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Rokhlin dimension: Permanence properties and ideal
separation

Sureshkumar M and Prahlad Vaidyanathan

Abstract. We study the Rokhlin dimension for actions of residually finite groups on C*-algebras.
We give a definition equivalent to the original one due to Szab6, Wu and Zacharias. We then prove
a number of permanence properties and discuss actions on Cq(X)-algebras and commutative C*-
algebras. Finally, we use a theorem of Sierakowski to show that, for an action with finite Rokhlin
dimension, every ideal in the associated reduced crossed product C*-algebra arises from an invariant
ideal of the underlying algebra.

The study of group actions on C*-algebras is a deep and integral part of the general the-
ory of operator algebras. It allows us to understand the underlying algebra by studying its
symmetries, and also provides us with a new C*-algebra, the crossed product. This crossed
product is a fascinating object that (broadly speaking) contains the original algebra and
the group, and implements the group action via conjugation by unitaries. The difficulty
then is to understand the structure of this crossed product C*-algebra, and a key question
in this context is to determine when certain ‘regularity’ properties pass from the under-
lying algebra to the crossed product. These regularity properties include many properties
that are useful from the point of view of the classification programme such as finiteness
of nuclear dimension, simplicity, Z-stability, etc.

The Rokhlin property (studied by Kishimoto [16], Izumi [13] and others) was a first
attempt in this direction, but it has the crucial problem in that it requires the underlying
algebra to have sufficiently many projections. The notion of Rokhlin dimension, intro-
duced by Hirshberg, Winter and Zacharias [12], seeks to avoid this problem by replacing
projections by positive contractions. In the past decade or so, this idea has proved to be
very fruitful. In [12], the authors studied such actions of finite groups and of the group of
integers. This was generalized to actions of compact groups by Gardella [6] and to actions
of residually finite groups by Szabd, Wu and Zacharias [30]. In each case, it was proved
that actions with finite Rokhlin dimension allow us to deduce a number of regularity prop-
erties of the crossed product C*-algebra from those of the underlying algebra (particularly
in the compact case, and under the ‘commuting towers’ condition [7]).
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The goal of this paper is to study actions of countable, discrete, residually finite groups
with finite Rokhlin dimension, building on the work done in [6,30]. We begin in Section 1,
where we discuss the profinite completion of a residually finite group. This artifact allows
us to prove results for residually finite groups along the same lines as those of compact
groups. We also describe the topological join of two compact spaces, a notion that gets
used in the discussion on Rokhlin dimension with commuting towers. In Section 2, we
recall the definition of Rokhlin dimension from [30], and give a number of equivalent for-
mulations. In Section 3, we show that finiteness of Rokhlin dimension is preserved under
many standard constructions such as passage to hereditary subalgebras, quotients, induct-
ive limits and extensions. Moreover, we show that finiteness of Rokhlin dimension passes
to the action of a subgroup provided the subgroup is a virtual retract.

In Section 4, we consider actions on commutative C*-algebras. After proving an estim-
ate for the Rokhlin dimension of an action on a Cy(X)-algebra, we show that an action
on a commutative C*-algebra has finite Rokhlin dimension if the maximal ideal space has
finite covering dimension and the induced action on it is both free and proper. In Section 5,
we show that actions with finite Rokhlin dimension are outer, and are properly outer if the
group is amenable and has the (VRC) property (see Definition 3.8). Along the way, we
use a theorem of Sierakowski [29] to show that if an action is exact and has finite Rokhlin
dimension, then the ideals in the associated crossed product C*-algebra must arise from
invariant ideals of the underlying C*-algebra.

1. Preliminaries

1.1. The profinite completion

Recall that a discrete group G is said to be residually finite if for each non-identity ele-
ment g € G, there is a subgroup H of G of finite index such that g ¢ H. Given such
a group G, let I denote the set of all normal subgroups of G of finite index, partially
ordered by reverse inclusion. In other words, H < K if and only if K C H. Whenever
H < K, there is a homomorphism ¢x g : G/K — G/H given by gK +— gH, and this
makes the collection {G/H, ¢k, }1,; an inverse system of groups. The inverse limit of
this system is called the profinite completion of G and is denoted by G. By definition,

G ={(guH)ner, : gk H = guH forall H, K € Ig with K C H}.

Note that G is a group under componentwise multiplication and is a topological space
as a subspace of [[ycr - G/H . A profinite group is, by definition, the inverse limit of a
surjective inverse system of finite groups, and G is therefore a profinite group.

Foreach H € I, there is a natural action 87 : G ~, G/H givenby BH (gH) :=1tgH.
The maps ¢k, g respect these actions, so we have an induced left-translation action
B : G ~ G given by

B:(guH)rers) = (tgg H)He1,-
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The most important properties of G (from our perspective) are listed below, and the
interested reader will find proofs of all these facts in [26].

Proposition 1.1. Let G be a discrete, residually finite group and let G denote its profinite
completion.
(1) For each K € Ig, there is a surjective group homomorphism ng : G — G/K
given by (¢n H)rerg — gk K.
) If {H1, ..., Hy} is a finite collection of subgroups in Ig and {x1,...,xx} CG,
then the set
k
() 7! (i Hi)
i=1
is an open set in G, and sets of this type form a basis for the topology on G.
(3) G is compact, Hausdorff and totally disconnected.
(4) Themap1:G — G given by g — (gH)He1, is an injective group homomorphism
and 1(G) is dense in G.
(5) If H is a profinite group and ¢ : G — H is a group homomorphism, then there is
a unique continuous group homomorphism ¢ : G — H such that g o 1 = ¢.

(6) The action B : G ~, G defined above is both free and minimal (in the sense that
G has no non-trivial closed B-invariant subsets).

Now consider the commutative C*-algebra C(G). Since G = 1<i£1(G/H , PR, H), it
follows that C(G) is the inductive limit of the system {C(G/H), ¢x.p)- For each
H e Ig,let o : G — Aut(C(G/H)) be the action induced by B (in other words,
otH(f)(gH) := f(t7'gH)). Similarly, let 0 : G — Aut(C(G)) be the action induced
by B. Then the maps ng : C(G/K) — C(G) and ¢x.n - C(G/H) — C(G/K) are all
G-equivariant. Therefore, we obtain the following fact.

Lemma 1.2. If G is a discrete, residually finite group, then

(C(G),0) = I}m(C(G/H),oH).

Now if G is a finitely generated group and n € N is fixed, then by a theorem of Hall [9],
G has finitely many subgroups of index 7. In other words, I is countable. Since G is a
subspace of [ [ ¢ 7 . G/H, itis metrizable. We record this fact for later use.
Lemma 1.3. If G is a discrete, finitely generated, residually finite group, then G is
metrizable, and therefore C(G) is separable.
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1.2. The topological join

Given two compact Hausdorff spaces X and Y, the topological join of X and Y is defined
as
XxY :=(0,1]xX xY)/~,

where ~ is the equivalence relation defined by (0, x, y) ~ (0, x’, y) and (1, x, y) ~
(1,x,y’) forall x,x’ € X and y, y’ € Y. Elements of X * Y are denoted by the symbol
[t, x, y] for the equivalence class containing (¢, x, y).

Given three compact Hausdorff spaces X, Y and Z, we may also define (X xY) x Z
and X * (Y * Z) as above. Since all spaces are compact and Hausdorff, these two spaces
are naturally homeomorphic, so the join operation is associative. Thus, if X1, X»,..., X,
are compact Hausdorff spaces, then X % X, * --- % X,, may be defined unambiguously.
If X; = X forall 1 <i < n, we denote the space X; * X, % ---x X, by X*m,

Now suppose G is a discrete group that acts on both spaces X and Y, then there is
a natural diagonal action of G on X * Y given by g - [, x, y] := [t, gx, gy]. Moreover,
this action is free if each individual action is free. In particular, if G acts freely on a
compact Hausdorff space X by an action y : G ~ X, then there is an induced action
y® : G ~ X*™ that is also free.

Our immediate goal is to give an estimate for the covering dimension of the join of
two spaces. Henceforth, we write dim(Z) to denote the covering dimension of a compact
Hausdorff space Z. Observe that if X is a compact Hausdorff space, then €X := X * {p}
is the cone over X. We denote the points in € X by [¢, x] (by suppressing the p).

Proposition 1.4. For any two compact Hausdor{f spaces X and Y,
dim(X *xY) <1+ dim(X) + dim(Y).
In particular, if dim(X) = 0, then dim(X*™) <n — 1.

Proof. With a slight abuse of notation, we write €Y := ([0, 1] x Y)/~, where ~ is the
equivalence relation (1, y) ~ (1, y’) for all y, y’ € Y. In other words, €X = X x {p}
while €Y :={p} * Y. Let Z:=€X xY UX x €Y C €X x €Y and define g :
[0,1]x X xY — Z by

i 1
([2I,X],y) :1f05[§_7
gt x,y) = | 2
(x,[2t —=1,y)D :ifE <t <l
Note that g is well defined and continuous, and induces a continuous map f : X *Y — Z.
That f is bijective is easy to check. Since X * Y is compact and Z is Hausdorff, f is a
homeomorphism. Hence, it suffices to estimate dim(Z).
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Foreachn € N, let A, = {[t,x] € €X :1/n <t < 1,x € X}. Then A, is homeo-
morphic to [1/n, 1] x X, so dim(4,) < dim(X) + 1 by the product theorem [24,

Proposition I11.2.6]. Since
(o)
ex=pu(UJa)
n=1

it follows that dim(€X) < dim(X) + 1 by [24, Proposition II1.5.3]. By the product the-
orem, dim(€X x Y) <1 4+ dim(X) + dim(Y). By symmetry, dim(X x €Y) <1 +
dim(X) 4 dim(Y). Moreover, both A = €X x Y and B = X x €Y are Fg-sets in
€X x €Y. By [24, Proposition II1.5.3], dim(Z) < dim(X) + dim(Y) + 1. L]

1.3. Notational conventions

For convenience, we now fix some notation that we will use frequently through the rest of
the paper. Henceforth, all groups (denoted G, H, K, etc.) will be countable and discrete,
and we will write e for the identity of the group. We write H <, G if H is a subgroup
of G of finite index, we write H <1 G if H is a normal subgroup of G and we write
H <ig, G if H is a normal subgroup of finite index.

If Z is a topological space, we write dim(Z) for its Lebesgue covering dimension. If
a group G acts on Z by homeomorphisms, we denote thisby G ~, Zor : G ~, Z if
B : G — Homeo(Z) denotes the corresponding homomorphism. If K is a set, then we
write ' K if F is a finite subset of K. If A is a C*-algebra and a, b € A, we write
[a,b] := ab — ba, and we write a =, b if ||a — b|| < &. If A is unital, we write 14 for the
unit of 4.

2. Rokhlin dimension for actions of residually finite groups

In this section, we recall from [30] the definition of Rokhlin dimension for actions of
residually finite groups. We then give an alternate definition using the profinite comple-
tion of the group, and we discuss the notion of Rokhlin dimension with commuting towers.
Given a natural number d € N, we describe explicitly a universal space for actions with
Rokhlin dimension d with commuting towers. This last result is a natural analogue of
the corresponding result for compact groups due to Gardella [6, Lemma 4.3]. We begin
by describing the central sequence algebra relative to a C*-subalgebra, a notion due to
Kirchberg [14].

Definition 2.1. Given a C*-algebra A, let £°°(N, A) be the space of all bounded
sequences in A and co(N, A) be the subspace of sequences that vanish at infinity. If
Aoo :=L*°(N, A)/co(N, A), then A embeds in Ay, as the set of all constant sequences,
so we identify A with its image in As.. For a C*-subalgebra D C A, we define

Ao N D' = {x € Ago : xd = dx foralld € D}
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and
Ann(D, Ae) = {Xx € Ao : xd = dx = 0forall d € D}.

Ann(D, A) is an ideal in Axo N D’, so we write
F(D, A) := (Ao N D')/Ann(D, Aso)

and kp,4 : Ao N D’ — F(D, A) for the corresponding quotient map. When D = A, we
write F'(A) for F(A, A) and k4 for k4, 4. Note that F(D, A) is unital if D is o-unital.

Let G be a discrete group and @ : G — Aut(A) be an action of G on a C*-algebra
A. If D is an o-invariant subalgebra of A, there is a natural induced action of G on
Aoo and on F(D, A) which we denote by oo, and &, respectively. Moreover, there is
a G-equivariant x-homomorphism (F (D, A) @).x D ¥oc @ &|p) = (Aoo, tteo) given on
elementary tensors by kp _4(x) ® a — x - a. Under this *-homomorphism, 1rp 4) ® a
is mapped to a for all ¢ € D, so we think of it as a way to multiply elements of F (D, A)
with elements of D to obtain elements of A (in a way that respects the action of G).

We need one last piece of terminology. Two elements a and b in a C*-algebra are said
to be orthogonal (in symbols, we write @ L b) if ab = ba = a*b = b*a = 0. A contract-
ive, completely positive map ¢ : A — B between two C*-algebras is said to have order
zero if ¢(a) L ¢(b) whenever a L b. As is customary, we will use the abbreviation ‘c.c.p’
for ‘contractive and completely positive’.

With all this in place, we are now in a position to define Rokhlin dimension for actions
of residually finite groups. Following [30], we first define Rokhlin dimension relative to a
subgroup of finite index before defining the full Rokhlin dimension for an action.

Definition 2.2 ([30, Definition 5.4]). Let A be a C*-algebra, G be a discrete, countable
group, H be a subgroup of G of finite index, and & : G — Aut(A) be an action of G on A.
We say that o has Rokhlin dimension d relative to H if d is the least integer such that for
any separable, o-invariant C*-subalgebra D C A, there exist (d + 1) equivariant c.c.p.
order zero maps

90,91, 0a : (C(G/H),0™) — (F(D, A), &)

such that Z?:o ve(1ce/m)) = 1F(D,4)- We denote the Rokhlin dimension of « relative
to H by dimge (e, H). If no such integer d exists, then we write dimgqk (¢, H) = 400.

The following lemma is contained in [30, Proposition 5.5].

Lemma 2.3. Let A be a C*-algebra, G be a discrete, countable group, H be a subgroup
of G of finite index, and o : G — Aut(A) be an action of G on A. Then dimg (o, H) < d
if and only if for each F € A, M C G,S « C(G/H) and & > 0, there exist (d + 1)
c.c.p. maps

Vo, Y1.....¥a : C(G/H) — A

satisfying the following properties:
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(D) [We(f),al ~:O0forallac F,f € Sand0 </{ <d.
) Yoo (f)a ~e ag(Ye(f))aforallac F.f € S,.g e Mand0 <{ <d.

3) Ye(f1)Ve(f2)a ~: Oforalla € F and f1, f> € S such that fi 1 f> and for all
0<{l=<d.

@) Yo vile my)a ~ aforalla € F.

The set of maps {¥, ¥1, ..., ¥q} satisfying the conditions of this lemma is called an
(H,d, F, M, S, ¢)-Rokhlin system.

Definition 2.4 ([30, Definition 5.8]). Let A be a C*-algebra, G be a residually finite group
and o : G — Aut(A) be an action of G on A. We define the Rokhlin dimension of « as

dimgek (o) = sup{dimpex (e, H) : H <4, G}.

The next simple proposition will be used repeatedly throughout the rest of the paper.
As such, it introduces the profinite completion of G into the picture, thereby allowing us
to treat discrete groups and compact groups on an (almost) equal footing.

Proposition 2.5. Let A be a C*-algebra, G be a residually finite group and o : G —
Aut(A) be an action of G on A. Then dimgex (o) < d if and only if for any F C A,
M T G, S  C(G) and any € > 0 there exist (d + 1) c.c.p. maps

wo,lﬂl,...,lﬂd:C(E)—)A

satisfying the following properties:
(1) [We(f),al = O0forallac F, feSand0<{ <d.
2) Ye(og(f)a ~e ag(Ye(f))aforallac F, f €S ,geMand0 <{ <d.

B) Ye(f1)Ve(f2)a =, 0 forall a € F and f1, f» € S such that fi L f> and all
0<t{<d.

“ Zj:o W(lc@))a ~gaforalla € F.

The set of maps {¥¢, ¥1,. .., ¥4} satisfying the conditions of this proposition is called
a(d, F,M,S,e)-Rokhlin system.

Proof. Assume that dimg () < d, andlet F € A,M € G,S < C(G) and ¢ > 0 be
given. By Lemma 1.2, C(G) = lim 15 C(G/H), so by approximating, we may assume
that S C 7,(C(G/H)) for some H € Ig. Write S = 7j;(S’) for some finite set
S’ C C(G/H) and we may further assume that 1¢(g/z) € S’, that e € M and that ||a|| <1
foralla € F. By Lemma 2.3, we obtain (d + 1) c.c.p. maps

Vo.V1,....¥q : C(G/H) — A
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which form an (H,d, F, M, S’, ¢/3)-Rokhlin system. For each 0 < £ < d, since C(G/H)
is nuclear, there is a sequence of c.c.p. maps ,oi : C(G/H) — My ;(C) and Qé :
Mp;)(C) — A such that

Tim 6 0 pi(f) = Ve(/)

for all f € C(G/H). Since mrj; is injective, we may use Arveson’s extension theorem
to obtain c.c.p. maps 9} : C(G) — Mj;)(C) such that p} o 7}, = pi. Then there exists
io € N such that

o H ~ €

6 @ (o 1) = Felox (D] < 5555

forall f € S and g € M.If yy : C(G) — Ais given by g := 6,° 0 pi?, then we claim
that the maps {9, V1, ..., ¥4} satisfy the required conditions. For the sake of brevity, we
verify only condition (4) as the others are similar: If @ € F, then

d d d
Y Willegya=Y 6, 0p. onf(lem)a ~s Y _ Villew/m)a ~x a.
£=0 £=0 {=0
With the other conditions verified, we can conclude that {¢, V1, ..., ¥4} form a

(d,F, M, S, ¢)-Rokhlin system.

For the converse, choose a subgroup H <g, G and let 7y : G — G/H be the nat-
ural map from Proposition 1.1. Then n7; : C(G/H) — C (G) is a unital G-equivariant
*-homomorphism. If F © A,M «© G,S @ C(G/H) and ¢ > 0 are given, then by
hypothesis, there exist (d + 1) c.c.p. maps

¢0,W17---,Wdic(5)—>14

satisfying the four conditions listed above for the tuple (d, F, M, nj;(S). &). Then,
{Ygomp :0<{=<d}clearly formsa (H,d, F,M,S,¢&)-Rokhlin system as in Lemma 2.3,
proving that dimge (o, H) < d. This is true for each H <g, G, so dimge(e) < d. ]

In order to turn the previous proposition into a global statement (without reference to
finite sets and ¢s), we need to assume that G is finitely generated to ensure that C(G) is
separable.

Corollary 2.6. Let A be a C*-algebra, G be a finitely generated, residually finite group
and o : G — Aut(A) be an action of G on A. Then dimgy (o) < d if and only if, for each
separable, o-invariant C*-subalgebra D C A, there exist (d + 1) equivariant, order zero,
c.c.p. maps

90,91, 94 : (C(G),0) = (F(D, A), &)

d
such that ) ", _, ve(le@)) = LF,4)-
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Proof. Suppose that dimgex («¢) < d. Choose a separable, «-invariant C*-subalgebra D C
A and choose an increasing sequence of finite sets (F,) such that 7' := | J;2; Fy is dense
in D. Since G is compact and metrizable, there is an increasing sequence (S,) of finite
subsets of C(G) such that A := Un— Sx isdensein C (G). Furthermore, we may arrange
it so that for each positive function f € C(G) and each § > 0, there exists f € + such that
| fo— f1Il <& and supp(fo) C supp(f) [31, Lemma 1.4]. Finally, since G is countable,
there is an increasing sequence (M) of finite subsets of G such that G = | J;2; M. For
eachn € N, let
Wy eG) - A

bea (d, F,, My, S,, 1/n)-Rokhlin system. For 0 < £ < d, define &; : C(G) — Ao by

Ge(f) = (@),

where 14 : £*°(N, A) - Ao is the natural quotient map. If f € A and x € T, then there
exists N € N such that

1
I (). 2l <

for all n > N . Therefore, & ( ) commutes with x in A. Since # is dense in C(G) and T
is dense in D, it follows that & ( /) € D’ forall f € C(G). We thus get well-defined maps

90, P1,---,¢a : C(G) - F(D, A)

given by ¢y := kp,4 © ;. Following the argument of [31, Lemma 1.5], one can show that
these maps satisfy the required conditions.

For the converse, the proof of [5, Lemma 3.7] applies verbatim, except that G plays
the role of G here. ]

In [30], the authors introduce a notion that is somewhat finer than Rokhlin dimension,
which we now describe. Let o« : G — Aut(A) be an action of a residually finite group on a
C*-algebra A. A decreasing sequence T = (Gy,) of finite index subgroups of G is said to
be a regular approximation if for each non-identity element g € G, there exists n € N such
that G, N gGGn = () where gG denotes the conjugacy class of g (see [30, Definition 3.5]).
Given such a sequence 7, the Rokhlin dimension of « with respect to 7 is defined as

dimge (@, 7) := sup dimgek (e, Gy).
neN
It is clear that dimgek (e, T) < dimgek () for any regular approximation t and there are
examples where strict inequality holds. However, if G is a finitely generated group, then
there is a regular approximation t such that dimgek (o) = dimgek (0, 7). Now, the condition
dimge (o, T) < d also admits an equivalent formulation along the lines of Corollary 2.6.
Indeed, the role of G in that result would now be played by G, := 1(£n G/Gp,and C(G,)
also carries a natural action of G which we denote by 0. Moreover, since G, is a sub-

space of [[72; G/ Gy, it is metrizable, so the following result holds even when the group
is not finitely generated.
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Corollary 2.7. Let A be a C*-algebra, G be a residually finite group, t be a regular
approximation of G and a : G — Aut(A) be an action of G on A. Then dimgo (o, 7) < d
if and only if, for each separable, a-invariant C*-subalgebra D C A, there exist (d + 1)
equivariant, order zero, c.c.p. maps

P0o,P15--->Pa - (C(Er)»a‘r) e (F(D’ A)96200)
such that ZZ’=0 (p((lc(gr)) = 1F(D,A)-

2.1. Rokhlin dimension with commuting towers

The notion of Rokhlin dimension with commuting towers has proved to be very useful,
particularly in the context of compact groups (see, for instance, [7]). For the purpose
of this paper, it is here merely for completeness. Almost all results we prove for Rokh-
lin dimension with commuting towers have analogous statements for Rokhlin dimension
without commuting towers.

Definition 2.8 ([30, Definition 5.4]). Let A be a C*-algebra, G be a discrete, countable
group, H be a subgroup of G of finite index, and & : G — Aut(A) be an action of G on A.
We say that @ has Rokhlin dimension d with commuting towers relative to H if d is the
least integer such that for any separable, «-invariant C*-subalgebra D C A, there exist
(d + 1) equivariant c.c.p. order zero maps

90,91, 0a : (C(G/H),0™) — (F(D, A), &)

with pairwise commuting ranges such that ZZZ:O ve(lce/a)) = 1F(D,4)- We denote
the Rokhlin dimension of o with commuting towers relative to H by dimgek©(cr, H).
If no such integer d exists, then we write dimg.€ (o, H) = +00. We define the Rokhlin
dimension of & with commuting towers as

dimgek© (o) = sup{dimge“ (o, H) : H <4, G}.

Each result from the previous section has an analogous version for Rokhlin dimension
with commuting towers. For brevity, we state (without proof) the two that we will need in
the future.

Proposition 2.9. Let A be a C*-algebra, G be a residually finite group and o« : G —
Aut(A) be an action of G on A. Then dimgo € (o) < d if and only if forany F € A,M C
G,S © C(G) and any € > 0 there exist (d + 1) c.c.p. maps

Vo, ¥1....,¥q : C(G) = A

satisfying the following properties:
(1) [Ye(f),al = O0forallac F, f € Sand0 <{ <d.
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(2) Ye(og(f))a ~e ag(Ye(f))aforallac F, fe€S,geMand0 <{ <d.

3) Ye(f1)Ve(f2)a =¢ 0 for all a € F and fi1, f>» € S such that fi L f and all
0<{<d.

“ Z?:o Wﬁ(lc((—;))a xgaforalla € F.
S) Wi (f1). ve(f2)la = 0 forall fi, f» € S,0 <kt <dandalla € F.

The set of maps {¥¢, ¥1,. .., ¥4} satisfying the conditions of this proposition is called
a(d, F,M,S,e)-commuting Rokhlin system.

Proposition 2.10. Let A be a C*-algebra, G be a finitely generated, residually finite group
and a : G — Aut(A) be an action of G on A. Then dimgo© (@) < d if and only if, for each
separable, o-invariant C*-subalgebra D C A, there exist (d + 1) equivariant, order zero,
c.c.p. maps

90,91, .- ¢a 1 (C(G),0) — (F(D, A), &)

with pairwise commuting ranges such that Z?:o WUC(@)) = lrD,4).

The reason we have isolated this result is that it leads directly to the following theorem.
This was proved in the context of compact groups by Gardella [5, Lemma 4.3]. Since we
wish to identify the universal space explicitly (and also estimate its covering dimension),
we repeat the proof below with appropriate modifications. Recall that if G is a finitely
generated, residually finite group, then G is a compact metric space. For n € N, we write
E*(n) for the n-fold join of G with itself. Moreover, if o ; G — Aut(C(G)) is the natural
action dg?r%ribed earlier, we write 0 : G — Aut(C (E* 8 )) for the induced action of G
onC(G ).

Theorem 2.11. Let A be a C*-algebra, G be a finitely generated, residually finite group
and a : G — Aut(A) be an action of G on A. Then, dimgy©(a) < d if and only if,
for each separable, a-invariant C*-subalgebra D C A, there is a unital, G-equivariant
x-homomorphism

—x(d+1)

¢:(C@G ), a @Y = (F(D, A), @)

. —=*(d
Moreover, dlm(G*( D

)=d.

Proof. Suppose that dimge“(e) < d and let D C A be a separable, a-invariant C*-
subalgebra of A. Let @g, ¢1, ..., ¢4 : (C(G),0) — (F(D, A), Gs) be G-equivariant,
order zero c.c.p. maps with pairwise commuting ranges such that ) ,_, ve(le@) =
1F(p,4)- We then follow the line of reasoning from [6, Lemma 4.3]. Let ¢ € Cy(0, 1]
denote the identity function. Then for each 0 < £ < d, there exists a *-homomorphism
pe 1 Co(0,1] ® C(G) — F(D, A) such that

pe(t ® f) = ¢u(f)
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for all f € C(G). Let €G denote the cone on G, whose elements we denote by [¢, x] for
t € [0,1] and x € G. Note that C(€G) is the minimal unitization of Cy(0, 1] ® C(G). In
other words, C(€G) = {f : [0, 1] — C(G) continuous : f(0) € C1 c@))- Then G acts
on C(€G) by y : G — Aut(C(€G)) given by ve - f([t.x]) := f([t. Bg-1(x)]). Each pg
is G-equivariant as well. Let

d
E = (X) C(€G)
{=0

and let § : G — Aut(E) be the action induced by y. Let w : E — C denote the *-
homomorphism give on simple tensors by w(fo @ f1 ® --- ® fy) := H?:o fe(0), and
let J := ker(w). Observe that

J ={f:(€G)?*! - C continuous : f([0,x0].,[0,x1].....[0,x4]) = 0 forall x; € G}.

By [12, Lemma 5.2], there is a unique *-homomorphism p : J — F(D, A) induced by
the tuple (po, ..., pg). Also note that §,(J) C J for each g € G, so we get an induced
action § : G — Aut(J) which is realized as

8¢ (f)([s0. xol. [s1.x1]. ... [sa. xa]) := f([s0. Bg-1(x0)]. . ... [54. Bg—1(xa)]).

Let e € J denote the function e([sg, Xo], - - -, [S4,X4q]) := Zzi:o s¢. Then 84 (e) = e forall
ge€G,and p(e) = ZLO (pg(lc(g)) = 1F(p,4)- If I denotes the §-invariant ideal in J gen-
erated by the set{ef — f : f € J} and C := J/I, then p induces a unital, G-equivariant
*-homomorphism:

0:C —> (F(D,A),0x).

Now observe that C = C(Y'), where

d
= {Gs0cwol oo ) € CEGY Y s = 1}
£=0

and G actson Y by g - ([s0, X0l ..., [5q.Xq]) := ([0, Bg (x0)]. ... [5a. Bg(xq)]). Hence,
there is a G-equivariant homeomorphism Y =~ G 4+ and the result is proved.

The converse follows by simply reversing the above argument. Finally, observe that
dim(G) = 0 because G is totally disconnected, so the inequality dim(6>'= * )<d
follows from Proposition 1.4. ]

3. Permanence properties

We now wish to prove some permanence properties for actions with finite Rokhlin
dimension along the lines of [6, Section 3] and [11]. The next lemma is stated as [11,
Lemma 3.3]. We give a slightly more detailed proof here because we will seek to
generalize it later in the section.
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Lemma 3.1. Let A be a C*-algebra, G be an amenable group, and  : G — Aut(A)
be an action of G on A. Let D C A be a B-invariant hereditary subalgebra and let
o : G — Aut(D) denote the restriction of B to D. Then forany M < G, F C D and any
n > 0, there exists a positive contraction q € D satisfying the following conditions:

(1) |las(qg) —qll < nforalls € M.
) llga —all <n,llag —all <nand|qa —aq| < nforalla € F.

Proof. Since the sets in question are finite, we may assume that ||a|| < 1 foralla € F. Let
(ex)rea C D be an approximate unit in D. Let K C G be a Fglner set such that M C K

and

ISKAK|
K|

for all s € M. Define q
qy = m Zat(ek)

tekK

Note that (¢ )ca is an approximate unit for D with the property that ||as(g3) — gl <7
for all s € M. Then g := g, satisfies the required conditions for A large enough. ]

Notice that this is the first time we have needed to assume that G is an amenable
group. Indeed, amenability is a crucial assumption in many of the results to follow. We
should mention that amenability is implicitly an assumption in many of the results of [30]
as well: There, one would like groups to have box spaces with finite asymptotic dimension
for a variety of results to be useful, and this condition automatically implies amenability
(see [30, Remark 3.12]). We now prove a number of permanence properties analogous to
those proved by Gardella [6, Theorem 3.8] for compact groups.

Theorem 3.2. Let A be a C*-algebra, G be an amenable, residually finite group and
o : G — Aut(A) be an action of G on A.

(1) Let B be a C*-algebra and B : G — Aut(B) be an action. Let A ® B be any C*-
algebra completion of A © B for which the tensor product action g — oz @ Bg
is defined and continuous. Then

dimgek (o ® B) < min{dimgex(c), dimgek(B)}

and
dimge (@ ® B) < min{dimge° (), dimrex©(B)}.

(2) Let I be an a-invariant ideal in A, and let @ € Aut(A/1) be the induced action
on the quotient. Then

dimgy (@) < dimpek(er) and  dimgek© (@) < dimpek©(ct).
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Let D C A an a-invariant hereditary subalgebra of A and let a|p: G — Aut(D)
be the induced action on D. Then,

dimpek(@|p) < dimgpex(@) and  dimge© (a|p) < dimpe€(@).

Let (Ap, tn) be a direct system of C*-algebras, and let '™ € Aut(A,) be auto-
morphisms such that i, o a® = gth for all n € N. Let a = lim,— o™
denote the induced action on A := limy,— o0 (Ay, tn). Then,

dimpex (@) < liminfdimgox(@™) and  dimgec€ () < liminf dimpe® (™).

Proof. In each case, the argument for dimg € () is similar to that of dimge(+), so we omit
the former.

ey

©))

This proof is, in principle, identical to that of [6, Theorem 3.8], but we no longer
need to assume that B is unital. We first assume that d := dimg(8) < oo. Let
FCA@B,MCCG,SCCC(E) and let ¢ > 0 be given. We fix n > 0 to
be chosen later. By approximating, we may assume that F C A © B. By fur-
ther decomposing, we may assume that F consists of elementary tensors, say
F={a;®b;:1<i<n}.letFq:={a;:1<i<n}and Fg:=1{b; :1<i <n}.
Then there are (d + 1) c.c.p. maps

00> P1s--->Pd C(G)— B

which forms a (d, Fp, M, S, n)-Rokhlin system. Choose g € A by Lemma 3.1 cor-
responding to the triple (F4, M, n). Thendefine: B - A® Bby b+ g ® b, and
let ¢ : C(G) — A ® B be the c.c.p. map given by ¥ := 0 o @y for0 < £ <d.To
verify that {1, ..., ¥4} forms a (d, F, M, S, ¢)-Rokhlin system, we must check
the four conditions of Proposition 2.5. Since the arguments are similar, we only
verify condition 2): If g e M, f € S,x =a; ® b; € F and 0 < { < d, then

(@ ® P)g(Ve(f))x = ag(q)ai ® Be(pe(f))bi
Ay qai ® Be(@e(f))b;
~p qai Q@ u(og (f))bi = Ye(og (f))x.
We may verify the other conditions in a similar manner. One sees that if  :=
e/(d + 2), then the maps {Vy, ..., ¥4} form a (d, F, M, S, e)-Rokhlin system.

We conclude that dimge (@ ® B) < dimgek(B). The argument is symmetric, so it
follows that

dimRok (Ol &® ,3) = min{dimRok (Ol) s dimRok (/3) } .

The argument here is identical to that of [11, Proposition 3.4]. Since it is omit-
ted there, we give a sketch here. Assume that d := dimge (o) < 00. Let F
A/I,S © C(G),M « G and & > 0 be given. Let F © A be a finite set of pre-
images of elements in F under the quotient map Q : A — A/I. We may arrange
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it so that the norms of the lifts are the same as the norms of their images in F. By
Proposition 2.5, we may choose c.c.p. maps

Vo, V1....,¥q : C(G) = A

which form a (d, F , M, S, e)-Rokhlin system. It is then clear that if ¢; := Q o ¥y,
then {@g, @1, ..., ¢4} forms a (d, F, M, S, ¢)-Rokhlin system for the action «.
Hence, dimgk (@) < d.

(3) The argument is identical to [6, Theorem 3.8] with G playing the role of G (one
also needs to appeal to Lemma 3.1 to obtain the positive element x in that proof).

(4) Again, the argument is identical. ]

In[11, Theorem 2.10], the authors have shown that if « : G — Aut(A) is an action of a
finite group G on a C*-algebra A and if J is an ¢-invariant ideal of A, then dimge° (o) <
dimgek€ (] y) + dimgek© (@) + 1, where a|y: G — Aut(J) and @ : G — Aut(A4/J) are
the natural actions induced by « on J and A/J, respectively. We wish to prove that the
same estimates also hold for actions of amenable, residually finite groups. The next lemma
isolates one part of the proof, and may be thought of along the lines of Lemma 3.1.

Lemma 3.3. Let G be an amenable group, and let
0= (J,@) > (4,8) > (B,y) > 0

be a short exact sequence of G-algebras. Ifd e N, F C A,M C G and n > 0, then there
exists q € J suchthat0 < q <1 andif§ := n/(d + 6), then the following conditions are
satisfied:

(1) Ifa,by,by € F are such that w(b1bya) ~g 0, then
(1= )"?b1(1 = 9)ba(1 — 9)'?a ~, 0.

) Ifa,bg,by,...,bg € F are such that 2;1:0 nw(bja) ~5 w(a), then

(1=@)"2(bo + by + -+ + ba)(1 = 9)?a ~, (1 = g)a.
(3) Ifa,b € F are such that [7(b), w(a)] ~; 0, then

[(1 =)' ?b(1 = q)'?,a] ~y 0.

@) Ifa,by, by € F are such that [r(by), 7w (by)|m(a) =5 0O, then

[(1 =)' ?b1(1 =)', (1 = )b (1 — ¢)'?]a ~, 0.
(5) Ifby,by € F are such that w(by) ~g w(by), then

(1—)"2b1(1 —)/% ~p (1 —q)/2b2(1 — q)'/2.
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(6) Foreveryb € F,
[b.q] ~n 0.10.¢"%] 2 0 and  [b. (1 —)"?] x, 0.
(7) as(q) ~y q whenevers € M.

Proof. Let (ep)rea be a quasi-central approximate unit for J. By the argument in
Lemma 3.1, we may assume that ||as(ey) —epl| < npforall A € A and all s € M. Let
8 :=n/(d + 6) and assume without loss generality that ||p|| < 1 forall b € F.Replacing A
by its unitalization, we may assume that A is unital. Let f : [0,1] > Rand g : [0,1] = R
be the functions f(r) := t'/2 and g(¢r) := (1 — r)"/2. By [10, Exercise 3.9.6], there is
p>0suchthat0 < p <§andforanyb € Fand0 < x <1,

/()b —bf(x)| <8 and [g(x)b—bg(x)| <4

hold whenever || xb — bx|| < p. Choosing a subnet implies that |le b — be, || < p for all
b e Fandall A € A. We wish to choose ¢ := e, for A large enough. To do this, we make
repeated use of the fact that if ¢ € A is such that || (c)]|| < 8, then there exists A’ € A such
that [[c(1 —ey)|| < § forall A > /.

(1) If a, by, by € F are such that w(b1bya) =5 0, then by the previous remark, there
exists Ag € A such thatif g := e forany A > A¢, then b1 (1 — q)b2(1 —g)a = 0.
In that case,

(1 =) 2by (1 — @)bo(1 — 9)Y2a ~a5 b1 (1 — ¢)ba(1 — q)a ~;5 0.

) If a, by, by, ...,bs € F are such that 27:0 m(bja) ~s m(a), then there exists
A1 € A such thatif g := e), forany A > A, then

d
> bi(1—q)a ~5 (1-q)a.

=0
In that case,
d d
( —q)l/z(ij)(l — )24 ~asns (Zb,-)(l ~g)a ~g (1 - gha.
Jj=0 j=0

(3) Ifa,b € F are such that [r(b), m(a)] ~s 0, then there exists A, € A such that if
q :=e) forany A > A,, then [b(1 — ¢q), a] ~g 0. Hence,

[(1—q)2b(1 — q)'/?,a] x5 [b(1 — q).a] =5 0.

(4) If a, by, by € F are such that [(by), w(b2)]m(a) s 0, then there exists A3 € A
such that if ¢ := e, for any A > A3, then [b1(1 — ¢q), b2 (1 — g)]a ~s 0. Hence,

[(1—g)2b1(1 = @)V2, (1 = ¢)2ba(1 — )V*a ~45 [b1(1 — @), b2 (1 — q)] =~ O.
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(5) If by, by € F are such that 7 (by) A5 7(b2), then there exists A4 € A such that if
q :=e) forany A > A4, then by (1 — q) ~g b2(1 — q). Thus,

(1= )'"2b1(1 — @)V? x5 b1 (1 — q) ~s ba(1 —q) ~s (1 —q)/?by(1—q)"/2.

(6) If b € F, then if ¢ := e, for any A € A, we have [b, e;] =5 0 by construction.
Moreover, [b, el/z] ~s 0 and [b, (1 — e3)'/2] ~5 0 hold because of our choice
of p.
(7) Once again, if ¢ := e, forany A € A, then we have as(q) ~y q forany s € M.
Therefore, if we choose A € A suchthat A > A; forall 0 < j < 4, then q := e, satisfies
the required conditions. ]

Theorem 3.4. Let A be a C*-algebra and G be an amenable, finitely generated, residually
finite group. Let
0= (J,0) > (4,8) > (B,y) >0

be a short exact sequence of G-algebras. Then
dimgok(B) < dimgoek(@) + dimgok(y) + 1,

and
dimgek© (B) < dimge© () + dimge“(y) + 1.

Proof. We prove the second inequality as the proof of the first inequality is similar
(indeed, it is subsumed in the former). Assume that dy := dimg€ () < 0o and dp :=
dimge€ (y) < oco. Fix finite sets F < A, S « C(G), M « G and & > 0. Moreover, we
assume without loss of generality that e € M, |ja|| < 1 foralla € F, | f]| <1 for all
f € S and that 1 c@) €S- Letn > 0 be fixed to be chosen later.

By hypothesis, there exist (dp + 1) c.c.p. maps

VoY1 Va, : C(G) > B

that form a (dg, w(F), M, S,n/(dp + 6))-commuting Rokhlin system. Since G is finitely
generated, C (G) is both separable and nuclear. By the Choi-Effros theorem, there exist
c.c.p. maps 1//0,1//1,..., : C(G) — A such that 7 Ol//k =Y, forall0 < k < dp. Let

F’ :=FU{1/7k(og(f)):f €S,g€MO0<k<dg}

and choose an element g € J satisfying the conditions of Lemma 3.3 for the tuple
(dp, F', M, n). Define Yo, Y1, ..., ¥a, : C(G) — Aby

Yie(f) = (1= )P ()1 — )%

Then each ¥ is a c.c.p. map. Moreover, by Lemma 3.3, we see that
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(D) Y ()Y (f2)a ~y Oforalla € F and fi, f> € S such that f; L f> and for all
0<k<dp.

2) ZZILO Vi(lc@)a ~n (1 —q)aforanya € F.
3) [Wk(f),al ~yaforallae F,f € Sand0 < k < dp.

@) [V (f1), ¥k (f2)]a ~, Oforany f1, fo € S,0< j.k <dpandanya € F.
S)If feS,ae Fandg e M and 0 < k < dp, then
Bs (Wi (f))a ~n B Uk (f)(1 —q))a
~an Yk(0g (/)1 = q)a
~n (1= @) Y (0g (/)1 - 9)'?a
= V(g (f))a.

Now set
Fy:=1q.q"?}Ulqa a € FYU{Jx(f)g: [ €S,0<k <dp} T J,
and Sy :={og(f): feS,geM} T C(G). Then, there exist (d; + 1) c.c.p. maps
G0 @1, @a, 1 C(G) > J

which form a (dy, F;, M, Sy, n)-commuting Rokhlin system. Define @o, ¢1,...,¢q; :
C(G) »> Aby
0i (f):=4q"g;(f)g">.
Then each ¢; is a c.c.p. map. Moreover, the following hold:
(1) If f1, f» € S aresuchthat f; 1 f> anda € F, then

i (f)0j (f2)a ~y ¢ (/)G (f2)a"?a ~y 0.

(2) Ifa € F, then

dy dy

> 0ille@)a ~a+nn Y7 (le@))aa ~n qa.
=0 =0

(3) If f € Sanda € F, then
lpj (f),a]l ~2y ¢;(f)qa —aqe;(f) =~y @i (f).qa] =y 0.
4) Ifge M, feSanda € F, then
ag (@i (f))a ~y ag (@i (f)q)a
~ g (@5 (f))qa
~y ¢j(0g(f))qa
~n 4735 (0g(f))g'?a = ¢;(0g(f))a.
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S) If fi,fr€Sand0<k,j <djanda € F, then

[0 (f1). ek (f2)]a ~ey (37 (1), Gk (f2)lg%a =y 0.
(6) Finally, if f1, f, € Sand0 < j <d;,0 <k <dpanda € F, then

o (0, Vi (f)a ~en & ()P (f2)a(1 — @)a — Vi (/)3 (fD)q(1 - @)a
~ @ (DT (f2)a(1 = @)a = Y (/)98 (f)(1 = g)a
= (@ (/) Ve (f2)q)(1 = g)a

~y 0.

Thus, if a € F, then

dp dy
(Z Vi(le@) + Z (Pj(lc(c)))a N(ds+2)n 4-
k=0

Jj=0

Therefore, if n > 0 is chosen to be &/(dy + 8), then {Vo, ..., Y4z, 0o, ..., @4}
forms a (dp +dy + 1, F, M, S, ¢)-commuting Rokhlin system for the action 8. By
Proposition 2.9, we conclude that dimge(8) < dp + dj + 1. [ ]

In the above theorem, we assume that G was finitely generated to ensure that C(G) is
separable so that the Choi—Effros theorem may be used. However, if we use the Lemma 2.3
(or its analogue for commuting towers) instead of Proposition 2.9, we can avoid this
requirement. We have presented this proof here to highlight the role of G and also because
the other proof is notationally even more cumbersome. Moreover, this proof also works
mutatis mutandis for second countable compact groups, thus answering a question of
Gardella [6, Question 5.1].

From the arguments given in both Theorems 3.2 and 3.4, it is evident that many res-
ults that are true for actions of compact groups are also true for discrete, residually finite
groups. Indeed, for a discrete group G, the profinite completion G plays the same role that
the group does in the compact case, thanks to Proposition 2.5.

However, we now arrive at an apparent point of departure between the two theories.
In [6, Theorem 3.9], Gardella has shown that for actions of finite-dimensional, compact
groups, the restriction of an action with finite Rokhlin dimension to a subgroup also has
finite Rokhlin dimension. In trying to extend this result to discrete groups, we arrived at an
impasse. We were unable to prove the theorem in full generality, but we were able to prove
it for a large class of groups (including all finitely generated, virtually abelian groups). It
is to these ideas that we now turn and we begin with a lemma that shows that subgroups
of finite index play a crucial role in this context.

Lemma 3.5. Let G be a residually finite group and H <g, G. Then there is a finite set Y
and an H -equivariant homeomorphism

0:YxH—G,
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where H acts on Y trivially and by left-translation on both H and G.

Proof. Let §g := {K <, G : K C H}, then we claim that §g is cofinal in I . To see
this, choose L € I¢. Since H has finite index in G, there is a subgroup L’ C H such that
L’ <1, G.Then K := LN L' € g and K C L. Therefore, ¢ is cofinal in I, and we
conclude from [26, Lemma 1.1.9] that

G =1imG/K and H =limH/K.
< <~
da e
We need one more important ingredient: By a theorem of Ore [21, Theorem 4.3], there is
a finite set Y of left-coset representatives of H in G such that Y is also a set of right-coset
representatives. In other words,

G:|_|yH=|_|Hy.

yeY yeY
We fix one such set ¥ and define § : Y x H — G by

O(w, (hkK)kegs) = (hkwK)kegg-
To see that 6 is well defined, let (w, (hx K)) €Y x H and fix K, L € § with K C L. Then

hgwl =hgLw = hy Lw = hpwL. Therefore, O(w, (hx K)) € G. Also, if (w, (hx K)) =
(v, (gxK)) € Y x H are equal, then w = v and hx K = gx K forall K € Jg. Hence,

hxwK = hg Kw = gg Kw = ggwK = ggvK.

Therefore, O(w, (hg K)) = 0(v, (gx K)). We claim that 6 is the homeomorphism we are

looking for.
(1) 6 is continuous: Let (w, (hgK)) €Y x H andletg = (gxg K) =0(w, (hxK)) €G.
Let U be an open set in G containing g, then there is a finite set F C ¢ such that

V=) erl)) = (@) (hewLl}) C U.
LeF LeF
(Note that we write 77 : G — G/L and «f1 : H — H/L for the natural maps.)
Let (v, (txK)) € 671 (V) and fix L € F. Then, tyvL = hywL. Since L <1 G,
this implies that t7 Lv = hy Lw. Since L C H and t7, h; € H, it follows that
Hv = Hw. Since Y is a set of right-coset representatives of H, we conclude that
v = w. Hence,
trwl = hpwL.

Since L <1 G, hy L = t; L. This is true for each L € F, so (tx K) € W where
W= (&)™ dheLy).

LeF

Therefore, {w} x W is an open setin ¥ x H; it is contained in =1 (V) c 6~ (U)
and g € {w} x W. This is true for any (w, (hg K)) € Y x H, so 6 is continuous.
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(2) 0 is injective: If O(w, (hx K)) = 0(v, (tx K)), then for any L € Jg, hpwlL =
tvL. As above, this implies that Hw = Hv. Since Y is a set of right-coset
representatives, it follows that w = v. Then,

hpwl = tpwlL

holds for all L € g. Since each L € Jg is normal in G, we conclude that
hpL =ty L,sothat (hgK) = (tg K).

(3) 6 is surjective: If § = (g7.L) € G, then for each L € g, there exist wz, € Y and
hy € H such that g7 = wzhy. Since g € G, it follows that whenever K, L € g
with K C L, we have

thKL = thLL.

Once again, this implies that wx H = wy, H. Since Y is a set of left-coset repres-
entatives of H in G, we conclude that wxg = wy whenever K C L. Now suppose
Ly, L, € g, then there exists K € $g such that K C L1 N L. Then it follows
that

W, = WK = WL,

Therefore, there is a common value w := wy, for all L € $g. Now consider
h=(h,L)e [lLeg, H/L.Thefactthatg € G implies that whenever K, L € J¢
with K C L, one has

thL = thL.

Once again, since L <1 G, this implies that hg L. = hy L. We conclude that heH
and thus g = 6(w, h).
Since Y x H is compact and G is Hausdorff, 0 is a homeomorphism. That 6 is
H -equivariant is easily verified. This completes the proof. ]

Definition 3.6. Let G be a discrete group and H be a subgroup of G. We say that H is a
retract of G if there is a group homomorphism p : G — H which restricts to the identity
map on H. We say that H is a virtual retract of G (denoted by H <,; G) if there exists
K <g, G such that H is a retract of K.

Suppose H is a retract of a group K and p : K — H is a group homomorphism such
that p|g = idy. For each L <1z, H, p~'(L) <, K and there is a natural isomorphism
oL K/p~ (L) — H/L. Since p|g= idgy, this map respects the left-translation action
of H on either group. Moreover, the universal property of the profinite completion (part (5)
of Proposition 1.1) allows us to build a continuous group homomorphism 5 : K — H such
that p|g= p. In particular, p also respects the action of H on both K and H. It is this
property that will be crucial to us in the following proof.
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Theorem 3.7. Let G be a residually finite group and H be a subgroup of G. Let o :
G — Aut(A) be an action of G on a C*-algebra A and oy : H — Aut(A) be the restric-
ted action of H on A. If H <; G, then dimgg(ap) < dimge(a) and dimgey© (ag) <
dimgek € (@).

Proof. We prove the first inequality since the argument for the second is similar. Assume
without loss of generality that d := dimgk () < 0o. Choose K <g, G and a homo-
morphism p : K — H that is identity on H. By Lemma 3.5, there is a finite set Y and a
K -equivariant homeomorphism 6 : G — Y x K. Projecting onto the second component
gives us a continuous, surjective, K-equivariant map i : G — K. Moreover, as mentioned
above, there is a continuous group homomorphism p : K — H that respects the left-
translation action of H on both K and H. Therefore, p :=po ju: G — H is a continuous
H -equivariant map, which induces a unital x-homomorphism

p*:C(H) - C(G)

that is equivariant with respect to the action of H on both algebras. To prove that
dimge(agr) < d, choose finite sets F < A, S « C(H), M < H and ¢ > 0. By
hypothesis, there exist (d + 1) c.c.p. maps

Yo.V1.....¥a : C(G) > A

which form a (d, F, M, p*(S), €)-Rokhlin system (by Proposition 2.5). Hence, the sys-
tem {Yy o p* :0 < <d}formsa (d, F,M,S,e)-Rokhlin system for the action azy. We
conclude that dimgo (@) < d. [ ]

To understand how Theorem 3.7 may be used, we describe a few notions from geo-
metric group theory. These have been explored in [18], and the reader will find a wealth
of information concerning these ideas in that article.

Definition 3.8. Let G be a group. We say that G has property (VRC) (for ‘virtual retrac-
tions onto cyclic subgroups’) if every cyclic subgroup is a virtual retract of G. We say
that G has property (LR) (for ‘local retractions’) if every finitely generated subgroup is a
virtual retract of G.

Remark 3.9. We list a number of facts concerning these properties. Once again, the reader
is referred to [18] for proofs of all of these.

(1) If G satisfies (VRC), then it is residually finite.
(2) If G is a residually finite group and H < G is a finite subgroup, then H <,; G.
(3) If K, H are subgroups of G such that K <, H and H <,,; G, then K <,; G.

(4) Clearly, if G satisfies (LR), then it satisfies (VRC), but the converse is false. How-
ever, if G satisfies (VRC), then every finitely generated virtually abelian subgroup
is a virtual retract of G.
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(5) If G is a finitely generated, virtually abelian group, then every subgroup H of G
is a virtual retract of G.

(6) Free groups satisfy (LR) and virtually free groups satisfy (VRC).
(7) If K is afinite index subgroup of G and K satisfies (VRC), then G satisfies (VRC).

(8) The Heisenberg group H (the group of all 3 x 3 unitriangular matrices with integer
coefficients) does not satisfy (VRC).

The following consequence of part (5) of Remark 3.9 and Theorem 3.7 bears repeating.

Corollary 3.10. Let G be a finitely generated, virtually abelian group and H be a sub-
group of G. Let o : G — Aut(A) be an action of G on a C*-algebra A and ag :
H — Aut(A) be the restricted action of H on A. Then dimgy(ag) < dimgek(t) and
dimgoek© (agr) < dimpek© (a).

4. Actions on Cy(X)-algebras and commutative C*-algebras

Given a group G and a locally compact metric space X, every action @ : G ~, X of G
on X induces an action « : G — Aut(Co(X)) and vice-versa. If G is compact and
finite-dimensional, then & is free if and only if « has finite Rokhlin dimension (see [6, The-
orem 4.1] and [31, Lemma 4.1]). However, if G is a discrete group, then the analogous
statement is not known in full generality. What we do know is the following result, due to
Szab6, Wu and Zacharias. Note that the version stated here (for locally compact spaces)
is more general than the one proved in [30]. However, Szabd has proved this more general
statement in his PhD thesis (see [30, Remark 8.7]).

Theorem 4.1 ([30, Corollary 8.5]). Let G be an infinite, finitely generated, nilpotent
group and X be a locally compact metric space of finite covering dimension. If @ : G ~, X
is a free action of G on X, then the induced action o : G — Aut(Cy(X)) has finite Rokhlin
dimension.

Our goal in this section is to investigate this question further, and the first observation
is the following.

Proposition 4.2. Let X be a locally compact Hausdorff space and G be a residually finite
group. Let & : G ~, X be such that the induced action o : G — Aut(Co(X)) has finite
Rokhlin dimension. Then Q is free.

Proof. Letd := dimgk(e) < oo and suppose x € X and g € G are such that @z 1 (x) = x.
If g # e, then we may choose H <ls, G such that g ¢ H. Choose a function f € Co(X)
suchthat f(x) =1.Letk :=[G: H],F :={f} T Co(X),M :={g} T G,S := {65 :
5se€ G/H} @ C(G/H) and fix an ¢ > 0. By Lemma 2.3, choose (d + 1) c.c.p. maps
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Yo, ¥1,...,V¥q : C(G/H) — Co(X) which form a (H,d, F, M, S, ¢)-Rokhlin system.
Fors € G/H and 0 < { < d, define yg) := Yy (85). Then,

PO =y 0y @ )

= 3O (0)ag (v (x)
~e v (0)yE (x)

~ 0.

Hence, yg) (x) ~ Ners 0 foreach’s € G/H and 0 < £ < d. Therefore,

d
~ © ~
1~ Z Z Vs (X) Rpa+1yvae 0-
{=0s5€G/H
This must hold for each ¢ > 0 which is absurd. Therefore, g = ¢ must hold and we
conclude that the action is free. [

To understand the extent to which the converse of Proposition 4.2 holds for arbitrary
residually finite groups (as against just nilpotent ones), we first study actions on Co(X)-
algebras. Our goal is to prove an estimate for the Rokhlin dimension of certain actions on
a Co(X)-algebra analogous to that of [31, Theorem 2.3].

Definition 4.3. Let X be a locally compact Hausdorff space. A C*-algebra A is said to be
a Co(X)-algebra if there is a non-degenerate *x-homomorphism ® : Co(X) — Z(M(A)),
where Z(M(A)) denotes the centre of the multiplier algebra of A.

For a function f € Co(X) and a € A, we will write fa := O(f)(a). fY C X is
a closed subspace, let Co(X, Y) denote the ideal of functions that vanish on Y. Then
Co(X,Y)Aisaclosed ideal in A. We write A(Y) := A/ Cy(X,Y ')A for the corresponding
quotient and 7y : A — A(Y) for the quotient map. If Y = {x} is a singleton set, then
the algebra A(x) := A({x}) is called the fibre of A at x, and we write 7y : A — A(x)
for the corresponding quotient map. If a € A, we simply write a(x) 1= my(a) € A(x).
For each a € A, we have amap ', : X — R given by x — ||a(x)||. This map is upper
semicontinuous (by [27, Proposition 1.2]), a fact we will use crucially in the next proof.

Given a Cy(X)-algebra A, an automorphism 8 € Aut(A) is said to be Co(X)-linear
if B(fa) = fB(a) for all f € Co(X) and all a € A. We write Auty(A) for the sub-
group of Aut(A) consisting of all Cy(X)-linear automorphisms. Given an automorphism
B € Auty (A) and a closed subset Y C X, there is a natural automorphism By € Aut(A(Y))
such that By o my = my o B. In particular, if « : G — Auty (A) is an action of a discrete
group G on A by Cy(X)-linear automorphisms, then for each closed subspace ¥ C X,
there is an action ay : G — Aut(A(Y)) such that the quotient map 7y : A — A(Y) is
G-equivariant. Once again, if Y = {x} is a singleton set, we write o, for the action on
A(x).

We begin with a variant of [8, Theorem 4.26] that we need below.
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Lemma 4.4. Let A be a separable, nuclear C*-algebra and G be an amenable group. Let
a:G — Aut(A) and B : G — Aut(B) be two actions, and w : A — B be a surjective
G-equivariant x-homomorphism. Then for each F B, M @ G and each ¢ > 0, there
is a c.c.p. section 6 : B — A such that

lloez (B(b)) — O(B: (D))l < €
forallb € F andt € M.

Proof. That there is a c.c.p. section 6 : B — A follows from the Choi-Effros theorem.
Let (F},) be a Fglner sequence in G, and define

000 1= 3 s @B 0.

seF,

Then each 6, is c.c.p. (because it is a convex combination of c.c.p. maps). Since g is a
section and 7 o @y = B o 7, it follows that 8, is a section. Now observe that if ¢t € G and
b € F, then

(6 (5) ~ (B (8)) = . : | ( S @B ) = Y as(é‘(ﬁslt(b»))
"\ seR, SEF,
1 ~ ~
= 7 ( 3 a0 @By ) - Y @ (9<ﬂw-1,(b)))).

"l NwetF, weF,

Hence, )
F,AF,
o (51— (B o) | = T

Therefore, 6 = 6, does the job for n large enough. L]

Theorem 4.5. Let X be a locally compact Hausdorff space and A be a separable, nuc-
lear Co(X)-algebra. Let G be an amenable, finitely generated, residually finite group and
o : G — Autyx (A) be an action of G on A by Co(X)-linear automorphisms. Then,

dimgek (@) < (dim(X) + 1)(sup dimgog () + 1) —1.
xeX

Proof. We assume without loss of generality that n := dim(X) < oo and that d :=
sup,.c y dimgey () < 0o, andletm:=(n +1)(d + 1) —1.Fix F C A,S € C(G),M «
G and ¢ > 0 and assume that ||a|| < 1 foralla € F and that || f|| < 1forall f € S. Set
n = m and choose a compact set K C X such that

sup [la(x)[l <n
xeX\K

forall a € F. Now observe that A(K) is a C(K)-algebra, which carries an action ag : G —
Autg (A(K)) of G acting by C(K)-linear automorphisms. Moreover, dim(K) < dim(X)
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and if x € K, then A(K)(x) = A(x). Now assume for a moment that there exist (m + 1)
c.c.p. maps

Vo, ¥1s ... ¥m : C(G) — A(K)

which form a (m, ng(F), M, S, n)-Rokhlin system for the action ag. Then, we may
choose any c.c.p. section 6 : A(K) — A (which exists by the Choi—Effros theorem), and
observe that the maps {0 o ¥y : 0 < £ < m} form a (m, F, M, S, )-Rokhlin system for
the action «. This calculation is elementary and relies on the fact that for any b € A and
aek,

[ball < max{n|[b]. 7k (ba)|} and ||[[b,a]ll = max{2n(|b]. [|[7x (b). 7k (@)]]}-

In turn, both of these follow from the fact that for any ¢ € A4, ||c|| = sup,cx [lc(x)| by [1,
Proposition 2.8]. Replacing X by K, it therefore suffices to prove the theorem when X is
itself compact.

We now assume X is compact. The remainder of the proof follows that of [31,
Theorem 2.3]. For x € X fixed, since d > dimgok(cty ), there are (d + 1) c.c.p. maps

Vo, V1....,Vq : C(G) — A(x)

which form a (d, 7w (F), M, S, n)-Rokhlin system. By the Choi-Effros theorem (which is
applicable since G is finitely generated), there are c.c.p. maps lzo, &1 ey {/;d :C(G)— A
such that 7y o 1;1- =y, forall 0 < j < d. Since the maps {I'c : ¢ € A} are upper semi-
continuous, for each x € X, there is an open set V. containing x and (d + 1) c.c.p. maps
v O gy @ C(G) — A(Vy) satisfying the following conditions:

M) y®O YO (f)a ~, 0 for all fi, o €S with f; L fo, all a € F and all
0<k<d.

2) ZZ:O w(k)(lc(g))an(a) ~n wy_(a) foralla € F.

3) [w(k)(f),nvfx(a)] ~pOforallae F, f e Sand0 <k <d.

@) (@) (WP () ~y v O (o5(f)) forall f € S.seMand0 <k <d.
By [31, Lemma 2.2], we may choose a strongly n-decomposable refinement of this
cover U = Up U Uy U -+ U U,. In other words, if U; = {Vi1, Vi, ..., Vik ), then
Vi,jy N Vi j, = @ whenever j; # j,. Now foreach0 <i <nand1 < j <k;, there are
(d + 1) c.c.p. maps
O D D @) > AV)

ij i,j’ i,j

satisfying the four conditions listed above on T, Write V; = |_]f’=1 Vi,;j so that Vi =
L[5, Vi) By [3, Lemma 2.4],

ki
AV) = P AV,

J=1
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Therefore, we get (d + 1) c.c.p. maps
d — —
vy C6) » A

satisfying the four conditions listed above on V;. Choose a partition of unity { f; :0<i <n}
subordinate to the open cover {Vy, V1, ..., V;,} and unital, c.c.p. sections 6; : A(V;) — A
using Lemma 4.4 such that

ar (B (WP () ~y 6 @)y, F (1))

forall f € Sandt € M.For0 <i fn,Ofk§d,deﬁneg0,-,k:C(6)—>Aby

oik(f) = fi6:P ().

Then each ¢; x is an c.c.p. map, and an argument entirely similar to [31, Theorem 2.3]
(with G playing the role of G) shows that the collection {g; x : 0 <i <n,0 <k <d}
forms a (m, F, M, S, €)-Rokhlin system for «. Thus, dimge () <(n +1)(d +1)—1. =

The next result now wraps up the discussion (to an extent) of the relationship between
free actions on a locally compact space X and finiteness of Rokhlin dimension of the
associated action on Cy(X).

Corollary 4.6. Let G be an amenable, finitely generated, residually finite group and let X
be a locally compact, separable metric space of finite covering dimension. Let & : G ~, X
be an action of G on X and let o : G — Aut(Cy(X)) be the induced action on Co(X). If
a is free and proper, then

dimgek(r) < dim(X).

Proof. Let Y := X/G, which is Hausdorff and locally compact and the natural map
w : X — Y is a local homeomorphism. Moreover, X is metrizable and separable, so by
Alexandroff’s theorem [4, Theorem 1.12.8] it follows that dim(}) = dim(X) < oco. (Note
that small inductive dimension and Lebesgue covering dimension coincide for separable
metric spaces.)

If A:= Co(X),the map 7* : Co(Y) —> Z(M(A)) = Cp(X) gives A the structure of
a Co(Y)-algebra. A is separable because X is second countable and A is clearly nuclear.
Moreover, the action « is by Co(Y)-linear automorphisms. By [32, Example C.4], the
fibre A(y) ata point y = mw(x) € Y is isomorphic to Co(G - x). Themap 6 : G — G - x
given by g — og(x) induces an equivariant isomorphism

6% : (Co(G - x),ay) = (Co(G), L),

where Lt : G — Aut(Cy(G)) is the natural action of G on Cy(G) induced by the left-
translation action of G on itself. We claim that dimg (Lt) = 0. To see this, fix H <lg, G.
Then the quotient map p : G — G/H induces an equivariant, unital x-homomorphism

p* 1 (C(G/H).06) — (Cp(G).Ly).
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By Lemma 2.3, the action Lt : G — Aut(C(G)) has Rokhlin dimension zero. Since
Co(G) is a G-invariant hereditary subalgebra of Cp(G), it follows from Theorem 3.2
that Lt : G — Aut(Co(G)) also has Rokhlin dimension zero. Hence, dimgox (o) = O for
each y € Y. The result now follows from Theorem 4.5. ]

5. Ideal separation and outerness

In this, the final section of the paper, we discuss three related notions for an action of a
residually finite group on a C*-algebra with finite Rokhlin dimension. We show that such
actions are pointwise outer. Using a theorem of Sierakowski [29], we show that the ideals
in the associated reduced crossed product C*-algebra must arise from invariant ideals in
the underlying C*-algebra. Finally, we show how this property implies that such actions
are also properly outer, provided the group satisfies the (VRC) property.

Definition 5.1. Let A be a C*-algebra. An automorphism o € Aut(A) is said to be inner
if there is a unitary u € A such that a(a) = uau* for all a € A. In that case, we write
o = Ad(u). Moreover, « is said to be outer if it is not inner. If G is a locally compact
group, an action « : G — Aut(A) is said to be pointwise outer if g is outer for each
non-identity element g € G.

If @ : G — Aut(A) is an action of a compact group G on a C*-algebra A, then finite-
ness of Rokhlin dimension implies that « is pointwise outer [6, Proposition 4.15]. We
show that the same is true for discrete, residually finite groups as well.

Proposition 5.2. Let A be a C*-algebra and G be a residually finite group. If o : G —
Aut(A) is an action such that dimge (@) < 00, then a is pointwise outer.

Proof. Let d := dimg (o) < 0o and suppose g € G is a non-identity element such that
g = Ad(u) for some unitary u € A. Write u = v + Al 7 for some v € A and A € C.
Choose a subgroup H <g, G such that g ¢ H and let n := [G : H]. Fix a non-zero ele-
ment x € A with |x|| <1,and set F := {x,x*,x'/2 v,0*} © 4,5 :={§5:5€ G/H} T
C(G/H), M = {g} and choose ¢ > 0. By Lemma 2.3, there exist (d + 1) c.c.p. maps

©0.91,.-.,9q4 : C(G/H) — A

which form an (H,d, F, M, S, ¢)-Rokhlin system. For 0 < ¢ < d and 5 € G/H, let
{4
ys() = ¢ (85). Then,

(Z) *1/2 _ (6))x1/2 172 ) x1/2 A (2)

2uyg 2og (g VgrX T Re YazX
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However,

uy(e)u*xl/z _ xl/z(vy(e) x4 )Lvy(i) +/\y(e)v* + |)t|2ys£6))xl/2

Rooe 1/z(y(é)vv + )ky(()v + )ky“)v* + |)L|2yg))x1/2

1/2y(l)uu*x1/2

Re Vg ©.
Since c.c.p. maps preserve adjoints, the ysg) are self-adjoint, and

{4 {4 4 4 0
020 (%) ~se (V0 (19%) = YDy Ox & 0,

(¢

Hence, y; )x ~ 6z O foreachs e G/H . This implies that

d
~ o,
X e Z Z Vs X Rya+1)ves 0
{=05eG/H

This is true for any ¢ > 0, so x = 0. This contradicts our assumption on x, so we conclude
that o cannot be inner. ]

We now turn our attention to the ideal structure of the reduced crossed product C*-
algebra. Let A be a C*-algebra and o : G — Aut(A) be an action of a discrete group G
on A. We write A x, G for the associated reduced crossed product C*-algebra. If [ is a
G-invariant ideal of A, then I x, G forms an ideal in A %, G. An interesting question,
therefore, is to determine conditions under which every ideal of A x, G arises in this way.

Definition 5.3. For an action & : G — Aut(A), we say that A separates ideals in A x, G
if the only ideals in A %, G are of the form I x, G for some G-invariant ideal / <1 A.

The following result due to Sierakowski is relevant to us, as it gives an easily verifi-
able condition to determine if an action has the ideal separation property. Recall that if
o : G — Aut(A) is an action of a discrete group G on a C*-algebra A, then there is a
conditional expectation E : A x, G — A such that E(} ;. asks) = de on Cc(G, A)
(see, for instance, [2, Proposition 4.1.9]). Given a C*-algebra B and an element x € B,
we write /g [x] for the ideal in B generated by x.

Theorem 5.4 ([29, Theorem 1.13]). Let G be a discrete group and o : G — Aut(A) be
an exact action of G on a C*-algebra A. If E(X) € Iax,c[X] for every positive element
x € A %, G, then A separates ideals in A 1, G.

In [23, Theorem 2.2], Pasnicu and Phillips have shown that if G = Z and the action has
the Rokhlin property, then it has the ideal separation property. Sierakowski extended this
result to include finite groups in [29, Theorem 1.30] (the result is originally due to Pasnicu
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and Phillips [22, Corollary 2.5], although the proof does not rely on Theorem 5.4). The
analogous result for actions of compact abelian groups with finite Rokhlin dimension was
proved in [7, Corollary 2.17]. We now extend these result to actions of residually finite
groups with finite Rokhlin dimension. The following lemma (whose proof we omit) will
be useful to us.

Lemma 5.5. Let B be a C*-algebra, {vy, va, ..., vy} be self-adjoint, orthogonal
contractions and a,b € B. Then

n n
E viavi—g v;ibv;

i=1 i=1

< lla =]

Theorem 5.6. Let A be a C*-algebra, G be an exact, residually finite group and o :
G — Aut(A) be an action of G on A with dimgy (o) < oo. For any subgroup H < G,
A separates ideals in A %, H.

Proof. Since H is exact, the action ey : H — Aut(A) is exact, so it suffices to verify the
conditions of Theorem 5.4. Let d := dimg () < oo and set B := A x, H.Fix x € BT
and we wish to prove that E(x) € Ig[x]. For & > 0 fixed, there exists z € C.(H, A) such
that ||x — z|| < m. Let M @ H be a finite set such that z = ), .3, a;u,. Assume
e € M, |la;|| < 1forallt € M and choose K <lg, G such that M N K = {e}. For conveni-
ence of notation, we write k := |[M|.Let F ={a,:te M} T A,S :={65:5€ G/K} T
C(G/K) and fix n > 0 to be chosen later. Choose 0 < § < nsuch thatif d,d’ € A are two
positive contractions, then

Id,d"ll <8 = |[Vd,d|| <n and ||d—d'| <8 = |Vd—~d'| <.

These conditions can be met by [10, Exercise 3.9.6] and [28, Lemma 1.2.5], respectively.
By Lemma 2.3, there exist (d + 1) c.c.p. maps

(va(plv"'a(pd:C(G/K)—)A

which form a (K, d, F, M, S, §)-Rokhlin system. Moreover, since the cone over C(G/K)
is projective, we may arrange it so that

i (05)¢i (67) =0
whenever 5 # 7 in G/K (see [11, Remark 1.18] and [17, Theorem 4.6]). For s € G/K
and 0 <i < d, define ysg) = \/m Then foralla € F,
ey Z?:o ZEEG/K(ySSi))Za ~g d.
2) ysg)yrg) = 0 for any 5,7 € G/K with 5 # 7. In particular, if r € M \ {e}, then
yy9 = o forall 5 € G/K.
3) ¥, 4] ~, 0forall5 € G/K.
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@ ar(ys ))a Ry yt( )a and aozt(y( )) Ry ayQ foranyt € M ands € G/K.

Foranys € G/K and0 <i <d,

yO2y8 =3 yPauy P
teM

=Y yaa, (v,

teM

~en 3 v VaryDu

teM

~en D ¥5 Vi ants
teM

= () ae.

Therefore,
E(x) ~
=a,

d
DD IR

i=05eG/K

d
%(d+1)(2k)nz Z ys(l)Zys(l)

i=05eG/K

d
~ @ .. @)
RA+D 3 Z Z Yy X)s

i=05eG/K

E(2)

£
3(d+1)

where the last approximation follows from Lemma 5.5. If we choose 1 > 0 so that

&
T<30+ @+ DH2k)’

then,

d
E@) ~e Y. Y yPxy® e Ipxl.

i=05eG/K

585

Hence, E(x) € Ip[x] for each x € B™, so by [29, Theorem 1.13], A4 separates ideals in

Ax, H

We end with a short application of this result. If A is a C*-algebra and « € Aut(A4), we
write Sp(«) for the Arveson spectrum of « (see [25, Section 8.1]). If H%(A) denotes the
set of all non-zero, a-invariant, hereditary C*-subalgebras of A, then the Connes spectrum

of « is defined as

F@= () Sp@lp)

DeH(A)
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Write H§ (A) for the set of all D € H*(A) with the property that the closed ideal gen-
erated by D is an essential ideal of A. Then the Borchers spectrum of « is defined
as
Te(@)= [ Sp(l|p).
DeHg(A)

For more about these objects and their relationship with the ideal structure of the reduced
crossed product, the reader is referred to [25]. The notion of proper outerness defined
below is originally due to Kishimoto [15]. For separable C*-algebras, this definition is
equivalent to a number of other conditions (see [20, Theorem 6.6]). For convenience, we
adopt one such condition as our definition.

Definition 5.7. Let A be a separable C*-algebra. An automorphism « € Aut(A4) is
said to be properly outer if I'g(x|p) # {1} for each D € H*(A). Moreover, an action
a : G — Aut(A) of a discrete group on A is said to be properly outer if o, is properly
outer for each non-identity element g € G.

Corollary 5.8. Let A be a separable C*-algebra, G be an amenable, residually finite
group satisfying the (VRC) property, and let o : G — Aut(A) be an action of G on A. If
dimge (@) < 00, then « is properly outer.

Proof. Fix g € G \ {e} and let H be the cyclic subgroup generated by g. Since G satisfies
the (VRC) property, the restricted action oy : H — Aut(A) also has finite Rokhlin dimen-
sion by Theorem 3.7. Replacing G by H, we may assume that G is cyclic. We write 8 for
the automorphism og (and for the action 8 : G — Aut(A4)), and write G for the Pontryagin
dual of G.

Now if D is a non-zero, B-invariant, hereditary C*-subalgebra of A, then 8|p: G —
Aut(D) also has finite Rokhlin dimension by Theorem 3.2. Note that G is exact, so by
Theorem 5.6, each non-zero ideal in D %, G has non-zero intersection with D. By [19,
Theorem 2.5], I'(B|p) = G. Hence,

Ts(Blp) = G.
This is true for each D € H*(A), so f is properly outer. |

Acknowledgements. The authors would like to thank the anonymous referee for their
comments which helped strengthen some of these results.

Funding. The first named author is supported by the NBHM Doctoral Fellowship
(Fellowship No. 0203/26/2022/R&D-11/16171) and the second named author was partially
supported by the SERB (Grant No. MTR/2020/000385).



Rokhlin dimension: Permanence properties and ideal separation 587

References

(1]

(2]

(3]

(4]

(5]
(6]

(7]

(8]
(9]
(10]
(1]
(12]
[13]

(14]

(15]
[16]
(17]
(18]
(19]

(20]

E. Blanchard, Déformations de C*-algébres de Hopf. Bull. Soc. Math. France 124 (1996),
no. 1, 141-215 Zbl 0851.46040 MR 1395009

N. P. Brown and N. Ozawa, C *-algebras and finite-dimensional approximations. Grad. Stud.
Math. 88, pp. 509, American Mathematical Society, Providence, RI, 2008 Zbl 1160.46001
MR 2391387

M. Dadarlat, Continuous fields of C *-algebras over finite dimensional spaces. Adv. Math. 222
(2009), no. 5, 1850-1881 Zbl 1190.46040 MR 2555914

R. Engelking, Dimension theory. North-Holland Mathematical Library 19, pp. 314, North-
Holland, Amsterdam-Oxford-New York; PWN—Polish Scientific, Warsaw, 1978

Zbl 0401.54029 MR 0482697

E. Gardella, Crossed products by compact group actions with the Rokhlin property. J. Non-
commut. Geom. 11 (2017), no. 4, 1593-1626 Zbl 1390.46060 MR 3743232

E. Gardella, Rokhlin dimension for compact group actions. Indiana Univ. Math. J. 66 (2017),
no. 2, 659-703 Zbl 1379.46053 MR 3641489

E. Gardella, I. Hirshberg, and L. Santiago, Rokhlin dimension: duality, tracial properties, and
crossed products. Ergodic Theory Dynam. Systems 41 (2021), no. 2, 408—460

Zbl 1458.46054 MR 4177290

E. Gardella and M. Lupini, Applications of model theory to C*-dynamics. J. Funct. Anal. 275
(2018), no. 7, 1889-1942 Zbl 1415.03044 MR 3832010

M. Hall, Jr., A topology for free groups and related groups. Ann. of Math. (2) 52 (1950),
127-139 Zbl 0045.31204 MR 0036767

N. Higson and J. Roe, Analytic K-homology. Oxford Math. Monogr., pp. 405, Oxford Univ.
Press, Oxford, 2000 Zbl 0968.46058 MR 1817560

I. Hirshberg and N. C. Phillips, Rokhlin dimension: obstructions and permanence properties.
Doc. Math. 20 (2015), 199-236 Zbl 1350.46043 MR 3398712

1. Hirshberg, W. Winter, and J. Zacharias, Rokhlin dimension and C *-dynamics. Comm. Math.
Phys. 335 (2015), no. 2, 637-670 Zbl 1333.46055 MR 3316642

M. Izumi, Finite group actions on C *-algebras with the Rohlin property. I. Duke Math. J. 122
(2004), no. 2, 233-280 Zbl 1067.46058 MR 2053753

E. Kirchberg, Central sequences in C *-algebras and strongly purely infinite algebras. In Oper-
ator Algebras: The Abel Symposium 2004, Abel Symp. 1, pp. 175-231, Springer, Berlin,
2006 Zbl 1118.46054 MR 2265050

A. Kishimoto, Freely acting automorphisms of C *-algebras. Yokohama Math. J. 30 (1982),
no. 1-2, 39-47 Zbl 0518.46051 MR 0684348

A. Kishimoto, The Rohlin property for shifts on UHF algebras and automorphisms of Cuntz
algebras. J. Funct. Anal. 140 (1996), no. 1, 100-123 Zbl 0902.46031 MR 1404576

T. A. Loring, C *-algebras generated by stable relations. J. Funct. Anal. 112 (1993), no. 1,
159-203 Zbl 0778.46036 MR 1207940

A. Minasyan, Virtual retraction properties in groups. Int. Math. Res. Not. IMRN (2021), no. 17,
13434-13477 Zbl 07500495 MR 4307692

D. Olesen and G. K. Pedersen, Applications of the Connes spectrum to C*-dynamical
systems. II. J. Funct. Anal. 36 (1980), no. 1, 18-32 Zbl 0422.46054 MR 0568973

D. Olesen and G. K. Pedersen, Applications of the Connes spectrum to C *-dynamical
systems. III. J. Funct. Anal. 45 (1982), no. 3, 357-390 Zbl 0511.46064 MR 0650187


https://doi.org/10.24033/bsmf.2278
https://zbmath.org/?q=an:0851.46040
https://mathscinet.ams.org/mathscinet-getitem?mr=1395009
https://doi.org/10.1090/gsm/088
https://zbmath.org/?q=an:1160.46001
https://mathscinet.ams.org/mathscinet-getitem?mr=2391387
https://doi.org/10.1016/j.aim.2009.06.019
https://zbmath.org/?q=an:1190.46040
https://mathscinet.ams.org/mathscinet-getitem?mr=2555914
https://zbmath.org/?q=an:0401.54029
https://mathscinet.ams.org/mathscinet-getitem?mr=0482697
https://doi.org/10.4171/JNCG/11-4-11
https://zbmath.org/?q=an:1390.46060
https://mathscinet.ams.org/mathscinet-getitem?mr=3743232
https://doi.org/10.1512/iumj.2017.66.5951
https://zbmath.org/?q=an:1379.46053
https://mathscinet.ams.org/mathscinet-getitem?mr=3641489
https://doi.org/10.1017/etds.2019.68
https://doi.org/10.1017/etds.2019.68
https://zbmath.org/?q=an:1458.46054
https://mathscinet.ams.org/mathscinet-getitem?mr=4177290
https://doi.org/10.1016/j.jfa.2018.03.020
https://zbmath.org/?q=an:1415.03044
https://mathscinet.ams.org/mathscinet-getitem?mr=3832010
https://doi.org/10.2307/1969513
https://zbmath.org/?q=an:0045.31204
https://mathscinet.ams.org/mathscinet-getitem?mr=0036767
https://doi.org/10.1093/oso/9780198511762.001.0001
https://zbmath.org/?q=an:0968.46058
https://mathscinet.ams.org/mathscinet-getitem?mr=1817560
https://doi.org/10.4171/DM/489
https://zbmath.org/?q=an:1350.46043
https://mathscinet.ams.org/mathscinet-getitem?mr=3398712
https://doi.org/10.1007/s00220-014-2264-x
https://zbmath.org/?q=an:1333.46055
https://mathscinet.ams.org/mathscinet-getitem?mr=3316642
https://doi.org/10.1215/S0012-7094-04-12221-3
https://zbmath.org/?q=an:1067.46058
https://mathscinet.ams.org/mathscinet-getitem?mr=2053753
https://doi.org/10.1007/978-3-540-34197-0_10
https://zbmath.org/?q=an:1118.46054
https://mathscinet.ams.org/mathscinet-getitem?mr=2265050
https://zbmath.org/?q=an:0518.46051
https://mathscinet.ams.org/mathscinet-getitem?mr=0684348
https://doi.org/10.1006/jfan.1996.0100
https://doi.org/10.1006/jfan.1996.0100
https://zbmath.org/?q=an:0902.46031
https://mathscinet.ams.org/mathscinet-getitem?mr=1404576
https://doi.org/10.1006/jfan.1993.1029
https://zbmath.org/?q=an:0778.46036
https://mathscinet.ams.org/mathscinet-getitem?mr=1207940
https://doi.org/10.1093/imrn/rnz249
https://zbmath.org/?q=an:07500495
https://mathscinet.ams.org/mathscinet-getitem?mr=4307692
https://doi.org/10.1016/0022-1236(80)90104-4
https://doi.org/10.1016/0022-1236(80)90104-4
https://zbmath.org/?q=an:0422.46054
https://mathscinet.ams.org/mathscinet-getitem?mr=0568973
https://doi.org/10.1016/0022-1236(82)90011-8
https://doi.org/10.1016/0022-1236(82)90011-8
https://zbmath.org/?q=an:0511.46064
https://mathscinet.ams.org/mathscinet-getitem?mr=0650187

(21]

(22]

(23]
[24]
[25]
(26]
[27]

(28]

(29]
(30]
(31]

(32]

Sureshkumar M and P. Vaidyanathan 588

0. Ore, On coset representatives in groups. Proc. Amer. Math. Soc. 9 (1958), 665-670

Zbl 0092.02201 MR 0100639

C. Pasnicu and N. C. Phillips, Permanence properties for crossed products and fixed point
algebras of finite groups. Trans. Amer. Math. Soc. 366 (2014), no. 9, 4625-4648

Zbl 1316.46050 MR 3217695

C. Pasnicu and N. C. Phillips, Crossed products by spectrally free actions. J. Funct. Anal. 269
(2015), no. 4, 915-967 Zbl 1334.46046 MR 3352760

A. R. Pears, Dimension theory of general spaces. pp. 428, Cambridge University Press,
Cambridge, England-New York-Melbourne, 1975 Zbl 0312.54001 MR 0394604

G. K. Pedersen, C™*-algebras and their automorphism groups. Pure Appl. Math. (Amst.),
Academic Press, London, 2018 Zbl 1460.46001 MR 3839621

L. Ribes and P. Zalesskii, Profinite groups. 2nd ed., Ergeb. Math. Grenzgeb. (3) 40, Springer,
Berlin, 2010 Zbl 1197.20022 MR 2599132

M. A. Rieffel, Continuous fields of C*-algebras coming from group cocycles and actions.
Math. Ann. 283 (1989), no. 4, 631-643 Zbl 0646.46063 MR 0990592

M. Rgrdam, F. Larsen, and N. Laustsen, An introduction to K -theory for C*-algebras. London
Math. Soc. Stud. Texts 49, pp. 242, Cambridge University Press, Cambridge, 2000

Zbl 0967.19001 MR 1783408

A. Sierakowski, The ideal structure of reduced crossed products. Miinster J. Math. 3 (2010),
237-261 Zbl 1378.46050 MR 2775364

G. Szabd, J. Wu, and J. Zacharias, Rokhlin dimension for actions of residually finite groups.
Ergodic Theory Dynam. Systems 39 (2019), no. 8, 2248-2304 Zbl 1451.37014 MR 3977342
P. Vaidyanathan, Rokhlin dimension and equivariant bundles. J. Operator Theory 87 (2022),
no. 2, 487-509 Zbl 1524.46100 MR 4396945

D. P. Williams, Crossed products of C*-algebras. Math. Surveys Monogr. 134, pp. 528,
American Mathematical Society, Providence, RI, 2007 Zbl 1119.46002 MR 2288954

Received 11 May 2023.

Sureshkumar M
Department of Mathematics, IISER Bhopal, Bhopal Bypass Road, Bhopal 462066, India;
sureshkumar?21 @iiserb.ac.in

Prahlad Vaidyanathan
Department of Mathematics, IISER Bhopal, Bhopal Bypass Road, Bhopal 462066, India;
prahlad @iiserb.ac.in


https://doi.org/10.2307/2033229
https://zbmath.org/?q=an:0092.02201
https://mathscinet.ams.org/mathscinet-getitem?mr=0100639
https://doi.org/10.1090/S0002-9947-2014-06036-4
https://doi.org/10.1090/S0002-9947-2014-06036-4
https://zbmath.org/?q=an:1316.46050
https://mathscinet.ams.org/mathscinet-getitem?mr=3217695
https://doi.org/10.1016/j.jfa.2015.04.020
https://zbmath.org/?q=an:1334.46046
https://mathscinet.ams.org/mathscinet-getitem?mr=3352760
https://zbmath.org/?q=an:0312.54001
https://mathscinet.ams.org/mathscinet-getitem?mr=0394604
https://doi.org/10.1016/C2016-0-03431-9
https://zbmath.org/?q=an:1460.46001
https://mathscinet.ams.org/mathscinet-getitem?mr=3839621
https://doi.org/10.1007/978-3-642-01642-4
https://zbmath.org/?q=an:1197.20022
https://mathscinet.ams.org/mathscinet-getitem?mr=2599132
https://doi.org/10.1007/BF01442857
https://zbmath.org/?q=an:0646.46063
https://mathscinet.ams.org/mathscinet-getitem?mr=0990592
https://doi.org/10.1017/CBO9780511623806
https://zbmath.org/?q=an:0967.19001
https://mathscinet.ams.org/mathscinet-getitem?mr=1783408
https://zbmath.org/?q=an:1378.46050
https://mathscinet.ams.org/mathscinet-getitem?mr=2775364
https://doi.org/10.1017/etds.2017.113
https://zbmath.org/?q=an:1451.37014
https://mathscinet.ams.org/mathscinet-getitem?mr=3977342
https://doi.org/10.7900/jot
https://zbmath.org/?q=an:1524.46100
https://mathscinet.ams.org/mathscinet-getitem?mr=4396945
https://doi.org/10.1090/surv/134
https://zbmath.org/?q=an:1119.46002
https://mathscinet.ams.org/mathscinet-getitem?mr=2288954
mailto:sureshkumar21@iiserb.ac.in
mailto:prahlad@iiserb.ac.in

	1. Preliminaries
	1.1. The profinite completion
	1.2. The topological join
	1.3. Notational conventions

	2. Rokhlin dimension for actions of residually finite groups
	2.1. Rokhlin dimension with commuting towers

	3. Permanence properties
	4. Actions on C_0(X)-algebras and commutative C*-algebras
	5. Ideal separation and outerness
	References

