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Left regular representations of Garside categories II.
Finiteness properties of topological full groups

Xin Li

Abstract. We study topological full groups attached to groupoid models for left regular represent-
ations of Garside categories. Groups arising in this way include Thompson’s group V' and many
groups of dynamical origin such as Rover—Nekrashevych groups. Our key observation is that a
Garside structure for the underlying small category induces a new Garside structure for a new small
category of bisections, and that our topological full group coincides with the fundamental group of
the enveloping groupoid of the new category. As a consequence, we solve the word problem and
identify general criteria for establishing finiteness properties of our topological full groups. In par-
ticular, we show that topological full groups arising from products of shifts of finite type are of type
Foo, answering a natural question left open by Matui.

1. Introduction

The story of this paper starts with Thompson’s group V, which was introduced in
unpublished notes by Thompson in 1965. It can be described as a group of certain
right-continuous bijections of the unit interval [0, 1] and was one of the first examples
of a finitely presented infinite simple group (see, for instance, [10] for more details).
Thompson’s group V' has been studied from many different perspectives, and its con-
struction has been generalized in several different ways (see, for instance, [6,17,41]). One
perspective is based on the observation, going back to Nekrashevych [31], that V' can be
described as the topological full group of a groupoid naturally attached to the one-sided
full shift on two symbols. This led to the construction of interesting classes of groups of
dynamical origin, for instance, Rover—Nekrashevych groups, which are topological full
groups of groupoids attached to expanding maps [31, 32, 37]. Moreover, replacing the
full shift by shifts of finite type, Matui constructed and studied topological full groups
arising from shift of finite type groupoids and their products [29, 30]. Roughly speaking,
the general idea is that étale groupoids encode generalized topological dynamical sys-
tems because they generate partial homeomorphisms on their underlying unit spaces, and
the associated topological full groups consist of global symmetries (i.e., globally defined
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homeomorphisms) of the unit space which are pieced together from these partial homeo-
morphisms. These topological full groups turn out to have very interesting properties,
leading to solutions of outstanding open problems in group theory. For instance, they
provided the first examples of finitely generated, infinite, simple, amenable groups [19]
and of finitely generated, infinite, simple groups of intermediate growth [33].

There is also an interesting connection to C*-algebra theory because étale groupoids
serve as models for C*-algebras [25] and introduce ideas and techniques from topological
dynamics to the study of C*-algebras and their structural properties. For instance, the
groupoid attached to the one-sided full shift on two symbols mentioned above is nothing
else but the canonical groupoid model of the Cuntz algebra O, [11], a classical example
of a C*-algebra which plays a distinguished role in the Elliott classification programme.

A unifying framework is given by left regular representations of left cancellative small
categories and their groupoid models (see [27, 39]). The corresponding topological full
groups generalize all of the above-mentioned examples. Indeed, the underlying group-
oids of Rover—Nekrashevych groups can be described as boundary groupoids attached
to left regular representations of Zappa—Szép product monoids arising from self-similar
groups, while the groups studied in [29,30] are topological full groups of boundary group-
oids associated with small categories obtained from shifts of finite type (and products of
them). Generally speaking, topological full groups of boundary groupoids obtained from
these left regular representations build a bridge between group theory, dynamical systems
(in the form of topological groupoids) and C*-algebras and are the main objects of study
of this paper. We will mainly focus on finiteness properties of this rich class of topolo-
gical full groups. A group is of type F, if it admits a classifying space with a compact
n-skeleton. These finiteness properties play an important role in the study of group homo-
logy and reduce to familiar notions in low dimensions (a group is of type F; if and only
if it is finitely generated and of type F, if and only if it is finitely presented). The study
of finiteness properties of V' and its generalizations goes back to [8,9,41] (see also, for
instance, [14, 38] and the references therein). In [32], it is shown that topological full
groups arising from classes of self-similar groups are finitely presented, that is, of type
F,. Skipper, Witzel and Zaremsky [38] established that topological full groups arising
from classes of self-similar groups give rise to first examples of infinite simple groups
which are of type F,,_; but not of type F,,, for each 7. In this context, a general framework
for establishing finiteness properties has been developed in [42]. The key ingredient is the
notion of a Garside category (see [12]), which originated from the study of Braid groups
and allow us to carry over classical results and methods from Braid groups to more gen-
eral groups, monoids or small categories. Applications of Garside structures have been
developed in the context of the K(m, 1)-conjecture [3, 35, 36] as well as isomorphism
conjectures such as the Farrell-Jones conjecture or the coarse Baum—Connes conjecture
because of connections with Helly graphs [18]. Roughly speaking, [42] provides criteria
when isotropy groups of Garside categories have prescribed finiteness properties. Using
similar techniques as in [8,9,41], it was shown in [29] that topological full groups arising
from shifts of finite type are of type F (i.e., type F, for all n). The natural question
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whether the same is true for topological full groups arising from products of shifts of
finite type was left open in [30, Section 5.3].

Our goal is to show that for topological full groups of groupoids arising from left reg-
ular representations of Garside categories, the Garside structure of the underlying small
category induces a new Garside structure on the category of bisections of the groupoids,
whose isotropy groups (or rather those of the enveloping groupoid) can be identified with
the topological full groups we are interested in. The construction of this new Garside struc-
ture is a key novelty of this paper. Consequently, we succeed in solving the word problem
and establishing finiteness properties for topological full groups of groupoids attached to
left regular representations of several classes of Garside categories. For the second result,
the technical difficulty we overcome is the identification of sufficient conditions for con-
nectivity of certain simplicial complexes arising in our setting (see Section 5 for details).
In particular, we answer the natural question left open in [30, Section 5.3] and show that
topological full groups arising from products of shifts of finite type are of type Foo. This
class of groups generalizes higher-dimensional analogues of Thompson’s group V' such
as the groups nV from [6] and is an instructive example class illustrating the key ideas of
this paper (see Section 7.1 for details).

Let us now formulate our main results. Given a left cancellative small category €, we
denote its set of objects by €° and its set of invertible elements by €*. The groupoid model
I; x Q attached to € is discussed in [27] and is recalled in Section 2.2. In the following, we
will present our main theorems only in the special case of the boundary groupoid 7; x 02
for simplicity, even though our results are much more general (they apply to groupoids of
the form (I; x X ){, where X is a closed invariant subspace of 2o, and Y is a closed sub-
set of X of a particular form). Starting with a Garside family for € (the notion of Garside
family is explained in Section 3), we first construct another small category € which again
admits a Garside family such that the topological full group F (I; x 9€2) can be identified
with an isotropy group of the enveloping groupoid of C.

Theorem A. Suppose that € is a left cancellative small category with finite €°. Further,
assume that € is right cancellative up to =", finitely aligned, right Noetherian and admits
disjoint mcms, and that (F) holds. Let © be a Garside family in € which is locally finite,
=*-transverse with © N €* = @. Moreover, assume that for all L > 1, (@5]‘)# is closed
under left divisors.

Let C be the small category constructed in Sections 2.2 and 3, with base object x and
enveloping groupoid Q. Then there exists a right Garside map A for C such that Dive (A)
is a Garside family for C, and we have Q(x, x) = F (I; x 0L2).

The category C is constructed explicitly as a category of bisections of our groupoid
(see Sections 2.2 and 3). The construction of € is interesting on its own right as sim-
ilar constructions led to a better understanding of group homology for topological full
groups [26]. Theorem A is proved in Section 4 (see Corollary 4.23), where the reader
will find more explanations and details. We restrict to the case of small categories € with
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finite set of objects €° for convenience and because this is required for the applications
we have in mind. The point about Theorem A is that it allows us to apply tools for Garside
categories as in [12] in the study of topological full groups.

For example, Theorem A allows us to solve the word problem for topological full
groups of the form F (I; x 9€2).

Corollary B. Assume that we are in the same situation as in Theorem A. Suppose that
there exists a computable =*-map for G*. Then F (I; x 3$2) has decidable word problem.

Here, a =*-map for &% = GC* U €* is a partial map E from &* x &# to €* with the
property that E(s,t) is defined if and only if s =* ¢, and in that case E(s,7) = u € C*
with su = t. Such a =*-map is called computable if it can be implemented on a Turing
machine. Corollary B is proved in Section 4 (see Corollary 4.24), where we construct a
concrete algorithm to solve the word problem, that is, to decide whether a given word in
the generators represents the trivial element of our topological full groups.

As another application of Garside structures, we establish general criteria for finiteness
properties of topological full groups.

Theorem C. Let € and © be as in Theorem A. Assume that conditions (F), (St), (LCM)
and (t < d) are satisfied. Then for all natural numbers n, F (I; x 0R2) is of type Fy, if
C* (v, v) is of type Fy, for all v € G°.

The conditions (F), (St), (LCM) and (¢ < d) are introduced in Section 5, which also
contains the proof of Theorem C (see Theorem 5.2). On our way of proving Theorem C,
we construct a concrete simplicial complex on which our topological full group acts and
for which our conditions allow us to establish the desired connectivity properties. The
construction of the complex is interesting on its own right as we expect a further analysis
of it to reveal valuable information about topological full groups, for instance, regarding
concrete presentations (see, for instance, [29]).

Having established a general criterion for finiteness properties of topological full
groups, we now turn to specific contexts where the conditions in Theorem C are satis-
fied. In the presence of degree maps, we identify criteria for finiteness properties which
are easy to check.

Corollary D. Let P be a left cancellative monoid with P* = {1}. Assume that P is right
Noetherian, left reversible and admits conditional lcms. Suppose that Sp C P is a finite
Garside family in P with 1 ¢ Sp and assume that (SIEL)'i is closed under left divisors
forall L > 1. Let G be a left cancellative small category with finite €° equipped with a
P-valued degree map d such that vd = (p) < oo for all v € €° and p € P. Suppose that
condition (F) holds.

Ifforallv € €% and s € Sp, we have #od ™! (s)v > 2, then for all natural numbers n,
F(I; x 0Q) is of type F,, if €* (v, v) is of type F,, for all v € C°.
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Degree maps are introduced in Section 6, where Corollary D is proved, too (see
Theorem 6.12). Condition (F) is, for example, satisfied if € is cancellative. Corol-
lary D applies, for instance, to small categories arising from higher-rank graphs (where
P = Zﬁo). In particular, we obtain the following special case.

Corollary E. Suppose that €;, 1 < j < k, are path categories of finite graphs. Assume
that forall 1 < j <k andv € Ci? we have #0C;v > 2. Let §; := I;(C;) x dQ¢;. Then
F (G x -+ x &) is of type F.

In particular, if §;, 1 < j <k, are groupoids arising from irreducible one-sided shifts

of finite type as in [29], then F (§1 X --- x §) is of type Fo.

This answers a natural question left open in [30, Section 5.3]. For the proof of Corol-
lary E, see Section 7.1 (Corollary 7.3). Corollary D also applies to topological full groups
of groupoids arising from one vertex higher-rank graphs (see Corollary 7.4). Note that we
are not allowing arbitrary graphs in Corollary E because of the condition that #0€;v > 2.
A corresponding condition is required in the case of one vertex higher-rank graphs. How-
ever, our results do cover all products of groupoids from irreducible one-sided shifts of
finite type, as we explain in the proof of Corollary 7.3.

Next, we consider Zappa—Szép products of a small category and a groupoid. Such
examples have been considered in various situations in [1,2, 13,20,21,28,31,32,40,42]
and, in particular, give rise to Rover—Nekrashevych groups as mentioned above. For our
purposes, Zappa—Szép products allow us to adjoin invertible elements to a small category
while keeping the key properties which are needed to establish finiteness properties for
the topological full groups of the corresponding groupoid models.

Corollary F. Assume that € and © are as in Theorem A. Let & ~, € be a self-similar
action and form D = € <1 &. Assume that (Inv) holds and that D is right cancellative
up to =*. Further, suppose that conditions (St), (LCM) and (t < d) are satisfied for €
and that condition (F) is satisfied for .

Then for all natural numbers n, F (I;(D) x Q) is of type F, if D* (w, w) is of type
F, for all w € ©°.

Self-similar actions and all relevant related notions are introduced in Section 7.2,
where the reader will also find the proof of Corollary F (see Theorem 7.14). As explained
in Example 7.16, Corollary F generalizes [38, Theorem 4.15] and covers self-similar
groups as in [31,32], self-similar actions on graphs as in [13,20,21] as well as self-similar
actions on higher-rank graphs as in [1, 28]. For instance, Corollary F covers topological
full groups of groupoid models for Katsura algebras as discussed in [13, Section 18].

2. Category of bisections

First, we develop a general framework which allows us to describe topological full groups
of classes of groupoids as isotropy groups of small categories.
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2.1. The setting of general groupoids

Let ¢ be an étale groupoid with range and source maps r,s. Let X := §© denote the unit
space of ¥, and assume that X is totally disconnected, compact and Hausdorff. Let €0
be the set of compact open subsets of X. We set out to define the category of bisections
of §.

Definition 2.1. Define a small category B as follows:

Objects of B are given by finite tuples U = (U;);jer with U; € €0 foralli € I.

Morphisms of B from U = (U;);e; to V = (V;),es are of the form a = (a;);er,
together with a map I — J, i + j(i), where for each i € I, a; is a compact open
bisection of § with s(a;) = U; and r(a;) € Vj(;). Moreover, for each j € J, if we set
I; :={i €l :j(i) = j}, then we require that V; = ]_L'elj r(a;). For such a morphism a,
setd(a) = U and t(a) = V, and the map I — J is called the base map. Let B(V,U)
denote the set of morphisms with d (a) = U and t(a) = V.

Let us now precisely define composition in 8. Given b = (b;) € B(W, V) and
a=(a;) e BWV,U), where U = (Uj)ier, V = (Vj)jes and W = (Wy)rek, define
ba = ((ba)i)ic; € B(W,U), where (ba); := b;()a; for each i € I, and the base map
for ba is given by the composition I — J — K, i > j(i) +— k(j(i)).

Here and in the following, our index sets I are finite ordered sets of the form
To see that composition in B is well defined, observe that s((ba);) = U; and
r((ba);) € Wiy Moreover, given k € K, if weset Iy :={i € I : k(j(i)) = k}, then

[ r@ay) =[] [1r®ja) =[] rb)) = Wa.

i€l JEJK i€l; JE€Jk

Lemma 2.2. The category B is left reversible, that is, for alla,b € B with t (a) = t(b),
there exist a’',b’ € B such that aa’ = bb’ in B.

Proof. Suppose that a = (ap)peg and b = (b;);ey with t(a) = V = t(b), where V =
(V;)jes, and assume that H — J, h — jg(h) and I — J, i — jp(i) are the base
maps for a and b, respectively. First, we arrange by right multiplication by a’, b’ € B
that there exists a bijection / = H, i — h; such that r(ap,) = r(b;). Let H o I :=
{(h,i) e H x I :1(ap) Nr(b;) # @}. For (h,i) € H « I, define a5; = s((r(ap) N
r(b;))ay) and l;h,i = s((r(ap) N 1(b;))b;). We obtain morphisms @ := (dp,;)(h,iyeH-I €
B(d(a), (c'z.h,i)(h,,-)eH.I) withbasemap H eI — H, (h,i)—~>h and b := (bn,i)h,iyeH 1 €
B(d (D), (bn,i)n,iyer.r) With base map H I — I, (h,i) — i. We now have aa =
(a‘hdh,i)(;.,,,')qu e BV, (dh,i)([z,i)eH-I) withbasemap H « I — H, (h,i) — jq(h) and
bb = (bibpi)niyero1 € BV (bpi)h,iyen-r) withbase map H « I — H, (h,i) > jp(i).
Then we obtain for each (h,7) € H o I that r(apay;) = r(ap) Nr(b;) = 1(b;by ;). So
without loss of generality, we may assume that H = [ and that r(a;) = r(b;) for all i.
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In that situation, let a’ = (a})ic; € B((s(a;))ier. (s(b;))ier) with base map id; and
a; =ai_1bi.Thenaa’ =b. n

Let us now describe the enveloping groupoid of B.

Lemma 2.3. The enveloping groupoid Q (B) of B is given as follows:

The set of objects of Q(%B) coincides with the set of objects of B.

Morphisms of Q(B) from U = (U;)ieg to V = (Vj)jey are of the forma = (ap)jeL,
where L is a subset of J x I, where for each (j,i) € L, aj; is a compact open bisec-
tion of § with s(aj;) € U; and 1(aj;) € V;. Moreover, for each i € I, we require that
Ui = [j.iyer 8(aj,i), and for each j € J, we require that V; = [(; jyer 1(aj,i)-

Composition in Q(%B) is given as follows: Suppose that a = (a;);er € Q(B)(V,U)
and b = (bm)mem € Q(B)W, V), where U = (Up)ier, V = (Vj)jes and W =
(Wi)kek- Let N be the set of pairs (k,i) € K x I for which there exists j € J such
that s(bg,;) Nr(aj;) # 0. For (k,i) € N, define (ba)k; := |1; bk.jaj,i, where the dis-
Jjoint union is taken over all j € J with s(bk,;) N1(a;;) # @. The set (ba),; is again
a compact open bisection, and we define the product of b and a as the morphism
ba = (ba)es)nen € O(B)W . U).

We obtain an embedding B(V,U) — Q(B)(V,U), a+> a’ as follows: Fora = (a;),
set L:={(j@i),i):i eI}, anda;.(l.),i =aj, a = (a;)er.

Note that we are implicitly choosing a fixed bijection L = {1,...,#L}.

Proof. 1t is straightforward to check that Q(®B) is well defined and that the maps
BV,U) — Q(B)(V,U) defined above indeed give rise to an embedding B — Q(B)
of categories.

Inverses are given in Q(B) as follows: Given a = (a;);cr, € Q(B)(V, U), let
M ={(,j)€l xJ:(j,i)€ L) Thentheinverse of @ is givenby a ' = ((a™ ")) mem €
OB, V), where (@ );,j = (az)~".

Finally, to see that Q(%8) = BB ™', take an arbitrary element a = (a;)er €
0(B)(V,U). Define the elements @ = (a;);cr, € BV, (s(a;))ier) and b = (by)jer €
B(U, (s(a1))ier), where by :=s(a;) foralll € L. Thena = ab™' in Q(8). |

We will identify B as a subcategory of Q(®8) via the embedding constructed above.

Recall that the topological full group of § is given by the group of compact open
bisections a of § which are global, in the sense that r(a) = X = s(a). The product in the
topological full group is given by multiplication of bisections as subsets of the groupoid
(see [34]). The following is an immediate consequence of our construction.

Lemma 2.4. For every compact open subset Y C X, we have F (ﬁ}/ )=9B({,Y) and
F(ﬁ}/) = Q(B)(Y,Y). Here, Y denotes the object (Y') of B or Q(®B) consisting of the
single element Y € €0.

In the statement above, ﬁ}/ denotes the restriction of ¢ to Y, that is, ﬁ%’ ={ye§:
r(y),s(y) € Y}.
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2.2. Groupoids arising from left cancellative small categories

We use the same notation as in [27], where the reader may find more details as well. Let €
be a small category. We will identify the category with its set of morphisms, again denoted
by €, and write €° for its set of objects, which we view as identity morphisms and hence
asasubsetof €. Let d : € — €% and t : € — €° be the domain and target maps. Let €*
denote the set of invertible elements of €. We assume that € is left cancellative, that is, for
allc,x,y € € with d(c) = t(x) = t(y), cx = cy implies x = y. Note that our convention
is the same as the one in [27,39,42], while it is opposite to the one used in [12]. Also note
that €* is denoted by €* in [12,42].

Let /; be the left inverse hull of €, that is, the inverse semigroup of partial bijections
of € generated by the left multiplication maps ¢ : b(c)€ — ¢€, x — cx. Here and in
the sequel, for c € € and S € €, we use the notation ¢S := {cs : s € S, t(s) = d(c)}. A
general element s of /; is of the form s = d,; !¢, -+ -d5 'cad ¢1, where t(d;) = t(c;) and
d(d;) = d(ci+1). We denote the domain and image of s by dom(s) and im(s). Let ¢ be
the semilattice of idempotents in /;. We identify & with the semilattice {dom(s) : s € I;}
of subsets of €.

The space of characters 5? is given by the set of non-zero multiplicative maps § —
{0, 1}, which send 0 € ¢ to 0 € {0, 1} in case [; contains 0. Here, multiplication in {0, 1}
is the usual one induced by multiplication in R. The topology on j is given by pointwise
convergence. A basis of compact open sets for the topology of g? is given by sets of the
form R R

Fle:f)={xred:xe)=1x(f)=0V fef},
where e € § and f C ¢ is a finite subset. We can always assume that f < e forall f € §.
We will also set gA(e) ={y e 5?: x(e) = 1}.

Consider the subspace €2 of i consisting of those y € gA with the following property:
Suppose that v € €%, and we are given f € E,e; € E (1 <i <n)with f CvC,e; CvC
foralli. If f = J/_, e; as subsets of €, then x(f) = 1 implies that x(e;) = 1 for some
1 <i < n (compare [39, Definitions 6.1-6.3]).

Now every s € I; induces the partial bijection

{xed:xom(s) =1} = {y € &1 y(ran(s) = 1}, x> s.0:= (G~ L),
By restriction, this yields an action I; ~, 2. Now we can form the groupoid
Ik Qi={(s,0) € 1 xQ: x(s7's) = 1}/~,

where we define (s, y) ~ (¢, n) if y = 1 and there exists e € § with y(e) = 1 such that
se = te. The topology of I; x €2 is described in [27, Section 2.2].

Similarly, if X € Q is a closed invariant subspace, then we consider the groupoid
IIxX =(;x Q)gg . Here, “invariant” always refers to the /;-action.

Let us now introduce a special closed invariant subspace called the boundary. First of
all, let {;’\max be the set of characters y € é’\ for which y~1(1) is maximal among all charac-
ters y € ;Al . As observed in [27, Section 2], we have gimax C Q. The boundary 92 is given
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as the closure of g?max in Q, that is, 0Q2 := jmax C Q. The boundary 0€2 is I;-invariant,
so that we may form the boundary groupoid /; x 9€2.

Let us recall the notion of finite alignment (see [39, Definition 3.2]), which will allow
us to focus on principal right ideals as opposed to general elements of §. The category
€ is called finitely aligned if for all a, b € €, there exists a finite subset {¢;} € € such
that € N bE = | J; ¢; €. Alternatively, this can be rephrased using the notion of mcms
(minimal common right multiples), in the sense of [12, Definition 2.38]. Recall that given
a,b,c € €, ciscalled an mcm of @ and b if ¢ € a€ N bE and no proper left divisor d (i.e.,
an element d € € with ¢ € d€) satisfies d € a€ N HC. It follows from [39, Lemma 3.3]
that € is finitely aligned if and only if for all a, b € €, the set of mcms mem(a, b) is non-
empty and finite up to right multiplication by €*. Given a subset A C €, we introduce the
notation mcm(A) := {mcm(aq,az) : ai,a; € A}. Given subsets A1, A5, ... C €, we set
mem(Ay, As, ...) := mem(|J; 4i).

We briefly explain the connection to C*-algebras and refer to [27] for details. Form
the Hilbert space £{2>€, with canonical orthonormal basis given by §,(y) = 1 if x = y and
3x(y) = 0if x # y. For each ¢ € €, the mapping,

{azx if t(x) = b(c),
Sy >

0 else,

extends to a bounded linear operator on £2(€) which we denote by A.. Note that left can-
cellation is needed at this point to ensure boundedness of the extension of this mapping.
Now the left reduced C*-algebra of € is given by C(€) := C*({A. : c € €}) C L(£26).
It is shown in [39, Section 11] that there is a canonical isomorphism C;*(I; x Q) =
C;(C)if € is finitely aligned.

The space 2 is compact if and only if €° is finite. Since we would like our groupoids
to have compact unit spaces, we will later on assume that €° is finite.

Now fix a closed invariant subspace X of Q. Let 8 be the category of compact
open bisections of the groupoid I; x X. Given ¢ € €, the compact open bisection
{le. x]: x € 2, x(d(c)®) = 1} will be denoted by ¢ again.

Definition 2.5. Let € C B be the subcategory with the same set of objects and morphisms
of the form a = (a; U;)ie; € B(V,U), where U = (U;);er and a; € €.

It is easy to see that this is indeed a subcategory.
Let us now explain the connection to topological full groups. In the following, the
enveloping groupoid of € is denoted by Q(€).

Lemma 2.6. We have Q(€)(Y,Y) = F((I; x X){,) for every compact open subset
Y C X.

Proof. We have Q(€)(Y,Y) C 9(B)(Y,Y) = F((I; X X)}’). It remains to show “2”.
Every element of F((/; x X )g) is a finite union of compact open bisections of the
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form [s, U] for some s € I; and U C Y. It is straightforward to see that we can always
arrange this to be a disjoint union. Hence, every element of F ((I; x X )};) is of the form
chcZ,I,Where U= U)ier withY =[1;c; Ui, cv = Ui)ier € €Y, U),V = (Vi)ier
with Y = [[;c; Vi, ev = (Vi)ier € €, V) and ¢ = ([s;, Ui])ier € Q(€)(V,U) for
some s; € I; with r([s;, U;]) = V;, where the base map is given by id;. For each index
i €1, let us write 5; = b_Na, N - bl_za, 2bl_1 ai. Note that, by chgosing N big
enough, the same N works for all i. Then [s;, U;] = bl NN - bl’zléii,gbi_’llﬁi,l, where
a1 = lai1, Uil = aiq Ui, bl 1= [bi1, b i 1al,l.U,] = b,,l(bl’lalal.Ui), ... Now define
ay:=(@1)ier €€.by:=(bi1)ics €C,....an = @i n)ic; €C.by = (bin)ics €6E,
where the base map is always id;. Then

¢c=byay--b7'a;
lies in Q(€). Thus chcl_]1 lies in Q(€). ]

For a closed invariant subspace X € 2, we write X(e;T) := X N gA(e; f)and X(e) :=
X N ge).

Lemma 2.7. We have Q(€)(Y,Y) = Q(€)((Y N X(0C))yeco, (Y N X(v€))yec0) for
every compact open subset Y C X.

Proof. Consider the morphism ¢ = (¢y)y € €Y, (Y N X(v€))yeco) given by ¢y =
Y N X(v€). Then the desired isomorphism is given by conjugation with ¢, i.e.,c U e~ ! :
Q(€)((Y N X(0€))pego, (¥ N X(0€))yeco) = Q(E)(Y.Y). u

Proposition 2.8. If € is finitely aligned, then € is left reversible.

Proof. Suppose that a, b € € with t(a) = #(b). As we have seen in the proof of
Lemma 2.2, up to right multiplication with elements of €, we may assume that a =
(a;U;)ier and b = (b;U;)ier, where r(a; U;) = r(b;U;) for all i. Now fix i € I and set
a:=aj,b:=b;,U :=U;andset V :=r(aU) =1(bU). As € is finitely aligned, we can
find a finite set {¢,}1<n<ny < € such that a€ N bC = | J, ¢, €. Write ¢, = aa, = bb,.
For y e V, x(a€) = 1 = y(bC€) implies that there exists n with y(c,€) = 1. Define

Vii={xeV:xcnC) =1, y(cn€) =0forallm < n}.

We have s(aU) =qa ' V [1,a '.Vy and s(bU) = b=1.V =[], b~".V,. Now we
claim that a='.V, = ay.c;'.V;,. Indeed, “D” is clear, and for “C”, take y € a~1.V,.
Then a. )( e Vi, so a. )((aa,,(i) = a.y(c,€) = 1, which implies y(a,€) = 1 and hence
¥ = an.a; . x. We conclude that

)(=an.a;1.)(=an.a ata.y) =an.c;  (a.y) €an.c; V.

Similarly, we have b=1.V,, = b,.c;;'.V,. Now set @), := an(c;;'.V) and a} := (a},), €
C(s(a), (c; . Vi)n), and b, := by(c;1.V) and b} := (b))n € €(s(b), (c;;*.Vi)n). Then
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bb, = aay, for all n implies that (aU)a; = (bU)b;, where we view aU as a morphism in
€(r(aU),s(aU)) and bU as a morphism in €(r(bU), s(bU)). Applying this construction
toa;U; foralli € I, we obtaina’ € € with d (a) = t(a’) and b’ € € with d (b) = t(b')
such that aa’ = bb’. n

Corollary 2.9. The enveloping groupoid Q(€) is given by €€~ (formed inside Q(B),
as constructed in Section 2.1).

2.3. Decompositions of compact open subsets

In preparation for later applications, we show how to decompose compact open subsets
into basic ones.
The following is stated in [24, Lemma 4.1].

Lemma 2.10. Every compact open subset of X is a disjoint union of finite sets of the form

X(e; ).

Proof. Let U be the collection of subsets of X which can be written as disjoint unions of
finite sets of the form X(e; f). Our proof will be complete once we show that U is closed
under finite unions, because every compact open subset of X is a finite union of sets of
the form X(e; f). For e, g € v€ (v € €%), we have X(e; ) N X(g:hH) = X(eg:; T U B).
Moreover, X(eg;T U H)° = X(v€;eg) U Uxefub X(x). So

X(g:5) N (X(eg; FUD) = X(gi{egh U T | ] X(xg:b)

xefuUp

= X(g:{eg} U ) I | ) X(xg: D).

xef

and

| X(xg:0) = X(xog: ) I (] X(xg:{xog} UD).
xef xef\{xo}

Proceeding inductively on #f, we obtain that | J, .; X(xg;5) € U. Hence,

xef

X(e:f) U X(g:b) = X(e: ) L X(g:5) N (X(e:F) N X(g:h))
= X(e:f) I X(g:h) N (X(eg:f UD))*

lies in U, as desired. [

Remark 2.11. The last computation shows that, given finite subsets ,) C , we have

X0 =] x(f:5y)
fef fef

for some finite subsets hr C 4.
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Now suppose that € is finitely aligned. Then ¢ \ {d} = {Ul ai€:a; e (S} by [39,
Corollary 3.8]. By construction of €2, we have Q(Ul a,-(i) = |J; Q(a;€) and

Q(UG {Us_f@}k) =Uasi{de),) = Uawse

for some finite subsets e¢; € {x€ : x € €} by Remark 2.11. A similar statement holds
for X in place of 2.

In the following, when there is no danger of confusion, we denote a€ by a, fora € €.
Then the above shows the following.

Lemma 2.12. Suppose that § is finitely aligned. Then every compact open subset of X is
a finite disjoint union of sets of the form X(a; e), where a € € and e is a finite subset of €.

3. Categories of bisections attached to Garside categories

In this section, we restrict the set of objects of the category € of bisections from
Section 2.2. From now on, we assume that € is a finitely aligned left cancellative small
category. Finite alignment allows us to focus on principal ideals. As before, when the
meaning is clear from the context, given a € €, we will denote the principal ideal a€ by a
again. Since € is finitely aligned, Lemma 3.3 of [39] implies that € admits mcms.

Let us introduce the following notation as in [27]: Given a,b € €, we write a < b ifa
is a left divisor of b, that is, b € a€. We write a < b if b€ < aC. We write a E bifa
is a right divisor of b, that is, b € Ca. We write a ZbifGh € Ca. We write a =* b if
a € bG&* (which is equivalent to a€ = bC).

The category € is right Noetherian in the sense of [12, Chapter II, Definition 2.26] if
there is no infinite descending chain --- < a3z < a, < a; in €.

From now on, let as assume that €° is finite, so that § is compact, and let X be a
closed invariant subspace of 2.

We introduce the following terminology and record a related observation for later use.

Definition 3.1. The category € is called right cancellative up to =* if, forall a, b, x € €,
ax = bx implies a =* b.

Lemma 3.2. The following are true:
(1) If € is right cancellative up to =*, then, foralla,b € € and y € Q, [a, x] = [b, x]
implies a =* b. In particular, for allu € € and y € Q, [u, x] = x implies u € C*.
(1) If € is right Noetherian and right cancellative up to =*, then the category of
bisections € from Section 2.2 is right Noetherian.

Proof. (i) By definition of the equivalence relation, [a, y] = [b, x] implies that there exists
x € € with y(x) = 1 and ax = bx. Right cancellation up to =* implies a =* b, as desired.
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(i) Now suppose we have a < bin G, that is, b = d'a. If t(b) = (Vj)jes and
t(a) = Wi)rek,then #J <#K.Ifd(b) = (U;)ier, then#J < #K < #I. Hence, given
a chain - - - E as E a, E a; in €, we may assume that ¢ (a,) = (V,,;);es, for all n, and
#J, = #J; for all n. Now write a,,a, = a,—; and a), = (a;,’j Va,j)j-Letd(ar) = (Up)ier
and write a, = (an,; Ui)iS" Then [a; ;, U;] = [alz,j(i)a%i* Uil impligs by (ilthat ay =*
a;,j(i)az,i and thus a, ; < a;,;. Continuing this way, we obtain -+ < a3; < a; <a;,

for all i. Since € is right Noetherian, we deduce that there must exist 7o such that for all
n > ng, we have a, ;€ C* for all j and thus a), € €*. n

Now let us specialize to the class of Garside categories. The idea behind the concept of
Garside structures originated from the study of Braid groups and monoids, and of the more
general Artin—Tits groups and monoids. Roughly speaking, Garside structures axiomatize
the structures which are needed to carry over classical results and methods from Braid
groups and monoids to more general groups, monoids or small categories. One important
feature of Garside categories is that elements admit normal forms. This was used in [27] to
derive general results about groupoids and C*-algebras attached to left regular representa-
tions of Garside categories. In [42], criteria have been established for finiteness properties
of isotropy groups of Garside categories, based on the existence of head functions given
by maximal left divisors from a given Garside family. Now our goal is to show that a
Garside family in € induces Garside families in subcategories of €, and based on this,
to derive criteria when these Garside structures fit into the general framework developed
in [42] which then allows us to establish finiteness properties for isotropy groups and
hence topological full groups.

To explain the notion of Garside family, we need some terminology. First of all, a finite
sequence 1, S2, ... in € is called a path if b(sx) = t(sg41) for all k. Such a path will be
denoted by sy - -.

Definition 3.3. A subset @ C @ is closed under right comultiples if for all , s € @ and
ae€Cwithr <a,s <a,thereexistst € ©withr <t,s <tandt <a.

Definition 3.4. Suppose © C € is closed under right comultiples such that & U €*
generates € and GF := GC* U C* is closed under right divisors.

Avpathsy,...,s; € Gt is called normal if forall 1 <k </ —1landr € G,if r < SkSk+1
then r < 5.

For a € €, a normal decomposition or normal form of @ is given by a normal path
sp++-57in GF witha = s1--- 5.

The subset @ is called a Garside family if every element in € admits a normal
decomposition.

Suppose that G is a Garside family of €. We can always arrange (see [12, Chapter III,
Corollary 1.34]) that © is =*-transverse, that is, for all 51,5, € ©, 51 =* 5, implies
s1 = §2. We can also assume without loss of generality that @ N €* = @ (see [12,
Chapter III, Corollary 1.34]).
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Given a € &, we define ||a|| := 0 if a € €* and |a| := [ if s; ---s; is the unique
normal decomposition of @ € € \ €* (which exists by [12, Chapter III, Corollary 1.27]).

If € is right Noetherian and admits mcms, then @ C € is a Garside family if and
only if @ U €* generates € and &* is closed under mems and right divisors (see [12,
Chapter IV, Proposition 2.25]). The reader may consult [12] for more information about
Garside families.

Now assume that & is locally finite (i.e., #v& < oo for all v € €0).

Corollary 1.37 of [12, Chapter III] implies that for all L > 1, Gl =-guc2uU-.--U
&L is a Garside family again. Proposition 2.25 of [12, Chapter IV] implies that &=L is
closed under mcms.

Lemma 3.5. There are no infinite chains a < a; < a, < --- in (G=L)H,

Proof. Since @ is locally finite, &' is again locally finite forall 1 </ < L. ]

In addition, we assume that for all L > 1, (6=L)# is closed under left divisors. This is,
for instance, the case if the assumptions of [12, Chapter III, Proposition 1.62] are satisfied.

Lemma 3.6. Leta and b be elements of € with ||a|| = L = ||b||. Then every ¢ € mcm(a, b)
satisfies ||c|| = L.

Proof. As =" is closed under mcms, we must have ||c|| < L.If |c|| < L — 1, then, since
(&=L=1)# is closed under left divisors, it would follow that ||a|| < L — 1 and ||b|| < L — 1.
But this is a contradiction. ]

Lemma 3.7. Given a; € € and a finite set e C C, there exist finite subsets e; C

mem({a; }, e) such that
U X(aise) = ]_[ X(aise).

Proof. We have
U X(ai;e) = U X(a;j; mem(a;, e))
i i
= X(a;;mem(aq,e)) I U X(a;;mem(a;,ay), mcm(a;, e)).
i>1
Now proceed inductively on #{a; }. |

Lemma 3.8. Every compact open subset of the form X(a; e) is a finite disjoint union of
sets of the form X (b; bt) for some b € € and some finite set f < d(b)©.

Proof. Write e = {as;&;} for some s; € @. Choose L big enough so that e C (G=L)¥,
Then
X(a;e) = X(a;{as;}) I UX(as,-; e).
i
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By Lemma 3.7, we can further decompose

UX(as,-; e) = ]_[X(asi; e,

where e; € mem(as;, e) are finite subsets of (6=L)# since as; € (G=L)# and e C (G=L)#
because (&=L)# is closed under left divisors and mcms.

Without loss of generality we may assume that X (as;; e;) # 0. So if e; # 0, then we
must have as; < ¢ forall € € e;. If there exists i with e; # @, thenletaV :=a,a® :=as;,
and continue the above process with as; in place of a. In this way, we obtain a chain
a® <a® <a® <...in (&=L)*, As observed above, every such chain in (&=£)* must
be finite. Hence, this process must end. This means that at some point, we obtain e; = @
for all i. ]

Definition 3.9. Given objects U = (U;);ey and U’ = (U/)irerin €, let K =1 11 1" and
define the object U L1 U’ := (Uy)xeg of € by Uy := Uy ifk € I and Uy, := Uyifk el

Definition 3.10. We define X as the smallest subset of objects of € which contains
{X(v;e):ve €% eC G} and which is closed under the operation 1I.

Definition 3.11. We set
Cx. :={acC:t(a),d(a)c Xg).

Proposition 3.12. Suppose that € is finitely aligned and that G° is finite. Assume that  is
a Garside family in € which is locally finite, =*-transverse with @ N €* = @. Moreover,
assume that for all L > 1, (&=L)}* s closed under left divisors.

Forall U = (U;)iey, where U; are compact open subsets of X, there exists ¢ € € with
t(c)=Uandd(c) € X¢.

The category € g is left reversible.

The enveloping groupoid Q (€% ) of €z satisfies Q(€x)(*, *) = Q(€)(*, *) for
all x € x@.

Proof. Foralli € I, Lemmas 2.10 and 3.8 imply that there exists a decomposition U; =
L X(cik; cikeir) with ej € &. Then ¢ = (c;x X(d(cik); eik)) (i k) defines a morphism
in €U, (X(b(cik): eik)) k), Where the base map sends (i, k) to i.

To see that €% is left reversible, take a, b € €%, . By Proposition 2.8, there exist
a’,b’ € € with aa’ = bb’. We have just seen that there exists ¢ € € witht(c) = d (a’) =
d(b’)and d(c) € Xg. Hence, a’c,b’'c € €x, and a(a’c) = b(b'c).

Finally, every element of Q(€)(x, ) is of the form ab™! for some a, b € €. As we
have seen above, there exists ¢ € € with #(¢) = d(a) = d(b) and d(c) € Xg. Then

ab™! = (ac)(ch)™' € O0(Cxg)(*, *). [
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4. Garside subcategories describing topological full groups

First, we identify criteria when subcategories of € or €% still allow for descriptions of
topological full groups as isotropy groups (of enveloping groupoids). Then we turn to the
question when such subcategories admit right Garside maps.

Throughout this section, let € be a finitely aligned left cancellative small category with
finite €°. Assume that & is a Garside family in € which is locally finite, =*-transverse
with © N C* = @. Moreover, assume that for all L > 1, (@5L)n is closed under left
divisors.

As € is generated by @ and €*, we know that € \ €* = GC. It follows that, since
every s € @ is contained in some a€, where a € 2, we must have € \ €* = AC€. Here, A
denotes the set of atoms in €, that is, elements of € which do not admit proper divisors.
For x € €, let y, be the element of 2 with y,(e) = 1 if and only if x€ C e (as defined
above). Now suppose v € €°. Our assumption that & is locally finite implies that b2l
must be finite. Since we have {y,} = Q(v; v), it follows that {yy} is clopen. Hence,
{xx :x € €} is open in 2, so that Qoo := Q2 \ {)yx : x € €} is closed. It is easy to see
that 2, is invariant as well. From now on, assume that X C Q. is a closed invariant
subspace of Q.

4.1. Topological full groups as isotropy groups of subcategories

Now suppose that v € €% and e € v&. Let s € v€ \ €* be closed under mems, that is,
mem(s,¢) C s for all 5, ¢ € . Further, assume that the canonical projection € => €/_«
restricts to an injective map on s.

Definition 4.1. For s € {v} U 3, let {5 be a =*-transverse subset of € consisting up to =*
of all minimal elements of

{feCG\C* :sf estU{f e€C\C*:s5f € mem(s,e)}.

Here, “minimal” refers to <. Note that f; is only well defined up to =*. But since
we will only use fs to construct X(d(s); {s), different choices of fy will lead to the same
set X(d(s); fs). Later on, we will only need the case where f; C &, so that f; will be
automatically =*-transverse.

For L > 1, let &1 € v€ be such that the canonical projection € =6 /=~ restricts to
a bijection @y —> {a € € : ||la|| = L}/=+.

Lemma 4.2. The following are true:

) X(:e) N (Uses 5X) = Lseqoyus 5-X(D(5); fs)-

(ii) The following y(e,s) := (sX(d(5); fs))sefvyus defines a morphism in the cat-
egory €(X(v;e), (X(D(5): fs))sefous)-

(iii) For s = &, we have Use@L sX = X and §s C U, so that we can arrange
Ts € &, and g coincides with the set of minimal elements of { f € © : sf € s}.
In particular, y(e, &) € Cx.
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Proof. (i) Given s, 5" € s, write mem(s, ) = {ss;} = {s"s}}. We have |J; ss; € U sfs
unless mem(s, s') = {s}. Similarly, {J; s"s; € Js'fy unless mem(s, s’) = {s"}. So
X(s;sfs) and X(s’; s’y ) are disjoint unless s =* s’ (which implies s = s’ by assumption
on s).

Moreover, by construction, we have sX(d(s); fs) € X(s; mcm(s, e)) = X(v;e) N sX.
Given y € X(v;e) N (UsEg sX), we have {s € s: y(s) = 1} # @. Hence, there exists € s
maximal with respect to < such that y(t) = 1. By maximality of ¢ and since y(e) = 0
implies y(tf) = O forall f € € withtf € mcm(¢, e), we deduce that y € tX(d(¢); Ty).

(i) The bisection of y (e, s) corresponding to v is given by X(v; s U e), which is dis-
joint from sX for all s € s, hence from sX(D(s); s) for all s € 5. Moreover, (i) implies
that

X(v;sUe) I (]_[ X(5(s): fs)) = X(v;3) N X(v;e) I X(v;e) N (U sx)

SES SES

= X(v;e) N (X(v;g) U (U sX)) = X(v;e).
SES

(iii) We have Use@L sX = X because X C Q0. Now take s € &7 and f € €
such that sf € ©p. It then follows that given any left divisor f’ of f, we must have
sf' € G up to =*. Indeed, sf’ € (G=L)* as (B=L)¥ is closed under left divisors. If
sf’ e (&=L~1)% then we would deduce s € (G=L~1)# which would contradict s € &;..
Hence, ||sf || = L. This shows that the minimal elements of { f € €\ €* : sf € s} are
indeed contained in 2. Moreover, for every s € &, mcm(s, e) € &y, because e € &
implies mem(s, ¢) € (&=L)*, and no element of mem(s, e) can lie in (G=L~1)¥ as s lies
in . It follows that { f € €\ €* : sf e mcm(s,e)} C{f € C\C*:s5f € &}, as
desired. ]

Lemmad4.3. Lety = (sX(d(5):T;))sea, € Cxe (X(v5e), (X(D(5):T)))ses,) withf; €&
such that ||sf’|| = L forall f' € §]. Theny = y(e,Gp).

Proof. Our assumption implies f; € f; for all s € &g, which in turn yields X (b(s); f;) 2
X(b(s); fs) and hence X (s;sf;) D X(s;5fs). Let § be maximal with respect to < such that
X(0(3): 2) 2 X(0(5): f5), which implies {1 < f5, and X (b(¢): ;) = X (d(2): f,) forall § <z.
Take f € f5 \ f; such that X(d(5): f{) N fX # @, which implies X(5;5F,) N5 fX # 0.
At the same time,
5rx = | x@f).
Sf=t

This is a contradiction because X(5;5F;) and [[5,-, X(1;1f,) = [z, X(t:1f;) are
disjoint. |

Lemma 4.4. Given @, &} such that the canonical projection restricts to bijections
&L S {acC:|a|| =LY/ =+and cis S {aeC:|a|| =LY/ =+, there exists u € G;«'@
withu € €x (d(y(e,&L)).d(y(e, &)))) such that y(e, S )u = y(e, &) ).
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Proof. Suppose that we have s =* s € @ forall s € &, say s’ = suy for uy € €*.
ThensC=s'Cand {sfC: fefs}={sf'C: fefy}={suy f'C: f' €fy}. It follows
that{ fC: f e fs} =ug{f'C: f’ €fy} and thus uy.X(d(s'); fs) = X(D(s); fs). Define
u= (ug X)) ¥s))y ee, € Cx.(d(y(e,&L)),d(y(e, @} ))). This morphism has the
desired properties. ]

We need the following operations.

Definition 4.5. Suppose thata = (a;)ic; € €5 ((V))jes. (Ui)ier) anda’ = (a})irer €
(Sx@((V )jre’, (U Yirer).Let K =T11I',L=J1J (equlpped with some ordering)
and define a L @’ := ((a U a"))kex € Cxe (Vier. Uo)kex) by Up := Ug ifk € 1,
Uy —U’lfkel Vii=Vviflel,V =V/ifleJ' (@ala) :=arifkel,
(alla )k = a, if k € I’, and the base map K — L is given as the disjoint union of the
base maps of @ and a’.

Given X C Xg, a subset I' of €x is called I1x-closed if foralla € T and x € Z%,
allxliesinT.

Now consider X C {X(v;e) : v € G0 eC v&} and let X be the smallest LI-closed
subset of Xg containing X. Further, let I be a subset of {a € €x : t(a) € X} and T the
smallest LTx-closed subset of € containing I". Let IT be the smallest subcategory of €
containing I' and €%. Since both I' and €% are closed under the operation I, so is II.

Definition 4.6. We say that condition (St) is satisfied if the following conditions hold.
(1) Forallu € €*, e C d(u)S such that X(d(u); e) € X, we have X(t(u);ue) € X.
(2%) Forallv e €% and e C v&, there exists @ € € with t(a) = X(v;e) and d (a) € ¥.
(Ip) Forall v € €% and e C v& with X(v;e) € ¥, we have y(e, &) € T.

(2r) Forall L>1,v€ €% ¢ € Cowith |c|| = L, s :={s € v& : |cs| = L} and
e C v© such that X(v;e) € X, we have y(e,s) € I.

Note that (1) includes the condition that d (y(e, ©)) € X and (2r) includes the
condition that d (y (e, s)) € X for those s which appear in (2r).

Proposition 4.7. Assume that (1x), (1) and (2r) are satisfied. Let
a = (a;i X(d(a;):fi))ier € C€x(X(vie), (X(d(a;):fi))ier),
and suppose that L > 1 is such that
la; fIl <L foralli €I and f € {;. (1)

Then there exists ©;, C € such that the canonical projection restricts to a bijection
GL > {aecC:|a|| =L}/ =+ andb € Tl withab = y(e,Sr).
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Proof. Fix &1 C € such that the canonical projection restricts to a bijection &, —> {a €
€ :|la|| = L}/=+.If a # y(e, L), then by right multiplication with elements in C, we
can arrange

(1) J|lail| = L foralli € I;

(ii) there exists @, C € such that the canonical projection restricts to a bijection

©, S {ae€C:|a| =L}/=+,and {a;} € & ;

(iii) f; = fq, foralli € I;

(iv) {a;} = &} (where & is from (ii)).

(i) Assume that there exists a; € {c;} with |la;|| < L. Consider the morphism b :=
ey b with b; = X(d (a;); §;) fori # j and b; = y(f;, ©). Then ab still satisfies (1).
This process must stop after finitely many steps, so that we indeed can arrange ||a;|| = L
foralli € I.

(ii) Assume that there exist ay, a; € {a;} such that ap =* a;, say a; = aju.
Because of u® € &C€*, there exists f; € & so that uf; =* g; (i.e., for all f € f; and
g € q;, we have uf =* g). It follows that u~'.X(b(ax): ;) = X(d(a;); ;). Define
b= (bi)iel € (Sx((X(b(a,-);f,-))iel, (Ui)iel), where Ui = X(b(a,-); f,) for i 75 [ and
Uy := X(d(ax):q;1), bi := X(d(a;):§;) fori # [ and b; :=u~' X(d(ar): q;), and the base
map is given by id;. Note that we need condition (1) to ensure that X (d(ag); g;) € X.
Then by multiplying a from the right with b, we can replace a; by ax = a;u™'. Continuing
this way, we can make sure that for all ax,a; € {a;}, ar =* a; implies a; = ay.

(iii) Assume that there exists j € I with f; # f,;. Define

s:={se€&:|as| =L}

Now define b := [[;¢; bi, where b; := X(d(a;); ;) for i # j and b; := y(f;,s). By
multiplying a from the right with b, we replace f; by f4; because y(f;, s) contains the
compact open bisection X(d(a;); fa, )

(iv) Take &, as in (ii). Assume that there is s € G with s #* a; forall i € I. We
know that X(s; s{s) is disjoint to X(a;;a;f;) for all i € I by Lemma 4.2 (i), and that
X(vie) = [1;c; X(ai:a;fi) since a is a morphism. It follows that X (s; sfs) = @ and thus
X((s):fs) = 9.

Consequently, having gone through (i)—(iv), we arrive at y(e, S ) because of Lem-
mas 4.3 and 4.4. ]

Now fix an object x € X. We consider the component of * in IT as follows.
Definition 4.8. Let X(x) :={x e X:Ja € [1 witht () = *, d (@) = x}, X(x) :={U €
X:3xeX(x)withU € x} and I'(x) :={y € I" : t(y) € X(x)}. The component of *
in [Tis givenby C:= {o € IT: t () € X(x)}. Let Q denote the enveloping groupoid of C.

Clearly, C is a subcategory of I1. We set out to study properties of C.
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Corollary 4.9. Assume that (St) holds. Then y(e, &) € I1 for all v € C°, e C v& with
X(v; e) € X and all positive integers L. Moreover, T1 and C are left reversible, and we

have Q(*, *) = Q(€)(x, x).

Proof. The first claim is a direct consequence of Proposition 4.7. For the second claim,
take o, o’ € IT with ¢ («) = ¢ (o) = [ [;; X (v;: ;). By Proposition 4.7, there are 8, 8’ € I1
such that f = [[;¢; v(e;, 1) = o’ B’ for sufficiently big L. If & and &’ both lie in C,
then B and B’ lie in C as well. To prove the last claim, we know from Lemma 3.12
that every element of Q(€)(x, *) is of the form ab™! for some a,b € Cx, with
t(a) = * = t(b). Suppose that * = [ [; X(v;;e;). Because of condition (2x), there exists
¢ € € with#(c) = d(a) = d(b) and d(c) € X. Applying Proposition 4.7, we can find
& el withac& =[]; y(e;, G ) for some L > 1. Applying Proposition 4.7 again, we can
find y € C with be&n = |[; y(e;, ©1/) for some L’ > 1. Thus, we conclude

ab™! = (act)(be8) ! = (]_[ y(ei,@n)(bcerl
— (Ll vter- &0 ez
—1
= (]_[ V(ei,@L))ﬂ(]_[ )’(ei,@L')) € Q(x, ). u

4.2. Existence of least common multiples

Let X, 2, I', I, IT and C be as above.

Definition 4.10. Given «, f € I', we define lemrce (@, §) to be an element y € IT such
that y € o' N BT and for all y € T1, y € «€ N BE implies that y € y€.

Let us now introduce the following condition.

Definition 4.11. We say that condition (LCM) holds if the following are satisfied.
Br) II*r C rir.

(4r) T'TI* is closed under non-invertible right divisors in IT, that is, if «w € I'TT*
witho € T and w € IT \ IT%, then w € T IT*.

(5r) € admits Icms (denoted by lemg) and for all o, B € T, Icmg (o, 8) € «T N BT

Proposition 4.12. Suppose that € is right cancellative up to =* and right Noetherian.
Assume that (3r) and (41) hold. Iflemrce (o, B) exists forall a, B € T, then given y € I1
with y = axy for some a € T and x1 € €, we must have x; € Il.

Proof. Because of condition (3r), y € Il implies that y = By; for some 8 € I' and
x1 €I1.So y =ax; = By1.Lety =lemrce (e, B). Write y = wa’ = Bary. Then y = yx;.
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Thus x; = &’x3, y1 = @1x2. Moreover, y; € IT implies that y; = By x> for some
B1 €T and x, € II. Let y; = lemrcece (o, B1). Write y1 = a1a] = Proa. Then
X2 = o) x3, 2 = apx3 and x» = Pays.

Continue in this way to obtain x; = oclf_lx,-H, Xi = oixirrand y; = Bixit1-

So x = Bx1 = BPix2 = BP1Baxs = -+ = BB1P2 -+ PiXi+1. By Lemma 3.2, €
is right Noetherian. Hence, we must arrive at an element y; 4, with y;4+; € C*, so that
aixj+1 € BiIT* C T'IT*. Hence, x;4+1 € €3 = IT*, or condition (4r) implies x;4; €
[ I1* C II. In both cases, we deduce x;4+; € IT and thus x; € II, etc., and finally
x; € IL. [

Corollary 4.13. Given the situation of Proposition 4.12, we have lemrce(a, B) =
lemp (o, B).

Proof. Suppose that «{ = fn in I1. Then, if y = lemrce (@, ), then af = yz for some
z € €. But then Proposition 4.12 implies z € I, so that «{ = Bn € yII. ]

Lemma 4.14. Suppose we have condition (3r). Assume that for all a, B € T, lemp(«, B)
exists and lempy (o, B) € o' N BT, Then I1 admits lcms.

Proof. Because of condition (31), it suffices to show that lcms exist for all elements of TT
which are finite products of generators in I'. Let (I') denote the set of such finite products.
For o € (T'), let £1(«) be the minimal number of factors in I needed to express « as a
product.

First of all, we show for all 0 € T and y € (I'), lcmy (o, x) exists and is of the form
on with £r(n) < £r(y). We proceed inductively on €1 (). The case £r(x) = 1 holds by
assumption. Now take wy € (I') withw € T and {r(wy) = 1 + £r()). By assumption,
lemp (0, w) = w¢ = ot for some £, t € T'. Thus, we conclude that

lempp (o, wy) = lemp (Iemp (0, @), @)
= lemp (w8, w)) = wlemn(S, x) = wfé = 07§,

where £r(£) < £r(y) by induction hypothesis. Hence, lemp (o, wy) = o(z£), and

lr(t€) < 14+ Lr€) < 1+ Lr(x) = fr(wy).
Now we prove the claim that lemy(o, ) exists for all o, y € (I') inductively on

max({r(o), £r(y)). Write 0 = aff, y = 6¢ with @, 8 € T and {r(B) < {r(0) and
Lr(s) < £r(x). Write lempy (o, §) = aa’ = §8' for some o’, 8’ € T'. Then
lemyp (B, §¢) = lemp(lemp («, 8), @B, 6¢)
= lemp (Icmp (o, aB), lempp (86, 8¢))
= lemp (@ lemp (¢, B), 8 lemp (8, €))
= lemp(aa’ w1, §8'v) = aa’lemp (1, v),

where £r(u) < £r(B) and £r(v) < £r(e) as shown above, so that lcmp (@, v) exists by
induction hypothesis. ]
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Putting everything together, we arrive at the following conclusion.

*

Corollary 4.15. Suppose that € is right cancellative up to =* and right Noetherian.
Assume that conditions (3r) and (41) are satisfied. If lcmrce (o, B) exists foralla, B € T,
then I1 admits lems. In particular, if (St) holds, then T1 admits lcms.

Define amap A on Xg by A(X(v;e;);) :=[]; y(ei, ©). Write Diviy(A) and I/)\i;n(A)
for the set of all left divisors and right divisors in IT of A(x) for all x € X, respectively.
Define Dive (A) and Dive(A) analogously.

Proposition 4.16. Suppose that C admits lcms. Then Dive(A) is closed under lcms,
Dive(A) C Dive(A), A restricted to the objects of C is a right Garside map for C and
Dive(A) is a Garside family for C.

Recall from [12, Chapter V, Definition 1.15] that a map A from the objects of IT to I1
is called a right Garside map if #(A(x)) = x for every object x, Diviy(A) generates IT,
mn(A) C Divi(A) and for every g € IT with #(g) = x, the elements g and A(x)
admit a left gcd. The reader may consult [ 12, Chapter V] for more information about right
Garside maps.

Note that, by Corollary 4.15, IT admits lcms if condition (LCM) holds.

Proof. Corollary 4.9 implies that A(x) € C for all x € £(x). Given a, b € Dive(A) with
x :=t(a) = t(b), we have Icme(a, b) <¢ A(x), so that Icme(a, b) € Dive(A). This
shows that Dive(A) is closed under Iems. Let a € ]F)\i\//@(A), a = (a;U;) € €((V)), (Uy))
where U; = X(b(a;); ;). The membership relation a € ]F)\iGQ(A) implies that ||a; fi|| <1
for all i and all f; € f;. Hence, Proposition 4.7 implies that @ € Dive(A). This shows
]F)\i\//@(A) C Dive(A), as desired.

The third claim follows from [12, Chapter V, Proposition 1.20] (see [12, Chapter V,
Definition 1.15]). Indeed, given g € Cwitht(g) = x,lcme({a € C:a <g,a < A(x)}) €
Dive(A) is the left ged of g and A(x). |

Combining Proposition 4.16 with Corollary 4.15, we obtain the following.

*

Corollary 4.17. Suppose that € is right cancellative up to =* and right Noetherian.
Assume that condition (LCM) is satisfied. Then C admits lcms, Dive(A) is closed under
lems, ]/)\i\’/@(A) C Dive(A), A restricted to the objects of C is a right Garside map for C
and Dive(A) is a Garside family for C.

If, in addition, condition (St) is satisfied, then Q(x, x) = Q(€)(x, *).

Thus, we are naturally led to the following question: When does € admit lems? To
discuss a sufficient criterion, we introduce the following condition.

Definition 4.18. We say that condition (F) holds if for all v € 6% a,b € C*(v,v) and
U= X(v;e) e X,[a,U] =1[b,U]in € implies a = b.
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Note that (F) holds if, for instance, € is right cancellative.

Lemma 4.19. Suppose that € is right cancellative up to =* and that condition (F) holds.
Givena,b € €and U = X(v;e) € X, [a,U] = [b,U] in € impliesa = b.

Proof. By Lemma 3.2 (i), [a, U] = [b, U] implies a =* b. Hence, b = au for some u € €*.
It follows that [a, U] = [a,u.U][u, U] and thus U = u.U. So [a, U] = [a, U][u, U] and
hence U = [u, U]. Condition (F) now implies u € G°, thatis, a = b. [ ]

Suppose that € is right cancellative up to =*, right Noetherian and that condition (F)
holds. Further, assume that € has disjoint mcms, in the sense that for all a,b € €, we have
aC€NbC =[], ¢, C for some finite collection {cx} < €. Note that the case a€ N bE = @
is allowed. Our assumption is, for instance, satisfied if € admits lcms, that is, for all
a,b e €, wehave aC NbE =G oraC NbEC = ¢€ for some ¢ € C.

We now construct Iems in €. Suppose that we are given a = (a; U;)ie; € €(W, (U;))
and b = (bjVj)jes € €W, (V})). Write ¢;€ N b;€ = ][ g, k€ and ajay, = ¢ =
bjb.;.k. Set

O = c,:l.((a,-.Ui Nb;.Vy)Neg.X).

Now define

a' = (aj; Op)ierkek,;.jes € €((Ui). (Op)ikek;,jer)
where the base map is given by (i, k) — i, and

b = (bj; Ok)jerkekict € €((V)), (Ok)jerkeki.icl);
where the base map is given by (j, k) — .

Lemma 4.20. The morphisms a’ and b’ are well defined. We have aa’ = bb' =
Icmg (a, b).

In general, given @ = || a, and b = || b, with t(a,) = t(b,), then lcmg (a, b) =
[ lemg (ay, by).

Proof. Tt is straightforward to check that a’ and b’ are well defined. The equation
aa’ = bb' follows from a;aj, = b;b}, .

Let us now verify the lcm property. Assume that «, 8 € € satisfy aoc = bf. Suppose
that @ = (o Z;);<r, and the base map fora sends/ € L; C Ltoi,and that 8 = (8;Z;)1eL
and the base map for 8 sends / € L; € L to j. For / € L; N Lj, we conclude that
;.Z; € U; and B;.Z; € V;. Hence, a;ayZ; = b; 8;Z;. 1t follows that a;a; = bjB;
because of Lemma 4.19. So there exists k € Kj; suchthata;a; = b; ) € ¢ € = a;a, €.t
follows that o = a;, {; and B; = b]’.ké‘l for some {; € €. The inclusion a;«;.Z; C a; .U; N
bj.Vi Ncg.X = ci.Of implies that @;.Z; € a;, .0y and thus {;.Z; C O. The decom-
positions Ui = [lyek,; jes @i Ok and Ui = [ljep, 1. Zy imply O = [l1cp, 821,
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where Ly = {l € L :{;.Z; C Og}. It also follows that ]_[keK,-j,ieI,jEJ L, = L. Hence,
§:=(81Z1)1eL defines an element in €((Ox )kek;; iel,jes > (Z1)ieL), where the base map
of ¢ sends [ € Ly to k. By construction, we have @’ = o and b’ = B, as desired.

The last claim is straightforward to see. ]

We record the following consequence.

Corollary 4.21. Suppose that € is right cancellative up to =%, right Noetherian and has
disjoint mcms, and assume that (F) holds. Then condition (5r) holds if for all a,b € T,
the elements a’, b’ constructed above lie in T.

Now let us write Div(gxg (A) for the set of all left divisors in €z, of A(x) for all
x € Xg. We now show that Corollary 4.17 applies to X = Xg and I' = &, where

G ={a = (a; X(d(a;);Ti))i € €Cx¢ :a; € G Vi; ||la; fil| < 1Vi, fi €Fi}.
Define X and I' correspondingly.

Lemma 4.22. For X and T, conditions (1x), 2x) and (11)—(51) are satisfied.

Proof. Clearly, (1x) and (2x) hold. Moreover, Proposition 4.7 implies that I‘(S;@ =
Div<5366 (A). As an immediate consequence, we deduce that (11)—(4r) are satisfied.

Finally, it remains to verify (5r), that is, for all o, 8 € T', we have Iemg/(a, ) €
al N BT . In other words, we have to show that the elements a’ and b’ constructed before
Lemma 4.20 (for a = @ and b = B) lie in I'. Since G is closed under mcms and right
divisors, it follows that all a;k and bj/.k lie in ©. It remains to show that all Oy lie in Xg.
Recall that

O = ;' .(X(a;;aie;) N X(bj;bifj) Nex.X),

if d(a) = (X(b(a;);e))i and d(B) = (X(d(b)):;));- Now

X(aisaze;)) N X(b;: b;f;) = ]_[X(ck;mcm(ck,a,-ei),mcm(ck,bjfj)).
k

Ascy € G, a;e;,b;; € &, we conclude that mem(cg, a;e;), mem(cg, b;f;) € . Hence,
Oy lies in X, as desired. [ ]

Corollary 4.23. Suppose that € is a left cancellative small category with finite €°. Fur-
ther, assume that § is right cancellative up to =", finitely aligned, right Noetherian and
admits disjoint mcms, and that (F) holds. Let © be a Garside family in € which is locally
finite, =*-transverse with © N €* = @. Moreover, assume that for all L > 1, (@51‘)'i is
closed under left divisors.

Given * € Xg, let X, T be as above and C, Q as in Definition 4.8. Then A restricted
to the objects of C is a right Garside map for C, Dive(A) is a Garside family for C and
Q(x, %) = Q(C)(*, *). If x = (X(v; ))yess for some T € €% Y =[], cco Yo, where
Yo =0ifv¢ BandY, = X(v;e) € X ifv € B, then Q(*,*x) = F ((I; x X)g).
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As a consequence, we solve the word problem for Q(*, x). More precisely, given a
word in &, & ! and C*, we will construct an algorithm which decides whether our word
represents the trivial element of Q(x, %). We need a =*-map for G¥, that is, a partial
map E from G¥ x G to €* with the property that E (s, ?) is defined if and only if s =* ¢,
and in that case E(s,t) = u € €* with su = ¢. Such a =*-map is called computable if it
can be implemented on a Turing machine. Our goal is to establish the following.

Corollary 4.24. Let us assume that we are in the same situation as in Corollaries 4.21
and 4.23 and Lemma 4.22. Suppose that there exists a computable =*-map for G*. Given
x € X, let C and Q be as in Definition 4.8. Then Q(x, x) = Q(€)(x, x) has decidable
word problem. If x = (X(v; €))yes for some B € €% Y = [[,cco Yo, where Yy, = 0 if
v¢BandY, = X(v;e) € X if v € B, then Q(*,*x) = F ((I; X X)g) has decidable word
problem.

For the proof, we need the following observation.

Lemma 4.25. If there exists a computable =*-map for G*, then there exists a computable
=*_-map for &".

The latter means a partial map E from &' x &* to €* with the property that E («, 8)
is defined if and only if « =* § in €, and in that case E («, §) = u € C* with au = B.

Proof. Suppose that & = ([a;, Vi])ier and B = ([bj, Wj])jes. We can only have « =* f8
if I and J agree up to permutation, so that we may assume / = J. Then ¢ =* § if and
only if [a;, V;] =™ [bi, W;] for all i. Now [a;, V;] =* [b;, W;] holds if and only if a;u; = b;
for some u; € €* and u;.W; = V;. With the help of the given =*-map E, we can decide
whether the first condition is satisfied, and E also produces the value for u;. For the second
condition, suppose that W; = X(w; ) and V; = X(v;e). Then u; .W; = V; if and only if
d(u;) = w, t(u;) = vand u; T =* e. The first two conditions are decidable as €0 is finite,
and the last condition is decidable again using E. This shows that it is decidable whether
([ai, Vi])i =™ ([bi, W;]); holds in C, and if that is the case, define E (([a;, Vi])i, ([bi, Wi])i)
as ([u;, W;]);, which is computable because E is computable. ]

Proof of Corollary 4.24. First, we need an algorithm which starts with a word w in &,
&~ ! and ©* which represents an element of Q(x, %) and produces a word of the
form o -+ amByt -+ B, for some o; € & U C* and B; € & U C* such that w =
o1 amPyt -+ B, in €. This algorithm runs through the letters of w, starting from
the right, and replaces a subword of the form a~! 8 by a word of the form o’u(8’)~! for
some o, B’ € & and u € C* (some of these words could be empty). It suffices to explain
the replacements in the case where o, € X& and @ € X&, € C*. Extending this in a 1I-
compatible way, this will explain the replacements whenever « ¢ C*. In case «, f € X,
define «’, B, u such that lempy(«r, 8) = ao’'u = BB’. In case @ € XS, B € C*, define '
as the element of d (8)@ which is uniquely determined by the property that E (o, 88') is
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defined. The element 8’ is computable as d (8)® is finite and E is computable. Further-
more, define u := E (o, 88’), and let &’ be the empty word. It is now straightforward to
check that this algorithm always terminates and that it produces the desired output.

Now suppose that we are given a word @ in &, &~ ! and €* which represents an ele-
ment of Q(x, ), and that our algorithm produces a word of the form & - - 871 -+ B, 1.
Deciding whether w represents the trivial element of Q(x, *x) amounts to deciding whether
o1+ Qy = P1--- Bn in C. Now Corollary 4.23 implies that & is a Garside family in C.
Hence, as explained in [12, Chapter III, Proposition 3.59 and Corollary 3.60], the word
problem in € is decidable if there exists a computable [J-witness F for 6’4, that is, a func-
tion defined on pairs («, ), where ., 8 € & such that af is a path, with the property that
F(a,B) =(0,7) € ©&" x & such that o7 is a normal form of af.

To define F and to see that it is computable, take a path of in &". For & € &, we have
£ <1 of if and only if our algorithm above, applied to £~ !, produces a word in & and
C* (but containing no letters in 6_1). Similarly, given 1, { € &, we have n <p ¢ if and
only if our algorithm above, applied to £~1¢, produces a word in & and C* (but contain-
ing no letters in @~ !). Hence, applying our algorithm finitely many times, we can find
the unique element £ € & with £ <17 of and which is <p-maximal with that property.
Now we know that there exist 7 € & and u € C* such that a normal form of «f is given
by £(nu). Our algorithm, applied to £~ 'af, yields a word y1x2 - in & U C*. Applying
our algorithm finitely many times, we can find n € & such that our algorithm, applied to
nx1x2---, produces a word with letters only in C*. In this way, we compute 1 and u.
Now define F («, 8) := (&, nu). This shows that there exists a computable [J-witness F
for @ﬂ, and thus, as explained above, the proof of Corollary 4.24 is complete. [

Remark 4.26. The first algorithm we construct in the proof of Corollary 4.24 is closely
related to the method of right-reversing (see, for instance, [12, Section 4 in Chapter II]).

5. Finiteness properties of topological full groups

Throughout this section, let € be a finitely aligned left cancellative small category with
finite €° which is right cancellative up to =*. Assume that & is a Garside family
in € which is locally finite, =*-transverse with @ N €* = @, and suppose that for all
L>1, (@5]‘)*: is closed under left divisors. Let X C Q2 be a closed invariant subspace.
LetX, X, ', T, x € X, Cand Q be as in Section 4. We need the following condition.

Definition 5.1. We say that condition (f < d) holds if for all y € I'(x) with ¢(y) =
X (v; e), there exists u € C* such that d (yu) = (U;);ey and there exist iy, i € I such that
i1 #ixand U;, = X(v;e) = Uj,.

The goal now is to prove the following result.



Left regular representations of Garside categories 11 429

Theorem 5.2. Assume that condition (F) holds, that X and T satisfy condition (St) and
that C admits lcms. If condition (t < d) is satisfied, then for all natural numbers n, Q(x, %)
is of type F,, if €* (v, v) is of type F,, for all v € C°.

In particular, if x = (X (0; €))pes for some B € C® and Y =[], cgo Yo, where Yy = 0
ifo¢ Band Y, = X(v;e) € X if v € B, then for all natural numbers n, F ((I; x X){,)
is of type Fy, if €*(v, v) is of type F,, for all v € G°.

Note that C admits lcms if, for example, in addition to our assumptions above, € is
right Noetherian, admits disjoint mcms and condition (LCM) holds.

5.1. The strategy

We briefly summarize the strategy developed in [42] for establishing finiteness proper-
ties for fundamental groups of left reversible cancellative categories with Garside families
closed under factors. We will be able to apply this strategy in our setting because Corol-
lary 4.9 and Proposition 4.16 imply that our category C is cancellative and left reversible,
and 8 = Dive(A) is a Garside family if (St) holds and € admits lcms.

First, assume that p : X(x) — Zs¢ is a height function, that is, p(x) = p(y) if
C(x,y) NC* # @ and p(x) < p(y) if C(x, y) # @ and C(x, y) N C* = @. Moreover, sup-
pose that forall R € N, #{x € X(x) : p(x) < R} < co. Foreach x € £(x), we construct the
poset E(x) as follows: Its underlying set is given by classes [«], for & € S(—, x) \ €*(—, x),
where we define a ~ o’ if ua = o’ for some u € C*. Moreover, we define ] < [B] if
ea = B for some ¢ € 8. Here, 8(—, x) and C*(—, x) denote the elements of § and C*,
respectively, with domain equal to x. In this situation, Witzel established the following
criterion.

Theorem 5.3 ([42, Theorem 3.12]). Assume that C*(x, x) is of type F,, for all x € X(x)
and that there exists N € N such that the order complex |E(x)| is (n — 1)-connected for
all x € X(x) with p(x) > N. Then Q(x, *) is of type Fy,.

5.2. Establishing finiteness properties

We follow the strategy from Section 5.1. As explained above, because of our assumptions
and by Corollary 4.9 and Proposition 4.16, our category C and § = Dive(A) have the
desired properties. As a first step, we need to define p. For U = (U;)ie; € X(x), define
my : X(x) > Nbymy (X (v; 1)) :=#{i € I : Uy = X(v;)}. Moreover, for y € T, set
X(d(y)) :=={X(v:f) € X : X(v:]) € d(y)} Define

o (U) = max{Zpy tpy eNVyerl, Zpylx(d(y» < mU}.
v v

Now set, for x € (%), p(x) := max{p’(U) : U € £(x), C*(x,U) # @}.

Lemma 5.4. The map p is a height function. For all R € N, we have #{x € X(x*) :
p(x) <R} < oo
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Proof. By construction, we have p(x) = p(y) if C*(x, y) # 0. Given x, y € X(x) with
C(x, y) # @ and C*(x, y) = @, we may assume because of (3r) that p(x) = p'(x). So
there exist o € (I') and u € C* with x =#(«wu) and y = d (cu). Without loss of generality,
we may assume « € I'. By construction, p(y) = p(d («)). Now condition (¢ < d) implies
that p'(x) < p’(d («)). Hence, we deduce p(x) = p'(x) < p'(d(@)) < p(d (@) = p(p),
as desired.

For the last claim, take x € %(*). Then there exist ¢ € (I') and u € C* with ¢ (¢u) =
and d (eu) = x. Condition (¢ < d) implies that, if {p(¢) > R, then p(x) > R. Here,
£r(a) is the minimal number of factors in I' needed to express « as a product. In other
words, p(d (¢u)) < R implies £r (o) < R. Now suppose that « is a product of at most R
factors in I'. For each factor, there are only finitely many possibilities because # («) = *,
#69 < oo and for all v € €Y, there are only finitely many possibilities for subsets e, s C v&
because @ is locally finite. It follows that

#Hd(u):a e (), br(ad) < R, u € C*} < o0,
and thus #{x € X(*) : p(x) < R} < 00, as desired. |

Our next aim is to construct another height function 4. To do that, let us fix an object x
in C. Let £ denote the set of all proper left divisors in € of A(U) with domain con-
tained in x, where U runs through all elements of X(x). Further, set £+ :={A € £ :
A notan atom}, £, := {A € £ : Aisanatom} and £g := UUG%(*),UGx C*(—, U). Set
&(x) :=8(—,x)\ C*(—,x), and fora, B € & (x), write < § if e = B for some ¢ € S.
Every u € &(x) is of the form u = py I g I po, where 4 = ]_[,u’_i, g = ]_[/Lé
and puo = ]_[,ug, for some pfj_ e £4, ,ué € £, and ;Lf) € £o. For such a p, define
na([u) © [£4] = N, ng (D) (A]) == #{k : [14] = [A]}. We set

R E(x) - NE SN 1] e (0 (D) (D)) ags p(10))-

It is easy to see that this is well defined. Now introduce a total order < on [£4] so
that [A1] < [A2] implies [A1] < [A»]. This order induces the lexicographical order < on
NI£L+T N, where the last copy of N is considered last. Finally, define h:E(Xx)—N
such that h([142]) < h([u1]) implies ~([p2]) < h([p1]).

By construction, if [] < [v], then either n4 ([u]) < n4([v]) or ny([n]) = n4+([v]) and
p(ieg) > p(vp). In the first case, we have h([i]) < h([v]), and in the second case, we have
h([u]) > h([v]).

Now let E(x) be the full subcomplex of E (x) supported on vertices [u] € E(x) with
ny ([u]) = 0. Let us show that E(x)? is highly connected, and that, for every [u] € E(x),
the descending link {[v] € E(x) : h([n]) > h([v])}, viewed as a subcomplex, is highly
connected (or rather the corresponding order complex). To achieve this, we split the
descending link into up-link

{v] € E(x) : h([u]) > h([D. [u] < [V]}
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and down-link
{[v] € E(x) : h([u]) > h([v]), [u] > [V]}.

The descending link is the join of the up-link and the down-link (see [14, Observa-
tion 3.6]), so that it suffices to show that the up-link or the down-link is highly connected,
as long as p(x) is sufficiently big. To achieve this, it suffices to treat the case that p’(x) is
sufficiently big, because if there exists u € €*(x, x’), then we obtain a poset isomorphism
E(x) = E(x'), [u] — [nu] with inverse [u/u='] <= [']. Thus, our goal is to show the
following.

Proposition 5.5. For each n € N, there exists R € N such that for all x € X(x) with
p(x) > R and for all [1] € E(x), the up-link or down-link of [t] is (n — 1)-connected.

We proceed in several steps.

Lemma 5.6. Foralln € N, x € (%) and [11] € E(x) with #{1%.} + #{ul} > n + 1, the
down-link of [i] is (n — 1)-connected.

Proof. If [v] is in the down-link {[v] € E(x) : h([u]) > h([v]), [u] > [v]}, then we
must have ny ([u]) > n4([v]). Write u = (]_[k /L’j_) I g I fio. Define w(k, w¥) =
L; w(k, w®)! by w(k, w*)! = /Lﬂ_ if I # k and w(k, 0*)* = w*, where [w¥] is maximal
with [wk] < [,u’i] that is, we have ,ul_i = aw® where a is an atom. Then the down-link is
given by {[v] : [v] < [@(k,®*) 1 j14 I 110] for some k}. So if we define the subcomplex
S(k,wk) :={[v] € E(x) : [v] < [w(k,®*) LT pg LI o]}, then the down-link is given by
U $ (k, ).

To see the last claim, observe that if 4 = av and [v] is maximal, then ¢ must be an
atom. So if u = ([ 1) II g LI o, then a must respect this | [-decomposition. The
relation [v4] < [p4] implies that a = a’i for some k.

(a) Finite intersections of § (k, w*) are empty or contractible: Given a finite collection
{S(kp. a)kP)}p, let y! := ged({w(kp, a)kP)l}p). Here, we need the existence of gcds for
right divisors of left divisors of A. This follows from existence of lcms for left divisors
of A.

If s = agty, and a = lem{ag} in 8, then a = axby. So s = at for some t € 8. Then
(1) t <t for all k and (ii) if n < g for all k, then n < ¢. Indeed, to see (i), we have
axbrt = ayty, which implies byt = 1, and S is closed under divisors. To see (ii), assume
XN =tr. Thens = ay yrn, so that ag xxn = a; y;n for all k, [. This implies ag yx = a; x;
and hence ay yx = al = axbr{ and hence yr = by ¢.Sos = apbrl{n=at,sothat{n=t.
All this takes place in 8 (compare also [12, Chapter I, Lemma 2.37]).

Then (), § (kp.*?) = {[v] € E(x) : [v] < [(L; ) LI pta U 110]}, which is contract-
ible.

(b) For all m < n, all m-fold intersections of § (k, o®) (e., ﬂpep S (kp, a)kP), where

#P < m) are non-empty: This is clear if #{uﬁ} > 1. So we may assume #{Mé} = 0. Then
#{,u’i} +#{ul) > n + 1 implies #{,u’_j} > n + 1. Since m < n, we conclude that there
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exists / such that (k. w*r)! = u! forall p € P, because #P < n. Define ¢¥ := ul if
k =1and ¢* := d(u¥) if k # . Then [(LLk é‘k) I pe I pol € Mper S(kp, o*r).
Now [5, Theorem 6] implies that, if D denotes the down-link, we have the iso-
morphism 7.(DE) = m.(N (S (k, w*))) for all » < n, where N (S (k, w¥)) stands for the
nerve simplex of {S (k, w¥)} in the sense of [5, Section 4]. (a) and (b) together imply that
(N (S (k, wF)))™ = (F§)™, where F§ stands for full simplex. Now apply [16, Corol-
lary 4.12, p. 360] to obtain that (N (S (k, w¥)))™ — N (S (k,w*)) is a 7.-isomorphism for
all « < m, and also that (¥ §)" — F§ is a m.-isomorphism for all « < m. It follows that
T(DL) = . (FS) = (0). [

Hence, to prove Proposition 5.5, it suffices to show the following.

Lemma 5.7. Foreachn € N, there exists R € N such that for all x € X(x) with p(x) > R
and for all [u] € E(x) with #{Mlj_} +#{ulY <n 41, the up-link [u] is (n — 1)-connected.

Fix x € X(x) and [u] € E(x). Consider the up-link {[v] € E(x) : h([u]) > h([v]), [u] <
[v]}. If [v] is in the up-link, then we must have n 4 ([1]) = n+([v]) and no([u]) > no([v]).
So[vi]=[p+].-Lety=d (o). Thenv=v; Oy, Hvg=p4 O u, 0V withd (v')=y.
Let M, be the complex with set of vertices V := {[a] : « atom in 8 with d («) C y},
and {[o;]} is a simplex in M, if d(c;) are pairwise disjoint and for z C y such that
(LI; d (7)) I z = , there exists [v] in the up-link of [u] such that v/ = ([[; o) L z,
that is, #(u4+ O pu, IO (]_[l oc,-) L z) lies in X(*). By construction, the up-link of [u] is
isomorphic to the face poset of M, via [v] — {[a] : @ € V, o < V'}. So connectivity of
the up-link reduces to connectivity of M, (see [4, Section 12.4, pp. 1860-1861]). Thus,
we set out to prove the following.

Lemma 5.8. Forall L,m €N, there exists R € N such that for all x € X(x) with p'(x) > R
and for all [u] € E(x) with #{/L]j_} + #{/Lé} < n + 1, and for all m-simplices o1, ... ,0p,
in M, there exists a vertex [a] of M, such that o7 U {[«]} is an (m + 1)-simplex of M,
forall1 <1 < L.

Proof. Assume that the statement is not true. Then there exist L,m € N and a sequence
o = oot U fipa 11 1p0 € E(xp) with #{E ) + #{pif.a} < n + L and p/(xy) /' o0
as p — oo, m-simplices 0,7 in M, such that there exists no vertex [a] in M, such that
0p,1 U {[]} is an (m + 1)-simplex of M. Our goal is to derive a contradiction.
Assume that under the identification between the up-link of [1,] and the face poset
of My, from above, 0,,; corresponds to [v, ], where vy, ; € E(x,) is of the form v, ; =
Mp+ W pipq U6, L z,;, where 8, is a disjoint union of m atoms, and z,; € Z(x).
For o € C, define my := mg ) — m(y). By passing to a subsequence if necessary, we
may assume that m,,,, is independent of p. Since #(vy,) € (), there exist {1, 6,1 € C
with £($, 1&,.1Vp,1) = * and such that, by passing to a subsequence if necessary, we may
assume that my,, is independent of p, and for all U € X(x), either mg,, (U)=0or
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mg, (U) is strictly increasing as p — oo. Moreover, we have m¢, ¢, v,, = Mx;

P my,
hence independent of /. We conclude that

mg,, + me, + my,, = mép,l’ + mgp,l’ + My, s

so that
me,, — Mg, =mg, , +my , —mg, —my,
is independent of p.
For sufficiently big p (and after passing to a subsequence if necessary), there exists

8 € C, independent of [, such that d(0) C z,4,; and my = mg, ., — Mg, for all /.
Define

Vp+2,0 = pta,+ U plpioa U Opyo HOLLZ, 5,
where d (0) L1 Z,4 5 ; = z,42 ;. Then, again for sufficiently big p (and after passing to a
subsequence if necessary), there exists 1,42, € € such that my,,, +mg =mg, ,, —

mg,, and d(np12,1) = t(Vpy2,1). We claim that my(y, , 5,,,,) = Ma(,,)- Indeed, we
have

My, o =Mty 0p120) = My n V40
=My, > + msy, ., +mg
=mg, ,, — Mg, t My,
=MAE, ) ~MAE,) T Mxyn T My~ My g
=M, ) ~MdE,) T My, —Mx M —MaE, )
=My, , —MyE,))-
We deduce that #(1,42,7) € X(x) and thus ¢ (Vy2 ;) € (), hence V,4,; € C.

Now take any atom o with o < 6. Then [«] is a vertex of M, , and 6,15 ; U {[a]} is
an (m + 1)-simplex of My, ,. This is the desired contradiction. ]

Proof of Lemma 5.7. Lemma 5.8 implies Lemma 5.7 following the argument for [29,
Lemma 6.18], which in turn is based on the proof of Lemma 4.20 of [8]. ]

Proof of Proposition 5.5. Proposition 5.5 follows from Lemmas 5.6 and 5.7. ]

Corollary 5.9. For each n € N, there exists R € N such that for all x € X(x) with
p(x) > R, |E(x)| is (n — 1)-connected.

Proof. The complex E(x)° is the up-link for [w], where p = x, that is, 4+ = @ and
ig = 0. So Lemma 5.7 implies that £(x)° is (n — 1)-connected. Now apply Morse the-
ory, in the form of [42, Lemma 3.11] (X in [42] is our E(x) and p in [42] is our h),
to deduce that the canonical inclusion E(x)° <> E(x) induces a m.-isomorphism for all
o < n. Hence, |E(x)| is (n — 1)-connected. ]
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The final ingredient is the following observation.

Lemma 5.10. Assume that € is right cancellative up to =* and that condition (F) holds.
IfC*(v,v) is of type Fy, for all v € €°, then C*(x, x) is of type Fy,.

Proof. First, consider x = (U;);ey. We have a short exact sequence:

1 - []e* Wi U) - €*(x.x) - Perm(I) — 1.
iel

As Perm([) is finite, [15, Corollary 7.2.4] implies that C*(x, x) is of type F,, if and only if
[1;e; ©*(U;, Uy) is of type Fy,. Furthermore, if C*(U;, U;) is of type F,, for alli € I, then
[1;e; ©* (Ui, Uy) is of type F,, (see, for instance, [15, Exercise 1 in Section 7.2]). Thus, it
suffices to show that C* (U, U) is of type F,,, where U = X (v; e) € X(*). Now suppose that
[a, U] lies in €* (U, U). Then there exists @’ € € such that [¢’,a.U][a,U] = [@’a, U] = U.
Lemma 3.2 (i) implies that a’a € €* and thus a € €*, hence a € €*(v, v). This, in
combination with condition (F), implies that we obtain an embedding C*(U, U) —
€*(v,v), [a, U] + a. In addition, consider the short exact sequence

1 — Ker — €*(v,v) — Perm({X(v;¢) : ¢ € v&}) — 1,

where the second map sends a € €* (v, v) to the permutation V' + a.V and Ker denotes
the kernel of this map. Since Perm({X(v; ¢’) : ¢’ € v&}) is finite, Ker is a finite index
subgroup of €*(v, v), and because Ker C C*(U, U) C €*(v, v), this shows that C*(U, U)
is a finite index subgroup of €* (v, v) as well. So if €* (v, v) is of type F,, then C*(U, U)
is of type F,, because finiteness properties are inherited by finite index subgroups. ]

Proof of Theorem 5.2. The first part of the theorem follows from Theorem 5.3 using
Corollary 5.5 and Lemma 5.10.

The second part of the theorem follows from the first, using Lemmas 2.6 and 2.7 and
Proposition 4.16. ]

6. Garside families arising from degree maps

We set out to describe a class of small categories where the general criteria from Section 5
apply and allow us to establish finiteness properties for topological full groups of the
groupoid models attached to our small categories.

Let P be a left cancellative monoid with identity element 1 and P* = {1}. Suppose
that Sp C P is a finite Garside family in P with 1 ¢ Sp. Let € be a left cancellative
small category equipped with a P-valued degree map, that is, a functor d : € — P with
d~1(1) = €* such that the following unique factorization property holds:

(UFP*) Forall ¢ € € with d(c) = pg, there exista, b € € withc = ab and d(a) = p,
d(b) = q.If we have ¢ = a’b’ for some a’,b’ € € withd(a’) = p, d(d’) =g,
then there exists u € €* such that a’ = qu and b’ = u~'b.
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This type of factorization property has been considered in a special context in [22]. Note
that (UFP*) implies cancellation up to =*.

Let & be a =*-transversal for d~'(Sp), that is, © is a subset of € such that
the canonical projection restricts to a bijection @ => d~'(Sp)/=+. As before, G* =
C*uUGE*.

Lemma 6.1. The set G* is closed under right divisors. We have (&=L)# = d_l(SfL .
Forall L > 1, if(S;L)# is closed under left divisors, then so is (G=L)¥,

Proof. Givens € @ anda,b € € with s = ab, it follows that d(s) = d(a)d(b) and hence
d(b) € Sp. It follows that b € ©.

We have =L C ! (S;L) because d is a functor. To see “2”, assume that d(a) =
s1+-+s; for some sq,...,s; € Sp. Then (UFP*) allows us to find aq,...,a; € € with
d(ag) = sg forall 1 <k <[ suchthata = a;---ay. It follows that ax € d~1(Sp) = G#
forall 1 <k <1 and thus a € (G=L)¥,

If s € @=L and s = ab for some a, b € €, then d(s) = d(a)d(b). Since S;L is closed
under left divisors, we deduce that d(a) € S ;L. Hence, it follows that a € (&=L)# by what
we just proved. |

Lemma 6.2. If P is left Noetherian, then so is €. Similarly, if P is right Noetherian, then
sois €.

Proof. Achain--- < a; < aj in € leads to achain --- < d(az) < d(a;) in P. This shows
our claim for “left Noetherian”. The argument for “right Noetherian” is analogous. ]

The degree functor d induces a map d : €/—« — P because d(€*) = {1}.
Lemma 6.3. [fvd~!(s) < oo forallv € €% and s € Sp, then v& < co.
Proof. This follows because v& 2 vd~1(Sp), and Sp is finite by assumption. |

Lemma 6.4. Givena,b € €, we have mem(a,b) = d~! (mem(d(a),d(b))) N (aC N bE)
if mem(d(a), d(b)) exists.

Suppose M C P is a subset closed under mcms. Then d=' (M) is also closed under
mems.

Proof. Assume that aa = bb. Then d(a)d(@) = d(b)d(g). Hence, if mem(d(a), d(b))
exists, there exist m € mem(d(a), d(b)) and m’ € P with d(a)d(@) = mm’' = d(b)d(g).
Write m = d(a)p = d(b)q. Then d(@) = pm’ and d(g) = gm’. Now (UFP*) implies
that there exista’,a”,b’,b"” € € witha = a’a”, b = b’b" such that d(@) = p,d(®) =g,
d(a”) = m’, d(b”) = m’. Consider the identity (aa’)a” = (bb")b". As d(aa’) = d(bd’)
and d(a”) = d(b”), (UFP*) implies that there exists u € €* with bb’ = aa’u and
b” = u~la”. Hence, it follows that aa’ € aG N »C and ad € aa’C. If aa’ = ¢z for some
¢,z € € with¢c € a®€ N bE, then m = d(aa’) = d(c)d(z) and d(c) € d(a) P N d(b) P
implies that d(z) = 1 by maximality of m. It follows that z € €*, so thataa’ =* ¢. =
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The following are immediate consequences.

Corollary 6.5. If Sp is closed under mcms, then © is closed under mcms.
If P is right Noetherian and admits mcms, then © is a Garside family.
If P is finitely aligned and vd~'(p) < oo for all p € P, then C is finitely aligned.

Lemma 6.6. Suppose that P admits conditional lcms. Then € has disjoint mcms.

Proof. Given v € €% and a,b € v6, take C € v such that the canonical projection
€ — € /=« induces a bijection C = (d~!(Iecm(a, b)) N (a€ N bE))/—«. Then we claim
that
aCnbE = || cC.
ceC

To see that the sets ¢€ are pairwise disjoint, take ¢y, c; € C. Then d(c;) = d(cz)
and ¢y, c; € aC€ N bE. If ¢127 = ¢323, then d(cy)d(z7) = d(cz)d(z2). The equation
d(cy) = d(cp) implies d(z1) = d(z2). Hence, (UFP*) implies that ¢; =* ¢;, and by
construction, we deduce ¢; = ¢5.

Lemma 6.4 implies C = mcm(a, b), hence a€ N bE = I_[cec cC. [

Now assume that P is right Noetherian and admits conditional lcms. Further, assume
that (SEL)# is closed under left divisors for all L > 1, and that vd~!(p) < oo for all
ve@®and p € P.

Let v € G% A subset e € v& is called saturated if e = vd~!(d(e)) N &. Set

X :={X(v;e):ve 6% e CvB saturated},

I':={y(e,s):ve §Y: e, s C v saturated and mcm-closed},

andlet X, T', x € X, C and Q be as in Section 4. Our goal now is to check the conditions
needed to apply Theorem 5.2.

Lemma 6.7. Condition (1x) is satisfied.

Proof. Take u € €* and e = vd~!(d(e)) N &. Suppose that f C & satisfies ue =* f.
We claim that f = t(u)d ! (d(e)) N &. Indeed, given f € f, we have fv = ue for some
e € eand v € C*. It follows that d(f) = d(fv) = d(ue) = d(e) € d(e). Conversely,
given [’ € t(u)d~!(d(e)) N &, thenu™! f’ € v€ and d(u~! f') = d(f’) € d(e), so that
u~lf" € e€* and thus f’ € ueC*. (]

Lemma 6.8. Condition (2x) is satisfied.
Proof. Given a finite subset e C v&S, we want to construct a € € with # (a) = X (v; e) and

d(a) € X. Let ep be the lcm-closure of d(e). Enumerate ep = {e1,e,,...} sothate; <e;
implies i < j. Starting with the biggest index in,x, we inductively construct @; € € such
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that #(a;) = X(v;e;41) and d (a;) = X(v;e;) LI x; for some x; € X, where e; 1 := e
and e; := e U J;5, vd~l(e;) N G.

To construct a;,, , set J := (vd~1(e; ) NS U{v})\{j € G:e < j for some e € e}.
Now seta;,, ;= jif j #vanda;,, o»:= X(v;e;,, ). Thena; = (ai,,,j)jes liesin
€(X(vse),(Uj)jes), where U; = X if j #vand Uy = X(v;e;,,.).

Now suppose that a; +; has been constructed. To construct a;, set

J = (od He)) NG U{p})\{j € G:e < jforsomee € e ).

Define a;,; := jX(b(j);f;) if j # v, where {; is the set of minimal elements of

U{b(j)d_l(q) N&:q #1; lem(d(e),e;) = e;q forsome e € e;1}.

and a; » := X(v;e;), thatis, f, := e;.
Now we claim that a; := (a;,j)jes lies in €(X(v; e;41), (X(0(j): T;));). To show
this, it suffices to prove for all j # v that

X(j:jf) = X(v;eir1) N jX.

We have X(e;e;j+1) N jX = X(j; mem(e;j+1, j)). For e € e;11, Icm(d(e), e;) = eiq,
so that mem(e, j) € jd~'(g). This shows “C”. To see “D”, suppose f € d(j)& sat-
isfies d(f) = ¢, and d(j)g = e;iq = lcm(d(e), e;) for some e € e;4;. It follows that
e; < lecm(d(e),e;). Hence jf € e; 4. This shows that jf; C e; 41, as desired. |

Lemma 6.9. When y (e, s) is constructed for sets e and s which are saturated, i.e., of the
form e = vd~1(d(e)) N G and s = vd~1(d(s)) N &, then

s = d(s)d ™ (min{r € Sp :d(s)t € d(s)}) NG U d(s)d ™ (d(s) lem(d(s), d(e))) N &.
Forevery s € 5, X(b(s);§s) € %.

Proof. 1t is clear that “C” holds. To see “27, if d(s)d(f) € d(s), then sf € s and f
is minimal with that property. If d(s)d(f) = lem(d(s), d(e)), then d(sf) = d(e)q, so
that (UFP*) implies that s f = e’t for some e’ € e and sf € mcm(s, e). [

Lemma 6.10. Conditions (11)—(4r) are satisfied.

Proof. Clearly, (11) holds.

To verify (2r), let ¢ € Cv with ||c|| = L and s = {s € v& : ||cs| = L}. It is straight-
forward to see that s is closed under mems, and we claim that s = vd~!(d(s)) N S.
Indeed, (UFP*) implies that for s € v&, ||cs| = L if and only if ||d(c)d(s)|| = L. This
implies our claim, that is, s is saturated.

For (3r), suppose that ¢ = vd ™! (d(e)) N G and s = vd ! (d(s)) N S. If u € €* and
f C © satisfy ue =* f, then f = t(u)d ™' (d(e)) N G and us =* t(u)d ! (d(s)) N G, so
that uy(e,s) € y(f, t(w)d~(d(s)) N &)C*.
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To see (4r), suppose that y(e, s)¢ = y(e,s’). Then { = [[;c. {s. We claim that
Cs = y(fs, ts), where t; = {t € © : st € s'}. Indeed, all bisections appearing in y (e, s')
also appear in y(e, ) (]_[ ses Y (s, ts)). Moreover, proceeding inductively, starting with
maximal elements s’ € &', it is straightforward to check that the domains of y(e, ')
and y (e, s) (]_[SEg y(fs, ts)) agree as well. Induction works because fy» only depends on
{s” € ¢’ . s’ < 5”}. Now a similar argument as for Lemma 4.3 completes the proof of the
claim. Furthermore, it is straightforward to check that t; is saturated and mcm-closed. m

Lemma 6.11. Condition (5t) is satisfied.

Proof. We establish the criterion in Corollary 4.21. Let y(e,s), y (e, t) € I'. We follow the
construction of lemg before Lemma 4.20 and show that

Iemg (y(e, ), y(e, 1)) € y(e,s)I" N y(e, t)I.
By symmetry, it suffices to show lcmg (y (e, s), y(e, t)) € y(e,s)I". For s € s, define
s(s) 1= 0(s)d 1 (d(s) ! lem(d(s), d(t))) N &.

Then it is straightforward to check that s(s) is saturated and mcm-closed, and we claim
that
leme (y(e.9). y(e. 1) = y(e. g)(]_[ y(fs. e;(s))).
SES

For the proof, first observe that ss(s) =* t(s)d ™! (Ilem(d(s), d(t))) =* mcm(s, t). So
lcmg (y(e,s),y(e, 1)) and y(e, s) (I_[Ses v (s, %(s))) both consist of bisections of the form
55" O, for the same elements ss’ € €. It suffices to compare domains. Suppose that ss’ = t1’
for some 7 € t. The domain corresponding to ss” in y(e, ) (] [;es ¥ (5. 5(s))) is given by
X(d(s"); fs), where Ty consists of the minimal elements of {g € @ : s'g € s(s)} and
{g € ©:5'g € mem(s’, fs)}. We have s'g € s(s) if and only if s’g € s~! mem(s, t) if and
only if ss’g € mem(s, t) if and only if ss’¢g € mem(ss’, t). Moreover, s'g € mem(s’, fs) if
and only if s'g € mem(s’, s™!s) or s’g € mem(s’, s™! (mem(s, e))) if and only if ss'g €
mem(ss’, ) or ss’g € mem(ss’, mem(s, e)) = mem(ss’, ). The domain corresponding to
ss’in lemg (v (e, 3), (e, 1)) is given by

(ss")"H(sX (b(s); ) NEX(D(2): Fr) N ss'X)
= (ss) (X (ss"; mem(ss’, t§,), mem(ss’, s§5))) = X(b(s)); @),

where g consists of precisely the elements of © which are minimal among the ele-
ments g € © with ss’g € mem(ss’, t) or ss’g € mem(ss’, mem(t, e)) = mem(ss’, e) or
ss’g € mem(ss’, s) or ss’g € mem(ss’, mem(s, e)) = mem(ss’, e). In comparison, we
see that both domains are empty if ss” € s, and if ss” ¢ &, then the domains coincide, as
desired. ]

Putting all this together, Theorem 5.2 implies the following result.
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Theorem 6.12. Let P be a left cancellative monoid with P* = {1}. Assume that P is
right Noetherian and admits conditional lcms. Suppose that Sp C P is a finite Garside
Sfamily in P with 1 ¢ Sp and assume that (S;L)” is closed under left divisors for all L > 1.

Let G be a left cancellative small category with finite €° equipped with a P -valued
degree map d such that Ud_l(p) <ooforallveC®and p € P. Let X C Qo be a closed
invariant subspace.

Suppose that condition (F) holds, and that condition (t < d) is satisfied.

For all natural numbers n, if €* (v, v) is of type F,, for all v € €°, then Q(*, *) is of
type Fy. In particular, if x = (X (v; €))yess for some B € €% and Y = [ [,cgo Yo, where
Yo =0ifvo ¢ Band Y, = X(v;e) ifv € B, then for all natural numbers n, F (I} X X)?)
is of type By, if €* (v, v) is of type F,, for all v € G°.

Let us now identify a situation where condition (¢ < d) is satisfied.

Lemma 6.13. Assume that P is left reversible and that for all v € C° and s € Sp,
we have #od~!(s)v > 2. Then for every v € C° and every saturated e C v&, we have

0Q(1) = U,c, 02(e).

Proof. By [39, Section 3 and Theorem 10.5], it suffices to prove for all ¢ € v€
that ¢€ N |J,c, €€ # @. Without loss of generality, we may assume that d(e) =
{ep}. Write lcm(d(c), d(e)) = lem(d(c),ep) = d(c)p = epq. By our assumption that
#d(c)d~ ' (p)d(c) > 2, there exists ¢’ € € with t(¢’) = d(c) and d(c’) = p. We conclude
that d(cc’) = epq, so (UFP*) implies that there are ¢, &’ € € with d(s) = ep, d(¢') = ¢

such that cc” = e¢’. It follows that & € e. Hence, we deduce cc’ € c€ N | ¢, €. L]

Corollary 6.14. For X = 02, we always have 092(v; e) = @ unless e = @, in which case
we obtain S2(v).
For X = 022, we have X = {(0Q2(v;)); }.

Lemma 6.15. Assume that P is left reversible and that for all v € C° and s € Sp, we
have #vd = (s)v > 2. Then condition (t < d) is satisfied for X = 0.

Proof. Consider y(e, ) for saturated s. It suffices to treat the case e = @, that is, we con-
sider y(s) whose target is X (v). By assumption, there exist s, s’ € s with s # s’ such that
v = t(s) = t(s’) = d(s) = d(s’). Hence, m4(,(s)) (X (v)) > 2. This implies that condition
(t < d) holds. |

We obtain the following consequence of Lemma 6.15 and Theorem 6.12.

Corollary 6.16. In the situation of Theorem 6.12, suppose that X = 0. If P is left
reversible and for all v € C° and s € Sp, we have #vd~!(s)v > 2, then for all natural
numbers n, Q(x, *) is of type F, if €*(v, v) is of type Fy, for all v € C°. In particular,
if x = (Q(v))vess for some B € €% and Y = [, cco Yo, where Yo = 0 if v ¢ B and
Yy = 0Q(v) if v € B, then for all natural numbers n, F ((I; X X);’) is of type F,, if
C*(v,v) is of type Fy, for all v € G°.
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7. Examples

7.1. Higher-rank graphs

Consider the special case where P = Z’;O and Sp = {(zj) € P : 0 < z; < 1} of the set-
ting of Section 6. Let ¢; be the canonical basis vector whose only non-zero component is
the jth component, which is 1. Assume that € is finite. With the same assumptions as for
Theorem 6.12, we obtain the following.

Theorem 7.1. Suppose that for all v € €% and 1 < j < k, we have #od ™! (¢j)v > 2.
Let X C Qo be a closed invariant subspace and Y = ]_[UGG:O Yy, where Yy, = @ or
Yy = X(v;vd ™ (ep)), for some ep < Sp, for all v € C° Then F ((I; x X)g) is of
type Fo.

Proof. This follows from Theorem 6.12 once we verify condition (¢ < d), which in turn
follows from Lemma 6.9 because d(s)d ™! (d(s) ™! lem(d(s),d(e))) N & = d(s)d(e) N &
and d(s)d ™! (min{z € Sp : d(s)t € d(s)}) N G is empty for maximal elements s € 5. m

Higher-rank graphs fit naturally here. By definition, € is a higher-rank graph if,
in addition to our assumptions above, we have €* = €%, In this setting, Theorem 7.1
specializes to the following.

Corollary 7.2. Let € be a finite higher-rank graph. Suppose that for all v € C° and
1 <j <k, we have #Ud_l(é‘j)t) > 2. Let X C Qoo be a closed invariant subspace and
Y =]1,eco Yo, where Yo =@ or Y,y = X(v;0d ™ (ep)), for some ep < Sp, forall v € €°.
Then F ((I; x X)g) is of type Feo.

Note that we are not allowing arbitrary higher-rank graphs because of the condition
that #od " (g;)v > 2.

As an even more special case, we obtain an answer to a natural question left open
in [30, Section 5.3].

Corollary 7.3. Suppose €;, 1 < j <k, are path categories of finite graphs. Assume that
foralll < j <kandv € (S?, we have #v€;v > 2. Let §; := I;(€;) x 89@}.. Then
F (5 x---x8§) is of type Foo.

In particular, if §;, 1 < j <k, are groupoids arising from irreducible one-sided shifts
of finite type as in [29], then F (§1 X --- X &) is of type Fo.

Proof. The first part follows from Theorem 7.1 (B), applied to € := € x --- x €, once
we observe that §; x -+ x G, =~ I;(C) x 0Q¢.

For the second part, let €;, 1 < j <k, be finite (directed) graphs describing the given
irreducible one-sided shifts of finite type. The argument in [29, Section 6.5, p. 67] shows
that we may without loss of generality assume that forall 1 < j <k andv € CS;’, we have
#v€;v > 2. Now the second part follows from the first. [
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We can also specialize to one vertex higher-rank graphs, that is, higher-rank graphs
with just one vertex. In this case, we are actually dealing with monoids given by particular
presentations. Let P be such a monoid with a degree map d : P — P. We denote the
identity element of P by 5.

Corollary 7.4. Let P be a monoid given by a finite one vertex higher-rank graph. Sup-
pose that AV (¢j) > 2 forall 1 < j < k. Let X C Qo be a closed invariant subspace
andY = X(1p; d~Y(ep)) for some ep < Sp. Then F ((I; x X)g) is of type Foo

7.2. Zappa-Szép products

The next class of examples is given by Zappa—Szép products of a small category and a
groupoid. In related contexts, such examples have been considered in more special situ-
ations in [1,2,7,13,20,21,28,31,32,40,42]. For our purposes, Zappa—Szép products allow
us to adjoin invertible elements to a small category while keeping the key properties which
are needed to establish finiteness properties for the corresponding topological full groups
of groupoids attached to left regular representations.

The setting is as follows: Suppose that a groupoid & acts on a left cancellative small
category € viaamap 7 : €% — &GO, The action is such that g.c is defined if s(g) = 7 (t(c)),
and then 7 (t(g.c)) = r(g). We require the usual axioms for actions, that is, x.c = ¢ and
g.(h.c)=gh.cforallx € &°, g,h € & and ¢ € €, whenever these equations make sense.
Note that we do not require & to act by automorphisms of € as a category.

We also require that t(g.c) = g.t(c). This means that the & -action restricts to an
action & ~, €° since g.v = g.t(v) = t(g.v) € C°. Moreover, set & x; € := {(g.,a) €
& x € :s(g) = n(t(a))} and let ¢ : G x; € — & satisfy
* s(e(g.a)) = m(d(a)),

* @(gh.a) = ¢(g. h.a)p(h.a),
© p(gv)=¢
* ¢(g.a).b(a) = d(g.a),
* g.(ab) = (g.a)(¢(g,a).b),
* @(g.ab) = ¢(p(g.a).b),
forallg,h € &, v e €% and a, b € G, whenever these equations make sense.
We call an action & ~, € together with a &-valued map ¢ satisfying the conditions

above a self-similar action of & on €. Note that part of the conditions means that ¢ is a
cocycle.

Definition 7.5. The Zappa—Szép product € < & is the small category with underlying
set

Co %, & :={(a,g) €€ x G :n(b(a)) =r(g)},
set of objects {(v, 7(v)) : v € €% C €% x &, and multiplication (a, g)(b, h) :=
(a(g.b).¢(g.b)h).
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We refer to [2,42] for more details about the construction of Zappa—Szép products. In
the following, we denote € <t & by D.

Remark 7.6. By first forming the transformation groupoid for the restricted action
& ~, €0 and then the Zappa—Szép product, we may assume without loss of generality
that &% = €0 (as in [42]).

In the following, given a € €, we write @ := (a, 7(b(a))) € DO, and identify € with a
subcategory of D via € — ©, a > 4.

Lemma 7.7. The following are true:

(1) The &-action on § restricts to an action & ~, C*.

(i) Fora,be Candg € &, we have a < b ifand only if g.a < g.b.

(iii) We have (a, g) < (b, h) if and only ifa < b, and (a, g) < (b, h) if and only if
a<b.

@iv) If € is left cancellative/finitely aligned/left Noetherian/right Noetherian, then so
is ®.

(v) Fora,b € €, we have mcm(a,b)” = mcm(d, I;) whenever mcm(a, b) exists in €.
In particular, © admits disjoint mems if and only if € admits disjoint mcms.

Proof. (i) If a € C*, then there exists b € € with ab = v € €°. Then g.v = g.(ab) =
(g.a)(p(g.a).b) and g.v € €° imply that g.a € C*.

(i) If b = ax, then g.b = (g.a)(¢(g, a).x) implies that g.a < g.b.

(iii) This is easy to see.

(iv) It is easy to see that © is left cancellative if € is left cancellative.

Suppose that € is finitely aligned. If a€ N bC€ = | J; ¢;€, then we claim that
adNbhd = \J; €; ®. This shows that D is finitely aligned because every principal right
ideal of ® is of the form @®. To prove the claim, note that “2” is clear, and for “C”,
suppose that (¢, g) = (a, w(d(a)))(@’, g) = (b, w(d(b)))(d’, g). Then ¢ = aa’ = bb’ and
thus ¢ = ¢; x for some x € €. It follows that (¢, g) = (¢ix, g) = (¢i, w(d(c;)))(x, g).

It follows from (iii) that if € is left Noetherian, then so is . Suppose that D is not
right Noetherian. Then we have an infinite descending chain --- < (a3, g3) < (a2, g2) <
(a1, g1)- So (a1, g1) = (b2, h2)(a2, &2) = (b2(h2.a2), ¢(h2, a2)g2). Thus hz.az <ay.
Proceeding inductively, we obtain an infinite descending chain - < a3 < a) < a; in €.
Thus € is not right Noetherian.

(v) We have seen in (iv) that a€ N b€ = | J; ¢; € implies that D N hD = U; & .
Now the first part of (v) follows because of (iii). The second part of (v) is a consequence
of the first. ]

Remark 7.8. If € is right cancellative, © does not need to be right cancellative (see [23]).

Now suppose that @ is a subset of €. We set 6= {(s,7(D(s))):5 € B} CD.
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Lemma 7.9. The following are true:

() ©*G < &D* ifand only if 6*G C GC* and &.6 C BE*.

(i) If&8.G C &C*, then G is closed under right divisors if and only zf@ﬁ is closed
under right divisors.

(iii) & is a Garside family in D if and only if © is a Garside family of € and
&.6 C 66"

@iv) ((%5]‘)ﬁ is closed under left divisors if and only if (6=L) is closed under left
divisors.

) & is closed under mems if and only if @* is closed under mems.

(vi) G is =*-transverse if and only if © is =*-transverse. The set G is locally
bounded if and only if © is locally bounded.

Proof. (i) Given (u, g) € ©* and (s, 7(d(s))) € &, we have (u, g)(s, 7(d(x))) =
(u(g.s), ¢(g,s)), and that element lies in GO* if and only if u(g.s) € ©€*. The lat-
ter holds for all u € €*, g € & and s € © (whenever it makes sense) if and only if
C*G C GC* and .6 C GC*.

(ii) Given (a, g) and (b, h), we have (a(g.b), o(g,b)h) = (a, g)(b, h) € CO* if
and only if a(g.b) € &C*. The latter implies g.b € GC* if G* is closed under right
divisors. Thus, b = g~ !.(su) for some s € & and u € €*. We conclude that b =
g V.(su) = (g7 15)(p(g™1, 5).u) € BE*E*. Conversely, suppose that & is closed under
right divisors. Given su € GC* and a,b € € with ab = su, then ab = 5ii € GO*. It
follows that b € @ﬂ, so that b € GF,

(iii) This follows from the characterization of Garside families in [12, Chapter IV, Pro-
position 1.24]: First of all, if Gis Garside, then we must have &.& C GC* by (i). Now
G* generates € if and only if cH generates D, and if &.& C GC*, then (ii) tells us that
&* is closed under right divisors if and only if &* is closed under right divisors. Finally,
&-heads exist in € if and only if @-heads exist in © because s < a if and only if § < (a, g)
forall g € r 1 (7 (b(a))).

@iv) (a, g)(b, h) = (a(g.b), ¢(g, b)h) lies in ((%SL)N if and only if a(g.b) lies in
(G=L)¥ and (a, g) lies in (B=L)¥ if and only if a lies in (G=E)%. Now the claim follows.

(v) follows from Lemma 7.7 (v).

(vi) We have s € tC* if and only if § € 7©*. The second claim follows from
Lemma 7.7 (iii). [

Remark 7.10. Lemmas 7.7 and 7.9 imply that if € is a finitely aligned, left cancellat-
ive, countable small category, © is a Garside family in € with @ N €* = @ which is
=*-transverse and locally bounded, and if & ~, € is a self-similar action of a countable
groupoid & with &.& C GC*, then [27, Theorem B] applies to © = € <1 &, & and

yields a description of all closed invariant subspaces of I; (D) x Q.

The following is a direct consequence of Lemma 7.7 (v).
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Lemma 7.11. Suppose that C is finitely aligned and left cancellative. We have an iso-
morphism of semilattices ¢ — Jo, xC > XD. This induces an I;(€)-equivariant
homeomorphism Qs = Qo, x — . In particular, if X is a closed invariant subspace
of Qo, then X is a closed invariant subspace of Qg. In this situation, we obtain an
embedding I;(€)x X — [;(D)x X, [cd™!, ]~ [Eg_l,ﬂ of I} (€) x X as an open sub-
groupoid of 1;(D) X X. This in turn induces a map of compact open bisections, denoted
by a — d, and hence amap € — ®D,a — a.

Note that in general, the image X of a closed invariant subspace X of Q¢ is not
I; (®O)-invariant.

Now assume that X, X, I', T', * € £, € and Q be as in Section 4 (for €). Let

={U:UcX},2={U:Uck),T:={y:yeTl)}anddefine T correspondingly.
For % € X, we let D be the component of ¥ in the smallest subcategory 11 := (T, @%)
of ® containing I and D% % Let Qp be the enveloping groupoid of D.

Lemma 7.12. Suppose that X(g.v; g.e) € X forall g € & and v, e with X(v;e) € X, and
thatforall g € & and y = (a;) € T, we have g.y := (g.a;) € T'C*.

(1) If(F) holds for D, X, then (F) also holds for €, X.

(i) If X, T satisfy condition (St), then so do xT.

(iii) We have D = (I')D* U D*. If € admits lcms, then so does D.

@iv) If (t < d) is satisfied for X, T', then (t < d) is also satisfied for % T

Note that given a bisection of the form a X (v; e), then we define g.(aX(v;e)) :=
(g-a)X(p(g.a).0:¢(g,a).e).

Proof. (i) and (ii) are straightforward to check.

(iii) The first claim is straightforward to check. Now we claim that if y = Icme(e, B),
then y = lemq (&, ,3) It is clear that @ < ¥ and /3 < y. Now / suppose that we are given a
common multlple of & and ﬁ of the form &8 = ,88 AsD = (T )@* U D*, we may assume
that 8, ¢ € (T'), that is, § = (/)" and & = (B')” for some o/, B’ € (I'). It follows that
(aa’y"= (BB')" and thus ae’ = BB’. The last conclusion is justified because (@, 7) ~ (b, 7)
implies that ax = bX for some x € €, so that ax = bx and thus (a, y) ~ (b, x). Now it
follows that y < ae’ = BB’ and thus 7 < &(e’)” = B(B'), as desired.

(iv) This follows from the observations that #(¥) = ¢(y) and d (¥) = d (y)". L]

Our findings above motivate the following terminology.

Definition 7.13. We say that condition (Inv) is satisfied if &.© C ©C*, forall g € &
and v, e with X (v;e) € X, we have X(g.v;g.¢) € X,andforallg € & andy = (a;) € T,
we have g.y := (g.a;) € T'C*.

With the straightforward observation that cancellation up to =* passes from ® to €,
we obtain the following.
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Theorem 7.14. Assume that C is a finitely aligned left cancellative small category with
finite €°. Let @ C € be a locally finite Garside family such that (S=F)¥ is closed under
left divisors for all L > 1.

Let & ~, § be a self-similar action and form © := € > &. Let X c Q9,00 be a
closed invariant subspace. Assume that condition (Inv) is satisfied, © is right cancellative
up to =*, that condition (F) holds for D, that X, T satisfy condition (St) and that C admits
lems. The latter is, for instance, the case when € is right Noetherian, admits disjoint mcms
and if condition (LCM) holds. Further, suppose that (t < d) holds for T'(x).

Then for all natural numbers n, Qp (%, %) is of type F,, if D*(w, w) is of type F,, for
all w € D°.

In particular, if x = (X (v; e))vesg for some B € €% and Y =[], cgo Yo, where Yo =0
ifv ¢ BandY, = X(v;e) if v € B, then for all natural numbers n, F((II(S)) X )’(v)}’f;) is
of type F,, if D*(w, w) is of type F,, for all w € D°.

Note that condition (F) for ® is related to faithfulness of the action of & on €.
Let us describe the groups ©* (w, w) in terms of €* and &..

Remark 7.15. We have ©*(7,0) ={(u,g) e D:uec€C*, g &, db(u) = g.v, t(u) = v}.
In particular, if €* = €*, then ©*(3,7) = €* (v, v) >< St(&, v), where St(&,v) = {g €
CHINE go= U}. If we even have €* = €°, then D*(,9) = St(&, v).

7 (v)

Here is a more concrete class of examples where our findings above apply.

Example 7.16. Assume that we are in the setting of Section 6 of a cancellative small cat-
egory € with a degree map d : € — P. Assume that the self-similar action & ~, € satisfies
d(g.a) = d(a) forall g € & and a € €. If P is right cancellative, then © := € < & is
automatically right cancellative up to =*, and for the Garside family & from Section 6,
we have &.G C GC*. Moreover, if ¥ and I' are constructed as in Section 6, then for
all g € @ and v, e with X(v;e) € X, we have X(g.v; g.e) € X, and that for all g € &
and y = (a;) € I', we have g.y := (g.a;) € I'C*. This means that if € satisfies the same
assumptions as for Theorem 6.12, and condition (F) holds, then we obtain the following
conclusions, with the same notations as in Theorem 7.14:

(I) If (¢ < d) holds for I"(x), then for all natural numbers n, Qp (*, *) is of type F,
if ©*(w, w) is of type F,, for all w € D°. In particular, if * = (X (v; e))ypess for
some B € €% and ¥ = [ [, cco Yo, Where Y, = B if v ¢ LB and Yy = X(v;e)
if v € B, then for all natural numbers n, F ((1;(D) x Y)g) is of type F, if
D*(w, w) is of type F, for all w € D°.

(I) Suppose that X = Q. If P is left reversible and for allv € €% and s € Sp, we
have #vd~!(s)v > 2, then for all natural numbers n, Qp (¥, ¥) is of type F, if
D*(w, w) is of type F,, for all w € DO. In particular, if * = (32(v))pess for some
BeCandY = [],cgo Yo, where Yy, = @if v ¢ Band ¥y, = 9Q(v) if v € B,
then for all natural numbers n, F ((1;(D) x f)g) is of type F, if D*(w, w) is
of type F,, for all w € D°.
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an P = Z’;O and Sp, ¢; are as in Section 7.1, for all v € G%and 1 < Jj <k, we
have #vd:l(s 7)o > 2, and if X C Q4 is a closed invariant subspace, then for
all natural numbers n, Qp (¥, ¥) is of type F,, if D*(w, w) is of type F,, for all
w € DY In particular, if x = (X(v; e))yeg for some B € €% and ¥ =[], cco Yo
where Y, =0 if v ¢ B and Y, = X(v;e) if v € B, then for all natural numbers n,

F((II(E)) X f)%) is of type F,, if ©*(w, w) is of type F,, for all w € D°.

In particular, (IIT) covers self-similar groups as in [31, 32], and, in combination with
Remark 7.15, yields a generalization of [38, Theorem 4.15]. (III) also covers self-similar
actions on graphs as in [13, 20, 21] and self-similar actions on higher-rank graphs as
in [1,28]. To give a concrete example, consider groupoid models for Katsura algebras as
discussed in [13, Section 18]. In this case, € is the path category a finite graph, so we are
in case (II) with P = Zy, and & is the group Z. Because of Remark 7.15, and because
quotients of subgroups of Z are of type F, condition (F) is not needed in this case, and
we obtain the same conclusions as in (III) if for all v € €, we have #vd~!(1)v > 2.
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