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Local permutation stability

Henry Bradford

Abstract. We introduce a notion of “local stability in permutations” for finitely generated groups.
If a group is sofic and locally stable in our sense, then it is also locally embeddable into finite
groups. Our notion is weaker than the “permutation stability” introduced by Glebsky–Rivera and
Arzhantseva–Paunescu, which allows one to upgrade soficity to residual finiteness. We prove a
necessary and sufficient condition for a finitely generated amenable group to be locally permutation
stable, in terms of invariant random subgroups (IRSs), inspired by a similar criterion for permutation
stability due to Becker, Lubotzky, and Thom. We apply our criterion to prove that derived subgroups
of topological full groups of Cantor minimal subshifts are locally stable, using Zheng’s classifica-
tion of IRSs for these groups. This last result provides continuum-many groups which are locally
stable, but not stable.

1. Introduction

The existence of a non-sofic group is one of the major unsolved problems in group theory,
and has been a key motivation behind the recent wave of interest in groups which are stable
in permutations (henceforth stable). It is known that a sofic stable group must be resid-
ually finite, so to find a non-sofic group it suffices to find a group which is stable but not
residually finite [3, 15]. The plausibility of this strategy was demonstrated by De Chiffre,
Glebsky, Lubotzky, and Thom [11], who used the analogous notion of Frobenius stability
to produce examples of groups which are not Frobenius approximable (the latter property
being analogous to soficity); see also [4] for a construction in the context of “constraint
sofic approximations.”

One difficulty with using stability in permutations as a path to finding a non-sofic
group is that stability is a rather strong property for a group to satisfy, to the extent that the
only groups known to be stable have also long been known to be sofic. In this paper we
propose a weakening of stability which nonetheless retains the link with soficity: A sofic
group satisfying our property, which we call local stability, need not be residually finite,
but must be locally embeddable into finite groups (LEF). Though it is harder to produce
non-LEF groups (LEF being weaker than residual finiteness), this may be a price worth
paying if locally stable groups prove to be abundant. To this end, we exhibit many groups
which are locally stable but not stable.
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1.1. Terminology and statement of results

Let � be a finitely generated group. For k 2N let dk be the (normalized) Hamming metric
on Sym.k/, given by

dk.�; �/ D 1 �
1

k
j¹1 � i � k W �.i/ D �.i/ºj

for �; � 2 Sym.k/.

Definition 1.1. Let .�n W � ! Sym.kn// be a sequence of functions.

(i) .�n/n is an almost-homomorphism if, for all g; h 2 � ,

dkn.�n.g/�n.h/; �n.gh//! 0 as n!1:

(ii) .�n/n is a partial homomorphism if, for all g;h 2 � , there existsN > 0 such that
for all n � N , �n.gh/ D �n.g/�n.h/.

(iii) .�n/n is separating if, for every e ¤ g 2 � ,

dkn.�n.g/; idkn/! 1 as n!1:

Definition 1.2. The group � is sofic if there is a separating almost-homomorphism
�n W � ! Sym.kn/ for some sequence of positive integers .kn/. Similarly, � is LEF if
it admits a separating partial homomorphism �n W � ! Sym.kn/ for some .kn/.

Definition 1.3. The group � is locally stable (respectively weakly locally stable) if,
for every almost-homomorphism (respectively every separating almost-homomorphism)
�n W � ! Sym.kn/, there is a partial homomorphism  n W � ! Sym.n/ such that for all
g 2 � ,

dkn.�n.g/;  n.g//! 0 as n!1:

It is immediate from these definitions that a sofic weakly locally stable group is LEF.

Remark 1.4. If we further require in the above definition that  n W � ! Sym.kn/ is a
homomorphism for all n, then we arrive at the definition of a stable (respectively weakly
stable) group.

Remark 1.5. We have

Stable ) Weakly Stable
+ +

Locally Stable ) Weakly Locally Stable

One of the consequences of our results will be that there are no other implications
between these four properties. Our main result is the following.
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Theorem 1.6 (Theorem 5.19). There is a continuum of pairwise nonisomorphic finitely
generated groups, which are locally stable but not weakly stable.

To prove Theorem 1.6, we give a criterion for a finitely generated amenable group to
be locally stable in terms of invariant random subgroups (IRSs). Here our work is indebted
to the influential paper of Becker, Lubotzky, and Thom [6], who gave a necessary and suf-
ficient condition in terms of IRSs for an amenable group to be stable. Recall that an IRS of
a discrete group � is a probability measure on the Chabauty space Sub.�/ of subgroups
of � , which is invariant with respect to the conjugation action of � on Sub.�/. We denote
by IRS.�/ the space of all IRSs of � , equipped with the weak� topology. For � a group
generated by d elements, we fix an epimorphism F � � from a rank-d free group F
onto � . Then IRS.�/ is naturally a subspace of IRS.F/.

Theorem 1.7 (Theorem 4.9). Suppose � is a finitely generated amenable group. Then �
is locally stable if and only if, for every IRS � of � , there exists a sequence of d -marked
finite groups�n converging to � in the space of marked groups, and an IRS �n of�n such
that �n ! � in IRS.F/.

It is instructive to compare Theorem 1.7 with [6, Theorem 1.3]. There it was proved
that a finitely generated amenable group � is stable if and only if every IRS of � is the
limit of atomic IRSs of � supported on finite-index subgroups. Our criterion is weaker in
the sense that, although the �n are atomic and supported on finite-index subgroups of F
(we may view the �n as elements of IRS.F/ since the �n are also quotients of F ), they
need not lie in IRS.�/, since the �n need not be quotients of � . If � is additionally
assumed to be finitely presented, however, then the �n are eventually quotients of � , and
we recover the Becker–Lubotzky–Thom criterion in this special case.

Our main application of Theorem 1.7 is to a family of groups arising from topological
dynamics.

Theorem 1.8 (Theorem 5.17). Let � be the topological full group of a Cantor minimal
subshift. Then the derived subgroup � 0 of � is locally stable.

Theorem 1.6 is then immediate, since the groups � 0 appearing in Theorem 1.8 are
known to fail to be weakly stable, to be finitely generated, and to encompass a continuum
of isomorphism types of groups. The IRSs of such groups were classified by Zheng [30].
Theorem 1.8 is proven by showing that the IRSs arising in her classification satisfy the
conditions of Theorem 1.7, and using the breakthrough result of Juschenko–Monod that
topological full groups are amenable [19]. To apply Theorem 1.7 to the IRSs described in
Zheng’s result, we need to produce suitable sequences of marked finite groups �n, and
this will be achieved using the arguments of [17], where it was proved that topological full
groups are LEF, via the construction of partial actions on Kakutani–Rokhlin partitions.

We have one other example of a finitely generated group which is locally stable but
not weakly stable.
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Theorem 1.9 (Theorem 3.9). Let A.Z/ be the group of permutations of the set Z gener-
ated by all finitely supported even permutations and the image of the regular representa-
tion of the group Z. Then A.Z/ is a finitely generated group which is locally stable but
not stable.

Although this latter result could also be viewed as an application of Theorem 1.7 (see
Example 4.13), we shall in fact provide an alternative proof, using the fact that A.Z/may
be obtained as the limit of a directed system of stable groups. The groups appearing in our
directed system are drawn from a family constructed by B. H. Neumann [26]; the fact of
their stability is a result of Levit–Lubotzky [23].

In view of the relevance of local stability to the search for a non-sofic group, it is
disappointing that all the new (that is, non-stable) examples of locally stable groups we
produce are amenable (hence sofic), and indeed that amenability plays a key role in our
arguments (via Theorem 1.7). Nevertheless, it is intriguing to note that the topological full
groups of Z-actions studied in Theorem 1.8 have close relatives which are not known to
be sofic. For instance, Thompson’s group V is the topological full group of the action of
a finitely generated group (namely of V itself). We should note that, since V is finitely
presented, it is locally stable iff it is stable (see Lemma 2.14). Nevertheless, given the
structural similarities between V and the groups � 0 arising in Theorem 1.8, our results
can be seen as evidence that V is stable. If this were the case, then V would be non-sofic.

The paper is structured as follows. After fixing our notation and making some ele-
mentary observations about LEF groups, we characterize (weak) local stability, as defined
above, in terms of local solutions to “stability challenges”; stability properties of systems
of equations; and lifting properties of homomorphisms to metric ultraproducts of finite
symmetric groups. This is the subject of Subsection 2.3. In Subsection 2.4, we show that
(weak) stability and weak local stability are equivalent in the class of finitely presented
groups, and that weak local stability and LEF are equivalent in the class of amenable
groups. As a consequence, we exhibit an example of a weakly stable group which is not
locally stable. In Section 3, we recall some basic material on the space of marked groups,
to be used subsequently, and prove Theorem 1.9. In Section 4, we provide relevant back-
ground on IRSs, and prove Theorem 1.7. In Section 5, we discuss topological full groups,
prove Theorem 1.8, and deduce Theorem 1.6. We conclude with some open questions and
suggested directions for future research.

2. Preliminaries

2.1. Notation

In this paper, all group actions are on the left. For � a group, S � � a generating
set and n 2 N, BS .n/ denotes the closed ball of radius n around the identity in the
word-metric induced by S on � . For n a positive integer, let Œn� D ¹1; : : : ; nº and let
JnK D ¹m 2 Z W jmj � nº.



Local permutation stability 631

2.2. LEF groups

The definition of LEF we have given in Definition 1.2 is non-standard. The class of
LEF groups is more usually defined in terms of “local embeddings” into finite groups,
as follows.

Definition 2.1. Let � and � be groups and let A � � . An injective function � W A! �

is a local embedding if, for all g; h 2 A, if gh 2 A then �.gh/ D �.g/�.h/.

Proposition 2.2. A countable group � is LEF iff, for all finite A � � , there exists a finite
group Q and a local embedding � W A! Q.

Proof. Let . n W � ! Sym.kn//n be a partial homomorphism and let A � � be finite.
Then for all n sufficiently large, the restriction of  n to A is a local embedding.

Conversely, suppose that .An/ is an ascending sequence of finite subsets of � with
union � , let Qn be a finite group affording a local embedding �n W An ! Qn, and let
�n W Qn ! Sym.jQnj/ be the regular representation of Qn. Then any function  n W � !
Sym.jQnj/ agreeing with �n ı �n on An is a separating partial homomorphism.

2.3. Characterizations of local stability

Recall that local stability was defined in Definition 1.3. Throughout this subsection, � is
a group, generated by a finite set S D ¹s1; : : : ; sd º; F is the free group on basis S , and
� W F ! � is the standard epimorphism. Where there is no risk of confusion, we shall not
distinguish between the free basis S for F and its image under � in � .

2.3.1. Stability challenges.

Definition 2.3. Let X and Y be finite F -sets, with jX j D jY j. For f W X ! Y a bijection,
set:

kf kgen D
1

jS j

X
s2S

Probx2X Œf .s.x// ¤ s.f .x//�

(where x 2 X is uniformly distributed). For X and Y finite F -sets with jX j D jY j, set
dgen.X; Y / to be the minimal value of kf kgen, as f ranges over all bijections from X

to Y .

Definition 2.4. A stability challenge for � is a sequence .Xn/ of finite F -sets such that,
for all r 2 ker.�/,

Probx2Xn Œr.x/ ¤ x�! 0 as n!1:

The stability challenge .Xn/ is separating if, for all w 2 F n ker.�/,

Probx2Xn Œw.x/ ¤ x�! 1 as n!1:
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We call a stability challenge .Yn/ for � a local �-set if every r 2 ker.�/ satisfies the
stronger condition:

¹y 2 Yn W r.y/ ¤ yº D ; for all sufficiently large n:

A local solution to the stability challenge .Xn/ is a local �-set .Yn/ such that jXnj D jYnj
for all n, and dgen.Xn; Yn/! 0 as n!1.

For k 2 N, the Hamming metric dk on Sym.k/ was defined in Subsection 1.1. For
an arbitrary finite set X , the Hamming metric dX on Sym.X/ is defined in a precisely
analogous way. In [6, Definitions 3.11 and 7.3], stable groups are characterized in terms
of “solutions” to stability challenges. In the same spirit, we have the following.

Proposition 2.5. The group � is locally stable iff every stability challenge for � has a
local solution. Similarly, � is weakly locally stable iff every separating stability challenge
for � has a local solution.

Proof. Suppose that � is locally stable, and let .Xn/ be a stability challenge for � , indu-
cing homomorphisms z�n W F ! Sym.Xn/. Then for every r 2 ker.�/, we have that
dXn.
z�n.r/; idXn/ ! 0 as n ! 1. For each g 2 � , pick some w.g/ 2 ��1.g/, with

w.e/ D e and w.si / D si . Define �n W � ! Sym.Xn/ by �n.g/ D z�n.w.g//. Then for
g; h 2 � , w.g/w.h/w.gh/�1 2 ker.�/, so

dXn.�n.g/�n.h/; �n.gh// D dXn.�n.g/�n.h/�n.gh/
�1; idXn/

D dXn.
z�n.w.g/w.h/w.gh/

�1/; idXn/

! 0 as n!1:

Thus .�n/ is an almost-homomorphism; by local stability, there is a partial homomorph-
ism . n/ satisfying the conclusion of Definition 1.3. In particular,  n.e/ D idXn for all n
sufficiently large. Define an action of F on Yn D Xn by

w � y D . n ı �/.w/Œy� for all w 2 F and y 2 Yn:

Then each r 2 ker.�/ acts trivially on Yn for all sufficiently large n. Thus let fn D
id W Xn ! Yn, so that if x 2 Xn and s 2 S are such that fn.s � x/ ¤ s � fn.x/, then
�.s/Œx� ¤  .s/Œx�. Thus dgen.Xn; Yn/ � kfnkgen ! 0 as n! 0.

Conversely, suppose that every stability challenge for � has a local solution, and let
�n W � ! Sym.Xn/ be an almost-homomorphism, so that Xn is an F -set via w � x D
.�n ı �/.w/Œx�. Then .Xn/ is easily seen to be a stability challenge for � . Let .Yn/ be a
local �-set such that there exists a sequence of bijections .fn WXn!Yn/with kfnkgen! 0

as n!1. Define a function  n W � ! Sym.Xn/ by

 n.g/.x/ D f
�1
n .w.g/ � fn.x//



Local permutation stability 633

(it is easily seen that each  n.g/ is bijective). Then for g; h 2 � , w.g/w.h/w.gh/�1 2
ker.�/, and since .Yn/ is a local solution, for all n sufficiently large, w.g/w.h/w.gh/�1 �
y D y for all y 2 Yn, from which it easily follows that  n.g/ n.h/ D  n.gh/. Hence,
. n/n is a partial homomorphism. Moreover, the fact that kfnkgen ! 0 implies that for
every fixed g 2 � , dkn.�n.g/;  n.g//! 0.

The proof of the criterion for weak local stability is essentially identical: It suffices to
note (in the forward direction) that if we start with a separating stability challenge .Xn/,
then the almost-homomorphism .�n/we constructed is separating also, and (in the reverse
direction) that if we start with a separating almost-homomorphism .�n/, then the stability
challenge .Xn/ we constructed is separating.

2.3.2. Locally stable systems of equations. For � 2 Sym.k/S , let �� W F ! Sym.k/ be
the (unique) homomorphism extending � , and for w 2 F , write w.�/ D �� .w/ (the eval-
uation of w at � ). For R � F , we shall say that � is a solution to the system of equations
¹r D eºr2R if r.�/D idk for all r 2R. For " > 0, � is an "-almost-solution to ¹r D eºr2R
if, for all r 2 R, dk.r.�/; idk/ < " (for short, we may also refer to an “"-almost-solution
for R” or a “solution for R,” with the same meaning). We shall say that �; � 2 Sym.k/S

are "-close if X
s2S

dk.�.s/; �.s// < ":

Definition 2.6. For R � F , we say that the system of equations ¹r D eºr2R is locally
stable in permutations if, for all " > 0 and R0 � R finite, there exist ı > 0 and R1 � R
finite such that, for every k 2 N and every � 2 Sym.k/S , if � is a ı-almost-solution to
¹r D eºr2R1 , then there is a solution � 2 Sym.k/S to ¹r D eºr2R0 such that � and � are
"-close in Sym.k/.

This definition is a generalization of the concept of a “stable system of equations” first
introduced in [15]. In [6, Lemma 3.12], it is shown that the group � is stable iff the system
of equations ¹r D e W r 2 ker.�/º is stable. The analogous statement for local stability is
as follows.

Proposition 2.7. The group � is locally stable iff the system of equations ¹r D e W r 2

ker.�/º is locally stable in permutations.

Proof. We use the characterization of local stability for groups in terms of local solutions
to stability challenges from Subsection 2.3.1. Suppose first that the system ¹r D eºr2ker.�/

is not locally stable in permutations. Then there exist " > 0 and R � ker.�/ finite such
that for all n 2 N, there exist kn 2 N and a .1=n/-almost-solution � .n/ 2 Sym.kn/S to
ker.�/\ BS .n/, which is not "-close to any solution to ¹r D eºr2R. Let Xn D Œkn� be an
F -set, via w � j D w.� .n//.j /. Then .Xn/ is a stability challenge for � . If .Yn/ is a local
solution, and fn W Xn! Yn are bijections satisfying kfnkn! 0 as n!1, then, defining
� .n/ 2 Sym.kn/S by � .n/.si /.j / D f �1n .si � fn.j //, we have that for all n sufficiently
large, � .n/ is a solution for ¹r D eºr2R which is "-close to � .n/, contradiction.
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Conversely, suppose that ¹r D eºr2ker.�/ is locally stable in permutations. For each
m 2 N, let ım > 0 and am 2 N be such that ım ! 0; .am/ is an increasing sequence
and every ım-almost-solution to ker.�/ \ BS .am/ is .1=m/-close to a solution for
ker.�/\BS .m/. Let .Xn/ be a stability challenge for � . Let kn D jXnj and fix a bijection
gn W Œkn�! Xn. Define � .n/ 2 Sym.kn/S by � .n/.si /.j / D g�1n .si � gn.j //. Then there
exists a strictly increasing sequence .Nm/ such that for all n�Nm, � .n/ is a ım-solution to
ker.�/\ BS .am/. For Nm � n < NmC1, let � .n/ be a solution to ker.�/\ BS .m/ which
is .1=m/-close to � .n/. Define Yn D Œkn�, which is an F -set via w � y D w.� .n//.y/. Then
.Yn/ is a local �-set, and the bijections fn D g�1n W Xn ! Yn witness that .Yn/ is a local
solution to the stability challenge .Xn/.

Remark 2.8. It follows from Proposition 2.7 that for R � F , whether or not the system
¹r D e W r 2 Rº is locally stable in permutations depends only on the isomorphism type of
the group presented by hS j Ri. The corresponding statement for stability follows simil-
arly from [6, Lemma 3.12]. The special case of finitely presented groups appeared already
in [3]: As is noted in that paper, stability of a system of relations is unaffected by applying
Tietze moves to the system.

We can likewise capture weak local stability in terms of solutions to equations. For the
sake of simplicity, we restrict our attention to stability of families of equations constituting
a normal subgroup of F .

Definition 2.9. For R � F n ¹eº, and ı > 0, � 2 Sym.k/S is .1� ı/-separating for R if,
for all r 2 R,

dk.r.�/; idk/ > 1 � ı:

For N C F , the system ¹r D e W r 2 N º is weakly locally stable in permutations if, for all
" > 0 and R0 � N finite, there exist ı > 0 and finite subsets R1 � N and R01 � F n N
such that every ı-almost-solution to ¹r D e W r 2 R1º, which is .1� ı/-separating for R01,
is "-close to a solution for ¹r D e W r 2 R0º.

Proposition 2.10. The group � is weakly locally stable iff the system of equations
¹r D e W r 2 ker.�/º is locally stable in permutations.

Proof. This is much the same as the proof of Proposition 2.7. For the “only if” direction,
we may assume that the tuple � .n/ 2 Sym.kn/S described in the proof of Proposition 2.7
is .1 � 1=n/-separating for BS .n/ n ker.�/. For the “if” direction, we choose ım and am
such that every ım-almost-solution to ker.�/\BS .am/, which is .1� ım/-separating for
BS .am/ n ker.�/, is .1=m/-close to a solution for ker.�/ \ BS .m/, and argue as in the
proof of Proposition 2.7.

2.3.3. Lifting properties of homomorphisms to ultraproducts. Let k D .kn/n be an
increasing sequence of positive integers. Let

Gk D
Y
n

Sym.kn/
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be the Cartesian product of the finite groups Sym.kn/. Let U be a non-principal ultrafilter
on N. Define the normal subgroups

NA;k D ¹.�n/ 2 Gk W ¹n 2 N W �n D idknº 2 Uº

NM;k D ¹.�n/ 2 Gk W 8" > 0; ¹n 2 N W dkn.�n; idkn/ < "º 2 Uº

of Gk (so that NA;k � NM;k) and define GA;k D Gk=NA;k, GM;k D G=NM;k (called,
respectively, the algebraic ultraproduct and metric ultraproduct of the Sym.kn/). Let
�A W Gk � GA;k, �M W Gk � GM;k, and �M;A W GA;k � GM;k be the natural epi-
morphisms. For any .�n/; .�n/ 2 Gk, there is a well-defined limit zdM;k..�n/; .�n// D

limn!U dkn.�n; �n/ 2 Œ0; 1� of dkn.�n; �n/ along U. Then zdM;k is a pseudometric on
Gk, which descends to a well-defined metric dM;k on GM;k.

Definition 2.11. For � a group, a sofic representation of � is a homomorphism ˆ W � !

GM;k such that, for all e ¤ g 2 � , dM;k.ˆ.g/; e/ D 1.

A countable group � is sofic iff it admits a sofic representation (see [12, Section 2]
for a proof). There is also a characterization of LEF in terms of embeddings into algebraic
ultraproducts (see [10, Section 7.2] and the references therein). We include a proof of the
exact formulation we need for the reader’s convenience.

Lemma 2.12. A countable group � is LEF iff there exists an increasing sequence k D
.kn/n and a homomorphism ˆ W � ! GA;k such that �M;A ıˆ is a sofic representation.

Proof. Given a separating partial homomorphism .�n W �! Sym.kn//, let kD .kn/n and
define the function z� W � ! Gk by z�.g/ D .�n.g//n. Then ˆ D �A ı z� has the desired
properties.

Conversely, suppose such a homomorphism ˆ exists, let A � � be a finite set, and for
each g 2 A, let z�.g/ 2 Gk be a lift of ˆ.g/, so that z�.g/n 2 Sym.kn/. For each g; h 2 A
satisfying gh 2 A, we have z�.g/z�.h/z�.gh/�1 2 NA;k. Moreover, for each e ¤ g 2 A,
since dM;k..�M;A ıˆ/.g/; e/ D 1,

¹n 2 N W dkn.z�.g/n; idkn/ � 1=2º 2 U:

In particular, there exists n 2N such that g 7! z�.g/n defines a local embedding. We apply
Proposition 2.2 to conclude.

In [3, Sections 4 and 6], it is proved that � is (weakly) stable iff for every k, every
homomorphism (respectively every sofic representation) from � to GM;k may be lifted
to Gk. Similarly, we have the following.

Proposition 2.13. The group � is (weakly) locally stable iff, for every k and every
homomorphism (respectively every sofic representation) ˆ W � ! GM;k, there is a
homomorphism ŷ W � ! GA;k such that �M;A ı

ŷ D ˆ.



H. Bradford 636

Proof. We shall use Proposition 2.7. Suppose first that ¹r D eºr2ker.�/ is locally stable
in permutations. Let ˆ W � ! GM;k be a homomorphism, let z� W F ! Gk be a lift of
.ˆ ı �/ W F ! GM;k to Gk (so that z�.ker.�// � NM;k), and let z�n D pn ı z�, where
pn W Gk ! Sym.kn/ is projection to the nth coordinate. For any finite R � ker.�/ and
any ı > 0,

¹n 2 N W dkn.z�n.r/; idkn/ < ı for all r 2 Rº 2 U:

For each m 2 N, let ım > 0 and am 2 N be such that ım ! 0; .am/ is an increasing
sequence and every ım-almost-solution to ker.�/ \ BS .am/ is .1=m/-close to a solution
for ker.�/ \ BS .m/. Let

Im D ¹n 2 N W dkn.z�n.r/; idkn/ < ım for all r 2 ker.�/ \ BS .am/º 2 U:

Then ImC1 � Im and\
m2N

Im D ¹n 2 N W z�n.r/ D e for all r 2 ker.�/º:

For n 2 Im n ImC1, there is a solution z‰n 2 Sym.kn/S to ker.�/ \ BS .m/ which is
.1=m/-close to z�n. Extend z‰n to F and define z‰ W F ! Gk by pn ı z‰ D z‰n. Then every
r 2 ker.�/ lies in BS .m/ for all m sufficiently large, so ¹n 2 N W z‰n.r/ D idknº 2 U,
hence z‰.ker.�// � NA;k, and z‰ descends to ‰ W � ! GA;k. Finally, for all " > 0,

¹n 2 N W dkn.z�n.s/; z‰n.s// < " for all s 2 Sº 2 U;

so �M;A ı‰ agrees with ˆ on S , hence on � , and ŷ D ‰ is as desired.
Conversely, suppose that ¹r D eºr2ker.�/ is not locally stable in permutations. Then

there exist " > 0 and R � ker.�/ finite such that for all n 2 N, there exist kn 2 N and
a .1=n/-almost-solution � .n/ 2 Sym.kn/S to ker.�/ \ BS .n/, which is not "-close to
any solution to R. Define z� W F ! Gk by z�.s/ D .� .n/.s//n. Then for every r 2 ker.�/,
and all n sufficiently large, dkn.r.�

.n//; idkn/ < 1=n, so z�.r/ 2 NM;k, and z� descends
to ˆ W � ! GM;k. If ˆ lifts to ŷ W � ! GA;k, and � .n/ 2 Sym.kn/S is such that
ŷ .�.s// D .� .n/.s//nNA;k for all s 2 S , then .� .n/.s/� .n/.s/�1/n 2 NM;k for s 2 S .
Hence, there exists n for which � .n/ and � .n/ are "-close and r.� .n// D e for all r 2 R,
contradiction.

The argument for weak local stability is much the same, using Proposition 2.10 in the
forward direction.

2.4. First properties of the class of locally stable groups

All stable groups are locally stable. This includes all finite groups [15], all polycyclic-by-
finite groups and the Baumslag–Solitar groups BS.1; n/ [6], Grigorchuk’s group and the
Gupta–Sidki p-groups [30], and the (restricted, regular) wreath product of any two finitely
generated abelian groups [22]. Note that all groups listed above are amenable; finite-rank
nonabelian free groups provide a class of nonamenable groups which are easily seen to
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be stable: A free group admits a finite presentation with no relations, and the empty set of
equations is trivially stable.

We continue to let S be a finite generating set for the group � , F be the free group on
basis S , and � W F ! � be the associated epimorphism.

Lemma 2.14. Suppose � is finitely presented and (weakly) locally stable. Then � is
(weakly) stable.

Proof. It suffices to show that, for every partial homomorphism �n W � ! Sym.kn/,
there is a sequence of homomorphisms  n W � ! Sym.kn/ such that, for all g 2 � ,
dkn.�n.g/; n.g//! 0 as n!1. Indeed, we shall produce n such that �n.g/D n.g/
for all sufficiently large n.

Let R � F be a finite set which normally generates ker.�/. Given m > 0, let N D
N.m/ > 0 be sufficiently large that for all g; h 2 � of word-length at mostm with respect
to S , and for all n � N , �n.gh/ D �n.g/�n.h/. In particular, for every w 2 F of length
at most m, we have

�n.�.w// D w.�
.n//; (1)

where � .n/ D .�n.s//s2S 2 Sym.kn/S . In particular, for all r 2 R, r.� .n// D idkn , and
we have a well-defined homomorphism  n W � ! Sym.kn/ sending s to �n.s/. By (1),
�n and  n agree on BS .m/ � � , as desired.

We recall the key observation made following Definition 1.3, which follows immedi-
ately from the relevant definitions. The analogous statement for stability appeared in [15,
Theorem 2] and [3, Theorem 7.2].

Lemma 2.15. Suppose � is sofic and weakly locally stable. Then � is LEF.

Within the class of amenable groups, there is a simple necessary and sufficient
condition for weak stability.

Theorem 2.16 ([3, Theorem 7.2 (iii)]). Suppose � is amenable. Then � is weakly stable
iff it is residually finite.

We prove a similar criterion for weak local stability among amenable groups.

Lemma 2.17. Suppose � is amenable. Then � is weakly locally stable iff it is LEF.

Proof. Every amenable group is sofic, as a result the “only if” direction follows from
Lemma 2.15. For the “if” direction, we shall use the criterion in terms of ultraproducts
from Proposition 2.13. Since � is LEF, by Lemma 2.12, there exist an increasing
sequence k D .kn/ and a homomorphism  W � ! GA;k such that �M;A ı  is a sep-
arating homomorphism. Let � W � ! GM;k be any separating homomorphism. By [13],
since � is amenable, if �1; �2 W � ! GM;k are separating homomorphisms, then there
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exists h 2 GM;k such that for all g 2 � , �2.g/ D h�1.g/h
�1. Apply this result to

�1 D � and �2 D �M;U ı  to obtain a corresponding h 2 GM;k. Letting zh 2 ��1
M;A

.h/,
z� W g 7! zh�1 .g/zh is a homomorphism satisfying �M;A ı z� D �. By Proposition 2.13, �
is weakly stable.

Corollary 2.18. There exist groups with the following properties:

(i) There exists a finitely generated weakly locally stable group which is not weakly
stable.

(ii) There exists a finitely generated group which is not weakly locally stable.

Proof. (i) By Lemma 2.17 and Theorem 2.16, any finitely generated amenable, LEF
group which is not residually finite will do. The wreath product Alt.5/ o Z is
such a group: It is amenable, being (locally finite)-by-abelian, and is LEF by
[29, Theorem 2.4 (ii)].

(ii) By Lemma 2.15, any finitely generated sofic group which is not LEF will do. The
Baumslag–Solitar group BS.2; 3/ is such a group: It is not LEF by Corollary 4
in [29, Section 2.2] (and the comment following); its soficity is explained, for
instance, in [28, Example 4.6].

Theorem 2.19. There is a finitely presented soluble group which is weakly stable but not
locally stable.

Proof. Let p be a prime and let Ap � GL4.Q/ be the p-Abels group (see [6, Corol-
lary 8.7]). Then Ap is

(i) finitely presented;

(ii) linear over Q (and being finitely generated, is therefore residually finite, by
Mal’cev’s theorem);

(iii) soluble (hence amenable);

(iv) not stable.

By (i) and (iv), we may apply Lemma 2.14 to conclude that Ap is not locally stable. By
(ii) and (iii), we may apply Theorem 2.16 and deduce that � is weakly stable.

3. Limits in the space of marked groups

The space Gd of marked d -generated groups was introduced in [16, 18] and may be con-
structed as follows. Fix d 2 N and an ordered d -element set X D ¹x1; : : : ; xd º. We may
define Gd to be the set of all normal subgroups of the free group F D F.X/ on X. Altern-
atively, the points of Gd may be described in terms of d -markings on groups: If � is
a d -generated group and S D .s1; : : : ; sd / is an ordered generating d -tuple for � , then
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the pair .�; S/, henceforth to be called a d -marked group, determines an epimorphism
�S W F.X/! � sending xi to si for 1 � i � d , and hence the point ker.�S/ 2 Gd . Con-
versely, every point N 2 Gd determines the d -generated group �N D F.X/=N and the
generating d -tuple SN D .xiN/i 2 �d , so that N D ker.�SN /.

By a quotient of d -marked groups .�; S/� .�;T/, we shall mean a homomorph-
ism � W � ! � such that �.si / D ti for 1 � i � d . By the fact that S and T generate,
such � is unique (if it exists) and surjective. We note that two d -marked groups .�; S/
and .�;T/ determine the same point in Gd if and only if the quotient of d -marked groups
.�; S/� .�;T/ exists and is an isomorphism. We may give Gd the structure of a metric
space, as follows. For N;M C F.X/, we write

�.N;M/ D max¹n 2 N W N \ BX.n/ DM \ BX.n/º 2 N [ ¹1º

and set
d.N;M/ D 2��.N;M/:

Then d is a well-defined metric on Gd . There is a well-known characterization of the
class of d -generated LEF groups in terms of the topology of Gd , as described in the next
Lemma, which is proved in [29, Section 1.4].

Lemma 3.1. Let .�; S/ be a d -marked group and let .�n;Tn/ be a sequence of marked
finite d -generated groups. Then .�n;Tn/ converges to .�; S/ in Gd iff, for all r 2 N, for
all n sufficiently large there is a local embedding �n WBS.r/!�n satisfying �n.si /D tn;i
for 1 � i � d . In particular, � is LEF iff for some (equivalently any) d -marking S of � ,
.�; S/ lies in the closure in Gd of the subspace of marked d -generated finite groups.

Remark 3.2. Let � be a d -generated group. If � is finitely presented then, for any d -
marking S on � , ker.�S/ has a finite normal generating set, so there exists C > 0 such that,
for anyN C F, if �.ker.�S/;N /� C , then ker.�S/�N . It follows that .�;S/ has an open
neighbourhood in Gd consisting entirely of marked quotients of .�; S/. A slightly more
general variant, which follows from the same argument, is: If .�;S/ and .y�; yS/ are marked
d -generated groups, with y� finitely presented, and there is a quotient .y�; yS/� .�; S/
of d -marked groups, then .�; S/ has an open neighbourhood in Gd consisting entirely of
marked quotients of .y�; yS/.

Definition 3.3. Given a sequence .�m/m of d -generated groups, and given for each m a
d -marking Sm D .sm;1; : : : ; sm;d / on �m, let

zS D .zs1; : : : ; zsd / 2
�Y
m

�m

�d
be given by zsi;m D sm;i 2 �m. Let

N
.�m; Sm/ be the subgroup of

Q
m �m generated

by the set ¹zsi W 1 � i � dº (so that zS is a d -marking on
N
.�m; Sm/). We shall refer to

the group
N
.�m; Sm/ as the diagonal product of the sequence .�m; Sm/m, and zS as the

diagonal d -marking.
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Note that the projection pn W
Q
m �m! �n restricts to a quotient of d -marked groups

.
N
.�m; Sm/; zS/� .�n; Sn/.

Proposition 3.4 ([20, Lemma 4.6]). Suppose the sequence .�m;Sm/m converges in Gd to
.�; S/. Then there is a quotient of d -marked groups

� W
�O

.�m; Sm/; zS
�
� .�;S/;

called the tail homomorphism, with kernel

ker.�/ D
�O

.�m; Sm/
�
\

�M
m

�m

�
:

Since the class of amenable groups is closed under subgroups, extensions, and
ascending unions, we deduce the following, which will be used in the next section.

Lemma 3.5. Let .�m; Sm/m and .�; S/ be as in Proposition 3.4. If � and the �m are
amenable, then so is

N
.�m; Sm/.

The next proposition gives a sufficient condition for local stability of a group � in
terms of local stability of a sequence of stable groups converging to � in Gd . The hypo-
theses of the condition are rather strong, but they are general enough to allow us to exhibit
our first explicit example of a locally stable finitely generated group which is not stable.

Proposition 3.6. Let .�m; Sm/m and .�; S/ be as in Proposition 3.4. Suppose that for
all m, there is a quotient of d -marked groups �.m/ W .�m; Sm/! .�; S/. If �m is locally
stable for all m, then � is locally stable.

Proof. There is a sequence .rm/ in N, tending to1, such that the restriction of �.m/ to
BSm.rm/ is a bijection onto BS.rm/. Define � .m/ W � ! �m such that, for all h 2 BS.rm/,
h D .�.m/ ı � .m//.h/ (with � .m/.h/ defined arbitrarily for h 2 � n BS.rm/). Then for all
g; h 2 BS.rm=2/, � .m/.gh/ D � .m/.g/� .m/.h/.

Let .�n W � ! Sym.kn//n be an almost-homomorphism. Then for any fixed m,
.�n ı �

.m// W �m ! Sym.kn/ defines an almost-homomorphism, so by local stability,
there exists a partial homomorphism . 

.m/
n W �m ! Sym.kn//n such that, for all m, and

all g 2 �m,
dkn. 

.m/.g/; .�n ı �
.m//.g//! 0 as m!1:

Fix a sequence ."n/ of positive reals, converging to 0. Then there exists a sequence .mn/
in N, tending to1, such that:

(i) . 
.mn/
n ı � .mn/ W � ! Sym.kn//n is a partial homomorphism.

(ii) For all n 2 N and g 2 BSmn .1="n/,

dkn. 
.mn/.g/; .�n ı �

.mn//.g// < "n:
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Now given h 2 � , let l > 0 be such that h 2 BS.l/. Then for all n sufficiently large,
min.1="n; rmn/ > l and there exists g 2 BSmn .l/ with h D �.mn/.g/, so that . .mn/n ı

� .mn//.h/ D  
.mn/
n .g/, and

dkn.. 
.mn/
n ı � .mn//.h/; �n.h// D dkn. 

.mn/.g/; .�n ı �
.mn//.g// < "n;

so . .mn/n ı � .mn// is close to .�n/, as desired.

Remark 3.7. The hypothesis in Proposition 3.6 that the convergence of .�m; Sm/m to
.�; S/ in Gd is induced by a sequence of epimorphisms �m W �m ! � cannot be entirely
removed. For example, consider the group described in the proof of Theorem 2.19: It is not
locally stable, but it is residually finite, hence LEF, hence there are finite marked groups
.�m; Sm/m converging to .�; S/ in Gd , and finite groups are stable by [15, Theorem 2].

Let FSym.Z/ � Sym.Z/ be the group of finitely supported permutations of the set Z.
FSym.Z/ has a subgroup FAlt.Z/ of index 2, consisting of all finitely supported even per-
mutations. Both FSym.Z/ and FAlt.Z/ are normal in Sym.Z/. FAlt.Z/ is the ascending
union of the alternating groups on finite subsets of Z; thus FAlt.Z/ is an infinite simple
group. Let � W Z ! Sym.Z/ denote the regular action of the additive group Z; thus Z
acts (through �) via conjugation on Sym.Z/. By normality of FAlt.Z/, we can form the
semidirect product A.Z/ D FAlt.Z/ Ì� Z, called the alternating enrichment of Z.

For r 2 N, let JrK D ¹n 2 Z W jnj � rº and let ˛r ; ˇr 2 Sym.JrK/ be given by
˛r D .�r 1� r � � � r � 1 r/;ˇr D .�1 0 1/. Then it is easily seen that h˛r ; ˇri D Alt.JrK/,
and similarly we have the following.

Lemma 3.8. The group A.Z/ is finitely generated by ¹.idZ; 1/; ..�1 0 1/; 0/º.

We shall prove the following.

Theorem 3.9. A.Z/ is locally stable but not weakly stable.

Let ˛r ; ˇr 2 Alt.JrK/ be as above, and let T.r/ D .˛r ; ˇr / 2 Alt.JrK/2 (a 2-marking
on Alt.JrK/). Now let r W N ! N�2, with r strictly increasing. We consider sequences of
the form .Alt.Jr.n/K/;T.r.n/// in G2.

Proposition 3.10. For any function r W N ! N�2 as above, .Alt.Jr.n/K/; T.r.n///
converges in G2 to .A.Z/; S/, where S D ..idZ; 1/; ..�1 0 1/; 0//.

Proof. This is covered, for example, in [25, Remark 5.4].

The groups G.r/ D
N
.Alt.Jr.n/K/; T.r.n/// were originally studied by B. H.

Neumann [26], who proved that different functions r as above yield nonisomorphic groups
G.r/. Our interest here in these groups stems from the following, which is the main result
of [23].
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Theorem 3.11. For any increasing function r W N ! N�2, G.r/ is stable.

Let zS.r/ 2 G.r/2 D
N
.Alt.Jr.n/K/;T.r.n///2 be the diagonal 2-marking described

in Definition 3.3. We now fix an increasing function r0 W N ! N�2. For n 2 N we define
rn.m/ D r0.mC n/. The key to Theorem 3.9 is the following observation.

Proposition 3.12. Write Sn D zS.rn/. The sequence .G.rn/; Sn/n converges in G2 to
.A.Z/; S/, where S is as in Proposition 3.10.

Proof of Theorem 3.9. FAlt.Z/ is locally finite, so A.Z/ is amenable (being the extension
of a locally finite group by an abelian group). On the other hand, FAlt.Z/ is an infinite
simple group, hence A.Z/ is not residually finite. By Theorem 2.16, A.Z/ is not weakly
stable.

For fixed n, Proposition 3.10 guarantees that .Alt.Jrn.m/K/;T.rn.m///m converges in
G2 to .A.Z/;S/. By Proposition 3.4, we have the tail homomorphism �n W .G.rn/;Sn/�
.A.Z/;S/. By Proposition 3.12, we see that the sequence �.n/D �n satisfies the conditions
of Proposition 3.6, and we conclude that A.Z/ is locally stable.

Proof of Proposition 3.12. Let K 2 N, so that by Proposition 3.10, there exists M 2 N
such that, for all m �M ,

d..Alt.r0.m//;T.r0.m///; .A.Z/;S// � 2�.KC1/

so that for any l; m �M ,

d..Alt.r0.l//;T.r0.l///; .Alt.r0.m//;T.r0.m//// � 2�K (2)

by the triangle inequality. Let n � N and claim

d..G.rn/; Sn/; .A.Z/;S// � 2�K (3)

which yields the result. Let

�n W .G.rn/; Sn/� .A.Z/;S/

be the tail homomorphism described in Proposition 3.4. Since �n ı �Sn D �S, if (3) fails,
then there exists a nontrivial reduced word w 2 F.X/ such that e ¤ �Sn.w/ 2 ker.�n/.
For k 2 N let

pk W .G.rn/; Sn/� .Alt.rn.k//;T.rn.k/// D .Alt.r0.k C n//;T.r0.k C n///

by projection onto the kth factor. By the conclusion of Proposition 3.4, �Sn.w/ 2L
k Alt.r0.k C n//, so there exist l; m 2 N such that

�T.r.nCl//.w/ D .pl ı �Sn/.w/ ¤ e but �T.r.nCm//.w/ D .pm ı �Sn/.w/ D e:

It follows that

d..Alt.r0.nC l//;T.r0.nC l///; .Alt.r0.nCm//;T.r0.nCm//// > 2�K ;

contradicting (2).
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Remark 3.13. One may also define the symmetric enrichment �.Z/ D FSym.Z/ Ì� Z,
in which A.Z/ sits as a subgroup of index 2. We do not know whether local stability
is preserved under commensurability in general, so one cannot deduce local stability for
�.Z/ directly from Theorem 3.9. That said, one can also prove that �.Z/ is locally stable,
along the lines of the argument sketched in Example 4.13.

Further, much as in Proposition 3.10, one may construct a sequence of 2-markings of
finite symmetric groups converging in G2 to (a 2-marking of) �.Z/, and thereby produce
a family of diagonal product groups admitting epimorphisms onto �.Z/. We expect that
these diagonal product groups are also stable groups, and that their stability may be proved
using the arguments of [23].

4. Invariant random subgroups

For � a countable group, let Sub.�/ be the space of all subgroups of � , a closed subspace
of the space ¹0; 1º� of subsets of � (equipped with the Tychonoff topology). The group �
admits a continuous action on Sub.�/ by conjugation, which induces an action on the
space Prob.�/ of Borel probability measures on Sub.�/. An IRS of � is by definition a
fixed point of the action of � on Prob.�/.

Example 4.1. ForH � � , ıH 2 Prob.�/ denotes the point mass on the subgroupH . The
measure ıH is an IRS iff H is normal in � . More generally, for H1; : : : ; Hn � � dis-
tinct subgroups and �1; : : : ; �n 2 Œ0; 1�, with

P
i �i D 1, we have a probability measureP

i �iıHi 2 Prob.�/. The latter is an IRS iff the Hi form a union of whole conjugacy
classes of subgroups, and �i D �j whenever Hi and Hj are conjugate in � .

We denote by IRS.�/ the set of all IRSs of �; it is a compact metrizable space under
the weak� topology. If � is finitely generated by the set S , r 2 N and W � � , we write

Cr;W D ¹H � � W H \ BS .r/ D W \ BS .r/º;

a clopen subset of Sub.�/. For �; �n 2 IRS.�/, we have the following useful criterion
for convergence in the weak� topology:

�n ! � in IRS.�/ iff �n.Cr;W /! �.Cr;W / for all r 2 N and W � BS .r/: (4)

It is clear that IRS.�/ forms a closed and convex subspace of Prob.�/. An IRS �
of � is ergodic if, for any �1; �2 2 IRS.�/ and t 2 .0; 1/, if � D t�1 C .1 � t /�2 then
�1 D �2. That is, the ergodic IRSs are precisely the extreme points of � . Thus, the only
closed convex subspace of IRS.�/ containing all ergodic IRSs of � is IRS.�/ itself.

As in the previous section, fix an ordered basis X for the rank-d free group F D F.X/.
If � is d -generated, then a d -marking S on � induces an embedding of IRS.�/ into
IRS.F/: An IRS of F lies in IRS.�/ iff it is supported on subgroups of F containing
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ker.�S W F ! �/, where as above, �S denotes the epimorphism of d -marked groups
.F ;X/� .�; S/. We write IRS.�; S/ to specify this embedded copy of IRS.�/ inside
IRS.F/. An IRS of � is called finite-index if it is an atomic probability measure supported
on finite-index subgroups of � , and is called cosofic in � if it is the weak�-limit of finite-
index IRSs of � . Note that if � 2 IRS.�; S/ � IRS.F ;X/, then � may a priori be cosofic
in F but not cosofic in � .

For X any �-set, there is a map Stab W X ! Sub.�/ sending a point x 2 X to its
stabilizer in � . If X is a standard Borel space, and the action of � on X is Borel, then
Stab is a Borel map. Thus, given a Borel regular probability measure � on X , there is
a pushforward measure Stab�.�/ 2 Prob.�/ on Sub.�/. If � is �-invariant (i.e., if the
action of � on .X; �/ is a pmp action), then Stab�.�/ is an IRS of � . Although we shall
not use the fact in the sequel, it in fact transpires that every IRS can be produced in this
way (see [1, Proposition 1.4]). In the special case that X is a finite discrete �-set, the IRS
induced in this way is a finitely supported finite-index IRS of � .

Definition 4.2. LetX be a finite �-set, and let � be the uniform probability measure onX
(so that � is �-invariant). By the IRS associated withX , we shall mean Stab�.�/2 IRS.�/.
We call the sequence .Xn/ of finite F -sets convergent if the sequence of IRSs associated
with the Xn converges in IRS.F/.

Remark 4.3. IfX and Y are finite �-sets with associated IRSs � and �, respectively, then
X t Y is a finite �-set with associated IRS:�

jX j

jX j C jY j

�
�C

�
jY j

jX j C jY j

�
�:

Repeatedly applying this observation, we have that for any finite �-set X and any N > 0,
there is a finite �-set X 0 with the same associated IRS as X , and jX 0j � N .

Generalizing Remark 4.3, we have the following slight variation of [6, Lemma 7.6],
which will be needed in the proof of Theorem 4.9.

Lemma 4.4. Let .�n;Tn/ be a sequence of marked d -generated groups and let Yn be a
finite �n-set, with associated IRS �n. Suppose that jYnj ! 1 as n!1 and that .�n/
converges to � 2 IRS.F ;X/. Then for any sequence .mk/ of positive integers satisfying
mk !1 as k !1, there exist an unbounded nondecreasing function f W N ! N and
finite �f .k/-sets Y 0

k
with associated IRSs �0

k
, such that jY 0

k
j D mk for all k, and .�0

k
/

converges to � also.

Proof. For r a positive integer, let Zr be a set of size r , on which we let F act trivially.
Then for any quotient � of F , Zr is naturally a �-set. Let .in/ be a strictly increas-
ing sequence of positive integers such that for all in � k < inC1, jYnj=mk < 1=n. Set
f .k/D n. For each in � k < inC1, writemk D qkjYnj C rk , with qk � n and 0� rk < jYnj,
and set

Y 0k D Zrk t
G
qk

Yn
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a finite �n-set with jY 0
k
j D mk . By Remark 4.3, the IRS �0

k
2 IRS.�n; Tn/ associated

with Y 0
k

is given by

�0k D
mk � rk

mk
�n C

rk

mk
ı�n :

Then .�0
k
/ converges to �, since rk=mk < jYnj=mk < 1=n ! 0 as k ! 1, because

k < inC1.

The IRSs associated with finite �-sets are one source of examples of finite-index IRSs
of � . Not every finite-index IRS is necessarily of this form; for instance, if � 2 IRS.�/ is
the IRS associated with a finite �-set, then for every r 2N andW � � , each �.Cr;W / is a
rational number. Nevertheless, the next construction (which is a slight modification of [6,
Lemma 4.4]) shows that every finite-index IRS may be approximated by IRSs associated
with actions on finite sets.

Lemma 4.5. Let .�n; Sn/ be a sequence of marked d -generated groups; let �n 2
IRS.�n; Sn/ be a finite-index IRS, and suppose the sequence .�n/ converges to some
� 2 IRS.F ;X/. Then for each n, there exists a finite �n-set Xn such that, letting �n 2
IRS.�n; Sn/ be the IRS associated with Xn, the sequence .�n/ converges to � also.

Proof. Being finite-index, �n is in particular a cosofic IRS, so [6, Lemma 4.4] applies.
There is a sequence .Xn;m/m of finite �n-sets whose associated sequence .�n;m/m of
IRSs converges to �n. Since .�n/ converges to �, there exists increasing f W N ! N
such that .�n;f .n// converges to �. We may therefore take Xn D Xn;f .n/.

In [6, Lemma 7.5], the following is proved.

Lemma 4.6. Let .Xn/ be a convergent sequence of finite F -sets, with � 2 IRS.F ;X/
being the limit of the sequence .Stab�.�n// of IRS associated with the Xn. Then .Xn/ is a
stability challenge for � iff � lies in IRS.�; S/.

Moreover, it is shown that in proving stability of � , it suffices to consider convergent
stability challenges. In a similar vein, we have the following.

Proposition 4.7. A finitely generated group � is locally stable iff every convergent
stability challenge for � has a local solution.

Proof. Let S be a d -marking on � . By Proposition 2.5, it suffices to prove that if every
convergent stability challenge has a local solution, then so does every stability challenge.
Suppose to the contrary, that there is a stability challenge .Xn/ for � with no local solu-
tion. For m a positive integer and X a finite F -set, we shall describe a finite F -set Y
as “m-good” for X if jX j D jY j; dgen.X; Y / < 1=m and ker.�S/ \ BX.m/ acts trivially
on Y . In this terminology, a sequence .Yn/ of finite F-sets is a local solution for .Xn/ iff
for all m, Yn is m-good for Xn for all but finitely many n. Therefore, passing to a sub-
sequence of our .Xn/, we may assume that there exists a positive integer m such that for



H. Bradford 646

no n does there exist a finite F -set which is m-good for Xn. This .Xn/ is then a stabil-
ity challenge for � , no subsequence of which has a local solution. On the other hand, by
compactness of IRS.F/, .Xn/ has a subsequence which is a convergent stability challenge
for � , contradiction.

We now come to the main result of this section, which is our necessary and sufficient
condition for local stability of a finitely generated amenable group in terms of IRSs.

Definition 4.8. Let � be a d -generated group, let S be a d -marking on � , and let
� 2 IRS.�;S/. We call � partially cosofic in .�;S/ if there exists a sequence of d -marked
finite groups .�n;Tn/ converging to .�;S/ in Gd and �n 2 IRS.�n;Tn/ such that �n! �

in IRS.F ;X/.

Theorem 4.9. Suppose � is a d -generated amenable group and let S be a d -marking
on � . Then � is locally stable if and only if every � 2 IRS.�; S/ is partially cosofic in
.�; S/.

Remark 4.10. The d -generated group � is LEF iff for some (equivalently any) d -
marking S on � there exists a sequence of d -marked finite groups .�n;Tn/ converging to
.�;S/ in Gd . For any such sequence, the trivial IRS ı¹eº and ı�n 2 IRS.�n;Tn/ converge,
respectively, to the trivial IRS ı¹eº and ı� 2 IRS.�;S/, so these IRSs are partially cosofic
in any LEF group.

Before embarking on the proof of Theorem 4.9, we note one slight refinement, which
will be useful in applications, particularly in the next section.

Corollary 4.11. Let .�; S/ be as in Theorem 4.9. The following are equivalent:

(i) � is locally stable.

(ii) Every � 2 IRS.�; S/ is partially cosofic in .�; S/.
(iii) Every ergodic � 2 IRS.�; S/ is partially cosofic in .�; S/.

Proof. Given Theorem 4.9, the only nontrivial implication is from (iii) to (ii). Let
P � IRS.�; S/ be the set of partially cosofic IRSs in .�; S/. As noted when we first
defined ergodic IRSs, it suffices to show that P is closed and convex. For closure,
suppose that .�n/ is a sequence consisting of partially cosofic IRSs in .�; S/ and con-
verging to � 2 IRS.�; S/. For each n, let .�.n/m ; T.n/m / be finite d -marked groups and
�
.n/
m 2 IRS.�.n/m ;T.n/m /witness the partial cosoficity of�n in .�;S/. Then for some increas-

ing f W N ! N, the sequences .�.n/
f .n/

;T.n/
f .n/

/ and �.n/
f .n/

witness that � is partially cosofic
in .�; S/ also.

For convexity, let �1; �2 2 P and t 2 .0; 1/. For i D 1; 2, let .�.i/n ;T
.i/
n / and �.i/n 2

IRS.�.i/n ;T
.i/
n /witness the partial cosoficity of �i . It is clear that �n D t�

.1/
n C .1� t /�

.2/
n

converges to t�1 C .1 � t /�2 in IRS.F ;X/. It therefore suffices to find an associated
sequence of finite groups.
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For 1 � j � d , let tn;j D .t
.1/
n;j ; t

.2/
n;j /, where T.i/n D .t

.i/
n;1; : : : ; t

.i/

n;d
/, and let:

�n D htn;1; : : : ; tn;d i � �
.1/
n ��

.2/
n

(so that the projection of �n to each factor is surjective). It is easy to see that .�n;Tn/
converges to .�; S/ in Gd , since the .�.i/n ;T

.i/
n / do. The �.i/n are finitely supported atomic

IRSs, hence �n is too. Finally, if H � F lies in the support of �n, then for one of i D 1
or 2, H lies in the support of �.i/n , so ker.�T/ � ker.�T.i// � H , and �n 2 IRS.�n;Tn/,
as required.

There is defined in [6, Section 6] a notion of “statistical distance” dstat.X; Y / between
a pair X and Y of Borel probabiliy spaces with Borel F -actions. We will not need the full
definition of dstat, only the following consequences.

Proposition 4.12. Let .Xn/ and .Yn/ be sequences of finite F -sets, and let �n and
�n 2 IRS.F ;X/ be the IRSs associated with Xn and Yn, respectively.

(i) If there exists � 2 IRS.F ;X/ such that �n ! � and �n ! �, then we have that
dstat.Xn; Yn/! 0.

(ii) If �n ! � 2 IRS.F ;X/ and dstat.Xn; Yn/! 0, then �n ! � also.

(iii) If jXnj D jYnj for all n and dgen.Xn; Yn/! 0, then dstat.Xn; Yn/! 0.

(iv) Suppose there exists a d -marked amenable group .�; S/ such that for all n, the
action of F on Yn factors through �S, and jXnj D jYnj for all n. If we have
dstat.Xn; Yn/! 0, then dgen.Xn; Yn/! 0.

Proof. Items (i) and (ii) follow from [6, Lemma 6.1]; item (iii) is [6, Proposition 6.3], and
item (iv) is the content of [6, Proposition 6.8].

Proof of Theorem 4.9. Suppose that the hypothesis on the IRSs holds. Let .Xn/ be a
stability challenge for � , which by Proposition 4.7 we can assume to be a convergent
stability challenge. Let �n 2 IRS.F ;X/ be the IRS associated withXn, so that there exists
� 2 IRS.�;S/with�n!� in IRS.F ;X/. Let .�n;Tn/ and �n 2 IRS.�n;Tn/witness the
partial cosoficity of � in .�;S/. By Lemmas 4.4 and 4.5, we may assume that there exists
a finite �n-set Yn, with jXnj D jYnj, whose associated IRS is �n. We have �n; �n ! �,
so dstat.Xn; Yn/! 0 by Proposition 4.12 (i).

Let .z�;T/D
N
.�n;Tn/. Then we have epimorphisms of marked groups t W .z�;T/�

.�;S/ and pn W .z�;T/� .�n;Tn/, so that the Yn are finite z�-sets. Moreover, z� is amen-
able by Lemma 3.5, so by Proposition 4.12 (ii) (applied to .z�;T/ instead of .�; S/), we
conclude dgen.Xn; Yn/! 0. Viewing Xn and Yn as finite F -sets, Yn is thus a solution to
the stability challenge .Xn/ for F . Finally, since the action of F on Yn factors through
the marked quotient .F ;X/� .�n;Tn/, and .�n;Tn/ converges to .�; S/ in Gd , every
r 2 ker.�S/ satisfies �Tn.r/ D e for all n sufficiently large; hence for such n, r lies in the
kernel of the action of F on Yn. Thus .Yn/ is a local �-set, and hence a local solution for �
to the stability challenge .Xn/. By Proposition 4.7, we conclude that � is locally stable.
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Conversely, suppose that � is locally stable, and let � 2 IRS.�; S/. Since � is amen-
able, by [6, Proposition 6.6] there exist finite-index IRSs �n 2 IRS.F ;X/ with �n ! �.
By Lemma 4.5, we may assume that there exists a finite F -set Xn with associated IRS
�n. By Lemma 4.6, .Xn/ is a stability challenge for � . By local stability, .Xn/ has a local
solution .Yn/ for � , by Proposition 2.5. Now recall that there is a sequence of marked
finitely presented groups .�n; Sn/ such that:

(i) There exist marked epimorphisms .�n; Sn/� .�nC1; SnC1/ and .�n; Sn/�
.�; S/.

(ii) .�n; Sn/ converges to .�; S/ in Gd .

Specifically, let .rn/ be an increasing sequence of positive integers, let Nn 2 Gd be
the normal closure in F of BX.rn/ \ ker.�S/, and let .�n; Sn/ be the d -marked group
associated with Nn.

Passing to subsequences, we may assume that Yn is a �n-set by Remark 3.2 (in its
more general version). Let �0n 2 IRS.�n; Sn/ be the IRS associated with Yn (a finitely
supported finite-index IRS of �n). Then �0n ! � in IRS.F ;X/, by Proposition 4.12 (ii)
and (iii). Now, since � is amenable locally stable, it is LEF by Lemma 2.17, so there
exists a sequence .ƒn;Un/ of marked finite groups converging to .�;S/ in Gd . Passing to
subsequences, we may assume (again, by the more general form of Remark 3.2) that there
exists a marked epimorphism �n W .�n; Sn/� .ƒn;Un/, and that

d..�; S/; .�n; Sn//; d..�;S/; .ƒn;Un//; d..�n; Sn/; .ƒn;Un// � 2�n (5)

in Gd . Write

�0n D

MnX
iD1

�n;iıHn;i

for some finite-index subgroups Hn;i of �n. Let Kn;i be the normal core of Hn;i in �n,
and let

Kn D

Mn\
iD1

Kn;i :

Let �n W �n� ƒn � .�n=Kn/ be given by �n.g/ D .�n.g/; gKn/; let Tn D �n.Sn/ and
set �n D im.�n/ � ƒn � .�n=Kn/, so that �n W .�n; Sn/� .�n;Tn/ is a quotient of
d -marked groups. Projection to the first factor of ƒn � .�n=Kn/ induces a quotient of
d -marked groups .�n;Tn/� .ƒn;Un/. Since �n restricts to an isomorphism of balls
of radius n, and �n factors through .�n;Tn/, it follows from (5) that

d..�; S/; .�n;Tn// � 2�n (6)

and .�n;Tn/ converges in Gd to .�; S/. Define

�n D

MnX
iD1

�n;iı�n.Hn;i / 2 IRS.�n;Tn/:
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Note that �n is indeed an IRS: Since �0n is an IRS, the subgroups Hn;i and the coeffi-
cients �n;i satisfy the criterion described in Example 4.1, hence so too do the �n.Hn;i /.
We claim that �n ! � in IRS.F ;X/, which will complete the proof. It suffices to show
that for all r 2 N,

BX.r/ \ �
�1
Sn .Hn;i / D BX.r/ \ �

�1
Tn .�n.Hn;i //

for all n sufficiently large, as in that case we have for all r 2 N and W � BX.r/,

ıHn;i .Cr;W / D ı�n.Hn;i /.Cr;W /

for all n sufficiently large, and since �0n ! �, the criterion (4) applies.
Since �Tn D �n ı �Sn , we have ��1Sn .Hn;i / � �

�1
Tn .�n.Hn;i //. For the converse inclu-

sion, let w 2 BX.r/ and h 2 Hn;i be such that �n.h/ D �Tn.w/. Then there exists
v 2 BX.r/ such that �Sn.v/ D h, so vw�1 2 ker.�Tn/ \ BX.2r/. For n > 2r , and by (5)
and (6), �Sn.w/ D �Sn.v/ D h, as desired.

Example 4.13. Since the group A.Z/ is amenable, given Theorem 3.9 we may apply
Theorem 4.9 to deduce that every IRS of A.Z/ is a limit of IRSs of some finite groups
converging to A.Z/ in G2. Alternatively, one could deduce Theorem 3.9 from Theorem 4.9
by constructing such finite groups and their IRSs directly. Let us briefly sketch how this
may be done. The ergodic IRSs of A.Z/ are described in [23, Section 4]. They arise either
as atomic measures on finite-index normal subgroups of A.Z/ or are supported on sub-
groups of FAlt.Z/. By a result of Vershik, the latter class of IRSs arise as the stabilizers
of a random colouring of the integers. That is to say, they are pushforwards �˛ under the
stabilizer map of the FAlt.Z/-invariant ergodic probability measures �˛ on the space of
colourings of Z, according to which each integer is independently coloured according to
the random variable ˛ 2 Œ0; 1�C , for C some countable set of colours.

Now let T.n/ be the 2-markings of the finite groups Alt.JnK/ described in Proposi-
tion 3.10, so that the sequence .Alt.JnK/; T.n// converges in G2 to .A.Z/; S/. Given a
colour distribution ˛, colour each point of JnK independently according to ˛ to obtain
an Alt.JnK/-invariant probability measure �˛;n on the set of colourings of JnK. Then
�˛;n D Stab�.�˛;n/ is an IRS of Alt.JnK/, and the sequence .�˛;n/n converges in IRS.F/
to �˛ .

5. Topological full groups of minimal subshifts

Let X be the Cantor space, and let T W X ! X be a homeomorphism. We refer to the pair
.X; T / as a Cantor dynamical system. The system .X; T / is minimal if every orbit in X
under the action of hT i is dense inX . Henceforth, assume that .X;T / is a minimal Cantor
dynamical system.

Definition 5.1. The topological full group JT K of the Cantor dynamical system .X; T /

is the set of all homeomorphisms g of X such that there exists a continuous function
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fg W X ! Z (called the orbit cocycle of g) such that for all x 2 X , g.x/ D T fg .x/.x/

(here we assume Z equipped with the discrete topology).

Equivalently, g 2 Homeo.X/ lies in JT K if there is a finite clopen partition C1; : : : ;Cd
ofX and integers a1; : : : ;ad such that for 1� i � d , gjCi D T

ai jCi (taking ¹a1; : : : ;ad ºD
im.fg/, Ci D f �1g .ai /). It is straightforward to check that JT K is a subgroup of
Homeo.X/.

Remark 5.2. We note some immediate consequences of the definition:

(i) The orbit cocycle fg is uniquely determined by g 2 JT K, since, by minimality, T
has no finite orbits on X .

(ii) For g; h 2 JT K and x 2 X , we have the cocycle relation

fgh.x/ D fg.h.x//C fh.x/:

The group JT K and its derived subgroup JT K0 have a remarkable collection of
group-theoretic properties.

Theorem 5.3 ([24, Theorems 4.9 and 5.4]). For any .X; T / as above, JT K0 is an infinite
simple group. If .X; T / is a minimal subshift, then JT K0 is finitely generated.

It shall not concern us much exactly what a minimal subshift is by definition, beyond
the conclusion of Theorems 5.3 and 5.18.

Theorem 5.4 ([17, Theorem 5.1]). For any minimal Cantor dynamical system .X; T /,
JT K is LEF.

Theorem 5.5 ([19]). For any minimal Cantor dynamical system .X;T /, JT K is amenable.

Theorems 5.4 and 5.5 already imply that JT K is always weakly locally stable, by
Lemma 2.17. Further, for .X; T / a minimal subshift, our criterion for local stability from
Theorem 4.9 is applicable to JT K0. The classification of IRSs of JT K0 is provided by the
next result.

Theorem 5.6 ([30, Corollary 1.4]). Let .X; T / be a minimal Cantor dynamical system.
Let � be an ergodic IRS of JT K0. Then either

(i) � D ı¹eº or ıJT K0 or

(ii) there exist k 2 N and T -invariant ergodic probability measures �i on X

such that � is the pushforward of �1 � � � � � �k under the map Stab W Xk !
Sub.JT K0/, given by

Stabk.x1; : : : ; xk/ D
k\
iD1

StabJT K0.xi /:

That is, � D Stab�.�1 � � � � � �k/, where JT K0 acts diagonally on Xk .
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Our proof of local stability for the groups JT K0 (Theorem 5.17) will be based on the
proof of Theorem 5.4 given in [17]: We show that the marked finite groups converging to
(some marking of) JT K0 in the space of marked groups, which are constructed in the proof
of that theorem, admit IRSs converging to the IRSs of JT K0 described in Theorem 5.6.
The argument goes as follows: A small clopen set B of X determines a clopen partition
„ of X (the Kakutani–Rokhlin partition), on which JT K0 admits a partial action by per-
mutations, generating a group �.„/ � Sym.„/. If �i are probability measures on X (as
in Theorem 5.6 (ii)), then �i imparts a mass to each point in „. Pushing forward under
the stabilizer map, we obtain an IRS �„ of�.„/. Taking a nested sequence of clopen sets
Bn (intersecting in a point), the sequence of finite groups �.„n/ and their IRSs �„ will
satisfy the conditions of Theorem 4.9.

Definition 5.7. Let .X; T / be a minimal Cantor dynamical system. A T -tower is a finite
family

� D ¹B; TB; : : : ; T h�1Bº;

where B � X is a nonempty clopen set such that the sets B;TB; : : : ; T h�1B are pairwise
disjoint. We refer to the positive integer h as the height of the T -tower �. A Kakutani–
Rokhlin (K–R) partition of X is a finite clopen partition „ of X which is a disjoint union
of T -towers, that is, a clopen partition of the form

„ D ¹T iBv W 1 � v � qI 0 � i � hv � 1º: (7)

The sets T iBv are the atoms of the partition „. The sets

B.„/ D

qa
vD1

Bv and H.„/ D

qa
vD1

T hv�1Bv

are called, respectively, the base and the roof of „.

Remark 5.8. We note some easy consequences of the definition.

(i) Any T -tower of height h � 2 can be written as the disjoint union of two T -
towers of smaller height. Thus, the set of T -towers making up a K–R partition
„ (and their heights) is not intrinsic to the partition „ itself; rather, we consider
the division of the atoms into T -towers to be part of the data of „.

(ii) Since T is injective, it maps H.„/ onto B.„/ (any point of X not lying in B.„/
is in the image under T of some atom of „ disjoint from H.„/). Applying the
same reasoning to T �1, we have that TH.„/ D B.„/.

Given a K–R partition „ of the form (7), we shall write h.„/ D min1�v�q hv to
denote the minimal height among the T -towers appearing in „. The next construction is
described in [17, Remark 3.3].
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Lemma 5.9. Let „ be a K–R partition of X and let … be a finite clopen partition of X .
Then there exists a K–R partition „0 of X which is a common refinement of „ and …,
such that B.„/ D B.„0/, H.„/ D H.„0/, and h.„/ D h.„0/.

Proof. Let ¹B; TB; : : : ; T h�1Bº be a T -tower of „. For each 0 � i � h � 1, …i D

¹B \ T �iP W P 2 …º n ¹;º is a finite clopen partition of B . Let ¹C1; : : : ; Cnº be any
finite clopen partition of B which is a common refinement of …0; …1; : : : ; …h�1. Then
for 1 � j � n, �j D ¹Cj ; TCj ; : : : ; T h�1Cj º is a T -tower of height h; each T iCj is
contained in T iB and in a unique element of …, and

n[
jD1

[
C2�j

C D

h�1[
iD0

T iB:

Applying this construction to each T -tower of „ yields the desired K–R partition „0.

Our next proposition is a summary of the content of [17, Section 3].

Proposition 5.10. Let .X; T / be a minimal Cantor dynamical system. For any increasing
sequence .mn/ of positive integers, there exists a sequence of K–R partitions

„n D ¹T
iB.n/v W 0 � i � h

.n/
v � 1I v D 1; : : : ; vnº (8)

of X satisfying the following:

(i) The union of the „n generates the topology on X .

(ii) „nC1 refines „n.

(iii) B.„nC1/ � B.„n/ and there exists x0 2 X such that
T
n B.„n/ D ¹x0º.

(iv) For all n, h.„n/ � 2mn C 2.

(v) For all n and �mn � 1 � i � mn,

diam.T iB.„n// < 1=n:

Following [17, Section 4], given a sequence .„n/ of K–R partitions of X as in (8),
satisfying (i)–(v) of Proposition 5.10, we say that an element � 2 JT K is an n-permutation
if the orbit cocycle f� is constant on each part of „n and for all 1 � v � vn and
0 � i � h

.n/
v � 1, f� satisfies �i � f�.x/ � h

.n/
v � i � 1 for all x 2 T iB.n/v . Thus, �

preserves each T -tower � of „n, and induces a well-defined permutation on the set of
atoms of �.

Remark 5.11. The set of all n-permutations in JT K forms a subgroup of JT K. This sub-
group is isomorphic to Sym.h.n/1 / � � � � � Sym.h.n/vn /, since any tuple of permutations of
the atoms in each T -tower of „n may be realized by some n-permutation in JT K.
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There is also defined in [17, Section 4] the notion of an n-rotation, and we refer the
reader there for the precise definition; the only fact that we require about n-rotations is the
following, which is immediate from the definition.

Remark 5.12. If � 2 JT K is an n-rotation, and x 2 X is such that �.x/ ¤ x, then
jf�.x/j � min.h1; h2/, where h1 (respectively h2) is the height of the T -tower of „n
containing x (respectively �.x/).

Henceforth, Sym.„n/ denotes the group of all permutations of the finite set „n.
Our next theorem shows how, for large n, an element of JT K induces a well-defined n-
permutation of „n, which in turn induces an element of Sym.„n/. Note, however, that
not every element of Sym.„n/ need arise this way (see Remark 5.11).

Theorem 5.13. Let .X; T / be a minimal Cantor dynamical system, and let .„n/ be a
sequence of K–R partitions satisfying conditions (i)–(v) of Proposition 5.10, for some
increasing sequence of integers .mn/.

(i) Let g 2 JT K. For all n sufficiently large, there exist unique �n.g/; �n.g/ 2 JT K
such that gD �n.g/�n.g/; �n.g/ is an n-permutation and �n.g/ is an n-rotation.

(ii) For any A � JT K finite, if n is sufficiently large, then there is a local embedding
�n W A ! Sym.„n/, given by �n.g/.T iB

.n/
v / D �n.g/.T

iB
.n/
v /. In particular,

JT K is LEF.

Proof. Item (i) is immediate from [17, Theorem 4.7]. Item (ii) is proved as [17, The-
orem 5.1] (note that the statement of that theorem does not specify the local embedding,
but the local embedding given in the proof is precisely as we have described it).

Henceforth, we assume that .X;T / is a minimal subshift, so that Theorem 5.3 applies.
Fix a finite symmetric generating set S for JT K0, let n 2 N, and consider the ball
BS .n/ � JT K0. Recall that, for g 2 JT K, fg W X ! Z is the orbit cocycle of g.

Proposition 5.14. Let .mn/ be an increasing sequence of positive integers. There is a
sequence .„n/ of K–R partitions of X satisfying items (i)–(v) of Proposition 5.10, and
additionally satisfying the following, for all n 2 N:

(vi) For all g 2 BS .n/, h.„n/ � 2max¹jfg.x/j W x 2 Xº C 2.

(vii) For all g 2 BS .n/, fg is constant on each part of „n.

(viii) For all g 2 BS .n/, there exist unique �n.g/; �n.g/ 2 JT K such that g D
�n.g/�n.g/; �n.g/ is an n-permutation and �n.g/ is an n-rotation. Moreover,
the map �n W BS .n/! Sym.„n/, given by �n.g/.T iB

.n/
v / D �n.g/.T

iB
.n/
v /,

is a local embedding.
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Proof. First, since X is compact and the orbit cocycle is continuous, it is bounded. There-
fore (replacing .mn/ with a faster growing sequence if required), we can assume that for
all g 2 BS .n/,

mn � max¹jfg.x/j W x 2 Xº;

and then apply Proposition 5.10 (iv).
Second, we inductively refine each „n such that properties (i)–(vi) still hold, and for

all g 2BS .n/, the orbit cocycle fg is constant on each part of„n. Supposing that we have
already refined „n�1, for each g 2 BS .n/ let Cg be a finite clopen partition of X such
that fg is constant on each part of Cg . Applying Lemma 5.9 repeatedly, we replace „n
with a finer finite clopen partition, which is also a refinement of both „n�1 and all Cg .
This process clearly preserves properties (i)–(vi) (property (iv) holding by the final part of
Lemma 5.9).

Finally, passing to a subsequence of .„n/, and applying Theorem 5.13 (i) to elements
g 2 BS .n/, we may assume that the decomposition g D �n.g/�n.g/ exists and is unique.
Moreover, by Theorem 5.13 (ii), applied to the finite subsetsADBS .n/, and again passing
to a subsequence of .„n/, we may assume that the given map �n W BS .n/! Sym.„n/
is a well-defined local embedding. Note that passing to a subsequence of .„n/ preserves
properties (i)–(vii).

Henceforth, we fix a sequence .„n/ of K–R partitions of X satisfying properties (i)–
(viii) of Propositions 5.10 and 5.14, with respect to some increasing sequence .mn/. Let
�n W BS .n/! Sym.„n/ be the local embedding as in Proposition 5.14 (viii). For x 2 X ,
we write Œx�n 2 „n for the (unique) atom of „n containing x.

Lemma 5.15. For all n 2 N, for all g 2 BS .n/ and all x 2 X , the following are
equivalent:

(i) g.x/ D x.

(ii) For all y 2 Œx�n, g.y/ D y.

(iii) �n.g/.Œx�n/ D Œx�n.

Proof. If g.x/ D x, then by minimality of T on X , fg.x/ D 0. By Proposition 5.14 (vii),
for all y 2 B , fg.y/ D 0. Thus (i) and (ii) are equivalent.

Write g D �n.g/�n.g/ as in Theorem 5.13, with �n.g/ 2 JT K an n-permutation
and �n.g/ 2 JT K an n-rotation, so that �n.g/.Œx�n/ D �n.g/.Œx�n/. As in Remark 5.11,
�n.g/

�1 is an n-permutation also. Suppose that (ii) holds, so that �n.g/�1.Œx�n/ D
�n.g/.Œx�n/. Since an n-permutation preserves each T -tower of „n, and sends atoms to
atoms, �n.g/.Œx�n/ is an atom of „n in the same T -tower as Œx�n. Let the height of this
tower be h. If (iii) fails, so that �n.g/.Œx�n/ ¤ Œx�n, then by Remark 5.12, for y 2 Œx�n,
jf�n.g/.y/j � h. By the cocycle relation (see Remark 5.2 (ii)),

0 D fg.y/ D f�n.g/.y/C f�n.g/.�n.g/.y//;
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so jf�n.g/.�n.g/.y//j � h also, contradicting the definition of an n-permutation.
Conversely, suppose (iii) holds and let y 2 Œx�n. Then �n.g/ preserves Œx�n, so (by

the bound on f�n.g/ from the definition of an n-permutation) �n.g/ fixes Œx�n pointwise,
hence so does �n.g/�1. We have g�1 D �n.g/

�1�n.g/
�1, so g�1.y/ D �n.g/

�1.y/,
hence

fg�1.y/ D f�n.g/�1.y/ D �f�n.g/.�n.g/.y// (9)

(by the cocycle relation). By Proposition 5.14 (vi), the left-hand side of (9) has absolute
value less than h.„n/. Applying Remark 5.12 to the right-hand side, we have fg�1.y/D 0,
so g.y/ D y.

Recall that S is a finite generating set for JT K0. Let S D ¹s1; : : : ; sd º, so that
S D .s1; : : : ; sd / is a d -marking on JT K0.

Proposition 5.16. Let �1; : : : ; �k be T -invariant ergodic probability measures on X , and
let

� D .Stabk/�.�1 � � � � � �k/ 2 IRS.JT K0; S/

be as in Theorem 5.6 (ii). Then � is partially cosofic.

Proof. Let �n W BS .n/! Sym.„n/ be the local embedding as in Proposition 5.14; let
�n D h�n.S/i � Sym.„n/, and let Tn D .�n.s1/; : : : ; �n.sd //, a d -marking on�n. Then
the sequence .�n;Tn/ converges to .JT K0; S/ in Gd , by Lemma 3.1.

For each n2N and 1� j � k, there are induced probability measures �.n/j on the finite
discrete set „n, given by �.n/j .¹T iB

.n/
v º/ D �j .T

iB
.n/
v / D �j .B

.n/
v / (the second equality

holding by T -invariance of �j ). Since each �n.sm/ preserves each T -tower of „n,

�
.n/
j .�n.sm/¹T

iB.n/v º/ D �
.n/
j .¹T iB.n/v º/;

so �.n/j is �n-invariant, hence .�.n/1 � � � � � �
.n/

k
/ is a �n-invariant probability measure on

„kn (with�n acting diagonally). Thus,�n D Stab�.�
.n/
1 � � � � � �

.n/

k
/ 2 IRS.�n;Tn/. Let

Bn be the family of clopen subsets of Xk which are unions of sets of the form B1 � � � � �

Bk , for Bi 2 „n. Then Bn is a (finite) � -algebra; indeed there is a (unique) isomorph-
ism of � -algebras ‰n W P .„kn/! Bn extending ‰.¹.B1; : : : ; Bk/º/ D B1 � � � � � Bk .
Moreover, since

.�
.n/
1 � � � � � �

.n/

k
/.¹.B1; : : : ; Bk/º/ D �1.B1/ � � � �k.Bk/

D .�1 � � � � � �k/.B1 � � � � � Bk/

for any B1; : : : ; Bk 2 „n, we have

.�1 � � � � � �k/.‰.A// D .�
.n/
1 � � � � � �

.n/

k
/.A/ (10)

for all A � „kn.
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We shall use the criterion (4) from Section 4 to show that the sequence .�n/ con-
verges to � in IRS.F ; X/. To this end, let r 2 N and W � BX .r/. We show that
�n.Cr;W / D �.Cr;W / for all n � r . By definition of the pushforward measures, �.Cr;W /
is the probability that, for �i -random points x1; : : : ; xk 2 X , every w 2 W satisfies
�S.w/.xi / D xi for all 1 � i � k, but for every w 2 BX .r/nW , there exists 1 � i � k
such that �S.w/.xi / ¤ xi . Similarly, �n.Cr;W / is the probability that, for �.n/i -random
points B1; : : : ; Bk 2 „n, every w 2 W satisfies �Tn.w/.Bi / D Bi for all 1 � i � k, but
for every w 2 BX .r/ nW , there exists 1 � i � k such that �Tn.w/.Bi / ¤ Bi . Our claim
is that these probabilities are equal.

By Lemma 5.15, for each w 2 BX .r/ the set of points x 2 X for which �S.w/.x/D x

is a union of whole atoms of „n. Moreover, since .�n ı �S/.w/ D �Tn.w/, Lemma 5.15
yields that, for x 2 X ,

¹B 2 „n W �Tn.w/.B/ D Bº D ¹Œx�n W x 2 X;�S.w/.x/ D xº:

It follows that the set

¹.x1; : : : ; xk/ 2 X
k
W 8w 2 BX .r/; w 2 W , 8i; �S.w/.xi / D xiº

belongs to the � -algebra Bn, and is precisely ‰n.Ar;W /, where

Ar;W D ¹.B1; : : : ; Bk/ 2 „
k
n W 8w 2 BX .r/; w 2 W , 8i; �Tn.w/.Bi / D Biº:

By (10) and the discussion immediately following,

�.Cr;W / D .�1 � � � � � �k/.‰.Ar;W // D .�
.n/
1 � � � � � �

.n/

k
/.Ar;W / D �n.Cr;W /;

as desired.

Theorem 5.17. Let .X; T / be a Cantor minimal subshift. Then JT K0 is locally stable.

Proof. By Theorems 5.3 and 5.5, the criterion for local stability from Corollary 4.11 (iii)
applies. Let � 2 IRS.JT K0; S/ be an ergodic IRS. If � is as in Theorem 5.6 (i), then �
is partially cosofic by Theorem 5.4 and Remark 4.10. If � is as in Theorem 5.6 (ii), the
partial cosoficity is precisely the content of Proposition 5.16.

Theorem 5.18. There is a continuum of pairwise nonisomorphic groups of the form JT K0,
for .X; T / a minimal subshift.

Proof. This is proved, for example, in [24, p. 246]. Alternatively, an explicit continuous
family of minimal subshifts ¹.Xr ; Tr /ºr2Œ2;1/ is constructed in [8, Section 5]. It is shown
that for 2 � r < r 0, the isomorphism types of JTrK0 and JTr 0K0 are distinguished by their
LEF growth functions (see the statements of [8, Theorems 1.5 and 1.6]).

Theorem 5.19. There is a continuum of pairwise nonisomorphic finitely generated
groups, which are locally stable but not weakly stable.
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Proof. Let .X; T / be a Cantor minimal subshift. By Theorem 5.17, JT K0 is locally stable.
By Theorems 5.3 and 5.5, JT K0 is finitely generated amenable but not residually finite. By
Theorem 2.16, we conclude that JT K0 is not weakly stable. The result then follows from
Theorem 5.18.

6. Concluding remarks

There are many sources of examples of amenable LEF groups, and it is interesting to
ask which of these may be locally stable. For instance, the (regular restricted) wreath
product of any two amenable LEF groups is amenable LEF. It follows immediately from
Lemma 2.17 that the class of finitely generated amenable weakly locally stable groups is
closed under wreath products. We may therefore ask if the same holds when we strengthen
“weakly locally stable” to “locally stable.”

Question 6.1. Let � and � be finitely generated amenable locally stable groups. Must
� o � be locally stable?

As a modest first step, one may ask for the following.

Conjecture 6.2. Let � be a finite group. Then � o Z is locally stable.

Note that by [22], the wreath product of any two finitely generated abelian groups is
stable. In particular, the special case of Conjecture 6.2 for which � is abelian is known to
hold. By contrast, if � is nonabelian, then � o Z is amenable but not residually finite, so
not even weakly stable.

In a similar vein, one may ask for a generalization of Theorem 3.9. For any group � ,
the group FAlt.�/ of finitely supported even permutations of the set � is normalized by
the image in Sym.�/ of the regular representation of � . We therefore obtain a semidirect
product A.�/D FAlt.�/Ì� , the alternating enrichment of � . If � is respectively finitely
generated, amenable or LEF, then so is A.�/. On the other hand, if � is infinite, then A.�/

is not residually finite.

Question 6.3. Under what conditions on � is A.�/ locally stable?

Next, one may ask for other applications of Proposition 3.6. Many famous examples
of “monster” groups are constructed as limits of sequences of marked epimorphisms of
d -marked groups. For instance, Tarski monsters and free Burnside groups both arise in
this way, as limits of sequences of marked epimorphisms of finitely presented groups sat-
isfying a “small-cancellation” condition (see, for instance, [27]). It remains a well-known
open problem whether or not such groups are LEF (see, for instance, [9, Problem 5.14 (ii)];
if it were even the case that such monster groups were not limits in Gd of nonabelian finite
simple groups, then dramatic consequences would follow). It is therefore also interesting
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to ask whether such groups are locally stable, which would follow from a positive answer
to our next question.

Question 6.4. Is every finitely presented small-cancellation group stable?

One may further ask to what extent Proposition 3.6 may be generalized. Although
Remark 3.7 shows that local stability is not a closed property in Gd , it is reasonable to see
the existence of a sequence of marked (locally) stable groups converging in Gd to (a d -
marking of) � as evidence that � is locally stable, especially if the groups in the sequence
are in some sense “uniformly” stable. For instance, finite rank free groups are surely “at
least as stable” as any other finitely generated groups. The closure in Gd of the set of
(d -markings of) free groups of rank � d is precisely the set of d -generated limit groups.
Beyond free groups and free abelian groups, the only limit groups for which any stability
results are known are the fundamental groups of closed oriented surfaces (as described
in [21]; see below). Moreover, every limit group is finitely presented, so local stability can
be upgraded automatically to stability.

Conjecture 6.5. Every finitely generated limit group is permutation stable.

There is a generalization of permutation stability, called flexible stability, under
which we may slightly enlarge the finite domains on which the images of our almost-
homomorphisms act before seeking asymptotically equivalent actions on those domains.
For example, fundamental groups of closed oriented surfaces are flexibly stable [21], but
the question of their stability remains open. In another direction, it is known that the
groups SLd .Z/ (d � 3) are not stable [5], but unknown whether they are flexibly stable.
By [7], if SLd .Z/ is flexibly stable for some d � 5, then there exists a non-sofic group.
Just as local stability generalizes stability, one may analogously define a notion of flexible
local stability, generalizing flexible stability. A flexibly locally stable sofic group is still
necessarily LEF.

Problem 6.6. Find examples of groups which are flexibly locally stable but not locally
stable.

In a related direction, the following question was posed by A. Lubotzky.

Question 6.7. Does there exist a finitely generated locally stable group with Kazhdan’s
property .T /?

The corresponding question for stable groups has a negative answer [5]; in particular,
no example satisfying Question 6.7 may be found among finitely presented groups. Note
that all of the locally stable but non-stable groups we have constructed are amenable,
hence far from being property .T / groups.

Finally, there are many other versions of “stability of metric approximations for
groups” besides stability in permutations. For any reasonable family of compact groups
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equipped with bi-invariant metrics d , one can define “almost-homomorphism” in just the
same way as for the Hamming metrics on the finite symmetric groups. Corresponding to
the definition of a sofic group, there is a notion of “d -approximable” group, and there is
a notion of a “d -stable” group corresponding to a group which is stable in permutations.
We have alluded to Frobenius approximable and Frobenius stable groups in Section 1,
but one may also consider, for example, the Hilbert–Schmidt metrics on unitary groups
(the groups which are HS-approximable are precisely the hyperlinear groups), the rank
metrics on groups of invertible matrices over fields (leading to the class of linear sofic
groups), or all finite groups equipped with bi-invariant metrics, leading to the weakly sofic
groups (see [2] and the references therein; see [3] for a characterization in terms of lift-
ings of homomorphisms to metric ultraproducts). In all these cases, finitely generated
groups which are d -approximable and d -stable must be residually finite. One may sim-
ilarly conceive of a notion of d -local stability, such that d -approximable and d -locally
stable implies LEF.

Problem 6.8. For each type of metric approximation discussed above, study the class of
“d -locally stable” groups. Produce examples of groups which are d -locally stable but not
d -stable.

Since circulation of a preliminary version of the present work, the last three problems
have been addressed in [14]. Therein, the following are achieved:

(i) A general framework for metric local stability is described, which incorporates a
notion of flexible local stability.

(ii) Lubotzky’s Question 6.7 is answered in the negative.

(iii) Problem 6.8 is studied in particular for the Hilbert–Schmidt distance on the
unitary groups U.n/.
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