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Free metabelian groups are permutation stable

Hiroki Ishikura

Abstract. We prove that all finitely generated free metabelian groups are permutation stable by
verifying that all invariant random subgroups of them are co-sofic. This partially answers to the
question asked by Levit and Lubotzky whether all finitely generated metabelian groups are permu-
tation stable. Our proof extends the range of application of Levit and Lubotzky’s method, which is
used to show permutation stability of permutational wreath products of finitely generated abelian
groups, to non-split and non-permutational metabelian groups.

1. Introduction

Permutation stability of groups gets attention in recent years, and many groups have been
found to be permutation stable. The aim of this paper is to give a new example of such
groups.

Definition 1.1. Let Sym.n/ be the symmetric group of degree n. The Hamming metric
dH on Sym.n/ is defined by dH.�; �/ D

1
n
j¹k 2 ¹1; : : : ; nº j �.k/ ¤ �.k/ºj.

Definition 1.2. Let G be a countable group. An almost homomorphism is a sequence
.�n W G ! Sym.n//n of maps such that dH.�n.gh/; �n.g/�n.h//! 0 .n!1/ for all
g; h 2 G.

We call G permutation stable (or P-stable for short) if for every almost homomor-
phism .�n W G ! Sym.n//n, there exists a sequence of homomorphisms . n W G !
Sym.n//n such that dH.�n.g/;  n.g//! 0 .n!1/ for every g 2 G.

Let F be a free group and let F 00 be its second derived subgroup. The group F=F 00 is
called a free metabelian group. Our main theorem is the following.

Theorem 1.3. All finitely generated free metabelian groups are P-stable.

By viewing a countably generated free metabelian group as a suitable limit of finitely
generated metabelian groups, one can remove the assumption of finite generation (see
Section 6).
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Corollary 1.4. All countable free metabelian groups are P-stable.

Historically, it is a classical question in operator theory whether “almost commut-
ing” matrices are “near” commuting matrices. For example, let U.n/ be the unitary
group of degree n and k�k a norm on the set of n � n matrices. If An; Bn 2 U.n/
with kAnBn � BnAnk ! 0 .n ! 1/, then do there exist A0n; B

0
n 2 U.n/ such that

A0nB
0
n D B 0nA

0
n and kAn � A0nk C kBn � B

0
nk ! 0 .n ! 1/? This asks the stability

of the relation xy D yx with respect to the unitary matrices and the norm. The answer to
this question is “No” for the operator norm [13], but “Yes” for the normalized Hilbert–
Schmidt norm [7]. P-stability is a discrete version of this stability, that is, it considers
permutations instead of matrices. Indeed, if .U.n/; k�k/ is replaced by .Sym.n/; dH/, then
the question asks whether the group Z2 D hx; y j xy D yxi is P-stable.

The first examples of P-stable groups are found in [8], where all finite groups are
shown to be P-stable. In [3], all finitely generated abelian groups (e.g., Z2) are shown to
be P-stable.

Recently, great progress was made by [5], which relates P-stability with invariant
random subgroups.

Theorem 1.5 ([5, Theorem 1.3]). Let G be a finitely generated amenable group. Then G
is P-stable if and only if every invariant random subgroup of G is co-sofic.

We refer to Definition 2.1 for the terminology. Invariant random subgroups are a notion
generalizing normal subgroups and lattices simultaneously, introduced by [1]. Co-soficity
is introduced by [6]. Theorem 1.5 is applied to finding a lot of P-stable groups, such as
virtually polycyclic groups, the Baumslag–Solitar groups BS.1; n/ for all n 2 Z [5], the
Grigorchuk group [14], and other uncountably many groups [10].

However, characterizing co-soficity of arbitrary invariant random subgroups is still
difficult even for solvable groups. Levit and Lubotzky [9] give the following P-stable
examples of finitely generated metabelian groups by combining Theorem 1.5 with the
pointwise ergodic theorem.

Theorem 1.6 ([9, Theorem 1.4]). Let A and Q be finitely generated abelian groups,
and X a set on which Q acts with only finitely many orbits. Then the semidirect product
Q Ë

L
X A induced from the action of Q on X is P-stable.

In [9, Section 1.5], it is asked whether all finitely generated metabelian groups are
P-stable. Our Theorem 1.3 answers to this question affirmatively for all free metabelian
groups that are basic examples of non-split metabelian groups.

Remark 1.7. Let A; Q; X be as in Theorem 1.6. We regard N D
L
X A as a ZŒQ�-

module. An extension of Q by N such that the conjugation on N induces the given
ZŒQ�-structure is called a permutational metabelian group in [9]. They conjecture that
all permutational metabelian groups are P-stable. The group F2=F 002 is permutational
metabelian, but Fd=F 00d is not if d � 3 (see Theorem 4.4).
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Remark 1.8. Finitely generated free metabelian groups are already shown to be Hilbert–
Schmidt stable, that is, they are stable with respect to the unitary groups and the
normalized Hilbert–Schmidt norm [11].

Our proof of Theorem 1.3 basically follows the method of [9]. The main part is the
construction of a Følner sequence with special properties (see Section 2.1). However, there
are two differences between the setting of [9] and ours. First free metabelian groups are
not split metabelian, that is, there is no natural lift of the quotient group Q D Fd=F

0
d

to Fd=F 00d . Hence, we have to choose a lift and work with it. Lemma 5.1 is an elemen-
tary but useful observation. The second difference is that if d � 3, then Fd=F 00d is not
permutational metabelian, and this makes the ZŒQ�-structure on the commutator sub-
group N D F 0

d
=F 00

d
complicated. To apply the method of [9], we need to find a sequence

of subgroups Mn � N indicated in Theorem 2.16, and this is the most non-trivial part.
Proposition 4.14 is important to find such subgroups.

As a final remark, P-stability of free solvable groups of derived length greater than 2
(i.e., F=F .k/, where F is a free group and F .k/ is its k-th derived subgroup with k � 3)
is not known. The proof for free metabelian groups essentially relies on Hall’s theorem
that all finitely generated metabelian groups are residually finite. Indeed, this is used to
show [9, Proposition 5.2] (Proposition 2.11). This does not hold for free solvable groups of
derived length greater than 2, so we do not know even whether any Dirac IRS on a normal
subgroup is co-sofic. These groups are known to be not locally extended residually finite
(LERF) [2], that is, they have a subgroup which is not a limit of finite index subgroups (in
the sense of Definition 2.1), but the subgroup constructed in [2] is not normal.

Organization of the paper. In Section 2, we review the terminology and tools estab-
lished by [9]. In Section 3, we consider the division in the ring of Laurent polynomials
with finitely many variables and coefficients in Z. This is preparation for Section 4, in
which we investigate the commutator subgroup of free metabelian groups. Then we prove
Theorem 1.3 in Section 5, and prove Corollary 1.4 in Section 6.

2. Levit and Lubotzky’s method

2.1. Weiss approximation

Let G be a countable group in this subsection.

Definition 2.1 ([6, Definition 15]). Let Sub.G/ be the set of subgroups of G, and regard
it as a closed subspace of 2G with respect to the product topology. We endow the set
C.Sub.G//� with the weak* topology. An invariant random subgroup (or IRS for short)
of G is a Borel probability measure on Sub.G/ invariant under the conjugation by G. A
finite index IRS of G is an IRS of G supported on the set of finite index subgroups of G.
A co-sofic IRS of G is a weak*-limit of finite index IRSs of G.
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Definition 2.2 ([9, Section 3]). Let H � G be a subgroup.

(i) Let ıH 2 C.Sub.G//� denote the Dirac measure on H . For a non-empty finite
subset F � G, set F �H D 1

jF j

P
g2F ıgHg�1 2 C.Sub.G//�.

(ii) A subset F �G is a transversal forH inG ifG D
F
g2F gH . Also, F is a finite-

to-one transversal forH inG if F is a disjoint union of finitely many transversals
for H in G.

Notation 2.3. LetH;K �G be a subgroup. Let NG.H/ denote the normalizer ofH , that
is, NG.H/ D ¹g 2 G j gHg�1 D H º. Also set NK.H/ D NG.H/ \K.

Definition 2.4 ([9, Section 3]). Let H � G be a subgroup. Let Fn � G be a sequence of
non-empty finite subsets andKn � G a sequence of finite index subgroups. The sequence
of pairs .Kn; Fn/ is a Weiss approximation of H if Fn is a finite-to-one transversal for
NG.Kn/ in G for every n and Fn �H � Fn �Kn ! 0 in C.Sub.G//�.

Theorem 2.5 ([9, Theorem 3.10]). Let � be an IRS of an amenable group G and .Fn/
a Følner sequence of G. Suppose for �-a.e. H 2 Sub.G/, there exists a sequence of
finite index subgroups Kn � G such that the sequence of pairs .Kn; Fn/ is a Weiss
approximation of H . Then � is a co-sofic IRS of G.

Proposition 2.6 ([9, Proposition 5.3]). Let G be a finitely generated group. Suppose a
normal subgroup N E G and the quotient group G=N are abelian. Let � be an IRS of G.
Then for �-a.e. H 2 Sub.G/, ŒN W NN .H/� <1 holds.

The following corollary is used in [9, Section 11] to prove their main theorem. We state
it explicitly to make our argument simple, and give its proof for the reader’s convenience.

Corollary 2.7 ([9]). LetG be a finitely generated group. SupposeN EG andQDG=N
are abelian groups. Also suppose that every subgroup R � Q admits a Følner sequence
.Fn/ of G satisfying the following property (#R):

(#R) If H � G is a subgroup with HN=N D R and ŒN W NN .H/� <1, then there
exists a sequence of finite index subgroups Kn � G such that the sequence of
pairs .Kn; Fn/ is a Weiss approximation of H .

Then G is P-stable.

Proof. By Theorem 1.5, it suffices to show that every IRS of G is co-sofic. Let � be
an IRS of G. By the Krein–Milman theorem, � is a weak*-limit of convex combina-
tions of ergodic IRSs of G. Thus, we may assume that � is ergodic. Since the map
H 2 Sub.G/ 7! HN=N 2 Sub.Q/ is G-invariant, it is constant on a �-conull set. Let
R 2 Sub.Q/ be the constant. By Proposition 2.6, the set

A WD ¹H 2 Sub.G/ j HN=N D R and ŒN W NN .H/� <1º
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is �-conull. By property (#R), for every H 2 A, there exists a sequence of finite index
subgroups Kn � G such that .Kn; Fn/ is a Weiss approximation of H . By Theorem 2.5,
� is co-sofic.

2.2. A sufficient condition to be a Weiss approximation

Let G be a group and N E G a normal subgroup. Set Q D G=N .

Notation 2.8 ([9, Section 4.1]). For a subgroup H � G, we set

• QH D HN=N � Q,

• NH D N \H , and

• let ˛H W QH ! H=NH be the natural isomorphism.

We denote ŒH � D ŒQH ; NH ; ˛H �. Note that ˛H .q/ D q for every q 2 QH , where
� 2 H=NH 7! � 2 G=N denotes the natural quotient.

Proposition 2.9 ([9, Proposition 4.1]). Let R � Q; M � N be subgroups and ˛ W R!
NG.M/=M a homomorphism satisfying ˛.q/ D q for every q 2 R. Then there exists a
unique subgroup H � G such that ŒH � D ŒR;M; ˛�.

Let q 2 Q 7! yq 2 G be a (set-theoretic) section of the quotient map. For a subset
I � Q, we set yI D ¹yq 2 G j q 2 I º.

Proposition 2.10 ([9, Proposition 4.3]). Let H � G be a subgroup and let I � Q and
T �N be transversals forQH inQ andNH inN , respectively. Then yIT is a transversal
for H in G.

Assume thatG is finitely generated, andQ andN are abelian in the rest of this section.
We use additive notation for the group operation in N (and use multiplicative notation
for Q). The action of Q on N is induced from the conjugation by G.

Proposition 2.11 ([9, Proposition 5.2]). Let H � G be a subgroup such that HN is
finitely generated. Then for any finite subset T � N , there exists a finite index subgroup
M � N such that NH \ T DM \ T; NH �M , and M is QH -invariant.

Definition 2.12. Let � and ƒ be groups and �;�n � ƒ subgroups for n 2 N. Follow-
ing [9, Definition 6.1], we say that a sequence of homomorphisms �n W � ! Nƒ.�n/=�n
is consistent with a homomorphism � W � ! Nƒ.�/=� if for every 
 2 � , there exists
� 2 ƒ such that �n.
/ D ��n and �.
/ D �� for every n.

Proposition 2.13 ([9, Corollary 6.3]). Let H � G be a subgroup and Nn � N be a
sequence of QH -invariant subgroups such that Nn ! NH in Sub.N /. Then there exist
homomorphisms ˛n WQH ! NG.Nn/=Nn defined for all n sufficiently large such that the
sequence ˛n is consistent with ˛H .
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Definition 2.14 ([9, Definition 7.2]). Let Tn �N and Fn �G be sequences of non-empty
finite subsets. The sequence Tn is adapted to the sequence Fn if for every g 2G and every
finite subset ˆ � N ,

j¹h 2 Fn j Œg; h�Cˆ � Tnºj

jFnj
! 1 .n!1/: (2.1)

Remark 2.15. By taking g to be the identity of G, convergence (2.1) implies ˆ � Tn for
every n sufficiently large. Hence, if Tn is adapted to some Fn, then

S
n

T
k�n Tk D N

holds.

Theorem 2.16 ([9, Theorem 7.5]). LetH �G be a subgroup with ŒN WNN .H/� <1. For
every n 2 N, let Kn � G be a finite index subgroup with ŒKn� D ŒQn; Nn; ˛n�, Mn � N

a subgroup, and In � Q and Tn �Mn non-empty finite subsets. Assume that they satisfy
the following conditions:

(i) QH � Qn and Qn ! QH in Sub.Q/.

(ii) Mn is QH -invariant.

(iii) The sequence ˛njQH is consistent with ˛H .

(iv) NH \ Tn D Nn \ Tn and NH \Mn � Nn.

(v) The sequence Tn is adapted to the sequence bIn.

Then for any sequence Pn �Mn of non-empty finite subsets, we have

.bInPn/ �H � .bInPn/ �Kn ! 0 in C.Sub.G//�:

Remark 2.17. The original statement of [9, Theorem 7.5] is different from the above.
They assume the following two conditions (see [9, Definitions 7.1 and 7.3]):

(a) .Kn;Mn; Tn/ is a controlled approximation of H .

(b) bInPn is adapted to .Kn;Mn; Tn/.

Condition (a) claims conditions (i)–(iv) and
S
n

T
k�n Tk D N holds. The last condition

follows from condition (v) by Remark 2.15. Condition (b) is stronger than condition (v),
but they only use condition (v) for the proof of this theorem.

3. Division of Laurent polynomials

Throughout the paper, we mean by an interval I � R the intersection I \Z if there is no
cause of confusion. Let N be the set of positive integers. Let d�e W R! Z be the ceiling
function, and b�c W R! Z the floor function.

Definition 3.1. Let � 2 ZŒs˙1� be a nonzero polynomial. Let m be the smallest degree
of s in � and let n be the non-negative integer such that mC n is the largest degree of s
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in �. We call the integer n the degree of �. We say that � is monic if each of the coefficients
of sm and smCn belongs to ¹˙1º.

For n 2 N, set

M.nI s/ D spanZ¹s
m
j �dn=2e < m � bn=2cº � ZŒs˙1�:

Lemma 3.2. Let � 2 ZŒs˙1� be a monic polynomial with degree n > 0. Then for every
 2 ZŒs˙1�, there exists � 2 ZŒs˙1� such that  � �� 2M.nI s/.

Proof. Letm be the smallest degree of s in �. SinceM.nI s/ is closed under linear combi-
nation with coefficients in Z, we may assume D sk with k 2Z. Suppose k > 0. We may
assume that the coefficient of snCm in � is 1. Since s�m� 2 ZŒs� is a monic polynomial
of s with degree n in the usual sense, there exists � 2 ZŒs� such that the polynomial

skCdn=2e�1 � � � s�m� 2 ZŒs�

of s has degree less than n. Then by multiplying s1�dn=2e to this polynomial, we have

sk � s�mC1�dn=2e� � � 2M.nI s/

as desired. Next suppose k � 0. We may assume that the coefficient of sm in � is 1. Since
s�n�m� 2 ZŒs�1� is a monic polynomial of s�1 with degree n in the usual sense, there
exists � 2 ZŒs�1� such that the polynomial

sk�bn=2c � � � s�n�m� 2 ZŒs�1�

of s�1 has degree less than n. Then by multiplying sbn=2c to this polynomial, we have

sk � s�n�mCbn=2c� � � 2M.nI s/

as desired.

Let d 2 N. Now we consider the ring ZŒs˙11 ; : : : ; s˙1
d
�. For n1; : : : ; nd 2 N [ ¹1º,

set

M.n1; : : : ; nd I s1; : : : ; sd / D spanZ

®
s
m1
1 � � � s

md
d
j mi 2 .�dni=2e; bni=2c� for every i

¯
� Z

�
s˙11 ; : : : ; s˙1d

�
;

where .�d1=2e; b1=2c� means .�1;1/.

Proposition 3.3. Let 1 � c � d . For every 1 � i � c, let �i 2 ZŒs˙1i � be a monic
polynomial with degree ni > 0. Then for every  2 ZŒs˙11 ; : : : ; s˙1

d
�, there exist �i 2

ZŒs˙11 ; : : : ; s˙1
d
� for 1 � i � c and � 2M.n1; : : : ; nc ;1; : : : ;1I s1; : : : ; sd / such that

 D

cX
iD1

�i�i C �: (3.1)
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Moreover, such � 2M.n1; : : : ; nc ;1; : : : ;1I s1; : : : ; sd / is unique, that is, if

 D

cX
iD1

� 0i�i C �
0

with � 0i 2 ZŒs˙11 ; : : : ; s˙1
d
� and �0 2M.n1; : : : ; nc ;1; : : : ;1I s1; : : : ; sd /, then � D �0.

We call equation (3.1) “division of  by ¹�iº” and � the remainder of the division.

Proof. First we prove the existence by the induction on c. In the base case c D 0,
there is nothing to prove. Now let c � 1. By the induction hypothesis, there exists
�i 2 ZŒs˙11 ; : : : ; s˙1

d
� such that

 �

c�1X
iD1

�i�i 2M.n1; : : : ; nc�1;1; : : : ;1I s1; : : : ; sd /:

Thus, we may assume  2 M.n1; : : : ; nc�1;1; : : : ;1I s1; : : : ; sd /, and further  D
s
m1
1 : : : s

mc�1
c�1  

0 with mi 2 .�dni=2e; bni=2c� and  0 2 ZŒs˙1c ; : : : ; s˙1
d
� since every ele-

ment of M.n1; : : : ; nc�1;1; : : : ;1I s1; : : : ; sd / is a linear combination with coefficients
in Z of polynomials of this form. Then  0 is represented as  0 D

P
k s

k
c 
0
k

for some
 0
k
2 ZŒs˙1cC1; : : : ; s

˙1
d
�. Since M.n1; : : : ; nc ;1; : : : ;1I s1; : : : ; sd / is closed under mul-

tiplying elements of ZŒs˙1cC1; : : : ; s
˙1
d
�, we may assume  0 D skc with k 2 Z. Then by

Lemma 3.2, there exists � 2 ZŒs˙1c � such that  0 � ��c 2M.nc I sc/. Then we have

 � s
m1
1 � � �s

mc�1
c�1 � � �c D s

m1
1 � � �s

mc�1
c�1 . 

0
� ��c/2M.n1; : : : ;nc ;1; : : : ;1Is1; : : : ; sd /:

The existence is proved.
Next we will prove the uniqueness. It suffices to show that if  D

Pc
iD1 �i�i 2

M.n1; : : : ; nc ;1; : : : ;1I s1; : : : ; sd / with �i 2 ZŒs˙11 ; : : : ; s˙1
d
�, then  D 0. We call

such ‚ WD .�i /
c
iD1 a representation of  . Suppose  ¤ 0. Let �.‚/ be the smallest

integer i 2 Œ1; c� such that �i ¤ 0. We may assume that �.‚/ is the largest among all
the representations of  . Set j D �.‚/. Let �.‚/ � 0 be the difference between the
largest and the smallest degrees of sj in �j . We may assume that �.‚/ is the smallest
among all the representations of  satisfying �.‚/ D j . Let l and m be the small-
est degrees of sj in �j and �j , respectively. For j � i � c, set �i D

P
k s

k
j �i;k with

�i;k 2 ZŒs˙11 ; : : : ; s˙1j�1; s
˙1
jC1; : : : ; s

˙1
d
�. Note that

�j D

mC�.‚/X
kDm

skj �j;k

holds. Also let the polynomial �j 2 ZŒs˙1j � be represented as

�j D

lCnjX
kDl

aks
k
j
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with ak 2 Z.
Toward deducing a contradiction, we first assume mC l � �dnj =2e. Then the sum

of the terms of �j�j whose degree of sj is mC l is alsmClj �j;m. For i > j , the sum of
the terms of �i�i whose degree of sj is mC l is smClj �i;mCl�i . Since  D

Pc
iDj �i�i 2

M.n1; : : : ; nc ;1; : : : ;1I s1; : : : ; sd /, the sum of the terms of  whose degree of sj is
mC l must be 0. Thus, we have

al�j;m C

cX
iDjC1

�i;mCl�i D 0:

Note that al 2 ¹˙1º since �j is monic. Hence, we have

 D  �

�
�j;m C a

�1
l

cX
iDjC1

�i;mCl�i

�
smj �j

D
�
�j � s

m
j �j;m

�
�j C

cX
iDjC1

�
�i � a

�1
l smj �i;mCl�j

�
�i :

This gives a new representation ‚0 D .� 0i /
c
iD1 of  such that � 0i D 0 if i < j , and

� 0j D �j � s
m
j �j;m D

PmC�.‚/

kDmC1
skj �i;k . Since �.‚/ D j is the largest, we have �.‚0/ D

j . Then, however, �.‚0/ < �.‚/ holds, which contradicts the assumption of �.‚/ being
the smallest.

We next assume mC l > �dnj =2e. The argument is analogous. The largest degrees
of sj in �j and �j are m0 WD mC �.‚/ and l 0 WD l C nj , respectively. Then

m0 C l 0 � mC l C nj > �dnj =2e C nj D bnj =2c

holds. Since  2M.n1; : : : ; nc ;1; : : : ;1I s1; : : : ; sd /, the sum of the terms of  whose
degree of sj is m0 C l 0 must be 0. Hence, we have

al 0�j;m0 C

cX
iDjC1

�i;m0Cl 0�i D 0

and

 D .�j � s
m0

j �j;m0/�j C

cX
iDjC1

.�i � a
�1
l 0 s

m0

j �i;m0Cl 0�j /�i

in the same way as above. This gives a new representation ‚0 D .� 0i /
c
iD1 of  such that

� 0i D 0 if i < j , and � 0j D �j � s
m0

j �j;m0 D
PmC�.‚/�1

kDm
skj �i;k . Again we have �.‚0/D j

and �.‚0/ < �.‚/, which is a contradiction.

4. The commutator subgroup of free metabelian groups

Let G be a group and N E G a normal abelian subgroup. Set Q D G=N .
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Notation 4.1. Let g 2 G 7! g 2 Q be the quotient map. We use additive notation for the
group operation in N . The right action N Ô Q is induced from the conjugation by G,
and it is denoted by f g WD g�1fg for f 2 N and g 2 G. We regard N as a right ZŒQ�-
module with respect to this action, and the multiplication of f 2N by � 2ZŒQ� is denoted
by f � . That is, if � D

P
q2Q nq � q 2 ZŒQ� with nq 2 Z, then f � D

P
q2Q nqf

q holds.

Remark 4.2. We keep using multiplicative notation for the group operation in Q even
whenQ is abelian. Then for q1; q2 2Q, the elements q1C q2 and q1q2 of ZŒQ� are distin-
guished. For f 2N , note that f q1Cq2 D g�11 fg1C g

�1
2 fg2 and f q1q2 D g�12 g�11 fg1g2,

where g1; g2 2 G with g1 D q1 and g2 D q2.

Lemma 4.3. For all g; h; k 2 G, we have

Œg; hk� D Œg; k�C Œg; h�k : (4.1)

Also for all g; h 2 G and n 2 N, we have

Œg; hn� D Œg; h�1ChC���Ch
n�1

: (4.2)

Proof. In general,

Œg; hk� D g�1k�1h�1ghk D g�1k�1gk � k�1g�1h�1ghk D Œg; k� � k�1Œg; h�k

holds, and we have equation (4.1). Then we have

Œg; hn� D Œg; hn�1�C Œg; h�h
n�1

D Œg; hn�2�C Œg; h�h
n�2

C Œg; h�h
n�1

D � � �

D Œg; h�1ChC���Ch
n�1

:

Let G D Fd=F 00d with d � 2 and N D G0 D F 0
d
=F 00

d
in the rest of this section. Let

¹a1; : : : ; ad º be a free generator of G and set si D ai 2 Q for 1 � i � d . Then Q is the
free abelian group over the basis†Q WD ¹s1; : : : ; sd º, and the group ring ZŒQ� is identified
with ZŒs˙11 ; : : : ; s˙1

d
�. Since N is the commutator subgroup of G, it is generated by the

set
X WD ¹Œai ; aj � j 1 � i < j � dº

as a ZŒQ�-module.

Theorem 4.4 ([4, Theorem 3]). As ZŒQ�-modules, the subgroup N can be identified with
.
L
X ZŒQ�/=I , where I is the ZŒQ�-submodule of

L
X ZŒQ� generated by the subset

¹Œai ; aj �
1�sk C Œai ; ak �

sj�1 C Œaj ; ak �
1�si j 1 � i < j < k � dº:

In particular, if d D 2, then I D 0 and N is isomorphic to ZŒQ�.
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Corollary 4.5. For all 1 � i < j < k � d , we have

Œai ; aj �
1�sk C Œai ; ak �

sj�1 C Œaj ; ak �
1�si D 0 in N:

Lemma 4.6. For all 1 � i < j < k � d and n 2 N, we have

Œai ; aj �
sn
k D Œai ; aj �CŒai ; ak �

.sj�1/.1CskC���Cs
n�1
k

/
C Œaj ; ak �

.1�si /.1CskC���Cs
n�1
k

/ (4.3)

and

Œai ; aj �
s�n
k D Œai ; aj �CŒai ; ak �

.1�sj /.s
�1
k
Cs�2

k
C���Cs�n

k
/
C Œaj ; ak �

.si�1/.s
�1
k
Cs�2

k
C���Cs�n

k
/

(4.4)

in N .

Proof. By Corollary 4.5, we have

Œai ; aj �
sn
k
�1
D Œai ; aj �

.sk�1/.1CskC���Cs
n�1
k

/

D Œai ; ak �
.sj�1/.1CskC���Cs

n�1
k

/
C Œaj ; ak �

.1�si /.1CskC���Cs
n�1
k

/

and obtain equation (4.3). By acting with s�n
k

to equation (4.3), we obtain equa-
tion (4.4).

For each 1 � j � d , let Q.j / be the subgroup of Q generated by ¹siº
j
iD1.

Proposition 4.7. For every f 2N , there exists a unique family .�i;j /1�i<j�d of elements
of ZŒQ� satisfying

(i) �i;j 2 ZŒQ.j /� for all i and j , and

(ii) f D
P
1�i<j�d Œai ; aj �

�i;j .

Proof. First, we prove the existence. Set

zN D
X

1�i<j�d

Œai ; aj �
ZŒQ.j /�:

Clearly X � zN . Since N is generated by X as a ZŒQ�-module, it suffices to show that
zN is Q-invariant. Let 1 � i < j � d and � 2 ZŒQ.j /�. We show Œai ; aj �

�s˙1
k 2 zN for

every 1 � k � d . If k � j , then �s˙1
k
2 ZŒQ.j /� and it is done. Suppose k > j . Then by

equations (4.3) and (4.4), we have

Œai ; aj �
�sk D Œai ; aj �

�
C Œai ; ak �

�.sj�1/ C Œaj ; ak �
�.1�si /

and
Œai ; aj �

�s�1
k D Œai ; aj �

�
C Œai ; ak �

�.1�sj /s
�1
k C Œaj ; ak �

�.si�1/s
�1
k :

By looking at the right-hand side, these are elements of zN as desired.
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Next we will prove the uniqueness. By Theorem 4.4, it suffices to show the equa-
tion

L
1�i<j�d Œai ; aj �

ZŒQ.j /� \ I D 0. We may assume d � 3 since if d D 2, then
I D 0. Suppose 0 ¤ f 2

L
1�i<j�d Œai ; aj �

ZŒQ.j /� \ I . Since f 2 I , there exists a
family ˆ D .�i;j;k/1�i<j<k�d of elements of ZŒQ� such that

f D
X

1�i<j<k�d

�
Œai ; aj �

1�sk C Œai ; ak �
sj�1 C Œaj ; ak �

1�si
��i;j;k : (4.5)

We call such ˆ a representation of f . Now we consider the lexicographic order on N3,
that is,

.i; j; k/ � .i 0; j 0; k0/, i < i 0 _ .i D i 0 ^ j < j 0/ _ .i D i 0 ^ j D j 0 ^ k � k0/:

Let �.ˆ/ be the smallest .i; j; k/ such that �i;j;k ¤ 0. We may assume that �.ˆ/ is the
largest among all the representations of f . Set �.ˆ/ D .i0; j0; k0/. By equation (4.5), the
Œai0 ; aj0 �-th coordinate of f isX

l<i0

.1 � sl /�l;i0;j0 C
X

i0<l<j0

.sl � 1/�i0;l;j0 C
X
l>j0

.1 � sl /�i0;j0;l : (4.6)

However, by the definition of �.ˆ/, we have �l;i0;j0 D 0 if l < i0, �i0;l;j0 D 0 if i0< l < j0,
and �i0;j0;l D 0 if j0 < l < k0. Thus, polynomial (4.6) is equal toX

l�k0

.1 � sl /�i0;j0;l :

Since f 2
L
1�i<j�d Œai ; aj �

ZŒQ.j /�, we have
P
l�k0

.1 � sl /�i0;j0;l 2 ZŒQ.j0/�, and this
must be 0, which is verified by substituting sl D 1 for l � k0 (note that sl …Q.j0/). Hence,
we have

.1 � sk0/�i0;j0;k0 D �
X
l>k0

.1 � sl /�i0;j0;l : (4.7)

By Proposition 3.3 (consider division of �i0;j0;k0 by ¹1 � slºl>k0 ), we have

�i0;j0;k0 D
X
l>k0

.1 � sl / l C �

for some  l 2 ZŒQ� and � 2 ZŒQ.k0/�. Then substitute this into equation (4.7) and we
have

.1 � sk0/
X
l>k0

.1 � sl / l C .1 � sk0/� D �
X
l>k0

.1 � sl /�i0;j0;l :

Since .1 � sk0/� 2 ZŒQ.k0/�, we have � D 0 by Proposition 3.3 (uniqueness of the
remainder of division of both sides by ¹1 � slºl>k0 ). Hence, we have

�i0;j0;k0 D
X
l>k0

.1 � sl / l : (4.8)
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Now we set ˛i;j;k D Œai ; aj �1�sk C Œai ; ak �sj�1 C Œaj ; ak �1�si for 1 � i < j < k � d .
Note that

˛
1�sl

i;j;k
C ˛

sk�1

i;j;l
C ˛

1�sj
i;k;l

C ˛
si�1

j;k;l
D 0

for any 1 � i < j < k < l � d . Then by equation (4.8), we have

˛
�i0;j0;k0

i0;j0;k0
D

X
l>k0

˛
.1�sl / l

i0;j0;k0
D

X
l>k0

�
˛

1�sk0
i0;j0;l

C ˛
sj0�1

i0;k0;l
C ˛

1�si0
j0;k0;l

� l
:

By adding 0 D �˛
�i0;j0;k0

i0;j0;k0
C
P
l>k0

�
˛

1�sk0
i0;j0;l

C ˛
sj0�1

i0;k0;l
C ˛

1�si0
j0;k0;l

� l
to equa-

tion (4.5), we have

f D
X

1�i<j<k�d
.i;j;k/¤.i0;j0;k0/

˛
�i;j;k

i;j;k
C

X
l>k0

�
˛

1�sk0
i0;j0;l

C ˛
sj0�1

i0;k0;l
C ˛

1�si0
j0;k0;l

� l
:

This gives a new representation ˆ0 D .�0
i;j;k

/ of f such that �0
i;j;k
D �i;j;k D 0 if

.i; j; k/ < .i0; j0; k0/, and �0
i0;j0;k0

D 0. Then we have �.ˆ0/ > .i0; j0; k0/ D �.ˆ/,
which contradicts the assumption of �.ˆ/ being the largest.

Let 1 � c � d . Set U D Q.c/ and let V be the subgroup of Q generated by †V WD
¹siº

d
iDcC1. Fix n 2 N. Let O be the ZŒQ�-submodule of N generated by the set®

Œg; a2ni � j g 2 G; c C 1 � i � d
¯
:

Lemma 4.8. If f 2 N and c C 1 � i � d , then f 1�s
2n
i D �Œf; a2ni � 2 O holds.

Proof. In G (using multiplicative notation), we have Œf; a2ni � D a�2ni fa2ni f
�1. Recall

from Notation 4.1 that a�2ni fai D f
s2ni . Hence in N (using additive notation), we have

�
�
f; a2ni

�
D �

�
f s

2n
i C f �1

�
D �f s

2n
i �1 D f 1�s

2n
i :

Lemma 4.9. For 1 � i < j � d , let Oi;j be the ideal of ZŒQ.j /� generated by®
1 � s2nk j k 2 Œc C 1; j �n¹i; j º

¯
[
®
1C sk C � � � C s

2n�1
k j k 2 Œc C 1; j � \ ¹i; j º

¯
:

Then we have
O D

X
1�i<j�d

Œai ; aj �
Oi;j : (4.9)

Proof. Let zO be the right-hand side of equation (4.9). Let 1 � i < j � d and � 2 Oi;j .
We show Œai ; aj �

� 2 O . We may assume that � is in the generator of the ideal Oi;j ,
that is, � D 1 � s2n

k
with k 2 Œc C 1; j �n¹i; j º, or � D 1 C sk C � � � C s

2n�1
k

with
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k 2 Œc C 1; j � \ ¹i; j º. In the first case, Œai ; aj �.1�s
2n
k
/
2 O by the previous lemma. In

the second case, by equation (4.2) we have

Œai ; aj �
1CsjC���Cs

2n�1
j D Œai ; a

2n
j � 2 O if k D j;

and
Œai ; aj �

1CsiC���Cs
2n�1
i D �Œaj ; a

2n
i � 2 O if k D i:

Hence, O � zO holds.
Now we show the converse. Note that for all g; h 2 G, and c C 1 � k � d ,�

gh; a2nk
�
D
�
g; a2nk

�xh
C
�
h; a2nk

�
holds by equation (4.1), and

Œg�1; a2nk � D �Œg; a
2n
k �
xg�1

holds. Since G is generated by ¹aiºdiD1, O is generated by

A WD ¹Œai ; a
2n
k � D Œai ; ak �

1CskC���Cs
2n�1
k j 1 � i � d; c C 1 � k � dº

as a ZŒQ�-module. Let 1 � i � d and c C 1 � k � d . Then we have

1C sk C � � � C s
2n�1
k 2 Oi;k if i < k;

and
1C sk C � � � C s

2n�1
k 2 Ok;i if i > k:

If i D k, then Œai ; ak � D 0. It follows that A � zO . Thus, it suffices to show that zO is
Q-invariant. Let 1 � i < j � d and � 2 Oi;j . We show that Œai ; aj �s

˙1
k
�
2 zO for every

1 � k � d . Since Oi;j is Q.j /-invariant, we may assume k > j . Then by equations (4.3)
and (4.4), we have

Œai ; aj �
sk� D Œai ; aj �

�
C Œai ; ak �

.sj�1/� C Œaj ; ak �
.1�si /�

and
Œai ; aj �

s�1
k
�
D Œai ; aj �

�
C Œai ; ak �

.1�sj /s
�1
k
�
C Œaj ; ak �

.si�1/s
�1
k
� :

It suffices to show that .1� sj /� 2Oi;k and .1� si /� 2Oj;k . Since � 2Oi;j , there exists
 l 2 ZŒQ.j /� for c C 1 � l � d such that

� D
X

l2ŒcC1;j �n¹i;j º

�
1 � s2nl

�
 l C

X
l2ŒcC1;j �\¹i;j º

�
1C sl C � � � C s

2n�1
l

�
 l :

Then we have

.1 � sj /� D
X

l2ŒcC1;j �n¹i;j º

.1 � sj /
�
1 � s2nl

�
 l

C 1ŒcC1;d�.i/ � .1 � sj /
�
1C si C � � � C s

2n�1
i

�
 i

C 1ŒcC1;d�.j / �
�
1 � s2nj

�
 j ;
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and thus .1� sj /� 2 Oi;k . In the same way, .1� si /� 2 Oj;k holds. Hence, Œai ; aj �s
˙1
k
�
2

zO holds.

Definition 4.10. For 1 � i < j � d , define the subgroup Mi;j � ZŒQ.j /� as follows:

(i) If j � c, then let Mi;j D ZŒQ.j /�.

(ii) If j � c C 1, then let Mi;j be the ZŒU �-submodule of ZŒQ.j /� generated by²
s
mcC1
cC1 � � � s

mj
j

ˇ̌̌̌
mk 2 Œ�nC 1; n� for k 2 Œc C 1; j �n¹i; j º; and
mk 2 Œ�nC 1; n � 1� for k 2 Œc C 1; j � \ ¹i; j º

³
:

Then we set
M D

X
1�i<j�d

Œai ; aj �
Mi;j : (4.10)

We call M the U -residue of O .

Remark 4.11. Let 1 � i < j � d . For 1 � k � j , define nk 2 N [ ¹1º by

nk D1 if k 2 Œ1; c�;

nk D 2n if k 2 Œc C 1; j �n¹i; j º;

and
nk D 2n � 1 if k 2 Œc C 1; j � \ ¹i; j º:

Then Mi;j DM.n1; : : : ; nj I s1; : : : ; sj / holds.

Notation 4.12. Let A be a finitely generated free abelian group over the basis †A D
¹s1; : : : ; sd º. For m 2 N, we set

BA.m;†A/ D
®
s
k1
1 � � � s

kd
d
2 A j �dm=2e < ki � bm=2c for every i

¯
:

Lemma 4.13. The subgroup M is U -invariant and contains

¹xv j x 2 X; v 2 BQ.2n � 1;†Q/º:

Proof. Let 1 � i < j � d and � 2 Mi;j . We show that Œai ; aj �s
˙1
k
�
2 M for every

1 � k � c. If j � c C 1, then s˙1
k
� 2Mi;j sinceMi;j is U -invariant, and it is done. Now

suppose j � c. If k � j � c, then s˙1
k
� 2 ZŒQ.j /� DMi;j , and it is done. If j < k � c,

then by equations (4.3) and (4.4) we have

Œai ; aj �
sk� D Œai ; aj �

�
C Œai ; ak �

.sj�1/� C Œaj ; ak �
.1�si /�

and
Œai ; aj �

s�1
k
�
D Œai ; aj �

�
C Œai ; ak �

.1�sj /s
�1
k
�
C Œaj ; ak �

.si�1/s
�1
k
� :
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Since �; si ; sj ; sk 2 ZŒQ.k/� D Mi;k D Mj;k , we have Œai ; aj �s
˙1
k
�
2 M . Hence, M is

U -invariant.
For the remaining claim, it suffices to show that

¹xv j x 2 X; v 2 BV .2n � 1;†V /º �M

sinceM is U -invariant. Let 1 � i < j � d and v D smcC1cC1 � � � s
md
d
2 BV .†V ; 2n� 1/. We

show that Œai ; aj �v 2M . If v is the identity of Q, it is clear. Otherwise, let k 2 Œc C 1; d �
be the largest integer such that mk ¤ 0. We prove by the induction on k. If k � j , then
v 2Mi;j since mcC1; : : : ; mk 2 Œ�nC 1; n � 1�, and thus Œai ; aj �v 2M holds. Suppose
k > j and set w D s�mk

k
v D s

mcC1
cC1 � � � s

mk�1
k�1

. If mk > 0, then by equation (4.3) we have

Œai ; aj �
v
D Œai ; aj �

s
mk
k
w
D Œai ; aj �

w
C Œai ; ak �

.sj�1/.1CskC���Cs
mk�1

k
/w

C Œaj ; ak �
.1�si /.1CskC���Cs

mk�1

k
/w :

If mk < 0, then by equation (4.4) we have

Œai ; aj �
v
D Œai ; aj �

s
mk
k
w
D Œai ; aj �

w
C Œai ; ak �

.1�sj /.s
�1
k
Cs�2

k
C���Cs

mk
k
/w

C Œaj ; ak �
.si�1/.s

�1
k
Cs�2

k
C���Cs

mk
k
/w :

By the induction hypothesis, Œai ; aj �w 2M . It suffices to show that

.1 � sj /s
m
k w 2Mi;k and .1 � si /s

m
k w 2Mj;k

for every m 2 Œ�nC 1; n � 1�. This follows from

smk w D s
mcC1
cC1 � � � s

mk�1
k�1

smk 2Mi;k \Mj;k ; (4.11)

sj s
m
k w D sj s

mcC1
cC1 � � � s

mk�1
k�1

smk 2Mi;k (4.12)

and
sis

m
k w D sis

mcC1
cC1 � � � s

mk�1
k�1

smk 2Mj;k : (4.13)

Claim (4.11) holds sincemcC1; : : : ;mk�1 2 Œ�nC 1;n� 1�. If j � c, then sj smk w 2Mi;k

since Mi;k is U -invariant. If j � c C 1, then sj smk w 2Mi;k since mj C 1 2 Œ�nC 1; n�.
Thus claim (4.12) holds. Claim (4.13) also holds in the same way. Hence, Œai ; aj �v 2 M
is proved.

Proposition 4.14. Let � W N ! N=O be the quotient map. Then the restriction �jM W
M ! N=O is a bijection.

Proof. Let 1 � i < j � d . For 1 � k � j , we define �k 2 ZŒs˙1
k
� and nk 2 N [ ¹1º by

�k D 0; nk D1 if k 2 Œ1; c�;

�k D 1 � s
2n
k ; nk D 2n if k 2 Œc C 1; j �n¹i; j º;
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and

�k D 1C sk C � � � C s
2n�1
k ; nk D 2n � 1 if k 2 Œc C 1; j � \ ¹i; j º:

Then Oi;j is the ideal of ZŒQ.j /� generated by ¹�kº
j

kD1
, and the equation

Mi;j DM.n1; : : : ; nj I s1; : : : ; sj /

holds. By Proposition 3.3, we have Mi;j COi;j D ZŒQ.j /� and Mi;j \Oi;j D 0.
Now we show the proposition. By Proposition 4.7, we have

N D
X

1�i<j�d

Œai ; aj �
ZŒQ.j /�:

Also, by equations (4.10) and (4.9), we have

M D
X

1�i<j�d

Œai ; aj �
Mi;j and O D

X
1�i<j�d

Œai ; aj �
Oi;j :

Hence, we have

M CO D
X

1�i<j�d

Œai ; aj �
Mi;jCOi;j D

X
1�i<j�d

Œai ; aj �
ZŒQ.j /�

D N

and the surjectivity is proved.
Again by Proposition 4.7 (uniqueness), we have

M \O D

� X
1�i<j�d

Œai ; aj �
Mi;j

�
\

� X
1�i<j�d

Œai ; aj �
Oi;j

�
D

X
1�i<j�d

Œai ; aj �
Mi;j\Oi;j D 0:

The injectivity is proved.

5. Proof of Theorem 1.3

LetGDFd=F 00d for d � 2. SetN DG0DF 0
d
=F 00

d
andQDG=N . We follow Notation 4.1.

Let R �Q be a subgroup. By Corollary 2.7, it suffices to construct a Følner sequence
.Fn/ of G satisfying property (#R) in Corollary 2.7.

5.1. Construction of the Følner sequence

Take subgroups U; V � Q such that Q D U � V and R is a finite index subgroup of U .
Set c D rank.U /. Let ¹s1; : : : ; scº and ¹scC1; : : : ; sd º be generators of U and V , respec-
tively. We may assume that ai D si for every 1 � i � d by taking a suitable free generator
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¹a1; : : : ; ad º of G since the natural map Aut.Fd / ! Aut.Fd=F 0d / is surjective [12,
Chapter I, Proposition 4.4]. Set †Q D ¹s1; : : : ; sd º.

Define the section q 2 Q 7! yq 2 G of the quotient map by yq D a
k1
1 � � � a

kd
d

if
q D s

k1
1 � � � s

kd
d

with k1; : : : ; kd 2 Z.

Lemma 5.1. Let g 2 G and q D s
"1k1
1 � � � s

"dkd
d

2 Q with "i 2 ¹˙1º and ki � 0 for
1 � i � d . Then we have

Œg; yq� D
X
1�i�d

s.t. ki�1

ki�1X
lD0

Œg; a
"i
i �
s
"i l

i s
"iC1kiC1
iC1 ���s

"d kd
d :

Proof. By equation (4.1), we have

Œg; yq� D
�
g; a

"1k1
1 � � � a

"dkd
d

�
D
�
g; a

"1k1
1

�s"2k22 ���s
"d kd
d C

�
g; a

"2k2
2 � � � a

"dkd
d

�
D � � �

D

dX
iD1

�
g; a

"iki
i

�s"iC1kiC1iC1 ���s
"d kd
d :

Then for every i with ki � 1, we have

�
g; a

"iki
i

�
D

ki�1X
lD0

�
g; a

"i
i

�s"i li
by equation (4.2). Hence, the lemma holds.

In this subsection, we construct subgroups Qn � Q and Mn � N , and finite sub-
sets In � Q and Tn; Pn � Mn such that Fn D bInPn is a Følner sequence of G. We will
apply Theorem 2.16 to them in the next subsection.

For n 2 N, we set mn D n � ŒU W R� 2 N, Vn D ¹v2mn j v 2 V º � V , and Qn D
R � Vn � Q. Recall Notation 4.12. The next lemma is clear.

Lemma 5.2. The following conditions hold:

(i) R � Qn and Qn ! R in Sub.Q/.

(ii) In WD BQ.2mn; †Q/ is a finite-to-one transversal for Qn in Q.

Let On be the ZŒQ�-submodule of N generated by®
Œg; a

2mn
i � j g 2 G; c C 1 � j � d

¯
:

We regard N=On as a ZŒQ�-module. Let �n W N ! N=On be the quotient map. Let
Mn � N be the U -residue of On (Definition 4.10). The following is a consequence of
our observation in Section 4.
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Lemma 5.3. The following conditions hold:

(i) The action of Vn on N=On is trivial.

(ii) The subgroup Mn is R-invariant.

(iii) The map �njMn WMn ! N=On is a bijection.

Proof. (i) Since Vn is generated by ¹s2mni ºdiDcC1, it follows from Lemma 4.8.

(ii) Since R � U and Mn is U -invariant by Lemma 4.13, the claim holds.

(iii) This follows from Proposition 4.14.

Lemma 5.4. Set � 0n D .�njMn/
�1 ı �n W N !Mn. If P is a finite-to-one transversal for

a subgroup K �Mn in Mn, then P is also a finite-to-one transversal for � 0�1n .K/ in N .

Proof. Let P be a transversal for a subgroup K � Mn in Mn. Then Mn D
F
p2P pK

holds. Since � 0njMn D idMn , we have

N D � 0�1n .Mn/ D �
0�1
n

� G
p2P

pK

�
D

G
p2P

p � � 0�1n .K/:

Hence, P is a transversal for � 0�1n .K/ in N .

We set

X D ¹Œai ; aj � 2 N j 1 � i < j � dº;

Zn D ¹x
q
2 N j x 2 X; q 2 BQ.2mn � 1;†Q/º;

and

Tn D

²X
z2Zn

kzz 2 N

ˇ̌̌̌
jkzj � n

2 for every z 2 Zn

³
:

Note that Tn � TnC1 for every n and
S
n Tn DN . By Lemma 4.13,Zn �Mn and thus

Tn �Mn holds.

Lemma 5.5. The sequence Tn is adapted to the sequence bIn, that is, for all g 2 G and all
ˆ � N finite,

j¹h 2 Fn j Œg; h�Cˆ � Tnºj

jFnj
! 1 .n!1/: (5.1)

Proof. Let g 2 G and let ˆ � N be a finite subset. Take n0 2 N so that

¹Œg; a˙1i � j 1 � i � dº [ˆ � Tn0 :

Set Jn D BQ.2.mn � mn0/ C 1; †Q/ � In for n > n0. Note that Zqn0 � Zn for every
q 2 Jn since JnBQ.2mn0 � 1; †Q/ � BQ.2mn � 1; †Q/. Thus for every q 2 Jn, we
have

T qn0 �

²X
z2Zn

kzz 2 N

ˇ̌̌̌
jkzj � n

2
0 for every z 2 Zn

³
:
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Since n2=mn !1, we have n20.mnd C 1/ � n
2 for every n sufficiently large. Fix such

n > n0. We show that Œg; yq�Cˆ � Tn for every q 2 Jn. If q D s"1k11 � � � s
"dkd
d
2 Jn with

"i 2 ¹˙1º and ki � 0, then by Lemma 5.1 we have

Œg; yq� D
X
1�i�d

ki�1X
lD0

Œg; a
"i
i �
s
"i l

i s
"iC1kiC1
iC1 ���s

"d kd
d : (5.2)

Then each term Œg; a
"i
i �
s
"i l

i s
"iC1kiC1
iC1 ���s

"d kd
d of the right-hand side is in the set²X

z2Zn

kzz 2 N

ˇ̌̌̌
jkzj � n

2
0 for every z 2 Zn

³
since Œg; a"ii � 2 Tn0 and s"i li s

"iC1kiC1
iC1 � � � s

"dkd
d

2 Jn. Also since the right-hand side of
equation (5.2) has at most mnd terms,

Œg; yq� 2

²X
z2Zn

kzz 2 N

ˇ̌̌̌
jkzj � n

2
0mnd for every z 2 Zn

³
:

It follows from ˆ � Tn0 and n20.mnd C 1/ � n
2 that

Œg; yq�Cˆ �

²X
z2Zn

kzz 2 N

ˇ̌̌̌
jkzj � n

2
0.mnd C 1/ for every z 2 Zn

³
� Tn:

Hence, we have

j¹q 2 In j Œg; yq�Cˆ � Tnºj

jInj
�
jJnj

jInj
! 1 .n!1/:

Let Ln be the subgroup of N generated by Zn. Let Yn � Ln be a basis of Ln as a free
abelian group. Note that the sequence²X

y2Yn

kyy 2 Ln

ˇ̌̌̌
ky 2 Œ0; l� for every y 2 Yn

³
.l D 1; 2; : : :/

is a Følner sequence of Ln. Thus, we can take ln 2 N so that the set

Pn WD

²X
y2Yn

kyy 2 Ln

ˇ̌̌̌
ky 2 Œ0; lnnŠ � 1� for every y 2 Yn

³
is .Tn; 1=n/-invariant, that is, jPn \ .f C Pn/j � .1� 1=n/jPnj for every f 2 Tn. Since
Zn �Mn, we have Pn � Ln �Mn.

Lemma 5.6. The sequence Fn WD bInPn is a Følner sequence of G.
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Proof. Since G is generated by ¹aiºdiD1, it suffices to show that

jFn \ aiFnj

jFnj
! 1 .n!1/

for every 1 � i � d . Fix 1 � i � d . Take n0 2 N so that ¹Œai ; a˙1j �ºijD1 � Tn0 . Set
Jn D BQ.2.mn �mn0/C 1;†Q/ � In for n > n0. Then for every q 2 Jn, we have

T qn0 �

²X
z2Zn

kzz 2 N

ˇ̌̌̌
jkzj � n

2
0 for every z 2 Zn

³
as proved in the proof of Lemma 5.5. Since n2=mn!1, we have n20mni � n

2 for every n
sufficiently large. Fix such n> n0. Let q D s"1k11 � � � s

"dkd
d
2 Q with "j 2 ¹˙1º and kj � 0

for 1 � j � d . Then we have

ai yq D aia
"1k1
1 � � � a

"dkd
d

D aia
"1k1
1 � � � a

"iki
i � a

"iC1kiC1
iC1 � � � a

"dkd
d

D a
"1k1
1 � � � a

"iki
i ai

�
ai ; a

"1k1
1 � � � a

"iki
i

�
� a
"iC1kiC1
iC1 � � � a

"dkd
d

D a
"1k1
1 � � � a

"iki
i aia

"iC1kiC1
iC1 � � � a

"dkd
d
�
�
ai ; a

"1k1
1 � � � a

"iki
i

�s"iC1kiC1iC1 ���s
"d kd
d ;

where the last equation follows from�
a
"iC1kiC1
iC1 � � � a

"dkd
d

��1�
ai ; a

"1k1
1 � � � a

"iki
i

��
a
"iC1kiC1
iC1 � � � a

"dkd
d

�
D
�
ai ; a

"1k1
1 � � � a

"iki
i

�s"iC1kiC1iC1 ���s
"d kd
d :

Set fq D Œai ; a
"1k1
1 � � � a

"iki
i �s

"iC1kiC1
iC1 ���s

"d kd
d . Then

ai yq D a
"1k1
1 � � � a

"iki
i aia

"iC1kiC1
iC1 � � � a

"dkd
d
� fq (5.3)

holds. We show that fq 2 Tn if q 2 Jn. By Lemma 5.1, we have

fq D
�
ai ; a

"1k1
1 � � � a

"iki
i

�s"iC1kiC1iC1 ���s
"d kd
d D

X
1�j�i

kj�1X
lD0

�
ai ; a

"j
j

�s"j lj s
"jC1kjC1
jC1 ���s

"d kd
d : (5.4)

If q 2 Jn, then each term Œai ; a
"j
j �

s
"j l

j s
"jC1kjC1
jC1 ���s

"d kd
d of the right-hand side is in²X

z2Zn

kzz 2 N

ˇ̌̌̌
jkzj � n

2
0 for every z 2 Zn

³
since Œai ; a

"j
j � 2 Tn0 and s"j lj s

"jC1kjC1
jC1 � � � s

"dkd
d

2 Jn. Also since the right-hand side of
equation (5.4) has at most mni terms, we have

fq 2

²X
z2Zn

kzz 2 N

ˇ̌̌̌
jkzj � n

2
0mni for every z 2 Zn

³
� Tn
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as desired. The last inclusion follows from n20mni � n
2.

Now since Pn is .Tn; 1=n/-invariant, we have

jPn \ .�fq C Pn/j � .1 � 1=n/jPnj (5.5)

for every q 2 Jn. On the other hand, if q 2 s�1i In, then we have

a
"1k1
1 � � � a

"iki
i aia

"iC1kiC1
iC1 � � � a

"dkd
d
D csiq 2 bIn

and thus by equation (5.3)

ai yq.�fq C Pn/ D a
"1k1
1 � � � a

"iki
i aia

"iC1kiC1
iC1 � � � a

"dkd
d
� .fq � fq C Pn/ � bInPn;

where we are using multiplicative notation inG and additive notation inN . It follows thatG
q2In\s

�1
i In

ai yq.Pn \ .�fq C Pn// � Fn \ aiFn:

Then by inequality (5.5), we have

jFn \ aiFnj �
X

q2Jn\s
�1
i In

jPn \ .�fq C Pn/j � jJn \ s
�1
i Inj � .1 � 1=n/jPnj:

Hence, we have

jFn \ aiFnj

jFnj
�
jJn \ s

�1
i Inj

jInj
� .1 � 1=n/! 1 .n!1/:

The following lemma is used in the next subsection to show that Fn is a finite-to-one
transversal for some subgroups in G. The proof is inspired by the proof of Lemma 10.9
of [9].

Lemma 5.7. If K � N is a finite index subgroup, then Pn is a finite-to-one transversal
for K \Mn in Mn for every n sufficiently large.

Proof. Let K � N be a finite index subgroup and set k D ŒN W K�. Since Ln ! N in
Sub.N /, there exists n0 2 N such that ŒLn W Ln \ K� D k for every n � n0. Let n �
max¹k; n0º. Then

kLn D

²X
y2Yn

kyy 2 Ln

ˇ̌̌̌
ky 2 kZ for every y 2 Yn

³
� Ln \K

holds since all k-th power is trivial in Ln=.Ln \K/. Recall that Yn is a basis of the free
abelian group Ln and

Pn D

²X
y2Yn

kyy 2 Ln

ˇ̌̌̌
ky 2 Œ0; lnnŠ � 1� for every y 2 Yn

³
:
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Since n� k, the integer k divides lnnŠ and thus Pn is a finite-to-one transversal for kLn in
Ln. Hence, it is a finite-to-one transversal for Ln \K in Ln. Now we have Ln �Mn and
kD ŒLn WLn \K�� ŒMn WMn \K�� ŒN WK�D k. Thus ŒLn WLn \K�D ŒMn WMn \K�

holds. It follows that every transversal for Ln \K in Ln is also a transversal for Mn \K

in Mn. Hence, Pn is a finite-to-one transversal for Mn \K in Mn.

5.2. Construction of the finite index subgroups

Recall Notation 2.8. In this subsection, we prove that the Følner sequence .Fn/ constructed
in Lemma 5.6 satisfies the following:

(#R) IfH � G is a subgroup withQH D R and ŒN W NN .H/� <1, then there exists
a sequence of finite index subgroups Kn � G such that the sequence of pairs .Kn; Fn/ is
a Weiss approximation of H .

This part is essentially the same as [9, Section 10], and the lemmas below are proved
quite analogously. However, the setting is changed at some points, so we give their proofs
for the reader’s convenience.

Let H � G be a subgroup with QH D R and ŒN W NN .H/� <1. We will construct
a sequence of finite index subgroups Kn � G with ŒKn� D ŒQn; Nn; ˛n�. The subgroups
Qn D R � Vn are already defined. Now we define Nn.

Lemma 5.8 ([9, Lemma 10.4]). For every n 2 N, there exists a finite index subgroup
Nn � N such that On � Nn; NH \ Mn � Nn; NH \ Tn D Nn \ Tn, and Nn is
Qn-invariant.

Proof. Let �n WD Q ËN=On be the semidirect product induced from the ZŒQ�-structure
on N=On. It is finitely generated since N=On is a finitely generated ZŒQ�-module.
The subgroup �n.NH \Mn/ � N=On is Qn-invariant. Indeed, NH is R-invariant since
QH D R, Mn is R-invariant by Lemma 5.3 (ii), and Vn acts on N=On trivially by
Lemma 5.3 (i). Hence, fHn WD Qn � �n.NH \Mn/ � �n

is a subgroup. Since Qn is finite index in Q, the subgroup Qn � N=On � �n is
finitely generated. Then by Proposition 2.11 (take G; N; H; T of Proposition 2.11 to
be �n; N=On; fHn; �n.Tn/), there exists a finite index subgroup fNn � N=On such
that �n.NH \Mn/ \ �n.Tn/ D fNn \ �n.Tn/, �n.NH \Mn/ � fNn, and fNn is Qn-
invariant. Now we set Nn D ��1n .fNn/. Clearly NH \Mn � Nn and Nn is Qn-invariant.
Also, ker �n D On � Nn holds. Finally, since Tn � Mn and �njMn is injective by
Lemma 5.3 (iii), NH \ Tn D Nn \ Tn holds.

Next we define ˛n and Kn.

Lemma 5.9 ([9, Lemma 10.6]). There exist n0 2 N and finite index subgroups Kn � G
with ŒKn� D ŒQn; Nn; ˛n� defined for n � n0 such that the sequence ˛njR is consistent
with ˛H .
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Proof. Since NH \ Tn D Nn \ Tn and the sequence Tn is increasing to N , we have
Nn ! NH in Sub.N /. Then by Proposition 2.13, there exist homomorphisms ˛0n W R!
NG.Nn/=Nn for all n sufficiently large such that the sequence ˛0n is consistent with ˛H .
Then for each n, we extend ˛0n to ˛n W Qn ! NG.Nn/=Nn by ˛n.s

2mn
i / D a

2mn
i Nn for

c C 1 � i � d . This is well defined. Indeed, since Qn D R � Vn and Vn is a free abelian
group generated by ¹s2mni ºdiDcC1, it suffices to show Œg; a

2mn
i � 2 Nn for every g 2 G

and c C 1 � i � d . By the definition of On, Œg; a2mni � 2 On � Nn holds, and it is done.
Then ˛n satisfies ˛n.q/ D q for every q 2 Qn. There exists a unique Kn � G such that
ŒKn� D ŒQn; Nn; ˛n� by Proposition 2.9.

Now we show that the sequence .Kn; Fn/ is a Weiss approximation of H .

Lemma 5.10. We have Fn �H � Fn �Kn ! 0 in C.Sub.G//�.

Proof. It suffices to verify conditions (i)–(v) of Theorem 2.16. Recall that QH D R.
Condition (i) follows from Lemma 5.2 (i). Condition (ii) follows from Lemma 5.3 (ii).
Condition (iii) follows from Lemma 5.9. Condition (iv) follows from Lemma 5.8. Finally,
condition (v) follows from Lemma 5.5.

Lemma 5.11 ([9, Lemma 10.8]). For every n � n0, NN .H/ \Mn � NN .Kn/ holds.

Proof. Let f 2 NN .H/ \Mn and g 2 Kn. Set q D g 2 Qn. Then gf D g � Œg; f � and
Œg; f �D f 1�q 2 N . It suffices to show f 1�q 2 Nn. Write q D rv with r 2 R and v 2 Vn.
We have

f 1�q D f 1�r C f r.1�v/:

SinceQH DR, we can take h2H such that hD r . Then f 1�r D Œh;f �D h�1 � f �1hf 2
H since f 2 NN .H/. Also, we have f 1�r 2Mn since f 2Mn andMn is R-invariant. It
follows that f 1�r 2NH \Mn �Nn. On the other hand, f r.1�v/D f r � f rv 2On �Nn
since f r and f rv are in the same On-cosets by Lemma 5.3 (i). Hence, f 1�q 2 Nn
holds.

Lemma 5.12 ([9, Lemma 10.9]). For every n sufficiently large, Fn is a finite-to-one
transversal for NG.Kn/ in G.

Proof. Since ŒN WNN .H/� <1, the subset Pn is a finite-to-one transversal for NN .H/\
Mn in Mn for every n sufficiently large by Lemma 5.7. Fix such n � n0. Then Pn
is also a finite-to-one transversal for NN .Kn/ \ Mn in Mn by the previous lemma.
By Lemma 5.4, Pn is a finite-to-one transversal for � 0�1n .NN .Kn/ \Mn/ in N . Since
ker � 0n D On � Nn � NN .Kn/ and � 0njMn D idMn , we have � 0�1n .NN .Kn/ \Mn/ �

NN .Kn/. Hence, Pn is a finite-to-one transversal for NN .Kn/ in N . On the other hand,
In is a finite-to-one transversal for QNG.Kn/ in Q by Lemma 5.2 (ii) and Qn � QNG.Kn/.
Hence, Fn D bInPn is a finite-to-one transversal for NG.Kn/ inG by Proposition 2.10.
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We now have all the ingredients for the proof of our main theorem.

Proof of Theorem 1.3. LetH be a subgroup of G withQH D R and ŒN W NN .H/� <1,
and let Kn be a sequence of finite index subgroups of G constructed as above. By Lem-
mas 5.10 and 5.12, the sequence .Kn; Fn/ is a Weiss approximation of H by ignoring
small n. Hence, property (#R) holds for every R �Q. By Corollary 2.7,G is P-stable.

6. Limits of P-stable groups

Lemma 6.1. Let G be a countable group and Gk � G a sequence of subgroups such that
Gk ! G in Sub.G/. Assume that for every k, there exists a homomorphism pk W G! Gk
such that pkjGk D idGk . If Gk is P-stable for every k, then G is P-stable.

Proof. Let �n W G! Sym.n/ be an almost homomorphism. Let F � G be a finite subset.
It suffices to show that there exists a sequence of homomorphisms  n W G ! Sym.n/
such that dH.�n.g/;  n.g// ! 0 for every g 2 F . Fix k such that F � Gk . Since
�njGk W Gk ! Sym.n/ is an almost homomorphism, there exists a sequence of homo-
morphisms  0n W Gk ! Sym.n/ such that dH.�n.g/;  

0
n.g//! 0 for every g 2 F . Then

the sequence of homomorphisms  n WD  0n ı pk satisfies the required condition.

Proof of Corollary 1.4. Let F1 D ha1; a2; : : :i and Fk D ha1; : : : ; aki � F1 for every
k 2 N. Let ik W Fk=F 00k ! F1=F

00
1 be the homomorphism induced from the inclusion

Fk ! F1. Also let pk W F1=F 001 ! Fk=F
00
k

be the homomorphism induced from the
natural projection F1 ! Fk . Then we have pk ı ik D idFk=F 00k . Since Fk=F 00k is P-stable
for every k by Theorem 1.3, so is F1=F 001 by Lemma 6.1.
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