �0/, and we say that a p-alcove C is dominant (resp. p-

restricted) if 0 < h�C �0; ˛_i (resp. 0 < h�C �0; ˛_i < p) for all ˛ 2� and � 2 C . We
write C0 for the dominant base p-alcove, i.e. the alcove characterized by � 2 C0 if and
only if 0 < h�C �0; ˛_i < p for all ˛ 2 ˆC. The p-dot action of zW on X�.T /˝Z R
is defined by zw � � WD w.�C �0 C p�/ � �0 for zw D wt� 2 zW and � 2 X�.T /˝Z R.
Then we have

zW C D ¹ zw 2 zW j zw � C0 is dominantº;

zW C1 D ¹ zw 2
zW C j zw � C0 is p-restrictedº;

and � is the stabilizer of C0 for the dot action.
We have an equivalence relation on zW �X�.T / defined by . zw;!/� .t� zw;! � �/ for

all � 2 X0.T / [49, Section 2.2]. For . zw1; ! � �0/ 2 zW C1 � .X
�.T / \ C0/=�, we define

the Serre weight F. zw1;!/ WD F.�
�1. zw1/ � .! � �0// (this only depends on the equivalence

class of . zw1; !/). We call the equivalence class of . zw1; !/ a lowest alcove presentation
for the Serre weight F. zw1;!/ and note that F. zw1;!/ is m-deep if and only if ! � �0 is
m-deep in alcove C0. (We often implicitly choose a representative for a lowest alcove
presentation to make a priori sense of an expression, though it is a posteriori independent
of this choice.)

2.3.2. Deligne–Lusztig representations. To a good pair .s; �/ 2 W � X�.T / we attach
a Deligne–Lusztig representation Rs.�/ of G defined over E (see [47, Section 2.2] and
[29, Propositions 9.2.1, 9.2.2], where the representation Rs.�/ is there denoted R.s; �/).
We call .s; � � �0/ a lowest alcove presentation for Rs.�/ and say that Rs.�/ is N -
generic if � � �0 is N -deep in alcove C0 for N � 0 If � � �0 is 1-deep in C0 then
Rs.�/ is an irreducible representation. We say that a Deligne–Lusztig representation R is
N -generic if there exists an isomorphism R Š Rs.�/ where Rs.�/ is N -generic.
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2.3.3. Tame inertial types. An inertial type (for K, over E) is the GLn.E/-conjugacy
class of a homomorphism � W IK ! GLn.E/ with open kernel and which extends to the
Weil group of GK . An inertial type is tame if one (equivalently any) homomorphism in
the conjugacy class factors through the tame quotient of IK .

Let s 2 W and � 2 X�.T / \ C0. Associated to this data we have an integer r (the
order of the element s0s1 � � � sf �2sf �1 2 W ), n-tuples a0.j 0/ 2 Zn for 0 � j 0 � f r � 1,

and a tame inertial type �.s; �C �0/ WD
Pn
iD1.!f r /

a0.0/
i . (See [49, Example 2.4.1, equa-

tions (5.2), (5.1)] for the explicit construction of the n-tuples a0.j 0/ 2 Zn.) We say that
�.s; �C �0/ is a principal series type if r D 1.

If N � 0 and � is N -deep in alcove C0, the pair .s; �/ is said to be an N -generic
lowest alcove presentation for the tame inertial type �.s; � C �0/. We say that a tame
inertial type is N -generic if it admits an N -generic lowest alcove presentation. (Different
pairs .s; �/ can give rise to isomorphic tame inertial types; see [47, Proposition 2.2.15].)

If .s; �/ is a lowest alcove presentation of � , let zw.�/ WD t�C�0s 2 zW . (In particular,
when writing zw.�/ we use an implicit lowest alcove presentation for � ).

Inertial F -types are defined similarly with E replaced by F . Tame inertial F -types
have analogous notions of lowest alcove presentations and genericity. If x� is a tame inertial
F -type we write Œx�� to denote the tame inertial type over E obtained from x� using the
Teichmüller section F� ,! O�.

Assume that � is 1-deep in C0. For each 0 � j 0 � f r � 1 we define s0or;j 0 to be
the (necessarily unique) element of W such that .s0or;j 0/

�1.a0 .j 0// 2 Zn is dominant.
(In the terminology of [48, Definition 2.6], the f r-tuple .s0or;j 0/0�j 0�f r�1 is the ori-
entation of .a0 .j 0//0�j 0�f r�1.) We will need the observation that .s0or;j /

�1.a0 .j // equals
s�1j .�j C �0;j / modulo p for all 0 � j � f � 1.

2.3.4. Inertial local Langlands. LetK=Qp be a finite extension with ring of integers OK
and residue field k. Let � be a tame inertial type for K. By [10, Theorem 3.7] there exists
an irreducible smooth representation �.�/ of GLn.OK/ over E satisfying results towards
the inertial local Langlands correspondence.

Let kp D k, so that G0.Fp/ Š GLn.k/. When � Š �.s; �/ with � � � 2 C0 a 1-deep
character, the representation �.�/ can and will be taken to be (the inflation to GLn.OK/
of) Rs.�/ (see [49, Theorem 2.5.3], [47, Corollary 2.3.5]).

The following definition will play a key role in our generalization of Herzig’s Serre
weight conjecture.

Definition 2.3.1. Let R denote the bijection on regular Serre weights given by F.�/ 7!
F. zwh � �/. If x� W IK ! GLn.F/ is a 1-generic tame inertial F -type for IK we define

W ‹.x�/ WD R
�
JH
�
�.Œx��/˝W..1 � e/w0�0/

��
:

2.3.5. Compatibilities of lowest alcove presentations. Recall the canonical isomorphism
zW =Wa

�
�! X�.Z/. Let � 2 X�.Z/. We say that an element zw 2 zW is �-compatible if it

corresponds to � via the isomorphism zW =Wa
�
�! X�.Z/.
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A lowest alcove presentation .s; �/ for a tame inertial type � for K over E or a
Deligne–Lusztig representation R is �-compatible if t�C�0s 2 zW is �-compatible. A low-
est alcove presentation .s;�/ of a tame inertial F -type is �-compatible if t��.e�1/�0s 2 zW
is �-compatible. (If � is a tame inertial type and x� is the tame inertial F -type obtained by
reduction, the same lowest alcove presentations of � and x� are compatible with elements
of X�.Z/ that differ by �0jZ .) A lowest alcove presentation . zw1; !/ for a Serre weight is
�-compatible if the element t!��0 zw1 2 zW is �-compatible. Finally, lowest alcove present-
ations (of possibly different types of objects) are compatible if they are all �-compatible
for some � 2 X�.Z/.

2.3.6. L-parameters. Recall from Section 1.4.1 the finite étale Qp-algebra FCp . We adapt
the constructions of tame inertial types and the inertial local Langlands above to arbit-
rary Sp . We assume that E contains the image of any homomorphism FCp !

xQp . Let

G_ WD
Y

F
C
p !E

G_=O

be the dual group of Res
F
C
p =Qp

.G
=F
C
p
/ and LG WD G_ Ì Gal.E=Qp/ the Langlands

dual group of Res
F
C
p =Qp

.G
=F
C
p
/ (where Gal.E=Qp/ acts on the set ¹FCp ! Eº by

post-composition). An L-parameter (over E) is the G_.E/-conjugacy class of an L-
homomorphism, i.e. of a continuous homomorphism � WGQp !

LG.E/which is compat-
ible with the projection to Gal.E=Qp/. An inertial L-parameter is the G_.E/-conjugacy
class of a homomorphism � W IQp ! G_.E/ with open kernel, and which admits an
extension to an L-homomorphism GQp !

LG.E/. An inertial L-parameter is tame if
some (equivalently any) representative in its equivalence class factors through the tame
quotient of IQp .

The argument of [29, Lemmas 9.4.1, 9.4.5] carries over in our setting and we have a
bijection between L-parameters (resp. tame inertial L-parameters) and collections of the
form .�v/v2Sp (resp. of the form .�v/v2Sp ), where for all v 2 Sp the element �v WGFCv !
GLn.E/ is a continuous Galois representation (resp. the element �v W IFCv ! GLn.E/
is a tame inertial type for FCv ). (This bijection depends on a choice of isomorphisms
FCv
�
�! xQp for all v 2 Sp .) We have similar notions for L-parameters (resp. inertial L-

parameters) over F .
In this setting, given a tame inertial L-parameter � corresponding to the collection

.�v/v2Sp of tame inertial types, we let �.�/ be the irreducible smooth E-valued repres-
entation of GLn.Op/ given by

N
v2Sp

�.�v/, where �.�v/ is the smooth representation
corresponding to �v via the inertial local Langlands correspondence appearing in Sec-
tion 2.3.4.

2.4. Combinatorics of Serre weights

In this section, we apply the results of Section 2.2 on extended affine Weyl groups to
analyze the combinatorics of the Serre weight sets defined in Section 2.3. We assume for
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simplicity that FCp D K, but the results herein do not require this. Given tame inertial
types � and x�sp over E and F , respectively, with fixed compatible lowest alcove present-
ations, we define zw.x�sp; �/ to be zw.�/�1 zw.x�sp/ 2 te�0Wa.

The following two results follow readily from [49, Proposition 2.3.7].

Proposition 2.4.1. Suppose we fix a 2h�0 -generic lowest alcove presentation of a tame
inertial type � . The map

. zw�; zw2/ 7! F. zw�; zw.�/ zw�12 .0// (2.5)

induces a bijection between

� pairs . zw�; zw2/, modulo the diagonal action of X0.T /, with zw� 2 zW C1 and zw2 2 zW C

such that zw� " zw�1h zw2; and

� elements of JH.x�.�//.

Moreover, these lowest alcove presentations of Serre weights are compatible with that
of � . Finally, the weight corresponding to . zw�; zwh zw�/ appears as a Jordan–Hölder factor
with multiplicity 1.

Proposition 2.4.2. Suppose we fix a .max¹2; eºh�0/-generic lowest alcove presentation
of a tame inertial type x�sp over F . The map

. zw�; zw2/ 7! F. zw�; zw�.x�sp/ zw�1
2
.0//

induces a bijection between

� pairs . zw�; zw2/ with zw� 2 zW C1 and zw2 2 zW C, up to the diagonal X0.T /-action, such
that zw2 " t.e�1/�0 zw�; and

� elements of W ‹.x�sp/.

Moreover, these lowest alcove presentations of Serre weights are compatible with that
of x�sp.

The following definition is central to this paper.

Definition 2.4.3 (Extremal weights). Suppose we fix a .max¹2; eºh�0/-generic lowest
alcove presentation for a tame inertial type x�sp over F . Let w be an element of W and
zw 2 zW C1 be an element (unique up to X0.T /) whose image in W is w. The weight

F. zw; zw.x�sp/ zw�1.�.e�1/�0//
2 W ‹.x�sp/

is called the extremal weight of x�sp corresponding to w. Let Wextr.x�
sp/ be the set of all

extremal weights of x�sp. (While the extremal weight corresponding to w depends on the
choice of lowest alcove presentation, the set of all extremal weights does not.)

Remark 2.4.4. If x� W GK ! GLn.F/ is semisimple and 2h�0 -generic, and K is unrami-
fied, the notion of obvious weight for x� corresponding to w [49, Definition 2.6.3] and of
extremal weight for x� corresponding to w coincide, and the set Wextr.x�jI / is defined in
[29, Definition 7.1.3].
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The following combinatorial result relates the set W ‹.x�sp/ and the admissible set and
is key to weight elimination.

Proposition 2.4.5. Suppose we fix a .max¹2; eºh�0/-generic lowest alcove presentation
for zw.x�sp/. Let . zw�; !/ be a compatible lowest alcove presentation of a 3h�0 -deep Serre
weight � . Then ! D zw.x�/ zw�1.0/ for a unique zw 2 zW C. Let � be the tame inertial type
overE with zw.x�sp; �/D . zwh zw�/

�1w0 zw for some .necessarily compatible/ lowest alcove
presentation. Then

(1) � 2 JH.x�.�//;

(2) . zwh zw�/�1w0 zw 2 Adm.e�0/ implies that � 2 W ‹.x�sp/.

Proof. By definition of � , we have zw.�/. zwh zw�/�1.0/ D zw.x�sp/ zw�1.0/. Note that the
lowest alcove presentation of � is 2h�0 -generic by the depth assumption on � . Then �
corresponds to the pair . zw�; zwh zw�/ in (2.5).

Suppose that . zwh zw�/�1w0 zw 2Adm.e�0/. If we letw� 2W be the image of zw�, then
we claim that w�. zwh zw�/�1w0 zw 2 zW C. Indeed, since zw� 2 zW C1 , w0w�. zwh zw�/�1 is an
antidominant translation so that w0w�. zwh zw�/�1w0 zw � C0 is in the antidominant Weyl
chamber. By [36, Corollary 4.4], we have

. zwh zw�/
�1w0 zw � tw�1

�
.e�0/

D . zwh zw�/
�1w0t.e�1/�0 zw�:

Since these expressions are reduced by [47, Lemma 4.9], we deduce that zw � t.e�1/�0 zw�,
which implies zw " t.e�1/�0 zw�. We conclude from Proposition 2.4.2 that � 2W ‹.x�sp/.

Denote by W ‹.x�sp; �/ the intersection W ‹.x�sp/ \ JH.x�.�//.

Proposition 2.4.6. Suppose we fix compatible .max¹2; eºh�0/-generic and 2h�0 -generic
lowest alcove presentations of tame inertial types x�sp and � over F and E, respectively.
Then W ‹.x�sp; �/ is the set of weights in (2.5) such that zw2 zw.x�sp; �/ � w0t.e�1/�0 zw�.

Proof. Consider an element � 2 JH.x�.�//. Let zw� and zw2 be as in Proposition 2.4.1.
By Proposition 2.4.2 and uniqueness of compatible lowest alcove presentations (see [49,
Lemma 2.2.3]), � 2W ‹.x�sp/ if and only if there exist zs2 2 zW C with zs2 " t.e�1/�0 zw� such
that

zw.�/ zw�12 .0/ D zw.x�sp/zs�12 .0/;

or equivalently zw2 zw.x�sp; �/ 2 W zs2.
We now show that there exists zs2 2 zW C with zs2 " t.e�1/�0 zw� such that zw2 zw.x�sp; �/ 2

W zs2 if and only if zw2 zw.x�sp; �/� w0t.e�1/�0 zw�. First suppose that such an zs2 exists. This
implies that

zw2 zw.x�
sp; �/ � w0zs2 � w0t.e�1/�0 zw�;

where the second inequality follows from the fact that zs2 � t.e�1/�0 zw� by Wang’s the-
orem. Conversely, if zw2 zw.x�sp; �/�w0t.e�1/�0 zw�, then using the fact thatw0.t.e�1/�0 zw�/
is a reduced factorization, we find that zw2 zw.x�sp; �/ D wzs2 for some zs2 2 zW C with
zs2 � t.e�1/�0 zw� (or equivalently zs2 " t.e�1/�0 zw� by Wang’s theorem) and w 2 W .
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Corollary 2.4.7. Suppose that tame inertial types x�sp and � over F and E have compat-
ible .max¹2; eºh�0/-generic and 2h�0 -generic lowest alcove presentations, respectively.
If W ‹.x�sp; �/ is nonempty, then zw.x�sp; �/ 2 Adm.e�0/.

Proof. As in the statement of the corollary, we fix compatible lowest alcove presentations
for x�sp and � , respectively. If W ‹.x�sp; �/ is nonempty, by Proposition 2.4.6 we find that
zw2 zw.x�

sp; �/� w0t.e�1/�0 zw� for some zw2 2 zW C and zw� 2 zW C1 with zw� " zw�1h zw2. Then
zw2 " zwh zw� by [47, Proposition 4.1.2] so that zw2 � zwh zw�. Since zw�12 w0t.e�1/�0 zw� and
. zwh zw�/

�1w0t.e�1/�0 zw� are reduced expressions by [47, Lemma 4.1.9], we have

zw.x�sp; �/ � zw�12 w0t.e�1/�0 zw� � zw
�1
� zw

�1
h w0t.e�1/�0 zw� D tw�1

�
.e�0/

:

We now establish some results which will be used to prove modularity of certain Serre
weights.

Proposition 2.4.8. Suppose that zw.x�sp; �/ 2 w�1Wa;˛te�0w \Adm.e�0/ for compatible
.max¹2; eºh�0/-generic and 2h�0 -generic lowest alcove presentations for tame inertial
types x�sp and � over F and E, respectively. Then W ‹.x�sp; �/ equals8̂̂<̂

:̂
¹F. zw; zw.�/ zw�1 zw�1

h
.0//º if zw.x�sp; �/ D tw�1.e�0/;

¹F
.es˛w; zw.�/es˛w�1 zw�1h .0//

º if zw.x�sp; �/ D t.s˛w/�1.e�0/;

¹F. zw; zw.�/ zw�1 zw�1
h
.0//; F.es˛w; zw.�/es˛w�1 zw�1h .0//

º otherwise:

Moreover, each weight appears as a Jordan–Hölder factor of x�.�/ with multiplicity 1.

Proof. Suppose that a weight � of the form (2.5) is in JH.x�.�//. Then by Proposition
2.4.6, � 2 W ‹.x�sp/ if and only if zw2 zw.x�sp; �/ � w0t.e�1/�0 zw�. By Proposition 2.2.8,
zw�1
h
zw2 and zw� are both either zw or es˛w. The last part of Proposition 2.2.8 implies the

inclusion of W ‹.x�sp; �/ in the casewise defined sets.
On the other hand, using Proposition 2.2.6 and

tw�1.e�0�k˛/ D zw
�1
zw�1h w0t.e�1/�0�k˛ zw

D es˛w�1 zw�1h w0t.e�1/�0�.e�k/˛es˛w (2.6)

and
zw�1s˛te�0�.kC1/˛ zw D zw

�1
zw�1h w0s˛t.e�1/�0�k˛ zw

D es˛w�1 zw�1h w0s˛t.e�1/�0�.e�k�1/˛es˛w; (2.7)

we see that zwh zw zw.x�sp; �/ is either w0t.e�1/�0�k˛ zw or w0s˛t.e�1/�0�k˛ zw, which is less
than or equal to w0t.e�1/�0 zw if k ¤ e. This implies that F. zw; zw.�/ zw�1 zw�1

h
.0// 2W

‹.x�sp; �/

if zw.x�sp; �/¤ t.s˛w/�1.e�0/. Similarly, zwhes˛w zw.x�sp; �/ is eitherw0t.e�1/�0�.e�k/˛es˛w or
w0s˛t.e�1/�0�.e�k�1/˛es˛w, so that F

.es˛w; zw.�/es˛w�1 zw�1h .0//
2 W ‹.x�sp; �/ if zw.x�sp; �/ ¤

tw�1.e�0/. This gives the reverse inclusion. The multiplicity statement follows from that
of Proposition 2.4.1.
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Proposition 2.4.9. Suppose we fix an .e C 2/h�0 -generic lowest alcove presentation of
a tame inertial type x�sp over F . For 0 � k � e, let �2k be the tame inertial type over E
with compatible lowest alcove presentation such that zw.�/ D zw.x�sp/tw�1.k˛�e�0/. For
0 � k � e � 1, let �2kC1 be the tame inertial type over E with compatible lowest alcove
presentation such that zw.�/ D zw.x�sp/ zw�1tk˛�e�0s˛ zw. For 0 � k � e � 1, let

�2k WD F. zw; zw.x�sp/ zw�1.k˛�.e�1/�0//
;

�2kC1 WD F.es˛w; zw.x�sp/es˛w�1..e�k�1/˛�.e�1/�0//:

Then for 0 � m � 2e, W ‹.x�sp; �m/ D ¹�m�1; �mº .where �` should be omitted for ` D
�1 or 2e/. Moreover, �m�1 and �m appear as Jordan–Hölder factors of x�.�m/ with
multiplicity 1.

Proof. This follows from Propositions 2.2.6 and 2.4.8 using (2.6) and (2.7) and noting
that �m is 2h�0 -generic for all m.

2.4.1. The case of GL2: a comparison with Schein’s recipe. [57] explicitly describes a
set of Serre weights for a semisimple x� WGK!GL2.F/withK possibly ramified over Qp

in terms of a “reflection operation” Rı similar to R above. We compare this description
in generic cases with the set W ‹.x�/ defined in Section 2.3.

Assume e � p � 1 and let x� W GK ! GL2.F/ be semisimple. In [57, Conjecture 1],
a set of Serre weights is associated to x�, in terms of a reflection operation denoted as
Rı

p there. The superscript ı is an element in ¹0; : : : ; e � 1ºJ and leads to the notion of
ı-regular weight:

Definition 2.4.10 ([57]). A Serre weightF.�/ is ı-regular if p� 1� h�;˛_j i 2 ¹1; : : : ;pº
C .2ıj � e C 1/ for all j 2 J. (Note that this definition does not depend of the lift of
� 2 X1.T /=.p � �/X0.T /.)

A direct computation shows that if � 2 C0 is .e � 1/-deep then � is ı-regular for any
ı 2 ¹0; : : : ; e � 1ºJ , and moreover � C � 2 C0 for any weight � appearing in the set
.W..1 � e/w0.�0//=F /jT .

Let now � 2 C0 be .e � 1/-deep. A direct computation using the definition of Rı
p for

ı-regular weights yields

Rı
p.F.�// D F

�
zwh �

�
� � .e � 1/�0 C

X
j2J

ıj j̨

��
and hence [

ı2¹0;:::;e�1ºJ

Rı
p.F.�// D R

�
JH.F.�/˝W..1 � e/w0�0//

�
by the translation principle (cf. [52, Proposition 3.3]). From [19, Proposition 2.15] (or
Proposition 2.4.1 above when e � 2), noting that for an e-generic Deligne–Lusztig rep-
resentation R all the Serre weights F 2 JH.R/ are .e � 1/-deep, we deduce the following
result.
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Proposition 2.4.11. Let x� W GK ! GL2.F/ be semisimple and e-generic. Then the set
W ‹

p .x�/ of weights defined in [57, Conjecture 1 (1)] coincides with the set W ‹.x�/ of Defin-
ition 2.3.1 above.

3. Breuil–Kisin modules

3.1. Moduli of Breuil–Kisin modules and local models

In this section, we introduce background on Breuil–Kisin modules with tame descent.
We closely follow [49, Section 5] making the necessary modifications to allow K=Qp

to be ramified. We will generally omit proofs as the generalizations are straightforward.
Throughout this section, we take G D GLn.

Let K=Qp be finite. We let K0 be the maximal unramified subextension of K with
f WD ŒK0 WQp� and e WD ŒK W K0�. Let k denote the residue field ofK, of cardinality pf

and which coincides with the residue field of K0. Let W.k/ be the ring of Witt vectors
of k, which is also the ring of integers of K0. We denote the arithmetic Frobenius auto-
morphism on W.k/ by ', which acts as raising to p-th power on the residue field.

We fix a uniformizer �K 2 xK of K. Let E.v/ 2 W.k/Œv� be the minimal polynomial
for �K over K0, of degree e.

Let JK D Hom.K; E/ and J D Hom.k; F/ D Hom.K0; E/. Recall that we have
fixed an embedding �0 W K0 ,! E, hence an identification J

�
�! Z=f Z given by �j WD

�0 ı '
�j 7! j .

Let � be a tame inertial type having a 1-generic lowest alcove presentation .s; �/ 2
W J � X�.T /J , which we now fix throughout this section. Recall from [49, Example
2.4.1] that we have combinatorial data attached to .s;�/, in particular the element s� 2W
(when K D Qp , this is the niveau of � ).

Let r be the order of s� . We write K 0 for the subfield of xK which is unramified of
degree r overK, k0 for its residue field, andK 00 for the maximal unramified subextension
of K 0. Set JK0 D Hom.K 0; E/, J0 WD Hom.k0;F/. Let f 0 WD f r , e0 WD pf

0

� 1 and fix
an embedding � 00 W K

0
0 ,! E which extends �0 W K0 ,! E, so that the identification J0 Š

Z=f 0Z given by �j 0 WD � 00 ı '
�j 0 7! j 0 induces the natural surjection Z=f 0Z� Z=f Z

when considering the restriction of embedding from K 00 to K0.
We fix an e0-root �K0 2 xK of �K and set L0 WD K 0.�K0/. Let �0 WD Gal.L0=K 0/ �

� WD Gal.L0=K/. We set !K0.g/ WD
g.�K0 /

�K0
for g 2 �0; then !K0 does not depend on

the choice of � 0. Composing with � 0j 2 J0, we get a corresponding character !K0;� 0
j
W

�0 ! O�, which will also be seen as a character of IK0 D IK . For j 0 D 0 we set
!f 0 WD !K0;� 0

j
.

Let R be an O-algebra. Let SL0 WD W.k0/Ju0K and SL0;R WD .W.k0/ ˝Zp R/Ju0K.
As usual, ' W SL0;R ! SL0;R acts as Frobenius on W.k0/, trivially on R, and sends
u0 to .u0/p . Note that for any SL0;R-module M, we have the standard RJu0K-linear
decomposition M Š

L
j 02J0 M

.j 0/, induced by the maps W.k0/ ˝Zp R ! R defined
by x ˝ r 7! �j 0.x/r for j 0 2 J0.
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We endow SL0;R with an action of � as follows: for any g in �0, g.u0/ D !K0.g/u0

and g acts trivially on the coefficients; if �f 2 Gal.L0=K/ is the lift of the pf -Frobenius
on W.k0/ which fixes �K0 , then �f is a generator for Gal.K 0=K/, acting in the nat-
ural way on W.k0/ and trivially on both u0 and R. Set v D .u0/e

0

, and define SR WD

.SL0;R/
�D1 D .W.k/˝Zp R/JvK: Note that E.v/ D E..u0/e

0

/ is the minimal polyno-
mial for �K0 over K0.

We will make use of the following group schemes over O. For j 2 J and for any
O-algebra R, define

LG .j /.R/ WD GLn.RŒv�
^Ej Œ1=Ej �/;

LCG .j /.R/ WD ¹A 2 GLn.RŒv�
^Ej / j A is upper triangular mod vº;

where Ej D �j .E.v// 2 OŒv�, and ^Ej stands for the Ej -adic completion. In particular,
if R is p-adically complete, this is the same as the v-adic completion of RŒv�.

3.1.1. Breuil–Kisin modules with tame descent. Let R be a p-adically complete Noeth-
erian O-algebra. For any positive integer h, let Y Œ0;h�;� .R/ denote the groupoid of Breuil–
Kisin modules of rank n over SL0;R, height in Œ0; h� and descent data of type � (see [12,
Section 3], [49, Definitions 5.1.1, 5.1.3]):

Definition 3.1.1. An object of Y Œ0;h�;� .R/ consists of

� a finitely generated projective SL0;R-module M which is locally free of rank n;

� an injective SL0;R-linear map �M W '
�.M/!M whose cokernel is killed by E.v/h;

� a semilinear action of� on M which commutes with �M, and such that Zariski locally
on R, for each j 0 2 J0,

M.j 0/ mod u0 Š �_ ˝O R

as �0-representations.

Morphisms are SL0;R-linear maps respecting all the above structures.

We will often omit the additional data and just write M 2 Y Œ0;h�;� .R/ in what follows.
It is known that Y Œ0;h�;� is a p-adic formal algebraic stack over Spf O (see, for example,
[12, Theorem 4.7]).

Recall that an eigenbasis of M 2 Y Œ0;h�;� .R/ is a collection of bases ˇ.j
0/ for each

M.j 0/ for j 0 2 J0 compatible with the descent datum (see [49, Definition 5.1.6] for
details). Given the lowest alcove presentation .s; �/ of � , an element M 2 Y Œ0;h�;� .R/

and an eigenbasis ˇ of M, equation (5.4) in [49] defines a matrix A.j
0/

M;ˇ
2 Matn.SR/ for

each j 0 2 J0. We refer the reader to loc. cit. for details rather than recall the excessive
notation needed to make a precise definition. We will recall the properties we need as we
go along.

First, the matrix A.j
0/

M;ˇ
only depends on j 0 mod f . Abusing notation, we occasion-

ally write A.j /
M;ˇ

for j 2 J with the obvious meaning. Because � is 1-generic, the height

condition is equivalent to A.j /
M;ˇ

and .Ej /h.A
.j /

M;ˇ
/�1 both lying in Matn.RJvK/ and being

upper triangular modulo v, for all j 2 J.
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Definition 3.1.2. (1) For integers a � b, define

LŒa;b�G .j /.R/ WD ¹A 2 LG .j /.R/ j E�aj A;Ebj A
�1
2 Matn.RJvK/ and

upper triangular mod vº:

(2) Given a pair .s; �/ 2 W J � X�.T /J , we define the .s; �/-twisted '-conjugation
action of

Q
j2J L

CG .j /.R/ on
Q
j2J L

Œa;b�G .j /.R/ by

.I .j // � .A.j // D I .j /A.j /
�
Ad.s�1j v�jC�0;j /.'.I .j�1//�1/

�
: (3.1)

Remark 3.1.3. (1) The change of basis formula in [49, Proposition 5.1.8] can be sum-
marized as follows. For the fixed lowest alcove presentation .s;�/ 2W J �X�.T /J of � ,
the set of eigenbases of M is a torsor for

Q
j2J L

CG .j /.R/, and given two eigenbases ˇ

and ˇ0 differing by .I .j //j2J 2
Q
j2J L

CG .j /.R/, the collections .A.j /
M;ˇ

/ and .A.j /
M;ˇ 0

/

differ by .s; �/-twisted '-conjugation by .I .j //j2J .
(2) Since eigenbases exist locally, we have the presentation

Y
Œ0;h�;�

F Š

hY
j2J

LŒ0;h�G .j /=.s;�/;'
Y
j2J

LCG .j /
i
;

where the quotient is with respect to the twisted '-conjugation (3.1).
(3) Let zw�.�/ D s�1t�C� . A key observation which we use frequently is that .s; �/-

twisted conjugation
Q
j2J L

Œa;b�G .j / is the same as the usual '-conjugation on the right
translation

Q
j2J L

Œa;b�G .j / zw�.�/.

We now recall some useful results mod p. We write I WD LCG
.j /
F , which is the usual

(upper triangular) Iwahori group scheme over Noetherian F -algebras, in particular it is
independent of the choice j 2 J. We also write I1 � I for the pro-v Iwahori group
scheme consisting of the upper unipotent matrices mod v.

Remark 3.1.4. In what follows, many of our proofs refer to results in [49], which is in the
setting where K is unramified. However, just as there, the proofs proceed by reduction to
statements about characteristic p loop groups, to which the results apply as written, thanks
to the fact that Ej � ve mod p so that LŒa;b�G .j /F D LŒea;eb�GLn;F . For this reason, the
requisite genericities in the ramified setting are usually scaled by e.

Lemma 3.1.5 ([49, Lemma 5.2.2]). Let R be an F -algebra and .A.j /1 /j2J ; .A
.j /
2 /j2J 2

LŒa;b�G .j /.R/. Let zz D s�1t�C� 2 zW
_;J where � is .e.b � a/ C 1/-deep in C0 and

s 2 W J . Then there is a bijection between the following:

(1) tuples .I .j //j2J 2 I1.R/
J such A.j /2 zzj D I

.j /A
.j /
1 zzj'.I

.j�1//�1 for all j 2 J;

(2) tuples .Xj /j2J 2 I1.R/
J such that A.j /2 D XjA

.j /
1 for all j 2 J.

Remark 3.1.6. As in [49, Corollary 5.2.3], Lemma 3.1.5 gives a presentation of Y Œa;b�;�F

as the quotient of
Q
j2J I1nL

Œa;b�G
.j /
F by .s; �/-twisted conjugation by the torus T _;JF

when � is .e.a � b/C 1/-deep.
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Definition 3.1.7. Let F 0=F be a finite extension. The shape of a Breuil–Kisin module
M 2 Y Œ0;h�;� .F 0/ with respect to � is the element zz D .ezj /j2J 2

eW _;J such that for any
eigenbasis ˇ and any j 2 J, the matrix A.j /

M;ˇ
lies in I.F 0/ezj I.F 0/.

Proposition 3.1.8. For each zz 2 eW _;J such that zzj 2 LŒ0;h�G .j /.F/ for j 2 J, there is
a locally closed substack Y Œ0;h�;�F ;zz WD Œ

Q
j2J IzzjI=.s;�/;'

Q
j2J I� � Y

Œ0;h�;�
F whose F 0-

points are the Breuil–Kisin modules of shape zz. The closure of Y Œ0;h�;�F ;zz is contained in the

union of the strata Y Œ0;h�;�F ;zz0 such that zz0 � zz in the Bruhat order.

Proof. We have maps

Y
Œ0;h�;�

F

''

Q
j2J L

Œ0;h�G
.j /
F =I

uuQ
j2J ŒInL

Œ0;h�G
.j /
F =I�

where the right arrow is an IJ-torsor (see [12, Proposition 5.4]). The substack Y Œ0;h�;�F ;zz is
the preimage of

Q
j2J ŒInIzzjI=I�, so the stated closure relation follows from those onQ

j2J ŒInLG
.j /
F =I�, which in turn follow from those of

Q
j2J I-orbits in

Q
j2J LG

.j /
F =I.

We define the cocharacter

� WD ..n � 1; : : : ; 1; 0/; : : : ; .n � 1; : : : ; 1; 0// 2 X�.T
_/Hom.K;E/:

There is a closed p-adic formal algebraic stack Y ��;� � Y Œ0;n�1�;� defined in [12, The-
orem 5.3], [49, Section 5.3]. We recall the following result:

Proposition 3.1.9. The special fiber of Y ��;�F satisfies

Y
��;�

F ;red �
[

zz2Adm_.e�0/

Y
��;�

F ;zz :

Proof. In the principal series case, this follows from [12, Theorems 2.15, 5.3]. When �
is n-generic and K=Qp is unramified, it follows from [49, Corollary 5.2.3, Proposition
5.4.7]. In general, we can reduce to the principal series case following the strategy in
[47, proof of Theorem 3.2.20]: Let � 0 D � jIK0 where K 0 is an unramified extension such
that � 0 is principal series. Let J0 D Hom.k0;F/. There is a natural map Y ��;�F ;red ! Y

��;� 0

F ;red

and any stratum Y
Œ0;h�;�

F ;zz � Y
��;�

F ;red clearly maps to Y Œ0;h�;�F ;zz0 with zz0j 0 D zzj where j 0 restricts
to j . Thus, zz 2 Adm_.e�0/ by the principal series case.

Remark 3.1.10. In fact, the special fiber of Y ��;� is reduced and the inclusion in Pro-
position 3.1.9 is an equality. This is shown in the principal series case in [12]. (See also
Remark 4.2.3 and the discussion preceding it.)
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3.1.2. Étale '-modules. Let OE;K (resp. OE;L0 ) be the p-adic completion of
.W.k/JvK/Œ1=v� (resp. .W.k0/Ju0K/Œ1=u0�). It is endowed with a continuous Frobenius
morphism ' extending the Frobenius on W.k/ (resp. on W.k0/) and such that '.v/ D vp

(resp. '.u0/ D .u0/p). Let R be a p-adically complete Noetherian O-algebra. We then
have the groupoid ˆ-Modét;n

K .R/ (resp. ˆ-Modét;n
dd;L0.R/) of étale .'; OE;K b̋Zp R/-

modules (resp. étale .';OE;L0 b̋Zp R/-modules with descent data from L0 to K). Its
objects are rank n projective modules M over OE;K b̋Zp R (resp. OE;L0 b̋Zp R),
endowed with a Frobenius semilinear endomorphism �M WM !M (resp. a Frobenius
semilinear endomorphism �M WM !M commuting with the descent data) inducing an
isomorphism on the pull-back: id˝' �M W '

�.M/
�
�!M. It is known thatˆ-Modét;n

K .R/

and ˆ-Modét;n
dd;L0.R/ form fppf stacks over Spf O (see [23, Section 3.1], [22, Sec-

tion 5.2], [11, Section 3.1] where they are denoted Rn;R
dd
n;L0 respectively). We use

ˆ-Modét
K.R/ (resp. ˆ-Modét

dd;L0.R/) to denote the category of étale .';OE;K b̋Zp R/-
modules (resp. étale .';OE;L0 b̋Zp R/-modules with descent from L0 to K) of arbitrary
finite rank.

Given M 2 Y Œ0;h�;� .R/, M ˝SL0;R
.OE;L0 b̋Zp R/ is naturally an object of ˆ-

Modét;n
dd;L0.R/, and we define an étale '-module M 2 ˆ-Modét;n

K .R/ by

M WD .M˝SL0;R
.OE;L0 b̋Zp R//

�D1

with the induced Frobenius. This construction defines a morphism of stacks "� WY Œ0;h�;�!
ˆ-Modét;n

K which is representable by algebraic spaces, proper, and of finite presentation
(see [49, Proposition 5.4.1], which carries through in our ramified setting). Note that "� is
independent of any presentation of � .

For any .M; �M/ 2 ˆ-Modét
K.R/, we decompose M D

L
j2J M.j / over the embed-

dings �j W W.k/ ! O, with induced maps �.j /
M
W M.j�1/ ! M.j /. We can define the

map "� explicitly in some cases:

Proposition 3.1.11 ([49, Proposition 5.4.2]). Let M 2 Y Œ0;h�;� .R/ and set M D "� .M/.
Let .s; �/ be the fixed lowest alcove presentation of � . If ˇ is an eigenbasis of M, then
there exists a basis f (constructed from ˇ) for M such that the matrix of �.j /

M
with respect

to f is given by
A
.j /

M;ˇ
s�1j v�jC�0;j :

.Note that this is A.j /
M;ˇ
zw�.�/j :/

Finally, we recall that in generic situations the map "� does not lose information:

Proposition 3.1.12 ([49, Proposition 5.4.3]). Assume � is .eh C 1/-generic. Then the
map "� W Y Œ0;h�;� ! ˆ-Modét;n

K is a closed immersion.

Proof. As in the proof of [49, Proposition 5.4.3], this reduces to proving that whenever
we have a relation

I .j /A
.j /
1 D A

.j /
2 Ad.s�1j v�jC�j /.'.I .j�1///;
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where A.j /1 ; A
.j /
2 2 L

Œ0;h�G .j /.R/, and I .j / 2 LG .j /.R/, then I .j / are in LCG .j /.R/.
Just as in [49], this reduces to checking the statement and its infinitesimal version over F .
In turn, these two statements are exactly [49, Lemmas 5.4.4, 5.4.5], with the adjustment
that LŒa;b�G .j /F D LŒea;eb�GLn;F .

We briefly recall the relations between Breuil–Kisin modules and Galois represent-
ations. Recall from Section 1.4.2 the extension K1=K, and let GK1 � GK denote the
absolute Galois group of K1. Let R be a complete Noetherian local O-algebra with
residue field F . We have an antiequivalence of categories established by the exact functor

V �K W ˆ-Modét;n
K .R/! RepnR.GK1/

defined through the theory of fields of norms (see [48, Sections 2.3 and 6.1] for details)
and therefore a functor T �dd W Y

Œ0;h�;� .R/! RepnR.GK1/ defined as the composite of "�
followed by V �K .

We finally recall from [49, Section 5.5] the notion of shape of an n-dimensional F -rep-
resentation of GK (or GK1 ) with respect to � .

Definition 3.1.13. Assume that � is .e.n� 1/C 1/-generic. Let x� be an n-dimensional F -
representation of GK or GK1 . If there exists xM 2 Y ��;�F .F/ such that T �dd.

xM/ Š x�jGK1
then we say that x� is � -admissible, and we define zw.x�; �/ 2 Adm.e�0/ to be the shape
of xM with respect to � (Definition 3.1.7). This is well-defined by Propositions 3.1.9 and
3.1.12.

Proposition 3.1.14 ([49, Proposition 5.5.7]). Assume that the fixed lowest alcove present-
ation .s; �/ of � is .e.n � 1/C 1/-generic. Let x� be a semisimple representation of GK
over F . Then x� is � -admissible if and only if x�jIK admits a lowest alcove presenta-
tion .w; �/ compatible with the lowest alcove presentation of � such that s�1t���w 2
Adm.e�0/. Furthermore, if x� is � -admissible then zw.x�; �/ D s�1t���w.

Proposition 3.1.15. Assume that the fixed lowest alcove presentation .s; �/ of � is
.ehC 1/-generic. Let M 2 Y Œ0;h�;� .F/ with shape zz 2 zW J . Then there exists an eigen-
basis ˇ for M, unique up to scaling by T .F/J , such that

A
.j /

M;ˇ
2 T .F/zzjNzzj .F/;

where Nzzj is the unipotent subgroup scheme of I defined in [49, Definition 4.2.9].

Proof. This follows from [49, Proposition 4.2.13 and Corollary 5.2.3].

3.2. Mod p monodromy

Let Fl WD InLGF denote the affine flag variety over F where LGF D LG
.j /
F for any j

denotes the usual loop group. Given zw 2 zW _, we write SıF . zw/ for the affine open Schubert
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cell associated to zw. Let a 2 .On/J . We have a closed subfunctor LG
ra
F � LG

J

F defined
on an F -algebra R by

LG
ra
F .R/WD

²
.A.j //2LG

J

F .R/

ˇ̌̌̌
v
dA.j /

dv
.A.j //�1CA.j /Diag.aj /.A.j //�12

1

ve
Lie I.R/

for all j 2 J

³
: (3.2)

This condition defines a closed sub-ind-scheme Flra
J
� FlJ . For any subset S �LG

J

F .R/,

we set Sra WD S \LG
ra
F .R/; similarly for any subschemeX � FlJ , setXra WDX \ Flra

J
.

Following [49, Definition 4.2.2], given an integer m � 0, we say that an element
.a1; : : : ; an/ 2 R

n is m-generic if ai � ak � ` 2 R� for all ` 2 ¹�m; �m C 1; : : : ;
m � 1;mº and all i ¤ k.

Proposition 3.2.1. Let h be a positive integer. Let zw 2 zW J and a D .aj /j2J 2 .O
n/J .

Assume that zw is e-regular and h-small .see Definitions 2.1.5 and 2.1.7 .3// and that
aj mod $ 2 Fn is h-generic for all j 2 J. Then SıF . zw

�/ \ Flra is an affine space of
dimension ŒK W Qp� dim.BnGLn/F .

Proof. This is a direct generalization of [49, Theorem 4.2.4] to the ramified setting. We
only briefly outline the proof. It suffices to consider the case when #J D 1. By [49, Pro-
position 4.2.13], there is an isomorphism zw�N zw� Š Sı. zw�/ where N zw� is a unipotent
subgroup scheme of I isomorphic to an affine space of dimension `. zw/. As zw is e-
regular, for each ˛ in the support of N zw� , we have N zw�;˛ D vı˛<0f˛ where f˛ is a
polynomial of degree at least e � 1 (see [49, Corollary 4.2.5], and note that, more pre-
cisely, the degree is bh zw.x/;�˛_ic � ı˛<0, which is at least e � 1 by the e-regularity
condition). Condition (3.2) does not impose any constraint on the coefficients of degree
deg.f˛/; deg.f˛/ � 1; : : : ; deg.f˛/ � .e � 1/ of f˛ , while the coefficients of degree
strictly smaller than deg.f˛/ � .e � 1/ are solved in terms of the coefficients of the poly-
nomials f˛0 with ˛0<C ˛ for a partial order <C on ˆ determined by zw (see [49, (4.6)]).
Hence, . zw�N zw�/ra is an affine space of dimension e dim.BnGLn/F .

Let zz D s�1t� 2 zW _;J acting by right translation on FlJ . Let a 2 .Zn/J and assume
that aj � s�1j .�j / mod p for all j 2 J. An easy calculation shows that

LG
J

F zz \ LG
r0
F D LG

ra
F zz; FlJ zz \ Flr0

J
D Flra

J
zz:

We can now state the main result of the section which is the ramified analogue of
[49, Proposition 4.3.4]:

Proposition 3.2.2. Let zw; zw0 2 zW J be h-small, e-regular elements such that zw0 � zw.
Write zw� D . zw0/�zz0 and assume this is a reduced expression for zw�. Let zz 2 zW _;J be
2h-generic. Then

.I.F/. zw0j /
�I.F/zz0j zzj /

r0 D .I.F/ zw�j I.F/zzj /
r0 for all j 2 J.
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Proof. Again, the proof is very similar to the proof of [49, Proposition 4.3.4], and we
refer the reader to loc. cit. for further details.

Since . zw0/�zz D zw� is a reduced expression, there is an inclusion of the left side in the
right side. Since both sides are invariant under I.F/, we can descend to Flr0

J
and reduce

to showing
.Sı. zw0/�zz0zz/r0 D .Sı. zw�/zz/r0 :

By the assumptions, both zz and zz0zz are h-generic and so by Proposition 3.2.1, both sides
are affine spaces of the same dimension and so inclusion implies equality.

Definition 3.2.3. Assume that the lowest alcove presentation .s; �/ of � is .eh C 1/-
generic. We say that M 2 Y Œ0;h�;� .F/ satisfies the mod p monodromy condition if for any
choice of eigenbasis ˇ of M, the collection .A.j /

M;ˇ
zw�.�/j / is in LG

r0
F .F/.

3.3. Semicontinuity I

We fix a tame inertial type � with a 1-generic lowest alcove presentation .s;�/, as defined
in Section 2.3. In the present section, we show a semicontinuity result for the shape of a
mod p Kisin module of type � with respect to the shape of its semisimplification. This is
preliminary to a more general semicontinuity result (Theorem 3.5.1).

Proposition 3.3.1. Let M 2 Y
Œ0;h�;�

F .F 0/ and set x� WD T �dd.M/ for any finite extension
F 0=F . There exists M0 2 Y

Œ0;h�;�
F .F 0/ such that

T �dd.M0/ D x�
ss:

Furthermore, the shape of M0 with respect to � is less than or equal to the shape of M

with respect to � in the Bruhat order on zW _;J .

Proof. By the closure relations for the stratum of the stack Y Œ0;h�;�F (Proposition 3.1.8), it
suffices to construct a map A1F ! Y

Œ0;h�;�
F , sending x to Mx , such that

(1) T �dd.M0/ Š x�
ss;

(2) for all x 2 xF n ¹0º, T �dd.Mx/ Š x�.

The construction of the map proceeds as in the proof of [49, Proposition 5.5.9]. Let ˛
be the eigenbasis for M constructed in loc. cit. adapted to the filtration .Mi / on the étale
'-module MŒ1=u0�. Define the matrix C .j / 2 G.F 0..u0/// by the condition

�
.j /

M .'�.˛.j /// D ˛.jC1/C .j /:

By construction, C .j / lies in a parabolic subgroup P.F 0..u0/// � G.F 0..u0/// correspond-
ing to the filtration .Mi /. Let L denote the corresponding Levi subgroup which contains
the diagonal torus T . Choose a dominant cocharacter � such that L is the centralizer of �.

For x ¤ 0, define Mx to be the free Breuil–Kisin module of rank n with basis ˛x
such that � acts on ˛x in the same way it acts on ˛ and such that the Frobenius acts by
C
.j /
x D �.x/C .j /�.x/�1 (with respect to ˛x). Observe that the limit of C .j /x as x ! 0
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exists and lies in the Levi subgroup L.F 0..u0///. Thus, we can extend this to a family
over A1F . It is easy to check property (1). For (2), we note that for any x ¤ 0, C .j /x is the
matrix for the Frobenius with respect to the basis .˛.j / � �.x// and so Mx is isomorphic
to M1.

Corollary 3.3.2. Assume that � is .e.n � 1/C 1/-generic. If x� is � -admissible, then x�ss

is � -admissible and for all j 2 J,

zw.x�ss; �/j � zw.x�; �/j :

3.4. Specializations

Throughout this section we consider a continuous Galois representation x� W GK !
GLn.F/. We say that x� is N -generic if the tame inertial F -type x�ssjIK is N -generic (see
Section 2.3.3). All lowest alcove presentations for tame inertial types .over F or over E/
will always be compatible with a given lowest alcove presentation for x�ss.

If x�sp is a tame inertial F -type for K and � is an inertial type over E with compat-
ible lowest alcove presentation, then recall the combinatorially defined shape zw.x�sp; �/D

zw.�/�1 zw.x�sp/ 2 zW J defined in Section 2.4.

Definition 3.4.1. Let x� W GK ! GLn.F/ be a continuous Galois representation.

(1) A tame inertial F -type x�sp for K over F is a specialization of x� if there exists an
.e.n� 1/C 1/-generic tame inertial type � such that x� is � -admissible and zw.x�; �/D
zw.x�sp; �/. We say that � exhibits the specialization.

(2) A specialization x�sp is called an extremal specialization of x� if there exists a � exhib-
iting the specialization such that zw.x�sp; �/ D tw�1.e�0/ for some w 2 W J and if the
unique M 2 Y ��;� .F/ such that T �dd.M/ Š x�jGK1 satisfies the mod p monodromy
condition (Definition 3.2.3).

Remark 3.4.2. By a version of [49, Proposition 7.4.1] in the ramified setting (based on
the analysis of the monodromy condition in characteristic 0, see Proposition 4.4.1 below),
if � is .e C 1/.n� 1/-generic and x� admits a potentially crystalline lift of type .�; �/ then
the unique M 2 Y ��;� .F/ such that T �dd.M/ Š x�jGK1 satisfies the mod p monodromy
condition. Thus, the technical condition in Definition 3.4.1 (2) could be replaced by the
existence of a potentially crystalline lift.

Remark 3.4.3. Using the methods of [49], it can be shown under suitable genericity
conditions that all specializations are extremal when K=Qp is unramified. It is likely that
the same is true in the ramified case but we do not attempt to prove it here.

Let S.x�/ (resp. Sext.x�/) denote be the set of specializations (resp. extremal specializ-
ations) of x�.

Remark 3.4.4. The sets S.x�/ and Sext.x�/ are finite because the set of .e.n � 1/ C 1/-
generic types � for which x�ss is � -admissible is finite by Proposition 3.1.14 and the set of
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types for which x� is � -admissible is a subset of this set by Corollary 3.3.2. In Theorem
3.8.2, we show that x�ssjIK is an extremal specialization of x� so Sext.x�/ is also nonempty.

Example 3.4.5. We have the following examples when K D Qp and n D 2; 3.
(1) Let 1 < a < p � 1 and assume that x�IQp

is of the form
�
!a �
0 1

�
, where � ¤ 0.

Then we have two specializations, given by !a ˚ 1 and !a2 ˚!
pa
2 . A type which exhibits

the specialization !a2 ˚ !
pa
2 is .!aC12 ˚ !

p.aC1/
2 /˝ !�1.

(2) ([50, Theorem 4.2.5]) Assume that .a C 1; b C 1; c C 1/ 2 Z3 is 6-deep in
alcove C0 and that x�jIK is of the form0@!a �1 �

0 !b �2

0 0 !c

1A ;
where �1, �2 denote nonsplit extensions. Then x� has up to six specializations, namely
!a ˚ !b ˚ !c , !aCpb2 ˚ !

bCpa
2 ˚ !c , !aCpc2 ˚ !b ˚ !

cCpa
2 , !a ˚ !bCpc2 ˚ !

cCpb
2 ,

!
aCpbCp2c
3 ˚ !

bCpcCp2a
3 ˚ !

cCpaCp2b
3 and !aCpcCp

2b
3 ˚ !

bCpaCp2c
3 ˚ !

cCpbCp2a
3 .

A type which exhibits the specialization x�ss is !.a�1/Cp.c�1/2 ˚ !b�1 ˚ !
.c�1/Cp.a�1/
2 .

We have four specializations precisely when x� has either a potentially crystalline lift
of type !a�1 ˚ !

bCp.c�2/
2 ˚ !

.c�2/Cpb
2 (in which case the specializations !aCpc2 ˚

!b ˚ !
cCpa
2 and !aCpcCp

2b
3 ˚ !

bCpaCp2c
3 ˚ !

cCpbCp2a
3 do not appear) or of type

!
aCp.b�2/
2 ˚!

.b�2/Cpa
2 ˚!c�1 (in which case the specializations !aCpc2 ˚!b˚!

cCpa
2

and !aCpbCp
2c

3 ˚ !
bCpcCp2a
3 ˚ !

cCpaCp2b
3 do not appear).

3.5. Semicontinuity II

The following theorem generalizes Proposition 3.3.1.

Theorem 3.5.1. Let x� W GK ! GLn.F/ be a 3e.n � 1/-generic continuous Galois rep-
resentation. Assume that x� specializes to a tame inertial F -type x�sp for K and that x� is
� -admissible. For each j 2 J, we have the inequality

zw.x�sp; �/j � zw.x�; �/j :

We begin by stating two combinatorial lemmas which will be needed in the proof of
Theorem 3.5.1.

Lemma 3.5.2. Let � and � 0 be .e.n� 1/C 1/-generic tame inertial types overE. Assume
there exists a x� which is both � and � 0-admissible. Then, for any choice of lowest alcove
presentation of x�ss, � and � 0 admit lowest alcove presentations .s; �/ and .s0; �0/, com-
patible with that of x�ss, such that

j�j;i � �
0
j;i j � e.n � 1/:

Proof. Since x� is both � - and � 0-admissible, the same is true for x�ss by Corollary 3.3.2.
Fixing a lowest alcove presentation of x�ss, � and � 0 admit compatible presentations .s; �/
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and .s0; �0/ respectively and we have e�0-admissible elements zw.x�ss; �/ D t�w and
zw.x�ss; � 0/D t�0w

0. Since � and �0 are in the convex hull ofWe�0 (see [35, Theorem 3.3]),

0 � �j;i ; �
0
j;i � e.n � 1/: (3.3)

By Proposition 3.1.14, x�ssjIK has lowest alcove presentation .sw;�C s.�//D .s0w0;
�0 C s0.�0//. The result follows from this and (3.3).

Lemma 3.5.3. Let �; �0 be dominant cocharacters which are 2e.n � 1/-deep in
alcove C0, and assume that for all j 2 J and 1 � i � n,

j�j;i � �
0
j;i j � e.n � 1/:

Let .Bj /; .B 0j / 2Matn.FJvK/J be such that for all j , ve.n�1/B�1j 2Matn.FJvK/. Assume
that for all j 2 J there exists Cj 2 GLn.F..v/// such that

CjB
0
j v
�0
j
C�0;j D Bj v

�jC�0;j '.Cj�1/: (3.4)

Then Cj 2 I.F/ for all j 2 J.

Proof. The technique is similar to the proofs of [48, Theorem 3.2] and [49, Lemma 5.4.5].
We first show that for all j 2 J we have Cj 2 Matn.FJvK/. For all j 2 J, write Cj D
v�kjCCj with kj 2 Z, CCj 2Matn.FJvK/ and CCj 6� 0 mod v. Rearranging (3.4), we can
write

v�pkj�1 Ad.v�jC�0;j /'.CCj�1/ D v
�kjB�1j CCj B

0
j v
�0
j
��j : (3.5)

Since the RHS becomes integral after multiplying by vkjCe.n�1/Cmax1�i�n j�0j;i��j;i j, we
get

kj C p � 1 > kj C e.n � 1/C max
1�i�n

j�0j;i � �j;i j Cmax
˛2ˆ
jh�j ; ˛

_
ij � pkj�1:

This shows that if k D max1�j�f kj , then .p � 1/k < p � 1, hence kj � 0 for all j 2 J.
Thus Cj 2Matn.FJvK/, and comparing determinants we see that Cj 2 GLn.FJvK/ for all
j 2 J. (In particular, kj D 0 for all j 2 J.) Finally, we show that Cj 2 I.F/. If this were
not the case, then for some ˛ 2ˆ� the entry corresponding to ˛ in Ad.v�jC�0;j /'.CCj�1/
will have v-adic valuation h�j C �0;j ; ˛_i. Comparing the ˛-entries in the equation

Ad.v�jC�0;j /'.CCj�1/ D B
�1
j CCj B

0
j v
�0
j
��j

then shows that

h�j C �0;j ; ˛
_
i � �e.n � 1/ � max

1�i�n
j�0j;i � �j;i j;

which contradicts the deepness assumption on �.

Proof of Theorem 3.5.1. Let � 0 be a type which exhibits the specialization to x�sp. Let
.s; �/ and .s0; �0/ be lowest alcove presentations of � and � 0 respectively compatible
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with a fixed choice of 3e.n � 1/-generic lowest alcove presentation of x�ss. Note that �
and �0 are 2e.n � 1/-deep and satisfy the conclusion of Lemma 3.5.2. Let zw D zw.x�; �/
and zw0 D zw.x�; � 0/.

The strategy is similar to the proof of Corollary 3.3.2. We will construct a morphism

A1F ! Y
��;�

F ; x 7!Mx ; (3.6)

which satisfies the following properties:

(1) for all x ¤ 0, the Breuil–Kisin module Mx has shape zw.x�; �/;

(2) T �dd.M1/ Š x�jGK1 ;

(3) T �dd.M0/jIK1 Š x�
sp.

Let M0 2 Y
��;� 0

F .F/ be the unique Breuil–Kisin module satisfying T �dd.M
0/Š x�jGK1 .

By Proposition 3.1.15, there is an eigenbasis ˇ0 for M0 such that

A
.j /

M0;ˇ 0
D Dj . zw

0
j /
�Uj ;

whereDj 2 T .F/ and Uj 2 N. zw0
j
/�.F/ � I.F/ is defined in [49, Definition 4.2.9]. Since

Uj is unipotent [49, Corollary 4.2.16], there exists sj 2 W such that

Ad.sj .�0;j /.x// � Uj 2 1C xMatn.F Œx�JvK/: (3.7)

We define a map �0 W .Gm/F ! Y
��;� 0

F by specifying a Breuil–Kisin module zM0 over
F Œx˙1� of type � 0 and an eigenbasis ž0 such that

A
.j /

zM0; ž0
D Dj . zw

0
j /
� Ad.sj .�0;j /.x// � Uj

for all x ¤ 0. By (3.7), this map extends to a map �0 W A1F ! Y
��;� 0

F .
The map �0 gives rise to a family zM WD "� 0. zM0/ of étale �-modules over K paramet-

rized by A1F . Over Gm, by Proposition 3.1.11, zM admits a basis f such that

Q0j WD Matf.�
.j /

zM
/ D Dj . zw

0
j /
�
�
Ad.sj .�0;j /.x// � Uj

�
.s0j /
�1v

�0
j
C�0;j :

For x 2Gm, we writeQ0j;x DMatfx .�
.j /

zMx

/ in what follows. By construction, V �K.
zM1/Š

x�jGK1 and V �K.
zM0/jIK1 Š x�

sp.
By assumption, M1 is the étale '-module over K associated to the unique M 2

Y
��;�

F .F/ satisfying T �dd.M/ Š x�jGK1 . Choose an eigenbasis ˇ for M. By Proposition
3.1.11, there exists .Cj / 2 GLn.F..v///J such that for all j 2 J,

C .jC1/Q0j;1 D A
.j /

M;ˇ
s�1j v�jC�0;j '.C .j //: (3.8)

Applying Lemma 3.5.3 with B 0j DQ
0
j;1v

��0
j
��0;j and Bj D A

.j /

M;ˇ
s�1j , we conclude that

C .j / 2 I.F/ for all j 2 J. Hence, by changing the eigenbasis of M if necessary, we can
arrange that Q0j;1 D A

.j /

M;ˇ
s�1j v�jC�0;j .
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We now construct a map � W .Gm/F ! Y
��;�

F by specifying a Breuil–Kisin module zM
over F Œx˙1� of type � with eigenbasis ž such that

A
.j /

zM; ž
D Q0j v

��j��0;j sj D Dj . zw
0
j /
�
�
Ad.sj .�0;j /.x// � Uj

�
.s0j /
�1v

�0
j
��j sj :

To see that � is well-defined, observe that

A
.j /

zMx ; žx
D t1A

.j /

zM1; ž1
t2 D t1A

.j /

M;ˇ
t2

for suitable (constant) diagonal matrices t1; t2 2 T .F 0/ depending on x 2 .F 0/�. This also
shows that � satisfies property (1). The map � satisfies (2) by construction.

The construction of � shows that the fiber zMx of the family zM of étale �-modules
over A1F comes from a point of Y ��;�F for each x ¤ 0. Since this is a closed condition and
the map Y ��;�F ! ˆ-Modét;n

K is proper (Proposition 3.1.12), it follows that � extends to a
map � W A1F ! Y

��;�
F , and property (3) holds for this extension.

The proof of Theorem 3.5.1 has the following useful consequence.

Corollary 3.5.4. Suppose that � and � 0 are 2e.n� 1/-generic tame types with compatible
lowest alcove presentations. Assume that "� .M/ Š "� 0.M

0/ for objects M 2 Y ��;� .F/
and M0 2 Y ��;�

0

.F/. Then M and M0 admit respective eigenbases ˇ and ˇ0 such that

A
.j /

M;ˇ
zw�.�/ D A

.j /

M0;ˇ 0
zw�.� 0/ for all j 2 J.

3.6. Specialization pairs

In this subsection, we enhance the notion of specialization of x� to a pair of specialization
and a Serre weight. The pairs exhibit a nice combinatorial structure indexed by the Weyl
group (see Definition 3.6.3).

Lemma 3.6.1. Suppose that x�sp is an extremal specialization of x�, and � is a tame inertial
type exhibiting this specialization and such that zw.x�; �/ D tw�1.e�0/ for some w 2 W J .

Let zw 2 zW C;J1 be an element .unique up toX0.T//whose image inW J isw. Let �g be the
tame inertial type with lowest alcove presentation compatible with � such that zw.x�sp; �g/

is the unique element in �Jw0t.e�1/�0 zw \ te�0W
J
a . Assume that �g is .e.n � 1/C 1/-

generic. Then x� is �g -admissible and zw.x�; �g/ D zw.x�sp; �g/:

Proof. Note that tw�1.e�0/ D zw.�/
�1 zw.x�sp; �/ D zw.x�sp/ and we can write tw�1.e�0/ D

zw�12 w0t.e�1/�0 zw where zw2 2 zW
C;J
1 . Let ı 2 �J be such that ı zw2 2 W

J
a . We define �g

to be the unique tame inertial type such that zw.�g/ D zw.�/.ı zw2/�1. By definition �g is
endowed with a compatible lowest alcove presentation which is .e.n � 1/C 1/-generic
and zw.x�sp; �g/ is as desired. It remains to show that zw.x�; �g/ D zw.x�sp; �g/:

Let M 2 Y �;� .F/ be the unique Breuil–Kisin module such that T �dd.M/ Š x�jGK1 .
By assumption, M has shape tw�1.e�0/ and satisfies the mod p monodromy condition
(Definition 3.2.3). Hence, for any choice of eigenbasis ˇ, �� .M/ is the étale �-module
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with partial Frobenii given by A.j /
M;ˇ
zw�.�/j for j 2 J, where

A
.j /

M;ˇ
zw�.�/j 2

�
I.F/tw�1.e�0;j /I.F/ zw

�.�/j
�r0 :

Applying Proposition 3.2.2 with zwD tw�1.e�0;j /; zw
0Dıw0t.e�1/�0;j zw1;j and zzD zw�.�/j ,

we have

A
.j /

M;ˇ
zw�.�/j 2 I.F/.ıw0t.e�1/�0;j zw1/

�I.F/ zw�.�g/j for all j 2 J

(note that zw D tw�1.e�0;j /; zw
0 D ıw0t.e�1/�0;j zw1;j are e-regular and n� 1-small by Pro-

position 2.1.6). Hence there exists M0 2 Y �;�g .F/ such that "�g .M
0/ Š "� .M/ and M0

has shape ıw0t.e�1/�0 zw1 D zw.x�
sp; �g/.

Definition 3.6.2 (Specialization pairs). Suppose that x�, x�sp, � , and w are as in Lemma
3.6.1. Let zw 2 . zW C1 /

J be the unique (up to X0.T /) element whose projection into W J

is w. Let � be the Serre weight

F
�
��1. zw/ � . zw.�/ zw�1 zw�1h .0/ � �0/

�
D F. zw; zw.�/ zw�1 zw�1

h
.0//: (3.9)

Then we say that x� specializes to the pair .�; x�sp/ and that � exhibits this specialization.
Let SP.x�/ be the set of pairs to which x� specializes.

Note that if x�sp is max¹2; eº.n � 1/-generic and � is 2.n � 1/-generic then � is the
unique element in W ‹.x�sp; �/ by Proposition 2.4.8, and is the extremal weight corres-
ponding to w (see Definition 2.4.3).

If x� is .2e.n � 1/ C 1/-generic, we have a natural map SP.x�/ ! Sext.x�/ which is
surjective and hence the set SP.x�/ is finite. If � 2 X�.T / and some x�sp 2 Sext.x�/ has a
�-compatible lowest alcove presentation, then every element of Sext.x�/ has a �-compatible
lowest alcove presentation.

Definition 3.6.3. Assume that x� is .2e.n � 1/ C 1/-generic. Let � 2 X�.T / and sup-
pose that some (equivalently any) element of Sext.x�/ has a �-compatible lowest alcove
presentation. We define a map

�
�
x� W SP.x�/! W J

as follows: If .�; x�sp/ is in SP.x�/, .wx�sp ;�x�sp/ is a �-compatible lowest alcove presentation
of x�sp, and � is the extremal weight corresponding to w, we set ��

x� .�; x�
sp/ D wx�spw�1.

Proposition 3.6.4. Assume that x� is 3e.n � 1/-generic. The map ��
x� is injective. .Later

in Section 5.4, we show that the map is bijective./

Proof. Suppose that ��
x� .�; x�

sp/ D �
�
x� .�
0; x�0;sp/. Let � and � 0 be as in Lemma 3.6.1 exhib-

iting these specializations with zw.x�; �/ D tw�1.e�0/ and zw.x�; �/ D t.w0/�1.e�0/, and let
�g and � 0g also be as in Lemma 3.6.1. Then � and � 0 are the extremal weights of x�sp

and x�0;sp corresponding to w; w0 2 W , respectively. Let zw; zw0 2 zW C1 be elements with
images w; w0 2 W , respectively. Then by Lemma 3.6.1, there exist ı; ı0 2 � such that
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zw.x�; �g/ D ıw0t.e�1/�0 zw and zw.x�; � 0g/ D ı0w0t.e�1/�0 zw
0. By Corollary 3.5.4 and the

fact that zw�.� 0g/'.I/ zw
�.� 0g/

�1 � I,

I zw.x�; �g/
�I zw�.�g/ \ I zw.x�; � 0g/

�I zw�.� 0g/ ¤ ;;

or equivalently by taking transposes,

zw.�g/ıI
opw0t.e�1/�0 zwIop=Iop

\ zw.� 0g/ı
0Iopw0t.e�1/�0 zw

0Iop=Iop
¤ ;; (3.10)

where Iop is the opposite Iwahori group scheme.
To simplify notation, let zs and zs0 be zw.�g/ı and zw.� 0g/ı

0, respectively. Then we have
zw.x�sp/D zsw0t.e�1/�0 zw and zw.x�0;sp/D zs0w0t.e�1/�0 zw

0. Let s; s0;w.x�sp/;w.x�0;sp/ 2W be
the images of zs; zs0; zw.x�/; zw.x�0;sp/, respectively. The equality w.x�sp/w�1 D �

�
x� .�; x�

sp/ D

�
�
x� .�
0; x�0;sp/ D w.x�0;sp/.w0/�1 implies that s D s0.

The previous paragraph and (3.10) imply that there exists � 2 X�.T / such that

t�I
opw0t.e�1/�0 zwIop=Iop

\ Iopw0t.e�1/�0 zw
0Iop=Iop

¤ ;:

Both t�I
opw0t.e�1/�0 zwIop=Iop and Iopw0t.e�1/�0 zw

0Iop=Iop are stable under the left
action of T . There is a Gm-subgroup which contracts t�Iopw0t.e�1/�0 zwIop=Iop to
t�w0t.e�1/�0 zw. So t�w0t.e�1/�0 zw is in the closure of Iopw0t.e�1/�0 zw

0Iop=Iop, or equi-
valently t�w0t.e�1/�0 zw �w0t.e�1/�0 zw

0. Symmetrically, t��w0t.e�1/�0 zw
0 �w0t.e�1/�0 zw.

Lemma 2.2.4 implies that zw0 D t� zw and � 2 X0.T /. In particular, w D w0 so that � D � 0,
� Š � 0, and x�sp D x�0;sp.

3.7. Extremal weights

In this section, we define extremal weights and use them to give a tameness criterion for
Galois representations.

Definition 3.7.1 (Extremal weights). Let x� be a .2e.n � 1/C 1/-generic representation
of GK . Define Wextr.x�/ to be the set of Serre weights � such that there exists some x�sp so
that .�; x�sp/ 2 SP.x�/.

Proposition 3.7.2. If x� is semisimple and .2e.n � 1/C 1/-generic, then Wextr.x�/ agrees
with the set Wextr.x�jI / from Definition 2.4.3.

Proof. We first note that if x� is semisimple, then it only specializes to x�jIK by Proposition
3.1.14.

Fix now a .2e.n � 1/ C 1/-generic lowest alcove presentation of x�jIK . For each
w 2 W J , there is a unique type � (with compatible lowest alcove presentation) such
that zw.x�jIK ; �/ D zw.x�; �/ D tw�1.e�0/. Let zw 2 zW C;J1 be the unique element whose
projection in W J is w. This type realizes the specialization to the pair x�jIK and � D
F. zw; zw.�/ zw�1 zw�1

h
.0// (see (3.9)). Using zw.�/ D zw.x�jIK /te�0 , we see that � is the extremal

weight of x�jIK corresponding to w.
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Proposition 3.7.3. Assume that x� is 3e.n � 1/-generic. The following are equivalent:

(1) x� is semisimple;

(2) #Wextr.x�/ D #W J .

Proof. Proposition 3.7.2 gives (1))(2). Next, assume that #Wextr.x�/ D #W J . By the
injectivity of �x� (Proposition 3.6.4), x� has a unique extremal specialization, call it x�sp,
and furthermore Wextr.x�/ D Wextr.x�

sp/.
Let w 2 W J . Let � (resp. � 0) be the extremal weight associated to w (resp. ww0).

We show that if x� specializes to both .�; x�sp/ and .� 0; x�sp/ then x� is semisimple and
x�jIK Š x�

sp. Let � and � 0 be the types realizing these specializations in shape zzD tw�1.e�0/
and zz0 D tw0w�1.e�0/ with the corresponding Breuil–Kisin modules M and M0.

By Proposition 3.1.15, there exist eigenbases ˇ and ˇ0 such that

A
.j /

M;ˇ
D DjUj zzj ; A

.j /

M0;ˇ 0
D D0jU

0
j zz
0
j

where Dj ;D0j 2 T .F/, Uj 2 zzjNzzj .F/zz
�1
j , and U 0j D zz

0
jN
0

zz0
j

.F/.zz0j /
�1. By definition of

Nzz [49, Definition 4.2.9], we have

Uj ; U
0
j 2 L

��G
.j /
F .F/

where L��G
.j /
F denotes the negative loop group for LG

.j /
F (in particular, its F points

consist of matrices A 2 GLn.F Œ1=v�/ which are lower unipotent modulo 1=v).
By Corollary 3.5.4, there exists .I .j // 2 I.F/J such that

DjUj zzj zw
�.�/ D I .j /D0jU

0
j zz
0
j zw
�.� 0/.'.I .j�1///�1: (3.11)

By scaling ˇ0 by an element of T .F/J if necessary, we can arrange that .I .j // 2 I1.F/J .
Since both � and � 0 realize the same specialization, zzj zw�.�/ D zz0j zw

�.� 0/ D zw�.x�sp/ and
so (3.11) becomes

DjUj zw
�.x�sp/ D I .j /D0jU

0
j zw
�.x�sp/.'.I .j�1///�1: (3.12)

By Lemma 3.1.5, there exists .Xj /2 I1.F/J such thatDjUj DXjD0jU
0
j for all j 2J.

Thus, Uj .U 0j /
�1 2 I.F/ \ L��G

.j /
F .F/ and so Uj D U 0j . Finally, since tw�1.e.�0//.A0/

and tw0w�1.e.�0//.A0/ are in opposite Weyl chambers, zz�1j Uj zzj and .zz0j /
�1U 0j zz

0
j are in

opposite unipotents by [49, Corollary 4.2.15]. Thus, Uj and U 0j are the identity (zzj ; zz0j are

both translations). SinceA.j /
M;ˇ
DDj zzj for all j 2 J, it follows that T �dd.M/ is semisimple

(see [49, Proposition 5.5.2] for example).

3.8. Maximally ordinary weights

In this section, we show that the set Wextr.x�/ contains the set of maximally ordinary
weights. We further show that the set of maximally ordinary weights is nonempty, so
that in particular Wextr.x�/ is nonempty. When x� is an iterated extension of characters, the
set of maximally ordinary weights is the set of ordinary weights.
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Lemma 3.8.1. Suppose that x� W GK ! GLn.F/ is .e.n � 1/ C 2/-generic and is an
extension of x�2 by x�1. For i D 1; 2, let ni be the dimension of x�i . Suppose that x�i has
a potentially crystalline lift �i W GK ! GLn.OE / of tame inertial type �i and parallel
Hodge–Tate weights .n1 C n2 � 1; : : : ; n2/ .resp. .n2 � 1; : : : ; 0// if i D 1 .resp. i D 2/.
Then x� has a lift � which is an extension of �2 by �1 and is potentially crystalline of type
.�; �/ where � D �1 ˚ �2.

Proof. Note that by genericity, both x� and � are at least 2-generic, in particular they are
cyclotomic-free [49, Lemma 7.2.9]. By genericity, Ext2GK .�2; �1/ is zero. So the nat-
ural reduction map Ext1GK .�2; �1/! Ext1GK .x�2; x�1/ is surjective. We conclude that there
exists a lift � W GK ! GLn.OE / of x� which is an extension of �2 by �1.

Let �i;E be �i ˝OE E. Then the inclusion

H 1
g .GK ; �

_
2;E ˝E �1;E / � H

1.GK ; �
_
2;E ˝E �1;E /

is an equality for dimension reasons. Indeed, by the local Euler characteristic formula
and Tate duality, we have h1.GK ; �_2;E ˝E �1;E / D dimE �

_
2;E ˝E �1;E . On the other

hand, h1g.GK ; �
_
2;E ˝E �1;E /D dimE DdR.�

_
2;E ˝E �1;E /=DdR.�

_
2;E ˝E �1;E /

C. Since
the Hodge–Tate weights of �2 are strictly less than those of �1, this latter expression
is dimE �

_
2;E ˝E �1;E as well. We conclude that � is an OE -lattice in a potentially

semistable representation. Moreover, � has parallel Hodge–Tate weights �.
There is an exact sequence of smooth IK-representations

0! Dpst.�1;E /! Dpst.�E /! Dpst.�2;E /! 0:

We conclude thatDpst.�E / Š � D �1 ˚ �2. Moreover, by genericity, HomIK .�2; �1.�1//
D 0 and so � must be potentially crystalline.

Let P_ � GLn be a parabolic subgroup with Levi quotient M_. Then M_ ŠQk
iD1M

_
i where M_i Š GLni and

Pk
iD1 ni D n. Let Ni be

Pk
jDiC1 nj . We index these

dimensions so that for all 1� i � k, P_ has a quotient P_i which is isomorphic to a para-
bolic subgroup of GLNi with Levi quotient

Qk
jDiC1M

_
j . In other words, if P is block

upper diagonal, then starting from the top left, the i -th block has size ni .

Theorem 3.8.2. Let x� W GK ! GLn.F/ be .2e.n � 1/ C 1/-generic. Suppose that x�
factors through P_.F/ for a parabolic subgroup P_ � GLn as above. Let M_, M_i ,
and Ni be as above. Suppose that the associated representations x�i W GK ! M_i .F/
are semisimple. For each i , let �i be a potentially crystalline lift of type �i and paral-
lel Hodge–Tate weights .ni C Ni � 1; : : : ; Ni / where zw.x�i .�Ni /; �i / is extremal .here,
x�i .�Ni / means twist of x�i by the .�Ni /-th power of the cyclotomic character/. Then x�
has a potentially diagonalizable lift � .in the sense of [3, Section 1.4]/ of type .�;�/ where
� D

Lk
iD1 �i . The corresponding specialization is

Lk
iD1 x�i . In particular, the semisim-

plification
Lk
iD1 x�i is an extremal specialization of x�.

Proof. By iterated application of Lemma 3.8.1, we obtain a potentially crystalline lift �
of type .�; �/, which is an iterated extension of potentially crystalline lifts (of type �i and
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parallel Hodge–Tate weights .ni C Ni � 1; : : : ; Ni /) of the representations x�i . In par-
ticular, the semisimplification of � is

Lk
iD1 �i . Then by the argument of [47, proof of

Corollary 3.4.11] (replacing the reference to Proposition 3.4.8 in loc. cit. with Proposi-
tion 4.2.2 below, and noting that the semisimple Kisin module produced as in loc. cit. has
Hodge–Tate weights exactly �), after restriction to a finite index subgroup the semisim-
plification of � is a direct sum of characters. By [3, Lemma 1.4.3 (1)], � is potentially
diagonalizable.

Since zw.x�i .�Ni /; �i / is extremal for all i D 1; : : : ; k, so is zw.
Lk
iD1 x�i ; �/ by an easy

computation. Since the semisimplification of x� is
Lk
iD1 x�i , we deduce that zw.x�; �/ is this

same shape by Corollary 3.3.2. Thus � exhibits the specialization
Lk
iD1 x�i of �.

Suppose that x� is as in Theorem 3.8.2 with P_, M_, and Ni as before. Let P � GLn
be the dual parabolic subgroup. Let U be the unipotent radical of P . For each i let �i 2
Wextr.x�i /. Let � be the unique Serre weight such that

�U Š
k

�
iD1

�i .�Ni /:

We call a Serre weight constructed in this way maximally ordinary. Let Wmord.x�/ be the
set of maximally ordinary Serre weights. Since we can always find P_ as in Theorem
3.8.2, Wmord.x�/ is nonempty. If x� is semisimple, then we can take P_ to be GLn so that
Wmord.x�/ D Wextr.x�/. Taking P_ to be a minimal parabolic when x�ss is a direct sum of
characters, we see that ordinary weights are maximally ordinary.

Proposition 3.8.3. There is an inclusion Wmord.x�/ � Wextr.x�/.

Proof. Let x� and x�i be as in Theorem 3.8.2. Suppose that � 2 Wmord.x�/. For each i , let
�i be the tame type such that W ‹.x�i ; �i / D ¹�iº. Then if we let � be

Lk
iD1 �i , then �

exhibits a specialization of x� to x�ss. Moreover, one can check that W ‹.x�ss; �/ D ¹�º so
that .�; x�ss/ 2 SP.x�/. This shows that � 2 Wextr.x�/.

3.9. Connections to Emerton–Gee stacks

This section is a series of remarks explaining how the notions of extremal weight and
specialization can be interpreted geometrically on the stack of mod p Galois represent-
ations Xn introduced by Emerton–Gee [23]. When K=Qp is unramified, everything can
be proved using the techniques of [49]. The ramified case requires extending [49], which
will be the subject of future work.

First, we briefly recall what we need from [23]. In [23, Theorem 6.5.1], Emerton and
Gee describe a parametrization of the irreducible components of the underlying reduced
stack Xn;red of the moduli of .'; �/-modules Xn by Serre weights of GLn.OK/. Let
� D F.�/ be a Serre weight of GLn.OK/ with � D .�j / 2 X1.T /J . We use the normal-
ization as in [49] where

C� WD X�_˝detn�1
EG;n;red :
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If � is 1-deep, then C� is uniquely characterized by the fact that has a Zariski open
subset consisting of x� of the form

x� Š

0BBB@
�1 � � � � �

0 �2 � � � �

:::
: : :

:::

0 � � � 0 �n

1CCCA
where �i jIK D x"

i
Q
j2J x!

.�j /i
K;�j

and x� admits a unique GK-stable flag.

Remark 3.9.1. (1) Let x�sp be a sufficiently generic tame F -type. If � is an extremal
weight of x�sp as in Definition 2.4.3, then there is a Zariski open subset C

x�sp

� � C� such
that x� specializes to the pair .�; x�sp/ if and only if x� 2 C

x�sp

� . The Zariski open can be
constructed via the generalization of the diagram in [49, Theorem 7.4.2] to the ramified
setting.

(2) Let � be a sufficiently generic Serre weight. Then there are .nŠ/J sufficiently
generic tame F -types which have � as an extremal for x� corresponding to weight w.
Thus, the union C extr

� D
S

C
x�sp

� where x�sp ranges over all such types is a Zariski open
subset of C� consisting exactly of the x� which have � as an extremal weight. (One can
check that C extr

� D C� only when K=Qp is unramified and � is Fontaine–Laffaille.)

Remark 3.9.2. As has been introduced in other settings [50], there is a natural set of
Serre weights that can be associated to an arbitrary x� W GK ! GLn.F/, the geometric
weights,

W g.x�/ D ¹� j x� 2 C� .F/º:

Remark 3.9.1 says that Wextr.x�/ � W
g.x�/. Generally speaking, the set of geometric

weights will be larger.

3.10. The extremal locus

In this section, we discuss the relationship between Wextr.x�/ and W g.x�/ when K=Qp

is unramified. This gives, in this setting, an alternative to the proof of the existence of
extremal weights in Section 3.8. The main result of this section will also be used to con-
struct global lifts in Section 5.5.

Let K=Qp be unramified. Let . zw1; !/ be a lowest alcove presentation for a Serre
weight � compatible with � 2 X�.Z/. Recall from [49, Definition 4.6.1] that C �� is the
closure of �

InI.w0 zw1/
�I.t!/

�
�r0

inside Flr0
J

(see also Section 3.2). We define C ��;extr to be the (Zariski) open subset[
w2W

�
InI.w0 zw1/

�I.t!w/
�
�r0
� C �� :

Assume that � is .3n � 1/-deep. Then by [49, Remark 7.4.3 (2)], we have a local
model diagram for C� (the irreducible component of Xn;red corresponding to � , see Sec-
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tion 3.9) and C �� . We then let C�;extr � C� be the Zariski open subset of C� corresponding
to C ��;extr � C

�
� . (The definition of C�;extr does not depend on the lowest alcove presenta-

tion of � .)

Proposition 3.10.1. Let x� be .2.n � 1/C 1/-generic. If � is .3n � 1/-deep and x� 2 C� ,
then x� 2 C�;extr if and only if � 2 Wextr.x�/.

Proof. We fix a lowest alcove presentation . zw1; !/ for � compatible with �. Let x 2 C ��
correspond to x� 2 C� in the local model diagram [49, Theorem 7.4.2]. If � 2 Wextr.x�/,
then let � be a tame inertial type exhibiting the extremal weight � . Then

x 2 .InIt�
.w1/�1.�/

I zw.�/�/r0

D
�
InI.w0 zw1/

�I. zw.�/. zwh zw1/
�1/�

�r0
D
�
InI.w0 zw1/

�I.t!w.�/.w0w1/
�1/�

�r0
� C

�
�;extr;

where zw.�/ is defined with respect to the lowest alcove presentation of � compatible
with �.

Conversely, suppose that x� 2 C�;extr. Let w 2 W with x 2 .InI.w0 zw1/�I.t!w/�/r0 .
Then we let � be such that zw.�/D t!w zwh zw1. The above calculation shows that � exhibits
� as an extremal weight of x�.

Proposition 3.10.2. Assume that � is .4n � 2/-deep. There is an inclusion

C� �
[

� covers � 0
C� 0;extr:

Proof. We choose a .4n� 2/-deep lowest alcove presentation . zw1; !/ of � and will show
that

C �� �
[

� covers � 0
C
�
� 0;extr:

Since the elements of zW less than or equal to w0 zw1 are exactly those of the form s zw for
some s 2 W and zw 2 zW C with zw " zw1 (see the proof of Lemma 2.2.2), [41, Proposi-
tion 2.8] gives

C �� � InI.w0 zw1/�It�!
r0
D

[
s2W

[
zw2 zW

zw" zw1

.InI.s zw/�It�!/
r0 :

We will show that .InI.s zw/�It�!/
r0 � C

�
� 0;extr for some � 0 which � covers.

Since .w0s�1/s zw is a reduced factorization by Lemma 2.2.1,

.InI.s zw/�It�!/
r0 �

�
InI.s zw/�I.w0s

�1/�I..w0s
�1/�1/�t�!

�r0
D
�
InI.w0 zw/

�I.t!sw
�1
0 /�

�r0 :
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To further analyze this, let zw D t� zw
0
1 where � 2 X�.T / is dominant and zw01 2 zW

C
1 .

Then tw0.�/w0 zw
0
1 is a reduced expression for w0 zw by [47, Lemma 4.1.9], from which we

deduce as before that�
InI.w0 zw

0
1/
�I.t!Cs.�/sw

�1
0 /�

�r0
D
�
InI.w0 zw

0
1/
�I.t!sw

�1
0 tw0.�//

�
�r0

�
�
InI.w0 zw/

�I.t!sw
�1
0 /�

�r0 :
On the other hand, these are irreducible varieties of the same dimension by [49, Theorem
4.2.4] and thus must be equal. Letting � 0 be the Serre weight with lowest alcove present-
ation . zw01; ! C s.�//, we have .InI.w0 zw01/

�I.t!Cs.�/sw
�1
0 /�/r0 � C

�
� 0;extr. (Note that

� 0 is .3n � 1/-deep, hence C� 0;extr is defined.) It suffices to show that � covers � 0, or
by [49, Proposition 2.3.12 (ii)] that tW.�/ zw

0
1 " zw1. However, we have tW.�/ zw

0
1 " zw " zw1

where the first inequality follows from [42, II.6.5(3)].

Proposition 3.10.3. Let K=Qp be a finite unramified extension and x� W GK ! GLn.F/
be a Galois representation. Let � be a .5n � 1/-generic tame inertial L-parameter. Then
the following are equivalent:

(1) R�
x� is nonzero;

(2) x� is 4n-generic and W g.x�/ \ JH.x�.�// ¤ ;;

(3) x� is 4n-generic and Wextr.x�/ \ JH.x�.�// ¤ ;.

Proof. (1) and (2) are equivalent by [49, Theorem 7.4.2 (1)]. Since Wextr.x�/ � W
g.x�/,

(3) implies (2). For the converse, suppose that x� 2 C� for some � 2 JH.x�.�//. Proposi-
tion 3.10.2 implies that x� 2 C� 0;extr for some � 0 which � covers. Then � 0 2 Wextr.x�/ by
Proposition 3.10.1 and � 0 2 JH.x�.�// by the definition of covering. (Note that Proposi-
tions 3.10.1 and 3.10.2 apply by the genericity assumption on � .)

4. Some potentially crystalline deformation rings

The aim of this section is to compute potentially crystalline deformation rings for a certain
class of shapes, namely those related to the subgroup Wa;˛ � zW defined in Section 2.2.
We follow the general procedure appearing in [47], improved in [49].

4.1. The main result on Galois deformation rings

For a mod p Galois representation x�, we writeR�;�
x� (resp.R��;�

x� ) for the framed universal
deformation ring of x� of tame inertial type � for IK over E and parallel Hodge–Tate
weights � (resp. � �). The main result is the following:

Theorem 4.1.1. Let � be a max¹.3n � 7/e � .n � 2/; .2n � 3/eº-generic tame iner-
tial type. Suppose that zw.x�; �/ is zw�1te�0 zw˛ zw for some zw 2 zW C1 , some ˛ 2 �J , and
zw
j̨
2 Wa; j̨ . Then R�;�

x� D R
��;�
x� is either zero or a normal domain. Furthermore:
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� If zw
j̨

is id or t�e j̨ for each j , then R�;�
x� is formally smooth over O.

� In general, Spec xR��;�
x� is reduced with 2m geometrically irreducible components of the

same dimension, where m D #¹j 2 J j zw
j̨
¤ id; t�e j̨ º.

Remark 4.1.2. A key ingredient in our proof of Theorem 4.1.1 is the fact that the local
model (in the sense of [49]) of our Galois deformation ring has a Levi reduction property:
namely, it is formally smooth over a similar local model attached to a Levi subgroup
of GLn. This turns out to be a general phenomenon whenever the shape zw.x�; �/� is
suitably “decomposable”, which may be of independent interest. In the specific case of
Theorem 4.1.1, the Levi subgroup we can reduce to is GL2 � GLn�21 , which is why we
have very precise control on the relevant local models, and hence the Galois deformation
rings.

4.2. Gauge bases and parabolic structures

For each j 2 J, we setEj D �j .E.v// 2 OŒv�. LetR be an O-algebra. We have the usual
notion of degrees on RŒv�, which is submultiplicative, deg.ab/ � deg.a/C deg.b/, with
equality if either a or b are monic (but not in general). The notion of degree and being
monic extends to elements of RŒv; E�1j �. The set of elements of degree � 0 is a subring
of RŒv;E�1j ��0. This subring contains the set RŒv;E�1j ���1 D RŒv;E

�1
j �<0 of elements

of degree < 0 as an ideal, and another ideal given by vRŒv; E�1j �<0. More generally, the
set RŒv;E�1j ��d of elements of degree � d is an RŒv;E�1j ��0-module.

Concretely, the elements of RŒv; E�1j ��0 are exactly those of the form P=Emj with
P 2 RŒv� such that degP � me, with the extra condition v jP (for some choice of frac-
tions with m sufficiently large) for elements of vRŒv; E�1j �<0, and the extra condition
deg P < me for elements of RŒv; E�1j �<0. Finally, note that for an element a repres-
ented by P=Emj with P.v/ 2 RŒv�, the O-algebra generated by the coefficients of P is
independent of the choice of representing fraction.

Let R be a Noetherian O-algebra. We define

LG .j /.R/ WD ¹A 2 GLn.RŒv�
^Ej Œ1=Ej �/ j A is upper triangular mod vº;

LCM.j /.R/ WD ¹A 2 Matn.RŒv�
^Ej / j A is upper triangular mod vº:

For zz D zt� 2 zW
_ such that e j k�k, define U.zz/det;�h.R/ to be the collection of A 2

LG .j /.R/ such that:

� For 1 � i; k � n,

Aik D v
ıi>k

P

Ehj

with P 2 RŒv� such that degP � he C �k � ıi>k � ıi<z.k/. Furthermore, this is an
equality when i D z.k/, in which case P is monic. In particular, A 2 1

Eh
j

LCM.j /.R/.

� detA D det.z/Ek�k=ej .
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If R is furthermore O-flat, then for such A we have

A�1ik D v
ıi>k

Q

EHj

withQ 2RŒv� andH sufficiently large, such that degQ �He � �i � ıi>k � ız.i/<k (the
condition that R is O-flat is used to show that divisibility by v in RŒv;E�1j � is equivalent
to evaluating to 0 at v D 0, and hence the numerators of all representing fractions have
zero constant terms).

For each j 2 J, we define U Œa;b�.zzj / � Udet;��a.zzj / to be the subfunctor consisting
ofA such thatEbj A

�1 2LCM.j /.R/\LG .j /.R/ andE�aj A2LCM.j /.R/\LG .j /.R/.
This is clearly representable by a finite type affine O-scheme, with a set of generators
given by the coefficients of the entries of A.j /. Note that this depends on j , a choice that
is implicit in the symbol zzj .

If zz D .zzj /j 2 zW _;J , we set U Œa;b�.zz/ D
Q
U Œa;b�.zzj /. We have the following defin-

ition:

Definition 4.2.1. Let .R;m/ be a complete local Noetherian O-algebra and assume that
M 2 Y Œ0;n�1�;� .R/ such that M˝R R=m has shape zz with respect to � . An eigenbasis ˇ
for M is said to be a gauge basis if A.j /

M;ˇ
2 T _.R/U Œ0;n�1�.zzj /.R/ for all j 2 J.

Proposition 4.2.2. Assume that � admits an .e.n� 1/C 1/-deep lowest alcove presenta-
tion. Suppose R is a complete local Noetherian O-algebra and let M 2 Y Œ0;n�1�;� .R/ be
such that xM 2 Y Œ0;n�1�;� .F/ has shape zz with respect to � . Then M has a gauge basis.
Moreover, the set of gauge bases for M is a torsor for the natural action of T _;J.R/.

Proof. The proof of [49, Proposition 5.2.7] generalizes verbatim by replacing the refer-
ence to Proposition 5.1.8 in loc. cit. by Remark 1 above, and noting that the statement of
Lemma 5.1.10 in loc. cit. holds true in our setting. The proof in loc. cit. in fact yields a
more general statement where R is only assumed to be merely p-adically complete.

Suppose we are given a gauge basis x̌ for xM 2 Y Œ0;n�1�;� .F/ with shape zz and write

A
.j /
xM; x̌
D xD.j / xU .j /;

where xD.j / 2 T _.F/, xU .j / 2 U Œ0;n�1�.zzj /.F/.
If R is a complete local Noetherian O-algebra, and M 2 Y Œ0;n�1�;� .R/ is such that

M ˝R F Š xM, then the set of gauge bases for M lifting x̌ is a torsor under the
natural action of ker.T _;J.R/� T _;J.F//. Thus, the functor representing deforma-
tions .M; ˇ/ of the pair . xM; x̌/ is representable by the completion of T _U Œ0;n�1�.zzj /
at the point corresponding to . xD.j / xU .j //, and it is formally smooth over the comple-
tion of Y Œ0;n�1�;� at xM. The subfunctor classifying deformations .M; ˇ/ such that M

furthermore belongs to Y ��;� corresponds to the completion of the closed subscheme
T _U.zz;��/ of T _U Œ0;n�1�.zz/ characterized by:

� T _U.zz;��/ is O-flat and reduced.
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� The elementary divisors of .A.j // 2 T _U.zz;��/.R/ �
Q
LG .j /.R/ are bounded by

E
.n�1;:::;0/
j , i.e. for each 1 � k � n, each k � k minor of A.j / (which belongs to RŒv�)

is divisible by E.k�1/k=2j (in RŒv�).

Remark 4.2.3. Let

LGC;.j /.R/ WD ¹A 2 GLn.RŒv�
^Ej / j A is upper triangular mod vº

be a twisted positive loop group. Then Gr.j /
G
D LGC;.j /nLG .j / is a twisted affine

Grassmannian. Then the generic fiber Gr.j /
G ;E
Š .GrGLn;E /

e identifies with the product
of e copies of the affine Grassmannian for the split group GLn, while the special fiber
Gr.j /

G ;F Š Fl identifies with the affine flag variety. The Pappas–Zhu local model Mj .��/
for ResOK˝W.k/;�j

O=OGLn as defined in [53] is the Zariski closure of the open Schubert
variety for the cocharacter .n � 1; n � 2; : : : ; 1; 0/ for each copy of GrGLn;E . In this
setup, the scheme U.zzj ;��/ identifies with a (possibly empty) open affine subscheme of
Mj .��/ (see the discussion preceding [49, Theorem 5.3.3]). In particular, if nonempty,
U.zzj ;��/ has dimension e

P
ˇ>0h�0; ˇ

_i D e.n � 1/n.nC 1/=6.

The following proposition shows that in certain cases, any element of T _U.zz;��/
automatically acquires a parabolic structure. In Propositions 4.2.4 and 4.2.5 below, we
work with fixed j 2 J and drop the subscript for notational ease.

Proposition 4.2.4. Let w 2 W _, r C s D n and

zz D zt� D

�
zzt 0

0 zzb

�
2 zW _

with block sizes r; s. Let w D wMw
M be the factorization such that wM has minimal

length and wM D .wt ; wb/ 2 W.M/ D W.GLr / �W.GLs/ .where M is the standard
Levi for the partition r C s D n/. Assume that

� w�1
b
zzbwb has elementary divisors bounded by ve.s�1;:::;0/;

� v�esw�1t zztwt has elementary divisors bounded by ve.r�1;:::;0/.

Suppose R is an O-flat algebra and A 2 T _U.w�1zzw;��/.R/. Then A D Dw�1Pw

with D 2 T _.R/ and

P D

�
Mt 0

X Mb

�
is parabolic with diagonal block sizes r; s, and furthermore:

(1) Mt 2 E
s
jwtU.t�se.1;:::;1/w

�1
t zztwt /w

�1
t and has elementary divisors bounded by

E
.n�1;:::;s/
j .

(2) Mb 2 wbU.w
�1
b
zzbwb/w

�1
b

and has elementary divisors bounded by E.r�1;:::;0/j .

(3) .XM�1t /ik 2 v
ı
w�1.i/>w�1.k/RŒv;E�1j � \RŒv;E�1j ���ı

w�1.i/<w�1.k/
.

(4) .M�1
b
X/ik 2 v

ı
w�1.i/>w�1.k/RŒv� \RŒv;E�1j ���k��i�ıw�1z.i/<w�1z.k/ .
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.In the last two items, we interpret the indices to run over the rows and columns of X as
a submatrix of P , i.e. r C 1 � i � n, 1 � k � r ./

Proof. We write A D Dw�1Pw so that P 2 wU.w�1zzw;��/w�1. This means that P
has entries in RŒv�, with the degree bounds

Pik 2 v
ı
w�1.i/>w�1.k/RŒv� \RŒv;E�1j ���k�ıw�1.i/<w�1z.k/ ;

and that the leading coefficients of Piz.k/ are 1. We call the corresponding entries the
pivot entries.

Write

P D

�
Mt Y

X Mb

�
:

We first show that Y D 0. The degree bounds on P imply that when expanding detMb ,
there is a unique maximal degree term, which is given by the product of the top degree
terms in the pivot entries in Mt (one can see this by noting that this is a combinator-
ial statement on the degree bounds which can be checked over rings S where p D 0,
where it reduces to the fact that Mbv

��bz�1
b

is conjugate to a matrix with coefficients
in SŒv�1� which is upper triangular unipotent mod v�1SŒv�1�). This shows detMb D

det zbE
.s�1/s=2
j . Now

.YM�1b /ik D
X
l

Yil .M
�1
b /lk :

We observe:

� Yil 2 v
ı
w�1.i/>w�1.l/ and .M�1

b
/lk 2 v

ı
w�1.l/>w�1.k/ . Hence .YM�1

b
/ik is divisible by

v
ı
w�1.i/>w�1.k/ in RŒv;E�1j �.

� Yil 2 RŒv; E
�1
j ���l�ıw�1.i/<w�1z.l/ and .M�1

b
/lk 2 RŒv; E

�1
j ����l�ıw�1z.l/<w�1.k/ .

Hence .YM�1
b
/ik 2 RŒv;E

�1
j ���ı

w�1.i/<w�1.k/
.

However, the elementary divisor conditions together with the degree bounds imply that
the minor formed by replacing one row ofMb with one row of Y is in E.s�1/s=2j R, hence
Cramer’s rule shows that the entries of YM�1

b
are in R. Since by the above, these entries

also belong to vıw�1.i/<w�1.k/RŒv; E�1j � \ RŒv; E�1j ���ı
w�1.i/<w�1.k/

, they must all be
zero.

Thus, we see that P has the desired parabolic structure. The first two items imme-
diately follow from the degree bounds on P and the elementary divisor conditions. The
third and fourth items follow from the same argument used above in showing Y D 0.

By applying Proposition 4.2.4 to the universal case, we get the following result.

Proposition 4.2.5. In the setting of Proposition 4.2.4, let Runiv D O.U.w�1zzw;��//, so
that the universal Auniv 2 U.zz;��/ factors as

Auniv
D Dunivw�1

�
M univ
t 0

Xuniv M univ
b

�
w:
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Then the mapAuniv 7! . 1
Es
j

w�1t M
univ
t wt ;w

�1
b
Mbwb/ exhibitsU.w�1zzw;��/ as an affine

space over U.t�se.1;:::;1/w�1t zztwt ; �.r � 1; : : : ; 0// � U.w
�1
b
zzbwb; �.s � 1; : : : ; 0//,

whose coordinates are the coefficients of the entries of .M univ
b

/�1Xuniv .which are subject
to the degree bounds dictated by Proposition 4.2.4/.

Proof. The fact that we get a map follows from Proposition 4.2.4, which clearly induces
a closed immersion from the scheme U.w�1zzw;��/ into the appropriate affine space
over U.t�se.1;:::;1/w�1t zztwt ;�.r � 1; : : : ; 0// � U.w

�1
b
zzbwb;�.s � 1; : : : ; 0//. To see

this injection is an isomorphism, observe that if we set Z to be a matrix subject to the
degree bounds of Proposition 4.2.4 (4) and whose coefficients are free variables, then

w�1
�
M univ
t 0

M univ
b

Z M univ
b

�
w D w�1

�
M univ
t 0

0 M univ
b

��
1 0

Z 0

�
w

satisfies the necessary elementary divisors and degree bounds characterizing the scheme
U.w�1zzw;��/.

4.3. Interlude: GL2 Pappas–Zhu models

We specialize the previous section to n D 2. Thus, Mj .t.1;0// is a Pappas–Zhu local
model for the Weil restricted group ResOK˝W.k/;�j

O=OGL2, the (minuscule) cocharac-

ter .t.1;0/; : : : ; t.1;0// 2 .Z2/e , and Iwahori level structure. The following summarizes the
known geometric properties of Mj .t.1;0// (see [55, Theorem A] or [53, Theorem 2.3.3,
2.3.5]):

Proposition 4.3.1. (1) Mj .t.1;0//E Š .P1E /
e .

(2) Mj .t.1;0//F is .geometrically/ reduced, and identifies with the reduced union
of S.t.e;0// [ S.t.0;e// of Fl D Gr.j /F . Each of its irreducible components is
.geometrically/ normal.

In particular, Mj .t.1;0// is a normal domain, whose special fiber has two irreducible
components. Furthermore, any x 2 S0.t.e;0//[ S0.t.0;e// belongs to the regular locus of
Mj .t.1;0//.

Note that the reducedness of the special fiber and the geometric normality of its irre-
ducible components are preserved under taking products.

We note that the e.1; 0/-admissible elements are exactly t.e�k;k/ with 0 � k � e and
t.e�k;k/s˛ with 0 < k � e.

Corollary 4.3.2. Let zzj be .e; 0/-admissible. Then U.zzj ;��/ is a normal domain, and
it is formally smooth over O if zzj 2 ¹t.e;0/; t.0;e/º. Otherwise, its special fiber has two
.geometrically/ normal irreducible components.

We deduce the following combinatorial property of the admissible set from our geo-
metric considerations:



D. Le, B. V. Le Hung, B. Levin, S. Morra 2524

Corollary 4.3.3. Let zwj D w�1j Wa; j̨ te�0wj \ Adm.e�0/ for some simple root j̨ and
wj 2 W . Then there are at most two � 2 W such that zwj � t��1.e�0/.

Proof. Set zzj D zw�j . By Proposition 4.2.5, U.zzj ;��/ is an affine space over an affine
scheme of the form as in Corollary 4.3.2. In particular, U.zzj ;��/F has at most two irre-
ducible components. On the other hand, this is an open neighborhood of zzj in the special
fiber Mj .��/F of a Pappas–Zhu model. We conclude from the fact that Mj .��/F DS
�2W S.t�.e�0//.

4.4. Analysis of the monodromy condition

Suppose x� admits a Breuil–Kisin module xM 2 Y Œ0;n�1�;� .F/ of type � , with shape zz and
a gauge basis x̌. To analyze the potentially crystalline deformation ringR��;�

x� , we need to

recall its relationship with the finite height deformation ring R�;
x̌

xM
, as in [47, Section 3,4]

and [49, Section 7.1]. One has a diagram (see [47, Diagram (3.16)], [49, Proposition
7.2.3])

SpfR�;
x̌;�;r
xM

f:s:
//

� _

��

SpfR�;
x̌;r
xM� _

��

SpfR�;
x̌;�
xM;x�

f:s:

��

� � //

Š

99

SpfR�;
x̌;�
xM

f:s:
// SpfR�;

x̌

xM

SpfR��;�
x�

(4.1)

where:

� R
��;�
x� is the framed potentially crystalline deformation ring representing Galois

deformations � with Hodge–Tate weights � � and inertial type � . Note that either it
is zero, or it is O-flat, reduced and of Krull dimension n2 C 1C n.n�1/

2
ŒK W Qp�.

� R
�; x̌

xM
represents deformations .M; ˇ/ of . xM; x̌/ where M belongs to Y ��;� and ˇ is a

gauge basis of M.

� R
�; x̌;�
xM;x�

represents potentially crystalline Galois deformations � of type .��; �/,

together with a gauge basis ˇ of its (unique) Breuil–Kisin module M in Y ��;� . It
is formally smooth over R��;� of relative dimension nf .

� R
�; x̌;�
xM

represents a deformation .M; ˇ/ of . xM; x̌/ as above together with a framing

basis of the GK1 -representation associated to M. This is formally smooth over R�;
x̌

xM

of relative dimension n2.

� R
�; x̌;r
xM

(resp. R�;
x̌;�;r
xM

) is the O-flat reduced quotient of R�;
x̌

xM
(resp. R�;

x̌;�
xM

) cut out by
imposing the monodromy condition on the universal Breuil–Kisin module after invert-
ing p.
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We elaborate on the monodromy condition on the universal Breuil–Kisin module

on R�;
x̌

xM
. Recall that E.v/ is the Eisenstein polynomial of a chosen uniformizer of K

over K0, and that e0 D pf
0

� 1 D pf r � 1. Recall from [49, Section 7.1] the ring
Orig WD O

rig

K0;R
�; x̌

xM

, endowed with a canonical derivation Nr D �u
0� d
du0

(where � DQ1
iD0

'i .E..u0/e
0
//

E.0/
is constructed out of E.v/ D E..u0/e

0

/ instead of v C p), and the
module Muniv;rig WDMuniv ˝

R
�; x̌

xM

Orig such that Muniv;rigŒ1=�� is endowed with a canon-

ical derivation NMuniv;rig over Nr (see [49, Proposition 7.1.3 (1)]). Then the monodromy
condition alluded to above is the condition that NMuniv;rig preserves Muniv;rig.

We now choose a lowest alcove presentation � Š �.s; � C �0/. Recall from Sec-
tion 2.3.3 that attached to .s; �/ we have the data s0or;j 0 2 W , a0 .j 0/ 2 Zn. We write A.j

0/

for the matrices constructed out of the universal Breuil–Kisin module and its universal
gauge basis over R�;

x̌

xM
or R�;

x̌;�
xM

. We get the following control of the monodromy condi-
tion:

Proposition 4.4.1. Assume �.s; �C �0/ is an m-deep lowest alcove presentation of � . If
the monodromy condition holds, then for each j 0, 0 � t < n � 2 and � a root of Ej , the
result of the operator . d

dv
/t jvD� acting on�

e0v
d

dv
A.j
0/
C ŒA.j

0/;Diag..s0or;j 0/
�1.a0 .j

0///�

�
.A.j

0//�1En�1j

belongs to p
mC1�.n�2/e�t

e R.

Proof. This is a straightforward generalization of the computation in [49, Proposition
7.1.10], with the following changes: h in loc. cit. becomes n � 1, occurrences of p
(outside any evaluation at v D �p) become E.0/, occurrences of .v C p/h.A.j

0//�1

become En�1j 0 .A.j
0//�1, occurrences of jvD�p become jvD� . Note that Ej .0/ 2 pO�,

and Ej 0 D Ej depends only on j mod f . More specifically, the computation in loc. cit.
expresses the monodromy condition as

'.�/n�1
�
e0v

d

dv
A.j
0/
C ŒA.j

0/;Diag..s0or;j 0/
�1.a0 .j

0///�

�
.A.j

0//�1En�1j C Err

has zeroes of order n� 2 along the roots ofEj , for an appropriate error term Err. It follows
that the operator . d

dv
/t jvD� annihilates this expression, for 0 � t < n � 2 and � a root

of Ej .
The error term Err has the form

1X
iD1

'iC1.�/n�1Z
.j 0/
i

withZ.j
0/

i 2
1

pi.n�2/
v1Cm

pi�1
p�1 Matn.RJvK/. We conclude from the analysis of the effect of

. d
dv
/t jvD� on the error term Err as in loc. cit. (except that we use the differential operator

d
dv

as opposed to v d
dv

), noting that in our current situation,
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� . d
dv
/t jvD�'

k.�/ 2 p1C
p�t
e O C pp�

t
eO for any t; k � 1;

� if F 2 vMMatn.RJvK/ then . d
dv
/t jvD�F 2 p

M�t
e Matn.RJvK/.

Lemma 4.4.2. Let R be a p-flat O-algebra. Let N; k be nonnegative integers and
F 2RŒv�. Assume thatN < p and . d

dv
/t jvD�.F / 2 p

kR for 0� t < N and � is any root
of Ej . Write F D ENj qC r where q; r 2 RŒv� with deg r < Ne .this uniquely determines
q, r/. Then r 2 pk�.2N�1/.1�1=e/Œv�.

Proof. Our hypothesis implies . d
dv
/t jvD�.r/ 2 p

kR for t < N and Ej .�/ D 0. We
decompose r D

PN�1
tD0 E

t
j rt with deg ri < e. Then the reduction to R=pk of the coef-

ficients of r0 form an element in the kernel space of the Vandermonde matrix on
the roots of Ej . It follows that r0 2 pk�

e�1
e RŒv�. For t � 0, t Š.E 0j /

t .�/rt .�/ differs
from . d

dv
/t jvD�.r/ by a polynomial in the coefficients of rt 0 for t 0 < t . This implies

rt 2 p
k�.2tC1/.1�1=e/RŒv� by induction on t .

The following lemma studies the effect of the approximation of the monodromy con-
dition under the presence of a suitable parabolic structure:

Lemma 4.4.3. Let R be a Noetherian O-algebra, and N ,r; s nonnegative integers such
that r C s D n. Let � D

�
�t 0
0 �b

�
2 X�.T / ˝ O viewed as a constant diagonal matrix,

w 2 W _, and zz D zt� D
�
zzt 0
0 zzb

�
.with block sizes r; s/. Suppose we are also given P D�

A 0
C D

�
2 Matn.RŒv�/, a block lower triangular matrix corresponding to the partition

r C s D n satisfying �
v
d

dv
P � ŒP; ��

�
P�1 2

1

Ej
Matn.RŒv�/: (4.2)

Assume the following:

(1)
�
A 0
0 D

�
2 wU.w�1zzw/w�1.

(2) For ˇ 2 ˆ, the ˇ-th entry of CA�1 .inserted in Matn at the same position as C/
belong to vıw�1.ˇ/<0RŒv;E�1j �<0.

(3) ENj P
�1 2 Matn.RŒv�/.

(4) hzz.0/ � z.�/; ˇ_i C k 2 O� for all k 2 ¹0; : : : ;�Neº.

Let OP be the O-algebra generated by the coefficients of the entries of P , and OA;D be
the O-algebra generated by the coefficients of the entries of A;D. Then OP is generated
over OA;D by at most ers elements.

Proof. In this proof only, we abbreviate ıˇ D ıw�1.ˇ/<0, to avoid cluttering notation.
Our hypothesis on

�
A 0
0 D

�
implies

w�1

 �
v d
dv
A � ŒA; �t �

�
A�1 0

0
�
v d
dv
D � ŒD; �b�

�
D�1

!
w 2 Matn.RŒv;E�1j ��0/;

where the entries above the diagonal are in RŒv; E�1j �<0 and those on and below the
diagonal are in vRŒv; E�1j �<0. Furthermore, modulo RŒv; E�1j �<0, the diagonal part is
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exactly
vE 0
j

Ej
Ad.z/ �

e
C .1 � Ad.z//.�/. Now�

v
d

dv
P � ŒP; ��

�
P�1

D

 
v d
dv
A � ŒA; �t � 0

v d
dv
C � C�t C �bC v d

dv
D � ŒD; �b�

!�
A�1 0

�D�1CA�1 D�1

�
Set B D CA�1. Then the bottom left block of the above expression is�
v
d

dv
.BA/ � BA�t C �bBA

�
A�1 �

�
v
d

dv
D � ŒD; �b�

�
D�1B

D v
d

dv
B � B�t C �bB C B

�
v
d

dv
A � ŒA; �t �

�
A�1 �

�
v
d

dv
D � ŒD; �b�

�
D�1B

We abbreviate rB D v d
dv
B � B�t C �bB , rA D .v d

dv
A � ŒA; ��/A�1 and rD D

.v d
dv
D � ŒD; �b�/D

�1.
In what follows, we label the entries of various matrices of size smaller than n � n

using roots/indices of the n � n matrix P , by interpreting such matrices as one of the
nontrivial blocks of P corresponding to its size. We observe that

� Ejr.A/ D Ae�1 C � � � C A0, where Ai;ˇ D vıˇCiai;ˇ , Ai;l l D v1Ciai;l l with
ai;ˇ ; ai;l l 2 R, for all ˇ and l such that the relevant entry exists in A;

� Ejr.D/ D De�1 C � � � C D0, where Di;ˇ D vıˇCidi;ˇ , Di;l l D v1Cidi;l l with
di;ˇ ; ad;l l 2 R, for all ˇ and l such that the relevant entry exists in D;

� the matrices Alead, Dlead obtained by extracting the degree e coefficients of Ejr.A/,
Ejr.D/ are such that

w�1
�
Alead 0

0 Dlead

�
w

is lower triangular, with diagonal entries Ad.w�1/.z.�/C � � z.�//;

� B D 1

EN
j

.B0CB�1C � � � / where Bi;ˇ D bi;ˇvıˇCNe�1Ci with bi;ˇ 2R, and bi;ˇ D 0

if i < �Ne.

Condition (4.2) means

rB C B.rA/ � .rD/B 2
1

Ej
Matn.RŒv�/:

Using v d
dv
. F
EN
j

/ D �N
vE 0
j

E
NC1
j

F C v

EN
j

dF
dv

, clearing denominators in the above expres-

sion yields

�NvE 0j .E
N
j B/C vEj

d

dv
.ENj B/ �Ej .E

N
j B/�t CEj �b.E

N
j B/

C .ENj B/.EjrA/ � .EjrD/.E
N
j B/ D E

N
j X (4.3)

for some X 2 Matn.RŒv�/.
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The observations on the degree ranges ofAi ;Di ;Bi show that for each relevant ˇ 2ˆ,
Xˇ D v

ıˇ
P
i�0 xi;ˇv

i (recall that an element of RŒv�Œ1=Ej � is divisible by v if and only
if its evaluation at v D 0 is 0, a condition that makes sense because R � RŒ1=p�).

The degree Ne C e � 1C i C ıˇ part of the ˇ-th entry of equation (4.3) reads

�Nebi;ˇ C .ıˇ CNe � 1C i/bi;ˇ C h�; ˇ
_
ibi;ˇ CO.>i; ˇ/

C

X
ˇDˇ 0Cˇ 00

X
k;l

bk;ˇ 0al;ˇ 00 C
X

ˇD
 0C
 00

X
k0;l 0

dl 0;
 0bk0;
 00

D Xe�1Ci;ˇ CO.>e � 1C i; ˇ/ (4.4)

where:

� The symbol O.>i; ˇ/ (resp. O.>e � 1C i; ˇ/) stands for a polynomial with O-coeffi-
cients in bi 0;ˇ (resp. Xe�1Ci 0;ˇ ) for i 0 > i .

� The decompositions ˇ D ˇ0 C ˇ00 run over decompositions in ˆ, with the added pos-
sibility that ˇ00 D 0, in which case al;ˇ 00 is interpreted as the unique diagonal term
al;t t that contributes to the ˇ-entry of the matrix product. A similar remark applies to
ˇ D 
 0 C 
 00.

� The pairs k; l and k0; l 0 are constrained by

Ne � 1C k C l C ıˇ 0 C ıˇ 00 D Ne C e � 1C i C ıˇ ;

Ne � 1C k0 C l 0 C ı
 0 C ı
 00 D Ne C e � 1C i C ıˇ :

In particular, we learn that k � i (resp. k0 � i ), with equality if and only if l D e � 1
and ıˇ C 1 D ıˇ 0 C ıˇ 00 (resp. l 0 D e � 1 and ıˇ C 1 D ı
 0 C ı
 00 ). Also observe
that when k D i the product bk;ˇ 0al;ˇ 00 (resp. dl 0;
 00bk0;
 0 ) is zero as long as ıˇ 00 D 0
(resp. ı
 00 D 0).

Let OA;D;B-top be the O-algebra generated by the coefficients of A; D and Bi for i �
1 � e. The above observation implies that Xˇv�ıˇ has degree � e � 1, and each of its
coefficients belongs to OA;D;B-top.

We now show that the coefficient of each entry of Bi belongs to OA;D;B-top by down-
ward induction on i . The claim clearly holds for i � 1 � e. Suppose it holds up to i C 1.
Let BCi be the matrix given by BC

i;ˇ
D ıˇBi;ˇ . It follows (using ıˇ 0 C ıˇ 00 D 1C ıˇ D 2

if and only if ıˇ 0 D ıˇ 00 D 1) from the above facts that

iBCi C .�b �Dlead/B
C

i � B
C

i .�t � Alead/ 2Ms�r .OA;D;B-topŒv�/:

As in Proposition 4.2.4, the element w 2 W.GLn/ induces an element .wt ; wb/ 2
W.GLr / � W.GLs/. Then Ad.w�1t /.Alead/ and Ad.w�1

b
/.Dlead/ are lower triangular.

Thus Lemma 4.4.4 below applies, and shows BCi 2Ms�r .OA;D;B-topŒv�/. Now set B�i D
Bi � B

C

i . Using what we have just proved, we also get

.i � 1/BCi C .�b �Dlead/B
C

i � B
C

i .�t � Alead/ 2Ms�r .OA;D;B-topŒv�/
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and the same argument shows B�i 2 Ms�r .OA;D;B-topŒv�/. This finishes the inductive
step.

Finally, since C D BA, OP also belongs to OA;D;B-top.

Lemma 4.4.4. LetR be a ring with a subring S , r C sD n,w1 2W.GLr /;w2 2W.GLs/.
Suppose we are given A1 2Mr .S/, A2 2Mr .S/, B 2Ms�r .R/ such that

� Ad.w�1i /.Ai / is lower triangular for i D 1; 2;

� if s1 is a diagonal entry of A1 and s2 is a diagonal entry of A2, then s1 � s2 2 S�;

� BA1 � A2B 2Ms�r .S/.

Then B 2Ms�r .S/.

Proof. Replacing B by w2Bw�11 , we may assume w1 D 1, w2 D 1. In this case, looking
at the .k; l/-th entry of BA1 � A2B shows that .s1 � s2/Bkl belong to the subalgebra
generated by S and Bk0l 0 with k0 � l 0 < k � l , where s1; s2 are suitable diagonal entries
of A1; A2. We conclude by induction on k � l that Bkl 2 S .

Remark 4.4.5. Suppose that in the setting of Lemma 4.4.3, we do not have equation
(4.2) exactly but only approximately: for 0 � t < N and � a root of Ej , the oper-
ator . d

dv
/t .ENC1j �/jvD� hitting on the matrix in (4.2) belongs to pkMatn.R/. Then the

proof shows that the conclusion of Lemma 4.4.3 also holds approximately: there is an
O-subalgebra S of R generated over OA;D by at most ers elements such that OP �

S C pk�.2N�1/.1�1=e/R. This follows from Lemma 4.4.2.

4.5. Proof of Theorem 4.1.1

We recall the setting of Theorem 4.1.1. We are given � , a tame inertial type over E,
together with a fixed lowest alcove presentation .s; �/ for it, such that � is max¹.3n �
7/.e � 1/C 2n� 6; .2n� 3/eº-deep. Furthermore, zw.x�; �/D . zw�1j te� zw j̨

zwj /j for some
simple root j̨ for each j 2 J.

We assume R��;�
x� ¤ 0, otherwise there is nothing to prove. In particular, we obtain

xM 2 Y ��;� .F/ such that T �dd.
xM/ Š x�jGK1 . Then xM has shape w�1zzw D zw.x�; �/�,

where w 2 W J and zz 2 zW J are as in the statement of Proposition 4.2.4.

We need to analyze R�;
x̌;r
xM

in the context of diagram (4.1).
We first observe that for each j , zzj has a block diagonal structure

zzj D

0@zzj;t 0 0

0 zz
j̨

0

0 0 zzj;b

1A
with sizes r , 2, s where

� zzj;t D te.n�1;:::;sC2/;

� zzj;b D te.s�1;:::0/;

� v�eszz
j̨

has elementary divisors bounded by v.e;0/.
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In particular, we are in a position to repeatedly apply Proposition 4.2.4 to R�;
x̌

xM
and each

A
.j /

M for the universal Breuil–Kisin module M. This gives

A
.j /

M D D.j /w�1j
�
P .j /

�
wj ;

where P .j / is block lower triangular, whose Levi blocks from top to bottom are
En�1j ; : : : ; EsC2j , M

j̨
, Es�1j ; : : : ; 1 (in particular, this defines M

j̨
as the 2 � 2 block

of P .j /). Furthermore, the entries of D.j /, P .j / over all j topologically generate R�;
x̌

xM
.

Let xj D xM j̨
be the reduction of M

j̨
modulo the maximal ideal. Then xj can

be naturally interpreted as an element of Mj .t.1;0//.F/. By Proposition 4.2.5, we get

an O-algebra map O^
Mj .1;0/;xj

! R
�; x̌

xM
sending generators of O^

Mj .1;0/;xj
to the corres-

ponding coefficients of the entries of xM
j̨

. Set x D .xj / 2 MJ.t.1;0// D
Q
j Mj .t.1;0//.

Thus R�;
x̌

xM
acquires an y

N
OO^

Mj .1;0/;xj
D O^

MJ.t.1;0//;x
-algebra structure, and the image

of O^
MJ.t.1;0//;x

coincides with the topological subalgebra generated by the coefficients of
the entries of .M

j̨
/ for all possible j .

Repeated applications of the approximate version of Lemma 4.4.3 to R�; x̌;r as in
Remark 4.4.5 (with the control of the monodromy condition obtained by combining

Proposition 4.4.1 and Lemma 4.4.2) show that R�;
x̌;r
xM

is topologically generated over
O^
MJ.1;0/;x

by

f nC e
X
j

dimN� j̨
D f nC

�
n.n � 1/

2
� 1

�
ŒK W Qp�

elements. But since we assumed R��;� ¤ 0,

dimR
�; x̌;r
xM
D 1C f nC

n.n � 1/

2
ŒK W Qp�

D dim O^MJ.1;0/;x
C f nC

�
n.n � 1/

2
� 1

�
ŒK W Qp�:

Since O^
MJ.1;0/;x

is an integral domain (being the completion of an excellent normal
scheme), the equality of dimensions can only happen if R�;

x̌;r
xM

is a power series ring
over O^

MJ.1;0/;x
in the correct number of variables. All the assertions of Theorem 4.1.1

now follow from the properties of MJ.t.1;0// which follow from Corollary 4.3.2.

5. The main results

In this section, we prove our main results on the weight part of Serre’s conjecture. We
start with an axiomatic setup before defining the relevant spaces of automorphic forms in
Section 5.5.



Extremal weights and a tameness criterion for mod p Galois representations 2531

Recall from Section 2.3.6 that given an F -valued L-homomorp̄hism x� W GQp !
LG.F/ (resp. a tame inertial L-parameter � W IQp ! G_.E/), we have a corresponding
collection .x�v/v2Sp of continuous Galois representations x�v W GFCv ! GLn.F/ (resp. a
corresponding collection .�v/v2Sp of tame inertial types �v W IFCv ! GLn.E/).

5.1. Weight elimination

Theorem 5.1.1. Let x� W GQp !
LG.F/ be a 3e.n � 1/-generic F -valued L-homomor-

phism. Let x�sp be a specialization of x� with a compatible max¹2; eº.n� 1/-generic lowest
alcove presentation. Assume that we have a set Welim.x�/ of 3.n � 1/-deep Serre weights
satisfying the following local-global compatibility axiom:

(i) for any tame inertial L-parameter � , JH.x�.�// \Welim.x�/ ¤ ; implies that x� has a
potentially crystalline lift of type .�; �/.

Then Welim.x�/ � W
‹.x�sp/.

Proof. Suppose that F.�/ 2 Welim.x�/. Choose the tame inertial L-parameter � with
F.�/ 2 JH.x�.�// constructed in Proposition 2.4.5. By Proposition 3.1.9 and Theorem
3.5.1, zw.x�sp; �/ 2 Adm.e�0/, and we conclude by Proposition 2.4.5.

Remark 5.1.2. If e � 2 the hypothesis on x�sp follows from the hypothesis on x�.

5.2. Patching functors

We recall weak patching functors. Let

Rx� WD
yO

v2Sp ;O

R�
x�v
;

and let Rp be a nonzero complete local Noetherian equidimensional flat O-algebra with
residue field F such that each irreducible component of SpecRp and of Spec xRp is geo-
metrically irreducible. (The latter hypothesis can be guaranteed after passing to a finite
extension of the coefficient field E.) We let R1 WD Rx� b̋O R

p and suppress the depend-
ence on Rp below. We let R�;�

x� be

yO
v2Sp ;O

R
�v ;�v
x�v

and define R1.�/ WD R1 ˝Rx� R
�;�
x� . We write X1, X1.�/, and xX1.�/ for SpecR1,

SpecR1.�/, and Spec xR1.�/ respectively, denote by Mod.X1/ the category of coherent
sheaves over X1, and let RepO.GLn.Op// be the category of topological OŒGLn.Op/�-
modules which are finitely generated over O. We say that an xE-point of Spec Rx� is
potentially diagonalizable if for each v 2 Sp , the corresponding Galois representation
G
F
C
v
! GLn. xE/ is potentially diagonalizable in the sense of [3, Section 1.4]. We say

that an xE-point of X1 is potentially diagonalizable if its image in SpecRx� is.
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Definition 5.2.1. A weak patching functor for an L-homomorphism x� W GQp !
LG.F/

is a nonzero covariant exact functor M1 W RepO.GLn.Op//! Mod.X1/ satisfying the
following: if � is an inertial L-parameter and �ı.�/ is an O-lattice in �.�/ then

(1) M1.�ı.�// is a maximal Cohen–Macaulay sheaf on X1.�/;

(2) for all � 2 JH.x�ı.�//, M1.�/ is a maximal Cohen–Macaulay sheaf on xX1.�/ (or
is 0);

(3) if there is an inertial L-parameter �0 such that SuppM1.�.�0/ı/ contains a poten-
tially diagonalizable xE-point, then for any inertial L-parameter � , SuppM1.�.�/ı/
contains all potentially diagonalizable xE-points.

We say that a weak patching functorM1 is minimal if Rp is formally smooth over O and
whenever � is an inertial L-parameter, M1.�ı.�//Œp�1�, which is locally free over (the
regular scheme) SpecR1.�/Œp�1�, has rank at most 1 on each connected component.

Definition 5.2.2. We say that a weak patching functor M1 is potentially diagonalizable
if there exists �0 as in Definition 5.2.1 (3).

5.3. Cycles from patching functors

We recall some notation from [21, Section 2.2]. Let X be an equidimensional Noeth-
erian scheme of dimension d . Let Z.X/ be the free abelian group generated by integral
subschemes of X of maximal dimension d . If M is a coherent sheaf on X with finite-
dimensional support, then we can define Z.M/ 2 Z.X/ to be Zd .M/ which is defined
as in loc. cit.

Now suppose that X is a p-flat equidimensional Noetherian scheme over O. Then
XŒp�1� WD X ˝O E and xX WD X ˝O F are equidimensional Noetherian schemes, and
there is a natural reduction map red WZ.XŒp�1�/!Z. xX/. Moreover, if we let MŒp�1� WD

M ˝O E and xM WDM ˝O F be the corresponding sheaves on XŒp�1� and xX, respect-
ively, we have the following fact.

Proposition 5.3.1. If M is an O-flat coherent sheaf over X with finite-dimensional sup-
port, then red.Z.MŒp�1�// D Z. xM/.

We introduce notation for completed products of cycles. Suppose that R and S are
equidimensional complete local Noetherian flat O-algebras. If xZ1 and xZ2 are geomet-
rically integral subschemes of SpecR ˝O F and Spec S ˝O F corresponding to prime
ideals xp and xq, respectively, then we denote by xZ1 � xZ2 the subscheme

Spec .R˝O F/=xp b̋F .S ˝O F/=xq � Spec .R˝O F/ b̋F .S ˝O F/;

which is geometrically integral by [4, Lemma 3.3 (4)]. Similarly, if Z1 and Z2 are geo-
metrically integral subschemes of SpecRŒp�1� and SpecSŒp�1� corresponding to prime
ideals p and q, then we denote by Z1 �Z2 the subscheme

Spec.R=.p \R/ b̋O S=.q \ S//Œp
�1� � SpecR b̋O SŒp

�1�

which is geometrically integral by [4, Lemma 3.3 (3)].
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We now specialize to some schemes in our patching axioms. Let x� be an L-homo-
morphism over F . Fix a finite set T of inertial L-parameters such that

(ii) for all � 2 T the irreducible components of SpecR�
x� and Spec xR�

x� are geometrically
integral.

Let SpecRT
x� be the reduced union

S
�2T SpecR�

x�. Let M1 be a weak patching functor
for x�. We write R1.T / for R1 b̋Rx� RT

x� Š R
p b̋O R

T
x� and X1.T / for SpecR1.T /.

Recall that by assumption, the irreducible components of SpecRpŒp�1� and Spec xRp

are geometrically irreducible. Every irreducible cycle Z 2 Z.X1.T /Œp
�1�/ is of the

form Zp � Zp for geometrically irreducible cycles Zp 2 Z.SpecRpŒp�1�/ and Zp 2
Z.SpecRT

x� / by [4, Lemma 3.3 (5)]. Similarly, every irreducible cycle xZ 2 Z. xX1.T // is
of the form xZp � xZp for geometrically irreducible cycles xZp 2 Z.Spec xRp/ and xZp 2
Z.Spec xRT

x� / by [4, Lemma 3.3 (6)].
Let e W Z.Spec xRp/! Z be the homomorphism that sends the cycle of an integral

subscheme to 1. We define the maps

pr W Z.X1.T /Œp�1�/! Z.SpecRT
x� Œp
�1�/; Zp �Zp 7! e.red.Zp//Zp;

and

xpr W Z. xX1.T //! Z.Spec xRT
x� /;

xZp � xZp 7! xZp:

We see that red ı prD xpr ı red WZ.X1.T /Œp�1�/!Z.Spec xRT
x� / (using red.Zp �Zp/D

red.Zp/ � red.Zp/), from which we immediately obtain the following corollary.

Corollary 5.3.2. If � 2 T , then the image of the composition

Z.X1.�/Œp
�1�/

red
�! Z. xX1.�//

xpr
�! Z.Spec xR�x�/

is contained in red.Z.SpecR�
x�Œp
�1�//.

Depending on the context, we denote either pr ıZ or xpr ıZ by Zp.

5.4. Weight elimination and modularity of extremal weights

Let x� be a 1-generic L-homomorphism, with a lowest alcove presentation for it. Fix a
weak patching functor M1 for x�. Let WM1.x�/ be the set of 3.n� 1/-deep Serre weights
� such that M1.�/ is nonzero.

Proposition 5.4.1. The set WM1.x�/ satisfies condition .i/ for x�.

Proof. Suppose that � 2 JH.x�.�//\WM1.x�/ for a generic tame inertial L-parameter � .
Then M1.�/ is nonzero so that M1.�.�/ı/ is nonzero for any lattice �.�/ı � �.�/ by
exactness. Definition 5.2.1 (1) implies that R1.�/, and so R�

x�, is nonzero.

Definition 5.4.2. We say that a weak patching functorM1 for x� is extremal ifWextr.x�/\

WM1.x�/ is nonempty.
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Theorem 5.4.3. Let x� be 6e.n � 1/-generic. If a weak patching functor M1 is extremal,
then Wextr.x�/ � WM1.x�/, and moreover the map �x� W SP.x�/! W J is a bijection.

The proof of Theorem 5.4.3 requires the following two results.

Lemma 5.4.4. Assume that x� is .2eCmax¹2; eº/.n� 1/-generic. Suppose thatM1 is a
weak patching functor for x�, .�; x�sp/ 2 SP.x�/, and � 2 WM1.x�/. Assume that x�sp has a
compatible 4e.n � 1/-generic lowest alcove presentation. Suppose that � is the extremal
weight of x�sp corresponding to w 2 W . Let ˛ be a simple root.

Using x�sp,w, and ˛, define as in Proposition 2.4.9 .using the above 4e.n� 1/-generic
lowest alcove presentation/ �m and �m for 0 �m � 2e � 1 and 0 �m � 2e, respectively,
so that �0 D � . Then there exists 0 � k � 2e � 1 such that �m 2 WM1.x�/ if and only
if m � k. Moreover, �kC1 exhibits a specialization of x� to .�k ; x�0;sp/ for some F -valued
tame inertial L-parameter x�0;sp.

Proof. Fix O-lattices �.�m/ı � �.�m/ for 0 � m � 2e (the choices will not affect the
argument below). Let 0 � k � 2e � 1 be such that �m 2 WM1.x�/ for 0 � m � k and
either �kC1 …WM1.x�/ or kD 2e� 1. That �m 2WM1.x�/ implies thatM1.�.�mC1/ı/ is
nonzero. ThereforeR�mC1

x� is nonzero for 0�m� k. We will first show that zw.x�; �mC1/ 2
w�1te�0Wa;˛w \ Adm_.e�0/ for 0 � m � k.

Fix m with 0 � m � k. Suppose that �mC1 exhibits the specialization to the F -
valued tame inertial L-parameter x�0;sp, i.e. that zw.x�; �mC1/ D zw.x�0;sp; �mC1/. Since
�m 2 WM1.x�/ � W

‹.x�0;sp/ by Theorem 5.1.1 and Proposition 5.4.1, Proposition 2.4.6
implies that zwhzs zw.x�0;sp; �mC1/�w0t.e�1/�0zs for s 2 ¹w; s˛wº. (Note that Theorem 5.1.1
applies to x� and x�0;sp, by the genericity assumption on x�.) This implies that zw.x�; �mC1/D
zw.x�0;sp; �mC1/ � ts�1.e�0/. Combining this with the fact that zw.x�sp; �mC1/ � zw.x�; �mC1/

by Theorem 3.5.1, we find that zw.x�; �mC1/ 2 w�1te�0Wa;˛w \ Adm_.e�0/ by Proposi-
tion 2.2.9.

Now Proposition 2.4.9 applied to x�sp, Theorem 5.1.1, and Proposition 5.4.1 imply that

WM1.x�/ \ JH.x�.�mC1/ı/ � W ‹.x�sp/ \ JH.x�.�mC1/ı/ D ¹�m; �mC1º

(or ¹�mº if m D 2e � 1). We now use the notation from Section 5.3 with T D ¹�m j 0 �

m� 2e� 1º. The set T of types satisfies condition (ii) by the genericity assumption on x�sp

and Theorem 4.1.1. We continue to fix m with 0 � m � k. Since �m and �mC1 appear as
Jordan–Hölder factors of x�.�mC1/ı with multiplicity 1, exactness of M1 gives

Zp.M1.x�.�mC1/
ı// D Zp.M1.�m//CZp.M1.�mC1//; (5.1)

for 0 � m � k � 1 and Zp.M1.x�.�kC1/
ı// D Zp.M1.�k//. We will use (5.1) and the

previous paragraph to show that zw.x�; �kC1/ is ts�1.�0/ for some s 2 ¹w; s˛wº.
Let us call a cycle balanced if it is a multiple of the sum of two distinct integral

subschemes, and unbalanced if it is supported on at most two integral subschemes with
distinct multiplicities. In particular, an unbalanced cycle is nonzero. For 0 � m � k � 1,
zw.x�; �mC1/ … ¹tw�1.�0/; t.s˛w/�1.�0/º since otherwise

2 D #WM1.x�/ \ JH.x�.�mC1/ı/ � #W ‹.x�0;sp/ \ JH.x�.�mC1/ı/ D 1
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by Proposition 5.4.1. Then Zp.M1.x�.�mC1/
ı// is balanced by Corollary 5.3.2 since

R
�mC1
x� Œp�1� is geometrically irreducible and Z.Spec xR�mC1

x� / is balanced (see The-
orem 4.1.1). By (5.1), Zp.M1.�m// is balanced (resp. unbalanced) if and only if
Zp.M1.�mC1// is balanced (resp. unbalanced) for 0�m� k � 1. SinceZp.M1.�0//D

Zp.M1.x�.�0/
ı// is unbalanced as R�0

x� is formally smooth over O, we deduce that
Zp.M1.�k// D Zp.M1.x�.�kC1/

ı// is unbalanced. We conclude from the argument
above that zw.x�; �kC1/ is ts�1.�0/ for some s 2 ¹w; s˛wº. In particular, �kC1 exhibits a
specialization of x� to .�k ; x�0;sp/ (not necessarily the same x�0;sp from the first paragraph).

By the definition of �k and using the fact that �k is an extremal weight of x�0;sp, we see
that

zw.x�; �kC1/ D zw.x�
0;sp; �kC1/ D

´
tw�1.e�0/ if k is even;

t.s˛w/�1.e�0/ if k is odd:

Then a computation shows that

zw.x�0;sp/ D

´
zw.x�sp/ zw�1t.k=2�e/˛s˛ zw if k is even;

zw.x�sp/ zw�1t
. kC12 �e/˛

zw if k is odd:

Note that zw.x�0;sp; �m/ 2 w
�1Wa;˛te�0w for all 0 � m � 2e. Another computation shows

that if m > k C 1, then zw.x�0;sp; �m/ is not listed in Proposition 2.2.6. This implies that
zw.x�0;sp; �m/ … Adm.e�0/ for m > k C 1. Corollary 2.4.7 implies that W ‹.x�0;sp; �m/ D ;

for m > k C 1. In particular, �m … W ‹.x�0;sp/ for m > k. Theorem 5.1.1 and Proposition
5.4.1 imply that �m … WM1.x�/ for m > k.

Corollary 5.4.5. Let .�; x�sp/ 2 SP.x�/ and � 2 WM1.x�/ be as in Lemma 5.4.4. Let ˛ be
a simple root. Then there exists .� 0; x�0;sp/ such that �x�.� 0; x�0;sp/D �x�.�; x�

sp/s˛ . Moreover,
if � 2 WM1.x�/, then � 0 2 WM1.x�/ as well.

Proof. Let � , �k , x�sp, and x�0;sp be as in Lemma 5.4.4. Let � 0 be �k . Then � 0 2 WM1.x�/.
It suffices to show that �x�.� 0; x�0;sp/ D �x�.�; x�

sp/s˛ . We have

w.x�0;sp/ D

´
w.x�sp/w�1s˛w if k is even;

w.x�sp/ if k is odd;

and �k is the extremal weight of x�0;sp corresponding to´
w if k is even,

s˛w if k is odd.

We conclude that �x�.� 0; x�0;sp/ D w.x�/w�1s˛ D �x�.�; x�
sp/s˛ .

Proof of Theorem 5.4.3. Suppose that � 2 WM1.x�/ and .�; x�sp/ 2 SP.x�/. Then using
Corollary 5.4.5 and the fact that simple reflections generate W , we see that for each
w 2 W , there is .�w ; x�

sp
w / 2 SP.x�/ such that �x�.�w ; x�

sp
w / D w and �w 2 WM1.x�/. This

first implies that the map �x� is surjective and hence an isomorphism by Proposition 3.6.4.
It also implies that Wextr.x�/ � WM1.x�/.
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Theorem 5.4.6. Let x� be 6e.n� 1/-generic and letM1 be a weak patching functor for x�.
The following are equivalent:

(1) M1 is extremal;

(2) Wextr.x�/ � WM1.x�/;

(3) M1 is potentially diagonalizable.

Proof. (1) implies (2) by Theorem 5.4.3. We next show that (2) implies (3). Let � be
in Wmord.x�/ so that � exhibits the specialization pair .�; x�ss/ 2 SP.x�/ as in the proof of
Proposition 3.8.3. ThenM1.�.�/ı/ is nonzero sinceM1.�/ is. SinceR�

x� is a domain and
x� has a potentially diagonalizable lift of type .�; �/ by Theorem 3.8.2, M1 is potentially
diagonalizable.

Finally, we show that (3) implies (1). Again, let � be in Wmord.x�/ so that � exhib-
its the specialization pair .�; x�ss/ 2 SP.x�/ as in the proof of Proposition 3.8.3. Then
since M1 is potentially diagonalizable and x� has a potentially diagonalizable lift of type
.�; �/ as before, M1.�.�/ı/ is nonzero. Since WM1.x�/ � W

‹.x�ss/ by Theorem 5.1.1
and W ‹.x�ss; �/ D ¹�º as in the proof of Proposition 3.8.3, M1.�/ is nonzero. Thus
Wmord.x�/ \WM1.x�/ is nonempty. The result now follows from Proposition 3.8.3.

Remark 5.4.7. Theorem 5.4.6 generalizes [47, Theorem 4.3.8] to the nonsemisimple case
in an abstract setting. Moreover, the above proof (and Section 5.5) gives a different proof
of this theorem. (Specifically, the order of the implications proved is reversed.) Indeed,
we do not know whether every extremal lift is potentially diagonalizable when x� is wildly
ramified.

Corollary 5.4.8. Suppose that Op is étale over Zp , i.e., FCp is a product of unramified
extensions of Qp . Let x� be an L-homomorphism over F . Suppose that M1 is a weak
patching functor for x� satisfying the equivalent conditions of Theorem 5.4.6. .In partic-
ular, x� is 7.n � 1/-generic./ If � is an n-generic tame inertial L-parameter, then R�

x� is
nonzero if and only if M1.�ı.�// is nonzero for any O-lattice �ı.�/ � �.�/.

Proof. IfM1.�ı.�// is nonzero, thenR1.�/, and thusR�
x�, is nonzero. Conversely, ifR�

x�

is nonzero, then
Wextr.x�/ \ JH.x�.�// ¤ ;

by Proposition 3.10.3. Theorem 5.4.6 (2) and exactness of M1 imply that M1.�ı.�// is
nonzero.

The following freeness result follows from our previous results and the Diamond–
Fujiwara trick.

Theorem 5.4.9. Let M1 be a minimal weak patching functor for x�. Suppose that the
equivalent conditions of Theorem 5.4.6 hold forM1 and that � 2Wextr.x�/. ThenM1.�/
is free of rank 1 over its support .which is formally smooth over F/.

Proof. There exists a generic tame inertial L-parameter � which exhibits the specializa-
tion .�; x�sp/ 2 SP.x�/ for some F -valued inertial L-parameter x�sp. By Lemma 3.6.1, we
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can assume without loss of generality that zw.x�; �/ D tw�1.e�0/ for some w 2 W . By
Theorem 4.1.1, R�

x� is formally smooth over O, hence so is R1.�/. Since for any O-
lattice �ı.�/ � �.�/, M1.�ı.�// is nonzero, finitely generated, and maximally Cohen–
Macaulay over R1.�/, it must be free over xR1.�/ by Serre’s theorem on finiteness of
projective dimension and the Auslander–Buchsbaum formula. Since the generic rank is at
most 1, its rank must be 1.

5.5. Global results

In this section, we discuss algebraic automorphic forms on certain definite unitary groups
to which the Taylor–Wiles patching construction can be applied to obtain patching func-
tors as in Section 5.2. This gives a context to which results in the previous section can be
applied.

5.5.1. Algebraic automorphic forms on some definite unitary groups. Let FC=Q be a
totally real field not equal to Q, and let F � xFC be a CM extension of FC. We say that
a finite place of FC is split (resp. ramified or inert) if it splits (resp. ramifies or is inert)
in F . We say that a place of F is split (resp. ramified or inert) if its restriction to FC is
split (resp. ramified or inert) in F .

Let G=FC be a reductive group which is an outer form of GLn such that

� G=F is an inner form of GLn;

� G=FC.F
C
v / Š Un.R/ for all v j1;

� G=FC is quasisplit at all inert and ramified finite places.

By [24, Section 7.1], G admits a reductive model G over OFC Œ1=N � for some N 2 N,
and an isomorphism

� W G=OF Œ1=N�
�
! GLn=OF Œ1=N� (5.2)

which specializes to �w W G .O
F
C
v
/
�
�! G .OFw /

�
! GLn.OFw / for all split finite places

w in F prime to N where v is wjFC . For each split place v of FC, we choose a place zv
of F dividing v. For a split v prime toN , let �v be the composition of �zv and the canonical
isomorphism GLn.OFzv / Š GLn.OFCv / (suppressing the dependence on the choice of zv).

Let Sp be the set of all places in FC dividing p. Suppose from now on that all places
in Sp are split. If U D UpU1;p � G.A1FC;p/ � G.A

1;p

FC
/ is a compact open subgroup

and W is a finite O-module endowed with a continuous action of U† for some finite set
† of finite places of FC, then we define the space of algebraic automorphic forms on G
of level U and with coefficients in W to be the (finite) O-module

S.U;W / WD ¹f W G.FC/nG.A1
FC
/! W j f .gu/ D u�1† f .g/ 8g 2 G.A

1

FC
/; u 2 U º:

(5.3)
We recall that the level U is said to be sufficiently small if for all t 2 G.A1

FC
/, the order

of the finite group t�1G.FC/t \ U is prime to p. If U is sufficiently small, then S.U;�/
defines an exact functor from finite O-modules with a continuous Up-action to finite O-
modules. From now on we assume that U is sufficiently small.
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For a finite place v of FC prime to N , we say that U is unramified at v if one has a
decomposition U D G .O

F
C
v
/U v . Let S be a finite set of finite places in FC containing

all places dividing pN , †, and all places at which U is not unramified.
Let PS be the set of split finite places w of F such that wjFC … S . For any subset

P � PS of finite complement that is closed under complex conjugation, we write TP WD

OŒT
.i/
w ; w 2 P ; 0 � i � n� for the universal Hecke algebra on P . The space S.U;W /

of algebraic automorphic forms is endowed with an action of TP , where T .i/w acts by the
usual double coset operator

��1w

�
GLn.OFw /

�
$w Idi 0

0 Idn�i

�
GLn.OFw /

�
:

Let TP .U;W / be the image of TP in EndO.S.U;W //—it is a finite flat O-algebra and
in particular a complete semilocal ring. Enlarging E if necessary, we assume that the
residue fields are identified with F . If Q is the (finite) set ¹wjFC j w 2 PS n P º, then
we also denote TP .U; W / by TQ.U; W /. For a maximal ideal m � TQ.U; W /, there
is a semisimple Galois representation xr WD xrm W GFC;S ! Gn.F/, where Gn is the group
scheme over Z defined in [13, Section 2.1], uniquely determined by the equation

det
�
1 � xrmjGF .Frobw/X

�
D

nX
jD0

.�1/j .NF=Q.w//.
j
2/.T .j /w mod m/Xj : (5.4)

Definition 5.5.1. We say that such a Galois representation xr W GFC;S ! Gn.F/ is auto-
morphic of level U and with coefficients W if xr satisfies (5.4) for a finite subset Q � PS
closed under complex conjugation and for a maximal ideal m � TQ.U;W /. In this case,
we say that m is the maximal ideal (of TQ.U;W / or TP ) corresponding to xr .

We say that xr is automorphic if xr is automorphic of some level U and with some
coefficients W .

We now suppose that xrm is absolutely irreducible. Let ˛ W TP � TQ.U;W /m be the
natural quotient map. Then there is a Galois representation rm WD r.U;W /m W GFC;S !
Gn.TQ.U;W /m/ determined by the equations

det
�
1 � r.U;W /mjGF .Frobw/X

�
D

nX
jD0

.�1/j .NF=Q.w//.
j
2/˛.T .j /w /Xj

for all w 2 P .
For each v 2 Sp , there is an isomorphism �v W G=FCv

Š G=Fzv Š GLdv .Dzv=Fzv / for
some dv 2 N and some central division algebra Dzv over Fzv where

GLdv .Dzv=Fzv /.R/ WD GLdv .Dzv ˝Fzv R/:

We now let Uv be ��1v .GLdv .ODzv // and Up be
Q
v2Sp

Uv D ��1p .
Q
v2Sp

GLdv .ODzv //,
where �p denotes

Q
v2Sp

�v .
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Definition 5.5.2. Suppose that U1;p is such that U D UpU
1;p is a sufficiently small

compact open subgroup of G.A1
FC
/ and let � be an irreducible representation of the

group
Q
v2Sp

GLdv .ODzv / over F .
We say that xr is automorphic of weight � and level U if xr is automorphic of level U

and with coefficients �_ ı �p , where �_ denotes the F -dual of � . We say that xr is auto-
morphic of weight � , or � is a modular (Serre) weight for xr , if xr is automorphic of
weight � and some level U .

Let W.xr/ be the set of modular Serre weights of xr .

For each v, we fix an embedding xFC ,! xFCv such that the restriction F ,! xFCv
induces the place zv. Let xrv be the restriction of xr to G

F
C
v
Š GFzv , and let xrp be the L-

homomorphism over F corresponding to the collection .xrv/v2Sp . One expects that W.xr/
depends only on xrp .

5.5.2. Minimal level. We now introduce a space of modular forms at minimal level. Sup-
pose that F=FC, G, and xr are as before. Assume moreover that F=FC is unramified at
all finite places and that xr is ramified only at split places.

We begin with some notation and terminology. If v is a split place of FC, then we
define the minimally ramified type �v at v (with respect to xr) to be the inertial type
obtained from the restriction to inertia of any minimally ramified lift of xr jG

F
C
v

in the
sense of [13, Definition 2.4.14].

Let v1 be a split place of FC away from p such that

� v1 does not split completely in F.�p/;

� xr jG
F
C
v1

is unramified and xr.Frob
F
C
v1

/ has distinct eigenvalues, no two of which have

ratio equal to .Nv1/˙1.

(It is possible to find such a v1 if xr.GF / contains GLn.F 0/ with #F 0 > 3n; see [10, Sec-
tion 2.3].)

Let U � G.A1
FC
/ be the compact open subgroup

Q
v Uv where Uv is

� ��1
zv
.GLn.OFzv // if v is a split place of FC not equal to v1;

� the preimage of the upper triangular matrices under the composition

G.O
F
C
v1

/
�zv1
! GLn.OFzv1 /! GLn.kzv1/

if v D v1;

� hyperspecial if v is an inert place.

Then the compact open subgroup U is sufficiently small.
Let † be the set of places of FC away from p where xr ramifies. Recall that S is a

finite set of places of FC containing all places dividing pN , †, and v1. For any sub-
set P � PS of finite complement that is closed under complex conjugation, we write
T 0

P
WD TP ŒT

.i/

zv1
; 0 � i � n� where TP is the universal Hecke algebra on P as before.
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For a Up-module V , T 0
P

acts on the space

S
�
U;
�O
v2†

�.�_v /
ı
ı �v

�
˝ V

�
where the action of T .i/

zv1
is by the double coset operator

Uv1 �
�1
zv1

�
$w Idi 0

0 Idn�i

�
Uv1 :

Choose an ordering ı1; : : : ; ın of the distinct eigenvalues of xr.Frobzv1/ and let
m0 be the maximal ideal of T 0

P
generated by m � TP and the elements T .i/

zv1
�

.Nv1/i.1�i/=2.ı1 � � � ıi /. Then the space S.U; .
N
v2† �.�

_
v /
ı ı �v/˝ V /m0 is nonzero.

5.5.3. G quasisplit at p. With G as in Section 5.5.1, we furthermore suppose in this
section that G

=F
C
v

is quasisplit for all v 2 Sp , i.e., G
=F
C
v
Š GL

n=F
C
v

.

Definition 5.5.3. We say that xr is potentially diagonalizably automorphic if there are
U ,W ,Q, and a homomorphism � W TQ.U;W /m! xQp such that if r� W GFC ! G .xQp/

is the attached semisimple Galois representation characterized by the equation

det
�
1 � r�jGF .Frobw/X

�
D

nX
jD0

.�1/j .NF=Q.w//.
j
2/�.T .j /w /Xj ; (5.5)

then r�;v is potentially diagonalizable for all v 2 Sp .

Lemma 5.5.4. Let Up be as in Section 5.5.1 and suppose that U D UpU1;p � G.A1FC/
is a sufficiently small compact open subgroup. Let † be a finite set of finite places of FC

away from p. LetW be a finite OŒU†�-module. Then there is a patching functorM1 such
that for any finite F -module V with a continuous

Q
v2Sp

GLn.OFCv /-action,

M1.V /=m1 Š S.U;W ˝O V
_
ı �p/Œm�

_; (5.6)

where m1 �R1 denotes the maximal ideal. In particular,M1.V / is nonzero if and only
if S.U;W ˝O V

_ ı �p/m is nonzero.
If xr is potentially diagonalizably automorphic, then there is anM1 as above which is

moreover potentially diagonalizable.
Suppose now that F=FC is unramified at all finite places and that xr is ramified only

at split places. Let U and m0 be as in Section 5.5.2. If W is
N
v2† �.�

_
v /
ı ı �v where �v

is the minimally ramified type with respect to xr , and �.�_v /
ı � �.�_v / is an O-lattice, then

there is a minimal patching functor M1 such that for any finite F -module V as before,

M1.V /=m1 Š S.U;W ˝O V
_
ı �p/Œm

0�_: (5.7)

If xr is potentially diagonalizably automorphic, then this minimal M1 can be taken to be
potentially diagonalizable.
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Proof. Except for Definition 5.2.1 (3) and the minimality, this follows from the proof of
[49, Lemma A.1.1] using the fact that m1 is the preimage of m in loc. cit. under the map
R1� R1=a1.

Suppose there exists �0 as in Definition 5.2.1 (3). Then by the above, xr is potentially
diagonalizably automorphic. Let � be an inertial L-parameter and x be a potentially diag-
onalizable xE-point of SpecR1.�/. There is an xE-point y of SpecR1.�/=a1 which is
on the same irreducible component of SpecR1.�/ as x by [56, Lemma 3.9]. For any
O-lattice �.�/ı � �.�/, M1.�.�/ı/=a1, and thus M1.�.�/ı/, is supported at y by
[47, Theorem 4.3.1] and the properties of �.�/ (see Section 2.3.4). Since M1.�.�/ı/ is
a maximal Cohen–Macaulay R1.�/-module, it is supported at x as well.

The construction of M1 in the minimal level case is as in [46, Section 4] (n D 3 and
p is assumed to be split, but the modifications are easy).

Theorem 5.5.5 (Modularity of extremal weights). Let xr W GFC ! G .F/ be an auto-
morphic representation such that

� xr jGF.�p/ is adequate;

� xrp is 6e.n � 1/-generic .in particular p − 2n/.
Then the following are equivalent:

(1) Wextr.xrp/ \W.xrp/ ¤ ;;

(2) Wextr.xrp/ � W.xrp/;

(3) xr is potentially diagonalizably automorphic.

Proof. Using Lemma 5.5.4 with U 0 D U , the result follows from Theorem 5.4.6.

Theorem 5.5.6 (Automorphic tameness criterion). Let �w ; �w0w 2 Wextr.xr
ss
p / be the

extremal weights of xr ss
p corresponding to w and w0w 2 W , respectively. Suppose that

�w 2 W.xrp/. Then the following are equivalent:

(1) �w0w 2 W.xrp/;

(2) xrp D xr ss
p .

Proof. Use Theorem 5.5.5 and Proposition 3.7.3.

Corollary 5.5.7. Suppose that F.�/2W.xrp/ for �2C0 (in particular, F.�/2Wextr.xrp/).
Let .F.�/;xr sp

p / 2 SP.xrp/ be any lift of F.�/ 2Wextr.xrp/. Then xrp is semisimple if and only
if

F
��
t�w0w�

�
xrp
..F.�/; xr sp

p // w
�1
0

�
� .e.w0.�/ � �//C w0 � .� � �/

�
2 W.xrp/;

where w 2 W is such that F.�/ is the obvious weight of xr sp
p corresponding to w.

Theorem 5.5.8 (Mod p multiplicity 1). Suppose that F=FC is unramified at all finite
places, G is quasisplit at all finite places, and if xr jG

F
C
v

is ramified for a finite place v

of FC, then v splits in F . Let U be as in Section 5.5.2. Let † be the set of finite places
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of FC away from p at which xr is ramified. For each v 2†, let �v be the minimally ramified
inertial type corresponding to xr jG

F
C
v

W G
F
C
v
! GLn.F/. If xr satisfies the equivalent

conditions of Theorem 5.5.5, then for each � 2 Wextr.xrp/,

S
�
U;
O
v2†

�ı.�_v / ı �† ˝O � ı �p

�
Œm� (5.8)

is one-dimensional over F .

Proof. This follows from (5.7) and Theorem 5.4.9.

Remark 5.5.9. Using Theorem 5.5.8, one can recover the main results of [25] (with
stronger genericity assumptions) which assert a multiplicity 1 statement for the ordinary
part of (5.8).

We require the following “change of type” result.

Theorem 5.5.10. Let FC be a totally real field and F � xFC a CM extension where
every place of FC dividing p splits in F . Suppose further that �p … F . For each place v
of FC dividing p, choose an embedding xFC ,! xFCv . Let xr W GFC ! G .F/ be a Galois
representation such that xr.GF.�p// is adequate and there is a RACSDC automorphic rep-
resentation … of GLn.AF / such that

� xr jGF Š xrp;�.…/;

� for each v jp, rp;�.…/jG
F
C
v

is potentially diagonalizable.

Let � be a finite set of places in F away from p which split in F such that if w 2 �,
then …w is supercuspidal. For each place v of FC dividing p, suppose that xrv admits a
potentially diagonalizable lift which is potentially crystalline of type .�v C �v; �v/.

Then there exists a RACSDC automorphic representation � of GLn.AF / such that

� xr jGF Š xrp;�.�/;

� for each v jp, rp;�.�/jG
F
C
v

is potentially diagonalizable and potentially crystalline of

type .�v C �v; �v/;

� for each w 2 �, �w is supercuspidal.

Proof. This follows from [47, Theorem 4.3.1], which is based on [2, Theorem 3.1.3],
except for the supercuspidality assertion. However, [2, Theorem 3.1.3] with S chosen
to contain Sp and �C WD ¹wjFC j w 2 �º guarantees that one can choose � so
that rp;�.…/jGFw � rp;�.�/jGFw for each w 2 �. In particular, the irreducibility of
WD.rp;�.…/jGFw /jWFw implies the irreducibility of WD.rp;�.�/jGFw /jWFw , which
implies the desired assertion.

Corollary 5.5.11. Let FC be a totally real field and F � xFC a CM extension where
every finite place of FC is unramified in F and every place dividing p splits. Suppose
further that p is unramified in FC and that �p … F . For each place v of FC dividing p,
choose an embedding xFC ,! xFCv . Fix a set � of split places in F away from p. Let
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xr W GFC ! G .F/ be a Galois representation such that xr.GF.�p// is adequate, xr jG
F
C
v

is

.6n � 2/-generic for all v jp, and there is a RACSDC automorphic representation … of
GLn.AF / such that

� xr jGF Š xrp;�.…/;

� for each v jp, rp;�.…/jG
F
C
v

is potentially diagonalizable;

� for each w 2 �, …w is supercuspidal.

For each place v of FC dividing p, let �v be a tame inertial type.
Then the following are equivalent:

(1) R�v
xrv

is nonzero for all places v of FC dividing p;

(2) there is a RACSDC automorphic representation � of GLn.AF / such that

� xr jGF Š xrp;�.�/;

� rp;�.�/jG
F
C
v

is potentially crystalline of type .�v; �v/ for all v jp;

� for each w 2 �, �w is supercuspidal.

Proof. (2) immediately implies (1). We now assume (1) and show the converse. (1) in
particular implies that � is .5n � 1/-generic, so that Proposition 3.10.3 applies. Indeed, �
is .5n� 4/-generic by [26, Proposition 7]. Then � is in fact .5n� 1/-generic by [47, The-
orem 3.2.1]. Let �C be the set ¹wjFC j w 2 �º. Recall from the proof of Theorem 5.5.5
that for each v 2 Sp , xrv admits a potentially diagonalizable lift of type .�v; � 0v/ for some
tame inertial type � 0v . Let � be the RACSDC automorphic representation of GLn.AF /
guaranteed by Theorem 5.5.10. [45, Theorem 5.4] implies that for some supercuspidal
inertial types .� 0v/v2�C ,

S
�
U;
O
v2Sp

�ı.� 0_v / ı �p ˝
O
v2�C

�ı.� 0_v / ı ��C
�

m
¤ 0

where �ı.� 0_v / � �.�
0_
v / is a GLn.OFCv /-stable O-lattice for each v 2 Sp [ �C. Let

M1 be the potentially diagonalizable patching functor guaranteed by Lemma 5.5.4 with
W WD

N
v2�C �

ı.� 0_v / ı ��C .
Theorem 5.4.6 implies that Wextr.xrp/ � WM1.xrp/. The properties of M1 from

Lemma 5.5.4 imply that

S
�
U;
O
v2Sp

.�_ ı �p/˝
O
v2�C

.�ı.� 0_v / ı ��C/
�

m
¤ 0

for any � 2 Wextr.xrp/. Exactness of S.U;�/m and Proposition 3.10.3 imply that

S
�
U;
O
v2Sp

.�ı.�_v / ı �p/˝
O
v2�C

.�ı.� 0_v / ı ��C/
�

m
¤ 0:

We conclude with an application of [45, Corollaire 5.3].
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5.5.4. G anisotropic mod center at p. With G as in Section 5.5.1, we furthermore sup-
pose in this section that for all v 2 Sp , G

=F
C
v

is anisotropic modulo center, i.e., we
have an isomorphism �v W G=FCv

�
�! D�

zv=Fzv
. We first recall the set of irreducible O�Dzv

-
representations over F (or Serre weights).

Let mDzv � ODzv denote the maximal ideal. Then kDzv WD ODzv=mDzv is a degree n
field extension of the residue field kzv of Fzv . We say that a character of O�Dzv

is tame if it
factors through k�Dzv .

Since 1CmDzv is a pro-p group (under multiplication), it acts trivially on any irre-
ducible O�Dzv

-representation over F . Thus any irreducible O�Dzv
-representation over F is a

tame F -character. Moreover, the O-Teichmüller lift gives a bijection between irreducible
O�Dzv

-representations over F and tame O-valued characters of O�Dzv
.

Given a tame character �v W O�Dzv ! k�Dzv
! O�, we define a tame inertial type �.�v/

as follows. LetKzv beW.kDzv /Œp
�1�˝Wkzv Œp

�1� Fzv and choose an Fzv-linear embedding of

Kzv ,! xF
C
v . We also denote by �v the character O�Kzv

! k�Dzv

�v
!O�. Then we let �.�v/ be

Ind
W
F
C
v

WKzv
.z�v ı Art�1Kzv /jIFCv

for an extension z�v W K�zv ! O� of �vjO�
Kzv

. The tame inertial

type �.�v/ does not depend on the choice of embedding Kzv ,! xFCv or extension z�v .

Lemma 5.5.12. Let � W TQ.U; W / ! xQp be a homomorphism and r� W GFC !

G .xQp/ be the attached semisimple Galois representation characterized by (5.5). Let
� D

N
v2Sp

�v W
Q
v2Sp

O�Dzv
! O� be a tame character. If �.�v/ is a regular tame

inertial type for all v 2 Sp , then the following are equivalent:

(1) for each v 2 Sp , r�jG
F
C
v

is potentially crystalline of type .�v; �.�v//;

(2) S.U; �_ ı �p/ker.�/ ¤ 0.

If �.�v/ is not regular and S.U; �_ ı �p/ker.�/ ¤ 0, then r�jG
F
C
v

is potentially semistable

of type .�v; �v/ with �v not regular.

Proof. Let � be the automorphic representation of G.AFC/ corresponding to �. First
suppose that �.�v/ is regular for all v 2 Sp . We will show that (1) and (2) are equivalent
to

recFzv .JL.�v//jIFzv Š �.�v/ for all v 2 Sp . (5.9)

Choosing a subring of Fzv;n � Dzv which is a degree n unramified field extension of
Fzv for each v 2 Sp , (2) is equivalent to the fact that for each v 2 Sp , �v is isomorphic to

Ind
D�
zv

F �
zv;n
.1CmDzv /

z�v for some character z�v WF �zv;n!E� extending �v (see [7, Section 1.5]).

This is in turn equivalent to (5.9) by the main result of [7].
Let… be the automorphic representation of GLn.AF / in [39, Proposition 6.5.1]. Fix-

ing v 2 Sp , jLJG.Fzv/j…zv Š �v so that …zv Š JL.�v/ (see [1, Section 3]). Then

WD.r�jG
F
C
v

/F -ss
jW
F
C
v

ŠWD.rp;�.…/jGFzv /
F -ss
jWFzv

Š recFzv .JL.�v/˝ jdetj
1�n
2 /jWFzv

(5.10)
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by [39, Lemma 6.2.2]. Since r�jG
F
C
v

is potentially semistable of weight �v by [3, The-

orem 2.1.1], we conclude that (1) is also of equivalent to (5.9).
Now suppose that �.�v/ is not regular for some v2Sp and that S.U;�_ ı �p/ker.�/¤0.

As before r�jG
F
C
v

is potentially semistable of type .�v; �v/ for some inertial type �v .

We will show that �v is tame and is not regular. Let … be as above. Then as before,
…zv Š JL.�v/ so that (5.10) holds. Since recFzv .JL.�v/˝ jdetj

1�n
2 /jIFzv

is tame and is not
regular by [39, Proposition 6.2.3], we conclude that �v is tame and is not regular.

Theorem 5.5.13. Let FC be a totally real field and F � xFC a CM extension where every
finite place of FC is unramified in F and every place dividing p splits. Suppose further
that p is unramified in FC and �p … F .

Let xr W GFC ! G .F/ be an automorphic Galois representation such that xr.GF.�p//
is adequate, xr jG

F
C
v

is .6n� 2/-generic for all v jp, and there is a RACSDC automorphic

representation … of GLn.AF / such that

� xr jGF Š xrp;�.…/;

� for each v jp, rp;�.…/jG
F
C
v

is potentially diagonalizable;

� for each finite place of w of F for which G=Fw is not quasisplit, …w is supercuspidal.

Let � W D�
zv
! E� be a character. Then x� 2 W.xr/ if and only if xr jG

F
C
v

has a potentially

crystalline lift of type �.�v/ for every v 2 Sp .

Proof. Suppose that x� 2 W.xr/. Then S.U; �_ ı �p/m is a nonzero finite free O-module
so that there exists � as in Lemma 5.5.12 such that S.U;�_ ı �p/ker.�/ ¤ 0. We first claim
that �.�v/ is regular for every v 2 Sp . If �.�v/ is not regular for some v 2 Sp , then Lemma
5.5.12 implies that xr jG

F
C
v

has a potentially semistable lift of type .�v; �v/ for some tame

inertial type �v which is not regular. This leads to a contradiction since xr jG
F
C
v

has no such

lift by [26, Proposition 7]. Now since �.�v/ is regular for every v 2 Sp , the existence of
desired local lifts follows from Lemma 5.5.12.

Suppose now that xr jG
F
C
v

has a potentially crystalline lift of type �.�v/ for every

v 2 Sp . Then let � be as in Corollary 5.5.11. (As in the proof of Corollary 5.5.11,
�.�v/ is .5n � 1/-generic for all v 2 Sp and thus cuspidal.) Let � 0 be the base change
cuspidal automorphic representation of G.AF / guaranteed by [39, Proposition 6.5.2].
Then rp;�.�/ Š rp;�.� 0/ so that in particular xrp;�.� 0/ Š xr and rp;�.� 0/jG

F
C
v

is potentially

crystalline of type .�v; �v/ for each v 2 Sp . Taking � in Lemma 5.5.12 corresponding
to � 0, we find that S.U; �_ ı �p/ker.�/, and thus S.U; x�_ ı �p/m, is nonzero.

Remark 5.5.14. In the setting of Theorem 5.5.13, Proposition 3.10.3 implies that for
v jp, xr jG

F
C
v

has a potentially crystalline lift of type �.�v/ if and only if W g.xr jG
F
C
v

/ \

JH.x�.�.�v/// is nonempty. Since x�.�.�v// D JLp.x�v/ with JLp as defined in [18, Sec-
tion 5], Theorem 5.5.13 implies that � 2 W.xrp/ if and only if JLp.x�v/ \W g.xr jG

F
C
v

/ is

nonempty for all v jp. For generalG as in Section 5.5.1, we would expect that � 2W.xrp/
if and only if JLp.�v/\W BM.xr jG

F
C
v

/ is nonempty for all v jp when the setW BM.xr jG
F
C
v

/
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is defined (see [49, Section 1.6, 8]), but we use W g.xr jG
F
C
v

/ here because it has been
defined in greater generality.
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