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Left regular representations of Garside categories II.
Finiteness properties of topological full groups

Xin Li

Abstract. We study topological full groups attached to groupoid models for left regular represent-
ations of Garside categories. Groups arising in this way include Thompson’s group V and many
groups of dynamical origin such as Röver–Nekrashevych groups. Our key observation is that a
Garside structure for the underlying small category induces a new Garside structure for a new small
category of bisections, and that our topological full group coincides with the fundamental group of
the enveloping groupoid of the new category. As a consequence, we solve the word problem and
identify general criteria for establishing finiteness properties of our topological full groups. In par-
ticular, we show that topological full groups arising from products of shifts of finite type are of type
F1, answering a natural question left open by Matui.

1. Introduction

The story of this paper starts with Thompson’s group V , which was introduced in
unpublished notes by Thompson in 1965. It can be described as a group of certain
right-continuous bijections of the unit interval Œ0; 1� and was one of the first examples
of a finitely presented infinite simple group (see, for instance, [10] for more details).
Thompson’s group V has been studied from many different perspectives, and its con-
struction has been generalized in several different ways (see, for instance, [6,17,41]). One
perspective is based on the observation, going back to Nekrashevych [31], that V can be
described as the topological full group of a groupoid naturally attached to the one-sided
full shift on two symbols. This led to the construction of interesting classes of groups of
dynamical origin, for instance, Röver–Nekrashevych groups, which are topological full
groups of groupoids attached to expanding maps [31, 32, 37]. Moreover, replacing the
full shift by shifts of finite type, Matui constructed and studied topological full groups
arising from shift of finite type groupoids and their products [29, 30]. Roughly speaking,
the general idea is that étale groupoids encode generalized topological dynamical sys-
tems because they generate partial homeomorphisms on their underlying unit spaces, and
the associated topological full groups consist of global symmetries (i.e., globally defined
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homeomorphisms) of the unit space which are pieced together from these partial homeo-
morphisms. These topological full groups turn out to have very interesting properties,
leading to solutions of outstanding open problems in group theory. For instance, they
provided the first examples of finitely generated, infinite, simple, amenable groups [19]
and of finitely generated, infinite, simple groups of intermediate growth [33].

There is also an interesting connection to C*-algebra theory because étale groupoids
serve as models for C*-algebras [25] and introduce ideas and techniques from topological
dynamics to the study of C*-algebras and their structural properties. For instance, the
groupoid attached to the one-sided full shift on two symbols mentioned above is nothing
else but the canonical groupoid model of the Cuntz algebra O2 [11], a classical example
of a C*-algebra which plays a distinguished role in the Elliott classification programme.

A unifying framework is given by left regular representations of left cancellative small
categories and their groupoid models (see [27, 39]). The corresponding topological full
groups generalize all of the above-mentioned examples. Indeed, the underlying group-
oids of Röver–Nekrashevych groups can be described as boundary groupoids attached
to left regular representations of Zappa–Szép product monoids arising from self-similar
groups, while the groups studied in [29,30] are topological full groups of boundary group-
oids associated with small categories obtained from shifts of finite type (and products of
them). Generally speaking, topological full groups of boundary groupoids obtained from
these left regular representations build a bridge between group theory, dynamical systems
(in the form of topological groupoids) and C*-algebras and are the main objects of study
of this paper. We will mainly focus on finiteness properties of this rich class of topolo-
gical full groups. A group is of type Fn if it admits a classifying space with a compact
n-skeleton. These finiteness properties play an important role in the study of group homo-
logy and reduce to familiar notions in low dimensions (a group is of type F1 if and only
if it is finitely generated and of type F2 if and only if it is finitely presented). The study
of finiteness properties of V and its generalizations goes back to [8, 9, 41] (see also, for
instance, [14, 38] and the references therein). In [32], it is shown that topological full
groups arising from classes of self-similar groups are finitely presented, that is, of type
F2. Skipper, Witzel and Zaremsky [38] established that topological full groups arising
from classes of self-similar groups give rise to first examples of infinite simple groups
which are of type Fn�1 but not of type Fn, for each n. In this context, a general framework
for establishing finiteness properties has been developed in [42]. The key ingredient is the
notion of a Garside category (see [12]), which originated from the study of Braid groups
and allow us to carry over classical results and methods from Braid groups to more gen-
eral groups, monoids or small categories. Applications of Garside structures have been
developed in the context of the K.�; 1/-conjecture [3, 35, 36] as well as isomorphism
conjectures such as the Farrell–Jones conjecture or the coarse Baum–Connes conjecture
because of connections with Helly graphs [18]. Roughly speaking, [42] provides criteria
when isotropy groups of Garside categories have prescribed finiteness properties. Using
similar techniques as in [8,9,41], it was shown in [29] that topological full groups arising
from shifts of finite type are of type F1 (i.e., type Fn for all n). The natural question
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whether the same is true for topological full groups arising from products of shifts of
finite type was left open in [30, Section 5.3].

Our goal is to show that for topological full groups of groupoids arising from left reg-
ular representations of Garside categories, the Garside structure of the underlying small
category induces a new Garside structure on the category of bisections of the groupoids,
whose isotropy groups (or rather those of the enveloping groupoid) can be identified with
the topological full groups we are interested in. The construction of this new Garside struc-
ture is a key novelty of this paper. Consequently, we succeed in solving the word problem
and establishing finiteness properties for topological full groups of groupoids attached to
left regular representations of several classes of Garside categories. For the second result,
the technical difficulty we overcome is the identification of sufficient conditions for con-
nectivity of certain simplicial complexes arising in our setting (see Section 5 for details).
In particular, we answer the natural question left open in [30, Section 5.3] and show that
topological full groups arising from products of shifts of finite type are of type F1. This
class of groups generalizes higher-dimensional analogues of Thompson’s group V such
as the groups nV from [6] and is an instructive example class illustrating the key ideas of
this paper (see Section 7.1 for details).

Let us now formulate our main results. Given a left cancellative small category C, we
denote its set of objects by C0 and its set of invertible elements by C�. The groupoid model
Il Ë� attached to C is discussed in [27] and is recalled in Section 2.2. In the following, we
will present our main theorems only in the special case of the boundary groupoid Il Ë @�
for simplicity, even though our results are much more general (they apply to groupoids of
the form .Il ËX/YY where X is a closed invariant subspace of �1 and Y is a closed sub-
set of X of a particular form). Starting with a Garside family for C (the notion of Garside
family is explained in Section 3), we first construct another small category C which again
admits a Garside family such that the topological full group F .Il Ë @�/ can be identified
with an isotropy group of the enveloping groupoid of C.

Theorem A. Suppose that C is a left cancellative small category with finite C0. Further,
assume that C is right cancellative up toD�, finitely aligned, right Noetherian and admits
disjoint mcms, and that (F) holds. Let S be a Garside family in C which is locally finite,
D�-transverse with S \ C� D ;. Moreover, assume that for all L � 1, .S�L/] is closed
under left divisors.

Let C be the small category constructed in Sections 2.2 and 3, with base object � and
enveloping groupoid Q. Then there exists a right Garside map � for C such that DivC.�/
is a Garside family for C, and we have Q.�;�/ Š F .Il Ë @�/.

The category C is constructed explicitly as a category of bisections of our groupoid
(see Sections 2.2 and 3). The construction of C is interesting on its own right as sim-
ilar constructions led to a better understanding of group homology for topological full
groups [26]. Theorem A is proved in Section 4 (see Corollary 4.23), where the reader
will find more explanations and details. We restrict to the case of small categories C with
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finite set of objects C0 for convenience and because this is required for the applications
we have in mind. The point about Theorem A is that it allows us to apply tools for Garside
categories as in [12] in the study of topological full groups.

For example, Theorem A allows us to solve the word problem for topological full
groups of the form F .Il Ë @�/.

Corollary B. Assume that we are in the same situation as in Theorem A. Suppose that
there exists a computableD�-map for S]. Then F .Il Ë @�/ has decidable word problem.

Here, aD�-map for S] DSC� [C� is a partial map E from S] �S] to C� with the
property that E.s; t/ is defined if and only if s D� t , and in that case E.s; t/ D u 2 C�

with su D t . Such a D�-map is called computable if it can be implemented on a Turing
machine. Corollary B is proved in Section 4 (see Corollary 4.24), where we construct a
concrete algorithm to solve the word problem, that is, to decide whether a given word in
the generators represents the trivial element of our topological full groups.

As another application of Garside structures, we establish general criteria for finiteness
properties of topological full groups.

Theorem C. Let C and S be as in Theorem A. Assume that conditions (F), (St), (LCM)
and .t < d/ are satisfied. Then for all natural numbers n, F .Il Ë @�/ is of type Fn if
C�.v; v/ is of type Fn for all v 2 C0.

The conditions (F), (St), (LCM) and .t < d/ are introduced in Section 5, which also
contains the proof of Theorem C (see Theorem 5.2). On our way of proving Theorem C,
we construct a concrete simplicial complex on which our topological full group acts and
for which our conditions allow us to establish the desired connectivity properties. The
construction of the complex is interesting on its own right as we expect a further analysis
of it to reveal valuable information about topological full groups, for instance, regarding
concrete presentations (see, for instance, [29]).

Having established a general criterion for finiteness properties of topological full
groups, we now turn to specific contexts where the conditions in Theorem C are satis-
fied. In the presence of degree maps, we identify criteria for finiteness properties which
are easy to check.

Corollary D. Let P be a left cancellative monoid with P � D ¹1º. Assume that P is right
Noetherian, left reversible and admits conditional lcms. Suppose that SP � P is a finite
Garside family in P with 1 … SP and assume that .S�LP /] is closed under left divisors
for all L � 1. Let C be a left cancellative small category with finite C0 equipped with a
P -valued degree map d such that v Pd�1.p/ <1 for all v 2 C0 and p 2 P . Suppose that
condition (F) holds.

If for all v 2 C0 and s 2 SP , we have #vd�1.s/v � 2, then for all natural numbers n,
F .Il Ë @�/ is of type Fn if C�.v; v/ is of type Fn for all v 2 C0.
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Degree maps are introduced in Section 6, where Corollary D is proved, too (see
Theorem 6.12). Condition (F) is, for example, satisfied if C is cancellative. Corol-
lary D applies, for instance, to small categories arising from higher-rank graphs (where
P D Zk�0). In particular, we obtain the following special case.

Corollary E. Suppose that Cj , 1 � j � k, are path categories of finite graphs. Assume
that for all 1 � j � k and v 2 C0j , we have #vCjv � 2. Let Gj WD Il .Cj / Ë @�Cj . Then
F .G1 � � � � � Gk/ is of type F1.

In particular, if Gj , 1 � j � k, are groupoids arising from irreducible one-sided shifts
of finite type as in [29], then F .G1 � � � � � Gk/ is of type F1.

This answers a natural question left open in [30, Section 5.3]. For the proof of Corol-
lary E, see Section 7.1 (Corollary 7.3). Corollary D also applies to topological full groups
of groupoids arising from one vertex higher-rank graphs (see Corollary 7.4). Note that we
are not allowing arbitrary graphs in Corollary E because of the condition that #vCjv � 2.
A corresponding condition is required in the case of one vertex higher-rank graphs. How-
ever, our results do cover all products of groupoids from irreducible one-sided shifts of
finite type, as we explain in the proof of Corollary 7.3.

Next, we consider Zappa–Szép products of a small category and a groupoid. Such
examples have been considered in various situations in [1, 2, 13, 20, 21, 28, 31, 32, 40, 42]
and, in particular, give rise to Röver–Nekrashevych groups as mentioned above. For our
purposes, Zappa–Szép products allow us to adjoin invertible elements to a small category
while keeping the key properties which are needed to establish finiteness properties for
the topological full groups of the corresponding groupoid models.

Corollary F. Assume that C and S are as in Theorem A. Let G Õ C be a self-similar
action and form D WD C‰ G . Assume that (Inv) holds and that D is right cancellative
up to D�. Further, suppose that conditions (St), (LCM) and .t < d/ are satisfied for C

and that condition (F) is satisfied for D.
Then for all natural numbers n, F .Il .D/ Ë @�D/ is of type Fn if D�.w;w/ is of type

Fn for all w 2D0.

Self-similar actions and all relevant related notions are introduced in Section 7.2,
where the reader will also find the proof of Corollary F (see Theorem 7.14). As explained
in Example 7.16, Corollary F generalizes [38, Theorem 4.15] and covers self-similar
groups as in [31,32], self-similar actions on graphs as in [13,20,21] as well as self-similar
actions on higher-rank graphs as in [1, 28]. For instance, Corollary F covers topological
full groups of groupoid models for Katsura algebras as discussed in [13, Section 18].

2. Category of bisections

First, we develop a general framework which allows us to describe topological full groups
of classes of groupoids as isotropy groups of small categories.
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2.1. The setting of general groupoids

Let G be an étale groupoid with range and source maps r; s. Let X WD G .0/ denote the unit
space of G , and assume that X is totally disconnected, compact and Hausdorff. Let CO

be the set of compact open subsets of X . We set out to define the category of bisections
of G .

Definition 2.1. Define a small category B as follows:
Objects of B are given by finite tuples U D .Ui /i2I with Ui 2 CO for all i 2 I .
Morphisms of B from U D .Ui /i2I to V D .Vj /j2J are of the form a D .ai /i2I ,

together with a map I ! J; i 7! j.i/, where for each i 2 I , ai is a compact open
bisection of G with s.ai / D Ui and r.ai / � Vj.i/. Moreover, for each j 2 J , if we set
Ij WD ¹i 2 I W j.i/ D j º, then we require that Vj D

`
i2Ij

r.ai /. For such a morphism a,
set d.a/ D U and t.a/ D V , and the map I ! J is called the base map. Let B.V ;U /

denote the set of morphisms with d.a/ D U and t.a/ D V .
Let us now precisely define composition in B. Given b D .bj / 2 B.W ; V / and

a D .ai / 2 B.V ; U /, where U D .Ui /i2I , V D .Vj /j2J and W D .Wk/k2K , define
ba D ..ba/i /i2I 2 B.W ;U /, where .ba/i WD bj.i/ai for each i 2 I , and the base map
for ba is given by the composition I ! J ! K; i 7! j.i/ 7! k.j.i//.

Here and in the following, our index sets I are finite ordered sets of the form
¹1; : : : ; mº.

To see that composition in B is well defined, observe that s..ba/i / D Ui and
r..ba/i / � Wk.j.i//. Moreover, given k 2 K, if we set Ik WD ¹i 2 I W k.j.i// D kº, thena

i2Ik

r..ba/i / D
a
j2Jk

a
i2Ij

r.bjai / D
a
j2Jk

r.bj / D Wk :

Lemma 2.2. The category B is left reversible, that is, for all a;b 2 B with t.a/ D t.b/,
there exist a0;b0 2 B such that aa0 D bb0 in B.

Proof. Suppose that a D .ah/h2H and b D .bi /i2I with t.a/ D V D t.b/, where V D
.Vj /j2J , and assume that H ! J; h 7! ja.h/ and I ! J; i 7! jb.i/ are the base
maps for a and b, respectively. First, we arrange by right multiplication by a0; b0 2 B

that there exists a bijection I Š H; i 7! hi such that r.ahi / D r.bi /. Let H � I WD

¹.h; i/ 2 H � I W r.ah/ \ r.bi / ¤ ;º. For .h; i/ 2 H � I , define Pah;i D s..r.ah/ \
r.bi //ah/ and Pbh;i D s..r.ah/ \ r.bi //bi /. We obtain morphisms Pa WD . Pah;i /.h;i/2H �I 2

B.d.a/; . Pah;i /.h;i/2H �I /with base mapH � I !H; .h; i/ 7! h and Pb WD . Pbh;i /.h;i/2H �I 2
B.d.b/; . Pbh;i /.h;i/2H �I / with base map H � I ! I; .h; i/ 7! i . We now have a Pa D
.ah Pah;i /.h;i/2H �I 2B.V ; . Pah;i /.h;i/2H �I / with base mapH � I !H; .h; i/ 7! ja.h/ and
b PbD .bi Pbh;i /.h;i/2H �I 2B.V ; . Pbh;i /.h;i/2H �I /with base mapH � I!H; .h; i/ 7! jb.i/.
Then we obtain for each .h; i/ 2 H � I that r.ah Pah;i / D r.ah/ \ r.bi / D r.bi Pbh;i /. So
without loss of generality, we may assume that H D I and that r.ai / D r.bi / for all i .
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In that situation, let a0 D .a0i /i2I 2 B..s.ai //i2I ; .s.bi //i2I / with base map idI and
a0i D a

�1
i bi . Then aa0 D b.

Let us now describe the enveloping groupoid of B.

Lemma 2.3. The enveloping groupoid Q.B/ of B is given as follows:
The set of objects of Q.B/ coincides with the set of objects of B.
Morphisms of Q.B/ from U D .Ui /i2I to V D .Vj /j2J are of the form a D .al /l2L,

where L is a subset of J � I , where for each .j; i/ 2 L, aj;i is a compact open bisec-
tion of G with s.aj;i / � Ui and r.aj;i / � Vj . Moreover, for each i 2 I , we require that
Ui D

`
.j;i/2L s.aj;i /, and for each j 2 J , we require that Vj D

`
.j;i/2L r.aj;i /.

Composition in Q.B/ is given as follows: Suppose that a D .al /l2L 2 Q.B/.V ;U /
and b D .bm/m2M 2 Q.B/.W ; V /, where U D .Ui /i2I , V D .Vj /j2J and W D
.Wk/k2K . Let N be the set of pairs .k; i/ 2 K � I for which there exists j 2 J such
that s.bk;j / \ r.aj;i / ¤ ;. For .k; i/ 2 N , define .ba/k;i WD j̀ bk;jaj;i , where the dis-
joint union is taken over all j 2 J with s.bk;j / \ r.aj;i / ¤ ;. The set .ba/k;i is again
a compact open bisection, and we define the product of b and a as the morphism
ba D ..ba/k;i /.k;i/2N 2 Q.B/.W ;U /.

We obtain an embedding B.V ;U / ,!Q.B/.V ;U /; a 7! a0 as follows: For aD .ai /,
set L WD ¹.j.i/; i/ W i 2 I º, and a0

j.i/;i
WD ai , a0 WD .al /l2L.

Note that we are implicitly choosing a fixed bijection L Š ¹1; : : : ; #Lº.

Proof. It is straightforward to check that Q.B/ is well defined and that the maps
B.V ;U / ,! Q.B/.V ;U / defined above indeed give rise to an embedding B ,! Q.B/

of categories.
Inverses are given in Q.B/ as follows: Given a D .al /l2L 2 Q.B/.V ; U /, let

M D¹.i; j /2 I � J W .j; i/2Lº. Then the inverse of a is given by a�1D ..a�1/m/m2M 2
Q.B/.U ;V /, where .a�1/i;j D .aj;i /�1.

Finally, to see that Q.B/ D BB�1, take an arbitrary element a D .al /l2L 2

Q.B/.V ;U /. Define the elements Pa D .al /l2L 2 B.V ; .s.al //l2L/ and b D .bl /l2L 2
B.U ; .s.al //l2L/, where bl WD s.al / for all l 2 L. Then a D Pab�1 in Q.B/.

We will identify B as a subcategory of Q.B/ via the embedding constructed above.
Recall that the topological full group of G is given by the group of compact open

bisections a of G which are global, in the sense that r.a/ D X D s.a/. The product in the
topological full group is given by multiplication of bisections as subsets of the groupoid
(see [34]). The following is an immediate consequence of our construction.

Lemma 2.4. For every compact open subset Y � X , we have F .G YY / D B.Y; Y / and
F .G YY / D Q.B/.Y; Y /. Here, Y denotes the object .Y / of B or Q.B/ consisting of the
single element Y 2 CO.

In the statement above, G YY denotes the restriction of G to Y , that is, G YY D ¹
 2 G W

r.
/; s.
/ 2 Y º.
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2.2. Groupoids arising from left cancellative small categories

We use the same notation as in [27], where the reader may find more details as well. Let C

be a small category. We will identify the category with its set of morphisms, again denoted
by C, and write C0 for its set of objects, which we view as identity morphisms and hence
as a subset of C. Let d W C! C0 and t W C! C0 be the domain and target maps. Let C�

denote the set of invertible elements of C. We assume that C is left cancellative, that is, for
all c; x;y 2C with d.c/D t.x/D t.y/, cx D cy implies x D y. Note that our convention
is the same as the one in [27,39,42], while it is opposite to the one used in [12]. Also note
that C� is denoted by C� in [12, 42].

Let Il be the left inverse hull of C, that is, the inverse semigroup of partial bijections
of C generated by the left multiplication maps c W d.c/C! cC; x 7! cx. Here and in
the sequel, for c 2 C and S � C, we use the notation cS WD ¹cs W s 2 S; t.s/ D d.c/º. A
general element s of Il is of the form s D d�1n cn � � �d

�1
2 c2d

�1
1 c1, where t.di /D t.ci / and

d.di / D d.ciC1/. We denote the domain and image of s by dom.s/ and im.s/. Let J be
the semilattice of idempotents in Il . We identify J with the semilattice ¹dom.s/ W s 2 Ilº
of subsets of C.

The space of characters yJ is given by the set of non-zero multiplicative maps J !

¹0; 1º, which send 0 2 J to 0 2 ¹0; 1º in case Il contains 0. Here, multiplication in ¹0; 1º
is the usual one induced by multiplication in R. The topology on yJ is given by pointwise
convergence. A basis of compact open sets for the topology of yJ is given by sets of the
form

yJ.eI f/ WD ¹� 2 yJ W �.e/ D 1; �.f / D 0 8 f 2 fº;

where e 2 J and f � J is a finite subset. We can always assume that f � e for all f 2 f .
We will also set yJ.e/ WD ¹� 2 yJ W �.e/ D 1º.

Consider the subspace � of yJ consisting of those � 2 yJ with the following property:
Suppose that v 2 C0, and we are given f 2 E, ei 2 E .1 � i � n/ with f � vC, ei � vC

for all i . If f D
Sn
iD1 ei as subsets of C, then �.f / D 1 implies that �.ei / D 1 for some

1 � i � n (compare [39, Definitions 6.1–6.3]).
Now every s 2 Il induces the partial bijection

¹� 2 yJ W �.dom.s// D 1º ��! ¹� 2 yJ W �.ran.s// D 1º; � 7! s:� WD �.s�1 t s/:

By restriction, this yields an action Il Õ �. Now we can form the groupoid

Il Ë� WD ¹.s; �/ 2 Il �� W �.s�1s/ D 1º=�;

where we define .s; �/ � .t; �/ if � D � and there exists e 2 J with �.e/ D 1 such that
se D te. The topology of Il Ë� is described in [27, Section 2.2].

Similarly, if X � � is a closed invariant subspace, then we consider the groupoid
Il ËX D .Il Ë�/XX . Here, “invariant” always refers to the Il -action.

Let us now introduce a special closed invariant subspace called the boundary. First of
all, let yJmax be the set of characters � 2 yJ for which ��1.1/ is maximal among all charac-
ters � 2 yJ. As observed in [27, Section 2], we have yJmax � �. The boundary @� is given
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as the closure of yJmax in �, that is, @� WD yJmax � �. The boundary @� is Il -invariant,
so that we may form the boundary groupoid Il Ë @�.

Let us recall the notion of finite alignment (see [39, Definition 3.2]), which will allow
us to focus on principal right ideals as opposed to general elements of J. The category
C is called finitely aligned if for all a; b 2 C, there exists a finite subset ¹ciº � C such
that aC \ bC D

S
i ciC. Alternatively, this can be rephrased using the notion of mcms

(minimal common right multiples), in the sense of [12, Definition 2.38]. Recall that given
a;b; c 2C, c is called an mcm of a and b if c 2 aC\ bC and no proper left divisor d (i.e.,
an element d 2 C with c 2 dC) satisfies d 2 aC \ bC. It follows from [39, Lemma 3.3]
that C is finitely aligned if and only if for all a; b 2 C, the set of mcms mcm.a; b/ is non-
empty and finite up to right multiplication by C�. Given a subset A � C, we introduce the
notation mcm.A/ WD ¹mcm.a1; a2/ W a1; a2 2 Aº. Given subsets A1; A2; : : : � C, we set
mcm.A1; A2; : : : / WD mcm

�S
i Ai

�
.

We briefly explain the connection to C*-algebras and refer to [27] for details. Form
the Hilbert space `2C, with canonical orthonormal basis given by ıx.y/D 1 if x D y and
ıx.y/ D 0 if x ¤ y. For each c 2 C, the mapping,

ıx 7!

´
ıcx if t.x/ D d.c/;

0 else;

extends to a bounded linear operator on `2.C/ which we denote by �c . Note that left can-
cellation is needed at this point to ensure boundedness of the extension of this mapping.
Now the left reduced C*-algebra of C is given by C �

�
.C/ WD C �.¹�c W c 2 Cº/�L.`2C/.

It is shown in [39, Section 11] that there is a canonical isomorphism C �r .Il Ë �/
�
�!

C �
�
.C/ if C is finitely aligned.
The space � is compact if and only if C0 is finite. Since we would like our groupoids

to have compact unit spaces, we will later on assume that C0 is finite.
Now fix a closed invariant subspace X of �. Let B be the category of compact

open bisections of the groupoid Il Ë X . Given c 2 C, the compact open bisection
¹Œc; �� W � 2 �; �.d.c/C/ D 1º will be denoted by c again.

Definition 2.5. Let C�B be the subcategory with the same set of objects and morphisms
of the form a D .aiUi /i2I 2 B.V ;U /, where U D .Ui /i2I and ai 2 C.

It is easy to see that this is indeed a subcategory.
Let us now explain the connection to topological full groups. In the following, the

enveloping groupoid of C is denoted by Q.C/.

Lemma 2.6. We have Q.C/.Y; Y / D F ..Il Ë X/YY / for every compact open subset
Y � X .

Proof. We have Q.C/.Y; Y / � Q.B/.Y; Y / D F ..Il Ë X/YY /. It remains to show “�”.
Every element of F ..Il Ë X/YY / is a finite union of compact open bisections of the
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form Œs; U � for some s 2 Il and U � Y . It is straightforward to see that we can always
arrange this to be a disjoint union. Hence, every element of F ..Il Ë X/YY / is of the form
cV cc

�1
U

, where U D .Ui /i2I with Y D
`
i2I Ui , cU D .Ui /i2I 2C.Y;U /, V D .Vi /i2I

with Y D
`
i2I Vi , cV D .Vi /i2I 2 C.Y; V / and c D .Œsi ; Ui �/i2I 2 Q.C/.V ;U / for

some si 2 Il with r.Œsi ; Ui �/ D Vi , where the base map is given by idI . For each index
i 2 I , let us write si D b�1i;Nai;N � � � b

�1
i;2ai;2b

�1
i;1ai;1. Note that, by choosing N big

enough, the same N works for all i . Then Œsi ; Ui � D zb�1i;N zai;N � � � zb
�1
i;2 zai;2

zb�1i;1 zai;1, where
zai;1 D Œai;1; Ui � D ai;1Ui , zbi;1 D Œbi;1; b

�1
i;1ai;1:Ui � D bi;1.b

�1
i;1ai;1:Ui /; : : : Now define

a1 WD .zai;1/i2I 2C;b1 WD .zbi;1/i2I 2C; : : : ;aN WD .zai;N /i2I 2C;bN WD .zbi;N /i2I 2C,
where the base map is always idI . Then

c D b�1N aN � � �b
�1
1 a1

lies in Q.C/. Thus cV cc
�1
U

lies in Q.C/.

For a closed invariant subspaceX ��, we writeX.eI f/ WD X \ yJ.eI f/ andX.e/ WD
X \ yJ.e/.

Lemma 2.7. We have Q.C/.Y; Y / Š Q.C/..Y \ X.vC//v2C0 ; .Y \ X.vC//v2C0/ for
every compact open subset Y � X .

Proof. Consider the morphism c D .cv/v 2 C.Y; .Y \ X.vC//v2C0/ given by cv D

Y \X.vC/. Then the desired isomorphism is given by conjugation with c, i.e., c t c�1 W
Q.C/..Y \X.vC//v2C0 ; .Y \X.vC//v2C0/

�
�! Q.C/.Y; Y /.

Proposition 2.8. If C is finitely aligned, then C is left reversible.

Proof. Suppose that a; b 2 C with t.a/ D t.b/. As we have seen in the proof of
Lemma 2.2, up to right multiplication with elements of C, we may assume that a D
.aiUi /i2I and b D .biUi /i2I , where r.aiUi / D r.biUi / for all i . Now fix i 2 I and set
a WD ai , b WD bi , U WD Ui and set V WD r.aU / D r.bU /. As C is finitely aligned, we can
find a finite set ¹cnº1�n�N � C such that aC \ bC D

S
n cnC. Write cn D aan D bbn.

For � 2 V , �.aC/ D 1 D �.bC/ implies that there exists n with �.cnC/ D 1. Define

Vn WD ¹� 2 V W �.cnC/ D 1; �.cmC/ D 0 for all m < nº:

We have s.aU / D a�1:V D
`
n a
�1:Vn and s.bU / D b�1:V D

`
n b
�1:Vn. Now we

claim that a�1:Vn D an:c
�1
n :Vn. Indeed, “�” is clear, and for “�”, take � 2 a�1:Vn.

Then a:� 2 Vn, so a:�.aanC/ D a:�.cnC/ D 1, which implies �.anC/ D 1 and hence
� D an:a

�1
n :�. We conclude that

� D an:a
�1
n :� D an:a

�1
n :a�1:.a:�/ D an:c

�1
n :.a:�/ 2 an:c

�1
n :V:

Similarly, we have b�1:Vn D bn:c�1n :Vn. Now set a0n WD an.c
�1
n :V / and a0i WD .a

0
n/n 2

C.s.a/; .c�1n :Vn/n/, and b0n WD bn.c
�1
n :V / and b0i WD .b

0
n/n 2 C.s.b/; .c�1n :Vn/n/. Then
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bbn D aan for all n implies that .aU /a0i D .bU /b
0
i , where we view aU as a morphism in

C.r.aU /; s.aU // and bU as a morphism in C.r.bU /; s.bU //. Applying this construction
to aiUi for all i 2 I , we obtain a0 2 C with d.a/ D t.a0/ and b0 2 C with d.b/ D t.b0/
such that aa0 D bb0.

Corollary 2.9. The enveloping groupoid Q.C/ is given by CC�1 (formed inside Q.B/,
as constructed in Section 2.1).

2.3. Decompositions of compact open subsets

In preparation for later applications, we show how to decompose compact open subsets
into basic ones.

The following is stated in [24, Lemma 4.1].

Lemma 2.10. Every compact open subset ofX is a disjoint union of finite sets of the form
X.eI f/.

Proof. Let U be the collection of subsets of X which can be written as disjoint unions of
finite sets of the form X.eI f/. Our proof will be complete once we show that U is closed
under finite unions, because every compact open subset of X is a finite union of sets of
the form X.eI f/. For e; g � vC .v 2 C0/, we have X.eI f/ \ X.gI h/ D X.egI f [ h/.
Moreover, X.egI f [ h/c D X.vCI eg/ [

S
x2f[hX.x/. So

X.gI h/ \ .X.egI f [ h//c D X.gI ¹egº [ h/q
[
x2f[h

X.xgI h/

D X.gI ¹egº [ h/q
[
x2f

X.xgI h/;

and [
x2f

X.xgI h/ D X.x0gI h/q
[

x2fn¹x0º

X.xgI ¹x0gº [ h/:

Proceeding inductively on #f , we obtain that
S
x2f X.xgI h/ 2 U. Hence,

X.eI f/ [X.gI h/ D X.eI f/qX.gI h/ \ .X.eI f/ \X.gI h//c

D X.eI f/qX.gI h/ \ .X.egI f [ h//c

lies in U, as desired.

Remark 2.11. The last computation shows that, given finite subsets f; h � J, we have[
f 2f

X.f I h/ D
a
f 2f

X.f I hf /

for some finite subsets hf � J.
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Now suppose that C is finitely aligned. Then J n ¹;º D
®S

i aiC W ai 2 C
¯

by [39,
Corollary 3.8]. By construction of �, we have �

�S
i aiC

�
D
S
i �.aiC/ and

�

�[
i

aiCI

²[
j

"kj C

³
k

�
D

[
i

�
�
aiCI

®
"kj C

j̄;k

�
D

[
i

�.aiCI ei /

for some finite subsets ei � ¹xC W x 2 Cº by Remark 2.11. A similar statement holds
for X in place of �.

In the following, when there is no danger of confusion, we denote aC by a, for a 2 C.
Then the above shows the following.

Lemma 2.12. Suppose that C is finitely aligned. Then every compact open subset of X is
a finite disjoint union of sets of the form X.aI e/, where a 2 C and e is a finite subset of C.

3. Categories of bisections attached to Garside categories

In this section, we restrict the set of objects of the category C of bisections from
Section 2.2. From now on, we assume that C is a finitely aligned left cancellative small
category. Finite alignment allows us to focus on principal ideals. As before, when the
meaning is clear from the context, given a 2 C, we will denote the principal ideal aC by a
again. Since C is finitely aligned, Lemma 3.3 of [39] implies that C admits mcms.

Let us introduce the following notation as in [27]: Given a; b 2 C, we write a � b if a
is a left divisor of b, that is, b 2 aC. We write a � b if bC ¨ aC. We write a

�
� b if a

is a right divisor of b, that is, b 2 Ca. We write a �� b if Cb ¨ Ca. We write a D� b if
a 2 bC� (which is equivalent to aC D bC).

The category C is right Noetherian in the sense of [12, Chapter II, Definition 2.26] if
there is no infinite descending chain � � � �� a3

�
� a2

�
� a1 in C.

From now on, let as assume that C0 is finite, so that � is compact, and let X be a
closed invariant subspace of �.

We introduce the following terminology and record a related observation for later use.

Definition 3.1. The category C is called right cancellative up toD� if, for all a; b; x 2 C,
ax D bx implies a D� b.

Lemma 3.2. The following are true:

(i) If C is right cancellative up toD�, then, for all a; b 2C and � 2�, Œa;��D Œb;��
implies aD� b. In particular, for all u 2 C and � 2�, Œu;��D � implies u 2 C�.

(ii) If C is right Noetherian and right cancellative up to D�, then the category of
bisections C from Section 2.2 is right Noetherian.

Proof. (i) By definition of the equivalence relation, Œa;��D Œb;�� implies that there exists
x 2C with �.x/D 1 and axD bx. Right cancellation up toD� implies aD� b, as desired.
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(ii) Now suppose we have a
�
� b in C, that is, b D a0a. If t.b/ D .Vj /j2J and

t.a/ D .Wk/k2K , then #J � #K. If d.b/ D .Ui /i2I , then #J � #K � #I . Hence, given
a chain � � �

�
� a3

�
� a2

�
� a1 in C, we may assume that t.an/ D .Vn;j /j2Jn for all n, and

#Jn D #J1 for all n. Now write a0nan D an�1 and a0n D .a
0
n;jVn;j /j . Let d.a1/D .Ui /i2I

and write an D .an;iUi /i2I . Then Œa1;i ; Ui � D Œa02;j.i/a2;i ; Ui � implies by (i) that a1;i D�

a0
2;j.i/

a2;i and thus a2;i
�
� a1;i . Continuing this way, we obtain � � �

�
� a3;i

�
� a2;i

�
� a1;i ,

for all i . Since C is right Noetherian, we deduce that there must exist n0 such that for all
n � n0, we have a0n;j 2 C� for all j and thus a0n 2 C�.

Now let us specialize to the class of Garside categories. The idea behind the concept of
Garside structures originated from the study of Braid groups and monoids, and of the more
general Artin–Tits groups and monoids. Roughly speaking, Garside structures axiomatize
the structures which are needed to carry over classical results and methods from Braid
groups and monoids to more general groups, monoids or small categories. One important
feature of Garside categories is that elements admit normal forms. This was used in [27] to
derive general results about groupoids and C*-algebras attached to left regular representa-
tions of Garside categories. In [42], criteria have been established for finiteness properties
of isotropy groups of Garside categories, based on the existence of head functions given
by maximal left divisors from a given Garside family. Now our goal is to show that a
Garside family in C induces Garside families in subcategories of C, and based on this,
to derive criteria when these Garside structures fit into the general framework developed
in [42] which then allows us to establish finiteness properties for isotropy groups and
hence topological full groups.

To explain the notion of Garside family, we need some terminology. First of all, a finite
sequence s1; s2; : : : in C is called a path if d.sk/ D t.skC1/ for all k. Such a path will be
denoted by s1s2 � � � .

Definition 3.3. A subset S � S is closed under right comultiples if for all r; s 2 S and
a 2 C with r � a, s � a, there exists t 2 S with r � t , s � t and t � a.

Definition 3.4. Suppose S � C is closed under right comultiples such that S [ C�

generates C and S] WD SC� [ C� is closed under right divisors.
A path s1; : : : ; sl 2S] is called normal if for all 1� k � l � 1 and r 2S, if r � skskC1

then r � sk .
For a 2 C, a normal decomposition or normal form of a is given by a normal path

s1 � � � sl in S] with a D s1 � � � sl .
The subset S is called a Garside family if every element in C admits a normal

decomposition.

Suppose that S is a Garside family of C. We can always arrange (see [12, Chapter III,
Corollary 1.34]) that S is D�-transverse, that is, for all s1; s2 2 S, s1 D� s2 implies
s1 D s2. We can also assume without loss of generality that S \ C� D ; (see [12,
Chapter III, Corollary 1.34]).
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Given a 2 S, we define kak WD 0 if a 2 C� and kak WD l if s1 � � � sl is the unique
normal decomposition of a 2 C n C� (which exists by [12, Chapter III, Corollary 1.27]).

If C is right Noetherian and admits mcms, then S � C is a Garside family if and
only if S [ C� generates C and S] is closed under mcms and right divisors (see [12,
Chapter IV, Proposition 2.25]). The reader may consult [12] for more information about
Garside families.

Now assume that S is locally finite (i.e., #vS <1 for all v 2 C0).
Corollary 1.37 of [12, Chapter III] implies that for all L � 1, S�L D S[S2 [ � � � [

SL is a Garside family again. Proposition 2.25 of [12, Chapter IV] implies that S�L is
closed under mcms.

Lemma 3.5. There are no infinite chains a � a1 � a2 � � � � in .S�L/].

Proof. Since S is locally finite, Sl is again locally finite for all 1 � l � L.

In addition, we assume that for all L� 1, .S�L/] is closed under left divisors. This is,
for instance, the case if the assumptions of [12, Chapter III, Proposition 1.62] are satisfied.

Lemma 3.6. Let a and b be elements of C with kakDLDkbk. Then every c 2mcm.a;b/
satisfies kck D L.

Proof. As S�L is closed under mcms, we must have kck � L. If kck � L� 1, then, since
.S�L�1/] is closed under left divisors, it would follow that kak �L� 1 and kbk �L� 1.
But this is a contradiction.

Lemma 3.7. Given ai 2 C and a finite set e � C, there exist finite subsets ei �

mcm.¹aiº; e/ such that [
i

X.ai I e/ D
a
i

X.ai I ei /:

Proof. We have[
i

X.ai I e/ D
[
i

X.ai Imcm.ai ; e//

D X.a1Imcm.a1; e//q
[
i>1

X.ai Imcm.ai ; a1/;mcm.ai ; e//:

Now proceed inductively on #¹aiº.

Lemma 3.8. Every compact open subset of the form X.aI e/ is a finite disjoint union of
sets of the form X.bI bf/ for some b 2 C and some finite set f � d.b/S.

Proof. Write e D ¹asi"iº for some si 2 S. Choose L big enough so that e � .S�L/].
Then

X.aI e/ D X.aI ¹asiº/q
[
i

X.asi I e/:
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By Lemma 3.7, we can further decompose[
i

X.asi I e/ D
a
i

X.asi I ei /;

where ei �mcm.asi ; e/ are finite subsets of .S�L/] since asi 2 .S�L/] and e� .S�L/]

because .S�L/] is closed under left divisors and mcms.
Without loss of generality we may assume that X.asi I ei / ¤ ;. So if ei ¤ ;, then we

must have asi � " for all " 2 ei . If there exists i with ei ¤;, then let a.1/ WD a, a.2/ WD asi ,
and continue the above process with asi in place of a. In this way, we obtain a chain
a.1/ � a.2/ � a.3/ � � � � in .S�L/]. As observed above, every such chain in .S�L/] must
be finite. Hence, this process must end. This means that at some point, we obtain ei D ;

for all i .

Definition 3.9. Given objects U D .Ui /i2I and U 0 D .U 0i 0/i 02I 0 in C, letK D I q I 0 and
define the object U qU 0 WD . zUk/k2K of C by zUk WD Uk if k 2 I and zUk WD U 0k if k 2 I 0.

Definition 3.10. We define XS as the smallest subset of objects of C which contains
¹X.vI e/ W v 2 C0; e � vSº and which is closed under the operationq.

Definition 3.11. We set

CXS
WD ¹a 2 C W t.a/; d.a/ 2 XSº:

Proposition 3.12. Suppose that C is finitely aligned and that C0 is finite. Assume that S is
a Garside family in C which is locally finite,D�-transverse with S \ C� D ;. Moreover,
assume that for all L � 1, .S�L/] is closed under left divisors.

For all U D .Ui /i2I , where Ui are compact open subsets ofX , there exists c 2C with
t.c/ D U and d.c/ 2 XS.

The category CXS
is left reversible.

The enveloping groupoidQ.CXS
/ of CXS

satisfiesQ.CXS
/.�;�/DQ.C/.�;�/ for

all � 2 XS.

Proof. For all i 2 I , Lemmas 2.10 and 3.8 imply that there exists a decomposition Ui D`
k X.cik I cikeik/ with eik � S. Then c D .cikX.d.cik/I eik//.i;k/ defines a morphism

in C.U ; .X.d.cik/I eik//.i;k//, where the base map sends .i; k/ to i .
To see that CXS

is left reversible, take a; b 2 CXS
. By Proposition 2.8, there exist

a0;b0 2 C with aa0 D bb0. We have just seen that there exists c 2 C with t.c/D d.a0/D
d.b0/ and d.c/ 2 XS. Hence, a0c;b0c 2 CXS

and a.a0c/ D b.b0c/.
Finally, every element of Q.C/.�; �/ is of the form ab�1 for some a; b 2 C. As we

have seen above, there exists c 2 C with t.c/ D d.a/ D d.b/ and d.c/ 2 XS. Then
ab�1 D .ac/.cb/�1 2 Q.CXS

/.�;�/.
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4. Garside subcategories describing topological full groups

First, we identify criteria when subcategories of C or CXS
still allow for descriptions of

topological full groups as isotropy groups (of enveloping groupoids). Then we turn to the
question when such subcategories admit right Garside maps.

Throughout this section, let C be a finitely aligned left cancellative small category with
finite C0. Assume that S is a Garside family in C which is locally finite, D�-transverse
with S \ C� D ;. Moreover, assume that for all L � 1, .S�L/] is closed under left
divisors.

As C is generated by S and C�, we know that C n C� D SC. It follows that, since
every s 2S is contained in some aC, where a 2 A, we must have C nC� D AC. Here, A

denotes the set of atoms in C, that is, elements of C which do not admit proper divisors.
For x 2 C, let �x be the element of � with �x.e/ D 1 if and only if xC � e (as defined
above). Now suppose v 2 C0. Our assumption that S is locally finite implies that vA

must be finite. Since we have ¹�vº D �.vI vA/, it follows that ¹�vº is clopen. Hence,
¹�x W x 2 Cº is open in �, so that �1 WD � n ¹�x W x 2 Cº is closed. It is easy to see
that �1 is invariant as well. From now on, assume that X � �1 is a closed invariant
subspace of �1.

4.1. Topological full groups as isotropy groups of subcategories

Now suppose that v 2 C0 and e � vS. Let s � vC n C� be closed under mcms, that is,
mcm.s; t/ � s for all s; t 2 s. Further, assume that the canonical projection C ��! C=D�

restricts to an injective map on s.

Definition 4.1. For s 2 ¹vº [ s, let fs be aD�-transverse subset of C consisting up toD�

of all minimal elements of

¹f 2 C n C� W sf 2 sº [ ¹f 2 C n C� W sf 2 mcm.s; e/º:

Here, “minimal” refers to �. Note that fs is only well defined up to D�. But since
we will only use fs to construct X.d.s/I fs/, different choices of fs will lead to the same
set X.d.s/I fs/. Later on, we will only need the case where fs � S, so that fs will be
automaticallyD�-transverse.

For L � 1, let SL � vC be such that the canonical projection C ��! C=D� restricts to
a bijection SL

�
�! ¹a 2 C W kak D Lº=D� .

Lemma 4.2. The following are true:

(i) X.vI e/ \
�S

s2s sX
�
D
`
s2¹vº[s s:X.d.s/I fs/.

(ii) The following 
.e; s/ WD .sX.d.s/I fs//s2¹vº[s defines a morphism in the cat-
egory C.X.vI e/; .X.d.s/I fs//s2¹vº[s/.

(iii) For s D SL, we have
S
s2SL

sX D X and fs � A, so that we can arrange
fs � S, and fs coincides with the set of minimal elements of ¹f 2 S W sf 2 sº.
In particular, 
.e;SL/ 2 CXS

.
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Proof. (i) Given s; s0 2 s, write mcm.s; s0/ D ¹ssiº D ¹s0s0j º. We have
S
i ssi �

S
sfs

unless mcm.s; s0/ D ¹sº. Similarly,
S
j s
0s0j �

S
s0fs0 unless mcm.s; s0/ D ¹s0º. So

X.sI sfs/ and X.s0I s0fs0/ are disjoint unless s D� s0 (which implies s D s0 by assumption
on s).

Moreover, by construction, we have sX.d.s/I fs/ � X.sImcm.s; e// D X.vI e/\ sX .
Given � 2X.vIe/\

�S
s2s sX

�
, we have ¹s 2 s W �.s/D 1º ¤ ;. Hence, there exists t 2 s

maximal with respect to � such that �.t/ D 1. By maximality of t and since �.e/ D 0

implies �.tf / D 0 for all f 2 C with tf 2 mcm.t; e/, we deduce that � 2 tX.d.t/I ft /.
(ii) The bisection of 
.e; s/ corresponding to v is given by X.vI s [ e/, which is dis-

joint from sX for all s 2 s, hence from sX.d.s/I fs/ for all s 2 s. Moreover, (i) implies
that

X.vI s [ e/q

�a
s2s

X.d.s/I fs/

�
D X.vI s/ \X.vI e/qX.vI e/ \

�[
s2s

sX

�
D X.vI e/ \

�
X.vI s/ [

�[
s2s

sX

��
D X.vI e/:

(iii) We have
S
s2SL

sX D X because X � �1. Now take s 2 SL and f 2 C

such that sf 2 SL. It then follows that given any left divisor f 0 of f , we must have
sf 0 2 SL up to D�. Indeed, sf 0 2 .S�L/] as .S�L/] is closed under left divisors. If
sf 0 2 .S�L�1/], then we would deduce s 2 .S�L�1/], which would contradict s 2 SL.
Hence, ksf k D L. This shows that the minimal elements of ¹f 2 C n C� W sf 2 sº are
indeed contained in A. Moreover, for every s 2 SL, mcm.s; e/ � SL because e � S

implies mcm.s; e/ � .S�L/], and no element of mcm.s; e/ can lie in .S�L�1/] as s lies
in SL. It follows that ¹f 2 C n C� W sf 2 mcm.s; e/º � ¹f 2 C n C� W sf 2 SLº, as
desired.

Lemma 4.3. Let 
 D .sX.d.s/I f 0s//s2SL
2CXS

.X.vIe/; .X.d.s/I f 0s//s2SL
/ with f 0s �S

such that ksf 0k D L for all f 0 2 f 0s . Then 
 D 
.e;SL/.

Proof. Our assumption implies f 0s � fs for all s 2 SL, which in turn yields X.d.s/I f 0s/ �
X.d.s/I fs/ and henceX.sI sf 0s/� X.sI sfs/. Let zs be maximal with respect to� such that
X.d.zs/If 0

zs
/©X.d.zs/Ifzs/, which implies f 0

zs
¨fzs , andX.d.t/If 0t /DX.d.t/Ift / for all zs� t .

Take f 2 fzs n f 0
zs

such that X.d.zs/I f 0
zs
/ \ fX ¤ ;, which implies X.zsI zsf 0

zs
/ \ zsfX ¤ ;.

At the same time,
zsfX D

a
zsf�t

X.t I tft /:

This is a contradiction because X.zsI zsf 0
zs
/ and

`
zsf�t X.t I tft / D

`
zsf�t X.t I tf

0
t / are

disjoint.

Lemma 4.4. Given SL, S0L such that the canonical projection restricts to bijections
SL
�
�! ¹a 2 C W kak D Lº=D� and S0L

�
�! ¹a 2 C W kak D Lº=D� , there exists u 2 C�XS

with u 2 CXS
.d.
.e;SL//;d.
.e;S

0
L/// such that 
.e;SL/u D 
.e;S

0
L/.
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Proof. Suppose that we have s D� s0 2 S0L for all s 2 SL, say s0 D sus0 for us0 2 C�.
Then sCD s0C and ¹sf C W f 2 fsº D ¹s

0f 0C W f 0 2 fs0º D ¹sus0f
0C W f 0 2 fs0º. It follows

that ¹f C W f 2 fsº D us0¹f
0C W f 0 2 fs0º and thus us0 :X.d.s0/I fs0/D X.d.s/I fs/. Define

u D .us0X.d.s
0/I fs0//s02S0L

2 CXS
.d.
.e;SL//; d.
.e;S

0
L///. This morphism has the

desired properties.

We need the following operations.

Definition 4.5. Suppose that aD .ai /i2I 2CXS
..Vj /j2J ; .Ui /i2I / and a0 D .a0i 0/i 02I 0 2

CXS
..V 0j 0/j 02J 0 ; .U

0
i 0/i 02I 0/. LetK D I q I 0, LD J q J 0 (equipped with some ordering)

and define aq a0 WD ..aq a0/k/k2K 2 CXS
.. zVl /l2L; . zUk/k2K/ by zUk WD Uk if k 2 I ,

zUk WD U 0
k

if k 2 I 0, zVl WD Vl if l 2 J , zVl WD V 0
l

if l 2 J 0, .a q a0/k WD ak if k 2 I ,
.aq a0/k WD a

0
k

if k 2 I 0, and the base map K ! L is given as the disjoint union of the
base maps of a and a0.

Given X � XS, a subset � of CX is called qX-closed if for all a 2 � and x 2 X,
aq x lies in � .

Now consider X � ¹X.vI e/ W v 2 C0; e � vSº and let X be the smallest q-closed
subset of XS containing X. Further, let � be a subset of ¹a 2 CX W t.a/ 2 Xº and � the
smallest qX-closed subset of CX containing � . Let … be the smallest subcategory of C

containing � and C�X. Since both � and C�X are closed under the operationq, so is ….

Definition 4.6. We say that condition (St) is satisfied if the following conditions hold.

(1X) For all u 2 C�, e � d.u/S such that X.d.u/I e/ 2 X, we have X.t.u/Iue/ 2 X.

(2X) For all v 2C0 and e� vS, there exists a 2C with t.a/DX.vIe/ and d.a/ 2X.

(1� ) For all v 2 C0 and e � vS with X.vI e/ 2 X, we have 
.e;S/ 2 � .

(2� ) For all L � 1, v 2 C0, c 2 Cv with kck D L, s WD ¹s 2 vS W kcsk D Lº and
e � vS such that X.vI e/ 2 X, we have 
.e; s/ 2 � .

Note that (1� ) includes the condition that d.
.e;S// 2 X and (2� ) includes the
condition that d.
.e; s// 2 X for those s which appear in (2� ).

Proposition 4.7. Assume that (1X), (1� ) and (2� ) are satisfied. Let

a D .aiX.d.ai /I fi //i2I 2 CX.X.vI e/; .X.d.ai /I fi //i2I /;

and suppose that L � 1 is such that

kaif k � L for all i 2 I and f 2 fi : (1)

Then there exists SL � C such that the canonical projection restricts to a bijection
SL
�
�! ¹a 2 C W kak D Lº=D� and b 2 … with ab D 
.e;SL/.
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Proof. Fix SL � C such that the canonical projection restricts to a bijection SL
�
�! ¹a 2

C W kak D Lº=D� . If a ¤ 
.e;SL/, then by right multiplication with elements in C, we
can arrange

(i) kaik D L for all i 2 I ;

(ii) there exists S0L � C such that the canonical projection restricts to a bijection
S0L
�
�! ¹a 2 C W kak D Lº=D� , and ¹aiº � S0L;

(iii) fi D fai for all i 2 I ;

(iv) ¹aiº D S0L (where S0L is from (ii)).

(i) Assume that there exists aj 2 ¹ciº with kaj k < L. Consider the morphism b WD`
i2I bi with bi D X.d.ai /I fi / for i ¤ j and bj D 
.fj ;S/. Then ab still satisfies (1).

This process must stop after finitely many steps, so that we indeed can arrange kaik D L
for all i 2 I .

(ii) Assume that there exist ak ; al 2 ¹aiº such that ak D� al , say al D aku.
Because of uS � SC�, there exists fl � S so that ufl D

� gl (i.e., for all f 2 fl and
g 2 gl , we have uf D� g). It follows that u�1:X.d.ak/I gl / D X.d.al /I fl /. Define
b WD .bi /i2I 2 CX..X.d.ai /I fi //i2I ; .Ui /i2I /, where Ui WD X.d.ai /I fi / for i ¤ l and
Ul WDX.d.ak/Igl /, bi WDX.d.ai /I fi / for i ¤ l and bl WD u�1X.d.ak/Igl /, and the base
map is given by idI . Note that we need condition (1X) to ensure that X.d.ak/I gl / 2 X.
Then by multiplying a from the right with b, we can replace al by ak D alu�1. Continuing
this way, we can make sure that for all ak ; al 2 ¹aiº, ak D� al implies al D ak .

(iii) Assume that there exists j 2 I with fj ¤ faj . Define

s WD ¹s 2 S W kaj sk D Lº:

Now define b WD
`
i2I bi , where bi WD X.d.ai /I fi / for i ¤ j and bj WD 
.fj ; s/. By

multiplying a from the right with b, we replace fj by faj because 
.fj ; s/ contains the
compact open bisection X.d.aj /I faj /.

(iv) Take SL as in (ii). Assume that there is s 2 SL with s ¤� ai for all i 2 I . We
know that X.sI sfs/ is disjoint to X.ai I aifi / for all i 2 I by Lemma 4.2 (i), and that
X.vI e/ D

`
i2I X.ai Iaifi / since a is a morphism. It follows that X.sI sfs/ D ; and thus

X.d.s/I fs/ D ;.
Consequently, having gone through (i)–(iv), we arrive at 
.e;SL/ because of Lem-

mas 4.3 and 4.4.

Now fix an object � 2 X. We consider the component of � in … as follows.

Definition 4.8. Let X.�/ WD ¹x 2 X W 9 ˛ 2… with t.˛/D �; d.˛/D xº, X.�/ WD ¹U 2

X W 9 x 2 X.�/ with U 2 xº and �.�/ WD ¹
 2 � W t.
/ 2 X.�/º. The component of �
in… is given by C WD ¹˛ 2… W t.˛/ 2 X.�/º. Let Q denote the enveloping groupoid of C.

Clearly, C is a subcategory of …. We set out to study properties of C.
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Corollary 4.9. Assume that (St) holds. Then 
.e;SL/ 2 … for all v 2 C0, e � vS with
X.vI e/ 2 X and all positive integers L. Moreover, … and C are left reversible, and we
have Q.�;�/ D Q.C/.�;�/.

Proof. The first claim is a direct consequence of Proposition 4.7. For the second claim,
take ˛;˛0 2…with t.˛/D t.˛0/D

`
i2I X.vi Iei /. By Proposition 4.7, there are ˇ;ˇ0 2…

such that ˛ˇ D
`
i2I 
.ei ;SL/ D ˛

0ˇ0 for sufficiently big L. If ˛ and ˛0 both lie in C,
then ˇ and ˇ0 lie in C as well. To prove the last claim, we know from Lemma 3.12
that every element of Q.C/.�; �/ is of the form ab�1 for some a; b 2 CXS

with
t.a/ D � D t.b/. Suppose that � D

`
i X.vi I ei /. Because of condition (2X), there exists

c 2 C with t.c/ D d.a/ D d.b/ and d.c/ 2 X. Applying Proposition 4.7, we can find
� 2… with ac� D

`
i 
.ei ;SL/ for some L � 1. Applying Proposition 4.7 again, we can

find � 2 C with bc�� D
`
i 
.ei ;SL0/ for some L0 � 1. Thus, we conclude

ab�1 D .ac�/.bc�/�1 D

�a
i


.ei ;SL/

�
.bc�/�1

D

�a
i


.ei ;SL/

�
�.bc��/�1

D

�a
i


.ei ;SL/

�
�

�a
i


.ei ;SL0/

��1
2 Q.�;�/:

4.2. Existence of least common multiples

Let X, X, � , � , … and C be as above.

Definition 4.10. Given ˛; ˇ 2 � , we define lcm��C.˛; ˇ/ to be an element 
 2 … such
that 
 2 ˛� \ ˇ� and for all � 2 …, � 2 ˛C \ ˇC implies that � 2 
C.

Let us now introduce the following condition.

Definition 4.11. We say that condition (LCM) holds if the following are satisfied.

(3� ) …�� � �…�.

(4� ) �…� is closed under non-invertible right divisors in …, that is, if ˛! 2 �…�

with ˛ 2 � and ! 2 … n…�, then ! 2 �…�.

(5� ) C admits lcms (denoted by lcmC) and for all ˛;ˇ 2 � , lcmC.˛; ˇ/ 2 ˛� \ ˇ� .

Proposition 4.12. Suppose that C is right cancellative up to D� and right Noetherian.
Assume that (3� ) and (4� ) hold. If lcm��C.˛;ˇ/ exists for all ˛;ˇ 2 � , then given � 2…
with � D ˛x1 for some ˛ 2 � and x1 2 C, we must have x1 2 ….

Proof. Because of condition (3� ), � 2 … implies that � D ˇ�1 for some ˇ 2 � and
�1 2…. So �D ˛x1Dˇ�1. Let 
 D lcm��C.˛;ˇ/. Write 
 D ˛˛0Dˇ˛1. Then �D 
x2.
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Thus x1 D ˛0x2, �1 D ˛1x2. Moreover, �1 2 … implies that �1 D ˇ1�2 for some
ˇ1 2 � and �2 2 …. Let 
1 D lcm��C�C.˛1; ˇ1/. Write 
1 D ˛1˛

0
1 D ˇ1˛2. Then

x2 D ˛
0
1x3, �2 D ˛2x3 and �2 D ˇ2�3.

Continue in this way to obtain xi D ˛0i�1xiC1, �i D ˛ixiC1 and �i D ˇi�iC1.
So � D ˇ�1 D ˇˇ1�2 D ˇˇ1ˇ2�3 D � � � D ˇˇ1ˇ2 � � � ˇi�iC1. By Lemma 3.2, C

is right Noetherian. Hence, we must arrive at an element �iC1 with �iC1 2 C�, so that
˛ixiC1 2 ˇi…

� � �…�. Hence, xiC1 2 C�X D …�, or condition (4� ) implies xiC1 2
�…� � …. In both cases, we deduce xiC1 2 … and thus xi 2 …, etc., and finally
x1 2 ….

Corollary 4.13. Given the situation of Proposition 4.12, we have lcm��C.˛; ˇ/ D

lcm….˛; ˇ/.

Proof. Suppose that ˛� D ˇ� in …. Then, if 
 D lcm��C.˛; ˇ/, then ˛� D 
z for some
z 2 C. But then Proposition 4.12 implies z 2 …, so that ˛� D ˇ� 2 
….

Lemma 4.14. Suppose we have condition (3� ). Assume that for all ˛;ˇ 2 � , lcm….˛; ˇ/

exists and lcm….˛; ˇ/ 2 ˛� \ ˇ� . Then … admits lcms.

Proof. Because of condition (3� ), it suffices to show that lcms exist for all elements of …
which are finite products of generators in � . Let h�i denote the set of such finite products.
For ˛ 2 h�i, let `�.˛/ be the minimal number of factors in � needed to express ˛ as a
product.

First of all, we show for all � 2 � and � 2 h�i, lcm….�; �/ exists and is of the form
�� with `�.�/ � `�.�/. We proceed inductively on `�.�/. The case `�.�/ D 1 holds by
assumption. Now take !� 2 h�i with ! 2 � and `�.!�/ D 1C `�.�/. By assumption,
lcm….�; !/ D !� D �� for some �; � 2 � . Thus, we conclude that

lcm….�; !�/ D lcm….lcm….�; !/; !�/

D lcm….!�; !�/ D ! lcm….�; �/ D !�� D ���;

where `�.�/ � `�.�/ by induction hypothesis. Hence, lcm….�; !�/ D �.��/, and
`�.��/ � 1C `�.�/ � 1C `�.�/ D `�.!�/.

Now we prove the claim that lcm….�; �/ exists for all �; � 2 h�i inductively on
max.`�.�/; `�.�//. Write � D ˛ˇ, � D ı" with ˛; ı 2 � and `�.ˇ/ < `�.�/ and
`�."/ < `�.�/. Write lcm….˛; ı/ D ˛˛

0 D ıı0 for some ˛0; ı0 2 � . Then

lcm….˛ˇ; ı"/ D lcm….lcm….˛; ı/; ˛ˇ; ı"/

D lcm….lcm….˛˛
0; ˛ˇ/; lcm….ıı

0; ı"//

D lcm….˛ lcm….˛
0; ˇ/; ı lcm….ı

0; "//

D lcm….˛˛
0�; ıı0�/ D ˛˛0 lcm….�; �/;

where `�.�/ � `�.ˇ/ and `�.�/ � `�."/ as shown above, so that lcm….�; �/ exists by
induction hypothesis.
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Putting everything together, we arrive at the following conclusion.

Corollary 4.15. Suppose that C is right cancellative up to D� and right Noetherian.
Assume that conditions (3� ) and (4� ) are satisfied. If lcm��C.˛;ˇ/ exists for all ˛;ˇ 2 � ,
then … admits lcms. In particular, if (5� ) holds, then … admits lcms.

Define a map� on XS by�.X.vIei /i / WD
`
i 
.ei ;S/. Write Div….�/ and eDiv….�/

for the set of all left divisors and right divisors in … of �.x/ for all x 2 X, respectively.
Define DivC.�/ and eDivC.�/ analogously.

Proposition 4.16. Suppose that C admits lcms. Then DivC.�/ is closed under lcms,
eDivC.�/ � DivC.�/, � restricted to the objects of C is a right Garside map for C and
DivC.�/ is a Garside family for C.

Recall from [12, Chapter V, Definition 1.15] that a map � from the objects of … to …
is called a right Garside map if t.�.x// D x for every object x, Div….�/ generates …,
eDiv….�/ � Div….�/ and for every g 2 … with t.g/ D x, the elements g and �.x/
admit a left gcd. The reader may consult [12, Chapter V] for more information about right
Garside maps.

Note that, by Corollary 4.15, … admits lcms if condition (LCM) holds.

Proof. Corollary 4.9 implies that �.x/ 2 C for all x 2 X.�/. Given a;b 2 DivC.�/ with
x WD t.a/ D t.b/, we have lcmC.a; b/ �C �.x/, so that lcmC.a; b/ 2 DivC.�/. This
shows that DivC.�/ is closed under lcms. Let a 2eDivC.�/, a D .aiUi / 2 C..Vj /; .Ui //

where Ui D X.d.ai /I fi /. The membership relation a 2eDivC.�/ implies that kaifik � 1
for all i and all fi 2 fi . Hence, Proposition 4.7 implies that a 2 DivC.�/. This shows
eDivC.�/ � DivC.�/, as desired.

The third claim follows from [12, Chapter V, Proposition 1.20] (see [12, Chapter V,
Definition 1.15]). Indeed, given g 2 C with t.g/D x, lcmC.¹a 2 C W a� g; a��.x/º/ 2

DivC.�/ is the left gcd of g and �.x/.

Combining Proposition 4.16 with Corollary 4.15, we obtain the following.

Corollary 4.17. Suppose that C is right cancellative up to D� and right Noetherian.
Assume that condition (LCM) is satisfied. Then C admits lcms, DivC.�/ is closed under
lcms, eDivC.�/ � DivC.�/, � restricted to the objects of C is a right Garside map for C
and DivC.�/ is a Garside family for C.

If, in addition, condition (St) is satisfied, then Q.�;�/ D Q.C/.�;�/.

Thus, we are naturally led to the following question: When does C admit lcms? To
discuss a sufficient criterion, we introduce the following condition.

Definition 4.18. We say that condition (F) holds if for all v 2 C0, a; b 2 C�.v; v/ and
U D X.vI e/ 2 X, Œa; U � D Œb; U � in C implies a D b.
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Note that (F) holds if, for instance, C is right cancellative.

Lemma 4.19. Suppose that C is right cancellative up toD� and that condition (F) holds.
Given a; b 2 C and U D X.vI e/ 2 X, Œa; U � D Œb; U � in C implies a D b.

Proof. By Lemma 3.2 (i), Œa;U �D Œb;U � implies aD� b. Hence, bD au for some u2C�.
It follows that Œa; U � D Œa; u:U �Œu; U � and thus U D u:U . So Œa; U � D Œa; U �Œu; U � and
hence U D Œu; U �. Condition (F) now implies u 2 C0, that is, a D b.

Suppose that C is right cancellative up to D�, right Noetherian and that condition (F)
holds. Further, assume that C has disjoint mcms, in the sense that for all a; b 2 C, we have
aC\ bCD

`
k ckC for some finite collection ¹ckº � C. Note that the case aC\ bCD ;

is allowed. Our assumption is, for instance, satisfied if C admits lcms, that is, for all
a; b 2 C, we have aC \ bC D ; or aC \ bC D cC for some c 2 C.

We now construct lcms in C. Suppose that we are given a D .aiUi /i2I 2 C.W; .Ui //

and b D .bjVj /j2J 2 C.W; .Vj //. Write aiC \ bjC D
`
k2Kij

ckC and aia0ik D ck D
bj b
0
jk

. Set
Ok WD c

�1
k :..ai :Ui \ bj :Vj / \ ck :X/:

Now define

a0 WD .a0ikOk/i2I;k2Kij ;j2J 2 C..Ui /; .Ok/i;k2Kij ;j2J /;

where the base map is given by .i; k/ 7! i , and

b0 WD .b0jkOk/j2J;k2Kij ;i2I 2 C..Vj /; .Ok/j2J;k2Kij ;i2I /;

where the base map is given by .j; k/ 7! j .

Lemma 4.20. The morphisms a0 and b0 are well defined. We have aa0 D bb0 D

lcmC.a;b/.
In general, given xa D

`
an and xb D

`
bn with t.an/ D t.bn/, then lcmC.xa; xb/ D`

lcmC.an;bn/.

Proof. It is straightforward to check that a0 and b0 are well defined. The equation
aa0Dbb0 follows from aia

0
ik
D bj b

0
jk

.
Let us now verify the lcm property. Assume that ˛; ˇ 2 C satisfy a˛ D bˇ. Suppose

that ˛D .˛lZl /l2L and the base map for ˛ sends l 2Li �L to i , and that ˇD .ˇlZl /l2L
and the base map for ˇ sends l 2 Lj � L to j . For l 2 Li \ Lj , we conclude that
˛l :Zl � Ui and ˇl :Zl � Vj . Hence, ai˛lZl D bjˇlZl . It follows that ai˛l D bjˇl
because of Lemma 4.19. So there exists k 2Kij such that ai˛l D bjˇl 2 ckCD aia

0
ik

C. It
follows that ˛l D a0ik�l and ˇl D b0jk�l for some �l 2C. The inclusion ai˛l :Zl � ai :Ui \
bj :Vj \ ck :X D ck :Ok implies that ˛l :Zl � a0ik :Ok and thus �l :Zl � Ok . The decom-
positions Ui D

`
k2Kij ;j2J

a0
ik
Ok and Ui D

`
l2Li

˛l :Zl imply Ok D
`
l2Lk

�l :Zl ,
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where Lk D ¹l 2 L W �l :Zl � Okº. It also follows that
`
k2Kij ;i2I;j2J

Lk D L. Hence,
� WD .�lZl /l2L defines an element in C..Ok/k2Kij ;i2I;j2J ; .Zl /l2L/, where the base map
of � sends l 2 Lk to k. By construction, we have a0� D ˛ and b0� D ˇ, as desired.

The last claim is straightforward to see.

We record the following consequence.

Corollary 4.21. Suppose that C is right cancellative up to D�, right Noetherian and has
disjoint mcms, and assume that (F) holds. Then condition (5� ) holds if for all a; b 2 � ,
the elements a0, b0 constructed above lie in � .

Now let us write DivCXS
.�/ for the set of all left divisors in CXS

of �.x/ for all
x 2 XS. We now show that Corollary 4.17 applies to X D XS and � D S, where

S D ¹a D .aiX.d.ai /I fi //i 2 CXS
W ai 2 S 8i I kaifik � 1 8i; fi 2 fiº:

Define X and � correspondingly.

Lemma 4.22. For X and � , conditions (1X), (2X) and (1� )–(5� ) are satisfied.

Proof. Clearly, (1X) and (2X) hold. Moreover, Proposition 4.7 implies that �C�XS
D

DivCXS
.�/. As an immediate consequence, we deduce that (1� )–(4� ) are satisfied.

Finally, it remains to verify (5� ), that is, for all ˛; ˇ 2 � , we have lcmC.˛; ˇ/ 2

˛� \ ˇ� . In other words, we have to show that the elements a0 and b0 constructed before
Lemma 4.20 (for a D ˛ and b D ˇ) lie in � . Since S is closed under mcms and right
divisors, it follows that all a0

ik
and b0

jk
lie in S. It remains to show that all Ok lie in XS.

Recall that
Ok D c

�1
k :.X.ai I aiei / \X.bj I bj fj / \ ck :X/;

if d.˛/ D .X.d.ai /I ei //i and d.ˇ/ D .X.d.bj /I fj //j . Now

X.ai I aiei / \X.bj I bj fj / D
a
k

X.ck Imcm.ck ; aiei /;mcm.ck ; bj fj //:

As ck 2 S, aiei ; bj fj � S, we conclude that mcm.ck ; aiei /;mcm.ck ; bj fj / � S. Hence,
Ok lies in XS, as desired.

Corollary 4.23. Suppose that C is a left cancellative small category with finite C0. Fur-
ther, assume that C is right cancellative up to D�, finitely aligned, right Noetherian and
admits disjoint mcms, and that (F) holds. Let S be a Garside family in C which is locally
finite, D�-transverse with S \ C� D ;. Moreover, assume that for all L � 1, .S�L/] is
closed under left divisors.

Given � 2 XS, let X, � be as above and C, Q as in Definition 4.8. Then � restricted
to the objects of C is a right Garside map for C, DivC.�/ is a Garside family for C and
Q.�; �/ D Q.C/.�; �/. If � D .X.vI e//v2V for some V 2 C0, Y D

`
v2C0 Yv, where

Yv D ; if v … V and Yv D X.vI e/ 2 X if v 2 V, then Q.�;�/ Š F ..Il ËX/YY /.
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As a consequence, we solve the word problem for Q.�; �/. More precisely, given a
word in S, S�1 and C�, we will construct an algorithm which decides whether our word
represents the trivial element of Q.�; �/. We need a D�-map for S], that is, a partial
map E from S] �S] to C� with the property that E.s; t/ is defined if and only if s D� t ,
and in that case E.s; t/ D u 2 C� with su D t . Such aD�-map is called computable if it
can be implemented on a Turing machine. Our goal is to establish the following.

Corollary 4.24. Let us assume that we are in the same situation as in Corollaries 4.21
and 4.23 and Lemma 4.22. Suppose that there exists a computableD�-map for S]. Given
� 2 XS, let C and Q be as in Definition 4.8. Then Q.�; �/ D Q.C/.�; �/ has decidable
word problem. If � D .X.vI e//v2V for some V 2 C0, Y D

`
v2C0 Yv, where Yv D ; if

v …V and Yv D X.vI e/ 2 X if v 2V, then Q.�;�/Š F ..Il ËX/YY / has decidable word
problem.

For the proof, we need the following observation.

Lemma 4.25. If there exists a computableD�-map for S], then there exists a computable
D�-map for S].

The latter means a partial map E from S]
�S] to C� with the property that E.˛; ˇ/

is defined if and only if ˛ D� ˇ in C, and in that case E.˛; ˇ/ D u 2 C� with ˛u D ˇ.

Proof. Suppose that ˛ D .Œai ; Vi �/i2I and ˇ D .Œbj ; Wj �/j2J . We can only have ˛ D� ˇ
if I and J agree up to permutation, so that we may assume I D J . Then ˛ D� ˇ if and
only if Œai ; Vi �D� Œbi ;Wi � for all i . Now Œai ; Vi �D� Œbi ;Wi � holds if and only if aiui D bi
for some ui 2 C� and ui :Wi D Vi . With the help of the given D�-map E, we can decide
whether the first condition is satisfied, andE also produces the value for ui . For the second
condition, suppose that Wi D X.wI f/ and Vi D X.vI e/. Then ui :Wi D Vi if and only if
d.ui /Dw, t.ui /D v and uif D� e. The first two conditions are decidable as C0 is finite,
and the last condition is decidable again using E. This shows that it is decidable whether
.Œai ;Vi �/i D

� .Œbi ;Wi �/i holds in C, and if that is the case, defineE..Œai ;Vi �/i ; .Œbi ;Wi �/i /
as .Œui ; Wi �/i , which is computable because E is computable.

Proof of Corollary 4.24. First, we need an algorithm which starts with a word ! in S,
S�1 and C� which represents an element of Q.�; �/ and produces a word of the
form ˛1 � � � ˛mˇ

�1
1 � � � ˇ

�1
n for some ˛i 2 S [ C� and ǰ 2 S [ C� such that ! D

˛1 � � � ˛mˇ
�1
1 � � � ˇ

�1
n in C. This algorithm runs through the letters of !, starting from

the right, and replaces a subword of the form ˛�1ˇ by a word of the form ˛0u.ˇ0/�1 for
some ˛0; ˇ0 2 S and u 2 C� (some of these words could be empty). It suffices to explain
the replacements in the case where ˛;ˇ 2XS and ˛ 2XS, ˇ 2 C�. Extending this in aq-
compatible way, this will explain the replacements whenever ˛ … C�. In case ˛; ˇ 2 XS,
define ˛0; ˇ0; u such that lcm….˛; ˇ/ D ˛˛

0u D ˇˇ0. In case ˛ 2 XS, ˇ 2 C�, define ˇ0

as the element of d.ˇ/S which is uniquely determined by the property that E.˛; ˇˇ0/ is
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defined. The element ˇ0 is computable as d.ˇ/S is finite and E is computable. Further-
more, define u WD E.˛; ˇˇ0/, and let ˛0 be the empty word. It is now straightforward to
check that this algorithm always terminates and that it produces the desired output.

Now suppose that we are given a word ! in S, S�1 and C� which represents an ele-
ment of Q.�;�/, and that our algorithm produces a word of the form ˛1 � � �˛mˇ

�1
1 � � �ˇ

�1
n .

Deciding whether ! represents the trivial element of Q.�;�/ amounts to deciding whether
˛1 � � � ˛m D ˇ1 � � � ˇn in C. Now Corollary 4.23 implies that S is a Garside family in C.
Hence, as explained in [12, Chapter III, Proposition 3.59 and Corollary 3.60], the word
problem in C is decidable if there exists a computable�-witness F for S], that is, a func-
tion defined on pairs .˛;ˇ/, where ˛;ˇ 2S] such that ˛ˇ is a path, with the property that
F .˛; ˇ/ D .�; �/ 2 S]

�S] such that �� is a normal form of ˛ˇ.
To define F and to see that it is computable, take a path ˛ˇ in S]. For � 2S, we have

� �… ˛ˇ if and only if our algorithm above, applied to ��1˛ˇ, produces a word in S and
C� (but containing no letters in S�1). Similarly, given �; � 2 S, we have � �… � if and
only if our algorithm above, applied to ��1�, produces a word in S and C� (but contain-
ing no letters in S�1). Hence, applying our algorithm finitely many times, we can find
the unique element � 2 S with � �… ˛ˇ and which is �…-maximal with that property.
Now we know that there exist � 2 S and u 2 C� such that a normal form of ˛ˇ is given
by �.�u/. Our algorithm, applied to ��1˛ˇ, yields a word �1�2 � � � in S [ C�. Applying
our algorithm finitely many times, we can find � 2 S such that our algorithm, applied to
��1�1�2 � � � , produces a word with letters only in C�. In this way, we compute � and u.
Now define F .˛; ˇ/ WD .�; �u/. This shows that there exists a computable �-witness F
for S], and thus, as explained above, the proof of Corollary 4.24 is complete.

Remark 4.26. The first algorithm we construct in the proof of Corollary 4.24 is closely
related to the method of right-reversing (see, for instance, [12, Section 4 in Chapter II]).

5. Finiteness properties of topological full groups

Throughout this section, let C be a finitely aligned left cancellative small category with
finite C0 which is right cancellative up to D�. Assume that S is a Garside family
in C which is locally finite, D�-transverse with S \ C� D ;, and suppose that for all
L � 1, .S�L/] is closed under left divisors. Let X � �1 be a closed invariant subspace.
Let X, X, � , � , � 2 X, C and Q be as in Section 4. We need the following condition.

Definition 5.1. We say that condition .t < d/ holds if for all 
 2 �.�/ with t.
/ D
X.vI e/, there exists u 2 C� such that d.
u/D .Ui /i2I and there exist i1; i2 2 I such that
i1 ¤ i2 and Ui1 D X.vI e/ D Ui2 .

The goal now is to prove the following result.
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Theorem 5.2. Assume that condition (F) holds, that X and � satisfy condition (St) and
that C admits lcms. If condition .t < d/ is satisfied, then for all natural numbers n, Q.�;�/
is of type Fn if C�.v; v/ is of type Fn for all v 2 C0.

In particular, if �D .X.vIe//v2V for some V 2C0 and Y D
`

v2C0 Yv, where Yv D;

if v … V and Yv D X.vI e/ 2 X if v 2 V, then for all natural numbers n, F ..Il Ë X/YY /
is of type Fn if C�.v; v/ is of type Fn for all v 2 C0.

Note that C admits lcms if, for example, in addition to our assumptions above, C is
right Noetherian, admits disjoint mcms and condition (LCM) holds.

5.1. The strategy

We briefly summarize the strategy developed in [42] for establishing finiteness proper-
ties for fundamental groups of left reversible cancellative categories with Garside families
closed under factors. We will be able to apply this strategy in our setting because Corol-
lary 4.9 and Proposition 4.16 imply that our category C is cancellative and left reversible,
and S D DivC.�/ is a Garside family if (St) holds and C admits lcms.

First, assume that � W X.�/ ! Z�0 is a height function, that is, �.x/ D �.y/ if
C.x; y/\ C� ¤ ; and �.x/ < �.y/ if C.x; y/¤ ; and C.x; y/\ C� D ;. Moreover, sup-
pose that for allR 2N, #¹x 2X.�/ W �.x/�Rº<1. For each x 2X.�/, we construct the
posetE.x/ as follows: Its underlying set is given by classes Œ˛�, for ˛ 2 S.�;x/ nC�.�;x/,
where we define ˛ � ˛0 if u˛ D ˛0 for some u 2 C�. Moreover, we define Œ˛� � Œˇ� if
"˛ D ˇ for some " 2 S. Here, S.�; x/ and C�.�; x/ denote the elements of S and C�,
respectively, with domain equal to x. In this situation, Witzel established the following
criterion.

Theorem 5.3 ([42, Theorem 3.12]). Assume that C�.x; x/ is of type Fn for all x 2 X.�/

and that there exists N 2 N such that the order complex jE.x/j is .n � 1/-connected for
all x 2 X.�/ with �.x/ � N . Then Q.�;�/ is of type Fn.

5.2. Establishing finiteness properties

We follow the strategy from Section 5.1. As explained above, because of our assumptions
and by Corollary 4.9 and Proposition 4.16, our category C and S D DivC.�/ have the
desired properties. As a first step, we need to define �. For U D .Ui /i2I 2 X.�/, define
mU W X.�/! N by mU .X.vI f// WD #¹i 2 I W Ui D X.vI f/º. Moreover, for 
 2 � , set
X.d.
// WD ¹X.vI f/ 2 X W X.vI f/ 2 d.
/º. Define

�0.U / WD max
²X



�
 W �
 2 N 8 
 2 �;
X



�
1X.d.
// � mU

³
:

Now set, for x 2 X.�/, �.x/ WD max¹�0.U / W U 2 X.�/; C�.x;U / ¤ ;º.

Lemma 5.4. The map � is a height function. For all R 2 N, we have #¹x 2X.�/ W

�.x/�Rº <1.
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Proof. By construction, we have �.x/ D �.y/ if C�.x; y/ ¤ ;. Given x; y 2 X.�/ with
C.x; y/ ¤ ; and C�.x; y/ D ;, we may assume because of (3� ) that �.x/ D �0.x/. So
there exist ˛ 2 h�i and u 2 C� with xD t.˛u/ and y D d.˛u/. Without loss of generality,
we may assume ˛ 2 � . By construction, �.y/D �.d.˛//. Now condition .t < d/ implies
that �0.x/ < �0.d.˛//. Hence, we deduce �.x/ D �0.x/ < �0.d.˛// � �.d.˛// D �.y/,
as desired.

For the last claim, take x 2X.�/. Then there exist ˛ 2 h�i and u 2 C� with t.˛u/D �
and d.˛u/ D x. Condition .t < d/ implies that, if `�.˛/ > R, then �.x/ > R. Here,
`�.˛/ is the minimal number of factors in � needed to express ˛ as a product. In other
words, �.d.˛u// � R implies `�.˛/ � R. Now suppose that ˛ is a product of at most R
factors in � . For each factor, there are only finitely many possibilities because t.˛/ D �,
#C0<1 and for all v2C0, there are only finitely many possibilities for subsets e; s� vS

because S is locally finite. It follows that

#¹d.˛u/ W ˛ 2 h�i; `�.˛/ � R; u 2 C�º <1;

and thus #¹x 2 X.�/ W �.x/ � Rº <1, as desired.

Our next aim is to construct another height function h. To do that, let us fix an object x
in C. Let L denote the set of all proper left divisors in C of �.U / with domain con-
tained in x, where U runs through all elements of X.�/. Further, set LC WD ¹� 2 L W

� not an atomº, La WD ¹� 2 L W � is an atomº and L0 WD
S
U2X.�/;U2x C

�.�; U /. Set
E.x/ WD S.�; x/ n C�.�; x/, and for ˛; ˇ 2 E.x/, write ˛ � ˇ if "˛ D ˇ for some " 2 S.
Every � 2 E.x/ is of the form � D �C q �a q �0, where �C D

`
�kC, �a D

`
�
j
a

and �0 D
`
�i0, for some �kC 2 LC, �ja 2 La and �i0 2 L0. For such a �, define

nC.Œ��/ W ŒLC�! N; nC.Œ��/.Œ��/ WD #¹k W Œ�kC� D Œ��º. We set

Eh W E.x/! NŒLC� �N; Œ�� 7! ..nC.Œ��/.�//Œ��; �.�0//:

It is easy to see that this is well defined. Now introduce a total order P< on ŒLC� so
that Œ�1� < Œ�2� implies Œ�1� P< Œ�2�. This order induces the lexicographical order P< on
NŒLC� � N, where the last copy of N is considered last. Finally, define h W E.x/! N
such that Eh.Œ�2�/ P< Eh.Œ�1�/ implies h.Œ�2�/ < h.Œ�1�/.

By construction, if Œ�� < Œ��, then either nC.Œ��/ < nC.Œ��/ or nC.Œ��/D nC.Œ��/ and
�.�0/ > �.�0/. In the first case, we have h.Œ��/ < h.Œ��/, and in the second case, we have
h.Œ��/ > h.Œ��/.

Now let E.x/0 be the full subcomplex of E.x/ supported on vertices Œ�� 2 E.x/ with
nC.Œ��/ D 0. Let us show that E.x/0 is highly connected, and that, for every Œ�� 2 E.x/,
the descending link ¹Œ�� 2 E.x/ W h.Œ��/ > h.Œ��/º, viewed as a subcomplex, is highly
connected (or rather the corresponding order complex). To achieve this, we split the
descending link into up-link

¹Œ�� 2 E.x/ W h.Œ��/ > h.Œ��/; Œ�� < Œ��º
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and down-link
¹Œ�� 2 E.x/ W h.Œ��/ > h.Œ��/; Œ�� > Œ��º:

The descending link is the join of the up-link and the down-link (see [14, Observa-
tion 3.6]), so that it suffices to show that the up-link or the down-link is highly connected,
as long as �.x/ is sufficiently big. To achieve this, it suffices to treat the case that �0.x/ is
sufficiently big, because if there exists u 2 C�.x; x0/, then we obtain a poset isomorphism
E.x/ Š E.x0/; Œ�� 7! Œ�u� with inverse Œ�0u�1� [ Œ�0�. Thus, our goal is to show the
following.

Proposition 5.5. For each n 2 N, there exists R 2 N such that for all x 2 X.�/ with
�.x/ � R and for all Œ�� 2 E.x/, the up-link or down-link of Œ�� is .n � 1/-connected.

We proceed in several steps.

Lemma 5.6. For all n 2 N, x 2 X.�/ and Œ�� 2 E.x/ with #¹�kCº C #¹�jaº � nC 1, the
down-link of Œ�� is .n � 1/-connected.

Proof. If Œ�� is in the down-link ¹Œ�� 2 E.x/ W h.Œ��/ > h.Œ��/; Œ�� > Œ��º, then we
must have nC.Œ��/ > nC.Œ��/. Write � D

�`
k �

k
C

�
q �a q �0. Define !.k; !k/ D`

l !.k; !
k/l by !.k; !k/l D �lC if l ¤ k and !.k; !k/k D !k , where Œ!k � is maximal

with Œ!k � < Œ�kC�, that is, we have �kC D a!
k where a is an atom. Then the down-link is

given by ¹Œ�� W Œ�� � Œ!.k; !k/q �a q �0� for some kº. So if we define the subcomplex
�.k; !k/ WD ¹Œ�� 2 E.x/ W Œ�� � Œ!.k; !k/q �a q �0�º, then the down-link is given byS
k �.k; !k/.

To see the last claim, observe that if � D a� and Œ�� is maximal, then a must be an
atom. So if � D

�`
k �

k
C

�
q �a q �0, then a must respect this

`
-decomposition. The

relation Œ�C� < Œ�C� implies that a D akC for some k.
(a) Finite intersections of �.k; !k/ are empty or contractible: Given a finite collection

¹�.kp; !
kp /ºp , let �l WD gcd.¹!.kp; !kp /lºp/. Here, we need the existence of gcds for

right divisors of left divisors of �. This follows from existence of lcms for left divisors
of �.

If s D aktk , and a D lcm¹akº in S, then a D akbk . So s D at for some t 2 S. Then
(i) t � tk for all k and (ii) if � � tk for all k, then � � t . Indeed, to see (i), we have
akbkt D aktk , which implies bkt D tk , and S is closed under divisors. To see (ii), assume
�k�D tk . Then s D ak�k�, so that ak�k�D al�l� for all k; l . This implies ak�k D al�l
and hence ak�k D a� D akbk� and hence �k D bk�. So s D akbk��D at , so that ��D t .
All this takes place in S (compare also [12, Chapter I, Lemma 2.37]).

Then
T
p �.kp;!

kp /D
®
Œ�� 2E.x/ W Œ���

��`
l �
l
�
q�aq�0

�¯
, which is contract-

ible.
(b) For all m < n, all m-fold intersections of �.k; !k/ (i.e.,

T
p2P �.kp; !

kp /, where
#P � m) are non-empty: This is clear if #¹�jaº � 1. So we may assume #¹�jaº D 0. Then
#¹�kCº C #¹�jaº � nC 1 implies #¹�kCº � nC 1. Since m < n, we conclude that there
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exists l such that !.kp; !kp /l D �l for all p 2 P , because #P < n. Define �k WD �l if
k D l and �k WD d.�k/ if k ¤ l . Then

��`
k �

k
�
q �a q �0

�
2
T
p2P �.kp; !

kp /.
Now [5, Theorem 6] implies that, if DL denotes the down-link, we have the iso-

morphism ��.DL/ Š ��.N .�.k; !k/// for all � < n, where N .�.k; !k// stands for the
nerve simplex of ¹�.k; !k/º in the sense of [5, Section 4]. (a) and (b) together imply that
.N .�.k; !k///m Š .F �/m, where F � stands for full simplex. Now apply [16, Corol-
lary 4.12, p. 360] to obtain that .N .�.k;!k///m!N .�.k;!k// is a ��-isomorphism for
all � < m, and also that .F �/m ! F � is a ��-isomorphism for all � < m. It follows that
��.DL/ Š ��.F �/ Š .0/.

Hence, to prove Proposition 5.5, it suffices to show the following.

Lemma 5.7. For each n 2N, there existsR 2N such that for all x 2X.�/ with �.x/�R
and for all Œ�� 2E.x/ with #¹�kCº C #¹�jaº< nC 1, the up-link Œ�� is .n� 1/-connected.

Fix x 2X.�/ and Œ��2E.x/. Consider the up-link ¹Œ��2E.x/ W h.Œ��/ > h.Œ��/; Œ�� <
Œ��º. If Œ�� is in the up-link, then we must have nC.Œ��/ D nC.Œ��/ and n0.Œ��/ > n0.Œ��/.
So Œ�C�D Œ�C�. Let yDd.�0/. Then �D�Cq �aq �0D�Cq�aq �0 with d.�0/Dy.
Let M� be the complex with set of vertices V WD ¹Œ˛� W ˛ atom in S with d.˛/ � yº,
and ¹Œ˛i �º is a simplex in M� if d.˛i / are pairwise disjoint and for z � y such that�`

i d.˛i /
�
q z D y, there exists Œ�� in the up-link of Œ�� such that �0 D

�`
i ˛i

�
q z,

that is, t.�C q �a q
�`

i ˛i
�
q z/ lies in X.�/. By construction, the up-link of Œ�� is

isomorphic to the face poset of M� via Œ�� 7! ¹Œ˛� W ˛ 2 V ; ˛ � �0º. So connectivity of
the up-link reduces to connectivity of M� (see [4, Section 12.4, pp. 1860–1861]). Thus,
we set out to prove the following.

Lemma 5.8. For allL;m2N, there existsR2N such that for all x2X.�/with �0.x/�R
and for all Œ�� 2 E.x/ with #¹�kCº C #¹�jaº < nC 1, and for all m-simplices �1; : : : ; �L
in M�, there exists a vertex Œ˛� of M� such that �l [ ¹Œ˛�º is an .mC 1/-simplex of M�

for all 1 � l � L.

Proof. Assume that the statement is not true. Then there exist L;m 2 N and a sequence
�p D �p;C q �p;a q �p;0 2 E.xp/ with #¹�kp;Cº C #¹�jp;aº < nC 1 and �0.xp/%1
as p!1,m-simplices �p;l in M�p such that there exists no vertex Œ˛� in M�p such that
�p;l [ ¹Œ˛�º is an .mC 1/-simplex of M�p . Our goal is to derive a contradiction.

Assume that under the identification between the up-link of Œ�p� and the face poset
of M�p from above, �p;l corresponds to Œ�p;l �, where �p;l 2 E.xp/ is of the form �p;l D

�p;C q �p;a q �p;l q zp;l , where �p;l is a disjoint union of m atoms, and zp;l 2 X.�/.
For ˛ 2 C, define m˛ WD md.˛/ �mt.˛/. By passing to a subsequence if necessary, we
may assume thatm�p;l is independent of p. Since t.�p;l / 2 X.�/, there exist �p;l ; �p;l 2 C
with t.�p;l�p;l�p;l / D � and such that, by passing to a subsequence if necessary, we may
assume that m�p;l is independent of p, and for all U 2 X.�/, either m�p;l .U / D 0 or
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m�p;l .U / is strictly increasing as p !1. Moreover, we have m�p;l�p;l�p;l D mxi �m�,
hence independent of l . We conclude that

m�p;l Cm�p;l Cm�p;l D m�p;l 0 Cm�p;l 0 Cm�p;l 0 ;

so that
m�p;l �m�p;l 0 D m�p;l 0 Cm�p;l 0 �m�p;l �m�p;l

is independent of p.
For sufficiently big p (and after passing to a subsequence if necessary), there exists

� 2 C, independent of l , such that d.�/ � zpC2;l and m� D m�pC1;l � m�p;l for all l .
Define

z�pC2;l WD �pC2;C q �pC2;a q �pC2;l q � q zzpC2;l ;

where d.�/q zzpC2;l D zpC2;l . Then, again for sufficiently big p (and after passing to a
subsequence if necessary), there exists �pC2;l 2 C such that m�pC2;l Cm� D m�pC2;l �
m�p;l and d.�pC2;l / D t.z�pC2;l /. We claim that mt.�pC2;lz�pC2;l / D md.�p;l /. Indeed, we
have

mxpC2 �mt.�pC2;lz�pC2;l / D m�pC2;lz�pC2;l

D m�pC2;l Cmz�pC2;l Cm�

D m�pC2;l �m�p;l Cm�pC2;l

D md.�pC2;l / �md.�p;l / CmxpC2 �m� �m�pC2;l�pC2;l

D md.�pC2;l / �md.�p;l / CmxpC2 �m� Cm� �md.�pC2;l /

D mxpC2 �md.�p;l /:

We deduce that t.�pC2;l / 2 X.�/ and thus t.z�pC2;l / 2 X.�/, hence z�pC2;l 2 C.
Now take any atom ˛ with ˛ < � . Then Œ˛� is a vertex of M�pC2 and �pC2;l [ ¹Œ˛�º is

an .mC 1/-simplex of M�pC2 . This is the desired contradiction.

Proof of Lemma 5.7. Lemma 5.8 implies Lemma 5.7 following the argument for [29,
Lemma 6.18], which in turn is based on the proof of Lemma 4.20 of [8].

Proof of Proposition 5.5. Proposition 5.5 follows from Lemmas 5.6 and 5.7.

Corollary 5.9. For each n 2 N, there exists R 2 N such that for all x 2 X.�/ with
�.x/ � R, jE.x/j is .n � 1/-connected.

Proof. The complex E.x/0 is the up-link for Œ��, where � D x, that is, �C D ; and
�a D ;. So Lemma 5.7 implies that E.x/0 is .n � 1/-connected. Now apply Morse the-
ory, in the form of [42, Lemma 3.11] (X in [42] is our E.x/ and � in [42] is our h),
to deduce that the canonical inclusion E.x/0 ,! E.x/ induces a ��-isomorphism for all
� < n. Hence, jE.x/j is .n � 1/-connected.
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The final ingredient is the following observation.

Lemma 5.10. Assume that C is right cancellative up toD� and that condition (F) holds.
If C�.v; v/ is of type Fn for all v 2 C0, then C�.x; x/ is of type Fn.

Proof. First, consider x D .Ui /i2I . We have a short exact sequence:

1!
Y
i2I

C�.Ui ; Ui /! C�.x; x/! Perm.I /! 1:

As Perm.I / is finite, [15, Corollary 7.2.4] implies that C�.x; x/ is of type Fn if and only ifQ
i2I C

�.Ui ; Ui / is of type Fn. Furthermore, if C�.Ui ; Ui / is of type Fn for all i 2 I , thenQ
i2I C

�.Ui ; Ui / is of type Fn (see, for instance, [15, Exercise 1 in Section 7.2]). Thus, it
suffices to show that C�.U;U / is of type Fn, whereU DX.vIe/2X.�/. Now suppose that
Œa;U � lies in C�.U;U /. Then there exists a0 2C such that Œa0; a:U �Œa;U �D Œa0a;U �D U .
Lemma 3.2 (i) implies that a0a 2 C� and thus a 2 C�, hence a 2 C�.v; v/. This, in
combination with condition (F), implies that we obtain an embedding C�.U; U / ,!

C�.v; v/; Œa; U � 7! a. In addition, consider the short exact sequence

1! Ker! C�.v; v/! Perm.¹X.vI e0/ W e0 2 vSº/! 1;

where the second map sends a 2 C�.v; v/ to the permutation V 7! a:V and Ker denotes
the kernel of this map. Since Perm.¹X.vI e0/ W e0 2 vSº/ is finite, Ker is a finite index
subgroup of C�.v;v/, and because Ker� C�.U;U /� C�.v;v/, this shows that C�.U;U /
is a finite index subgroup of C�.v;v/ as well. So if C�.v;v/ is of type Fn, then C�.U;U /

is of type Fn because finiteness properties are inherited by finite index subgroups.

Proof of Theorem 5.2. The first part of the theorem follows from Theorem 5.3 using
Corollary 5.5 and Lemma 5.10.

The second part of the theorem follows from the first, using Lemmas 2.6 and 2.7 and
Proposition 4.16.

6. Garside families arising from degree maps

We set out to describe a class of small categories where the general criteria from Section 5
apply and allow us to establish finiteness properties for topological full groups of the
groupoid models attached to our small categories.

Let P be a left cancellative monoid with identity element 1 and P � D ¹1º. Suppose
that SP � P is a finite Garside family in P with 1 … SP . Let C be a left cancellative
small category equipped with a P -valued degree map, that is, a functor d W C! P with
d
�1.1/ D C� such that the following unique factorization property holds:

(UFP*) For all c 2C with d.c/D pq, there exist a;b 2C with c D ab and d.a/D p,
d.b/D q. If we have c D a0b0 for some a0; b0 2C with d.a0/D p, d.b0/D q,
then there exists u 2 C� such that a0 D au and b0 D u�1b.
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This type of factorization property has been considered in a special context in [22]. Note
that (UFP*) implies cancellation up toD�.

Let S be a D�-transversal for d�1.SP /, that is, S is a subset of C such that
the canonical projection restricts to a bijection S ��! d

�1.SP /=D� . As before, S] D

C� [SC�.

Lemma 6.1. The set S] is closed under right divisors. We have .S�L/] D d
�1.S�LP /.

For all L � 1, if .S�LP /] is closed under left divisors, then so is .S�L/].

Proof. Given s 2S and a; b 2 C with s D ab, it follows that d.s/D d.a/d.b/ and hence
d.b/ 2 SP . It follows that b 2 S.

We have S�L � d�1.S�LP / because d is a functor. To see “�”, assume that d.a/ D
s1 � � � sl for some s1; : : : ; sl 2 SP . Then (UFP*) allows us to find a1; : : : ; al 2 C with
d.ak/ D sk for all 1 � k � l such that a D a1 � � � al . It follows that ak 2 d�1.SP / D S]

for all 1 � k � l and thus a 2 .S�L/].
If s 2S�L and s D ab for some a;b 2C, then d.s/D d.a/d.b/. Since S�LP is closed

under left divisors, we deduce that d.a/2 S�LP . Hence, it follows that a 2 .S�L/] by what
we just proved.

Lemma 6.2. If P is left Noetherian, then so is C. Similarly, if P is right Noetherian, then
so is C.

Proof. A chain � � � � a2 � a1 in C leads to a chain � � � � d.a2/ � d.a1/ in P . This shows
our claim for “left Noetherian”. The argument for “right Noetherian” is analogous.

The degree functor d induces a map Pd W C=D� ! P because d.C�/ D ¹1º.

Lemma 6.3. If v Pd�1.s/ <1 for all v 2 C0 and s 2 SP , then vS <1.

Proof. This follows because vS Š v Pd�1.SP /, and SP is finite by assumption.

Lemma 6.4. Given a;b 2C, we have mcm.a;b/D d�1.mcm.d.a/;d.b///\ .aC\ bC/

if mcm.d.a/;d.b// exists.
Suppose M � P is a subset closed under mcms. Then d�1.M/ is also closed under

mcms.

Proof. Assume that aza D bzb. Then d.a/d.za/ D d.b/d.zb/. Hence, if mcm.d.a/;d.b//
exists, there existm 2mcm.d.a/;d.b// andm0 2 P with d.a/d.za/Dmm0 D d.b/d.zb/.
Write m D d.a/p D d.b/q. Then d.za/ D pm0 and d.zb/ D qm0. Now (UFP*) implies
that there exist a0; a00; b0; b00 2 C with zaD a0a00, zb D b0b00 such that d.a0/D p, d.b0/D q,
d.a00/ D m0, d.b00/ D m0. Consider the identity .aa0/a00 D .bb0/b00. As d.aa0/ D d.bb0/

and d.a00/ D d.b00/, (UFP*) implies that there exists u 2 C� with bb0 D aa0u and
b00 D u�1a00. Hence, it follows that aa0 2 aC\ bC and aza 2 aa0C. If aa0 D cz for some
c; z 2 C with c 2 aC \ bC, then m D d.aa0/ D d.c/d.z/ and d.c/ 2 d.a/P \ d.b/P
implies that d.z/ D 1 by maximality of m. It follows that z 2 C�, so that aa0 D� c.
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The following are immediate consequences.

Corollary 6.5. If SP is closed under mcms, then S is closed under mcms.
If P is right Noetherian and admits mcms, then S is a Garside family.
If P is finitely aligned and v Pd�1.p/ <1 for all p 2 P , then C is finitely aligned.

Lemma 6.6. Suppose that P admits conditional lcms. Then C has disjoint mcms.

Proof. Given v 2 C0 and a; b 2 vC, take C � vC such that the canonical projection
C! C=D� induces a bijection C ��! .d�1.lcm.a; b//\ .aC\ bC//=D� . Then we claim
that

aC \ bC D
a
c2C

cC:

To see that the sets cC are pairwise disjoint, take c1; c2 2 C . Then d.c1/ D d.c2/

and c1; c2 2 aC \ bC. If c1z1 D c2z2, then d.c1/d.z1/ D d.c2/d.z2/. The equation
d.c1/ D d.c2/ implies d.z1/ D d.z2/. Hence, (UFP*) implies that c1 D� c2, and by
construction, we deduce c1 D c2.

Lemma 6.4 implies C D mcm.a; b/, hence aC \ bC D
`
c2C cC.

Now assume that P is right Noetherian and admits conditional lcms. Further, assume
that .S�LP /] is closed under left divisors for all L � 1, and that v Pd�1.p/ < 1 for all
v 2 C0 and p 2 P .

Let v 2 C0. A subset e � vS is called saturated if e D vd�1.d.e// \S. Set

X WD ¹X.vI e/ W v 2 C0; e � vS saturatedº;

� WD ¹
.e; s/ W v 2 C0I e; s � vS saturated and mcm-closedº;

and let X, � , � 2 X, C and Q be as in Section 4. Our goal now is to check the conditions
needed to apply Theorem 5.2.

Lemma 6.7. Condition (1X) is satisfied.

Proof. Take u 2 C� and e D vd�1.d.e// \ S. Suppose that f � S satisfies ue D� f .
We claim that f D t.u/d�1.d.e//\S. Indeed, given f 2 f , we have f v D ue for some
e 2 e and v 2 C�. It follows that d.f / D d.f v/ D d.ue/ D d.e/ 2 d.e/. Conversely,
given f 0 2 t.u/d�1.d.e//\S, then u�1f 0 2 vC and d.u�1f 0/D d.f 0/ 2 d.e/, so that
u�1f 0 2 eC� and thus f 0 2 ueC�.

Lemma 6.8. Condition (2X) is satisfied.

Proof. Given a finite subset e � vS, we want to construct a 2 C with t.a/D X.vI e/ and
d.a/ 2X. Let eP be the lcm-closure of d.e/. Enumerate eP D ¹e1; e2; : : :º so that ei � ej
implies i < j . Starting with the biggest index imax, we inductively construct ai 2 C such
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that t.ai / D X.vI eiC1/ and d.ai / D X.vI ei /q xi for some xi 2 X, where eimaxC1 WD e

and ei WD e [
S
j�i vd�1.ej / \S.

To construct aimax , set J WD .vd�1.eimax/\S[ ¹vº/ n ¹j 2S W e � j for some e 2 eº.
Now set aimax;j WD j if j ¤ v and aimax;v WD X.vI eimax/. Then aimax WD .aimax;j /j2J lies in
C.X.vI e/; .Uj /j2J /, where Uj D X if j ¤ v and Uv D X.vI eimax/.

Now suppose that aiC1 has been constructed. To construct ai , set

J WD .vd�1.ei / \S [ ¹vº/ n ¹j 2 S W e � j for some e 2 eiC1º:

Define ai;j WD jX.d.j /I fj / if j ¤ v, where fj is the set of minimal elements of[
¹d.j /d�1.q/ \S W q ¤ 1I lcm.d.e/; ei / D eiq for some e 2 eiC1º:

and ai;v WD X.vI ei /, that is, fv WD ei .
Now we claim that ai WD .ai;j /j2J lies in C.X.vI eiC1/; .X.d.j /I fj //j /. To show

this, it suffices to prove for all j ¤ v that

X.j I j fj / D X.vI eiC1/ \ jX:

We have X.eI eiC1/ \ jX D X.j Imcm.eiC1; j //. For e 2 eiC1, lcm.d.e/; ei / D eiq,
so that mcm.e; j / � jd�1.q/. This shows “�”. To see “�”, suppose f 2 d.j /S sat-
isfies d.f / D q, and d.j /q D eiq D lcm.d.e/; ei / for some e 2 eiC1. It follows that
ei � lcm.d.e/; ei /. Hence jf 2 eiC1. This shows that j fj � eiC1, as desired.

Lemma 6.9. When 
.e; s/ is constructed for sets e and s which are saturated, i.e., of the
form e D vd�1.d.e// \S and s D vd�1.d.s// \S, then

fs D d.s/d�1.min¹t 2 SP Wd.s/t 2d.s/º/\S[ d.s/d�1.d.s/�1 lcm.d.s/;d.e///\S:

For every s 2 s, X.d.s/I fs/ 2 X.

Proof. It is clear that “�” holds. To see “�”, if d.s/d.f / 2 d.s/, then sf 2 s and f
is minimal with that property. If d.s/d.f / D lcm.d.s/;d.e//, then d.sf / D d.e/q, so
that (UFP*) implies that sf D e0t for some e0 2 e and sf 2 mcm.s; e/.

Lemma 6.10. Conditions (1� )–(4� ) are satisfied.

Proof. Clearly, (1� ) holds.
To verify (2� ), let c 2 Cv with kck D L and s D ¹s 2 vS W kcsk D Lº. It is straight-

forward to see that s is closed under mcms, and we claim that s D vd�1.d.s// \ S.
Indeed, (UFP*) implies that for s 2 vS, kcsk D L if and only if kd.c/d.s/k D L. This
implies our claim, that is, s is saturated.

For (3� ), suppose that eD vd�1.d.e//\S and sD vd�1.d.s//\S. If u 2 C� and
f � S satisfy ue D� f , then f D t.u/d�1.d.e//\S and us D� t.u/d�1.d.s//\S, so
that u
.e; s/ 2 
.f; t.u/d�1.d.s// \S/C�.
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To see (4� ), suppose that 
.e; s/� D 
.e; s0/. Then � D
`
s2s �s . We claim that

�s D 
.fs; ts/, where ts D ¹t 2 S W st 2 s0º. Indeed, all bisections appearing in 
.e; s0/
also appear in 
.e; s/

�`
s2s 
.fs; ts/

�
. Moreover, proceeding inductively, starting with

maximal elements s0 2 s0, it is straightforward to check that the domains of 
.e; s0/
and 
.e; s/

�`
s2s 
.fs; ts/

�
agree as well. Induction works because fs0 only depends on

¹s00 2 s0 W s0 � s00º. Now a similar argument as for Lemma 4.3 completes the proof of the
claim. Furthermore, it is straightforward to check that ts is saturated and mcm-closed.

Lemma 6.11. Condition (5� ) is satisfied.

Proof. We establish the criterion in Corollary 4.21. Let 
.e;s/; 
.e; t/ 2 � . We follow the
construction of lcmC before Lemma 4.20 and show that

lcmC.
.e; s/; 
.e; t// 2 
.e; s/� \ 
.e; t/�:

By symmetry, it suffices to show lcmC.
.e; s/; 
.e; t// 2 
.e; s/� . For s 2 s, define

s.s/ WD d.s/d�1.d.s/�1 lcm.d.s/;d.t/// \S:

Then it is straightforward to check that s.s/ is saturated and mcm-closed, and we claim
that

lcmC.
.e; s/; 
.e; t// D 
.e; s/

�a
s2s


.fs; s.s//

�
:

For the proof, first observe that ss.s/ D� t.s/d�1.lcm.d.s/; d.t/// D� mcm.s; t/. So
lcmC.
.e;s/; 
.e; t// and 
.e;s/

�`
s2s 
.fs;s.s//

�
both consist of bisections of the form

ss0O , for the same elements ss0 2C. It suffices to compare domains. Suppose that ss0D t t 0

for some t 2 t. The domain corresponding to ss0 in 
.e; s/
�`

s2s 
.fs; s.s//
�

is given by
X.d.s0/I fs0/, where fs0 consists of the minimal elements of ¹g 2 S W s0g 2 s.s/º and
¹g 2 S W s0g 2 mcm.s0; fs/º. We have s0g 2 s.s/ if and only if s0g 2 s�1 mcm.s; t/ if and
only if ss0g 2 mcm.s; t/ if and only if ss0g 2 mcm.ss0; t/. Moreover, s0g 2 mcm.s0; fs/ if
and only if s0g 2 mcm.s0; s�1s/ or s0g 2 mcm.s0; s�1.mcm.s; e/// if and only if ss0g 2
mcm.ss0;s/ or ss0g 2 mcm.ss0;mcm.s; e//D mcm.ss0; e/. The domain corresponding to
ss0 in lcmC.
.e; s/; 
.e; t// is given by

.ss0/�1.sX.d.s/I fs/ \ tX.d.t/I ft / \ ss
0X/

D .ss0/�1.X.ss0Imcm.ss0; tft /;mcm.ss0; sfs/// D X.d.s0/Ig/;

where g consists of precisely the elements of S which are minimal among the ele-
ments g 2 S with ss0g 2 mcm.ss0; t/ or ss0g 2 mcm.ss0;mcm.t; e// D mcm.ss0; e/ or
ss0g 2 mcm.ss0; s/ or ss0g 2 mcm.ss0;mcm.s; e// D mcm.ss0; e/. In comparison, we
see that both domains are empty if ss0 2 s, and if ss0 … s, then the domains coincide, as
desired.

Putting all this together, Theorem 5.2 implies the following result.
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Theorem 6.12. Let P be a left cancellative monoid with P � D ¹1º. Assume that P is
right Noetherian and admits conditional lcms. Suppose that SP � P is a finite Garside
family inP with 1 … SP and assume that .S�LP /] is closed under left divisors for allL� 1.

Let C be a left cancellative small category with finite C0 equipped with a P -valued
degree map d such that v Pd�1.p/ <1 for all v 2C0 and p 2 P . LetX ��1 be a closed
invariant subspace.

Suppose that condition (F) holds, and that condition .t < d/ is satisfied.
For all natural numbers n, if C�.v; v/ is of type Fn for all v 2 C0, then Q.�; �/ is of

type Fn. In particular, if � D .X.vI e//v2V for some V 2 C0 and Y D
`

v2C0 Yv, where
Yv D ; if v …V and Yv DX.vI e/ if v 2V, then for all natural numbers n, F ..Il ËX/YY /
is of type Fn if C�.v; v/ is of type Fn for all v 2 C0.

Let us now identify a situation where condition .t < d/ is satisfied.

Lemma 6.13. Assume that P is left reversible and that for all v 2 C0 and s 2 SP ,
we have #vd�1.s/v � 2. Then for every v 2 C0 and every saturated e � vS, we have
@�.v/ D

S
"2e @�."/.

Proof. By [39, Section 3 and Theorem 10.5], it suffices to prove for all c 2 vC

that cC \
S
"2e "C ¤ ;. Without loss of generality, we may assume that d.e/ D

¹eP º. Write lcm.d.c/;d.e// D lcm.d.c/; eP / D d.c/p D eP q. By our assumption that
#d.c/d�1.p/d.c/ � 2, there exists c0 2 C with t.c0/D d.c/ and d.c0/D p. We conclude
that d.cc0/ D eP q, so (UFP*) implies that there are "; "0 2 C with d."/ D eP , d."0/ D q
such that cc0 D ""0. It follows that " 2 e. Hence, we deduce cc0 2 cC \

S
"2e "C.

Corollary 6.14. For X D @�, we always have @�.vI e/ D ; unless e D ;, in which case
we obtain @�.v/.

For X D @�, we have X D ¹.@�.vi //iº.

Lemma 6.15. Assume that P is left reversible and that for all v 2 C0 and s 2 SP , we
have #vd�1.s/v � 2. Then condition .t < d/ is satisfied for X D @�.

Proof. Consider 
.e;s/ for saturated s. It suffices to treat the case e D ;, that is, we con-
sider 
.s/ whose target is X.v/. By assumption, there exist s; s0 2 s with s ¤ s0 such that
vD t.s/D t.s0/D d.s/D d.s0/. Hence,md.
.s//.X.v// � 2. This implies that condition
.t < d/ holds.

We obtain the following consequence of Lemma 6.15 and Theorem 6.12.

Corollary 6.16. In the situation of Theorem 6.12, suppose that X D @�. If P is left
reversible and for all v 2 C0 and s 2 SP , we have #vd�1.s/v � 2, then for all natural
numbers n, Q.�; �/ is of type Fn if C�.v; v/ is of type Fn for all v 2 C0. In particular,
if � D .@�.v//v2V for some V 2 C0 and Y D

`
v2C0 Yv, where Yv D ; if v … V and

Yv D @�.v/ if v 2 V, then for all natural numbers n, F ..Il Ë X/YY / is of type Fn if
C�.v; v/ is of type Fn for all v 2 C0.
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7. Examples

7.1. Higher-rank graphs

Consider the special case where P D Zk�0 and SP D ¹.zj / 2 P W 0 � zj � 1º of the set-
ting of Section 6. Let "j be the canonical basis vector whose only non-zero component is
the j th component, which is 1. Assume that C is finite. With the same assumptions as for
Theorem 6.12, we obtain the following.

Theorem 7.1. Suppose that for all v 2 C0 and 1 � j � k, we have #vd�1."j /v � 2.
Let X � �1 be a closed invariant subspace and Y D

`
v2C0 Yv, where Yv D ; or

Yv D X.vI vd�1.eP //, for some eP � SP , for all v 2 C0. Then F ..Il Ë X/YY / is of
type F1.

Proof. This follows from Theorem 6.12 once we verify condition .t < d/, which in turn
follows from Lemma 6.9 because d.s/d�1.d.s/�1 lcm.d.s/;d.e///\SD d.s/d.e/\S

and d.s/d�1.min¹t 2 SP W d.s/t 2 d.s/º/\S is empty for maximal elements s 2 s.

Higher-rank graphs fit naturally here. By definition, C is a higher-rank graph if,
in addition to our assumptions above, we have C� D C0. In this setting, Theorem 7.1
specializes to the following.

Corollary 7.2. Let C be a finite higher-rank graph. Suppose that for all v 2 C0 and
1 � j � k, we have #vd�1."j /v � 2. Let X � �1 be a closed invariant subspace and
Y D

`
v2C0 Yv, where YvD; or YvDX.vIvd

�1.eP //, for some eP � SP , for all v 2C0.
Then F ..Il ËX/YY / is of type F1.

Note that we are not allowing arbitrary higher-rank graphs because of the condition
that #vd�1."j /v � 2.

As an even more special case, we obtain an answer to a natural question left open
in [30, Section 5.3].

Corollary 7.3. Suppose Cj , 1 � j � k, are path categories of finite graphs. Assume that
for all 1 � j � k and v 2 C0j , we have #vCjv � 2. Let Gj WD Il .Cj / Ë @�Cj . Then
F .G1 � � � � � Gk/ is of type F1.

In particular, if Gj , 1 � j � k, are groupoids arising from irreducible one-sided shifts
of finite type as in [29], then F .G1 � � � � � Gk/ is of type F1.

Proof. The first part follows from Theorem 7.1 (B), applied to C WD C1 � � � � � Ck , once
we observe that G1 � � � � � Gk Š Il .C/ Ë @�C.

For the second part, let Cj , 1 � j � k, be finite (directed) graphs describing the given
irreducible one-sided shifts of finite type. The argument in [29, Section 6.5, p. 67] shows
that we may without loss of generality assume that for all 1 � j � k and v 2 C0j , we have
#vCjv � 2. Now the second part follows from the first.
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We can also specialize to one vertex higher-rank graphs, that is, higher-rank graphs
with just one vertex. In this case, we are actually dealing with monoids given by particular
presentations. Let yP be such a monoid with a degree map d W yP ! P . We denote the
identity element of yP by 1 yP .

Corollary 7.4. Let yP be a monoid given by a finite one vertex higher-rank graph. Sup-
pose that d�1."j / � 2 for all 1 � j � k. Let X � �1 be a closed invariant subspace
and Y D X.1 yP Id

�1.eP // for some eP � SP . Then F ..Il ËX/YY / is of type F1.

7.2. Zappa–Szép products

The next class of examples is given by Zappa–Szép products of a small category and a
groupoid. In related contexts, such examples have been considered in more special situ-
ations in [1,2,7,13,20,21,28,31,32,40,42]. For our purposes, Zappa–Szép products allow
us to adjoin invertible elements to a small category while keeping the key properties which
are needed to establish finiteness properties for the corresponding topological full groups
of groupoids attached to left regular representations.

The setting is as follows: Suppose that a groupoid G acts on a left cancellative small
category C via a map � WC0!G0. The action is such that g:c is defined if s.g/D�.t.c//,
and then �.t.g:c// D r.g/. We require the usual axioms for actions, that is, x:c D c and
g:.h:c/D gh:c for all x 2G0, g;h 2G and c 2C, whenever these equations make sense.
Note that we do not require G to act by automorphisms of C as a category.

We also require that t.g:c/ D g:t.c/. This means that the G-action restricts to an
action G Õ C0 since g:v D g:t.v/ D t.g:v/ 2 C0. Moreover, set Gs �t C WD ¹.g; a/ 2

G � C W s.g/ D �.t.a//º and let ' W Gs �t C! G satisfy

• s.'.g; a// D �.d.a//,

• '.gh; a/ D '.g; h:a/'.h; a/,

• '.g; v/ D g,

• '.g; a/:d.a/ D d.g:a/,

• g:.ab/ D .g:a/.'.g; a/:b/,

• '.g; ab/ D '.'.g; a/; b/,

for all g; h 2 G , v 2 C0 and a; b 2 C, whenever these equations make sense.
We call an action G Õ C together with a G-valued map ' satisfying the conditions

above a self-similar action of G on C. Note that part of the conditions means that ' is a
cocycle.

Definition 7.5. The Zappa–Szép product C ‰ G is the small category with underlying
set

Cd �r G WD ¹.a; g/ 2 C �G W �.d.a// D r.g/º;

set of objects ¹.v; �.v// W v 2 C0º � C0 � G0, and multiplication .a; g/.b; h/ WD

.a.g:b/; '.g; b/h/.
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We refer to [2,42] for more details about the construction of Zappa–Szép products. In
the following, we denote C‰ G by D.

Remark 7.6. By first forming the transformation groupoid for the restricted action
G Õ C0 and then the Zappa–Szép product, we may assume without loss of generality
that G0 D C0 (as in [42]).

In the following, given a 2 C, we write za WD .a; �.d.a/// 2D, and identify C with a
subcategory of D via C ,!D; a 7! za.

Lemma 7.7. The following are true:

(i) The G-action on C restricts to an action G Õ C�.

(ii) For a; b 2 C and g 2 G , we have a � b if and only if g:a � g:b.

(iii) We have .a; g/ � .b; h/ if and only if a � b, and .a; g/ � .b; h/ if and only if
a � b.

(iv) If C is left cancellative/finitely aligned/left Noetherian/right Noetherian, then so
is D.

(v) For a; b 2 C, we have mcm.a; b/zDmcm.za; zb/ whenever mcm.a; b/ exists in C.
In particular, D admits disjoint mcms if and only if C admits disjoint mcms.

Proof. (i) If a 2 C�, then there exists b 2 C with ab D v 2 C0. Then g:v D g:.ab/ D
.g:a/.'.g; a/:b/ and g:v 2 C0 imply that g:a 2 C�.

(ii) If b D ax, then g:b D .g:a/.'.g; a/:x/ implies that g:a � g:b.
(iii) This is easy to see.
(iv) It is easy to see that D is left cancellative if C is left cancellative.
Suppose that C is finitely aligned. If aC \ bC D

S
i ciC, then we claim that

zaD \ zbD D
S
i zciD. This shows that D is finitely aligned because every principal right

ideal of D is of the form zaD. To prove the claim, note that “�” is clear, and for “�”,
suppose that .c; g/D .a; �.d.a///.a0; g/ D .b; �.d.b///.b0; g/. Then c D aa0 D bb0 and
thus c D cix for some x 2 C. It follows that .c; g/ D .cix; g/ D .ci ; �.d.ci ///.x; g/.

It follows from (iii) that if C is left Noetherian, then so is D. Suppose that D is not
right Noetherian. Then we have an infinite descending chain � � � �� .a3; g3/

�
� .a2; g2/

�
�

.a1; g1/. So .a1; g1/ D .b2; h2/.a2; g2/ D .b2.h2:a2/; '.h2; a2/g2/. Thus h2:a2
�
� a1.

Proceeding inductively, we obtain an infinite descending chain � � � �� a03
�
� a02

�
� a1 in C.

Thus C is not right Noetherian.
(v) We have seen in (iv) that aC \ bC D

S
i ciC implies that zaD \ zbD D

S
i zciD.

Now the first part of (v) follows because of (iii). The second part of (v) is a consequence
of the first.

Remark 7.8. If C is right cancellative, D does not need to be right cancellative (see [23]).

Now suppose that S is a subset of C. We set zS WD ¹.s; �.d.s/// W s 2 Sº �D.
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Lemma 7.9. The following are true:

(i) D� zS � zSD� if and only if C�S � SC� and G:S � SC�.

(ii) If G:S � SC�, then S] is closed under right divisors if and only if zS] is closed
under right divisors.

(iii) zS is a Garside family in D if and only if S is a Garside family of C and
G:S � SC�.

(iv) .zS�L/] is closed under left divisors if and only if .S�L/] is closed under left
divisors.

(v) zS] is closed under mcms if and only if S] is closed under mcms.

(vi) zS is D�-transverse if and only if S is D�-transverse. The set zS is locally
bounded if and only if S is locally bounded.

Proof. (i) Given .u; g/ 2 D� and .s; �.d.s/// 2 zS, we have .u; g/.s; �.d.x/// D

.u.g:s/; '.g; s//, and that element lies in zSD� if and only if u.g:s/ 2 SC�. The lat-
ter holds for all u 2 C�, g 2 G and s 2 S (whenever it makes sense) if and only if
C�S � SC� and G:S � SC�.

(ii) Given .a; g/ and .b; h/, we have .a.g:b/; '.g; b/h/ D .a; g/.b; h/ 2 zSD� if
and only if a.g:b/ 2 SC�. The latter implies g:b 2 SC� if S] is closed under right
divisors. Thus, b D g�1:.su/ for some s 2 S and u 2 C�. We conclude that b D
g�1:.su/D .g�1:s/.'.g�1; s/:u/ 2SC�C�. Conversely, suppose that zS] is closed under
right divisors. Given su 2 SC� and a; b 2 C with ab D su, then zazb D zszu 2 zSD�. It
follows that zb 2 zS], so that b 2 S].

(iii) This follows from the characterization of Garside families in [12, Chapter IV, Pro-
position 1.24]: First of all, if zS is Garside, then we must have G:S � SC� by (i). Now
S] generates C if and only if zS] generates D, and if G:S � SC�, then (ii) tells us that
S] is closed under right divisors if and only if zS] is closed under right divisors. Finally,
S-heads exist in C if and only if zS-heads exist in D because s � a if and only if zs � .a;g/
for all g 2 r�1.�.d.a///.

(iv) .a; g/.b; h/ D .a.g:b/; '.g; b/h/ lies in .zS�L/] if and only if a.g:b/ lies in
.S�L/], and .a; g/ lies in .zS�L/] if and only if a lies in .S�L/]. Now the claim follows.

(v) follows from Lemma 7.7 (v).
(vi) We have s 2 tC� if and only if zs 2 ztD�. The second claim follows from

Lemma 7.7 (iii).

Remark 7.10. Lemmas 7.7 and 7.9 imply that if C is a finitely aligned, left cancellat-
ive, countable small category, S is a Garside family in C with S \ C� D ; which is
D�-transverse and locally bounded, and if G Õ C is a self-similar action of a countable
groupoid G with G:S � SC�, then [27, Theorem B] applies to D D C ‰ G , zS and
yields a description of all closed invariant subspaces of Il .D/ Ë�D.

The following is a direct consequence of Lemma 7.7 (v).
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Lemma 7.11. Suppose that C is finitely aligned and left cancellative. We have an iso-
morphism of semilattices JC

�
�! JD; xC 7! zxD. This induces an Il .C/-equivariant

homeomorphism �C
�
�! �D; � 7! z�. In particular, if zX is a closed invariant subspace

of �D, then X is a closed invariant subspace of �C. In this situation, we obtain an
embedding Il .C/ËX ,! Il .D/Ë zX; Œcd�1;�� 7! Œzc zd�1; z�� of Il .C/ËX as an open sub-
groupoid of Il .D/ Ë zX . This in turn induces a map of compact open bisections, denoted
by a 7! za, and hence a map C!D; a 7! za.

Note that in general, the image zX of a closed invariant subspace X of �C is not
Il .D/-invariant.

Now assume that X, X, � , � , � 2 X, C and Q be as in Section 4 (for C). Let
zX D ¹ zU W U 2 Xº, zX D ¹ zU W U 2 Xº, z� WD ¹z
 W 
 2 �º and define z� correspondingly.
For z� 2 zX, we let D be the component of z� in the smallest subcategory z… WD hz�;D�zXi
of D containing z� and D�zX. Let QD be the enveloping groupoid of D.

Lemma 7.12. Suppose that X.g:vIg:e/ 2 X for all g 2G and v, e with X.vI e/ 2 X, and
that for all g 2 G and 
 D .ai / 2 � , we have g:
 WD .g:ai / 2 �C�.

(i) If (F) holds for D, zX, then (F) also holds for C, X.

(ii) If X, � satisfy condition (St), then so do zX, z� .

(iii) We have D D hz�iD� [D�. If C admits lcms, then so does D.

(iv) If .t < d/ is satisfied for X, � , then .t < d/ is also satisfied for zX, z� .

Note that given a bisection of the form aX.vI e/, then we define g:.aX.vI e// WD
.g:a/X.'.g; a/:vI'.g; a/:e/.

Proof. (i) and (ii) are straightforward to check.
(iii) The first claim is straightforward to check. Now we claim that if 
 D lcmC.˛; ˇ/,

then z
 D lcmD.z̨; ž/. It is clear that z̨ � z
 and ž � z
 . Now suppose that we are given a
common multiple of z̨ and ž of the form z̨ı D ž". As DD hz�iD� [D�, we may assume
that ı; " 2 hz�i, that is, ı D .˛0/z and " D .ˇ0/z for some ˛0; ˇ0 2 h�i. It follows that
.˛˛0/zD .ˇˇ0/zand thus ˛˛0Dˇˇ0. The last conclusion is justified because .za; z�/� .zb; z�/
implies that zazx D zbzx for some x 2 C, so that ax D bx and thus .a; �/ � .b; �/. Now it
follows that 
 � ˛˛0 D ˇˇ0 and thus z
 � z̨.˛0/zD ž.ˇ0/z, as desired.

(iv) This follows from the observations that t.z
/ D t.
/z and d.z
/ D d.
/z.

Our findings above motivate the following terminology.

Definition 7.13. We say that condition (Inv) is satisfied if G:S � SC�, for all g 2 G

and v, e with X.vI e/ 2 X, we have X.g:vIg:e/ 2 X, and for all g 2G and 
 D .ai / 2 � ,
we have g:
 WD .g:ai / 2 �C�.

With the straightforward observation that cancellation up to D� passes from D to C,
we obtain the following.
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Theorem 7.14. Assume that C is a finitely aligned left cancellative small category with
finite C0. Let S � C be a locally finite Garside family such that .S�L/] is closed under
left divisors for all L � 1.

Let G Õ C be a self-similar action and form D WD C ‰ G . Let zX � �D;1 be a
closed invariant subspace. Assume that condition (Inv) is satisfied, D is right cancellative
up toD�, that condition (F) holds for D, that X, � satisfy condition (St) and that C admits
lcms. The latter is, for instance, the case when C is right Noetherian, admits disjoint mcms
and if condition (LCM) holds. Further, suppose that .t < d/ holds for �.�/.

Then for all natural numbers n, QD.z�; z�/ is of type Fn if D�.w;w/ is of type Fn for
all w 2D0.

In particular, if �D .X.vIe//v2V for some V 2C0 and Y D
`

v2C0 Yv, where Yv D;

if v … V and Yv D X.vI e/ if v 2 V, then for all natural numbers n, F
�
.Il .D/ Ë zX/

zY
zY

�
is

of type Fn if D�.w;w/ is of type Fn for all w 2D0.

Note that condition (F) for D is related to faithfulness of the action of G on C.
Let us describe the groups D�.w;w/ in terms of C� and G .

Remark 7.15. We have D�.zv;zv/D ¹.u;g/ 2D W u 2C�; g 2G; d.u/D g:v; t.u/D vº.
In particular, if C�DC�;0, then D�.zv;zv/DC�.v;v/‰ St.G;v/, where St.G;v/D

®
g 2

G
�.v/
�.v/
W g:v D v

¯
. If we even have C� D C0, then D�.zv; zv/ D St.G; v/.

Here is a more concrete class of examples where our findings above apply.

Example 7.16. Assume that we are in the setting of Section 6 of a cancellative small cat-
egory C with a degree mapd WC!P . Assume that the self-similar action GÕC satisfies
d.g:a/ D d.a/ for all g 2 G and a 2 C. If P is right cancellative, then D WD C‰ G is
automatically right cancellative up to D�, and for the Garside family S from Section 6,
we have G:S � SC�. Moreover, if X and � are constructed as in Section 6, then for
all g 2 G and v, e with X.vI e/ 2 X, we have X.g:vI g:e/ 2 X, and that for all g 2 G

and 
 D .ai / 2 � , we have g:
 WD .g:ai / 2 �C�. This means that if C satisfies the same
assumptions as for Theorem 6.12, and condition (F) holds, then we obtain the following
conclusions, with the same notations as in Theorem 7.14:

(I) If .t < d/ holds for �.�/, then for all natural numbers n, QD.z�; z�/ is of type Fn
if D�.w;w/ is of type Fn for all w 2D0. In particular, if � D .X.vI e//v2V for
some V 2 C0 and Y D

`
v2C0 Yv, where Yv D ; if v … V and Yv D X.vI e/

if v 2 V, then for all natural numbers n, F
�
.Il .D/ Ë zX/

zY
zY

�
is of type Fn if

D�.w;w/ is of type Fn for all w 2D0.

(II) Suppose that X D @�. If P is left reversible and for all v 2 C0 and s 2 SP , we
have #vd�1.s/v � 2, then for all natural numbers n, QD.z�; z�/ is of type Fn if
D�.w;w/ is of type Fn for all w2D0. In particular, if �D .@�.v//v2V for some
V 2 C0 and Y D

`
v2C0 Yv, where Yv D ; if v … V and Yv D @�.v/ if v 2 V,

then for all natural numbers n, F
�
.Il .D/ Ë zX/

zY
zY

�
is of type Fn if D�.w;w/ is

of type Fn for all w 2D0.
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(III) If P D Zk�0 and SP , "j are as in Section 7.1, for all v 2 C0 and 1 � j � k, we
have #vd�1."j /v � 2, and if X � �1 is a closed invariant subspace, then for
all natural numbers n, QD.z�; z�/ is of type Fn if D�.w;w/ is of type Fn for all
w 2D0. In particular, if �D .X.vIe//v2V for some V 2C0 and Y D

`
v2C0 Yv,

where Yv D; if v …V and Yv DX.vIe/ if v 2V, then for all natural numbers n,
F
�
.Il .D/ Ë zX/

zY
zY

�
is of type Fn if D�.w;w/ is of type Fn for all w 2D0.

In particular, (III) covers self-similar groups as in [31, 32], and, in combination with
Remark 7.15, yields a generalization of [38, Theorem 4.15]. (III) also covers self-similar
actions on graphs as in [13, 20, 21] and self-similar actions on higher-rank graphs as
in [1, 28]. To give a concrete example, consider groupoid models for Katsura algebras as
discussed in [13, Section 18]. In this case, C is the path category a finite graph, so we are
in case (III) with P D Z�0, and G is the group Z. Because of Remark 7.15, and because
quotients of subgroups of Z are of type F1, condition (F) is not needed in this case, and
we obtain the same conclusions as in (III) if for all v 2 C0, we have #vd�1.1/v � 2.

Funding. This project has received funding from the European Research Council (ERC)
under the European Union’s Horizon 2020 research and innovation programme (grant
agreement no. 817597).
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