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Purely pseudo-Anosov subgroups of the genus 2
handlebody group

Marissa Chesser and Christopher J. Leininger

Abstract. We prove that finitely generated, purely pseudo-Anosov subgroups of the genus 2 han-
dlebody group are convex cocompact.

1. Introduction

Farb and Mosher [8] defined convex cocompactness for subgroups, G < MCG.S/, of the
mapping class group of a closed surface, S . Their work, combined with that of Hamen-
städt [11], implies that the associated �1S -extension group is hyperbolic if and only if
G is convex cocompact (see also Mj–Sardar [21]). A convex cocompact subgroup is nec-
essarily finitely generated and purely pseudo-Anosov (that is, all infinite order elements
are pseudo-Anosov); and as part of Gromov’s Hyperbolization Question (see Bestvina’s
problem list [1, Question 1.1]), Farb and Mosher [8, Question 1.5] asked if the converse is
true. (In fact, Farb and Mosher only asked their question for free subgroups, but this more
general version is now well known and often attributed to them.)

Farb and Mosher’s question has now been answered affirmatively for several classes
of subgroups; see [6, 14–16, 22, 23]. In addition, it is also known to hold if one further
assumes that the subgroup is undistorted; see [3]. Furthermore, there are now also sev-
eral alternative characterizations of convex cocompactness of subgroups of mapping class
groups; see [7, 11, 13].

To describe our results, we let V2 be a genus 2 handlebody and write S D @V2 to denote
its boundary. The genus 2 handlebody group is the subgroup H2 <MCG.S/ consisting of
isotopy classes of homeomorphisms of S that extend over V2; see [5, 9, 10, 18]. Our main
result answers Farb and Mosher’s question affirmatively for subgroups of H2.

Theorem 1.1. If G is a purely pseudo-Anosov, finitely generated subgroup of H2, then G
is convex cocompact in the genus 2 mapping class group.

Since the genus 2 Goeritz group G2 is a subgroup of H2, Theorem 1.1 also provides
an alternative proof of Tshishiku’s theorem [23, Theorem A].
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Corollary 1.2 (Tshishiku). Finitely generated, purely pseudo-Anosov subgroups of the
genus 2 Goeritz group G2 are convex cocompact in the genus 2 mapping class group
MCG.@V2/.

The assumption in Theorem 1.1 that we are in the setting of the genus 2 handlebody
group is crucial: we use and expand on the tools developed by Hamenstädt and Hensel in
[10], as well as the work of the first author in [5], which are all specific to the genus 2
case. See the proof below for details.

2. Proof of Theorem 1.1

Throughout what follows, we let S D @V2. Any subgroupG <MCG.S/ has a finite index,
torsion free subgroup; see Ivanov [12]. Passing to a finite index subgroup does not change
the property of being convex cocompact, and so to prove Theorem 1.1 for G < H2 we
may assume, without loss of generality, that G is torsion free.

The proof of Theorem 1.1 is roughly divided into three steps. In Section 2.1 we recall
the construction of a tree P on which H2 acts, due to Hamenstädt and Hensel [10], and
prove that after adding edges appropriately, we obtain a graph, OP , quasi-isometric to the
disk graph (Proposition 2.3). Next, in Section 2.2 we analyze the action of a finitely gen-
erated, torsion free, purely pseudo-Anosov subgroup G < H2 on P and OP , and prove
that the orbit map to OP is a quasi-isometric embedding (Proposition 2.6). From these two
facts, we deduce that the orbit map of such a groupG to the disk graph is a quasi-isometric
embedding (Corollary 2.8), and in Section 2.3 use this, together with the distance formu-
las of Masur–Minsky and Masur–Schleimer, to deduce thatG must be quasi-isometrically
embedded in the MCG (Proposition 2.10). This immediately proves Theorem 1.1 by
appealing to a result of Bestvina, Bromberg, Kent, and the second author [3].

2.1. A model for the disk graph

In [10], Hamenstädt and Hensel prove that H2 is a CAT.0/ group, along the way providing
several tools to study the geometry of this group. One of these tools is the action on a
certain full subgraph P of the pants graph of S : the graph whose vertices are isotopy
classes of pants decompositions with edges between those that differ by an elementary
move (see e.g. [17]). Specifically, the subgraph P is spanned by pants decompositions of
S consisting of only non-separating meridians, that is, isotopy classes of non-separating
essential curves in S that bound disks in V2. A key fact we need is the following result of
Hamenstädt–Hensel [10, Theorem 5.15].

Theorem 2.1. The graph P is a tree.

Given a non-separating meridian ˛, let P .˛/ � P denote the subgraph spanned by
pants decompositions containing ˛. The next fact was originally sketched by Hamenstädt–
Hensel in [10, Corollary 5.18] and was made explicit by the first author in [5, Lemma 3.1].
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Lemma 2.2. For any ˛, P .˛/ is a subtree of P .

We define the electrification, OP , to be the graph obtained from P by, for each non-
separating meridian ˛ on S , adding a new edge between every pair of vertices in P .˛/;
in particular, P and OP have the same vertex sets. The importance of the graph OP is seen
in the next proposition. Let D2 denote the disk graph of V2, i.e. the subgraph of the curve
graph of S spanned by curves that bound a disk in V2. That is, D2 is the graph whose
vertices are meridians, so that two vertices span an edge if and only if the associated
meridians have disjoint representatives on S . The inclusion of the subgraph N D2 � D2

spanned by non-separating meridians was shown to be a quasi-isometry by the first author
[5, Proposition 5.1].

Given a groupH acting on a setX and a metric space .Y; dY /, a map‰WX ! .Y; dY /

is said to be coarsely H -equivariant if

sup¹dY .h �‰.x/;‰.h � x// j x 2 X; h 2 H º <1:

That is, ‰ is H -equivariant, up to a bounded metric error in Y .

Proposition 2.3. The electrification OP is coarsely H2-equivariantly quasi-isometric to
N D2, and hence to D2.

Proof. Construct a map ˆWN D0
2 ! P 0 D OP 0 so that for any vertex ˛, ˆ.˛/ is some

vertex of P .˛/.
Given g 2H2 and ˛ 2N D0

2, it follows thatˆ.g � ˛/ 2 P .g � ˛/0. Similarly, we have
g � ˆ.˛/ 2 g � P .˛/0 D P .g � ˛/0. Since both g � ˆ.˛/ and ˆ.g � ˛/ are in P .g � ˛/0,
these vertices are therefore connected by an edge in OP . Thus

Od.g �ˆ.˛/;ˆ.g � ˛// � 1;

proving that ˆ is coarsely H2-equivariant.
Next, suppose ˛;ˇ 2N D0

2 are connected by an edge. This implies that ˛;ˇ are part of
a pants decompositionP of non-separating disk curves, and henceP 2P .˛/\P .ˇ/¤;.
Thus ˆ.˛/ and ˆ.ˇ/ are both connected by an edge of OP to P , implying

Od.ˆ.˛/;ˆ.ˇ// � 2:

It follows that ˆ is 2-Lipshitz to OP .
To prove the lower bound, first note that for any two P;P 0 2 OP 0 connected by an edge

of OP , there is a curve 
 in common to both P and P 0 (regardless of whether the edge is
one of the original edges of P or an added edge in OP ). Now suppose ˛; ˇ 2 N D0

2, and
Od.ˆ.˛/;ˆ.ˇ// D n. Connect these points by a geodesic in OP with consecutively ordered

indexed vertices
ˆ.˛/ D P0; P1; : : : ; Pn D ˆ.ˇ/:
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Because Pi�1 and Pi are connected by an edge of OP , for i D 1; : : : ; n there is a curve 
i
that is in both of these pants decompositions. In particular, 
i and 
iC1 are both in Pi , and
are therefore disjoint. Similarly, ˛ and 
1 are disjoint, as are ˇ and 
n. Thus,

˛; 
1; : : : ; 
n; ˇ

are the consecutively ordered vertices of a path in N D2, and hence

d.˛; ˇ/ � nC 1 D Od.ˆ.˛/;ˆ.ˇ//C 1:

Combining the two inequalities, we see that ˆ is a .2; 1/-quasi-isometric embedding.
Since every vertex P in OP 0 is in some P .˛/0, it has distance at most 1 from ˆ.˛/.
Thus ˆ is coarsely surjective, and therefore a .2; 1/-quasi-isometry. As already noted, the
inclusion of N D2 into D2 is an H2-equivariant quasi-isometry, by [5, Proposition 5.1],
and so this completes the proof.

2.2. Quasi-isometric orbit map

We now consider a finitely generated, purely pseudo-Anosov subgroup G <H2. As men-
tioned above, for our purposes we need only consider the case that G is torsion free.

Lemma 2.4. Suppose G < H2 is a torsion free, finitely generated, purely pseudo-Anosov
subgroup. Then the action of G on P is free.

Proof. Since the vertices of P are pants decompositions (by disk curves), any element
of H2 that fixes a vertex must be reducible. However, since G is torsion free and purely
pseudo-Anosov, every element ofG must be pseudo-Anosov and thus cannot be reducible.
It follows that no nontrivial element fixes a vertex, and so the action of G is free.

For G < H2 as in the preceding lemma, the action on P has a minimal invariant sub-
tree PG � P , which is the union of the axes of all nontrivial elements; see e.g. Bestvina’s
survey [2]. From the freeness of this action, we easily deduce the following proposition
(cf. [16, Lemma 3.3]).

Proposition 2.5. Suppose G < H2 is a torsion free, finitely generated, purely pseudo-
Anosov subgroup. Then PG �P is locally finite and PG=G is a finite graph. Furthermore,
G is free and any orbit map G ! PG is a quasi-isometry.

Proof. Taking a base point in PG and considering the convex hull of its translates by a
finite set of generators, we obtain a finite subtree of PG whose translates cover PG , and
that hence projects onto PG=G, proving this quotient is a finite graph. The free action is
a covering space action and thus PG is locally finite and G is free. Finally, any orbit map
G ! PG is a quasi-isometry by the Milnor–Švarc lemma; see e.g. [4, Ch. I.8].

The next proposition relates distances in G, or equivalently in PG , with those in OP .
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Proposition 2.6. For any torsion free, finitely generated, purely pseudo-Anosov G < H2,
the inclusion � W PG ,! OP is a G-equivariant quasi-isometric embedding.

To prove this proposition, we will need to bound the size of PG \P .˛/, independent
of ˛.

Lemma 2.7. There exists an M > 0 such that for any non-separating meridian ˛, the
intersection PG \P .˛/ has diameter at most M .

Proof. We show that if the diameter of PG \ P .˛/ is too large, then G must contain a
reducible element. Toward that end, let N denote the number of vertices of PG=G, which
is the number of G-orbits of vertices of PG . We will show that M D 3N is a bound for
the diameter of PG \ P .˛/. We therefore assume the diameter of PG \ P .˛/ is at least
3N C 1 for some ˛ and arrive at a contradiction.

By the pigeonhole principle, there is a vertex P 2 PG \P .˛/ with

jG � P \P .˛/j � 4:

Thus there are three distinct, nontrivial elements g1; g2; g3 2 G so that

P; g1P; g2P; g3P 2 P .˛/:

Since G is torsion free and purely pseudo-Anosov, each gi is pseudo-Anosov. Writing
P D ¹˛; ˇ1; ˇ2º, it follows that

˛ 2 ¹gi .˛/; gi .ˇ1/; gi .ˇ2/º;

for all i D 1; 2; 3. If gi .˛/D ˛ for some i , then gi is reducible, a contradiction. Therefore,
for each i D 1; 2; 3, there is a j.i/ 2 ¹1; 2º so that ˛ D gi . ǰ.i//. By the pigeonhole
principle again, there are i ¤ i 0 so that j.i/ D j.i 0/. Reindexing, we may assume that
j.1/ D j.2/ D 1, so that g1.ˇ1/ D g2.ˇ1/ D ˛, and hence

g�11 g2.ˇ1/ D g
�1
1 .˛/ D ˇ1:

Therefore, g�11 g2 is reducible. Since g1 ¤ g2, g�11 g2 is a nontrivial element of G, hence
pseudo-Anosov, which is another contradiction.

We can thus conclude that the diameter of PG \P .˛/ is less than 3N C 1.

Proof of Proposition 2.6. Since PG is a subgraph, the inclusion is 1-Lipschitz. It remains
to prove the lower bound. Toward this end, suppose A and B are vertices in PG connected
by a geodesic in OP with consecutively ordered indexed vertices

A D P0; P1; : : : ; Pn D B:

For each i D 1; : : : ; n, let �i be a geodesic path in P between Pi�1 and Pi . Additionally,
let 
i be a curve that is in common between the pants decompositions Pi�1 and Pi , which
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must exist since Pi�1 and Pi are adjacent in OP . Notice that since 
i 2 Pi�1 \Pi , we have
Pi�1; Pi 2 P 0.
i /. It follows that each geodesic �i must be entirely contained in P .
i /,
since P .
i / is a subtree of P , by Lemma 2.2.

Consider the path �1 [ �2. Since P is a tree, this is either already a geodesic between
P0 and P2, or there is some backtracking. Let L1 be the point in �1 \ �2 that is furthest
from P1 in P , or let L1 D P1 in the case that �1 [ �2 is already a geodesic. Notice that
since

L1 2 �1 \ �2 � P .
1/ \P .
2/

and since P0 2 P .
1/ and P2 2 P .
2/, it follows that there are edges in OP from P0 to
L1 and from L1 to P2. Additionally, if � 01 is the geodesic path in P from P0 to L1 and
� 02 is the geodesic path from L1 to P2, then by construction � 01 [ �

0
2 has no backtracking

and is thus a geodesic in P from P0 to P2.
For each subsequent Pi with 2 � i � n � 1, we proceed similarly: replacing Pi with

the vertex Li 2 � 0i \ �iC1 that is furthest from Pi , replacing � 0i with the geodesic � 00i in
P from Li�1 to Li , and replacing �iC1 with the geodesic � 0iC1 in P from Li to PiC1.
We note that there can never be any overlap between any �j and � 0

k
for j � k � 2 because

otherwise there would be some vertex adjacent to both Pk�1 and Pj , implying j � .k �
1/ D d.Pk�1; Pj / � 2, which is a contradiction.

In this manner, we have constructed a geodesic

� D � 01 [ �
00
2 [ �

00
3 [ � � � [ �

00
n�1 [ �

0
n

in P between A and B , and replaced the original geodesic in OP between A and B with a
new one consisting of consecutively ordered vertices

P0; L1; L2; : : : ; Ln�1; Pn:

Because � is a geodesic in P between two points in PG , and because PG is a subtree of P ,
� is a geodesic remaining entirely inside PG . Moreover, by Lemma 2.7, each segment
� 01; �

00
2 ; : : : ; �

00
n�1; �

0
n has length at most M . Therefore, 1

M
dPG .A; B/ �

Od.A; B/, and
thus the inclusion � is a quasi-isometric embedding.

Because � is an inclusion, for any g 2 G, g � �.A/ D g � A D �.g � A/. Thus, � is G-
equivariant. This completes the proof.

Corollary 2.8. If G < H2 is purely pseudo-Anosov and finitely generated, then the orbit
map of G into D2 is a quasi-isometric embedding.

Proof. As noted above, we may assume without loss of generality that G is torsion free.
By Proposition 2.5, any orbit map from G to PG is a quasi-isometry, while by Propo-
sition 2.6, the inclusion PG ,! OP is a G-equivariant quasi-isometric embedding. Com-
bining this with the fact that OP is coarsely G-equivariantly quasi-isometric to D2, by
Proposition 2.3, we see that any orbit map ofG to D2 is a quasi-isometric embedding.
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We note that combining Corollary 2.8 with [5, Theorem 1.1] also gives us the follow-
ing corollary.

Corollary 2.9. IfG �H2 is purely pseudo-Anosov and finitely generated, thenG is stable
in H2.

2.3. Distance formulas and convex cocompactness

The next proposition provides the final ingredient for the proof of Theorem 1.1.

Proposition 2.10. If G < H2 is purely pseudo-Anosov and finitely generated, then G is
quasi-isometrically embedded in MCG.S/.

The proof of this proposition relies on the distance formulas for the mapping class
group and the disk graph. The mapping class group distance formula was discovered by
Masur and Minsky [20], while the formula for the disk graph was proved by Masur and
Schleimer [19]. In order to state these, we will briefly recall the relevant ideas and termi-
nology, but refer the reader to [20] for full details.

Given a (multi)curve ˛ and subsurface Y � S , �Y .˛/ denotes the subsurface projec-
tion of ˛ to the curve graph of Y . For curves ˛ and ˇ, �ˇ .˛/ will refer to the projection
of ˛ to the curve graph of an annulus with core curve ˇ. All curves and subsurfaces are
considered up to isotopy, and representatives of the isotopy classes are assumed to be in
minimal position.

Given a curve ˛ on S , a clean transverse curve for ˛ is a curve ˇ in S whose regular
neighborhood is either a 1-holed torus or a 4-holed sphere. A complete, clean marking �
is a set of pairs ¹.˛i ; ti /º such that base.�/ D ¹˛iº forms a maximal simplex in the curve
graph (i.e. ¹˛iº is a pants decomposition) called the base of �. For each i , ti D �˛i .ˇi /
for some clean transverse curve ˇi for ˛i , and trans.�/ D ¹tiº are called the transversals
of �. The marking graph of S , denoted eM, is a graph whose vertices represent complete
clean markings on S and for which edges represent two complete clean markings differing
by an “elementary move”; again, see Masur and Minsky [20] for precise definitions.

We recall that the projection of a complete, clean marking � to a subsurface Y � S is
defined as follows. When Y is an annulus whose core curve is some ˛i 2 base.�/, then
�Y .�/D ti D �Y .ˇi /. Otherwise, �Y .�/D �Y .base.�//. Given multicurves or markings
�;�0 and a subsurface X of S , we write

dX .�; �
0/ D diam.�X .�/; �X .�0//;

where the diameter is computed in the curve graph of X .
It is convenient to use two more pieces of notation. Given non-negative real numbers

A;B;C withA� 1, we writeB
A
�C to mean 1

A
B �A�C �AB CA, and further define

ŒB�A D B if B � A, and ŒB�A D 0 otherwise. Masur and Minsky’s distance formula [20]
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states that there is some C0 > 0 such that for any c � C0, there is some A0 � 1 such that

dfM.�; �0/ A0�X
X2X

ŒdX .�; �
0/�c ;

where X is the set of all essential subsurfaces of S . The orbit map from MCG.S/ to eM is
a quasi-isometry (see [20]), and thus for any � 2 eM there is some constant C0 such that
for any c � C0, there is a constant A0 � 1 such that for all g; h 2 MCG.S/,

dMCG.S/.g; h/
A0
�

X
X2X

ŒdX .g � �; h � �/�c : (1)

Masur and Schleimer [19] proved an analogous distance formula for the disk graph.
Specifically, there is some constant C1 such that for any c � C1, there is a constantA1 � 1
such that for all ˛; ˇ 2 D2,

dD2
.˛; ˇ/

A1
�

X
X2W

ŒdX .˛; ˇ/�c : (2)

Here W � X denotes the set of witnesses (also called holes) for the disk graph. These are
essential subsurfaces X � S such that every representative of every meridian on V2 has
non-empty intersection with X .

Proof of Proposition 2.10. First,G �H2�MCG.S/; therefore dMCG.S/.1;g/� dG.1;g/

for any g 2 G (assuming the generating set for G is contained in that of MCG.S/). It
remains to bound dMCG.S/.1; g/ from below by a linear function of dG.1; g/. For this, we
use the distance formulas for the mapping class group and the disk graph, together with
Corollary 2.8.

By Corollary 2.8, for any ˛ 2 D0
2 , there exist K � 1; C � 0 such that

1

K
dG.1; g/ � C � dD2

.˛; g � ˛/; (3)

for all g 2 G. Now let P be a pants decomposition of meridians, including ˛, and choose
a marking � so that base.�/D P . Let C0 and C1 be the constants required for (1) and (2),
respectively; let c > max¹C0; C1º; and let A0 and A1 be such that (1) and (2) both hold.
Now, we observe that

dD2
.˛; g � ˛/ � A1

X
X2W

ŒdX .˛; g � ˛/�c C A1

� A1
X
X2W

ŒdX .�; g � �/�c C A1 � A1
X
X2X

ŒdX .�; g � �/�c C A1:

The first inequality is from (2), while the second comes from the fact that ˛ 2 base.�/
(meridians are not cores of annular witnesses, so the transversals play no role when sum-
ming over X 2W). The third inequality follows since W � X.
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Combining this inequality with (1), we have

dD2
.˛; g � ˛/ � A1.A0dMCG.S/.1; g/C A0/C A1:

Combined with (3), we have

1

KA0A1
dG.1; g/ �

�
C C A0A1 C A1

A0A1

�
� dMCG.S/.1; g/;

which is the required lower bound.

We finally prove the main theorem by applying the preceding proposition and a theo-
rem of Bestvina, Bromberg, Kent, and the second author [3].

Proof of Theorem 1.1. Suppose we are given a finitely generated, purely pseudo-Anosov
subgroup G < H2. After passing to a finite index subgroup if necessary, we can assume
that G is torsion free. By Proposition 2.10, G is undistorted in MCG.S/. By the Main
Theorem of [3], it follows that G is convex cocompact.

We note that the genus 2 assumption was used to deduce Corollary 2.8, but from that
point forward all the results we used in the proof are true for arbitrary genus g. Specifi-
cally, the distance formulas from [19,20] and the main result of [3] are valid for all genus
g � 2. We can thus hypothesize the conclusion of that Corollary 2.8, and the remainder
of the proof goes through verbatim. We include this statement as it may be of independent
interest.

Theorem 2.11. Suppose G <Hg is a finitely generated, purely pseudo-Anosov subgroup
of the genus g handlebody group for any g � 2. If the orbit map of G to the disk graph
Dg is a quasi-isometric embedding, then G is convex cocompact.
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