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Free metabelian groups are permutation stable

Hiroki Ishikura

Abstract. We prove that all finitely generated free metabelian groups are permutation stable by
verifying that all invariant random subgroups of them are co-sofic. This partially answers to the
question asked by Levit and Lubotzky whether all finitely generated metabelian groups are permu-
tation stable. Our proof extends the range of application of Levit and Lubotzky’s method, which is
used to show permutation stability of permutational wreath products of finitely generated abelian
groups, to non-split and non-permutational metabelian groups.

1. Introduction

Permutation stability of groups gets attention in recent years, and many groups have been
found to be permutation stable. The aim of this paper is to give a new example of such
groups.

Definition 1.1. Let Sym(n) be the symmetric group of degree n. The Hamming metric
dy on Sym(n) is defined by du(o, t) = %|{k e{l,...,n}|ak) # t(k)}|

Definition 1.2. Let G be a countable group. An almost homomorphism is a sequence
(¢n : G — Sym(n)), of maps such that dy(¢n(gh). ¢n(g)Pn(h)) — 0 (n — o0) for all
g, heq.

We call G permutation stable (or P-stable for short) if for every almost homomor-
phism (¢, : G — Sym(n)),, there exists a sequence of homomorphisms (Y, : G —
Sym(n)), such that dy(¢,(g), ¥ (g)) — 0 (n — oo) forevery g € G.

Let F be a free group and let F” be its second derived subgroup. The group F/F” is
called a free metabelian group. Our main theorem is the following.

Theorem 1.3. All finitely generated free metabelian groups are P-stable.

By viewing a countably generated free metabelian group as a suitable limit of finitely
generated metabelian groups, one can remove the assumption of finite generation (see
Section 6).
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Corollary 1.4. All countable free metabelian groups are P-stable.

Historically, it is a classical question in operator theory whether “almost commut-
ing” matrices are “near” commuting matrices. For example, let U(n) be the unitary
group of degree n and ||| a norm on the set of n x n matrices. If A,, B, € U(n)
with |4, By, — By Anll — 0 (n — o0), then do there exist 4}, B, € U(n) such that
Al B, = B, A, and ||A, — A, || + ||Bn — B},]| = 0 (n — 00)? This asks the stability
of the relation xy = yx with respect to the unitary matrices and the norm. The answer to
this question is “No” for the operator norm [13], but “Yes” for the normalized Hilbert—
Schmidt norm [7]. P-stability is a discrete version of this stability, that is, it considers
permutations instead of matrices. Indeed, if (U(n), ||-||) is replaced by (Sym(n), dy), then
the question asks whether the group Z? = (x, y | xy = yx) is P-stable.

The first examples of P-stable groups are found in [8], where all finite groups are
shown to be P-stable. In [3], all finitely generated abelian groups (e.g., Z?) are shown to
be P-stable.

Recently, great progress was made by [5], which relates P-stability with invariant
random subgroups.

Theorem 1.5 ([5, Theorem 1.3]). Let G be a finitely generated amenable group. Then G
is P-stable if and only if every invariant random subgroup of G is co-sofic.

We refer to Definition 2.1 for the terminology. Invariant random subgroups are a notion
generalizing normal subgroups and lattices simultaneously, introduced by [1]. Co-soficity
is introduced by [6]. Theorem 1.5 is applied to finding a lot of P-stable groups, such as
virtually polycyclic groups, the Baumslag—Solitar groups BS(1, n) for all n € Z [5], the
Grigorchuk group [14], and other uncountably many groups [10].

However, characterizing co-soficity of arbitrary invariant random subgroups is still
difficult even for solvable groups. Levit and Lubotzky [9] give the following P-stable
examples of finitely generated metabelian groups by combining Theorem 1.5 with the
pointwise ergodic theorem.

Theorem 1.6 ([9, Theorem 1.4]). Let A and Q be finitely generated abelian groups,
and X a set on which Q acts with only finitely many orbits. Then the semidirect product
0 x Py A induced from the action of Q on X is P-stable.

In [9, Section 1.5], it is asked whether all finitely generated metabelian groups are
P-stable. Our Theorem 1.3 answers to this question affirmatively for all free metabelian
groups that are basic examples of non-split metabelian groups.

Remark 1.7. Let A, Q, X be as in Theorem 1.6. We regard N = Py A as a Z[Q]-
module. An extension of O by N such that the conjugation on N induces the given
Z[Q]-structure is called a permutational metabelian group in [9]. They conjecture that
all permutational metabelian groups are P-stable. The group F,/F; is permutational
metabelian, but Fy/F] is notif d > 3 (see Theorem 4.4).
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Remark 1.8. Finitely generated free metabelian groups are already shown to be Hilbert—
Schmidt stable, that is, they are stable with respect to the unitary groups and the
normalized Hilbert—Schmidt norm [11].

Our proof of Theorem 1.3 basically follows the method of [9]. The main part is the
construction of a Fglner sequence with special properties (see Section 2.1). However, there
are two differences between the setting of [9] and ours. First free metabelian groups are
not split metabelian, that is, there is no natural lift of the quotient group QO = F;/F}
to Fy/F a’,/ . Hence, we have to choose a lift and work with it. Lemma 5.1 is an elemen-
tary but useful observation. The second difference is that if d > 3, then F;/F ‘;/ is not
permutational metabelian, and this makes the Z[Q]-structure on the commutator sub-
group N = F/F7 complicated. To apply the method of [9], we need to find a sequence
of subgroups M, < N indicated in Theorem 2.16, and this is the most non-trivial part.
Proposition 4.14 is important to find such subgroups.

As a final remark, P-stability of free solvable groups of derived length greater than 2
(i.e., F/F® where F is a free group and F® is its k-th derived subgroup with k > 3)
is not known. The proof for free metabelian groups essentially relies on Hall’s theorem
that all finitely generated metabelian groups are residually finite. Indeed, this is used to
show [9, Proposition 5.2] (Proposition 2.11). This does not hold for free solvable groups of
derived length greater than 2, so we do not know even whether any Dirac IRS on a normal
subgroup is co-sofic. These groups are known to be not locally extended residually finite
(LERF) [2], that is, they have a subgroup which is not a limit of finite index subgroups (in
the sense of Definition 2.1), but the subgroup constructed in [2] is not normal.

Organization of the paper. In Section 2, we review the terminology and tools estab-
lished by [9]. In Section 3, we consider the division in the ring of Laurent polynomials
with finitely many variables and coefficients in Z. This is preparation for Section 4, in
which we investigate the commutator subgroup of free metabelian groups. Then we prove
Theorem 1.3 in Section 5, and prove Corollary 1.4 in Section 6.

2. Levit and Lubotzky’s method

2.1. Weiss approximation

Let G be a countable group in this subsection.

Definition 2.1 ([6, Definition 15]). Let Sub(G) be the set of subgroups of G, and regard
it as a closed subspace of 29 with respect to the product topology. We endow the set
C(Sub(G))* with the weak* topology. An invariant random subgroup (or IRS for short)
of G is a Borel probability measure on Sub(G) invariant under the conjugation by G. A
finite index IRS of G is an IRS of G supported on the set of finite index subgroups of G.
A co-sofic IRS of G is a weak*-limit of finite index IRSs of G.
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Definition 2.2 ([9, Section 3]). Let H < G be a subgroup.

(i) Let 8y € C(Sub(G))* denote the Dirac measure on H. For a non-empty finite
subset F C G,set F x H = |Tl\ Y ger Sgrg—1 € C(Sub(G))*.

(ii) A subset F' C G is atransversal for H in G if G = UgeF gH . Also, F is a finite-
to-one transversal for H in G if F is a disjoint union of finitely many transversals
for H in G.

Notation 2.3. Let H, K < G be a subgroup. Let Ng (H ) denote the normalizer of H, that
is, Ng(H) ={g e G| gHg ! = H). Alsoset Ny (H) = Ng(H) N K.

Definition 2.4 ([9, Section 3]). Let H < G be a subgroup. Let F,, C G be a sequence of
non-empty finite subsets and K,, < G a sequence of finite index subgroups. The sequence
of pairs (K, Fy,) is a Weiss approximation of H if F, is a finite-to-one transversal for
Ng(Ky) in G for every n and F,, * H — F, x K,, — 0in C(Sub(G))*.

Theorem 2.5 ([9, Theorem 3.10]). Let u be an IRS of an amenable group G and (Fy)
a Fplner sequence of G. Suppose for p-a.e. H € Sub(G), there exists a sequence of
finite index subgroups K, < G such that the sequence of pairs (K,, F,) is a Weiss
approximation of H. Then ( is a co-sofic IRS of G.

Proposition 2.6 ([9, Proposition 5.3]). Let G be a finitely generated group. Suppose a
normal subgroup N < G and the quotient group G/ N are abelian. Let jt be an IRS of G.
Then for p-a.e. H € Sub(G), [N : Ny (H)] < oo holds.

The following corollary is used in [9, Section 11] to prove their main theorem. We state
it explicitly to make our argument simple, and give its proof for the reader’s convenience.

Corollary 2.7 ([9]). Let G be a finitely generated group. Suppose N <1 G and Q = G/N
are abelian groups. Also suppose that every subgroup R < Q admits a Fplner sequence
(Fy) of G satisfying the following property (#g):
(#r) If H < G is a subgroup with HN/N = R and [N : Ny (H)] < oo, then there
exists a sequence of finite index subgroups K, < G such that the sequence of
pairs (Ky, Fy) is a Weiss approximation of H.

Then G is P-stable.

Proof. By Theorem 1.5, it suffices to show that every IRS of G is co-sofic. Let u be
an IRS of G. By the Krein—Milman theorem, p is a weak*-limit of convex combina-
tions of ergodic IRSs of G. Thus, we may assume that u is ergodic. Since the map
H € Sub(G) — HN/N e Sub(Q) is G-invariant, it is constant on a p-conull set. Let
R € Sub(Q) be the constant. By Proposition 2.6, the set

A:={H €Sub(G) | HN/N = Rand [N : Ny(H)] < oo}
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is pu-conull. By property (#g), for every H € A, there exists a sequence of finite index
subgroups K, < G such that (K,, F;) is a Weiss approximation of H. By Theorem 2.5,
L 1s co-sofic. ]

2.2. A sufficient condition to be a Weiss approximation

Let G be a group and N < G a normal subgroup. Set Q = G/N.

Notation 2.8 ([9, Section 4.1]). For a subgroup H < G, we set
* Qu=HN/N =0,

e Ny =NnNH,and

* letay : Qg — H/Npg be the natural isomorphism.

We denote [H] = [Qn, N, ag]. Note that ag(q) = g for every ¢ € Qp, where
¢ € H/Ng — & € G/N denotes the natural quotient.

Proposition 2.9 ([9, Proposition 4.1]). Let R < Q, M < N be subgroups and o : R —
Ng(M)/M a homomorphism satisfying a(q) = q for every q € R. Then there exists a
unique subgroup H < G such that [H] = [R, M, a].

Let ¢ € Q + g € G be a (set-theoretic) section of the quotient map. For a subset
I cQ,wesetl ={geG|qgel}

Proposition 2.10 ([9, Proposition 4.3]). Let H < G be a subgroup and let I C Q and
T C N be transversals for Qg in Q and Ny in N, respectively. Then I T is a transversal
for HinG.

Assume that G is finitely generated, and Q and N are abelian in the rest of this section.
We use additive notation for the group operation in N (and use multiplicative notation
for Q). The action of Q on N is induced from the conjugation by G.

Proposition 2.11 ([9, Proposition 5.2]). Let H < G be a subgroup such that HN is
finitely generated. Then for any finite subset T C N, there exists a finite index subgroup
M < N suchthat Ny NT =M NT, Ny <M, and M is Qg -invariant.

Definition 2.12. Let I" and A be groups and A, A, < A subgroups for n € N. Follow-
ing [9, Definition 6.1], we say that a sequence of homomorphisms ¢, : I' — Na (A,)/ A,
is consistent with a homomorphism ¢ : I' — N (A)/A if for every y € I', there exists
A € A such that ¢, (y) = AA, and ¢(y) = AA for every n.

Proposition 2.13 ([9, Corollary 6.3]). Let H < G be a subgroup and N, < N be a
sequence of Q g-invariant subgroups such that N, — Npg in Sub(N). Then there exist
homomorphisms oy, : Qg — Ng(Ny)/ N, defined for all n sufficiently large such that the
sequence oy, is consistent with opy.
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Definition 2.14 ([9, Definition 7.2]). Let T,, C N and F, C G be sequences of non-empty
finite subsets. The sequence T} is adapted to the sequence F, if for every g € G and every
finite subset ® C N,

WheFullghl+@CTujl |
|l

1 (1> o). @1

Remark 2.15. By taking g to be the identity of G, convergence (2.1) implies ® C T, for
every n sufficiently large. Hence, if 7}, is adapted to some Fy,, then [ J, ﬂkzn Ty = N
holds.

Theorem 2.16 ([9, Theorem 7.5]). Let H < G be a subgroup with [N : Ny (H)] < co. For
everyn € N, let K, < G be a finite index subgroup with [K,] = [Qn, Nu, otn], My < N
a subgroup, and I, C Q and T,, C M, non-empty finite subsets. Assume that they satisfy
the following conditions:

(i) QO < Qnpand Q, — Qg in Sub(Q).

(i) M, is Qpy-invariant.

(iii) The sequence oy| gy, is consistent with ag.

@iv) NgNT, =N, NT, and Ng N My, < N,.
(v) The sequence T, is adapted to the sequence j;,

Then for any sequence P, C My of non-empty finite subsets, we have
(InPy) x H— (I, Py) * K, — 0 in C(Sub(G))*.

Remark 2.17. The original statement of [9, Theorem 7.5] is different from the above.
They assume the following two conditions (see [9, Definitions 7.1 and 7.3]):

(a) (Kn, My, Ty,) is a controlled approximation of H .

(b) I, P, is adapted to (Kn, My, Ty).
Condition (a) claims conditions (i)(iv) and |, (¢>, Tk = N holds. The last condition

follows from condition (v) by Remark 2.15. Condition (b) is stronger than condition (v),
but they only use condition (v) for the proof of this theorem.

3. Division of Laurent polynomials

Throughout the paper, we mean by an interval / C R the intersection / N Z if there is no
cause of confusion. Let N be the set of positive integers. Let [-] : R — Z be the ceiling
function, and |-| : R — Z the floor function.

Definition 3.1. Let ¢ € Z[s*'] be a nonzero polynomial. Let m be the smallest degree
of s in ¢ and let n be the non-negative integer such that m + n is the largest degree of s
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in ¢. We call the integer n the degree of ¢. We say that ¢ is monic if each of the coefficients
of s™ and s™*" belongs to {#1}.

Forn € N, set
M(n;s) = spang {s"™ | —=[n/2] <m < |n/2]} C Z[s*'].

Lemma 3.2. Let ¢ € Z[s*!] be a monic polynomial with degree n > 0. Then for every
V € Z[sT), there exists 6 € Z[sT"] such that y — 8¢ € M(n;s).

Proof. Let m be the smallest degree of s in ¢. Since M (n; s) is closed under linear combi-
nation with coefficients in Z, we may assume v = s* with k € Z. Suppose k > 0. We may
assume that the coefficient of s in ¢ is 1. Since s™™¢ € Z[s] is a monic polynomial
of s with degree n in the usual sense, there exists 6 € Z[s] such that the polynomial

skH/21=1 _g . sy € 7Z[s]
of s has degree less than n. Then by multiplying s'~"/21 to this polynomial, we have
sk —g7mH1=Mn/21g . g € M(n;s)

as desired. Next suppose k < 0. We may assume that the coefficient of s™ in ¢ is 1. Since
s M¢ € Z[s~'] is a monic polynomial of s~ with degree n in the usual sense, there
exists @ € Z[s~!] such that the polynomial

sk=n/2l g gm=my ¢ 7571
of s~1 has degree less than 7. Then by multiplying s/ to this polynomial, we have
sk— g m+n2lg .4 e M(n;s)
as desired. ]

Let d € N. Now we consider the ring Z[sf“, ... ,sfitl]. Forny,...,ngz € N U {oo},
set

M(ny,....ng:s1,...,8q) = spang {s{"" ---s7'* | m; € (—=[n;/2], [n;/2]] for every i}
C Z[sF', ... s3],

where (—[o0/27, |00/2]] means (—o0, 00).

Proposition 3.3. Let 1 <c¢ < d. For every 1 <i <, let ¢; € Z[siil] be a monic

polynomial with degree n; > 0. Then for every ¥ € Z[sftl, e sjfl], there exist 0; €
Z[sf“,...,sdil]forl <i<candd € M(ny,... ,ne,00,...,00,81,...,8q) such that

V=) 6idi + 1. (3.1

i=1
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Moreover, such A € M(ny,...,ne,00,...,00;81,...,8q) is unique, that is, if

c
= bigi + X
i=1
with 6] € Z[s{',....s3 1 and X' € M(ny,...,nc,00,...,00i51,...,54), then k. = 1.
We call equation (3.1) “division of W by {¢;}” and A the remainder of the division.

Proof. First we prove the existence by the induction on c. In the base case ¢ = 0,
there is nothing to prove. Now let ¢ > 1. By the induction hypothesis, there exists
6; € Z[si', ... s3] such that

c—1

W—ZG,-QS,- e M(ny,...,ne—1,00,...,00;81,...,54).

i=1

Thus, we may assume ¥ € M(ny,...,nc—1,00,...,00;81,...,84), and further ¥ =
syt Lsert ! withmg € (—[ni /2], Ln /2]] and 1// € Z[sF',....sF"] since every ele-
ment of M(nl, ee.yHe—1,00,...,00;81,...,54) is a linear combination with coefficients
in Z of polynomials of this form. Then v/’ is represented as ¥/ = Y, s¥ Y. for some
v, € ZIsEL. ... s3] Since M(ny,....nc,00,...,00;51,...,54) is closed under mul-
tiplying elements of Z[sci_ﬁl, .. s;,tl] we may assume ' = sf with k € Z. Then by
Lemma 3.2, there exists 6 € Z[sf,tl] such that ' — ¢, € M(n.; s.). Then we have

Y=l 0 e = ST ST (Y = Oe) € M(ny, . ne, 00, ... 00T, . ., 84).

The existence is proved.

Next we will prove the uniqueness. It suffices to show that if v = Y ;_, i €
M(ny, ... .nc,00,...,00;81,...,5¢) with 6; € Z[sF',... s3], then ¥ = 0. We call
such ® := (6;){_, a representation of . Suppose ¥ # 0. Let 0(®) be the smallest
integer i € [1, ¢] such that 6; # 0. We may assume that o(®) is the largest among all
the representations of ¥. Set j = 0(®). Let 7(®) > 0 be the difference between the
largest and the smallest degrees of s; in 6;. We may assume that 7(®) is the smallest
among all the representations of v satisfying o(®) = j. Let [ and m be the small-
est degrees of s; in 6; and ¢;, respectively. For j <i <c¢, set ; =) s]].‘u,-,k with

Wik € Z[siEL, ... ,sfc_ll,sﬁrll, ....s3"]. Note that

m+7(0)
D Sk
k=m
holds. Also let the polynomial ¢; € Z[s]il] be represented as

I+n;

= o
k=l
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with a, € Z.

Toward deducing a contradiction, we first assume m + [ < —[n;/2]. Then the sum
of the terms of 0;¢; whose degree of s; is m + [ is als]'.”"’luj,m. For i > j, the sum of
the terms of 6;¢; whose degree of s; is m + [ is sj’."+lu,~,m+l¢i. Since ¥ = Zf;j O;¢p; €
M(ny,...,n¢,00,...,00;81,...,54), the sum of the terms of ¥ whose degree of s; is
m + [ must be 0. Thus, we have

c
arfjm + Z Wim+19i = 0.
i=j+1

Note that a; € {£1} since ¢; is monic. Hence, we have

c
Y=y - (uj,m +at > ui,m+z¢i)s;-”¢j
i=j+1
c
= (6 — 57" 1jm)9j + Z (0 —a; s iims197) i
i=j+1
This gives a new representation ® = (0/){_, of ¥ such that 6] = 0 if i < j, and
0 =6 — s wjm = ZZL:;,(E? S]k,u,"k. Since 0(®) = j is the largest, we have 0 (®’) =
Jj. Then, however, 7(®") < 7(®) holds, which contradicts the assumption of 7(®) being
the smallest.
We next assume m + [ > —[n;/2]. The argument is analogous. The largest degrees

of s; in 0; and ¢; are m’ := m + ©(®) and I’ := | + n;, respectively. Then
m' +1">m+1+n;>—[n;/2] +n; = |n;/2]

holds. Since ¥ € M(ny,...,n.,00,...,00;51,...,57), the sum of the terms of ¥ whose
degree of s; is m’ 4 I’ must be 0. Hence, we have

c
apflim + Z /Li,m’+l’¢i =0
i=j+1

and

c
v o= (0 — " wim)ds + Z (6 — ap"s™ i w100 i

i=j+1
in the same way as above. This gives a new representation ® = (6/)¢_; of ¥ such that
0/ =0ifi < j,and 0] = 6; — sJ’-"/,uj,m/ = ?:;(6)_1 s]’-‘m,k. Again we have 0(Q') = j
and 7(®’) < 7(®), which is a contradiction. |

4. The commutator subgroup of free metabelian groups

Let G be a group and N < G a normal abelian subgroup. Set 0 = G/N.
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Notation 4.1. Let g € G — g € Q be the quotient map. We use additive notation for the
group operation in N. The right action N ¢~ Q is induced from the conjugation by G,
and it is denoted by & := g~ ! fg for f € N and g € G. We regard N as a right Z[Q]-
module with respect to this action, and the multiplication of f € N by ¢ € Z[Q] is denoted
by f®. Thatis, if ¢ = > geo Mg "4 € Z[Q] withng € Z, then f® = >_geo Mg S holds.

Remark 4.2. We keep using multiplicative notation for the group operation in Q even
when Q is abelian. Then for g1, ¢> € Q, the elements g; + ¢» and g1 ¢» of Z[Q] are distin-
guished. For f € N, note that 71792 = g7! fg; + g5 ! fgo and f9192 = g g7! fg192,
where g1, g» € G with g1 = ¢ and g2 = ¢».

Lemma 4.3. Forall g,h,k € G, we have
lg.hk] = [g.Kk] + [g. h]F. @1
Also forall g,h € G andn € N, we have
- —n—1
[g.h"] = [g. ] HIHth 4.2)
Proof. In general,
g, hk] = g_lk_lh_lghk = g_lk_lgk -k_lg_lh_lghk = [g, k] -k_l[g,h]k

holds, and we have equation (4.1). Then we have

g 1" = [g. "] + [g. A"
= g 2+ (g "+ g

- sh—1
]’l] 1+h+-+h ) -

=g
Let G = Fy/Fj withd > 2and N = G' = F;/F in the rest of this section. Let
{ai,...,ag} be a free generator of G and set s; = a; € Q for 1 <i < d. Then Q is the
free abelian group over the basis X ¢ := {s1,...,54}, and the group ring Z[Q] is identified
with Z[sf“, e, S‘:}:l]. Since N is the commutator subgroup of G, it is generated by the
set
X ={laj,a;] |1 <i<j<d}

as a Z[Q]-module.

Theorem 4.4 ([4, Theorem 3]). As Z[Q]-modules, the subgroup N can be identified with
(Bx Z[Q))/3, where 3 is the Z[Q]-submodule of Py Z[Q) generated by the subset

{lai, ;1'% + [ai,ax ] ™" + [aj.ax] ™ | 1 =i < j <k =d}.

In particular, if d = 2, then I = 0 and N is isomorphic to Z[Q].
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Corollary 4.5. Foralll <i < j <k <d, we have
[ai,a;] ™% + [a;,ar]¥ ' + [aj,a ] ™ =0 in N.
Lemma 4.6. Foralll <i < j <k <d andn € N, we have
lai.a; 1% = [a;. a;]+{ag. ap ] DOHEHETD g g 00T (43

and
](1—s,-)(s;1+s,;2+---+s,;") + [aj’ak](s,-—l)(s;1+s,:2+~~~+s,:")
4.4

lai, a1 = [a;,a;]+[a;, ak

in N.

Proof. By Corollary 4.5, we have

lai. ;1" = [a;, a) Gk DA stk

(sj =D A+s+-+s7~ 1)+[ (—s)A4sg+-+sph)

= lai, ak] aj.ai]

and obtain equation (4.3). By acting with 5;" to equation (4.3), we obtain equa-
tion (4.4). [ ]

Foreach 1 < j < d,let 0 be the subgroup of Q generated by {s,-}{.=1
Proposition 4.7. For every f € N, there exists a unique family (¢; j)1<i<j<a of elements

of Z| Q] satisfying
() ¢i,; € Z[QW]foralli and j, and

(i) f =21<i<j<alai-aj]®.
Proof. First, we prove the existence. Set
= zro\)
N= %" laia)* e
1<i<j<d

Clearly X C N. Since N is generated by X as a Z[Q]-module, it suffices to show that

N is Q-invariant. Let 1 <i < j < d and ¢ € Z[QV)]. We show [a,,a]]"’ i e N for
everyl <k <d.Ifk < j,then ¢s € Z[Q Y] and it is done. Suppose k > j. Then by
equations (4.3) and (4.4), we have

[ai.a;1%% = [a;, a;]® + [ai, ax]® ™V + [aj, ax]?0 ™)

and
i a1 = [a. a1 + [ ax]PO0%" 4 [y, a6 D%

By looking at the right-hand side, these are elements of N as desired.
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Next we will prove the uniqueness. By Theorem 4.4, it suffices to show the equa-
tion @15i<j5d[ai,aj]Z[Q(])] N3 = 0. We may assume d > 3 since if d = 2, then
3 = 0. Suppose 0 # f € @15i<j5d[ai,aj]Z[Qm] N 3. Since f € I, there exists a
family ® = (¢, k)1<i<j<k<a Of elements of Z[Q] such that

=Y (] +[ar.a¥ " + laj ag] =) P (4.5)

1<i<j<k<d

We call such ® a representation of f. Now we consider the lexicographic order on N3,
that is,

G jk)y<@G.j k)si<i'Vi=inj<j)Vi=inj=] rk=<k).

Let o(®) be the smallest (i, j, k) such that ¢; ; x # 0. We may assume that o (®P) is the
largest among all the representations of f. Set o (®) = (io, jo, ko). By equation (4.5), the
[aiy. aj,]-th coordinate of f is

Z(l - Sl)¢l,i0,jo + Z (Sl - l)d)i(),l,jo + Z(l - Sl)¢i0,j(),l' (46)
I<ig io<l<jo 1> jo
However, by the definition of o (®), we have ¢y ;, ;, = 0if ] <ig, ¢;, 1 j, =0ifig <! < jo,
and ¢;,, o1 = 0if jo <[ < ko. Thus, polynomial (4.6) is equal to

Z (1 - Sl)¢i(),j0,l'

leQ

. 0 ; .
Since f € D<i<j<a [a;,a;]%12™"] we have D iske (1= SD i jo1 € Z[Q 0], and this
must be 0, which is verified by substituting s; = 1 for [ > kg (note that s; ¢ Q). Hence,
we have

(1= ko) i joko = — Y (1 = 51)i jo.1- .7

l>k0

By Proposition 3.3 (consider division of ¢;, j, o, by {1 — 51}1>k,), We have

Piooko = Y (L=s)V1 + A

l>k0

for some ; € Z[Q] and A € Z[Q%0)]. Then substitute this into equation (4.7) and we
have

(1= s) Y (L=s)¥1 + (1= sk)A = = Y (1= 5)hig jo.-

1>k I>ko

Since (1 — sg,)A € Z[0%0)], we have A = 0 by Proposition 3.3 (uniqueness of the
remainder of division of both sides by {1 — s;};>,). Hence, we have

Piorjoko = Y (1= sV 4.8)

l>k(]
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Now we set o; jx = [ai. a;]'"™* + [a;, ar]¥ ™" + [aj,ax]' ™% for 1 <i < j <k <d.

Note that
1—s

Si—1
%k T

Sj si—1 __
i,j,l +atkl +a]kl =0

forany 1 <i < j <k <[ < d. Then by equation (4.8), we have

Big.jo.ko (A=sp¥ 1=sk, Sjo—1 1=sig Vi
%io, josko - Zaio,jo,ko - Z %o, josl +a %o kol +ajo ko,! :

I>ko I>ko
B dd O ¢10 Jo-ko + Z 1— Sko + + 1— —Sig ¥ @
y adding Yig. jo-ko 1>ko \%i. jo.! %o, ko l %o kol 0 equa-

tion (4.5), we have

o b; ik 1— Sko Sjo—l l—sio 14
f= Z @i jk + Z i, jol %io,ko,l + %o ko, :
1<i<j<k=<d 1>k
(@i,j,k)# o, joko)

This gives a new representation & = (¢lfjk) of f such that ¢l{jk =¢ijx =0 if
(i, j. k) < (io. jo. ko), and ¢;  , = 0. Then we have o(®') > (io, jo. ko) = 0(®),
which contradicts the assumption of o (®) being the largest. ]

Let1 <c <d.SetU = Q© and let V be the subgroup of Q generated by Ty :=
{s,-}sz_I. Fix n € N. Let O be the Z[Q]-submodule of N generated by the set

{lg.a?"]|g€G. c+1<i=<d).
Lemmads8. If f € Nandc +1<i <d, then f1=5" = —[f,a?"] € O holds.

Proof. In G (using multiplicative notation), we have [f, a?"] = a;*" fa?" f~!. Recall
from Notation 4.1 that ai_Z” fai = f s¢"  Hence in N (using additive notation), we have

—[fra? ) = —(f5" + Y = i = -
Lemma4.9. For1 <i < j <d, let O; ; be the ideal of Z|Q V)] generated by
(I—st" lkele+ LN U{l+se++sg" " kele+ 1, j1n{i, j}).

Then we have

0= > lai.aj]%. (4.9)

1<i<j<d

Proof. Let O be the right-hand side of equation (4.9). Let1 <i < j <d and ¢ € O; ;.
We show [a;, a j]¢ € 0. We may assume that ¢ is in the generator of the ideal O; ;,
that is, ¢ = 1 —sg" with k € [c + 1, j]\{i, j}, or ¢ = 1 + 55 + --- + s7"~! with
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kelc+1,7j1Nn{i, j}. In the first case, [ai,aj](l_s’%n) € O by the previous lemma. In
the second case, by equation (4.2) we have

1 . Zn—l . .
[aj,a;]" Tt = [a,-,ajz»"] €0 ifk=j,
and
g 2n—1 . .
la;,a;) T5it T = ~laj,a?" € O ifk =i.

Hence, O D O holds.
Now we show the converse. Note that forall g,# € G,andc +1 <k <d,

[eh.az"] = [g.a"]" + [h.a}"]
holds by equation (4.1), and

_ 71
[g l’ain] = _[g’ain]g

holds. Since G is generated by {a,-}flzl, O is generated by
A= {la;.a}") = [a;.ap ] |1 <i <d e+ 1 <k < d)

asa Z[Q]-module. Let 1 <i <d andc + 1 <k < d. Then we have

2n—1

1+ s + -+ 5% €0 ifi <k,

and
L+ s+ +s57" € O, ifi > k.

If i = k, then [a;, ax] = 0. It follows that A C O. Thus, it suffices to show that O is
Q-invariant. Let 1 <i < j < d and ¢ € O; ;. We show that [a,-,aj]sfl‘p € O for every
1 <k <d.Since O, ; is Q)-invariant, we may assume k > j. Then by equations (4.3)
and (4.4), we have

[ai’aj]sm — [al.’aj]¢ + [ai’ak](sj_l)‘ﬁ + [aj’ak](l—sl')tﬁ
and
-1 el —1)s!
lai,a;]% b — [a,-,aj]‘ﬁ + [a;, ap] 0% ¢ 4 [aj,ak](sl s ¢

It suffices to show that (1 —s;)¢ € O; x and (1 — ;)¢ € O; k. Since ¢ € O; ;, there exists
Yy € Z]QW] for ¢ + 1 <[ < d such that

o= 2 (=swm+ 3 (st +s7"
lele+1,j1\{i,j} lefe+1,j1n{i,j}
Then we have
(I=s)p= > (A=sH(l=s7")¥
le[e+1,71\{i,j}
+ legray(@) - (L=s5) (145 + -+ 57" )W
+ lerra1(G) - (1= 57") ;.
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+
and thus (1 —s;)¢ € O; . In the same way, (1 — ;)¢ € O; i holds. Hence, [a;, a;]% K=
O holds. ]

Definition 4.10. For 1 <i < j < d, define the subgroup M; ; < Z[0Y] as follows:
(i) Ifj <c,thenlet M; ; = Z[QW].
(ii) If j > ¢ + 1, then let M; ; be the Z[U]-submodule of Z[Q )] generated by

Me+1 mj
{sc+1 TS

Then we set

my € [—n —+ 1,]’1] fOrk S [C+ 17]]\{1»1}’ and
mg € [-n+ 1,n—1]fork € [c +1,j10{i, j}[

M= > [aia;]M. (4.10)

1<i<j<d

We call M the U -residue of O.
Remark 4.11. Let1 <i < j <d.Forl <k < j, define ny € N U {oo} by

ne = o0 lfk (S] [l,c],
nk=2n lka[C+17]]\{l»j}y

and
ny=2n—1 ifkefc+1,j1N{i,j}.

Then M; ; = M(ny,...,nj;s1,...,5s;) holds.

Notation 4.12. Let A be a finitely generated free abelian group over the basis X4 =
{$1,...,84}. Form € N, we set

Ba(m,Xy) = {slf‘ ---ssd € A|—[m/2] <k <|m/2] foreveryi}.
Lemma 4.13. The subgroup M is U -invariant and contains

{x’|xe X, veBp2n—1,%9)}.

Proof. Let 1 <i < j <d and ¢ € M; ;. We show that [a,-,aj]skilq’ € M for every
1<k<c.Ifj>c+1,then s,:c'“d) € M; ; since M; ; is U-invariant, and it is done. Now
suppose j <c.Ifk < j <c, then s;(tlzp e Z[QW] = M; ;,anditisdone. If j <k <c,
then by equations (4.3) and (4.4) we have

lai, a1 = [a;,a;]® + [ai, ap]® D + [aj’ak](l—sl')tﬁ

and
-1 R | L -1
[ai,a;]’ ¢ = [ai,aj]‘p + lai, )%+ [aj7ak](sl Dsi¢,
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. +1 .
Since ¢, s;, 5j, Sk € Z[Q(k)] = M;x = M;, we have [a;, a;]% % ¢ M. Hence, M is
U -invariant.

For the remaining claim, it suffices to show that

{x’|xeX,veBy2n—-1,Zy)} CM

since M is U-invariant. Let 1 <i < j <d andv =5, " ---s7¢ € By(Zy,2n —1). We

show that [a;,a;]” € M. If v is the identity of Q, it is clear. Otherwise, let k € [c + 1,d]
be the largest integer such that m; # 0. We prove by the induction on k. If k < j, then
veM,;since meqy,...,mg € [-n+ 1,n — 1], and thus [a;, a;]” € M holds. Suppose

k> jandsetw = s, "*v =577 -5 %" If my > 0, then by equation (4.3) we have

Lk . my—1
[Clivaj]v = [ai,aj]sk L — [ai,aj]w + [al‘,ak](sf_l)(l+sk+"'+3kk Yw
+ [ai’ak](I—Si)(1+sk+...+sl’:‘k—1)w.
If my. < 0, then by equation (4.4) we have
lai.a;]" = lai,a;]’x ¥ = la;,a;]" + [a;, a1 —sD 6+ s w
+ [aj , ak](Si—l)(s;1+s;2+.,.+sl’("k)w.
By the induction hypothesis, [a;,a;]* € M. It suffices to show that
(1—sj)sywe My and (1—s;)sfwe My

for every m € [-n + 1,n — 1]. This follows from

Spw = syt sk TS € Mg N My, (4.11)
spspw = sjsoit! ---s,’cnfils,tf" € Mg 4.12)
and
Sispw = sisp ---s,’("_kI‘s,'c" €My. (4.13)
Claim (4.11) holds since mc1,...,mg—1 € [-n+ 1,n —1].If j < c, then s;s"w € M;

since M, x is U-invariant. If j > ¢ + 1, then 5;5;"w € M; x sincem; + 1 € [-n + 1,n].
Thus claim (4.12) holds. Claim (4.13) also holds in the same way. Hence, [a;,a;]’ € M
is proved. ]

Proposition 4.14. Let w7 : N — N/O be the quotient map. Then the restriction 7|y :
M — N/O is a bijection.

Proof. Letl <i < j <d.Forl <k < j, we define ¢ eZ[s,:ctl]andnk € N U {oo} by

¢r =0, ny =00 ifk €[l,c],
¢ =1—s2". np=2n ifkelc+1,j1\{i.j}
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and
b =1+sp+-+s"", mpg=2n-1 ifkelc+ 1IN, }.
Then O; ; is the ideal of Z[Q )] generated by {¢k}£:1, and the equation
M;;=M@ny,...,n5581,...,8))

holds. By Proposition 3.3, we have M; ; + 0; ; = Z[QW] and M; ; N O; ; = 0.
Now we show the proposition. By Proposition 4.7, we have

N
1<i<j<d
Also, by equations (4.10) and (4.9), we have
M = Z [a,-,aj]M"’f and O = Z [ai,aj]oi’f.
1<i<j<d 1<i<j<d
Hence, we have
. . )
Mt0= T a0 = Y e a0 = N
1<i<j<d 1<i<j<d

and the surjectivity is proved.
Again by Proposition 4.7 (uniqueness), we have

woo=( ¥ et ) E )

1<i<j<d 1<i<j<d
= Z [al ’ a.i]Mi’j mOi’j = O'
1<i<j<d
The injectivity is proved. ]

5. Proof of Theorem 1.3

LetG = Fy/F)ford >2.SetN =G’ = F};/F and Q = G/N. We follow Notation 4.1.
Let R < Q be a subgroup. By Corollary 2.7, it suffices to construct a Fglner sequence
(Fy) of G satisfying property (#) in Corollary 2.7.

5.1. Construction of the Fglner sequence

Take subgroups U, V' < Q such that Q = U x V and R is a finite index subgroup of U.
Set ¢ = rank(U). Let {s1,...,5.} and {s¢+1, ..., 54} be generators of U and V, respec-
tively. We may assume that a; = s; for every 1 <i < d by taking a suitable free generator
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{ai,...,aq} of G since the natural map Aut(Fy) — Aut(Fy/F)) is surjective [12,
Chapter I, Proposition 4.4]. Set X g = {s1,...,54}.

Define the section ¢ € Q + g € G of the quotient map by § = ak1 . l;d if
q —slf‘ sl; with k1,..., kg € Z.

Lemma 5.1. Let g € G and q = sslkl ---s;"k“’ € Q with g; € {*1} and k; > 0 for
1 <i <d. Then we have

ki—1

&it1ki eqk
lg.4] = Z Z[g as,]s IS,JZ' Hgodkd

1<i<d [1=0
st ki>1

Proof. By equation (4.1), we have

[ etk ,_,a;dkd]

(g.9] = |g a

eqk ek
k17552 2sd &2k Sdkd]

=[g.a?™]” T+ [g.a37

sGi+1kivt | faka
d

=Y [g.ay™ ]

i=1

Then for every i with k; > 1, we have

ki—1 ol
lkl — i sil
[g.a7"] = > [2.4]
=0
by equation (4.2). Hence, the lemma holds. ]

In this subsection, we construct subgroups O, < Q and M, < N, and finite sub-
sets I, C Q and T,,, P, C M, such that F,, = E,P,, is a Fglner sequence of G. We will
apply Theorem 2.16 to them in the next subsection.

Forne N,wesetm, =n-[U:R| €N, V, ={v? |veVy<V,and Q, =
R x V, < Q. Recall Notation 4.12. The next lemma is clear.

Lemma 5.2. The following conditions hold:
i) R < Qpnand Q, — R inSub(Q).
(ii) In :=Bo(2my, X o) is a finite-to-one transversal for Qp in Q.

Let O, be the Z[Q]-submodule of N generated by
{[g,aizm”] lgeG. c+1=<j=d}

We regard N/O, as a Z[Q]-module. Let 7,, : N — N/O, be the quotient map. Let
M, < N be the U-residue of O, (Definition 4.10). The following is a consequence of
our observation in Section 4.
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Lemma 5.3. The following conditions hold:
(i) The action of V,, on N/ Oy, is trivial.
(ii) The subgroup M, is R-invariant.
(iii) The map wwy|m, : My — N/ Oy is a bijection.

2mn1d it follows from Lemma 4.8.

Proof. (i) Since V; is generated by {s;"" }{_ ., |,
(i) Since R < U and M,, is U-invariant by Lemma 4.13, the claim holds.

(iii) This follows from Proposition 4.14. ]

Lemma 5.4. Set it = (7y|p,) " o7ty : N — My, If P is a finite-to-one transversal for
a subgroup K < My in My, then P is also a finite-to-one transversal for ;' (K) in N.

Proof. Let P be a transversal for a subgroup K < My in M. Then M, = | |,cp pK
holds. Since 7, |pr, = idy,, we have

N =, (My) = n,’,—l( | ] pK) =||p &)

pPEP pPEP
Hence, P is a transversal for 7/, ! (K) in N. [ ]
We set

X:{[ai,aj]eN|1§i<j§d},
Z,={x1eN|xeX,qeBom, —1,%9)},

and
T, = { Z k;z e N ‘ k2| < n? for every z € Z,,}.
z€Zy

Note that 7, C Tj41 foreveryn and | J, 7, = N. By Lemma 4.13, Z,, C M,, and thus
T, C M, holds.

Lemma 5.5. The sequence T, is adapted to the sequence I/,; that is, forall g € G and all

® C N finite,
WheFullghl+@CTujl |

| Fnl

1 (n— o0). 6D

Proof. Let g € G and let ® C N be a finite subset. Take 19 € N so that
{lg.af" |1 <i <d}UDC Ty,

Set J, = Bo(2(my —my,) + 1, 9) C I, for n > ny. Note that Z;l, C Z, for every
q € Jy since J,Bo(2m,, — 1, Xg) C Bo(2m, — 1, X ). Thus for every g € J,, we
have

T,?O C { Z k,ze N ' lkz| < nﬁ for every z € Zn}.

z€Zy
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Since n?/m, — oo, we have n%(mnd + 1) < n? for every n sufficiently large. Fix such
n > ng. We show that [g, g] + ® C T, forevery g € J,. If ¢ = sflkl ---sg“kd € J, with
g; € {X1} and k; > 0, then by Lemma 5.1 we have

ki—1

eil eiy1k; eqk
g.q] = Z Z[gva?]si siittkiv_ e d. 52)

1<i<d 1=0

gl sipikigr | gakqg . ..
Then each term [g, a;*]% “i+1 "*a ~ of the right-hand side is in the set

{ Z k;ze N ' lkz] < n% for every z € Z,,}

z€Zy

since [g, a;'] € Ty, and sf"lsfijllk”‘ ---sZ,"k" € J,. Also since the right-hand side of
equation (5.2) has at most m, d terms,

lg.q] € { Z k;zeN ‘ lkz| < n3myd forevery z € Zn}.

z€Zy

It follows from ® C Ty, and n3(m,d + 1) < n? that

[g.4] +®C {Z k;z €N ' lkz| < nZ(mpd + 1) for every z € Z,,} C T.

z€Zy
Hence, we have

Hg €1nllg.ql+ P CTu}l _ |/l
[ £n] = |l

—-1 (n— 00). n

Let L, be the subgroup of N generated by Z,,. Let Y;, C L, be a basis of L,, as a free
abelian group. Note that the sequence

{ZkyyeLn

ky €[0,]] forevery y € Yn} (I=12,..)
Y€Y,

is a Fglner sequence of L,. Thus, we can take /, € N so that the set

P, :={ZkyyeLn

Y€EYy

ky €[0,l,n! — 1] forevery y € Yn}

is (T, 1/n)-invariant, that is, | P, N (f + P,)| = (1 — 1/n)|P,| forevery f € T,,. Since
Z, C M,,wehave P, C L, C M,.

Lemma 5.6. The sequence F,, := f;, P, is a Fplner sequence of G.
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Proof. Since G is generated by {a;}2_,, it suffices to show that

i=1°

| Fn Na; Fr|
| Fal

-1 (n— )

for every 1 <i <d.Fix 1 <i <d. Take ng € N so that {[a;, a7"']}'_; C Ty, Set
Jn =Bo(2(my —my,) +1,30) C I, for n > ng. Then for every g € J,, we have

q {Z k,z e N ‘ k2| fngforeveryz € Z,,}

zeZ,

as proved in the proof of Lemma 5.5. Since n? /m, — 0o, we have njmyi < n? for every n

sufficiently large. Fix suchn > ng. Letq = sf‘k‘ gdk" € Q withgj e {£1}andk; >0
for 1 < j < d. Then we have
a;q = a; af‘k‘ ~~a§"k"

_ alaslkl .”afiki . f'i:llki+l __‘aded

_ ai‘lkl ‘_afikia [al,ailkl ”_a;?iki] _aisi:llkiﬂ ._‘aded

— Cl‘i‘lkl . afikialafrllk,ﬂ . a;dkd [az , Cli‘lkl L afiki]sffﬁlki+l'"sfzdkd ’
where the last equation follows from

(afrllki+l ”'aded)_l[ai’aslkl ,,,alv?iki](afrllkiﬂ _”afidkd)

5+1kl+1 qkq
e1k sik ! it
= [a;,a]" -+ a1 ]i* K

A k i t+1k1+1 s Edkd

Set f; = [a,,a‘ilk1 . Then
&1k giki giv1ki eqk
q_all 1_”aiz zaiaii:ll t+1‘”add d_fq (53)

holds. We show that f; € T, if ¢ € J,. By Lemma 5.1, we have

kji—1
ek e qsCi ki Edkd J ot giviki+1 | eakq
1/1 i Ki i+1 A 1
fq = lai,a]™ -ai ] E E a;j,a; 5 5i% (54
1<j<i I=0

g Sirtkiv1 | eaka . S
If ¢ € J,, then each term [a;, aj’] URAS 4 of the right-hand side is in

{ Z k;.ze N ' k2] < n% for every z € Z,,}
z€Zy

. l ki . . .
since [a;, a; 7] € Ty, and s 8’ ]8’_:11 s ---szdkd € J,. Also since the right-hand side of
equation (5.4) has at most mnl terms, we have

€ {Z k;ze N ' lkz] < n%mni for every z € Z,,} cT,

z€Zy
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as desired. The last inclusion follows from ngmni <n?

Now since P, is (T}, 1/n)-invariant, we have
|Pn N (=fg + Pu)| = (1 = 1/n)| Pyl (5.5)

for every g € Jy. On the other hand, if ¢ € s; 17,, then we have

e1ky eiki _eivikiv1 edka _ 7
ay"teerai M aial ceay =s5iq € I,

and thus by equation (5.3)

- k ki sk k ~
aiq(—fg + Pn) = """ ---ai M aial T e al - (fg = fy 4 Pa) C 1o P,

where we are using multiplicative notation in G and additive notation in N . It follows that

I_l aié(an(_fq+Pn))CanaiFm
qel,ns;i ',

Then by inequality (5.5), we have

|FaNaiFyl > Y [P0 (=fg+ Pl = [Ja 057 | - (1= 1/n)| Pyl.
geJansy I,

Hence, we have

| F N aj Py - |Jn ﬁSi_lln|
[Fl 7 ||

-(1=1/n)—>1 (n— o0). |

The following lemma is used in the next subsection to show that F;, is a finite-to-one
transversal for some subgroups in G. The proof is inspired by the proof of Lemma 10.9
of [9].

Lemma 5.7. If K < N is a finite index subgroup, then P, is a finite-to-one transversal
for K N M, in M,, for every n sufficiently large.

Proof. Let K < N be a finite index subgroup and set k = [N : K]. Since L, — N in
Sub(N), there exists ng € N such that [L, : L, N K] = k for every n > ng. Let n >
max{k, ng}. Then

kLn:{ZkyyeLn

Y€Yn

ky € kZ forevery y € Yn} <L,NK

holds since all k-th power is trivial in L, /(L, N K). Recall that Y, is a basis of the free
abelian group L, and

Pnz{ZkyyeLn

€Yy,

ky €[0,l,n! — 1] forevery y € Y,,}.
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Since n > k, the integer k divides [,n! and thus P, is a finite-to-one transversal for kL, in
L,,. Hence, it is a finite-to-one transversal for L,, N K in L,. Now we have L, < M, and
k=[L,:Ly,NK]|<[M,  MyNK|]<[N:K]=k.Thus[L,:L,NK]=[M,: M,NK]
holds. It follows that every transversal for L,, N K in L, is also a transversal for M,, N K
in M,,. Hence, P, is a finite-to-one transversal for M,, N K in M,,. [

5.2. Construction of the finite index subgroups

Recall Notation 2.8. In this subsection, we prove that the Fglner sequence ( F;,) constructed
in Lemma 5.6 satisfies the following:

(#gr)If H < G is a subgroup with Qg = R and [N : Ny (H)] < oo, then there exists
a sequence of finite index subgroups K, < G such that the sequence of pairs (K, F},) is
a Weiss approximation of H .

This part is essentially the same as [9, Section 10], and the lemmas below are proved
quite analogously. However, the setting is changed at some points, so we give their proofs
for the reader’s convenience.

Let H < G be a subgroup with Qg = R and [N : Ny (H)] < co. We will construct
a sequence of finite index subgroups K, < G with [K,] = [Q#, Ny, a,]. The subgroups
0n = R x V,, are already defined. Now we define N,,.

Lemma 5.8 ([9, Lemma 10.4]). For every n € N, there exists a finite index subgroup
N, < N such that O, < N,, Ny "M, <N,, NgNT, =N, N T,, and N, is
Qn-invariant.

Proof. Let 'y, := O x N/O, be the semidirect product induced from the Z[Q]-structure
on N/Oy. It is finitely generated since N/O,, is a finitely generated Z[Q]-module.
The subgroup 7, (Ng N My,) < N/Oy is Qy-invariant. Indeed, Ny is R-invariant since
Oy = R, M, is R-invariant by Lemma 5.3 (ii), and V}, acts on N/O,, trivially by
Lemma 5.3 (i). Hence, ~

Hy := Qn-7n(Nu N My) C Ty

is a subgroup. Since @, is finite index in Q, the subgroup Q, - N/O, < I, is
finitely generated. Then by Proposition 2.11 (take G, N, H, T of Proposition 2.11 to
be Ty, N/Oy, E, 7, (Ty)), there exists a finite index subgroup 1’\7; < N/O, such
that 77, (Ngr N My) 0 700(Ty) = Ny 0 700 (Tn), 7a(Ner N M) < Ny, and Ny, is Q-
invariant. Now we set N,, = nn_l (1’\7;). Clearly Ng N M,, < N, and N,, is Q,-invariant.
Also, ker r, = O, < N, holds. Finally, since 7, C M, and m,|ym, is injective by
Lemma 5.3 (iii), Ng N T, = N, N T, holds. [

Next we define o, and K,,.
Lemma 5.9 ([9, Lemma 10.6]). There exist ny € N and finite index subgroups K,, < G

with [K,] = [On, Ny, oy defined for n > ng such that the sequence oy, |R is consistent
with og.
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Proof. Since Ny N'T, = N, N T, and the sequence T, is increasing to N, we have
N, — Ng in Sub(N). Then by Proposition 2.13, there exist homomorphisms o), : R —
NG (Ny)/ Ny for all n sufficiently large such that the sequence o), is consistent with oy .
Then for each n, we extend «), to &, : O — NG (Ny)/ Ny by ay (sizm") = aizm" N, for
¢+ 1 <i <d.This is well defined. Indeed, since @, = R x V, and V}, is a free abelian

group generated by {sizm" fizcﬂ, it suffices to show [g, a.zm”] € N, forevery g € G

1
and ¢ + 1 <i < d. By the definition of O,, [g, aizm"] € 0, < N, holds, and it is done.
Then «,, satisfies a,(¢) = g for every ¢ € Q. There exists a unique K,, < G such that

[Ky] = [Qn, Ny, ay] by Proposition 2.9. .

Now we show that the sequence (K, F;) is a Weiss approximation of H .
Lemma 5.10. We have F, x H — F,, * K,, — 0 in C(Sub(G))*.

Proof. Tt suffices to verify conditions (i)—(v) of Theorem 2.16. Recall that Qg = R.
Condition (i) follows from Lemma 5.2 (i). Condition (ii) follows from Lemma 5.3 (ii).
Condition (iii) follows from Lemma 5.9. Condition (iv) follows from Lemma 5.8. Finally,
condition (v) follows from Lemma 5.5. [

Lemma 5.11 ([9, Lemma 10.8]). For everyn > ng, Ny(H) N M,, < Ny (K}) holds.

Proof. Let f e Ny(H)N' M, and g € K,,. Setq =g € Q. Then g/ = g -[g, f] and
g, = f 7 e N.Itsufficestoshow f "% € N,. Writeq = rvwithr € Randv € V,,.
lg. f1= f19 e N.Itsuffi how 179 € N,,. Wri ith R and V
We have

fl—q:fl—r_i_fr(l—v)'

Since Qi = R, we cantake i € H suchthath = r.Then f17" =[h, fl=h""'- f~'hf €
H since f € Ny(H). Also, we have f17" € M,, since f € M,, and M,, is R-invariant. It
follows that =" € Ng N M,, < N,,. On the other hand, 7% = f7 — f7? € 0, < N,
since 7 and f"V are in the same O,-cosets by Lemma 5.3 (i). Hence, f!77 € N,
holds. ]

Lemma 5.12 ([9, Lemma 10.9]). For every n sufficiently large, F, is a finite-to-one
transversal for Ng(K,) in G.

Proof. Since [N : Ny (H)] < oo, the subset P, is a finite-to-one transversal for Ny (H) N
M, in M, for every n sufficiently large by Lemma 5.7. Fix such n > ng. Then P,
is also a finite-to-one transversal for Ny (K,) N M, in M, by the previous lemma.
By Lemma 5.4, P, is a finite-to-one transversal for 7, !(Ny(K,) N M,) in N. Since
ker) = Op < N, < Ny(Kp) and 7|y, = idp,, we have 7, '(Ny(Ky) N M,) <
Ny (K;). Hence, Py, is a finite-to-one transversal for Ny (K,) in N. On the other hand,
I, is a finite-to-one transversal for Oy, (k,) in O by Lemma 5.2 (ii) and Q, < Ong;(k,)-
Hence, F, = I,, P, is a finite-to-one transversal for Ng (K») in G by Proposition 2.10. =
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We now have all the ingredients for the proof of our main theorem.

Proof of Theorem 1.3. Let H be a subgroup of G with Qg = R and [N : Ny (H)] < oo,
and let K, be a sequence of finite index subgroups of G constructed as above. By Lem-
mas 5.10 and 5.12, the sequence (K, Fy) is a Weiss approximation of H by ignoring
small n. Hence, property (# ) holds for every R < Q. By Corollary 2.7, G is P-stable. =

6. Limits of P-stable groups

Lemma 6.1. Let G be a countable group and Gy < G a sequence of subgroups such that
G — G in Sub(G). Assume that for every k, there exists a homomorphism py : G — Gy
such that py|g, = idg,. If Gy is P-stable for every k, then G is P-stable.

Proof. Let ¢, : G — Sym(n) be an almost homomorphism. Let ' C G be a finite subset.
It suffices to show that there exists a sequence of homomorphisms v, : G — Sym(n)
such that dy(¢n(g), ¥n(g)) — 0 for every g € F. Fix k such that F C Gy. Since
¢nlG, : Gx — Sym(n) is an almost homomorphism, there exists a sequence of homo-
morphisms ¥/, : Gy — Sym(n) such that du(¢,(g). ¥, (g)) — 0 for every g € F. Then
the sequence of homomorphisms ¥, := V¥, o py satisfies the required condition. ]

Proof of Corollary 1.4. Let Foo = (ay,az,...) and Fy = (ay,...,ax) < F for every
k € N. Let iy : Fi/F;' — Foo/Fg, be the homomorphism induced from the inclusion
Fy — Foo. Also let py : Foo/ FY, — Fi/F} be the homomorphism induced from the
natural projection Foo — F. Then we have pi o ix = idp, /. Since Fi/F, « is P-stable
for every k by Theorem 1.3, s0 is Foo/ F/l by Lemma 6.1. |
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