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On some planar Baumslag–Solitar actions

Juan Alonso, Nancy Guelman, Cristóbal Rivas, and Juliana Xavier

Abstract. Let BS.1; n/ D ha; b W aba�1 D bni be the solvable Baumslag–Solitar group for n � 2.
We study representations of BS.1; n/ on the plane by orientation-preserving homeomorphisms,
assuming that a acts as a linear map and b as a map with bounded displacement. We find that the
possibilities for a faithful action depend greatly on the Jordan canonical form of the map h defined
by the action of a. In case h is diagonalizable over R, we shall give examples or prove rigidity
theorems depending on the eigenvalues. We also show some rigidity in the cases where h is elliptic
or parabolic. Then we give applications to the actions of BS.1; n/ by homeomorphisms of the torus.

1. Introduction

For n; m 2 Z n ¹0º, the Baumslag–Solitar group BS.m; n/ is defined by the presenta-
tion BS.m; n/ D ha; b W abma�1 D bni. These groups were introduced by Baumslag and
Solitar in [2] to provide the first examples of two generator non-Hopfian groups with a
single defining relation. The groups BS.1; n/ for n � 2 are the simplest examples of infin-
ite non-abelian solvable groups, and also provide examples of distorted elements, which
are related to Zimmer’s conjecture [13] and play an important role in surface dynamics [5].

Recently there has been an interest on understanding the possible dynamics of
Baumslag–Solitar group actions on surfaces, the results usually showing restrictions to
these types of actions. J. Franks and M. Handel [5] proved that on a surface S of genus
greater than 1, any distortion element in the group Diff10.S;area/ is a torsion element, and
therefore there are no faithful representations of BS.1; n/ in Diff10.S; area/. N. Guelman
and I. Liousse [6] constructed a smooth BS.1; n/ action without finite orbits on T2 that
is not locally rigid, but on the other hand, they proved that there are no minimal faithful
actions of BS.1; n/ on T2. J. Alonso, N. Guelman and J. Xavier [1] proved that there are
no faithful representations of BS.1; n/ on surfaces where a acts by a (pseudo-)Anosov
homeomorphism with stretch factor � > n. In the case of the torus, they showed that there
are no faithful actions where a acts by an Anosov map and b by an area-preserving map.
This last result also holds without the area preserving hypothesis if the action is C 1, as
shown by Guelman and Liousse in [7]. They also show that any faithful action of BS.1; n/
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on a closed surface where the action of b is C 1 and a acts by a (pseudo-)Anosov map h
has a finite orbit contained in the set of singularities of h. In the general scope, these works
lie in the context of studying the obstructions to the existence of faithful group actions on
certain spaces (a survey of these ideas can be found in [3]). Another result in this direc-
tion is that of S. Hurtado and J. Xue in [8], concerning abelian-by-cyclic groups, which
generalize the groups BS.1; n/. They found that if such a group acts on the torus T2 by
C r -diffeomorphisms, with r > 2, non-finite image and containing an Anosov map, then
the action is topologically conjugated to a linear action.

In this paper we mainly consider actions of BS.1; n/, for any n � 2, on the plane
by orientation-preserving homeomorphisms. To give such an action is the same as giving
f; h W R2 ! R2 orientation-preserving homeomorphisms satisfying

hf h�1 D f n; (1.1)

namely f and h are the respective images of b and a under the representation. We com-
pensate for the lack of compactness by supposing that the distance from f to the identity
map is uniformly bounded, that is, that there exists K > 0 such that

jf .x/ � xj � K for all x 2 R2:

We say that f has bounded displacement if this condition holds. Note that this is the case
when f is the lift of a map of the torus that is isotopic to the identity. The main motivation
for this hypothesis is to consider actions on the plane that are lifted from certain actions
on the torus, as we shall see in Section 8.

In this work we will be interested in the case when h is a linear map. Observe that if
we conjugate the action by A 2 GL.2;R/, we get another action in our hypotheses, since
AfA�1 has bounded displacement with constant kAkK. Thus we may assume that the
associated matrix of h is a canonical form over R. First we focus on the case when h is
diagonalizable over R, thus assuming that its associated matrix is

D D

�
� 0

0 �

�
for �;� 2 R;

where �� > 0 since h is an orientation-preserving homeomorphism. Excluding the cases
when either j�j or j�j equals 1, our results can be summarized as follows, where actions
are assumed to be faithful:

�

� 0 < j�j < 1 1 < j�j � n n < j�j

0 < j�j < 1 No faithful action:
Theorem 4.5

Product action No faithful action: Lemma 4.3

1 < j�j � n Product action Strange rotation action
and product action

Preserves horizontal foliation:
Corollary 4.1. Product action.

n < j�j No faithful action:
Lemma 4.3

Preserves vertical
foliation: Corollary 4.1.
Product action.

No faithful action: Lemma 4.2
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That is, we give examples or prove rigidity theorems depending on the eigenvalues
of h. The rigidity theorems are either non-existence of faithful actions, or preservation
of a foliation of lines, as indicated in the table. The examples show when such rigidity
statements do not hold, namely the product action (Section 5.1) is a faithful action that
preserves a foliation by straight lines, while the strange rotation action (Section 5.2) is
a faithful action that does not preserve such a foliation. If one of the eigenvalues is ˙1,
say j�j D 1, then j�j ¤ 1 for h to have infinite order. In this case, the construction of the
product action for 1 < j�j � n still holds, and we give an example of a faithful action for
j�j D 1 and j�j < 1 in Section 5.3. For j�j D 1 and j�j > n, there are no faithful actions,
by Lemma 4.4.

For h 2 SL.2;R/, we study the other possible canonical forms. In the elliptic case we
show non-existence of faithful actions, in Corollary 6.2. For the parabolic case we show
that f fixes every point in the eigenspace of h (Corollary 7.2), and provide examples
of faithful actions in Section 7.2. The hyperbolic case is diagonalizable over R with
� D ��1 ¤ 1, so the previous results apply. We summarize our results for h 2 SL.2;R/
as follows:

Elliptic Parabolic Hyperbolic,
1 < j�j � n

Hyperbolic, n < j�j

No faithful action:
Corollary 6.2

f fixes eigenspace
of h: Corollary 7.2
Examples (Section 7.2)

Product action No faithful action:
Lemma 4.3

In particular, if h is parabolic with eigenvalue 1, then its eigenspace is Fix.h/, and
hence it is the set of global fixed points of the action. This will allow us to prove that there
are no faithful actions of BS.1; n/ on the torus where a acts as a Dehn twist, in Section 8.

Several related questions remain open. Firstly, we do not claim rigidity of the examples
given in Sections 5 and 7.2, and in fact it should be possible to construct some perturb-
ations of them. Thus we expect that a complete classification of these actions is still far
from being achieved. Secondly, it is also natural to consider the planar actions of BS.m;n/
for other values of m and n, where a acts by a linear map and b acts with bounded dis-
placement. For m D 1 and n < �1, we can consider the subgroup ha2; bi Š BS.1; n2/,
thus obtaining the same rigidity results. The examples, aside from the strange rotation
action, are readily adaptable to this case, though more cumbersome. On the other hand,
the groups BS.m; n/ with 1 < jmj � jnj are very different from the ones we discuss here
(e.g., they are non-Hopfian, and non-linear), and our techniques seem insufficient to cover
these cases.

2. Preliminaries

We shall use some results from surface homeomorphism theory that we state in this
section. For a homeomorphism f we denote by Fix.f / its set of fixed points, and by
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�.f / its non-wandering set, which, we recall, contains the recurrent points of f and in
particular its periodic points. The following is the classic Brouwer’s theorem on planar
homeomorphisms.

Theorem 2.1. Let f W R2 ! R2 be an orientation-preserving homeomorphism with
�.f / ¤ ;. Then f has a fixed point.

Let f be a surface homeomorphism. A periodic disk chain for f is a finite set
U0; U1; : : : ; Un�1 of pairwise disjoint topological disks such that for all i D 0; : : : ; n� 1,
we have f .Ui / \ Ui D ;, and there exists mi such that f mi .Ui / \ UiC1 ¤ ;, where
indexes are taken modulo n. Below is Franks’ [4] adaptation of Brouwer’s theorem to
periodic disk chains.

Theorem 2.2. Let f W R2 ! R2 be an orientation-preserving homeomorphism which
possesses a periodic disk chain. Then f has a fixed point.

Let f W A ! A be an orientation-preserving homeomorphism of the open annulus
A D S1 � .0; 1/, and zf a lift of f to the covering space zA D R � .0; 1/. We will say that
there is a positively returning disk for zf if there is an open topological disk U � zA such
that zf .U /\U D ; and zf n.U /\ .U C k/¤ ; for some n; k > 0, where U C k denotes
the set ¹.x C k; t/ W .x; t/ 2 U º. A negatively returning disk is defined similarly but with
k < 0. The following result is [4, Theorem 2.1].

Theorem 2.3. Suppose f W A! A is an orientation-preserving homeomorphism of the
open annulus which is homotopic to the identity, and satisfies the following conditions:

(1) Every point of A is non-wandering.

(2) f has at most finitely many fixed points.

(3) There is a lift of f to its universal covering space zf W zA! zA which possesses
both a positive and a negative returning disk, both of which are lifts of some disks
in A.

Then f has a fixed point.

We say that a homeomorphism is recurrent if there exists a sequence nk , k!1, such
that d.f nk ; Id/! 0 uniformly. Next we state a result on sphere homeomorphisms due to
Kolev and Pérouème [9].

Theorem 2.4. Let f W S2! S2 be a non-trivial recurrent orientation-preserving homeo-
morphism. Then f has exactly two fixed points.
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3. Basic computations

Throughout most of the paper we consider a planar action of BS.1; n/ for some n � 2,
given by orientation-preserving homeomorphisms f; h W R2 ! R2 satisfying the group
relation hf h�1 D f n. The following is an easy consequence of the group relation.

Lemma 3.1. Let f and h be bijections such that hf h�1 D f n. Then:

(1) hmf h�m D f n
m

for all m � 1;

(2) h�1.Fix.f // � Fix.f /.

Fix an isotopy .ft /t2Œ0;1� such that f0 D Id and f1 D f , which exists since f pre-
serves orientation (see [10, Theorem 5.6]). For all x 2 R2 we denote by 
x the arc
t 7! ft .x/; t 2 Œ0; 1�. More generally, for x 2 R2 and m � 1, define 
mx D

Qm�1
iD0 
f i .x/,

where the product is concatenation of arcs.
The next lemmas relate to transverse measured foliations that have some compatibility

with the action. Let � be a transverse (signed) measure to an oriented foliation of the plane
R2, which can be extended to measure any curve with the following properties:

• �.ˇ
/ D �.ˇ/C �.
/, and

• �.ˇ/ D �.
/ if ˇ and 
 have the same endpoints.

We assume � satisfies the following further conditions, that relate to the action:

• �.h.
// D a�.
/, for some a 2 R, a ¤ 0, and

• the map x ! �.
x/ is bounded on R2.

Note that the first item implies that h preserves the foliation, that is, takes leaves to
leaves. There are general consequences in the cases when jaj> n and when jaj< 1, which
shall lead to our rigidity results.

Lemma 3.2. If jaj > n, then �.
x/ � 0.

Proof. Note that the arcs hm
h�m.x/ and 
n
m

x have the same endpoints by item (1) in
Lemma 3.1. Therefore,

jajmj�.
h�m.x//j D j�.h
m
h�m.x//j D

ˇ̌
�.
n

m

x /
ˇ̌
D

ˇ̌̌̌
ˇ n

m�1X
iD0

�.
f i .x//

ˇ̌̌̌
ˇ � Cnm;

where C is the bound for the map x ! �.
x/. So,

j�.
h�m.x//j �

�
n

jaj

�m
C;

for allm � 1 and all x 2 R2. Since the right term of the last equation is independent of x,
if jaj > n we have that �.
x/ � 0.
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Corollary 3.3. If F is the foliation of R2 that has � as a transverse measure, and jaj> n,
then each leaf of F is f -invariant.

Lemma 3.4. For all m � 1, we have
ˇ̌
�.
n

m

x /
ˇ̌
� C jajm. In particular, if jaj < 1, then

limm!1 �
�

n

m

x

�
D 0 uniformly on x.

Proof. As before, ˇ̌
�.
n

m

x /
ˇ̌
D jajmj�.
h�m.x//j � C jaj

m:

4. Rigidity in the diagonal case

Let f; h W R2 ! R2 be orientation-preserving homeomorphisms with hf h�1 D f n, and
assume that f has bounded displacement and h is the linear map whose associated matrix
is

D D

�
� 0

0 �

�
;

that is, h.x; y/ D .�x; �y/. We devote this section to proving the rigidity results
announced in the table shown in Section 1. In the next section we construct examples
showing that the hypotheses of these results cannot be relaxed.

Observe that dx is a transverse measure to the foliation of R2 by vertical lines, and
that it satisfies the conditions given in Section 3 with a D �. The same is true for dy and
the horizontal foliation, with a D �. Then Corollary 3.3 gives us the following.

Corollary 4.1. In the conditions stated above:

• If j�j > n, the vertical foliation is preserved by hf; hi.

• If j�j > n, the horizontal foliation is preserved by hf; hi.

Next we turn to non-existence of faithful actions under certain conditions on the eigen-
values, where we actually show something stronger, namely that f must be the identity
map.

Lemma 4.2. If j�j > n and j�j > n, then f D Id.

Proof. Using Corollary 3.3 with a D � and � D dx, one obtains that each vertical line is
preserved by f . So each f -orbit is contained in a vertical line, and using Corollary 3.3
with a D � and � D dy, one obtains that each horizontal line is also preserved by f . The
result follows.

Lemma 4.3. If j�j > n and j�j < 1, then f D Id.

Proof. As in the previous lemma, each f -orbit is contained in a vertical line. Thus for
any x 2 R2, applying Lemma 3.4 with � D dy shows that x is a recurrent point for the
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restriction of f to the vertical line containing x. So x must be fixed by f , since line
homeomorphisms do not have recurrent points that are not fixed.

Lemma 4.4. If j�j D 1 and j�j > n, then f D Id.

Proof. First we assume that �D 1,�>n. Using Corollary 3.3 with aD� and �D dy, we
get that f preserves each horizontal line. Moreover, since it has bounded displacement, f
preserves the orientation of each horizontal line. Let L D R � ¹0º be the horizontal axis,
and note that hjL D IdL since � D 1. Then we deduce that f jn�1L D IdL, and since f jL
is an orientation-preserving line homeomorphism, we must have f jL D IdL.

Suppose f ¤ Id, and let p D .x0; y0/ be a point with f .p/ ¤ p. We write the
restriction of f to the horizontal by p as

f .x; y0/ D .�.x/; y0/;

where � W R ! R is an orientation-preserving homeomorphism. Using the equation
f D h�kf n

k
hk for k � 0, we see that

f .x; ��ky0/ D
�
�n

k

.x/; ��ky0
�

and since .x0; �
�ky0/ !k .x0; 0/ and f fixes .x0; 0/, we get by continuity that

�n
k
.x0/!k x0. This is absurd, as an orientation-preserving line homeomorphism cannot

have a recurrent point that is not fixed.
For the case � D �1, � < �n, we consider the action hf; h2i of BS.1; n2/. Observing

that h2 has eigenvalues 1 and �2 > n2, we get that f D Id from the previous case.

Theorem 4.5. If j�j < 1 and j�j < 1, then f D Id.

We shall prove this theorem through a series of lemmas. We provide two proofs, one
reliant on the work of Oversteegen and Tymchatyn [11] classifying recurrent homeo-
morphisms of the plane and the other on the theorems of Franks that are stated in
Section 2.

Lemma 4.6. f is recurrent. Moreover, we have d.f n
m
; Id/!m 0 uniformly.

Proof. By Lemma 3.4,
dx
�

n

m

x

�
!m 0;

and
dy
�

n

m

x

�
!m 0

uniformly. The result follows.

Remark 4.7. It follows from [11] that f is periodic. This, combined with the fact that
non-trivial periodic homeomorphisms have unbounded displacement gives a proof of
Theorem 4.5.
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We include an alternative proof below, which is a nice application of some theorems
of Franks relying on Brouwer theory.

Lemma 4.8. If f ¤ Id then Fix.f / D Fix.h/ D ¹.0; 0/º.

Proof. By Theorem 2.4, if f ¤ Id, then f has exactly one fixed point x (we are extend-
ing f to S2 fixing 1). As the set Fix.f / is h�1-invariant (by Lemma 3.1 item (2)), x
must be fixed also by h, which implies that x D .0; 0/.

By Lemma 4.8, both h and f map the annulusADR2 n ¹.0;0/º onto itself, thus defin-
ing an action of BS.1; n/ on A. Moreover, the restriction f jA W A! A is isotopic to the
identity, since it preserves orientation and both ends of the annulus. So we can assume that
for x 2 A, the curves 
x are contained in A. We will need the following general statement
for annulus maps, which is a consequence of Theorem 2.3.

Lemma 4.9. Let g be a homeomorphism of the open annulus S1 � .0; 1/ that is isotopic
to the identity and such that Fix.g/D ;. Suppose that x 2 S1 � .0; 1/ is a recurrent point
for g, and letG be a lift of g to the universal cover R� .0; 1/. If .nm/m2N is any sequence
such that gnm.x/! x, then for any lift zx of x we have that

either .Gnm.zx//1 !C1 or .Gnm.zx//1 ! �1;

where the subindex 1 stands for the projection onto the first coordinate of R � .0; 1/.

Proof. Let p W R � .0; 1/ ! S1 � .0; 1/ be the covering projection. Consider U �
S1 � .0; 1/ a neighbourhood of x such that p�1.U /D

S
˛ U˛ , each U˛ projecting homeo-

morphically onto U . Taking a smaller neighbourhood if necessary, we may assume that
g.U /\U D;, since g has no fixed points. Let zU be the connected component of p�1.U /
that contains zx. Since gnm.x/! x, for any sufficiently large m there exists km 2 Z such
that Gnm.zx/ 2 zU C km, in the notation of Section 2. Note that it suffices to prove that
either km !m 1 or km !m �1.

Since g has no fixed points, the same is true forG, and by Theorem 2.2, we see thatG
has no periodic disk chains, which implies that km ¤ 0 for all m. Moreover, the sign
of km is constant for all m, for otherwise g would have a fixed point by Theorem 2.3.
Applying Theorem 2.3 again, this time for the returning disks zU C km, we see that either
kmC1 � km > 1 for all m, or kmC1 � km < �1 for all m. The result follows.

Next we show that every f -orbit must turn infinitely many times around this annu-
lus. To give a precise statement, we consider d� where � is the angular coordinate on
AD R2 n ¹.0; 0/º, which is well defined on A, and is a transverse measure to the foliation
of A by radial lines. Then we show the following.

Lemma 4.10. Assume that f ¤ Id. Then for all x 2 A, we have that either d�
�

n

m

x

�
!m

C1 or d�
�

n

m

x

�
!m �1.
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Proof. Note that f jA does not have fixed points, by Lemma 4.8. Consider the universal
cover p W zA! A, and take any lift F W zA! zA of f jA. We identify A with S1 � .0; 1/
via homeomorphism, so zA is identified with R � .0; 1/. Note that proving the lemma
is equivalent to show that for all zx 2 zA, we have that either

�
F n

m
.zx/
�
1
!m 1 or�

F n
m
.zx/
�
1
!m �1. This is obtained from Lemma 4.9, since for x D p.zx/ we have

f n
m
.x/!m x by Lemma 4.6.

The next result will allow us to lift the action on A to the universal cover zA. We state
it in general, relaxing the conditions on h we assumed for this section.

Lemma 4.11. Let hf;hi be a BS.1;n/-action on R2 where h is linear and f has bounded
displacement and fixes .0; 0/. Then there exist F; H W zA ! zA, lifts of f jA and hjA,
respectively, such that HFH�1 D F n.

Proof. We consider D the compactification of the plane with the circle of directions.
Since h is linear, it extends to D. (For instance, if h.x; y/ D .�x; �y/, then h extends as
the identity on @D if � > 0, or as the antipodal map if � < 0.) On the other hand, f
also extends to D acting as the identity on the boundary, on account of the bounded
displacement hypothesis.

We restrict f and h to D n ¹.0; 0/º, which is homeomorphic to the annulus with one
boundary component S1 � .0; 1�. So we may take lifts F;H W R � .0; 1�! R � .0; 1� of
these maps, and we can choose F to be the identity on R � ¹1º. Now HFH�1 and F n

are both lifts of the same map f n and therefore they must be equal, as they coincide (with
the identity) on R � ¹1º.

Next we seek to reduce Theorem 4.5 to the case with � D �. To do this we shall take
a suitable conjugation of the action, by the map described in our next result.

Lemma 4.12. Suppose that j�j < j�j. Let ˇ D log j�j=log j�j and consider the map

ˆ.x; y/ D

´
.x; yˇ / if y � 0;

.x;�jyjˇ / if y < 0:

Then f1 D ˆ�1f ˆ has bounded displacement.

Proof. Notice that since j�j < j�j < 1, we get that 0 < 1=ˇ < 1. From this we can obtain
that ˆ�1 is quasi-Lipschitz, namely that

jˆ�1.p/ �ˆ�1.q/j � jp � qj C C:

Thus we have

jf1.p/ � pj D jˆ
�1f ˆ.p/ �ˆ�1ˆ.p/j < jf ˆ.p/ �ˆ.p/j C C � K C C;

since jf .q/ � qj � K for all q.
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Corollary 4.13. If Theorem 4.5 holds for � D �, then it also holds for � ¤ �.

Proof. We suppose without loss of generality that j�j < j�j. Then we consider the mapˆ
defined in Lemma 4.12, which is a homeomorphism, and a direct computation shows that

ˆ�1hˆ.x; y/ D .�x; �y/:

Also, ˆ�1f ˆ has bounded displacement by Lemma 4.12. So by hypothesis we get that
ˆ�1f ˆ D Id, which implies that f D Id.

The assumption that � D � yields that d�.h
/ D d�.
/ for any curve 
 in A. We
will also need to control the map x ! d�.
x/ for x 2 A. Note, however, that bounded
displacement for f does not imply that this map is bounded, because of the singularity
of d� at the origin. For our proof of Theorem 4.5, it will suffice to bound it far from the
origin.

Lemma 4.14. For every r > 0, there is Cr � 0 such that jd�.
x/j � Cr for all x 2
R2 n B..0; 0/; r/.

Proof. Let D be the compactification of R2 used in the proof of Lemma 4.11, and recall
that f extends to D as the identity on @D. Thus the map x ! d�.
x/ extends continu-
ously toD n ¹.0;0/º by setting it to 0 on @D. The result then follows from the compactness
of D n B..0; 0/; r/.

We are now ready to give our second proof of Theorem 4.5.

Proof of Theorem 4.5. By Corollary 4.13, we assume that � D �. Applying Lemma 3.1
(item (1)) to the lifted action given by Lemma 4.11, we deduce that for all m � 1 and
x 2 A the curves 
n

m

x and hm
h�m.x/ are homotopic in A with fixed endpoints. Then we
have

d�
�

n

m

x

�
D d�

�
hm
h�m.x/

�
D d�.
h�m.x//;

recalling that d� is h-invariant, because we assumed � D �. Since j�j < 1, we see that
form large enough h�m.x/ is outside some fixed ball centred at .0; 0/. So by Lemma 4.14,
we have that

ˇ̌
d�
�

n

m

x

�ˇ̌
D jd�.
h�mx/j � Cr for some Cr � 0 and all m � 1. This

contradicts Lemma 4.10 unless f D Id.

5. Examples for the diagonal case

As we have seen in the previous section, if neither j�j nor j�j belong to the interval Œ1; n�,
then there is no faithful action of BS.1; n/ by planar orientation-preserving homeomorph-
isms with a acting by h.x; y/ D .�x; �y/. In this section we construct examples of such
actions when 1 < j�j � n (the case where 1 < j�j � n is symmetric). The first family of
examples, the product actions, work for any � ¤ 0 and preserve the horizontal foliation.
The second construction needs both j�j and j�j in .1; n�, and gives examples that do not
preserve a foliation by lines. We also produce an example with j�j D 1 and j�j < 1.
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5.1. Product actions

Recall that BS.1; n/ D ha; b j aba�1 D bni. In general, if ' W BS.1; n/! HomeoC.R/
is a faithful action on the real line, then we can obtain a faithful action of BS.1; n/ on the
plane by defining, for g 2 BS.1; n/,

 .g/.x; y/ D .'0.g/.x/; '.g/.y//;

where '0 is any (not necessarily faithful) BS.1; n/-action on the line. This is the product
action of ' and '0. Clearly,  .b/ above has bounded displacement if and only if '.b/ and
'0.b/ have bounded displacement. In order to obtain an action on the plane in which  .a/
is linear, we need to restrict our attention to actions on the line where '.a/ and '0.a/ are
linear maps. That is, '.a/.x/ D �x and '0.a/.x/ D �x, for some �;� 2 R.

When �D n, then the affine action of BS.1; n/ on the line is a faithful action in which
the map '.b/.x/D xC 1 has bounded displacement. Hence, the maps h.x;y/D .�x;ny/
and f .x; y/ D .x; y C 1/ provide an example of a faithful planar BS.1; n/-action. The
same holds for f .x; y/ D .x; y C c.x// for any continuous and bounded function c that
is not identically zero.

If 1 < � < n, one may try to conjugate the affine action above by a homeomorphism of
the line of the form c W x 7! x˛ , so that c ı '.a/ ı c�1.x/ D nx. The problem is that then
the corresponding '.b/ does not have bounded displacement (this is easy, and we leave it
to the reader). So in this case we need to consider a different action on the line. According
to [12], up to semi-conjugacy, there is only one other candidate, which we now describe.

Let '.a/.x/D�x, initially assuming only that �>0. For k 2Z define the fundamental
domains Dk D ¹x 2 R W �k � x < �kC1º, and notice that RC D .0;C1/ D

S
k Dk .

Let � W R! HomeoC.D0/ be a continuous homomorphic embedding, that is, a continu-
ous flow on D0. For x 2 D0 we define '.b/.x/ D �.1/.x/, and for x 2 Dk we define
'.b/.x/ D '.ak/ ı �.1=nk/ ı '.a�k/.x/. This ensures that ' extends to a representa-
tion of BS.1; n/ into HomeoC.RC/, that can be further extended to the whole line by
reflection, with 0 as a global fixed point. This action is in fact faithful (see, for instance,
[12]). The construction also works for � < 0 with minor changes: using j�j in the defini-
tion of D0, and defining Dk D '.ak/D0. (In this case

S
kDk is a disconnected union of

intervals, instead of RC.)
Now we assume that 1 < j�j � n, and we want to see when '.b/ has bounded

displacement. Assume for a while that � satisfies the following:

(�) There is K > 0 such that

mj�.1=m/.x/ � xj � K

for all x 2 D0 and all m 2 N.

Under this assumption, we show that '.b/ has bounded displacement. Indeed, take x 2Dk
with k � 0, noting that the case for k < 0 is obtained by compactness, sinceDk � Œ�1; 1�,
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and the case for�x 2Dk is analogous. Defining x0 D '.a�k/.x/D ��kx 2D0, we have

j'.b/.x/ � xj D j'.ak/ ı �.1=nk/ ı '.a�k/.x/ � xj

D j'.ak/ ı �.1=nk/.x0/ � '.a
k/.x0/j

D j�jkj�.1=nk/.x0/ � x0j

� nkj�.1=nk/.x0/ � x0j � K:

Then, to produce a planar BS.1; n/-action in our hypotheses, it is enough to consider the
maps

h.x; y/ D .�x; �y/; f .x; y/ D .x; '.b/.y//:

To finish the construction, we only need to exhibit an R-action on D0 satisfying (�).
This can be done by taking � as the flow of a C 1 vector field X on xD0 D Œ1; �� with
X.1/ D X.�/ D 0. Let K D max jX j. Then

mj�.1=m/.x/ � xj D m

ˇ̌̌̌ Z 1=m

0

X.�.s/.x//ds

ˇ̌̌̌
� m

Z 1=m

0

jX.�.s/.x//jds � mK
1

m
D K:

Notice that we can choose X to be non-zero on the interior of D0, so that the flow �

is conjugate to a translation on D0.

5.2. Strange rotations

In this section we assume j�j; j�j 2 .1; n�, and by symmetry we may take j�j � j�j.
First we consider the case where � D � > 0, so we have h.x; y/ D .�x; �y/. Let
˛ D log� n D logn=log�, and define f by the following formula in polar coordinates:

f .r; �/ D .r; � C r�˛/:

Observe that this map is an orientation-preserving homeomorphism, though it clearly
is not differentiable at the origin. To show it has bounded displacement, recall that in polar
coordinates we have dist..r; �1/; .r; �2// � r j�1 � �2j, where dist stands for the Euclidean
distance. Then we get

jf .p/ � pj � r � r�˛ D r1�˛; (5.1)

where p is the point with polar coordinates .r; �/. Since 1 < � � n we have ˛ � 1, so
equation (5.1) implies that when r � 1 we have jf .p/ � pj � 1. When r � 1 we have
jf .p/ � pj < 2, for f preserves the unit disk.



On some planar Baumslag–Solitar actions 675

It is also easy to verify the Baumslag–Solitar relation in polar coordinates, noting that
h.r; �/ D .�r; �/:

hf h�1.r; �/ D hf .��1r; �/

D h.��1r; � C .��1r/�˛/

D .r; � C �˛r�˛/

D .r; � C nr�˛/ D f n.r; �/;

recalling that �˛ D n by definition of ˛.
This example follows the spirit of the construction in Section 5.1, where the funda-

mental domains would be Dk WD ¹.x; y/ 2 R2 W �k � j.x; y/j < �kC1º. Still, in this case
we obtain a genuinely two-dimensional action. It is faithful by the same argument used
in [12] for the action on the line, noting that the action of f on D0 has free orbits. (r�˛ is
irrational for many r 2 Œ1; �/.)

The same map f works also for � D � < 0, taking ˛ D log n=log j�j. This time we
have h.r; �/ D .j�jr; � C �/, and the same computation follows.

Now we adjust this example to the case when j�j < j�j, both in the interval .1; n�.
Let hf; hi be the action just constructed, that is, h.x; y/ D .�x; �y/ and f as above,
and let h1.x; y/ D .�x; �y/. Consider ˇ D logj�j j�j D log j�j=log j�j, and the map
ˆ.x; y/ D .x; sign.y/jyjˇ / which was introduced in Lemma 4.12. It is straightforward
to compute that h1 D ˆhˆ�1, so we will just conjugate our previous example by ˆ. It
remains to check that f1 D f̂ ˆ�1 has bounded displacement. Notice that 0 < ˇ < 1,
since 1 < j�j< j�j; thus the same argument used for Lemma 4.12 gives us the desired res-
ult. (This is the reverse implication to the one in Lemma 4.12, where we had j�j< j�j< 1
and thus ˇ > 1.)

5.3. Examples with eigenvalue ˙1

Let us assume that � D 1 and 0 < � < 1, so we have h.x; y/ D .x;�y/. Fix some K > 0

and consider the sets
Dk D Œ�K;K� � Œ�

kC1; �k/

for k 2 Z. Note thatDk D hkD0, that they are disjoint and that
S
kDk D Œ�K;K��RC,

that is, they work as the fundamental domains used for the previous examples. This con-
struction will follow the same ideas. Let � be a continuous flow supported on the interior
of D0 that preserves each horizontal line, for example, the flow of a horizontal vec-
tor field supported on D0. We can assume that �.s/ ! Id uniformly as s ! 0, by the
same argument used for (�) in Section 5.1. Then we define f .x/ D �.1/.x/ for x 2 D0,
and f .x/ D hk ı �.1=nk/ ı h�k.x/ for x 2 Dk , which defines an action of BS.1; n/ by
homeomorphisms of Œ�K;K� �RC. This action is faithful by the argument in [12].

We extend f to the plane by setting f .x/ D x for x … Œ�K;K� � RC. Continuity at
the points in ¹˙Kº � RC is clear, so we must check it at the points in Œ�K;K� � ¹0º,
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where the condition that � < 1 comes in. Indeed, since � < 1 we see that a small neigh-
bourhood of Œ�K;K�� ¹0º only meetsDk for k > 0 large enough. On the other hand, we
note that

sup¹jf .x/ � xj W x 2 Dkº D sup¹j�.1=nk/.y/ � yj W y 2 D0º (5.2)

since � is horizontal and h preserves the first coordinate. Hence,

sup¹jf .x/ � xj W x 2 Dkº !k 0

as k !C1, showing continuity.
Note that f is clearly bijective, and the same argument above proves continuity for

f �1. Equation (5.2) also shows that f has bounded displacement; in fact, this construc-
tion gives jf .x/� xj< 2K for all x 2R2. A similar construction can be done for �D�1
and �1 < � < 0.

6. Elliptic case

Throughout this section we let f; h W R2 ! R2 be orientation-preserving homeomorph-
isms with hf h�1 D f n, and assume that f has bounded displacement and h is the linear
map whose associated matrix is

R D

�
cos.�/ sin.�/
�sin.�/ cos.�/

�
;

where � 2 Œ0; 2��. We assume that �=2� is irrational, so that h has infinite order. In this
section we prove the following.

Theorem 6.1. In the hypotheses above, we have f D Id.

Up to conjugating by a linear map, this implies our rigidity result in the linear case.

Corollary 6.2. There is no faithful BS.1; n/-action by planar orientation-preserving
homeomorphisms where the action of b has bounded displacement and a acts by an elliptic
linear map.

Next we develop the lemmas needed to prove Theorem 6.1. For r > 0, we let Sr denote
the circle centred at the origin with radius r .

Lemma 6.3. If x 2 Fix.f /, then Sjxj � Fix.f /.

Proof. If x 2 Fix.f /, we have by Lemma 3.1 (item (2)), that h�m.x/ � Fix.f / for all
m � 0. Since h is an irrational rotation, the h - backward orbit of x is dense in Sjxj, which
implies that Sjxj � Fix.f /.
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Lemma 6.4. Fix.f / ¤ ;.

Proof. Note that
f n

m

.0; 0/ D hm.f .0; 0// (6.1)

for all m � 1, by Lemma 3.1 (item (1)). If .0; 0/ is fixed by f , we already have the res-
ult. If f .0; 0/ is different from .0; 0/, we note that it is a recurrent point for h, since h is
an irrational rotation. It then follows from equation (6.1) that f .0; 0/ is a recurrent point
for f , and by Brouwer’s Theorem 2.1, there exists x 2 Fix.f /.

It is worth noting that Lemmas 6.3 and 6.4 do not need the bounded displacement
condition on f . Neither does the following.

Lemma 6.5. .0; 0/ 2 Fix.f /.

Proof. Let r0 D inf¹jxj W f .x/ D xº, noting that r0 < 1 by Lemma 6.4, and that it is
actually the minimum of this set, by continuity of f . We shall show that r0 D 0, for then
we would have f .0; 0/ D .0; 0/, as desired. Suppose then that r0 > 0. By Lemma 6.3, we
get that Sr0 � Fix.f /, hence f preserves Dr0 , the open disk of radius r0, which is also
h-invariant, as h is a rotation. We can then do the same argument of Lemma 6.4 on the disk
Dr0 , observing that Brouwer’s theorem holds since the open disk is homeomorphic to the
plane, and we obtain a fixed point of f in Dr0 . This contradicts the definition of r0.

By Lemma 6.5, both h and f can be restricted to the annulus A D R2 n ¹.0; 0/º, and
they define an action of BS.1; n/ on A. Just as in Section 4, we see that f jA is isotopic
to the identity on A, as it preserves orientation and both ends of the annulus, so we can
assume that 
x lies in A for each x 2 A. We also consider d� as in Section 4, and note
that since h is a rotation, we have d�.h
/ D d�.
/ for any curve 
 on A.

Lemma 6.6. Fix.f jA/ ¤ ;.

Proof. Assume that Fix.f jA/D ;, and choose a sequence ki !i C1 such that hki ! Id
uniformly in compact sets. Then f n

ki
D hkif h�ki ! f uniformly in compact sets, so

for any x 2 A we can apply Lemma 4.9 to deduce thatˇ̌
d�
�

n

ki

x

�ˇ̌
!m C1 (6.2)

by the same argument used for Lemma 4.10, since we assumed that f has no fixed point
in A. On the other hand, as we did when proving Theorem 4.5 at the end of Section 4,
we use Lemma 4.11 to lift the action on A to the universal cover zA, and then we apply
Lemma 3.1 (item (1)) to this lifted action to deduce that 
n

m

x and hm
h�m.x/ are homotopic
in A for all m � 1 and x 2 A. This gives us that

d�
�

n

m

x

�
D d�.hm
h�m.x// D d�.
h�m.x//
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and since h is a rotation, we have h�m.x/ 2 Sjxj for allm. Hence, by compactness, we get
that

ˇ̌
d�
�

n

m

x

�ˇ̌
�Cx , whereCx >0 is a bound that does not depend onm. This contradicts

equation (6.2), proving the lemma.

For 0 � r < s � C1, we consider the annulus

Ar;s D ¹x 2 R2 W r < jxj < sº;

which is clearly h-invariant. If Ar;s is also f -invariant, the same proof of Lemma 6.6
applies to Ar;s instead of A; hence we have the following.

Remark 1. If Ar;s is f -invariant, then Fix.f jAr;s / ¤ ;.

We are now ready to prove Theorem 6.1.

Proof. Suppose f ¤ Id, so we have R2 n Fix.f / ¤ ;. Then by Lemma 6.3 we can write
R2 n Fix.f /D

S
˛A˛ , whereA˛ DAr.˛/;s.˛/ for some 0� r.˛/ < s.˛/�C1. Note that

each A˛ is f -invariant, but contains no fixed points of f by definition, thus contradicting
Remark 1.

7. Parabolic case

7.1. Rigidity on the eigenspace

In this section we assume that f; h W R2 ! R2 are orientation-preserving homeomorph-
isms with hf h�1 D f n, such that f has bounded displacement, and that h is the linear
map whose associated matrix is

P D

�
1 0

1 1

�
;

that is, h.x; y/D .x; xC y/. Denote the vertical axis by LD ¹.0; y/ W y 2 Rº, noting that
L D Fix.h/. Then we shall show the following.

Theorem 7.1. In the conditions above, we have L � Fix.f /.

We show a non-trivial example of such an action in Section 7.2. Assuming The-
orem 7.1, we can show the following.

Corollary 7.2. Let ' be a BS.1;n/-action by planar orientation-preserving homeomorph-
isms, where '.b/ has bounded displacement and '.a/ is a parabolic linear map. Then the
eigenspace of '.a/ is contained in Fix.'.b//.

Proof. Recall that the linear map '.a/ is parabolic when its associated matrix is
conjugated in GL.2;R/ to either P or

P 0 D

�
�1 0

1 �1

�
;
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and in any case the eigenspace is a line, and can be written as Fix.'.a2//. Note that the
associated matrix of '.a2/ is conjugated to P in both cases, and that hb; a2i Š BS.1; n2/.
Thus conjugating the action of hb; a2i and applying Theorem 7.1 yields the result.

In the rest of this section we prove Theorem 7.1, through a series of lemmas.

Lemma 7.3. If the f -orbit of x 2 L is bounded, then f j .x/ 2 L for all j .

Proof. Note that the h-orbit of any y … L is unbounded. Then, if x 2 L and f j .x/ … L
for some j , we see that

f jn
k

.x/ D hkf jh�k.x/ D hkf j .x/

is unbounded as k !1.

In particular, Lemma 7.3 applies to points in L that are periodic for f .

Lemma 7.4. If x 2 L and f j .x/ 2 L for some j ¤ 0, then f .x/ 2 L.

Proof. Observe that if x and f j .x/ belong to L, then

f nj .x/ D hf jh�1.x/ D f j .x/: (7.1)

So f j.n�1/.x/ D x, and by Lemma 7.3 we deduce that f .x/ 2 L.

Lemma 7.5. For x 2 L, there are two possibilities:

• If f .x/ 2 L, then f n�1.x/ D x and f j .x/ 2 L for all j .

• If f .x/ … L, then f j .x/ … L for all j ¤ 0.

Proof. For the first item, note that if x and f .x/ are in L, then equation (7.1) holds with
j D 1, giving f n�1.x/D x, and then apply Lemma 7.3. The second item follows directly
from Lemma 7.4.

From Lemma 7.5, one immediately deduces the following.

Corollary 7.6. Fix.f n�1/ \ L D ¹x 2 L W f .x/ 2 Lº.

Let us introduce some notation. Put

HC D ¹.x; y/ W x > 0º and H� D ¹.x; y/ W x < 0º;

which are, respectively, the right and left components of R2 n L. These are the right and
left sides of L, and moreover, we can speak about right and left sides of any oriented and
properly embedded topological line on the plane, in particular of f j .L/ for j 2 Z, which
are f j .HC/ and f j .H�/, respectively. Note that since f j preserves orientation and has
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bounded displacement, the right side of f j .L/meets the right side of L, and the same for
the left sides. Let

˛ D sup¹j.f .x//1j W x 2 Lº and B D Œ�˛; ˛� �R;

where the subindex 1 stands for the first coordinate. By definition, we have f .L/ � B ,
and note that ˛ � K, where K is the bound on the displacement of f . Finally, let

C D Fix.f n�1/ \ L D ¹x 2 L W f .x/ 2 Lº;

that is, the set in Corollary 7.6, and observe that it is closed. It is also f -invariant: If
x 2 C then f j .x/ 2 L for all j by Lemma 7.5, and from f .x/; f 2.x/ 2 L we deduce
that f .x/ 2 C , while from f �1.x/; x 2 L we get f �1.x/ 2 C . We shall focus on this
set, with the objective of proving that it agrees with L and is contained in Fix.f /, thus
proving Theorem 7.1.

Lemma 7.7. If C D ;, then f j .L/ � B for all j .

Proof. By definition, if C D ; then f .L/ \ L D ;. Thus f .L/ is contained in either
HC or H�. Assume that f .L/ � HC, as the other case is symmetrical. Since f pre-
serves orientation and has bounded displacement, we see that f .HC/ �HC, and deduce
recursively that f jC1.L/ is on the right side of f j .L/ for all j . On the other hand, the
fact that f .L/ � B implies that for k � 1, we have

f n
k

.L/ D hkf .L/ � hk.B/ D B:

Then for j � 1 we pick k with j � nk and note that f j .L/ lies on the right side of L and
the left side of f n

k
.L/, which intersect in a region contained in B , since f n

k
.L/ � B .

For j � �1 we argue similarly.

In fact, the situation described in Lemma 7.7 does not happen, as we see next.

Lemma 7.8. C is non-empty.

Proof. Take p 2 L and write f .p/ D .a; b/. Then we have

f n
k

.p/ D hkf h�k.p/ D hkf .p/ D .a; b C ka/:

On the other hand,

f n
k

.f .p// D hkf h�k.a; b/ D hkf .a; b � ka/:

We define .ak ; bk/ D f .a; b � ka/, and so we can write

f .f n
k

.p// D f n
k

.f .p// D .ak ; bk C kak/: (7.2)
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Since the displacement of f is bounded by K, when we compare the second coordinates
we must have

jbk � b C k.ak � a/j � K;

and on the other hand, since .ak ; bk/ D f .a; b � ka/, we get

jbk � b C kaj � K:

From the equations above and the triangular inequality, we deduce that jk.ak � 2a/j � 2K.
Hence, ak ! 2a as k !C1.

Now we assume that C D ;, aiming to reach a contradiction. Note that in this case
˛ > 0, and thus we may choose p 2 L so that jaj > ˛=2. Since ak !k 2a, for this p
we have jakj > ˛ when k is large enough. On the other hand, Lemma 7.7 implies that
f n

kC1.p/ 2 B for all k, and then equation (7.2) gives that jakj � ˛ for all k. So we get a
contradiction.

Lemma 7.9. C is connected.

Proof. Suppose that C is not connected and let I be a bounded complementary interval
of C in L. By Lemma 7.5 (second point), we see that f j .I / is disjoint from L for all
j ¤ 0, and hence the arcs f j .I / for j 2 Z are pairwise disjoint. On the other hand, we
have C D Fix.f n�1/ \ L, in particular the endpoints of I are fixed by f n�1, so all the
closed arcs f j.n�1/.I / for j 2 Z have these same endpoints. Then we take k > 0 and
note that

f n
k.n�1/.I / D hkf n�1h�k.I / D hkf n�1.I /;

which cannot be disjoint from f n�1.I / by a standard Jordan curve argument (see
Figure 1), that we sketch as follows.

We show it for k large, which is sufficient. Divide the arc f n�1.I / as concatenation
of 
 and ı, where q D 
.1/ D ı.0/ has maximum horizontal coordinate, that is, jq1j is

I

hk f n−1(I )

f n−1(I )

Figure 1. Lemma 7.9.
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maximum among the points in f n�1.I /. For the sake of notation assume that f n�1.I /
is on the right side of L; the other case is symmetric. Then hkf n�1.I / is contained in
the band B 0 D Œ0; q1� �R for all k � 0. We see that ı splits B 0 into at least two compon-
ents, and 
 is contained (except for the endpoint q) in the lower unbounded component of
B 0 n ı. If k is large enough then hk.q/ is in the upper unbounded component of B 0 n ı,
so hk
 must intersect ı, as it joins hk
.0/ D 
.0/, with hk.q/ inside B 0. This means
that f n

k.n�1/.I / D hkf n�1.I / intersects f n�1.I /, thus reaching a contradiction and
concluding the proof.

Lemma 7.9 allows us to write

L D I [ C [ J;

where, for some�1� a� b�C1, we have I D¹0º � .�1;a/ and J D¹0º � .b;C1/.
We want to show that I and J are empty. It shall be useful to define

yf D f n�1 and yK D .n � 1/K:

Note that h yf ;hi is also an action of BS.1; n/ by orientation-preserving homeomorphisms,
where yf has bounded displacement with constant yK, and we have C D Fix. yf / \ L. If
J ¤; then yf .J /meets J exactly at .0;b/, so J [ yf .J / is a line, which is contained in the
yK-neighbourhood of J by the bounded displacement condition. Then there is exactly one

component of R2 n .J [ yf .J // that is contained in the yK-neighbourhood of J , and we
denote it by DJ . Note that DJ can also be defined as the component of R2 n .J [ yf .J //
that is contained in one side of L, namely the side that contains yf .J /. If I ¤ ; we can
define DI analogously. These sets are sketched in Figure 2.

Lemma 7.10. Assume that J ¤ ;. Then:

I

C

J

Figure 2. The sets I and J , assuming they are non-empty, and their images by yf .
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(1) The sets yf j .DJ / are pairwise disjoint for j 2 Z.

(2) yf j .DJ / is in the same side of L as yf .J / for j � 0, and on the opposite side of L
for j � �1.

The corresponding statements hold also for I , in case it is non-empty.

Proof. We need to recall some facts about orientation in the plane. If 
 and ı are oriented,
properly embedded rays starting at a point p 2 R2, the sectors defined by them are the
components of R2 n .
 [ ı/. If R is one of those sectors, we can say whether R is at the
right or the left of 
 , according to whether R lies at the right or left side of any (oriented,
properly embedded) line that extends 
 and does not meetR. Note that this is well defined,
and that one sector is at the right of 
 and left of ı, while the other is at the left of 
 and
right of ı. If g is an orientation-preserving homeomorphism that fixes p, then g takes the
sectors defined by 
 and ı to the sectors defined by g
 and gı, preserving the left and
right sectors of each ray.

Give J the orientation of L (i.e., upwards), so we can see it as a ray starting at .0; b/.
Recalling that .0; b/ 2 C � Fix. yf /, we can observe that for j 2 Z the sets yf j .J / are
all oriented, properly embedded rays starting at .0; b/. The set DJ is one of the sectors
defined by J and yf .J /.

For simplicity of notation we assume that yf .J / � H�, that is, is at the left side
of L, but the argument will work for the other case as well. Under this assumption we
have DJ � H� by definition, and it is the sector on the left of J and the right of yf .J /,
according to the definition above.

First we show that yf �1.J / � HC: Since yf �1 preserves orientation and fixes .0; b/,
we have that yf �1.DJ / is the sector at the right of J and left of yf �1.J /. Hence, if yf �1.J /
was on the left side of L, it would have to contain HC, but this cannot happen: Recalling
that DJ is in the yK-neighbourhood of J by definition, we see that yf �1.DJ / must be in
a 2 yK-neighbourhood of J by bounded displacement, but on the other hand, HC is not
contained in any proper neighbourhood of J . So we have yf �1.J / � HC, and moreover
yf �1.DJ / � H

C, in particular it is disjoint from DJ .
We will show the lemma by induction on jj j, adapting the argument we just made.

The base case j D 0 is trivial by the definition of DJ . So we take j > 0 and assume that
for ji j < j the sets yf i .DJ / are pairwise disjoint, and contained in H� for 0 � i < j

and in HC for �j < i < 0. We need to show that yf j .DJ / � H�, that yf �j .DJ / � HC

and that these sets are disjoint from yf i .DJ / for ji j < j (and from each other, but that is
given by the previous statements, as HC and H� are disjoint). We give the argument for
yf j .DJ /, the one for yf �j .DJ / is analogous.

Since yf j�1.DJ /�H� by induction hypothesis, we see that yf j .J /�H�, as this
curve is in the boundary of yf j�1.DJ / and cannot meet L. We consider the line Lj D
I [ C [ yf j .J / (which is oriented and properly embedded), and note that HC and
yf i .DJ / for ji j < j are on the right side of Lj . So we need to show that yf j .DJ / is

on the left side of Lj . For this we proceed as before: We use that yf preserves orientation
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and fixes .0; b/ to deduce that yf j .DJ / is the sector on the left of yf j .J / and the right of
yf jC1.J /. Thus if this sector was not contained on the left side of Lj , it would have to

contain I [ C . On the other hand, yf j .DJ / is contained in the .j C 1/ yK-neighbourhood
of J , which does not contain I [ C . Thus we have finished the induction step, observing
that a similar argument works for yf �j .DJ /, adjusting the notation as necessary.

Note that the argument just presented works for the case when yf .J / � HC changing
notation appropriately. Alternatively, since we did not use the map h, it is valid to replace
yf by yf �1. The result for I , instead of J , is also analogous.

Note that Lemma 7.10 (item (1)) implies that DJ cannot meet yf j .J / for any j .

Lemma 7.11. We have the following:

• If J ¤ ;, then yf .J / is on the left side of L.

• If I ¤ ;, then yf .I / is on the right side of L.

Proof. The key fact will be that h translates upwards in HC and downwards in H�.
Assume that J ¤ ; and yf .J / � HC, that is, is on the right side of L. We will show
that hk yf .J / intersects DJ for k large enough, which contradicts Lemma 7.10 because
hk yf .J / D yf n

k
.J /, as we remarked above. Consider a vertical band of the form

B 0 D Œ0; "� �R

for " > 0 small enough so that yf .J /meetsL0D¹"º �R. Note thatB 0 n yf .J / has a unique
lower unbounded component, and clearlyDJ \B 0 is a different component ofB 0 n yf .J /.
Let 
 be a small arc with 
.0/ 2 J and 
..0; 1�/ contained inDJ \B 0. Then h�k
 is con-
tained in B 0 for all k, with h�k
.0/ D 
.0/, and since 
.1/ 2 HC we have that h�k
.1/
must belong to the lower unbounded component of B 0 n yf .J / for k large enough. Hence,
h�k
 must intersect yf .J /, since it joins different components of B 0 n yf .J / inside B 0.
Therefore, hk yf .J / meets 
..0; 1�/, which is in DJ .

The second point is analogous, noting that DI is unbounded in the downwards
direction, in which h moves the points in H�.

We are ready to finish the proof of Theorem 7.1.

Proof of Theorem 7.1. First we show that C D L, that is, that I and J are empty.
Combining both items of Lemma 7.11, we see that, assuming J ¤ ;, we have DJ D
H� \ yf .HC/, which is to say that yf �1.DJ / is the set of the points of HC that are
mapped to H� by yf . Take any p 2 yf �1.DJ /, and note that for k large enough we have
h�k.p/ … yf �1.DJ /, since p 2 HC and yf �1.DJ / is in the yK-neighbourhood of J . It
follows that yf h�k.p/ 2 HC, and so hk yf h�k.p/ 2 HC. On the other hand, applying
Lemma 7.10 we see that the points p 2 yf �1.DJ / have yf j .p/ 2 H� for all j > 0. This
is a contradiction, as we just showed that yf n

k
.p/ D hk yf h�k.p/ was in HC. This shows

that J D ;, and the same argument works for proving that I D ;.
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So we have C D L, and are ready to show that L � Fix.f /. Recall that C is
f -invariant, by Lemma 7.5 and the definition of C . So we can see f jL as a line
homeomorphism, that preserves the orientation of L since f has bounded displace-
ment. Then f jn�1L D yf jL D IdL, and this implies f jL D IdL by the general theory of
orientation-preserving line homeomorphisms, thus finishing the proof.

7.2. Example

Here we give an example of a faithful action hf; hi of BS.1; n/ on the plane, with
h.x; y/ D .x; x C y/ as in Section 7.1 and f an orientation-preserving homeomorph-
ism with bounded displacement. We follow the same idea we used in the constructions of
Section 5, setting

D0 D ¹.x; y/ W 0 � y < jxjº

and Dk D hkD0 for all k 2 Z. Note that these sets are pairwise disjoint and
S
k Dk D

R2 n L, where L is the vertical axis. As in Section 5, given a continuous flow � W

R ! HomeoC.D0/ we can define an action of BS.1; n/ on
S
k Dk by the formula

f .x/ D hk ı �.1=nk/ ı h�k.x/ for x 2 Dk . This action is faithful if �.1/ has a free
orbit, as shown in [12].

We extend f to the plane by setting f .x/ D x for x 2 L. Then we need to provide
a flow � on D0 that has a free orbit, and so that f is a homeomorphism with bounded
displacement. We take � W R! HomeoC.D0/ so that

• �.s/ preserves each vertical line for all s 2 R, and

• j�.s/.x/ � xj < K for all s 2 R and x 2 D0, for some constant K > 0.

There are many examples of such flows that have free orbits, for example, the flow defined
by a non-zero vertical vector field supported in D0, that vanishes on the horizontal lines
Lj D R � ¹y0 C jKº for all j 2 Z and some fixed y0.

Note that h is a translation on each vertical line, so the conditions on � imply that f
has bounded displacement with constantK. To show that f is a homeomorphism, observe
that since � is supported on D0 we have

j�.s/.x/ � xj < jx1j for all x 2 D0; s 2 R;

where x1 is the first coordinate of x. Since h is a translation on each vertical line, this
implies

jf .x/ � xj < jx1j for all x 2 R2 n L:

This shows that f and f �1 are continuous at the points in L, which are the only points
where continuity was not immediate. Thus we have built the desired example.

A similar construction can be done for h1.x; y/ D .�x; x � y/, the other canonical
form for a parabolic map, taking

D0 D ¹.x; y/ W x > 0; 0 � y < xº [ ¹.x; y/ W x < 0; x < y � 0º;

which is a fundamental domain for h1 acting on R2 n L.
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8. Applications to actions on the torus

In this section we consider actions of BS.1; n/ by homeomorphisms of the torus T2.
As before, such an action is given by two homeomorphisms f; h W T2 ! T2 satisfying
hf h�1 D f n. In order to apply our results on planar actions, we would like to lift the
action on T2 to the universal cover R2 ! T2. So we cite the relevant results in this
direction, which are based on [6, Theorem 3].

Theorem 8.1. Let hf;hi be a faithful action of BS.1; n/ by homeomorphisms of T2. Then
there exists a positive integer k such that f k is isotopic to the identity and has a lift to
the universal cover whose rotation set is the single point ¹.0; 0/º. Moreover, the set of
f k-fixed points is non-empty.

Recall that hf k ; hi is also an action of BS.1; n/, so Theorem 8.1 allows us to restrict
our study to actions where f is isotopic to the identity. Moreover, we can assume that
Fix.f / ¤ ; and that f has a lift zf to the universal cover with rotation set ¹.0; 0/º. We
say that zf is the irrotational lift of f . Under these assumptions we can lift the action, by
the following result that was proved in [1].

Lemma 8.2. Let zf W R2 ! R2 be the irrotational lift of f , and zh W R2 ! R2 be any lift
of h. Then we have zh zf zh�1 D zf n.

As an application of rigidity in the diagonalizable case, we get a new proof of a result
already found in [1].

Theorem 8.3. There are no faithful actions hf; hi of BS.1; n/ by toral homeomorphisms
so that h is an Anosov map with stretch factor � > n.

Proof. Replacing f by some power of it if necessary, we can lift the action to the plane
using Lemma 8.2. Since f is isotopic to the identity, its irrotational lift zf has bounded
displacement, as it is obtained by litfing the homotopy from IdT2 , beginning at IdR2 . On
the other hand, since h is an Anosov map, we can choose zh as the lift of h that is a linear
map, and its canonical form is

D D

�
� 0

0 ��1

�
;

where � is the stretch factor of h. As we assumed that � > n, and clearly ��1 < 1, we can
apply Lemma 4.3 (up to conjugation), to deduce that zf D Id. Thus the result follows.

From our work on the parabolic case, namely Theorem 7.1, we can get the analogue
of Theorem 8.3 for Dehn twist maps.

Theorem 8.4. There is no faithful action ' of BS.1; n/ by toral homeomorphisms so that
'.a/ is a Dehn twist map.
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Proof. We consider f; h W R2 ! R2 a lift of the action ' given by Lemma 8.2, possibly
after replacing '.b/ by some power of it. Since '.b/ is isotopic to the identity, the map f
commutes with translations by vectors in Z2. By definition of Dehn twist map, we can
take h as a linear map which, after conjugation in SL.2;Z/, has an associated matrix of
the form

PN D

�
1 0

N 1

�
forN 2Z,N ¤ 0. Note that conjugation by an element of SL.2;Z/ induces a conjugation
of ' in Homeo.T2/; thus we may assume that

h.x; y/ D .x; y CNx/

while preserving the Z2-equivariance of f .
First we note that conjugating by D D 1=N Id we get in the hypotheses of The-

orem 7.1, and applying it directly we would deduce that '.b/ fixes the points in the
meridian circle S0 D ¹0º �R=Z. Our strategy will be to show the same for all the rational
meridian circles Sm=l D ¹m=lº � R=Z for m; l 2 N, thus obtaining that '.b/ D Id by
continuity.

Letm; l 2 N and consider the vertical line Lm=l D ¹m=lº �R. As in Section 7.1, we
let L D L0 be the vertical axis. Note that

hl .m=l; y/ D .m=l; y CmN/ D .m=l; y/C .0;mN/;

thus the map g.x; y/ D hl .x; y/ � .0; mN/ fixes all the points in Lm=l . We show that
hf; gi is an action of BS.1; nl /:

gfg�1.x; y/ D gf .h�l .x; y/C .0;mN//

D hl .f h�l .x; y/C .0;mN// � .0;mN/

D hlf h�l .x; y/C hl .0;mN/ � .0;mN/

D f n
l

.x; y/;

since f commutes with integer translations and h is linear with Fix.h/ D L. On the other
hand, let �.x; y/ D .x C m=l; y/, that is, the translation by .m=l; 0/. Then we clearly
have �.L/ D Lm=l and

�hl��1.x; y/ D �hl .x �m=l; y/

D �.x �m=l; y C lNx �mN/ D .x; y C lNx �mN/

D hl .x; y/ � .0;mN/ D g.x; y/;

so setting f1 D ��1f � we get that hf1; hli is the action of BS.1; nl / that we get by
conjugating hf; gi by ��1. Then we apply Theorem 7.1 to hf1; hli (after conjugation
by 1=lN Id), to get that L � Fix.f1/. We deduce that f D �f1�

�1 fixes all points in
�.L/ D Lm=l as desired, thus finishing the proof.
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