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A graphical description of the BNS-invariants of
Bestvina–Brady groups and the RAAG recognition

problem

Yu-Chan Chang and Lorenzo Ruffoni

Abstract. A finitely presented Bestvina–Brady group (BBG) admits a presentation involving only
commutators. We show that if a graph admits a certain type of spanning tree, then the associated
BBG is a right-angled Artin group (RAAG). As an application, we obtain that the class of BBGs
contains the class of RAAGs. On the other hand, we provide a criterion to certify that certain finitely
presented BBGs are not isomorphic to RAAGs (or more general Artin groups). This is based on a
description of the Bieri–Neumann–Strebel invariants of finitely presented BBGs in terms of separat-
ing subgraphs, analogous to the case of RAAGs. As an application, we characterize when the BBG
associated with a 2-dimensional flag complex is a RAAG in terms of certain subgraphs.
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1. Introduction

Let � be a finite simplicial graph and denote its vertex set and edge set by V.�/ andE.�/,
respectively. The associated right-angled Artin group (RAAG) A� is the group defined by
the following finite presentation:

A� D hV.�/ j Œv; w� whenever .v; w/ 2 E.�/i:

RAAGs have been a central object of study in geometric group theory because of the beau-
tiful interplay between algebraic properties of the groups and combinatorial properties of
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the defining graphs, and also because they contain many interesting subgroups, such as
the fundamental group of many surfaces and 3-manifolds, and more generally, especially
cubulated groups (see [23]).

The RAAG recognition problem consists in deciding whether a given group is a RAAG.
Several authors have worked on this problem for various classes of groups, for instance,
the pure symmetric automorphism groups of RAAGs in [13,24], the pure symmetric outer
automorphism groups of RAAGs in [16], and a certain class of subgroups of RAAGs and
RACGs in [15] and of mapping class groups in [25]. An analogous recognition problem
for right-angled Coxeter groups has been considered in [14]

However, the RAAG recognition problem is not easy to answer in general, even when
the given group shares some essential properties with RAAGs. For example, the group G
with the following presentation

G D ha; b; c; d; e j Œa; b�; Œb; c�; Œc; d �; Œb�1c; e�i

is finitely presented with only commutator relators; it is CAT.0/ and splits as a graph
of free abelian groups. However, it is not a RAAG (see [31, Example 2.8]). Even more
is true: Bridson [6] showed that there is no algorithm to determine whether or not a
group presented by commutators is a RAAG, answering a question by Day and Wade [16,
Question 1.2].

In this article, we study the RAAG recognition problem for a class of normal sub-
groups of RAAGs, namely, the Bestvina–Brady groups (BBGs). Let �WA� ! Z be the
homomorphism sending all the generators to 1. The BBG defined on � is the kernel of �
and is denoted by BB� . For example, the group G from above is the BBG defined on
the trefoil graph (see Figure 1). BBGs were introduced and studied in [3], and they have
become popular as a source of pathological examples in the study of finiteness proper-
ties and cohomology of groups. For instance, some BBGs are finitely generated but not
finitely presented, and there are some BBGs that are potential counterexamples to either
the Eilenberg–Ganea conjecture or the Whitehead conjecture.

Inspired by the example of the group G from above, we are interested in understand-
ing how much a BBG can be similar to a RAAG without being a RAAG. In particular, we
are interested in a criterion that can be checked directly on the defining graph. It is well
known that two RAAGs are isomorphic if and only if their defining graphs are isomorphic
(see [21]). However, this is not the case for BBGs. For instance, the BBG defined on a
tree with n vertices is always the free group of rank n � 1. Nevertheless, some features

Figure 1. The trefoil graph.
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of BBGs can still be seen directly from the defining graphs. For example, it was proved
in [3] that BB� is finitely generated if and only if � is connected, and BB� is finitely pre-
sented if and only if the flag complex �� associated with � is simply connected. When
a BBG is finitely generated, an explicit presentation was found by Dicks and Leary [18].
More properties that have been discussed from a graphical perspective include various
cohomological invariants in [19, 28, 31, 32], Dehn functions in [11], and graph of groups
decompositions in [1, 12, 17].

In this paper, we add to this list a solution to the RAAG recognition problem for BBGs
whose associated flag complexes are 2-dimensional (equivalently, the largest complete
subgraphs of the defining graphs are triangles). Unless otherwise stated, we will always
assume � is connected. We note that it is natural to make two additional assumptions. The
first one is that � is biconnected, that is, it has no cut vertices (otherwise, one can split BB�
as the free product of the BBGs on the biconnected components of �; see Corollary 4.22).
The second assumption is that the associated flag complex�� is simply connected (other-
wise, the group BB� is not even finitely presented). Our solution to the RAAG recognition
problem in dimension 2 is in terms of the presence or absence of two particular types of
subgraphs. A tree 2-spanner T of the graph � is a spanning tree such that for any two
vertices x and y, we have dT .x; y/ � 2d�.x; y/. A crowned triangle of the associated
flag complex �� is a triangle whose edges are not on the boundary of �� (see Section 5
for the precise definition). For instance, the central triangle of the trefoil graph in Figure 1
is a crowned triangle.

Theorem A. Let � be a biconnected graph such that �� is 2-dimensional and simply
connected. Then the following statements are equivalent.

(1) � admits a tree 2-spanner.

(2) �� does not contain crowned triangles.

(3) BB� is a RAAG.

(4) BB� is an Artin group.

Our proof of Theorem A relies on two conditions that are independent, in the sense
that they work separately and regardless of the dimension of �� . The first one is a suffi-
cient condition for a BBG to be a RAAG that is based on the existence of a tree 2-spanner
(see Section 1.1). The second one is a sufficient condition for any finitely generated group
not to be a RAAG that is based on certain properties of the Bieri–Neumann–Strebel invari-
ant (BNS-invariant) and may be of independent interest (see Section 1.3). We prove that
these two conditions are equivalent when the flag complex �� is 2-dimensional (see
Section 1.4).

This allows one to recover the fact that the group G from above (i.e., the BBG defined
on the trefoil graph from Figure 1) is not a RAAG. This was already known by the results
of [16] or [31]. While the results in these two papers apply to groups that are more general
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Figure 2. The extended trefoil graph. The BBG defined by it has this presentation: ha; b; c; d; e; f j
Œa; b�; Œb; c�; Œc; d �; Œb�1c; e�; Œe; f �i.

than the group G, they do not address the case of a very minor modification of that exam-
ple, such as the BBG defined on the graph in Figure 2. This BBG shares all the properties
with the group G described above. But again, it is not a RAAG by Theorem A since the
defining graph contains a crowned triangle (see Example 5.14).

The features of the BNS-invariant that we use to show that a BBG is not a RAAG
turn out to imply that the BBG cannot even be a more general Artin group. This relies on
the theory of resonance varieties developed by Papadima and Suciu in [30, 31]. Roughly
speaking, we show that for the BBGs under consideration in this paper, the resonance
varieties are the same as the complements of the BNS-invariants (see Section 4.6).

1.1. The condition to be a RAAG: Tree 2-spanners

As observed in [31, Corollary 2.3], when BB� is finitely presented, any spanning tree T
of � provides a finite presentation whose relators are commutators. If T is a tree 2-spanner,
then this presentation can actually be simplified to a standard RAAG presentation, and in
particular, the group BB� is a RAAG. We can even identify the defining graph for this
RAAG in terms of the dual graph T � of T , that is, the graph whose vertices are edges of T ,
and two vertices are adjacent if and only if the corresponding edges of T are contained in
the same triangle of � . Note that the following result does not have any assumption on the
dimension of �� .

Theorem B. If � admits a tree 2-spanner T , then BB� is a RAAG. More precisely,
the Dicks–Leary presentation can be simplified to the standard RAAG presentation with
generating set E.T /. Moreover, we have BB� Š AT � .

Here are two applications. The first one is that if � admits a tree 2-spanner, then�� is
contractible (see Corollary 3.9). The second application is that for any graph ƒ, the BBG
defined on the cone over ƒ is isomorphic to Aƒ, regardless of the structure of ƒ (see
Corollary 3.10). This means that the class of BBGs contains the class of RAAGs. That is,
every RAAG arises as the BBG defined on some graph.

As we have mentioned before, two RAAGs are isomorphic if and only if their defining
graphs are isomorphic, but this is not true for BBGs. However, when two graphs admit tree
2-spanners, the associated BBGs and the dual graphs completely determine each other.
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Corollary 1. Let � and ƒ be two graphs admitting tree 2-spanners T� and Tƒ,
respectively. Then BB� Š BBƒ if and only if T �� Š T

�
ƒ.

This provides new examples of non-isomorphic graphs defining isomorphic BBGs (see
Example 3.7). On the other hand, when � does not admit a tree 2-spanner, the presentation
for BB� associated with any spanning tree is never a RAAG presentation. However, there
might be a RAAG presentation not induced by a spanning tree. In order to obstruct this
possibility, we need to look for invariants that do not depend on the choice of a generating
set. We will consider the BNS-invariant †1.BB�/ of BB� .

1.2. The BNS-invariants of BBGs from the defining graphs

The BNS-invariant †1.G/ of a finitely generated group G is a certain open subset of
the character sphere S.G/, that is, the unit sphere in the space of group homomorphisms
Hom.G;R/. This invariant was introduced in [5] as a tool to study finiteness properties of
normal subgroups of G with abelian quotients, such as kernels of characters. In general,
the BNS-invariants are hard to compute.

The BNS-invariants of RAAGs have been characterized in terms of the defining graphs
by Meier and VanWyk in [29]. The BNS-invariants of BBGs are less understood. In [32,
Theorem 15.8], Papadima and Suciu gave a cohomological upper bound for the BNS-
invariants of BBGs. Recently, Kochloukova and Mendonça have shown in [27, Corol-
lary 1.3] how to reconstruct the BNS-invariant of a BBG from that of the ambient RAAG.
However, an explicit description of the BNS-invariant of a BBG from its defining graph
is still in need (recall that the correspondence between BBGs and graphs is not as explicit
as in the case of RAAGs).

Since the vertices of � are generators for A� , a convenient way to describe char-
acters of A� is via vertex-labelings. Inspired by this, in the present paper, we encode
characters of BB� as edge-labelings. This relies on the fact that the edges of � form a
generating set for BB� , under our standing assumption that � is connected (see [18] and
Section 4.1.3). We obtain the following graphical criterion for a character of a BBG to
belong to the BNS-invariant. The condition appearing in the following statement involves
the dead edge subgraph DE.�/ of a character � of BB� , which is the graph consisting
of edges on which � vanishes. This is reminiscent of the living subgraph criterion for
RAAGs in [29]. However, it turns out that the case of BBGs is better understood in terms
of the dead edge subgraph (see Example 4.16). An analogous dead subgraph criterion for
RAAGs was considered in [1].

Theorem C (Graphical criterion for the BNS-invariant of a BBG). Let � be a biconnected
graph with �� simply connected. Let � 2 Hom.BB� ;R/ be a non-zero character. Then
Œ�� 2 †1.BB�/ if and only if DE.�/ does not contain a full subgraph that separates � .

Theorem C allows one to work explicitly in terms of graphs with labeled edges. In
particular, we show in Corollary 4.21 that the following are equivalent: The graph � is
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biconnected, the BNS-invariant †1.BB�/ is non-empty, and BB� algebraically fibers
(i.e., it admits a homomorphism to Z with finitely generated kernel).

In the same spirit, we obtain the following graphical description for (the comple-
ment of) the BNS-invariants of BBGs. Here, a missing subsphere is a subsphere of the
character sphere that is in the complement of the BNS-invariant (see Section 4.1 for
details).

Theorem D (Graphical description of the BNS-invariant of a BBG). Let � be a bicon-
nected graph with�� simply connected. Then†1.BB�/c is a union of missing subspheres
corresponding to full separating subgraphs. More precisely,

(1) †1.BB�/c D
S
ƒSƒ, whereƒ ranges over the minimal full separating subgraphs

of � .

(2) There is a bijection between maximal missing subspheres in †1.BB�/c and
minimal full separating subgraphs of � .

In particular, as observed in [27, Corollary 1.4], the set †1.BB�/c carries a natural
structure of a rationally defined spherical polyhedron. A set of defining equations can
be computed directly by looking at the minimal full separating subgraphs of � . This is
analogous to the case of RAAGs (see [29]).

As a corollary of our description, we can identify the complement of the BNS-
invariant with the first resonance variety (see Proposition 4.43). This improves the inclu-
sion from [32, Theorem 15.8] to an equality. Once again, this is analogous to the case of
RAAGs (see [30, Theorem 5.5]). It should be noted that there are groups for which the
inclusion is strict (see [36]).

1.3. The condition not to be a RAAG: Redundant triangles

The BNS-invariant of a RAAG or BBG is the complement of a certain arrangement of
subspheres of the character sphere. (Equivalently, one could consider the arrangement of
linear subspaces given by the linear span of these subspheres.) The structural properties
of this arrangement do not depend on any particular presentation of the group, so this
arrangement turns out to be a useful invariant. In Section 4.4, inspired by the work of
[16, 24], we consider the question of whether the maximal members in this arrangement
are “in general position,” that is, whether they satisfy the inclusion-exclusion principle.

In [24], Koban and Piggott proved that the maximal members in the arrangement for
a RAAG satisfy the inclusion-exclusion principle. Day and Wade in [16] developed a
homology theory to detect when an arrangement does not satisfy the inclusion-exclusion
principle. These results can be used together with our description of the BNS-invariants of
BBGs to see that many BBGs are not RAAGs. However, some BBGs elude Day–Wade’s
homology theory, such as the BBG defined on the graph in Figure 2. This motivated us to
find an additional criterion to certify that a group G is not a RAAG. A more general result
in Proposition 4.36 roughly says that if there are three maximal subspheres of †1.G/c

that are not “in general position,” then G is not a RAAG.
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We are able to apply Proposition 4.36 to a wide class of BBGs. This is based on the
notion of a redundant triangle. Loosely speaking, a redundant triangle is a triangle in �
such that the links of its vertices are separating subgraphs of � that do not overlap too
much (see Section 4.5 for the precise definition). The presence of such a triangle provides
a triple of missing subspheres (in the sense of our graphical description; see Theorem D)
that does not satisfy the inclusion-exclusion principle.

Theorem E. Let � be a biconnected graph such that �� is simply connected. If � has a
redundant triangle, then BB� is not a RAAG.

We emphasize that Theorem E works without any assumptions on the dimension of
�� . On the other hand, the obstruction is 2-dimensional, in the sense that it involves a
triangle, regardless of the dimension of �� (see Example 5.17).

1.4. The 2-dimensional case: Proof of Theorem A

The two conditions described in Sections 1.1 and 1.3 are complementary when � is bicon-
nected and�� is 2-dimensional and simply connected. This follows from some structural
properties enjoyed by 2-dimensional flag complexes.

In Proposition 5.11, we establish that � admits a tree 2-spanner if and only if�� does
not contain crowned triangles. The “if” direction relies on a decomposition of �� into
certain elementary pieces, namely, the cones over certain 1-dimensional flag complexes.
It then follows from Theorem B that BB� is a RAAG.

On the other hand, we show in Lemma 5.13 that every crowned triangle is redundant
in dimension 2. It then follows from Theorem E that BB� is not a RAAG. The theory of
resonance varieties (see Section 4.6) allows us to conclude that BB� cannot be a more
general Artin group either.

Figure 3 illustrates the various implications. The only implication we do not prove
directly is that if BB� is a RAAG, then � has a tree 2-spanner. This implication follows
from the other ones, and in particular, it means that one can write down the RAAG pre-
sentation for BB� associated with the tree 2-spanner. This fact is a priori not obvious but
quite satisfying.

For the sake of completeness, we note that Theorem A fails for higher-dimensional
flag complexes (see Remark 5.15).

BB� is a RAAG
(BB� is an Artin group)

� admits a
tree 2-spanner

�� does not contain
crowned trianglesProposition 5.11

Theorem B Theorem E

Figure 3. The implications in the proof of Theorem A.
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1.5. Structure of the paper

The rest of the paper is organized as follows. In Section 2, we fix some terminology and
give some background on BBGs. In Section 3, we study tree 2-spanners and use them
to provide a sufficient condition for a BBG to be a RAAG (Theorem B). We also give
many examples. In Section 4, we present a graphical criterion (Theorem C) and a graph-
ical description (Theorem D) for the BNS-invariants of BBGs. We use this to provide a
sufficient condition for a BBG not to be a RAAG (Theorem E). This is based on a study
of the inclusion-exclusion principle for the arrangements that define the complement of
the BNS-invariants. We discuss the relation with resonance varieties in Section 4.6. In
Section 5, we provide a solution to the RAAG recognition problem for BBGs defined on
2-dimensional flag complexes (Theorem A). In the end, we include some observations
about the higher-dimensional case.

2. Preliminaries

2.1. Notation and terminology

In this paper, unless otherwise stated, a graph � is a finite 1-dimensional simplicial com-
plex, not necessarily connected. We denote by V.�/ the set of its vertices and by E.�/
the set of its edges. We do not fix any orientation on � , but we often need to work with
oriented edges. If e is an oriented edge, then we denote its initial vertex and terminal ver-
tex by �e and �e, respectively; we denote by xe the same edge with opposite orientation.
We always identify edges of � with the unit interval and equip � with the induced length
metric. A subgraph of � is a simplicial subcomplex, possibly not connected, possibly not
full.

A path, a cycle, and a complete graph on n vertices are denoted by Pn, Cn, and Kn,
respectively. (Note that by definition, there is no repetition of edges in a path or cycle.) A
clique of � is a complete subgraph. A tree is a simply connected graph. A spanning tree
of a graph � is a subgraph T � � such that T is a tree and V.T / D V.�/.

The link of a vertex v 2 V.�/, denoted by lk.v;�/, is the full subgraph induced by the
vertices that are adjacent to v. The star of v in � , denoted by st.v; �/, is the full subgraph
on lk.v; �/ [ ¹vº. More generally, let ƒ be a subgraph of � . The link of ƒ is the full
subgraph lk.ƒ; �/ induced by vertices at distance 1 from ƒ. The star of ƒ in � , denoted
by st.ƒ; �/, is the full subgraph on lk.ƒ; �/ [ V.ƒ/.

The join of two graphs �1 and �2, denoted by �1 � �2, is the full graph on
V.�1/ [ V.�2/ together with an edge joining each vertex in V.�1/ to each vertex in
V.�2/. A vertex in a graph that is adjacent to every other vertex is called a cone vertex.
A graph that has a cone vertex is called a cone graph. In other words, a cone graph �
can be written as a join ¹vº � � 0. In this case, we also say that � is a cone over � 0. The
complement ofƒ in � is the full subgraph � nƒ spanned by V.�/ n V.ƒ/. We say thatƒ
is separating if � nƒ is disconnected. A cut vertex of � is a vertex that is separating as a
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subgraph. A cut edge of � is an edge that is separating as a subgraph. A graph is bicon-
nected if it has no cut vertices. If a graph is not biconnected, its biconnected components
are the maximal biconnected subgraphs.

Given a graph � , the flag complex �� on � is the simplicial complex obtained by
gluing a k-simplex to � for every collection of k C 1 pairwise adjacent vertices of � (for
k � 2). The dimension of�� is denoted by dim�� and defined to be the maximal dimen-
sion of a simplex in�� . (If�� 1-dimensional, then it coincides with � , and the following
terminology agrees with the one introduced before.) If Z is a subcomplex of �� , the link
ofZ in�� , denoted by lk.Z;��/, is defined as the full subcomplex of�� induced by the
vertices at a distance one from Z. Similarly, the star of Z in �� , denoted by st.Z;��/,
is defined as the full subcomplex induced by lk.Z;��/ [Z.

2.2. The Dicks–Leary presentation

Let � be a graph, and let A� be the associated RAAG. Let �WA� ! Z be the homomor-
phism sending all the generators to 1. The Bestvina–Brady group (BBG) on � , denoted
by BB� , is defined to be the kernel of �. When � is connected, the group BB� is finitely
generated (see [3]) and has the following (infinite) presentation, called the Dicks–Leary
presentation.

Theorem 2.1 ([18, Theorem 1]). Let � be a graph. If � is connected, then BB� is gen-
erated by the set of oriented edges of � , and the relators are words of the form en1 � � � e

n
l

for each oriented cycle .e1; : : : ; el /, where n; l 2 Z, n ¤ 0, and l � 2. Moreover, the
group BB� embeds in A� via e 7! �e.�e/�1 for each oriented edge e.

For some interesting classes of graphs, the Dicks–Leary presentation can be consid-
erably simplified. For instance, when the flag complex �� on � is simply connected, the
group BB� admits the following finite presentation.

Corollary 2.2 ([18, Corollary 3]). When the flag complex �� on � is simply connected,
the group BB� admits the following finite presentation: The generating set is the set of the
oriented edges of � , and the relators are exe D 1 for every oriented edge e, and eiej ek D 1
and ekej ei D 1 whenever .ei ; ej ; ek/ form an oriented triangle (see Figure 4).

ei

ej

ek

Figure 4. Oriented triangle.
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Remark 2.3. In the notations of Corollary 2.2, it follows that ei , ej , and ek generate a Z2

subgroup.

Example 2.4. If � is a tree on n vertices, then BB� is a free group of rank n � 1. If
� D Kn is a complete graph on n vertices, then BB� D Zn�1.

Moreover, as observed by Papadima and Suciu, the edge set of a spanning tree is
already enough to generate the whole group.

Corollary 2.5 ([31, Corollary 2.3]). Let T be a spanning tree of � . When the flag com-
plex �� on � is simply connected, the group BB� admits a finite presentation in which
the generators are the edges of T , and every defining relator is a commutator between
words in the generators.

Remark 2.6 (Oriented vs. unoriented edges). The presentation from Corollary 2.2 is very
symmetric but clearly redundant because each (unoriented) edge appears twice. The ori-
entation is just an accessory tool, and one can obtain a shorter presentation by choosing
an arbitrary orientation for each edge e, dropping the relator exe, and allowing inverses
in the relators whenever needed. For instance, this is what happens in Corollary 2.5.
Strictly speaking, each choice of orientation for the edges results in a slightly different
presentation. However, switching the orientation of an edge simply amounts to replacing
a generator with its inverse. Therefore, in the following sections, we will naively regard
the generators in Corollary 2.5 as being given by unoriented edges of T , and we will
impose a specific orientation only when needed in a technical argument.

3. BBGs that are RAAGs

When � is a tree or complete graph, the group BB� is a free group or abelian group,
respectively. Hence, it is a RAAG (see Example 2.4). In this section, we identify a wider
class of graphs whose associated BBGs are RAAGs.

3.1. Tree 2-spanners

Let � be a connected graph. Recall from the introduction that a tree 2-spanner of � is
a spanning tree T of � such that for all x; y 2 V.T /, we have dT .x; y/ � 2d�.x; y/.
If � is a tree, then � is a tree 2-spanner of itself. Here, we are interested in more general
graphs which admit tree 2-spanners. We start by proving some useful properties of tree
2-spanners.

Lemma 3.1. Let T be a tree 2-spanner of � , and let e 2 E.�/. Then either e 2 E.T / or
there is a unique triangle .e; f; g/ such that f; g 2 E.T /.
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Proof. Write e D .x; y/, so dT .x; y/ � 2d�.x; y/ D 2. If e is not an edge of T , then
dT .x; y/ D 2. So, there must be some z 2 V.T / adjacent to both x and y in � such that
the edges f D .x; z/ and g D .y; z/ are in T . Obviously, the edges e, f , and g form a
triangle.

To see that such a triangle is unique, let .e; f 0; g0/ be another triangle such that
f 0; g0 2 E.T /. Then .f; g; f 0; g0/ is a cycle in the spanning tree T , which leads to a
contradiction.

Lemma 3.2. Let T be a tree 2-spanner of � . Then in every triangle of � , either no edge
is in T or two edges are in T .

Proof. Let .e; f; g/ be a triangle in � , and assume by contradiction that e 2 E.T / but
f; g 62 E.T /. Then by Lemma 3.1, the edges f and g are contained in uniquely deter-
mined triangles .f; f1; f2/ and .g; g1; g2/, respectively, with f1; f2; g1; g2 2 E.T /. Then
.e; f1; f2; g1; g2/ is a loop in T , which is absurd since T is a tree.

Lemma 3.3. Let T be a tree 2-spanner of � , and let .e; f; g/ be a triangle in � with no
edges from T . Then there are edges e0; f 0; g0 2 E.T / that together with e; f; g form aK4
in � .

Proof. By Lemma 3.1, there are uniquely determined triangles .e; e1; e2/, .f; f1; f2/, and
.g; g1; g2/ such that e1; e2; f1; f2; g1; g2 2 E.T /. Let ve be a common vertex shared by
e1 and e2 and similarly define vf and vg . If at least two vertices among ve , vf , and vg are
distinct, then concatenating the edges e1; e2; f1; f2; g1; g2 gives a non-trivial loop in T ,
which is absurd. Thus, we have ve D vf D vg . Therefore, there is a K4 induced by the
vertex ve and the triangle .e; f; g/.

We establish the following result about the global structure of �� . (We will prove in
Corollary 3.9 that if � is a tree 2-spanner, then �� is even contractible.)

Lemma 3.4. If � has a tree 2-spanner, then �� is simply connected.

Proof. It is enough to check that every cycle of � bounds a disk in �� . Let T be a tree
2-spanner of � , and let C D .e1; e2; : : : ; en/ be a cycle of � . If n D 3, then by construc-
tion C bounds a triangle in�� . So, we may assume n � 4. If C contains a pair of vertices
connected by an edge not in C , then C can be split into the concatenation of two shorter
cycles. So, we assume that C contains no such a pair of vertices, that is, a chordless cycle.
In particular, all edges of C are distinct.

For each ei 2E.C/, either ei 2E.T / or ei 62E.T /. In the second case, by Lemma 3.1,
there are two edges e�i and eCi inE.T / such that .ei ; e�i ; e

C

i / form a triangle. We denote by
wi the common vertex of e�i and eCi . Note that wi 62 V.C / and e�i ; e

C

i 62 E.C/ because C
is assumed to be chordless and of length n � 4. Let L be the loop obtained by the fol-
lowing surgery on C (see Figure 5, left): For each edge ei , if ei 2 E.T /, then keep it;
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Figure 5. The construction of the loop L from the cycle C (left), and its contraction to a cone vertex
(right).

otherwise, replace it with the concatenation of the two edges e�i and eCi . Then L is a loop
made of edges of T . Since T is a tree, the loop L is contractible. Thus, if we start from a
vertex of L and travel along the edges of L back to the starting vertex, then we must travel
along each edge an even number of times in opposite directions.

Since e�i ; e
C

i 62 E.C/, each edge of C appears at most once in L. So, if some edge
of C appears in L, then L is not contractible. This proves that E.C/ \ E.T / D ¿, and
therefore, we have L D .e�1 ; e

C
1 ; e

�
2 ; e

C
2 ; : : : ; e

�
n ; e

C
n /. Once again, since the edges of L

must appear an even number of times, the loop L contains a repeated edge. That is, we
have eCi D e

�
iC1 and wi D wiC1 for some i . Deleting the vertex viC1 (and the repeated

edge), we obtain a shorter cycle in T , made of edges from L. Iterating the process, we see
that w1; : : : ; wn are all actually the same vertex, say w (see Figure 5, right). Notice that
every vertex of C is adjacent to w, so C is entirely contained in st.w; �/. Therefore, the
cycle C bounds a triangulated disk in �� as desired.

In the next statement, we show that if � has a tree 2-spanner, then BB� is a RAAG.
Even more, the tree 2-spanner itself provides a RAAG presentation for BB� . Let T be a
tree 2-spanner for � . Recall from the introduction that the dual graph T � of T is the graph
whose vertices are edges of T , and two vertices are adjacent if and only if the correspond-
ing edges of T are contained in the same triangle of � . Roughly speaking, the dual graph
encodes the way in which T sits inside � .

Theorem B. If � admits a tree 2-spanner T , then BB� is a RAAG. More precisely,
the Dicks–Leary presentation can be simplified to the standard RAAG presentation with
generating set E.T /. Moreover, we have BB� Š AT � .

Proof. Let T be a tree 2-spanner of � . By Lemma 3.4, the flag complex �� is simply
connected. By Corollary 2.2, the Dicks–Leary presentation for BB� is finite. The gen-
erators are the oriented edges of � , and the relators correspond to the oriented triangles
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in � . By Corollary 2.5, the presentation can be further simplified by discarding all edges
not in T to obtain a presentation that only involves commutators between words in the
generators. We explicitly note that to achieve this, one also needs to choose an arbitrary
orientation for each edge of T (compare Remark 2.6). To ensure that the resulting pre-
sentation is a standard RAAG presentation, we need to check that it is enough to use
relators that are commutators of edges of T (as opposed to commutators of more general
words). In order to do this, we check what happens to the Dicks–Leary presentation from
Corollary 2.2 when we remove a generator corresponding to an edge that is not in T . The
relators involving such an edge correspond to the triangles of � that contain it. One of
them is the special triangle from Lemma 3.1, and there might be other ones corresponding
to other triangles.

Let e 2 E.�/ nE.T /. By Lemma 3.1, we know that there is a unique triangle .e; f; g/
with f; g 2 E.T /. Then .e"1 ; f "2 ; g"3/ is an oriented triangle (in the sense of Figure 4)
for some suitable "j D˙1, where the negative exponent stands for a reversal in the orien-
tation. When we drop e from the generating set, the relations e"1f "2g"3 D 1D g"3f "2e"1

can be replaced by f "2g"3 D e�"1 D g"3f "2 , hence by the commutator Œf "2 ; g"3 � (com-
pare with Remark 2.3). But such a commutator can always be replaced by Œf; g�. This is
completely insensitive to the chosen orientation. This shows that the relators of the pre-
sentation from Corollary 2.2, which arise from the triangles provided by Lemma 3.1, are
turned into commutators between generators in the presentation from Corollary 2.5.

We need to check what happens to the other type of relators. We now show that
they follow from the former type of relators and hence can be dropped. As before, let
e 2 E.�/ n E.T /, and let .e; f; g/ be the triangle from Lemma 3.1 having f; g 2 E.T /.
Let .e; f 0; g0/ be another triangle containing e. Since e 62 E.T /, by the uniqueness in
Lemma 3.2 we have e; f 0; g0 62 E.T /. Therefore, by Lemma 3.3, there are e00; f 00; g00 2
E.T / that form a K4 together with e, f 0, and g0 (see the left picture of Figure 6). Up to
relabeling, say that e00 is the edge of this K4 that is disjoint from e. Then .e; f 00; g00/ is
a triangle containing e with f 00; g00 2 E.T /. Again, since the triangle .e; f; g/ is unique,
we have ¹f 00; g00º D ¹f; gº. In particular, the triangles .e; f; g/ and .e; f 0; g0/ are part
of a common K4 (see the right picture of Figure 6). The edges of this K4 that are in T
are precisely e00, f , and g, and any two of them commute by Remark 2.3. So, the relator

e

g

f

g0

f 0

e00

f 00

g00

e

g0

f 0

e00

f

g

Figure 6. The graph on the left shows the triangle .e; f; g/ and a K4 consisting of the edges
e; f 0; g0; e00; f 00, and g00. The red edges are in E.T /. The graph on the right illustrates the unique-
ness of the triangle .e; f; g/.
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ef 0g0 follows from the fact that e, f 0, and g0 can be rewritten in terms of f , g, and e00. In
particular, this relator can be dropped.

Therefore, the Dicks–Leary presentation for BB� can be simplified to a presentation
in which the generating set is E.T /, and the relators are commutators Œei ; ej �, where ei
and ej are in E.T / and are contained in the same triangle of �� . In particular, we have
BB� Š AT � .

Remark 3.5. It is natural to ask which graphs admit a tree 2-spanner. The problem of
determining whether a graph admits a tree 2-spanner is NP-complete (see [2]). However, if
a graph contains a tree 2-spanner, then it can be found in linear time (see [9, Theorem 4.5]).

As a consequence, we have the following criterion to detect whether two BBGs are
isomorphic in terms of the defining graphs in the special case where they admit tree
2-spanners.

Corollary 1. Let � and ƒ be two graphs admitting tree 2-spanners T� and Tƒ,
respectively. Then BB� Š BBƒ if and only if T �� Š T

�
ƒ.

Proof. The result follows from Theorem B and the fact that two RAAGs are isomorphic
if and only if their defining graphs are isomorphic (see Droms [21]).

Remark 3.6. In general, non-isomorphic graphs can define isomorphic BBGs. For exam-
ple, any two trees with n vertices define the same BBG (the free group of rank n � 1).
Notice that every tree is a tree 2-spanner of itself with a totally disconnected dual graph.
Even when � admits a tree 2-spanner with a connected dual graph, the group BB� does
not determine � (see Example 3.7).

Example 3.7. Denote the graphs in Figure 7 by � and ƒ. Let T� and Tƒ be the tree
2-spanners of � and ƒ, respectively, given by the red edges in the pictures. One can
see that � 6Š ƒ as well as T� 6Š Tƒ. However, the dual graphs T �� and T �ƒ are iso-
morphic to the path on five vertices P5. Thus, by Theorem B and Corollary 1, we have
BB� Š AP5 Š BBƒ.

The following graph-theoretic statements might be of independent interest. The first
one says that any two tree 2-spanners for a graph � sit in the same way inside � (even
though they do not have to be isomorphic as trees; see Example 3.7). The second one
strengthens the conclusion of Lemma 3.4.

Figure 7. Non-isomorphic biconnected graphs that give isomorphic BBGs.
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Corollary 3.8. If T1 and T2 are tree 2-spanners for � , then T �1 Š T
�
2 .

Proof. Take � D ƒ in Corollary 1.

Corollary 3.9. If � admits a tree 2-spanner, then �� is contractible.

Proof. By Theorem B, the group BB� is isomorphic to the RAAG Aƒ on some graph ƒ.
The Salvetti complex associated with ƒ is a finite classifying space for Aƒ, so the group
BB� Š Aƒ is of type F . It follows from [3] that �� is simply connected and acyclic. By
the Hurewicz theorem, the homotopy group �k.��/ is trivial for k � 1. By the Whitehead
theorem, we can conclude that �� is contractible.

3.2. Joins and 2-trees

In this section, we describe some ways of constructing new graphs out of old ones in such
a way that the BBG defined on the resulting graph is a RAAG.

3.2.1. Joins. Recall from Section 2.1 the definition of the join of two graphs. It corre-
sponds to a direct product operation on the associated RAAGs. The following corollary
can also be found in [31, Example 2.5] and [11, Proposition 3.4].

Corollary 3.10. Let ƒ be a graph. If � D ¹vº �ƒ, then BB� Š Aƒ.

Proof. Since v is a cone vertex, the edges that are incident to v form a tree 2-spanner T
of � . By Theorem B, we know that BB� is a RAAG, namely, BB� Š AT � . The result
follows from the observation that T � Š ƒ.

For instance, if � does not contain a full subgraph isomorphic to C4 or P3, then � is
a cone (see the first lemma in [22]), and the previous corollary applies. Actually, in this
case every subgroup of A� is known to be a RAAG by the main theorem in [22].

Remark 3.11. Corollary 3.10 implies that the class of BBGs contains the class of
RAAGs, that is, every RAAG arises as the BBG defined on some graph.

Remark 3.12. Corollary 3.10 indicates that the fact that BB� is not a RAAG is not obvi-
ously detected by subgraphs in general. Indeed, if � is a cone overƒ, then BB� is always
a RAAG, regardless of the fact that BBƒ is a RAAG or not.

Corollary 3.13. Let ƒ be a graph and � 0 a cone graph. If � D � 0 � ƒ, then BB� is a
RAAG.

Proof. Since � 0 is a cone graph, so is � . Therefore, the group BB� is a RAAG by
Corollary 3.10.

Corollary 3.14. If A� has non-trivial center, then BB� is a RAAG.
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Proof. By [33, the centralizer theorem], when A� has non-trivial center, there is a com-
plete subgraph � 0 � � such that each vertex of � 0 is adjacent to every other vertex of � .
That is, the graph � decomposes as � D � 0 �ƒ, where V.ƒ/ D V.�/ n V.�/0. Since a
complete graph is a cone graph, the result follows from Corollary 3.13.

Remark 3.15. BBGs defined on arbitrary graph joins are not necessarily isomorphic to
RAAGs. For example, the cycle of length four C4 is the join of two pairs of non-adjacent
vertices. The associated RAAG is F2 �F2, and the associated BBG is not a RAAG because
it is not even finitely presented (see [3]).

3.2.2. Two-trees. Roughly speaking, a 2-tree is a graph obtained by gluing triangles
along edges in a tree-like fashion. More formally, the class of 2-trees is defined recur-
sively as follows: The graph consisting of a single edge is a 2-tree, and then a graph � is
a 2-tree if it contains a vertex v such that the neighborhood of v in � is an edge and the
graph obtained by removing v from � is still a 2-tree. The trefoil graph from Figure 1 is an
explicit example of a 2-tree. A general 2-tree may not be a triangulation of a 2-dimensional
disk as it can have branchings; see Figure 8 for an example. It is not hard to see that the
flag complex on a 2-tree is simply connected. So, the associated BBG is finitely presented
and has only commutator relators.

Cai showed that a 2-tree contains no trefoil subgraphs if and only if it admits a tree
2-spanner (see [8, Proposition 3.2]). The next corollary follows from Cai’s result and The-
orem B. In Section 5, we will prove a more general result that especially implies the
converse of the following statement.

Corollary 3.16. Let � be a 2-tree. If � is trefoil-free, then BB� is a RAAG.

Example 3.17 (A bouquet of triangles). Let � be the 2-tree shown in Figure 8. Since �
does not contain trefoil subgraphs, the group BB� is a RAAG by Corollary 3.16. The
reader can check that the red edges form a tree 2-spanner of � .

Figure 8. A 2-tree whose flag complex is not a triangulated disk.
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4. BBGs that are not RAAGs

While in the previous section we have provided a condition on a graph � to ensure that
BB� is a RAAG, in this section, we want to obtain a condition on � to guarantee that BB�
is not a RAAG. The main technical tool consists of a description of the BNS-invariants
of BBGs in terms of the defining graphs. Recall that we are always assuming that � is
connected, and that this ensures that BB� is finitely generated (see [3, 18]).

4.1. BNS-invariants of finitely generated groups

LetG be a finitely generated group. A character ofG is a homomorphism �WG!R. Two
characters �1 and �2 are equivalent, denoted by �1 � �2, whenever �1 D ��2 for some
positive real number �. Denote by Œ�� the equivalence class of �. The set of equivalence
classes of non-zero characters of G is called the character sphere of G:

S.G/ D ¹Œ�� j � 2 Hom.G;R/ n ¹0ºº:

The character sphere naturally identifies with the unit sphere in Hom.G;R/ (with respect
to some background inner product), so by abuse of notation, we will often write S.G/ �
Hom.G;R/. A character �WG ! R is called integral, rational, or discrete if its image is
an infinite cyclic subgroup of Z;Q, or R, respectively. In particular, an integral character
is rational, a rational character is discrete, and the equivalence class of a discrete character
always contains an integral representative.

Let � be a finite generating set for G, and let Cay.G; �/ be the Cayley graph for G
with respect to � . Note that the elements of G are identified with the vertex set of the
Cayley graph. For any character �WG ! R, let Cay.G; �/��0 be the full subgraph of
Cay.G;�/ spanned by ¹g 2 G j �.g/ � 0º. Bieri, Neumann, and Strebel [5] introduced a
geometric invariant of G, known as the BNS-invariant †1.G/ of G, which is defined as
the following subset of S.G/:

†1.G/ D ¹Œ�� 2 S.G/ j Cay.G; �/��0 is connectedº:

They also proved that the BNS-invariant of G does not depend on the generating set � .
The interest in†1.G/ is due to the fact that it can detect finiteness properties of normal

subgroups with abelian quotients, such as kernels of characters. For instance, the following
statement can be taken as an alternative definition of what it means for a discrete character
to belong to †1.G/ (see [5, §4] or [35, Corollary A4.3]).

Theorem 4.1. Let �WG ! R be a discrete character. Then ker.�/ is finitely generated if
and only if both Œ�� and Œ��� are in †1.G/.

As a major motivating example, when G is the fundamental group of a compact 3-
manifold M , the BNS-invariant †1.G/ describes all the possible ways in which M fibers
over the circle with fiber a compact surface (see [5, 34, 37]).
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Remark 4.2. For each group G of interest in this paper, it admits an automorphism that
acts as the antipodal map � 7! �� on Hom.G;R/. In this case, the BNS-invariant †1.G/
is invariant under the antipodal map. Therefore, its rational points correspond exactly to
discrete characters with finitely generated kernels.

Remark 4.3 (The complement and the missing subspheres). It is often the case that the
BNS-invariant †1.G/ is better described in terms of its complement in the character
sphere S.G/. Moreover, for many groups of interest, the complement of the BNS-invariant
is often a union of subspheres (see [4,10,26,27,29] for examples). In this paper, the com-
plement of†1.G/ is by definition†1.G/c D S.G/ n†1.G/. A great subsphere is defined
as a subsphere of S.G/ of the form SW D S.G/ \W , where W is a linear subspace of
Hom.G;R/ going through the origin. We say that a great subsphere SW is a missing sub-
sphere if SW � †1.G/c . The subspaceW is the linear span of SW and is called a missing
subspace.

4.1.1. The BNS-invariants of RAAGs. The BNS-invariants of RAAGs have a nice
description given by Meier and VanWyk [29]. Let � be a graph and �WA�!R a character
of A� . Define the living subgraph L.�/ of � to be the full subgraph of � on the vertices v
with �.v/ ¤ 0 and the dead subgraph D.�/ of � to be the full subgraph of � on the ver-
tices v with �.v/ D 0. Note that L.�/ and D.�/ are disjoint, and they do not necessarily
cover � . A subgraph � 0 of � is dominating if every vertex of � n � 0 is adjacent to some
vertex of � 0.

Theorem 4.4 (A graphical criterion for †1.A�/ [29, Theorem 4.1]). Let �WA� ! R be
a character. Then Œ�� 2 †1.A�/ if and only if L.�/ is connected and dominating.

By Theorem 4.1, if � is a discrete character, then L.�/ detects whether ker.�/ is
finitely generated. Indeed, in a RAAG, the map sending a generator to its inverse is a group
automorphism. Hence, the set †1.A�/ is invariant under the antipodal map � 7! �� (see
Remark 4.2).

We find it convenient to work with the following reformulation of the condition in
Theorem 4.4. It previously appeared inside the proof of Corollary 3.4 of [1]. We include
a proof for completeness. For the sake of clarity, in the following lemma, the graph ƒ is
a subgraph of D.�/ that is separating as a subgraph of � , but it may not separate D.�/

(see Figure 9 for an example).

Lemma 4.5. Let �WA� ! R be a non-zero character. Then the following statements are
equivalent.

(1) The living graph L.�/ is either not connected or not dominating.

(2) There exists a full subgraph ƒ � � such that ƒ separates � and ƒ � D.�/.

Proof. We begin by proving that (1) implies (2). If L.�/ is not connected, thenƒDD.�/

separates � . If L.�/ is not dominating, then there is a vertex v 2 V.�/ such that � van-
ishes on v and on all the vertices adjacent to v. Since � is non-zero, the vertex v is not a
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Figure 9. The subgraph ƒ in Lemma 4.5 may not be a union of connected components of D.�/.
Here, the graph ƒ is given by the two red vertices.

cone vertex. In particular, the graph ƒ D lk.v; �/ is a subgraph of D.�/. Moreover, the
subgraph ƒ is a full separating subgraph of � , as desired.

To prove that (2) implies (1), assume that L.�/ is connected and dominating. Let
ƒ � D.�/ be a full subgraph of � , and let u1; u2 2 V.�/ n V.ƒ/. We want to show that
u1 and u2 can be connected in the complement of ƒ. There are three cases. Firstly, if u1
and u2 are vertices of L.�/, then they are connected by a path entirely in L.�/. Secondly,
if both u1 and u2 are vertices of D.�/, then they are adjacent to some vertices in L.�/,
say v1 and v2, respectively. Then we can extend a path in L.�/ between v1 and v2 to a
path between u1 and u2 avoiding V.ƒ/. Finally, suppose that u1 is a vertex of L.�/ and
u2 is a vertex of D.�/, then u2 is adjacent to a vertex v2 of L.�/. Again, we can extend
a path in L.�/ between u1 and v2 to a path between u1 and u2 avoiding V.ƒ/. As a
result, we have connected u1 to u2 with a path disjoint from ƒ. This shows that ƒ is not
separating, which contradicts (2).

Notice that a subgraph ƒ arising from Lemma 4.5 may not be connected and may not
be equal to D.�/. Also, it may not even be a union of connected components of D.�/.
This is in particular true when looking for a minimal such ƒ (see Figure 9).

Remark 4.6. It follows from Theorem 4.4 that †1.A�/c is a rationally defined spherical
polyhedron, given by a union of missing subspheres (see [29, Theorem 5.1]). Moreover,
each (maximal) missing subsphere consists of characters that vanish on a (minimal) sep-
arating subgraph of � , thanks to Lemma 4.5 (see also [35, Proposition A4.14]). For
example, the missing hyperspheres in †1.A�/c are in bijective correspondence with the
cut vertices of � . We will further discuss the correspondence in Example 4.29.

4.1.2. The BNS-invariants of BBGs. As in the case of RAAGs, some elementary
properties of the BNS-invariants of BBGs can be seen directly from the defining graph.

Example 4.7. The graph � is complete if and only if †1.BB�/ D S.BB�/. Indeed, in
this case, the group BB� is free abelian.

Example 4.8. At the opposite extreme, if � is connected and has a cut vertex, then
†1.BB�/ D ¿ (see [32, Corollary 15.10]). Vice versa, if � has no cut vertices and BB�
is finitely presented, then we will prove in Corollary 4.20 that †1.BB�/ ¤ ¿.
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The following lemma shows that the BNS-invariant of a BBG is invariant under the
antipodal map, as in the case of a RAAG.

Lemma 4.9. For all �WBB� ! R, if Œ�� 2 †1.BB�/, then Œ��� 2 †1.BB�/.

Proof. Choose an orientation for the edges of � , and let f W�!� be the map that reverses
the orientation on each edge. Then f induces an automorphism f�WBB� ! BB� which
sends every generator e to its inverse e�1. Then the lemma follows from the fact that
�� D � ı f� (see Remark 4.2).

Beyond these observations, not many explicit properties are known, and more refined
tools are needed. We will use a recent result of Kochloukova and Mendonça that relates
the BNS-invariant of a BBG to that of the ambient RAAG. The following statement is a
particular case of [27, Corollary 1.3].

Proposition 4.10. Let � be a connected graph, and let � W BB� ! R be a character.
Then Œ�� 2 †1.BB�/ if and only if Œy�� 2 †1.A�/ for every character y� W A� ! R that
extends �.

Proposition 4.10 allows one to recover the previous observations as well as more prop-
erties of the BNS-invariants of BBGs, which are reminiscent of those of RAAGs. For
instance, the complement of the BNS-invariant of a BBG is a rationally defined spherical
polyhedron (see [27, Corollary 1.4] and compare with Remark 4.6).

4.1.3. Coordinates and labelings. Here, we want to describe a useful parametriza-
tion for Hom.A� ;R/ and Hom.BB� ;R/ in terms of labeled graphs. This is based on
the following elementary observation about a class of groups with a particular type of
presentation that includes RAAGs and BBGs.

Lemma 4.11. Let G be a group with a presentation G D h� jRi in which for each gener-
ator s and each relator r , the exponent sum of s in r is zero. Let A be an abelian group.
Then there is a bijection between Hom.G;A/ and ¹f W � ! Aº.

Proof. Given a homomorphismG! A, one obtains a function � ! A just by restriction.
Conversely, let f W� ! A be any function and let zf WF.�/! A be the induced homomor-
phism on the free group on � . Let r 2 F.�/ be a relator for G. Since the exponent sum of
each generator in r is zero and A is abelian, we have that zf .r/ is trivial in A. Therefore,
the homomorphism zf WF.�/! A descends to a well-defined homomorphismG! A.

A typical example of a relator in which the exponent sum of every generator is zero
is a commutator. In particular, the standard presentation for a RAAG and the simplified
Dicks–Leary presentation for a BBG in Corollary 2.5 are presentations of this type. We
now show how Lemma 4.11 can be used to introduce nice coordinates on Hom.G;R/ for
these two classes of groups.
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Let � be a connected graph, and let V.�/ D ¹v1; : : : ; vnº. By Lemma 4.11, a homo-
morphism �WA� ! R is uniquely determined by its values on V.�/. Therefore, we get a
natural identification

Hom.A� ;R/! RjV.�/j; � 7! .�.v1/; : : : ; �.vn//:

In other words, a character �WA� ! R is the same as a labeling of V.�/ by real numbers.
A natural basis for Hom.A� ;R/ is given by the characters �1; : : : ;�n, where �i .vj /D ıij .

For BBGs, a similar description is available in terms of edge-labelings. Different from
RAAGs, not every assignment of real numbers to the edges of � corresponds to a charac-
ter. Indeed, the labels along an oriented cycle must sum to zero. So, assigning the labels
on sufficiently many edges already determines the labels on the other ones. To find a
clean description, we assume that the flag complex �� is simply connected, and we fix
a spanning tree T of � with E.T / D ¹e1; : : : ; emº. By Corollary 2.5, we know that the
Dicks–Leary presentation can be simplified to have only E.T / as a generating set and all
relators are commutators. By Lemma 4.11, we get an identification

Hom.BB� ;R/! RjE.T /j; � 7! .�.e1/; : : : ; �.em//:

In other words, a character �W BB� ! R is encoded by a labeling of E.T / by real
numbers. To obtain a basis for Hom.BB� ;R/, one can take the characters �1; : : : ; �m,
where �i .ej /D ıij , with respect to some arbitrary orientation of the edges of T (compare
Remark 4.12).

Remark 4.12 (Computing a character on an edge). Note that there is a slight abuse of
notation: Strictly speaking, in order to see an edge e as an element of BB� , one needs
to orient it. So, it only makes sense to evaluate a character � on an oriented edge (see
Remark 2.6). However, the value of �.e/ with respect to the two possible orientations
just differs by a sign. Indeed, if we change the orientation of an edge and the sign of the
corresponding label, then we obtain a different description of the same character of BB� .
In particular, it makes sense to say that a character vanishes or not on an edge, regard-
less of orientation. Moreover, given the symmetry of †1.BB�/ under sign changes (see
Remark 4.2 and Lemma 4.9), it is still quite meaningful and useful to think of a character
as an edge-labeling for a spanning tree T .

As a result of the previous discussions, we obtain the following lemma, which we
record for future reference.

Lemma 4.13. Let � be a graph with�� simply connected. Let T be a spanning tree of � .
Fix an orientation for the edges of T . Then the following statements hold.

(1) A character �WBB� ! R is uniquely determined by its values on E.T /.

(2) Any assignment E.T /! R uniquely extends to a character �WBB� ! R.
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We conclude this section with a description of a natural restriction map. Recall from
Theorem 2.1 that BB� embeds in A� via e 7! �e.�e/�1 for each oriented edge e, where �e
and �e, respectively, denote the initial vertex and terminal vertex of e. We have an induced
restriction map

r WHom.A� ;R/! Hom.BB� ;R/; y� 7! r y�;

where .r y�/.e/D y�.�e/� y�.�e/. See Figure 12 for examples. The next result follows from
the Dicks–Leary presentation in Theorem 2.1, so it holds without additional assumptions
on � .

Lemma 4.14. Let � be a connected graph. The restriction map r W Hom.A� ; R/ !
Hom.BB� ;R/ is a linear surjection, and its kernel consists of the characters defined
by the constant functions V.�/! R.

Proof. The map r is clearly linear. Let us prove that it is surjective. Let �WBB� ! R be
a character. Define a character y� 2 Hom.A� ;R/ by prescribing its values on vertices as
follows. Fix some v0 2 V.�/ and choose y�.v0/ 2 R arbitrarily. Pick a vertex v 2 V.�/
and choose an oriented path p D e1 � � � ek connecting v0 to v. Here, we mean that p is
oriented from v0 to v and that all the edges along p are given the induced orientation. In
particular, the edges of p can be seen as elements of BB� . Define the value at v to be

y�.v/ D y�.v0/C

kX
iD1

�.ei /: (4.1)

We claim that y�W V.�/! R is well defined. Suppose that there is another oriented
path p0 D e01 � � � e

0
h

from v0 to v. Then the loop p.p0/�1 gives a relator in the Dicks–Leary
presentation for BB� . Thus, we have

�.e1 � � � ek.e
0
1 � � � e

0
h/
�1/ D 0:

In other words, we have
kX
iD1

�.ei / D

hX
jD1

�.e0j /:

Therefore, the value y�.v/ does not depend on the choice of a path from v0 to v, as desired.
This provides that y� W A� ! R is a character. A direct computation shows that for each
oriented edge e, we have �.e/ D y�.�v/ � y�.�v/. That is, the character y� is an extension
of � to A� .

To describe the kernel of r , note that if y� is constant on V.�/, then for each oriented
edge e we have .r y�/.e/ D y�.�e/� y�.�e/ D 0. Conversely, let y� 2 ker.r/. It follows from
(4.1) that y�.v/ D y�.w/ for any choice of v;w 2 V.�/.

Note that the (non-zero) characters defined by the constant functions V.�/! R all
differ by a (multiplicative) constant. In particular, they all have the same kernel, which is
precisely BB� . The restriction map r has a natural linear section

sWHom.BB� ;R/! Hom.A� ;R/; � 7! s�;
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defined as follows. Let y� be any extension of � to A� . Then define

s� D y� �
1

jV.�/j

X
v2V.�/

y�.v/:

The image of s is a hyperplane W going through the origin that can be regarded as a copy
of Hom.BB� ;R/ inside Hom.A� ;R/.

Recall that if V.�/ D ¹v1; : : : ; vnº, then Hom.A� ;R/ carries a canonical basis given
by the characters �1; : : : ; �n such that �i .vj / D ıij . Fix an inner product that makes this
basis orthonormal. Then ker.r/ D span.1; : : : ; 1/, the hyperplane W is the orthogonal
complement of ker.r/, and the restriction map (or rather the composition s ı r) is given
by the orthogonal projection onto W .

It is natural to ask how this behaves with respect to the BNS-invariants, that is,
whether r restricts to a map †1.A�/! †1.BB�/. In general, this is not the case. For
instance, the set †1.BB�/ could be empty even if †1.A�/ is not empty. On the other
hand, the restriction map r maps each missing subspace of Hom.A� ;R/ into one of the
missing subspaces of Hom.BB� ;R/ (compare Remark 4.3 and Remark 4.28). Indeed, one
way to reinterpret the content of Proposition 4.10 (a particular case of [27, Corollary 1.3])
is to say that if � 2Hom.BB� ;R/ŠW , then Œ�� 2†1.BB�/ if and only if the line parallel
to ker.r/ passing through � avoids all the missing subspaces of Hom.A� ;R/.

4.2. A graphical criterion for †1.BB� /

In this subsection, we give a graphical criterion for the BNS-invariants of BBGs that is
analogous to Theorem 4.4.

Let � 2 Hom.BB� ;R/ be a non-zero character. An edge e 2 E.�/ is called a living
edge of � if �.e/ ¤ 0; it is called a dead edge of � if �.e/ D 0. This is well defined,
regardless of orientation, as explained in Remark 4.12. We define the living edge sub-
graph, denoted by LE.�/, to be the subgraph of � consisting of the living edges of �.
The dead edge subgraph DE.�/ is the subgraph of � consisting of the dead edges of �.
We will also say that � vanishes on any subgraph of DE.�/ because the associated label-
ing (in the sense of Section 4.1.3) is zero on each edge of DE.�/. Notice that LE.�/ and
DE.�/ cover � , but they are not disjoint; they intersect at vertices. Also, note that LE.�/

and DE.�/ are not always full subgraphs and do not have isolated vertices. Moreover, in
general, the dead subgraph of an extension of � is only a proper subgraph of DE.�/. See
Figure 10 for an example displaying all these behaviors.

The next lemma establishes a relation between the dead edge subgraph of a character
of a BBG and the dead subgraphs of its extensions to the ambient RAAG. Note that the
statement fails without the assumption that ƒ is connected (see the example in Figure 10
once again).

Lemma 4.15. Let � be a connected graph and let ƒ � � be a connected subgraph with
at least one edge. Let � 2 Hom.BB� ;R/ be a non-zero character. Then ƒ � DE.�/ if
and only if there is an extension y� 2 Hom.A� ;R/ of � such that ƒ � D.y�/.



Y.-C. Chang and L. Ruffoni 510

1 1

2 2

0

1

0

�1

Figure 10. The dead edge subgraph DE.�/ consists of a pair of opposite edges, and the living edge
subgraph LE.�/ consists of the remaining edges. Neither is a full subgraph. Moreover, the dead
subgraph of any extension of � is a proper subgraph of DE.�/.

Proof. Suppose ƒ � DE.�/. By Lemma 4.14, there exists an extension of � to A� ,
unique up to additive constants. In particular, if we fix a vertex v0 2 V.ƒ/, then we can
find an extension y� 2 Hom.A� ;R/ such that y�.v0/ D 0. Let v 2 V.ƒ/. Since ƒ is con-
nected, there is a path p connecting v0 to v entirely contained in ƒ. Since y� extends �
and � vanishes on edges of p, a direct computation shows that y�.v/ D 0. Therefore, we
have ƒ � D.y�/.

For the other direction, let y� 2Hom.A� ;R/ be an extension of � such thatƒ�D.y�/.
For every oriented edge eD .v;w/2E.ƒ/, we have �.e/D y�.vw�1/D y�.v/� y�.w/D 0.
Thus, the edge e is in DE.�/. Hence, we have ƒ � DE.�/.

The main reason to focus on the dead edge subgraph instead of the living edge sub-
graph is that it is not clear how to transfer connectivity conditions from L.y�/ to LE.�/.
On the other hand, the disconnecting features of D.y�/ do transfer to DE.�/. This is
showcased by the following example.

Example 4.16. Let � be a cone over the path P5 and consider a character y�WA� ! Z
as shown in Figure 11. The living subgraph L.y�/ is neither connected nor dominat-
ing. It follows from Theorem 4.4 that Œy�� 62 †1.A�/, and therefore, the restriction � D
y�jBB� WBB� ! Z is not in †1.BB�/ by Proposition 4.10. However, the living edge sub-
graph LE.�/ is connected and dominating. On the other hand, note that D.y�/ contains a
full subgraph that separates � (compare with Lemma 4.5), and so does DE.�/.

0

1 0 0 0 1

1 1

�1 �1

Figure 11. The living subgraph L.y�/ consists of two red vertices. It is neither connected nor domi-
nating. The living edge subgraph LE.�/ (labeled by˙1) is connected and dominating.
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Our goal now is to show that the observations made in Example 4.16 about the dead
edge subgraph hold in general. We will need the following general topological facts
that we collect for the convenience of the reader. Here and in the following, “minimal-
ity” is always with respect to the inclusion of subgraphs. More precisely, a “minimal
full separating subgraph” is a “full separating subgraph whose full subgraphs are not
separating.”

Lemma 4.17. Let � be a biconnected graph with �� simply connected.

(1) If ƒ � � is a connected full subgraph, then there is a bijection between the
components of its complement and the components of its link.

(2) The link of every vertex is connected.

(3) If ƒ � � is a minimal full separating subgraph, then ƒ is connected and not a
single vertex.

(4) If jV.�/j � 3, then every edge is contained in at least one triangle. In particular,
we have dim�� � 2.

Proof. (1). Let A D �� n �ƒ (set-theoretic difference) and B D st.�ƒ; ��/. Then
�� D A [ B , and lk.�ƒ; ��/ deformation retracts to A \ B . The Mayer–Vietoris
sequence for reduced homology associated with this decomposition of �� provides the
following exact sequence:

� � � ! H1.��/! zH0.lk.�ƒ; ��//! zH0.A/˚ zH0.B/! zH0.��/! 0:

We have H1.��/ D 0 D zH0.��/ since �� is simply connected. Moreover, since ƒ is
connected, the subcomplex B is connected, and therefore, we obtain zH0.B/ D 0. This
gives a bijection between zH0.lk.�ƒ; ��// and zH0.A/, as desired.

(2). Take ƒ D v to be a single vertex. Since � is biconnected, the vertex v is not a cut
vertex, so its complement is connected. Then the conclusion follows from (1).

(3). Let ƒ be a minimal full separating subgraph of � . Then we can find two subcom-
plexes A and B of �� such that A [ B D �� and A \ B D �ƒ. The Mayer–Vietoris
sequence for reduced homology gives

� � � ! H1.��/! zH0.�ƒ/! zH0.A/˚ zH0.B/! zH0.��/! 0:

Arguing as in (1), we have H1.��/ D 0 D zH0.��/ since �� is simply connected.
Therefore, we obtain zH0.�ƒ/ D zH0.A/ ˚ zH0.B/. Suppose by contradiction that ƒ is
disconnected. Then at least one of A or B is disconnected. Without loss of generality, say
A D A1 [ A

0, with A1 a connected component of A and A1 \ A0 D ¿. Let B 0 D B [ A0

and let ƒ0 be the subgraph such that �ƒ0 D A1 \ B 0. Then ƒ0 is a proper full subgraph
of ƒ which separates � , contradicting the minimality of ƒ.

Finally, if by contradiction ƒ were a single vertex, then it would be a cut vertex. But
this is impossible because � is biconnected.
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(4). Suppose by contradiction that there is an edge e D .u; v/ in �� that is not con-
tained in a triangle. Since � has at least three vertices, at least one endpoint of e, say v, is
adjacent to at least another vertex different from u. Since e is not contained in a triangle,
the vertex u is an isolated component of lk.v; �/. Therefore, the subgraph lk.v; �/ has at
least two components, and hence, the vertex v is a cut vertex of � by (1). This contradicts
the fact that � is biconnected.

We now give a graphical criterion for a character to belong to the BNS-invariant of
a BBG that is analogous to the living subgraph criterion in [29], or rather to the dead
subgraph criterion Lemma 4.5 (see also [1, Corollary 3.4]).

Theorem C (Graphical criterion for the BNS-invariant of a BBG). Let � be a biconnected
graph with �� simply connected. Let � 2 Hom.BB� ;R/ be a non-zero character. Then
Œ�� 2 †1.BB�/ if and only if DE.�/ does not contain a full subgraph that separates � .

Proof. Let Œ�� 2 †1.BB�/. Suppose by contradiction that there is a full subgraph ƒ �
DE.�/ that separates � . Up to passing to a subgraph, we can assume that ƒ is a minimal
full separating subgraph. So, by (3) in Lemma 4.17, we can assume that ƒ is connected.
By Lemma 4.15, there is an extension y� 2 Hom.A� ;R/ of � such that ƒ � D.y�/. Since
ƒ separates � , by Lemma 4.5, we have Œy�� … †1.A�/, and therefore Œ�� … †1.BB�/ by
Proposition 4.10. Hence, we reach a contradiction.

Conversely, assume Œ�� … †1.BB�/. Then by Proposition 4.10, there is an extension
y� 2 Hom.A� ;R/ of � such that Œy�� … †1.A�/. So, the living subgraph L.y�/ is either
disconnected or not dominating. Equivalently, by Lemma 4.5, the dead subgraph D.y�/

contains a full subgraph ƒ which separates � . Note that every edge of ƒ is contained
in DE.�/ because ƒ � D.y�/. A priori, the subgraph ƒ could have some components
consisting of isolated points. Once again, passing to a subgraph, we can assume that ƒ
is a minimal full separating subgraph. By (3) in Lemma 4.17, we can also assume that ƒ
is connected and not reduced to a single vertex. Therefore, we have ƒ � DE.�/. This
completes the proof.

We give two examples to illustrate that the hypotheses of Theorem C are optimal.
Here, characters are represented by labels in the sense of Section 4.1.3.

Example 4.18 (Simple connectedness is needed). Consider the cycle of length four
� D C4 (see the left-hand side of Figure 12). Then �� is not simply connected. Note
that in this case, the group BB� is finitely generated but not finitely presented (see [3]).
Let y� 2 Hom.A� ;R/ be the character of A� that sends two non-adjacent vertices to 0
and the other two vertices to 1. Let � D y�jBB� 2 Hom.BB� ;R/ be the restriction of y� to
BB� . Then the dead edge subgraph DE.�/ is empty. In particular, it does not contain any
subgraph that separates � . However, the living subgraph L.y�/ consists of two opposite
vertices, which is not connected. Thus, we have Œy�� 62†1.A�/. Hence, by Proposition 4.10,
we obtain Œ�� 62 †1.BB�/.
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Figure 12. Theorem C does not hold on a graph with�� not simply connected (left), nor on a graph
with a cut vertex (right).

Example 4.19 (Biconnectedness is needed). Let � be the graph obtained by gluing
two triangles at a vertex (see the right-hand side of Figure 12). Let y� 2 Hom.A� ;R/
be the character that sends the cut vertex to 0 and all the other vertices to 1. Let
� D y�jBB� 2 Hom.BB� ;R/ be the restriction of y� to BB� . Then the dead edge subgraph
DE.�/ consists of the two edges that are not incident to the cut vertex. In particular, it
does not contain any subgraph that separates � . However, the living subgraph L.y�/ is
not connected (also notice that L.y�/ D DE.�/). Thus, we have Œy�� 62 †1.A�/. Hence,
Proposition 4.10 implies Œ�� 62 †1.BB�/.

As mentioned in Example 4.8, the graph � in Example 4.19 has a cut vertex, and
hence, the BNS-invariant †1.BB�/ is empty (see [32, Corollary 15.10]). As promised,
we now show the following result.

Corollary 4.20. Let � be a biconnected graph with �� simply connected. Then, we have
†1.BB�/ ¤ ¿.

Proof. Let T be a spanning tree of � . Assign an orientation to each edge of T and write
E.T / D ¹e1; : : : ; emº. Let

�WE.T /! R; �.ek/ D 10
k ; k D 1; : : : ; m:

Then this defines a character thanks to Lemma 4.13. We claim that � does not vanish on
any edge of � . Indeed, let e 2 E.�/. The claim is clear if e 2 E.T /. Suppose e 62 E.T /,
and let .ei1 ; : : : ; eip / be the path in T between the endpoints of e. Then .e; ei1 ; : : : ; eip /
is a cycle in � , and hence, the element eei1 � � � eip is a relator in BB� by Theorem 2.1.
Therefore, we have

0 D �.e/C �.ei1/C � � � C �.eip / D �.e/˙ 10
ki1 ˙ � � � ˙ 10kip ;

where the signs are determined by the orientations of the corresponding edges. The sum
˙10ki1 ˙ � � � ˙ 10kip is never zero since all the exponents are different. Thus, we have
�.e/ ¤ 0. This proves the claim. It immediately follows that DE.�/ D ¿, and therefore,
we have Œ�� 2 †1.BB�/ by Theorem C.
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As a summary, we have the following corollary. Most implications are well known.
Our contribution is that (1) implies (2). Recall that a finitely generated group G alge-
braically fibers if there is a surjective homomorphism G ! Z whose kernel is finitely
generated.

Corollary 4.21. Let � be a connected graph such that �� is simply connected. Then the
following statements are equivalent.

(1) � is biconnected.

(2) †1.BB�/ ¤ ¿.

(3) BB� does not split as a free product.

(4) BB� is 1-ended.

(5) BB� algebraically fibers.

Proof. The equivalence of (1) and (2) is given by Corollary 4.20 and [32, Corollary 15.10].
Given that BB� is torsion-free, the equivalence of (3) and (4) is just Stallings theorem
about the ends of groups (see [7, Theorem I.8.32]). The fact that (2) implies (3) is dis-
cussed in [35, Example 3 in A2.1a]. The fact that (3) implies (1) can be seen directly from
the Dicks–Leary presentation from Theorem 2.1.

Finally, we show that (5) is equivalent to (2). It follows from Theorem 4.1 that BB�
algebraically fibers if and only if there exists a discrete character � W BB� ! R such
that both Œ�� and Œ��� are in †1.BB�/. This is actually equivalent to just requiring that
Œ�� 2 †1.BB�/, because †1.BB�/ is symmetric (see Lemma 4.9). Note that the points of
the character sphere S.BB�/ given by the equivalence classes of discrete characters are
exactly the rational points. In particular, since †1.BB�/ is an open subset of the char-
acter sphere S.BB�/ (see [5, Theorem A]), it is non-empty if and only if it contains the
equivalence class of a discrete character.

We record the following consequence for future reference. It will reduce our discussion
about the RAAG recognition problem to the case of biconnected graphs.

Corollary 4.22. Let � be a connected graph with �� simply connected, and let
�1; : : : ; �n be its biconnected components. Then BB� is a RAAG if and only if BB�i
is a RAAG for all i D 1; : : : ; n.

Proof. It is clear from the Dicks–Leary presentation that BB� is the free product of the
BB�i . Moreover, since �i is biconnected, each BB�i is freely indecomposable (see Corol-
lary 4.21). If all the BB�i are RAAGs, then BB� is a RAAG because the free product of
RAAGs is a RAAG. This proves one implication. For the converse implication, suppose
that BB� is a RAAG, say BB� DAƒ for some graphƒ. Letƒ1; : : : ;ƒm be the connected
components of � . Then BB� D Aƒ can also be written as the free product of the RAAGs
Aƒj , each of which is freely indecomposable. It follows that m D n, and for each i , there
is some j such that BB�i Š Aƒj .
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Remark 4.23. We conclude this subsection by observing that when � is a chordal graph,
the statement in Theorem C can also be obtained as follows. By [1, §3.2], the group BB�
splits as a finite graph of groups. More precisely, the vertex groups correspond to the BBGs
on the maximal cliques of � , and the edge groups correspond to BBGs on the minimal
separating subgraphs of � (that are also cliques because � is chordal). In particular, all
these groups are finitely generated free abelian groups. Hence, one can apply the results
from [10, §2].

4.3. A graphical description of †1.BB� /

We now provide a graphical description of †1.BB�/, that is, a way to compute the
BNS-invariant of BB� in terms of subgraphs of � .

Recall from Remark 4.6 that †1.A�/c is given by an arrangement of missing sub-
spheres parametrized by the separating subgraphs of � . Thanks to [27, Corollary 1.4], we
know that†1.BB�/c is also an arrangement of missing subspheres. Moreover, the restric-
tion map r WHom.A� ;R/! Hom.BB� ;R/ sends the missing subspheres of †1.A�/c to
those of†1.BB�/c (see the discussion after Lemma 4.14). So, it makes sense to look for a
description of the missing subspheres of†1.BB�/c in terms of subgraphs of � , analogous
to the one available for †1.A�/c .

However, recall from Example 3.7 that BB� does not completely determine � , so it is
a priori not clear that†1.BB�/c should admit such a description. Moreover, the restriction
map is not always well behaved with respect to the vanishing behavior of characters, in the
sense that the dead edge subgraph of a character can be strictly larger than the dead sub-
graph of any of its extensions (see Figure 10). To address this, we need a way to construct
characters with prescribed vanishing behavior.

For any subgraph ƒ of � , we define the following linear subspace of Hom.BB� ;R/

Wƒ D ¹�WBB� ! R j �.e/ D 0; 8 e 2 E.ƒ/º D ¹�WBB� ! R j ƒ � DE.�/º

and the great subsphere Sƒ given by the following intersection

Sƒ D Wƒ \ S.BB�/:

Note that if a character � of BB� vanishes on a spanning tree of � , then � is trivial (see
Lemma 4.13). In other words, ifƒ is a spanning tree, thenWƒ D 0 and Sƒ D ¿. We look
for a condition on ƒ such that Wƒ ¤ 0 and Sƒ ¤ ¿. Notice that the following lemma
applies as soon as V.ƒ/ ¤ V.�/, and that if it applies to ƒ, then it also applies to all of
its subgraphs.

Lemma 4.24. Let � be a graph with�� simply connected, and letƒ� � be a subgraph.
Assume that there is an edge e0 2E.�/ with at least one endpoint not in V.ƒ/. Then there
exists a character �WBB� ! R such that �.e0/ D 1 and �.e/ D 0 for all e 2 E.ƒ/. In
particular, we have Œ�� 2 Sƒ.
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Proof. Let Tƒ be a spanning forest of ƒ, that is, a subgraph of ƒ that is a disjoint union
of trees and contains all vertices ofƒ (note that we are not assuming thatƒ is connected).
Observe e0 62 E.ƒ/ by assumption. Therefore, we can extend Tƒ [ ¹e0º to a spanning
tree T of � . Orient the edges of T arbitrarily and label the edges of Tƒ by 0 and all the
remaining edges of T by 1. By Lemma 4.13, this defines a character �WBB� ! R. By
construction, we have �.e0/ D 1 and �.e/ D 0 for e 2 E.Tƒ/. Let e 2 E.ƒ/ n E.Tƒ/.
Since Tƒ is a spanning forest of ƒ, there is a unique path p in Tƒ from �e to �e. Then
ep is a cycle in � , and therefore, it is a relator in the Dicks–Leary presentation for BB� .
Since � vanishes on p, it must also vanish on e, as desired.

Remark 4.25. Notice that if two subgraphs ƒ and ƒ0 have the same edge sets, then
Wƒ D Wƒ0 because these subspaces only depend on the edge sets. In particular, we have
Sƒ D Sƒ0 . This is the reason why we use the strict inclusion ¨ instead of the weak
inclusion � in the statement (2) of the following lemma.

Lemma 4.26. Let � be a biconnected graph with�� simply connected, and letƒ andƒ0

be full separating subgraphs. Then we have the following statements.

(1) Sƒ is a missing subsphere, that is, we have Sƒ � †1.BB�/c .

(2) ƒ0 ¨ ƒ if and only if Sƒ ¨ Sƒ0 .

Proof. (1). If Œ�� 2 Sƒ, then DE.�/ containsƒ, which is a separating subgraph. Then the
statement follows from Theorem C.

(2). The implicationƒ0 ¨ƒ) Sƒ ¨ Sƒ0 follows from the definitions. For the reverse
implication Sƒ ¨ Sƒ0 ) ƒ0 ¨ ƒ we argue as follows. The inclusion Sƒ ¨ Sƒ0 implies
that a character vanishing on ƒ must also vanish on ƒ0. We need to show that ƒ0 is a
proper subgraph of ƒ.

By contradiction, suppose that ƒ0 is not a subgraph of ƒ. Notice that if ƒ0 nƒ con-
sists of isolated vertices, then Sƒ D Sƒ0 (see Remark 4.25). So, we can assume that there
is an edge e0 2 E.ƒ0/ n E.ƒ/. Since ƒ is full, the edge e0 cannot have both endpoints
in ƒ. By Lemma 4.24, there is a character �WBB� ! R with �.e0/ D 1 and �.e/ D 0 for
all e 2 E.ƒ/. This is a character that vanishes identically on ƒ but not on ƒ0, which is
absurd.

Recall that if ƒ is a separating subgraph, then Sƒ ¤ ¿.

Theorem D (Graphical description of the BNS-invariant of a BBG). Let � be a bicon-
nected graph with�� simply connected. Then†1.BB�/c is a union of missing subspheres
corresponding to full separating subgraphs. More precisely,

(1) †1.BB�/c D
S
ƒSƒ, whereƒ ranges over the minimal full separating subgraphs

of � .

(2) There is a bijection between maximal missing subspheres of †1.BB�/c and
minimal full separating subgraphs of � .
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Proof. (1). We start by proving that †1.BB�/c D
S
ƒ Sƒ, where ƒ ranges over the full

separating subgraphs of � . If ƒ is a full separating subgraph, then we know that Sƒ �
†1.BB�/c by Lemma 4.26 (1). So one inclusion is clear. Vice versa, let Œ�� 2 †1.BB�/c .
Then by Theorem C we have that DE.�/ contains a full separating subgraphƒ. In partic-
ular, the character � vanishes onƒ, hence Œ��2 Sƒ. This proves the other inclusion. To see
that one can restrict toƒ ranging over minimal full separating subgraphs, just observe that
the latter correspond to maximal missing subspheres by Lemma 4.26 (2). This completes
the proof of (1).

(2). By (1), we know that†1.BB�/c is a union of maximal missing subspheres. Notice
that this is a finite union because � has only finitely many subgraphs. So, each maximal
missing subsphere S is of the form S D Sƒ for ƒ a minimal full separating subgraph.

Vice versa, let ƒ be a minimal full separating subgraph of � . We know from
Lemma 4.26 (1) that Sƒ is a missing subsphere. We claim that Sƒ is a maximal miss-
ing subsphere in †1.BB�/c . Let S be a maximal missing subsphere in †1.BB�/c such
that Sƒ � S . By the previous paragraph, we know that S D Sƒ0 for some minimal full
separating subgraphƒ0. If we had Sƒ ¨ S D Sƒ0 , then by Lemma 4.26 (2) it would follow
thatƒ0 ¨ƒ. But this would contradict the minimality ofƒ. Thus, we have SƒD Sƒ0 D S .
Hence, the missing subsphere Sƒ is maximal.

The following example establishes a correspondence between the cut edges in � and
the missing hyperspheres (the missing subspheres of codimension one) in †1.BB�/c . It
should be compared with the case of RAAGs, where the correspondence is between the
cut vertices of � and the missing hyperspheres in †1.A�/c (compare Remark 4.6 and
Example 4.29).

Example 4.27 (Hyperspheres). Let � be a biconnected graph with�� simply connected.
Let e be a cut edge of � . Notice that e is a minimal separating subgraph since � is
biconnected, and it is also clearly full. So by Theorem D we know that Se is a maxi-
mal missing subsphere in †1.BB�/c . We want to show that the subspace We D span.Se/
is a hyperplane. To see this, let T be a spanning tree of � with E.T / D ¹e1; : : : ; emº,
and let yi be the coordinate dual to ei in the sense of Section 4.1.3. This means that
yi .�/ D �.ei / for all � 2 Hom.BB� ;R/. Note that Wei is the hyperplane given by the
equation yi D 0. If e 2 E.T /, then e D ei for some i D 1; : : : ; m and We D Wei is a
hyperplane. If e 62 E.T /, then there is a unique path .ej1 ; : : : ; ejp / in T connecting the
endpoints of e. Since .ej1 ; : : : ; ejp ; e/ is a cycle in � , the word ej1 � � � ejpe is a relator in
the Dicks–Leary presentation. So, we have �.ej1/C � � � C �.ejp /C �.e/ D 0. Therefore,
we obtain �.e/ D 0 if and only if yj1.�/C � � � C yjp .�/ D 0. This means that We is the
hyperplane defined by the equation yj1 C � � � C yjp D 0.

Vice versa, let S � †1.BB�/c be a hypersphere. We claim that S D Se for some cut
edge e. To see this, let Œ�� 2 S . By Theorem C, we know that DE.�/ contains a full
subgraph ƒ that separates � . Since � is biconnected, the subgraph ƒ must contain at
least one edge. In particular, the character � vanishes on E.ƒ/, and therefore, we have
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Œ�� 2
T
e2E.ƒ/ Se . This proves S �

T
e2E.ƒ/ Se . However, by the discussion above, we

know that Se is a hypersphere. Since S is also a hypersphere, the subgraphƒmust consist
of a single edge e only. In particular, it is a cut edge.

Remark 4.28. The linear span of the arrangement of the missing subspheres of †1.G/c

gives rise to a subspace arrangement in Hom.G;R/. The main difference between RAAGs
and BBGs is that the arrangement for a RAAG is always “in general position,” while the
arrangement for a BBG is not. We will discuss the details in the next section.

4.4. The inclusion-exclusion principle

Given a group G, one can consider the collection of maximal missing subspheres. That
is, the maximal great subspheres of the character sphere S.G/ that are in the comple-
ment of the BNS-invariant †1.G/ (see Remark 4.3). Additionally, one can also consider
the collection of maximal missing subspaces in Hom.G;R/, that is, the linear spans of the
maximal missing subspheres. This provides an arrangement of (great) subspheres in S.G/
and an arrangement of (linear) subspaces in Hom.G;R/ that can be used as invariants
for G. For instance, these arrangements completely determine the BNS-invariant when G
is a RAAG or a BBG (see Remark 4.6 or Theorem D, respectively). Moreover, in the case
of RAAGs, these arrangements satisfy a certain form of the inclusion-exclusion principle
(see Section 4.4.1). This fact can be used to detect when a group G is not a RAAG. We
take this point of view from the work of Koban and Piggott in [24] and Day and Wade
in [16]. The former focuses on the subsphere arrangement, while the latter focuses on
the subspace arrangement. In this section, we find it convenient to focus on the subspace
arrangement.

Let V be a real vector space. (The reader should think V DHom.G;R/ for a groupG.)
For convenience, we fix some background inner product on V . All arguments in the
following are combinatorial and do not depend on the choice of inner product. We say
that a finite collection of linear subspaces ¹Wj ºj2J of V satisfies the inclusion-exclusion
principle if the following equality holds:

dim

 
jJ jX
jD1

Wj

!
D

jJ jX
kD1

.�1/kC1

 X
I�J;jI jDk

dim

 \
j2I

Wj

!!
: (4.2)

Notice that if an arrangement satisfies (4.2), then any linearly equivalent arrangement
also satisfies (4.2). Here are two examples. The first is a RAAG, and the collection of max-
imal subspaces in the complement of its BNS-invariant satisfies the inclusion-exclusion
principle. The second is a BBG, and the collection of maximal subspaces in the comple-
ment of its BNS-invariant does not satisfy the inclusion-exclusion principle. Note that this
BBG is known to be not isomorphic to any RAAG by [31].

Example 4.29 (Trees). Let � be a tree on n vertices, and let ¹v1; : : : ; vmº be the set of cut
vertices of � . Then it follows that†1.A�/ is obtained from S.A�/D S

n by removing the
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f

e1 e2

e4e3

e5

Figure 13. An oriented trefoil graph with a spanning tree.

hyperspheres Si defined by xi D 0 for i D 1; : : : ; m (see Section 4.1.3). The associated
missing subspaces satisfy the inclusion-exclusion principle (4.2).

Example 4.30 (The trefoil). Let � be the (oriented) trefoil graph with a choice of a span-
ning tree T whose edge set is E.T /D ¹e1; e2; e3; e4; e5º (see Figure 13). We consider the
three cut edges e1, e2, and f . By Example 4.27, we have that Se1 , Se2 , and Sf are miss-
ing hyperspheres in †1.BB�/c . By Theorem D, we have †1.BB�/c D Se1 [ Se2 [ Sf .
If y1; : : : ; y5 are the dual coordinates on Hom.BB� ;R/ Š R5 with respect to T (in
the sense of Section 4.1.3), then Se1 , Se2 , and Sf are given by y1 D 0, y2 D 0, and
y1 � y2D 0, respectively. To see the latter, first note that we have a relator e1f D e2D fe1
in the Dicks–Leary presentation. Then for any character � 2 Hom.BB� ;R/, we have
�.e1/C �.f / D �.e2/. Thus, we obtain �.f / D 0 if and only if �.e1/ D �.e2/. There-
fore, the hypersphere Sf is defined by y1 D y2, that is, the equation y1 � y2 D 0.
A direct computation shows that the associated missing subspaces do not satisfy the
inclusion-exclusion principle (4.2).

It is natural to ask whether the phenomenon from Example 4.30 is actually a general
obstruction for a BBG to be a RAAG. In [16], Day and Wade developed a homology the-
ory H�.V/ for a subspace arrangement V in a vector space that is designed to measure
the failure of the inclusion-exclusion principle for V . They proved that if G is a RAAG,
thenHk.VG/D 0 for all k > 0, where VG denotes the arrangement of maximal subspaces
corresponding to the maximal missing spheres in †1.G/c (see [16, Theorem B]).

Given our description of the BNS-invariant for BBGs from Section 4.1.3 and The-
orem D, we can determine that certain BBGs are not RAAGs. For example, a direct
computation shows that the group G D BB� from Example 4.30 has H1.VG/ ¤ 0. On
the other hand, there are BBGs that cannot be distinguished from RAAGs in this way, as
in the next example.

Example 4.31 (The extended trefoil). Let � be the trefoil graph with one extra tri-
angle attached (see Figure 14). Imitating Example 4.30, we choose a spanning tree T
whose edge set is E.T / D ¹e1; e2; e3; e4; e5; e6º. By Theorem D, we have †1.BB�/c D
Se1 [ Se2 [ Sf [ Se5 . If y1; : : : ; y6 are the dual coordinates on Hom.BB� ;R/Š R6 with
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Figure 14. The extended trefoil: a new example of a BBG that is not a RAAG.

respect to T (in the sense of Section 4.1.3), then these missing hyperspheres are defined
by the hyperplanes given by y1 D 0, y2 D 0, y1 � y2 D 0, and y5 D 0, respectively. A
direct computation shows thatHk.VBB� /D 0 for all k � 0, that is, these homology groups
look like the homology groups for the arrangement associated with a RAAG. However,
we will show that this BBG is not a RAAG in Example 5.14.

Our goal now is to obtain a criterion to detect when a BBG is not a RAAG that is
still based on a certain failure of the inclusion-exclusion principle in the complement
of the BNS-invariant. The obstruction always involves only a collection of three sub-
spaces, regardless of the complexity of the graph. So, we find it convenient to introduce
the following notation:

IEP.W1; W2; W3/ D dimW1 C dimW2 C dimW3

� dim.W1 \W2/ � dim.W1 \W3/ � dim.W2 \W3/

C dim.W1 \W2 \W3/: (4.3)

4.4.1. RAAG behavior. The following lemma states that the arrangement defining the
BNS-invariant of any RAAG satisfies the inclusion-exclusion principle. This is due to the
fact that in this case, the missing subspaces are effectively described in terms of sets of
vertices of � and the inclusion-exclusion principle holds for subsets of a given set. The
argument follows the proof of Lemma 5.3 of [24]. We include a proof for completeness.

Lemma 4.32. Let � be a connected graph. Let ¹Wj ºj2J be a collection of maximal
missing subspaces in Hom.A� ; R/. Then ¹Wj ºj2J satisfies (4.2). In particular, when
J D ¹1; 2; 3º we have dim.W1 CW2 CW3/ D IEP.W1; W2; W3/.

Proof. Recall that the subspaceWj corresponds to a minimal full separating subgraphƒj
of � (see Remark 4.6). Moreover, the dimension of Wj is equal to the number of ver-
tices in the complement Aj D � n ƒj of ƒj (those vertices provide a basis for Wj , in
the sense of Section 4.1.3.) It follows that one can compute the dimensions of the various
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intersections, and obtain the following equalities

dim

 
jJ jX
jD1

Wj

!
D

ˇ̌̌̌
ˇ jJ j[
jD1

V.Aj /

ˇ̌̌̌
ˇ D jJ jX

kD1

.�1/kC1
� X
I�J
jI jDk

ˇ̌̌̌ \
j2I

V.Aj /

ˇ̌̌̌�

D

jJ jX
kD1

.�1/kC1
� X
I�J
jI jDk

dim
�\
j2I

Wj

��
:

This means precisely that ¹Wj ºj2J satisfies (4.2), as desired.

4.4.2. Non-RAAG behavior. We now want to identify a condition that is not compati-
ble with the property established in Section 4.4.1 for the arrangement associated with a
RAAG. More precisely, we look for a sharp lower bound for the term IEP.W1; W2; W3/.
The key condition is the one in Lemma 4.34. It is inspired by [16], and it could be inter-
preted in the setting of the homology theory introduced in that paper (see Remark 4.33).
For the reader’s convenience, we provide a self-contained exposition.

Let V be a real vector space of dimension n. Once again, the reader should think of the
case V DHom.G;R/ŠRn for some groupG with n generators. We fix some inner prod-
uct, an orthonormal basis ¹e1; : : : ; enº, and the corresponding coordinates ¹y1; : : : ; ynº,
that is, yi .ej / D ıij . Consider three subspaces of V given by the following systems of
equations:

W1 D

²
y1 D 0;

nX
iD1

�1ijyi D 0 for j D 1; : : : ; m1

³
;

W2 D

²
y2 D 0;

nX
iD1

�2ijyi D 0 for j D 1; : : : ; m2

³
;

W3 D

²
y1 � y2 D 0;

nX
iD1

�3ijyi D 0 for j D 1; : : : ; m3

³
; (4.4)

where for k 2 ¹1; 2; 3º, we have �kij 2 R, and mk is a non-negative integer (possibly
zero, in which case it is understood that the subspace is just given by the first equation,
as in Example 4.30). Without loss of generality, we assume that each set of equations is
minimal. That is, we have dimWk D n � .mk C 1/.

We now proceed to compute the term IEP.W1; W2; W3/ defined in (4.3). In the naive
system of equations that defines the intersection W1 \W2 \W3 (i.e., the one obtained by
putting all the equations together), there is an obvious linear relation among the equations
y1 D 0; y2 D 0, and y1 � y2 D 0. This can cause the dimension of W1 \W2 \W3 to be
higher than expected. From this perspective, one of the three equations is redundant. We
find it convenient to work with the orthogonal complements. For i; j 2 ¹1; 2; 3º; i ¤ j ,
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consider the following natural maps:

Iij W W
?
i \W

?
j �! W ?i ˚W

?
j ; Iij .u/ D .u;�u/;

Fij W W
?
i ˚W

?
j �! W ?i CW

?
j ; Fij .�i ; �j / D �i C �j ;

Jij W W
?
i ˚W

?
j �! W ?1 ˚W

?
2 ˚W

?
3 ; (4.5)

where the last one is the natural inclusion (e.g., J12.�1; �2/ D .�1; �2; 0/). These maps fit
in the diagram in Figure 15, where the first row is exact.

Let Kij � W ?1 ˚ W
?
2 ˚ W

?
3 be the image of Jij ı Iij . By construction, we have

Kij Š .Wi CWj /
? D W ?i \W

?
j . Finally, consider the vector � D .�e1; e2; e1 � e2/ 2

W ?1 ˚W
?
2 ˚W

?
3 . We say that a triple of subspaces ¹W1;W2;W3º as above is a redundant

triple of subspaces if � 62 K12 CK23 CK13.

Remark 4.33. Although we will not need it, we observe that the condition � 62 K12 C
K23 C K13 described above can be interpreted in the sense of the subspace arrange-
ment homology introduced in [16] as follows. Consider the arrangement W? given by
the orthogonal complements ¹W ?1 ; W

?
2 ; W

?
3 º. Then ¹W1; W2; W3º is a redundant triple

of subspaces precisely when � defines a non-trivial class in H1.W?/.

Lemma 4.34. In the above notation, if ¹W1; W2; W3º is a redundant triple of subspaces,
then it does not satisfy the inclusion-exclusion principle. More precisely,

dim.W1 CW2 CW3/C 1 � IEP.W1; W2; W3/:

Proof. We will compute all the terms that appear in IEP.W1; W2; W3/ (see (4.3)). The
exactness of the first row of the diagram in Figure 15 yields that

dim.W ?i CW
?
j / D dim.W ?i ˚W

?
j / � dim.W ?i \W

?
j / D 2Cmi Cmj � dimKij :

It follows that

dim.Wi \Wj / D n � dim..Wi \Wj /?/

D n � dim.W ?i CW
?
j /

D n � .2Cmi Cmj /C dimKij : (4.6)

0 .Wi CWj /
? D W ?i \W

?
j W ?i ˚W

?
j W ?i CW

?
j 0

W ?1 ˚W
?
2 ˚W

?
3

Iij Fij

Jij

Figure 15. The diagram for Lemma 4.34.
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We deal with the triple intersection similarly. Consider the map

F W W ?1 ˚W
?
2 ˚W

?
3 �! W ?1 CW

?
2 CW

?
3 ; F .�1; �2; �3/ D �1 C �2 C �3:

We have dim.W ?1 ˚ W
?
2 ˚ W

?
3 / D 3 C m1 C m2 C m3. Since F is surjective, its

codomain has dimension 3Cm1 Cm2 Cm3 � dim.kerF /. It follows that

dim.W1 \W2 \W3/ D n � dim..W1 \W2 \W3/?/

D n � dim.W ?1 CW
?
2 CW

?
3 /

D n � .3Cm1 Cm2 Cm3/C dim.kerF /: (4.7)

Using dimWk D n � .mk C 1/, (4.6) and (4.7), we obtain

IEP.W1; W2; W3/ D nC dim.kerF / � dimK12 � dimK13 � dimK23: (4.8)

We now claim that dim.ker F / � 1 C dimK12 C dimK13 C dimK23. The vector
� D .�e1; e2; e1 � e2/ is in kerF , and Kij is a subspace of kerF by definition. A direct
computation shows that Kij \Kik D 0.

By assumption, we also have � … K12 C K13 C K23. Therefore, the direct sum
span.�/˚K12˚K13˚K23 is a subspace of kerF . This proves the claim. Then it follows
from (4.8) that

IEP.W1; W2; W3/ D nC dim.kerF / � dimK12 � dimK13 � dimK23

� nC 1 � dim.W1 CW2 CW3/C 1:

This completes the proof.

On the other hand, if ¹W1; W2; W3º is not a redundant triple of subspaces, then we
have the dichotomy in the following statement. This criterion will be useful in the proof
of Theorem E.

Lemma 4.35. In the above notation, if ¹W1; W2; W3º is not a redundant triple of
subspaces, then one of the following situations occurs:

(1) either e1; e2 2 W ?j for all j D 1; 2; 3, or

(2) there exists some i � 3 such that ei 62 Wj for all j D 1; 2; 3.

Proof. Recall that Kij is the image of the natural map Jij ı Iij W W ?i \W
?
j ! W ?1 ˚

W ?2 ˚W
?
3 (see Figure 15 at the beginning of Section 4.4.2). We have an induced map

K W .W ?1 \W
?
2 /˚ .W

?
2 \W

?
3 /˚ .W

?
1 \W

?
3 /! W ?1 ˚W

?
2 ˚W

?
3 ;

K.a; b; c/ D .aC c;�aC b;�b � c/;

whose image is preciselyK12CK23CK13. Since ¹W1;W2;W3º is not a redundant triple
of subspaces, we have � D .�e1; e2; e1 � e2/ 2 Im.K/. This means that there exist a D
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iD1 aiei 2W

?
1 \W

?
2 , b D

Pn
iD1 biei 2W

?
2 \W

?
3 , and c D

Pn
iD1 ciei 2W

?
1 \W

?
3 ,

such that aC c D�e1,�aC b D e2, and�b � c D e1 � e2, where ai ; bi ; ci 2R. A direct
computation shows that a, b, and c must satisfy the following relations:

a1 D b1 D �1 � c1; a2 D �c2 D b2 � 1; and ai D bi D �ci for i � 3: (4.9)

Note that if ai , bi , and ci are equal to zero for all i � 3, then a D a1e1 C a2e2 2

W ?1 \W
?
2 . Since e1 2 W ?1 , we have e2 2 W ?1 . Similar arguments show that e1 and e2

also belong to W ?2 and W ?3 . Therefore, we are in case (1).
If (1) does not occur, then we can reduce to the case that one of a, b, and c has at least

one non-zero coordinate along ei for some i � 3. But ai ¤ 0 implies that W ?1 and ei are
not orthogonal, so we have ei 62W1. Thanks to (4.9), we also know that b and c have non-
zero coordinates along ei . Then a similar argument shows that ei 62 W2; W3. Therefore,
we are in case (2).

Finally, we obtain a criterion to certify that a group is not a RAAG.

Proposition 4.36. LetG be a finitely generated group. Suppose that there exist three max-
imal missing subspacesW1,W2, andW3 in Hom.G;R/. If they form a redundant triple of
subspaces, then G is not a RAAG.

Proof. Since ¹W1; W2; W3º is a redundant triple of subspaces, by Lemma 4.34 we have
that dim.W1 CW2 CW3/C 1 � IEP.W1; W2; W3/. Assume by contradiction that G is a
RAAG. Then by Lemma 4.32 we have dim.W1 CW2 CW3/ D IEP.W1; W2; W3/. This
leads to a contradiction.

The fact that certain BBGs are not isomorphic to RAAGs can be obtained via the
methods in [16] or [31], such as the BBG defined on the trefoil graph in Example 4.30.
Proposition 4.36 allows us to obtain new examples that were not covered by previous
criteria, such as the BBG defined on the extended trefoil (see Examples 4.31 and 5.14).

4.5. Redundant triples for BBGs

The purpose of this section is to find a general graphical criterion to certify that a BBG is
not a RAAG. The idea is to start from a triangle in the flag complex �� and find suitable
subspaces of the links of its vertices that induce a redundant triple of subspaces in the
complement of †1.BB�/. Let � be a triangle in �� with vertices .v1; v2; v3/. Let ej be
the edge opposite to vj . We say that � is a redundant triangle if for each j D 1; 2; 3, there
exists a subgraph ƒj � lk.vj ; �/ such that:

(1) ej 2 E.ƒj /;

(2) ƒj is a minimal separating subgraph of �;

(3) ƒ1 \ƒ2 \ƒ3 is the empty subgraph.
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Example 4.37. The central triangle in the trefoil graph in Figure 1 is redundant. However,
if we consider the cone over the trefoil graph, then the central triangle in the base trefoil
graph is not redundant. Redundant triangles can appear in higher-dimensional complexes
(see Example 5.17).

The purpose of this section is to prove the following theorem.

Theorem E. Let � be a biconnected graph such that �� is simply connected. If � has a
redundant triangle, then BB� is not a RAAG.

We start by considering a redundant triangle � with a choice of subgraph ƒj of the
link lk.vj ; �/ as in the above definition of redundant triangle. We denote by Wj D Wƒj
the induced subspace of V D Hom.BB� ;R/. By Theorem D, we know thatWj D Wƒj is
a maximal subspace in the complement of †1.BB�/. We want to show that ¹W1;W2;W3º
is a redundant triple of subspaces. To do this, we will choose some suitable coordinates
on V , that is, a suitable spanning tree for � . Notice that different spanning trees corre-
spond to different bases on Hom.BB� ;R/. In particular, the linear isomorphism class of
the arrangement of missing subspaces does not depend on these choices, and we can work
with a convenient spanning tree.

To construct a desired spanning tree, we will need the following terminology. Let
v 2 V.�/. The spoke of v in � is the subgraph spoke.v/ consisting of the edges that con-
tain v. Note that spoke.v/ is a spanning tree of st.v/. Let ƒ be a subgraph of lk.v/. We
define the relative star of v with respect to ƒ to be the full subgraph st.v; ƒ/ of st.v/
generated by ¹vº [ V.ƒ/. We define the relative spoke of v with respect to ƒ to be the
subgraph spoke.v;ƒ/ of spoke.v/ consisting of the edges that connect v to a vertex of ƒ.
Note that spoke.v;ƒ/ is a spanning tree of st.v;ƒ/. We now construct a spanning tree T
for � as follows.

• Let T3 D spoke.v3; ƒ3/. Since we chose ƒ3 to contain e3, we have v1; v2 2 V.ƒ3/
and e1; e2 2 E.T3/.

• Let Z2 D spoke.v2; ƒ2 n st.v3; ƒ3// and let T2 D T3 [ Z2. Notice that T2 is a
spanning tree of st.v2; ƒ2/ [ st.v3; ƒ3/.

• LetZ1 D spoke.v1;ƒ1 n .st.v2;ƒ2/[ st.v3;ƒ3/// and let T1 D T2 [Z1. Notice that
T1 is a spanning tree of st.v1; ƒ1/ [ st.v2; ƒ2/ [ st.v3; ƒ3/.

• Finally, extend T1 to a spanning tree T for � .

To fix notation, say E.T / D ¹f1; f2; : : : ; fnº. Without loss of generality, say f1 D e1
and f2 D e2. Fix an arbitrary orientation for the edges of T . With respect to the associated
system of coordinates the subspaces W1, W2, and W3 are given by equations of the form
(4.4):

W1 D ¹y1 D 0; : : :º; W2 D ¹y2 D 0; : : :º; and W3 D ¹y1 � y2 D 0; : : :º:
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Recall that ¹�f j f 2 E.T /º is a basis for Hom.BB� ;R/, where �f W BB� ! R is the
character defined by �f .e/ D 1 if f D e and �f .e/ D 0 if f ¤ e. We also fix a back-
ground inner product with respect to which ¹�f j f 2 E.T /º is an orthonormal basis.
We now proceed to prove some technical lemmas that will be used to recognize the edges
f 2 E.T / for which the associated character �f is in one of the subspaces W1, W2, and
W3. This is needed to use Lemma 4.35. We start with the following general fact.

Lemma 4.38. Let v 2 � , and let ƒ be a subgraph of lk.v/. Let Tƒ be a spanning tree of
st.v;ƒ/. If f 62 E.Tƒ/, then �f 2 Wƒ.

Proof. Suppose f … E.Tƒ/. Then �f D 0 on Tƒ. Since Tƒ is a spanning tree of st.v;ƒ/,
the character �f vanishes on st.v; ƒ/ by Lemma 4.13. In particular, it vanishes on ƒ,
hence �f 2 Wƒ.

We now proceed to use Lemma 4.38 for each ƒj , with respect to a suitable choice of
spanning tree for st.vj ; ƒj /.

Lemma 4.39. Let f 2 E.T /. If f 62 E.T3/, then �f 2 W3.

Proof. Since T3 is a spanning tree of st.v3; ƒ3/, the statement follows directly from
Lemma 4.38.

Lemma 4.40. Let f 2 E.T /. If f 62 E.Z2/, f ¤ e1, and f does not join v3 to a vertex
in ƒ2 \ƒ3, then �f 2 W2.

Proof. We construct a spanning tree for st.v2; ƒ2/ as follows. First, note that Z2 is a
spanning tree of st.v2; ƒ2 n st.v3; ƒ3// by construction. If u is a vertex in st.v2; ƒ2/ but
not in Z2, then u D v3 or u 2 V.ƒ3/. Let T 02 be the result of extending Z2 with the edge
e1 D .v2; v3/ and all the edges that join v3 to the vertices in ƒ2 \ƒ3. This gives a span-
ning subgraph T 02 of st.v2;ƒ2/. Note that T 02 is a tree because it is a subgraph of T . By the
choice of f , we have f 62 E.T 02/. Then it follows from Lemma 4.38 that �f 2 W2.

Lemma 4.41. Let f 2 E.T /. If f 62 E.Z1/, f ¤ e1; e2, and f does not join v3 to a
vertex in ƒ1 \ƒ3 nor v2 to a vertex in ƒ1 \ƒ2, then �f 2 W1.

Proof. We construct a spanning tree for st.v1; ƒ1/ as follows. First, note that Z1 is a
spanning tree for st.v1;ƒ1 n .st.v2;ƒ2/[ st.v3;ƒ3/// by construction. If u is a vertex in
st.v1; ƒ1/ but not in Z1, then either u D v2, u D v3, u 2 V.ƒ2/, or u 2 V.ƒ3/. Let T 01
be the result of extending Z1 with the edges e1 D .v2; v3/, e2 D .v1; v3/, all the edges
that join v3 to the vertices in ƒ1 \ ƒ3, and all the edges that join v2 to the vertices in
ƒ1 \ƒ2. This gives a spanning subgraph T 01 of st.v1; ƒ1/. Note that T 01 is a tree because
it is a subgraph of T . By the choice of f , we have f 62 E.T 01/. Then it follows from
Lemma 4.38 that �f 2 W1.
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Lemma 4.42. Let f 2 E.T /. If �f 62 Wj for all j D 1; 2; 3, then f D e1 or f D e2.

Proof. By contradiction, suppose that there is an edge f ¤ e1; e2 such that �f 62 Wj for
all j D 1; 2; 3. Since �f 62 W3, we know that f 2 E.T3/ by Lemma 4.39. In particular,
we have v3 2 V.f /. Since f ¤ e1; e2, this implies that v1; v2 62 V.f /, and in particu-
lar this means that f … E.Z1/; E.Z2/. The assumption �f 62 W2 implies that f joins
v3 to a vertex in ƒ2 \ ƒ3, thanks to Lemma 4.40. Similarly, the assumption �f 62 W1
implies that f joins v3 to a vertex inƒ1 \ƒ3, thanks to Lemma 4.41. Therefore, we have
obtained that f connects v3 to a vertex in ƒ1 \ƒ2 \ƒ3. But this is absurd because this
intersection is empty, by condition (3) in the definition of redundant triangle.

We are now ready for the proof of Theorem E.

Proof of Theorem E. Recall by construction that the subspaces W1, W2, andW3 are given
by equations of the form (4.4) with respect to the coordinates defined by the spanning
tree T constructed above. Suppose by contradiction that ¹W1; W2; W3º is not a redundant
triple By Lemma 4.35, one of the following cases occurs:

(1) either �e1 ; �e2 2 W
?
j for all j D 1; 2; 3, or

(2) there exists some i � 3 such that �fi 62 Wj for all j D 1; 2; 3.

We claim that neither of these two situations can occur in our setting. To see that (1)
does not occur, observe that �e1 C �e2 2 W3 and �e1 C �e2 are not orthogonal to �e1 , so
�e1 62W

?
3 . The same is true for �e2 . On the other hand, (2) does not occur by Lemma 4.42.

We have reached a contradiction, so ¹W1;W2;W3º is a redundant triple of subspaces. Then
it follows from Proposition 4.36 that BB� is not a RAAG.

We will use Theorem E in Section 5 to prove that certain BBGs are not isomorphic to
RAAGs (see Theorem A for the case in which�� is 2-dimensional and Example 5.17 for
a higher-dimensional example).

4.6. Resonance varieties for BBGs

The goal of this section is to show that for a finitely presented BBG, the complement of
its BNS-invariant coincides with the restriction of its first real resonance variety to the
character sphere.

Let A D H�.G;R/ be the cohomology algebra of G over R. For each a 2 A1 D
H 1.G;R/ D Hom.G;R/, we have a2 D 0. So, we can define a cochain complex .A; a/

.A; a/ W A0 ! A1 ! A2 ! � � � ;

where the coboundary is given by the right-multiplication by a. The (first) resonance vari-
ety is defined to be the set of points inA1 so that the above chain complex fails to be exact,
that is,

R1.G/ D ¹a 2 A
1
j H 1.A; a/ ¤ 0º:
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In many cases of interest, the resonance variety R1.G/ is an affine algebraic subvari-
ety of the vector space A1 D H 1.G;R/ D Hom.G;R/. For G a RAAG or a BBG, these
varieties have been computed in [30] and [31], respectively. These varieties turn out to be
defined by linear equations; that is, they are subspace arrangements. Following the nota-
tion in [31], let � be a finite graph. For any U � V.�/, let HU be the set of characters
� W A� ! R vanishing (at least) on all the vertices in the complement of U . In our nota-
tion, this means U � D.y�/. Moreover, let H 0U be the image of HU under the restriction
map r WHom.A� ;R/! Hom.BB� ;R/ (see Section 4.1.3).

Proposition 4.43. Let � be a biconnected graph with �� simply connected. Then
†1.BB�/c D R1.BB�/ \ S.BB�/.

Proof. By [31, Theorem 1.4], we have that R1.BB�/ is the union of the subspaces
H 0U , where U runs through the maximal collections of vertices that induce disconnected
subgraphs. Similarly, it follows from Theorem D that †1.BB�/c is the union of the sub-
spheres Sƒ, where ƒ runs through the minimal separating subgraphs. Note that U is a
maximal collection of vertices inducing a disconnected subgraph precisely when the sub-
graph ƒ induced by V.�/ n U is a minimal separating subgraph. So, it is enough to show
that for each such U , we have H 0U D Wƒ, where Wƒ is the linear span of the sphere Sƒ,
as defined above in Section 4.3.

To show this equality, let � W BB� ! R. Then � 2H 0U if and only if there is an exten-
sion y� of � to A� such that y� 2HU . This means thatƒ�D.y�/. Note thatƒ is connected
by Lemma 4.17 (3). So, by Lemma 4.15, we have ƒ � D.y�/ if and only if ƒ � DE.�/,
which is equivalent to � 2 Wƒ.

Remark 4.44. We note that in general one has the inclusion †1.G/c � R1.G/ \ S.G/

thanks to [32, Theorem 15.8]. However, the equality does not always hold; see [36, §8]
for some examples, such as the Baumslag–Solitar group BS.1; 2/.

We now recall a construction that reduces an Artin group to a RAAG (see [20, §11.9]
or [31, §9]). Let .�; m/ be a weighted graph, where mWE.�/! N is an assignment of
positive integers on the edge set. We denote by A�;m the associated Artin group. When
m D 2 on every edge, it reduces to A�;m D A� . The odd contraction of .�; m/ is an
unweighted graph z� defined as follows. Let �odd be the graph whose vertex set is V.�/
and edge set is ¹e 2 E.�/ j m.e/ is an odd numberº. The vertex set V.z�/ of z� is the set
of connected components of �odd, and two vertices C and C 0 are connected by an edge if
there exist adjacent vertices v 2 V.C / and v0 2 V.C /0 in the original graph � .

Corollary 4.45. Let � be a biconnected graph such that�� is simply connected. If � has
a redundant triangle, then BB� is not an Artin group.

Proof. Let � be a redundant triangle, with chosen minimal full separating subgraphs
¹ƒ1; ƒ2; ƒ3º. Let Wj D Wƒj be the subspace of V D Hom.BB� ;R/ defined by ƒj .
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Arguing as in the proof of Theorem E, we have that Wj is a maximal missing subspace
in the complement of †1.BB�/, and that ¹W1; W2; W3º is a redundant triple in subspaces
of V . By Lemma 4.34, we have

dim.W1 CW2 CW3/C 1 � IEP.W1; W2; W3/:

Now, assume by contradiction that BB� is isomorphic to an Artin group A� 0;m. Let z� 0

be the odd contraction of .� 0; m/. Then Az� 0 is a RAAG. Notice that A� 0;m and Az� 0 have
the same abelianization. Hence, the three spaces Hom.A� 0;m;R/, Hom.Az� 0 ;R/, and V
can be identified together. In particular, the three character spheres S.A�;m/, S.Az� 0/, and
S.BB�/ can be identified as well.

Arguing as in [31, Proposition 9.4], there is an ambient isomorphism of the resonance
varieties R1.BB�/ Š R1.A� 0;m/ Š R1.Az� 0/, seen as subvarieties of V . Since Az� 0 is a
RAAG, by [30, Theorem 5.5] we have †1.Az� 0/

c D R1.Az� 0/ \ S.Az� 0/. Similarly, since
BB� is a BBG, by Proposition 4.43 we have †1.BB�/c D R1.BB�/ \ S.BB�/. It fol-
lows that we have an ambient isomorphism of the complements of the BNS-invariant
†1.BB�/c Š †1.Az� 0/

c (seen as arrangements of subspheres in S.BB�/), as well as
an ambient isomorphism of the associated arrangements of (linear) subspaces of V . In
particular, the arrangement of maximal missing subspaces of BB� inside V is ambi-
ent isomorphic to the arrangement of maximal missing subspaces of a RAAG. Applying
Lemma 4.32 to the triple ¹W1; W2; W3º gives

IEP.W1; W2; W3/ D dim.W1 CW2 CW3/:

This leads to a contradiction.

5. BBGs on 2-dimensional flag complexes

If �� is a simply connected flag complex of dimension 1, then � is a tree. In this case,
the group BB� is a free group generated by all the edges of � , and in particular, it is a
RAAG. The goal of this section is to determine what happens in dimension 2. Namely, we
will show that the BBG defined on a 2-dimensional complex is a RAAG if and only if a
certain poison subgraph is avoided. We will discuss some higher-dimensional examples at
the end (see Examples 5.16 and 5.17).

Throughout this section, we assume that � is a biconnected graph such that �� is 2-
dimensional and simply connected unless otherwise stated. Note that by Lemma 4.17 this
implies that �� is homogeneous of dimension 2. We say that

• An edge e is a boundary edge if it is contained in exactly one triangle. Denote by
@�� the boundary of�� . This is a 1-dimensional subcomplex consisting of boundary
edges. An edge e is an interior edge if e \ @�� D¿. Equivalently, none of its vertices
is on the boundary.
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• A boundary vertex is a vertex contained in @�� . Equivalently, it is contained in at least
one boundary edge. A vertex v is an interior vertex if it is contained only in edges that
are not boundary edges.

• A triangle � is an interior triangle if � \ @�� D ¿. A triangle � is called a crowned
triangle if none of its edges is in @�� . This is weaker than being an interior triangle
because a crowned triangle can have vertices in @�� . If � is a crowned triangle, each
of its edges is contained in at least one triangle different from � .

Remark 5.1. We will prove in Lemma 5.13 that in dimension 2, a crowned triangle is
redundant in the sense of Section 4.5. If @�� is empty, then every triangle is crowned,
simply because no edge can be a boundary edge. Note that a vertex is either a boundary
vertex or an interior vertex, but we might have edges which are neither boundary edges
nor interior edges. For example, the trefoil graph (see Figure 1) has no interior edges, but
only six of its nine edges are boundary edges. Moreover, it has no interior triangles, but it
has one crowned triangle. Notice that a crowned triangle is contained in a trefoil subgraph
of � , but the trefoil subgraph is not necessarily a full subgraph of � (see Figure 16).

5.1. Complexes without crowned triangles

The goal of this section is to provide a characterization of complexes without crowned
triangles.

Lemma 5.2. A vertex v 2 V.�/ is an interior vertex if and only if for each vertex w in
lk.v; �/, its degree in lk.v; �/ is at least 2.

Proof. First of all, notice that for a vertex w in lk.v; �/, its degree in lk.v; �/ is equal to
the number of triangles of �� that contain the edge .v; w/.

Suppose that v 2 V.�/ is an interior vertex, and let w be a vertex of lk.v; �/. Since v
is interior, the edge .v; w/ is not a boundary edge, hence it is contained in at least two tri-
angles. Therefore, the vertex w has degree at least 2 in lk.v; �/. Conversely, let v 2 V.�/
and let e D .v;w/ be an edge containing v, where w is some vertex in lk.v; �/. Since the

Figure 16. Graphs that contain crowned triangles, but the resulting trefoil subgraphs are not full
subgraphs.
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degree of w in lk.v; �/ is at least 2, the edge e must be contained in at least two triangles.
Thus, the edge e is not in @�� . Hence, the vertex v is an interior vertex.

Lemma 5.3. Let � be a biconnected graph such that �� is 2-dimensional and simply
connected. If �� has no crowned triangles, then �� has no interior triangles, no interior
edges, and has at most one interior vertex.

Proof. Since an interior triangle is automatically a crowned triangle, it is clear that ��
has no interior triangles.

For the second statement, assume that there is an interior edge e D .u; v/ of �� .
Since e is an interior edge, it is contained in at least two triangles. Let � be a triangle
containing e. Let w be the third vertex of � , and let e1 and e2 be the other two edges of � .
Since u and v are interior vertices, we have that e1 and e2 are not in @�� . So, no edge
of � is a boundary edge. That is, the triangle � is a crowned triangle, a contradiction.

Finally, let v be an interior vertex. By definition, none of the edges containing v is in
@�� . We claim that � D st.v; �/, and in particular, there are no other interior vertices.
First, take a triangle � containing v, then the two edges of � that meet at v are not in @�� .
The third edge of � must be a boundary edge; otherwise, the triangle � would be a crowned
triangle. This shows that all vertices in lk.v;�/ are in @�� . Now, assume by contradiction
that there is a vertex u at distance two from v. Letw be a vertex in lk.v;�/ that is adjacent
to u. Note that w is a boundary vertex. Since lk.w; �/ is connected by Lemma 4.17 (2),
there is a path p in lk.w; �/ from u to a vertex u0 in lk.v; �/ \ lk.w; �/ (see Figure 17).
Then the path p, together with the edges .w; u/ and .w; u0/, bounds a triangulated disk in
�� . Then the edge .w; u0/ is contained in more than one triangle, and therefore, it is not a
boundary edge, and the triangle formed by the vertices v, w, and u0 is a crowned triangle,
a contradiction.

Before we prove the next result, we give some terminologies on graphs. A graph �
is called an edge-bonding of two graphs �1 and �2 if it is obtained by identifying two

p

w
u

v

u0

Figure 17. The path p and the edges .w; u/ and .w; u0/ bound a triangulated disk in �� . This
implies that the edge .w; u0/ is not a boundary edge, and the vertices v, w, and u0 form a crowned
triangle.
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edges e1 2 E.�1/ and e2 2 E.�2/. If e denotes the image of e1 and e2 in � , we also write
� D �1 [e �2 and say that e is the bonding edge.

Remark 5.4. Since an edge-bonding involves identifying two edges from two different
graphs, one can perform several edge-bondings of a collection of graphs simultaneously.
In particular, if one performs a sequence of edge-bondings, then the result can actually be
obtained by a simultaneous edge-bonding.

We also note that there are two ways of identifying e1 and e2 that can result in two
different graphs. However, this will not be relevant in the following.

Our goal is to decompose a given graph as an edge-bonding of certain elementary
pieces that we now define. A fan is a cone over a path. Let �0 be a connected graph
having no vertices of degree 1 and whose associated flag complex ��0 is 1-dimensional.
Note that �0 contains no triangles. The cone over such a �0 is called a simple cone (see
Figure 18 for an example).

Remark 5.5. Fans and simple cones could be further decomposed via edge-bonding by
disconnecting them along a cut edge. For example, a fan can be decomposed into triangles.
However, we will not take this point of view. Instead, it will be convenient to decompose
a graph into fans and simple cones and regard them as elementary pieces.

It follows from Corollary 3.10 that the BBG defined on a fan or simple cone is a
RAAG. Here are some further properties of fans and simple cones that follow directly
from the definitions.

Lemma 5.6. Let � be a fan or a simple cone. The following statements hold.

(1) The flag complex �� is 2-dimensional, simply connected, and contractible.

(2) The flag complex �� has no interior edges, no interior triangles, and no crowned
triangles.

(3) If � D ¹vº � P is a fan over a path P with endpoints u and w, then @�� D
P [ ¹.v; u/; .v; w/º, and there are no interior vertices.

(4) If � D ¹vº � �0 is a simple cone over �0, then @�� D �0, and the cone vertex v
is the only interior vertex.

Figure 18. A simple cone.
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Lemma 5.7. Let � be a biconnected graph such that�� is 2-dimensional and simply con-
nected. Suppose that�� has no crowned triangles. Then � decomposes as edge-bondings
of fans and simple cones.

Proof. We argue by induction on the number of cut edges of � . Suppose that � has no cut
edges. By Lemma 5.3, the complex�� contains at most one interior vertex. We claim that
if �� contains no interior vertices, then � is a fan. Let v 2 V.�/. Since v is a boundary
vertex, its link has degree 1 vertices by Lemma 5.2. Moreover, since � has no cut edges,
the link of v has no cut vertices. Then lk.v; �/ must be a single edge, and therefore, the
graph � is a triangle, which is a fan. Thus, the claim is proved. If�� contains one interior
vertex u, then � D st.u; �/ as in the proof of Lemma 5.3. So, the graph � is the cone
over lk.u; �/. Since u is an interior vertex, its link has no degree 1 vertices. Note that
the flag complex on lk.u; �/ is 1-dimensional; otherwise, the dimension of �� would be
greater than 2. Thus, the graph � D st.u; �/ is a simple cone. This proves the base case
of induction.

Suppose that the conclusion holds for graphs having n cut edges, n� 1. Assume that �
has n C 1 cut edges. Let e be a cut edge of � . Cutting along e gives some connected
components �1; : : : ; �k . Each of these components, as a full subgraph of � , satisfies all
the assumptions of the lemma and has at most n cut edges. By induction, the subgraphs
�1; : : : ; �k are edge-bondings of fans and simple cones. Therefore, the graph � , as an
edge-bonding of �1; : : : ; �k , is also an edge-bonding of fans and simple cones.

Remark 5.8. The decomposition in Lemma 5.7 is not unique (for instance, it is not
maximal; see Remark 5.5). We do not need this fact in this paper.

We now proceed to study the ways in which one can perform edge-bondings of fans
and simple cones. Recall from Section 4.5 that the spoke of a vertex v is the collection
of edges containing v. When � is a fan, write � D ¹vº � Pn, where Pn is the path on n
labeled vertices (see Figure 19). We call the edges .v; w1/ and .v; wn/ peripheral edges,
and the edges .w1;w2/ and .wn�1;wn/ are called modified-peripheral edges. A peripheral
triangle is a triangle containing a peripheral edge and a modified-peripheral edge.

v

w1 w2 wn�1 wn

Figure 19. The red edges are peripheral edges, and the green edges are modified-peripheral edges.
The left-most and right-most triangles are peripheral triangles.
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We say that an edge of a fan is good if either it belongs to the spoke or it is a modified-
peripheral edge. Similarly, we say that an edge of a simple cone is good if it belongs to
the spoke. We say an edge is bad if it is not good. Note that a bad edge is necessarily
a boundary edge (see Lemma 5.6). We extend this definition to more general graphs as
follows: Let � be a graph obtained via an edge-bonding on a collection of fans and sim-
ple cones, and let e 2 E.�/ be a bonding edge of � . We say that e is good if it is good
in each fan component or simple cone component of � that contains e. We say that e is
bad otherwise. These concepts are motivated by the fact that forming edge-bonding along
good edges does not create crowned triangles; see the following example.

Example 5.9. Let �1 and �2 be a fan and a simple cone, respectively. If we form the
edge-bonding of �1 and �2 by identifying a good edge in each of them, the resulting
graph has no crowned triangles. The situation is analogous if �1 and �2 are both fans or
both simple cones.

Lemma 5.10. Let � D �1 [e �2, where �1 is a fan or a simple cone, and �2 is any graph
obtained via edge-bonding of fans and simple cones. If e is a bad edge of �1, then �
contains a crowned triangle.

Proof. If e 2 E.�1/ is bad, then it is in @��1 . In particular, there is a unique triangle � of
�1 containing e (namely, the cone over e), and the other two edges of � are not boundary
edges (in the case of a fan, recall that a modified-peripheral edge is good). When we form
an edge-bonding along e, the edge e is no longer a boundary edge in � , so � becomes a
crowned triangle in � .

Proposition 5.11. Let � be a biconnected graph such that �� is 2-dimensional and sim-
ply connected. Then � admits a tree 2-spanner if and only if�� does not contain crowned
triangles.

Proof. Let T be a tree 2-spanner of � . Suppose by contradiction that � contains a crowned
triangle � whose edges are e, f , and g. By Lemma 3.2, either two of e, f , and g are in
E.T / or none of them is in E.T /. If e, f , and g are not in E.T /, then by Lemma 3.3, the
graph � contains a K4. This contradicts the fact that �� is 2-dimensional. Now consider
the case that e … E.T / and f and g are in E.T /. Since � is a crowned triangle, the edge e
is not on the boundary of �� , and there is another triangle � 0 based on e that is different
from � . Denote the other edges of � 0 by f 0 and g0. Note that f 0 and g0 cannot be in E.T /
by the uniqueness part of Lemma 3.1. This means that none of the edges of � 0 is in E.T /.
Again, by Lemma 3.3 we obtain a K4, hence a contradiction. Therefore, the graph � has
no crowned triangles.

Conversely, suppose that �� has no crowned triangles. By Lemma 5.7 the graph �
decomposes as edge-bondings of some fans and simple cones �1; : : : ;�m. Let ¹e1; : : : ; enº
be the set of bonding edges. Note that by Remark 5.4 these edge-bonding operations can
be performed simultaneously. Since � has no crowned triangles, by Lemma 5.10, each
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of the edges in ¹e1; : : : ; enº is good. We now construct a tree 2-spanner for � . We do
this by constructing a tree 2-spanner Ti for each �i and then gluing them together. For
a simple cone component �i , choose Ti to be the spoke. For a fan component �i , write
�i D ¹viº � Pni and order the vertices of Pni as w1; : : : ; wni . Define Ti to consist of the
edges .vi ; wn2/; : : : ; .vi ; wni�1/, together with two more edges, one from each peripheral
triangle, chosen as follows. If the peripheral edge or the modified-peripheral edge in a
peripheral triangle is involved in some edge-bondings, then choose that edge to be in Ti .
If none of them is involved in any edge-bonding, then choose either one of them. Note
that it is not possible that both the peripheral edge and the modified-peripheral edge of
the same peripheral triangle are involved in edge-bondings; otherwise, the graph � would
contain a crowned triangle. In all the cases, this provides a tree 2-spanner Ti in �i . More-
over, if e is a bonding edge for � that appears in a component �i , then e is in Ti . It follows
from [9, Theorem 4.4] that T D

Sm
iD1 Ti is a tree 2-spanner of � .

Remark 5.12. When � is a 2-tree (recall from Section 3.2.2), the flag complex �� is
a biconnected contractible 2-dimensional flag complex. In [8], Cai showed that a 2-tree
admits a tree 2-spanner if and only if it does not contain a trefoil subgraph (see Figure 1).
Proposition 5.11 generalizes Cai’s result to any biconnected and simply connected 2-
dimensional flag complex. Note that a trefoil subgraph in a 2-tree is necessarily full, but
this is not the case in general (see Figure 16).

5.2. The RAAG recognition problem in dimension 2

In this section, we provide a complete answer to the RAAG recognition problem on 2-
dimensional complexes. In other words, we completely characterize the graphs � such
that BB� is a RAAG, under the assumption dim�� D 2.

Observe that a RAAG is always finitely presented (recall that all graphs are finite in
our setting). On the other hand, by [3, the Main Theorem 3], a BBG is finitely presented
precisely when the defining flag complex is simply connected. Therefore, we can assume
that �� is simply connected. Moreover, by Corollary 4.22 we can assume that � is also
biconnected. Note that RAAGs are actually groups of type F , so one could even restrict
to the case that �� is contractible, thanks to [3, the main theorem]; compare this with
Corollary 3.9. However, we do not need this fact. We start by showing that in dimension
2, any crowned triangle is redundant.

Lemma 5.13. If dim.��/ D 2, then every crowned triangle is a redundant triangle.

Proof. Let � be a crowned triangle with edges e1; e2; e3 and vertices v1; v2; v3, where vj
is opposite to ej . Since � is a crowned triangle, no edge ej is a boundary edge. Hence,
there is another triangle �j adjacent to � along ej . Let uj be the vertex of �j not in � . If
uj were adjacent to vj , then we would have aK4, which is impossible since dim�� D 2.
Thus, the vertices vj and uj are not adjacent. As a consequence, we can choose a full
subgraph ƒj � lk.vj ; �/ that contains ej and is a minimal full separating subgraph of � .
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Finally, note that the intersection ƒ1 \ ƒ2 \ ƒ3 cannot contain any vertex. Otherwise,
we would see a K4, which is against the assumption that �� is 2-dimensional.

Theorem A. Let � be a biconnected graph such that �� is 2-dimensional and simply
connected. Then the following statements are equivalent.

(1) � admits a tree 2-spanner.

(2) �� does not contain crowned triangles.

(3) BB� is a RAAG.

(4) BB� is an Artin group.

Proof. The implications (1), (2) follow from Proposition 5.11. Moreover, the implica-
tion (1)) (3) is Theorem B. The implication (3)) (4) is obvious.

We prove the implication (3)) (2) as follows. Assume that �� contains a crowned
triangle � . Then by Lemma 5.13 we know that � is also a redundant triangle. Then it fol-
lows from Theorem E that BB� is not a RAAG. The implication (4)) (2) is obtained in
a similar way, using Corollary 4.45 instead of Theorem E.

Papadima and Suciu in [31, Proposition 9.4] showed that if �� is a certain type of
triangulation of the 2-disk (which they call extra-special triangulation), then BB� is not
a RAAG. Those triangulations always contain a crowned triangle, so Theorem A recovers
Papadima–Suciu’s result and extends it to a wider class of graphs, such as arbitrary trian-
gulations of disks (see Example 5.14), or even flag complexes that are not triangulations
of disks (see Example 3.17).

Example 5.14 (The extended trefoil continued). Let � be the graph in Figure 14. Since �
contains a crowned triangle, the group BB� is not a RAAG by Theorem A. Note that this
fact does not follow from [31]: The flag complex �� is a triangulation of the disk but not
an extra-special triangulation. This fact also does not follow from [16], because all the
subspace arrangement homology groups vanish for this group BB� , that is, they look like
those of a RAAG (as observed in Example 4.31).

Remark 5.15. The criterion for a BBG to be a RAAG from Theorem B works in any
dimension. On the other hand, Theorem A fails for higher-dimensional complexes. Indeed,
the mere existence of a crowned triangle is not very informative in higher-dimensional
cases (see Example 5.16). However, the existence of a redundant triangle is an obstruction
for a BBG to be a RAAG even in higher-dimensional complexes (see Example 5.17).

Example 5.16 (A crowned triangle in dimension 3 does not imply that the BBG is not a
RAAG). Let � be the cone over the trefoil graph in Figure 1. Then �� is 3-dimensional
and � contains a crowned triangle (the one sitting in the trefoil graph). However, this
crowned triangle is not a redundant triangle, and the group BB� is actually a RAAG by
Corollary 3.10.
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v3

w

Figure 20. A 3-dimensional complex that contains a redundant triangle.

Example 5.17 (A redundant triangle in dimension 3 implies that the BBG is not a RAAG).
Consider the graph � in Figure 20. Then �� is 3-dimensional and every 3-simplex has a
2-face in @�� . However, we can show that this BB� is not a RAAG. The triangle induced
by the vertices v1, v2, and v3 is a redundant triangle. Indeed, the full subgraphs ƒ1, ƒ2,
and ƒ3 induced by the sets of vertices ¹u; v2; v3º, ¹u; v1; v3º, and ¹v1; v2; wº, respec-
tively, satisfy condition (3) in the definition of redundant triangle. Then it follows from
Theorem E that this BB� is not a RAAG.
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