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Von Neumann entropy of the angle operator between
a pair of intermediate subalgebras

Keshab Chandra Bakshi, Satyajit Guin, and Biplab Pal

Abstract. Given a pair of intermediate C *-subalgebras of a unital inclusion of simple C *-algebras
equipped with a conditional expectation of finite Watatani index, we discuss the corresponding
‘angle operator’ and its Fourier transform. We provide a calculable formula for the von Neumann
entropy of the (Fourier) dual angle operator for a large class of quadruples of simple C *-algebras.

1. Introduction

The study of the lattice structure of von Neumann subalgebras was initiated by Murray
and von Neumann. The lattice of intermediate von Neumann subalgebras of a subfactor
with finite Jones index was studied by many researchers. In recent years, the study of the
symmetries of an inclusion of C*-algebras has become an active area of research (for
instance, [4, 5, 10, 15] and references therein). In this short article, we focus on unital
inclusion of simple C*-algebras B C A with a conditional expectation of finite Watatani
index (a generalization of the Jones index) and a pair of intermediate C *-subalgebras
B C C, D C A. Ino and Watatani (in [9, Corollary 3.9]) have shown that every irreducible
pair of simple unital C*-algebras with a conditional expectation of finite index has only
finitely many intermediate C *-subalgebras. In [2,5], we have introduced a notion of angle
between intermediate subalgebras C and D to obtain an upper bound on the cardinality
of this set (see also [3] for improvement).

Motivated by [16], we may also consider the corresponding angle operator ® between
the intermediate subalgebras C and D. Moreover, using the Fourier transform on the rel-
ative commutants of B C A, as developed in [5], we may consider the Fourier dual ¥ (®)
of the angle operator. It seems to be an apt place to mention that the Fourier transform on
the relative commutants has been used in [4, 1 1] to obtain a noncommutative uncertainty
principle. Our goal in this article is to compute the von Neumann entropy of the angle
operator and its Fourier dual. We observe that the subalgebras C and D are ‘orthogo-
nal’; in other words, B C C, D C A form a ‘commuting square’, if and only if the von
Neumann entropy of the angle operator vanishes. The main result of this article is the
following theorem (see Theorem 3.12).

Mathematics Subject Classification 2020: 94A15 (primary); 46L05, 47L40, 43A30, 46L.37 (secondary).
Keywords: simple C *-algebra, Watatani index, Fourier transform, angle operator, von Neumann entropy.


https://creativecommons.org/licenses/by/4.0/

K. C. Bakshi, S. Guin, and B. Pal 422

Theorem A. Let B C A be an irreducible inclusion of simple unital C*-algebras with a
conditional expectation of index-finite type, and suppose that C, D are two intermediate
unital C*-subalgebras. Then, we have the following:

H(|7©)%) =

ﬁn(f? tr(ecep)).
: Blo

where § = /[A : Blo and n : [0, 00) — R is the continuous function defined by

—tlogt ift>0
n) = :
0 ift =0.

We remark that the generalization of the above formula beyond the irreducible situ-
ation seems difficult at the moment. However, in the case of ‘co-commuting squares’ (a
dual notion of commuting square), we have an explicit formula (see Theorem 3.15).

Theorem B. Let (B C C, D C A) be a quadruple of simple unital C*-algebras with
a conditional expectation from A onto B of index-finite type. If the quadruple is a co-
commuting square, then we have the following:

. 2 T
H(|F©)) = mn([A:C]o[A:D]o)'

2. Preliminaries

We first briefly recall Watatani’s C*-index theory for a unital inclusion of simple C*-
algebras following [17] and then touch upon the Fourier theory developed in [5] for the
relative commutants of that inclusion. The Fourier transformation on the higher relative
commutants is a crucial tool in the theory of subfactors. It was introduced by Ocneanu
(for more see [13]). Consider a unital inclusion of C*-algebras B C A and a conditional
expectation £ : A — B. E is said to be of index-finite type if there exists a finite set
{A1,...,An} C A such that every x € A can be written as

n n
x =Y E@A)A =Y LEQ]x).
i=1 i=1
The finite set {A1,...,A,} C A is called quasi-basis for E (see [17]). In this case, the
Watatani index of E is given by Indy, (E) = Y ;_; A;A¥. For an inclusion B C 4 of sim-
ple C*-algebras with a conditional expectation of index-finite type, there always exists a
minimal conditional expectation E g. The minimal index of B C A4, denoted by [A4 : B]o, is
defined as Indy, (£ g). In the sequel, we always deal with an inclusion of simple unital C *-
algebras. We denote the C *-basic construction of the inclusion B C A by A;. Iterating the
C *-basic construction, we get a tower of simple unital C *-algebras B C A C A; C A2 C
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-++ C Ag C --- and obtain the unique minimal condition expectation E:,f,l A — Ak
for each k > 0. Let ex4; denote the Jones projection that implements the basic construc-
tion of the inclusion Ax_; C Ay with respect to E::ﬁl. The relative commutants B’ N A
and A’ N Ay are finite-dimensional. For each k > 0, Eg o E:‘ 0.0 Ef’f_l |B'na, is
a faithful tracial state on B’ N Ay, to be denoted by try. We often drop ‘k’ and denote
try simply by tr. The unique trace preserving conditional expectation E}cr B N A —
A’ N Ay is given by

1 *
Ef(x) = B > dixAf.

On the higher relative commutants of any extremal subfactor, a formula for the Fourier
transform was given by Bisch in [6]. Following [5] (see also [4]), we quickly recall the
notion of ‘Fourier transform’ and ‘convolution’ product on the relative commutants for
C *-inclusion. For each k > 0, the Fourier transform ¥, : B’ N A — A’ N A1 is defined
as

Fr(x) = 8k+2E;€r(xek+1ek -wvesey) forall x € B/ N Ag;

and the inverse Fourier transform ?k_l AN Agy1 — B’ N Ay is defined as

— A

Fr lx) = 5k+2EA:“(xelez---ekek+1) forallx € A’ N Agyq.
Here, we use the term ‘inverse’ in the sense that ;o ?k_l = ida'n4y,, and 37k_1 o Fp =
idp/n 4, - For simplicity, we shall use ¥ for ¥7.

Theorem 2.1 ([5, Theorem 3.5]). & and ¥~ are isometries with respect to the norm
defined by ||x||2 = tr(x*x), where the tr on A’ N Ay is the restriction of tr on B’ N A,.

For x, y € B’ N Ay, the convolution product of x and y, denoted by x * y, is defined
as follows:
X %y = 5‘7_1(?(y)?7(x)).

Similarly, for w,z € A’ N A,, their convolution product is defined as
wxz:=F(F2)F (w)).

The convolution product is associative [5, Lemma 3.20]. For x, y € B’ N Ay, by [4, Propo-
sition 3.8], we have
(x*xy)  =x*xy*

and similarly for w,z € A’ N A,, we have
(wxz2)" =w**z*. 1

Suppose that C is an intermediate simple unital C *-subalgebra of B C A. By [10], there
exist minimal conditional expectations Eg from C onto B and E ‘C4 from A onto C such
that E§ = ES o E4. Indeed, E§ is given by restricting E4 onto C. Let C; denote the



K. C. Bakshi, S. Guin, and B. Pal 424

C *-basic construction of the inclusion C C A with Jones projection ec corresponding to
the minimal conditional expectation E é. Below we list some useful results, the proofs of
which follow along the same line of argument as in [5, Section 4].

Lemma 2.2 ([5, Lemma 4.2]). Let B C C C A be as discussed above. Then, we have the
following:

(i) C; C Ay is aninclusion of simple unital C *-algebras with common identity. The
dual conditional expectations E;;h and Ef‘ are minimal. E:I and Ef‘ must
satisfy E:l = Ef‘ Egll and hence Elfl lc, = Ef‘.

(ii)  The unique tr-preserving conditional expectation from B’ N A1 onto B’ N Cy is
given by Eél‘ |B'nA;-

(iii) The tracial state on the relative commutant C’' N Cy induced by the inclusion
C C A C Cy is the restriction of the tracial state on B’ N Ay induced by the
inclusion B C A C A;.

Proposition 2.3 ([5, Lemma 4.4 (2) and Proposition 4.6]). Let B C C C A be as in
Lemma 2.2. Then, we have the following:

@®  [41:Cio =[C : Blo;

. A _ 1 .

(i) Ec/(e1) = epppec:

q _ _ \/[AZB]() . _ 1
(iii)) ¥ (ec) = acec,, where ¢ = [A:CTy In particular, ¥ (e1) = AT

Notation 2.4. Now we will fix the notations, which will be used frequently in the sequel.
(i)  The miriimal index [A : Bl]o will be denoted by §2. Also, r = % = %,
T = m,dﬂdl’c = m
(i) &g = min{tr(p) : p € P(B' N A)}, kg = min{tr(q) : ¢ € P(A' N A1)}, and
Ko = ,/KS' Ko -

(iii) A quadruple of C*-algebras is the following diagram:

D c A
U U
B c C

For notational convenience, we denote this by (B C C, D C A).

3. Fourier transform of the angle operator and its von Neumann
entropy

Throughout this section, (B C C, D C A) denotes a quadruple of simple unital C*-
algebras with a conditional expectation from A onto B of index-finite type. Given the
quadruple (B C C, D C A), there exist unique mininimal conditional expectations E‘C‘1
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and E ‘g. Let ec and ep be the Jones projection corresponding to £ ‘C4 and £ g, respectively.
By Lemma 2.2, the new quadruple (A C C;, D1 C A1) again forms a quadruple of simple
unital C*-algebras, where By, Cq, and D; are C*-basic constructions corresponding to
E g, E g, and E g, respectively. The quadruple (B C C, D C A) will be called commuting
square if E éE A=F ‘3 Eé =F g. The same quadruple will be called co-commuting if
the dual quadruple (A C Cy, D; C A;) is a commuting square.

Motivated by [12, 16], we define the angle operator between a pair of intermediate
simple C *-subalgebras as follows.

Definition 3.1. Let B C A be an inclusion of simple unital C *-algebras, and let C, D
be two intermediate (unital) simple C*-algebras. The angle operator, denoted by ©, is
defined as follows:

® =ecep.

Definition 3.2 ([11]). Let B C A be an inclusion of simple unital C *-algebras and B is
the C *-basic construction. For x € B’ N Ay, the von Neumann entropy of |x|? is defined
as the following quantity:

H(|x[?) =t (n(|x[*)),
where 7 is the continuous function 1(¢) = —t log¢.

Proposition 3.3. Suppose that (B C C, D C A) is a quadruple of simple unital C*-
algebras with a conditional expectation from A onto B of index-finite type. Then,

H(1©P) + H(|F©)]) = 28&77(;“(9060)),

where ki = min{tr(p) : p € P(B' N A)}, kg = min{tr(q) : ¢ € (A’ N Ay)}, and ko =
KJK()_.
Proof. Use [4, Theorem 4.10]. [

Proposition 3.4. If (B C C, D C A) is a commuting square of simple unital C *-algebras
with a conditional expectation from A onto B of index-finite type, then H(|®|?) = 0.
Furthermore, in this case, H(|¥ (©)|?) = n([A : B]y").

Proof. Since ecep = epec = e, we get that |©@|? = e,. Therefore, 7(|®|?) = 0 and so,

H(|®]?) = 0. Also, as F (e;) = ﬁ, we have
2

The converse of the above theorem is also true.

Proposition 3.5. Let (B C C, D C A) be an irreducible inclusion of simple unital C*-
algebras with a conditional expectation E from A onto B of index-finite type. If H(|©|?)
=0, then

ecep = epec = ecnp.
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Proof. Observe that 0 <epecep <1 and 1 is positive in [0, 1]. Now, H(|©|?) = 0 implies
that n(epecep) = 0, and by [14, p. 74], we conclude that epecep is a projection in
B’ N A;. Since B’ N A; is finite-dimensional, (epecep)” converges to ec A ep in the
norm topology. Also since ec A ep = ecnp [3, Proposition 4.1], we immediately get that
epecep = ecnp, and hence epec = ecep = ecnp. [

To provide a formula for the von Neumann entropy of the dual angle operator beyond
the commuting square situation, let us recall the auxiliary operators associated with a
quadruple of simple C *-algebras, along with various properties of them, as developed
in [5].

Suppose that {y; : 1 <i <m}and {§; : 1 < j < n} are quasi-bases of Eg and Eé),
respectively. We can define two auxiliary operators p(C, D) € C' N Dy and ¢(C, D) €
D’ N Cy by

p(C.D):= ) yijerdfy and q(C,D):=) &viery/s}. )
i,] 1]
Lemma 3.6 ([5, Proposition 5.15]). Let B C A be an irreducible inclusion of simple unital
C*-algebras with a conditional expectation from A onto B of index-finite type. If C and
D are two intermediate unital C*-subalgebras of B C A, then %p(C, D) and %q(C, D)
both are projections, wheret = [A : B]g tr(ecep).

Lemma 3.7. If (B C C, D C A) is a commuting square of simple unital C*-algebras with
a conditional expectation from A onto B of index-finite type, then p(C, D) and q(C, D)
both are projections.

Proof. The proof follows along the same line of argument as in [2, Proposition 2.20] and
hence we omit it. |

The following result was proved in [5] in the irreducible case only.

Lemma 3.8. If (B C C, D C A) is a quadruple of simple unital C*-algebras with a
conditional expectation from A onto B of index-finite type, then

p(C.D) =[D: BloEp'(ec) and ¢(C,D)=[C : BloEg! (ep).
Proof. Recall that the trace on B’ N Ay is El‘;‘ o Eﬁ‘ |B'n4, and e; is the Jones projection
that implements the basic construction of the inclusion B C A with respect to the minimal
conditional expectation E g‘. By [5, Proposition 4.2 (4)], we know that Eéll |B'n4, is the

unique trace preserving conditional expectation from B’ N A; onto B’ N Cy. For any
w =), xjecyi € B'NCy, where x;, y; € Aforalli, we have

tr(epw) = tr (eD(inecy,-))
=tr ((Z(Skel(i,’:)(z;ciecyi)) (by [5, Lemma 5.11])
k i

=tr ( Z Skelec(?;x,-ecyi)
ki
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ApCL A A
= EgEy" Ecll ( ngelEc (5,:x,-)yi)
ki
_ EAEC1 28 EAl(e )EA((S* D yi
= EBLy kL (e1)Ec 0 Xi)Yi
ki

EAES ( Z Skec EA(8Fxi) yi> (by [5, Lemma 4.4 (2)])
k.i

B (30 8BS (ec) EAGLxyi)
ki

~ [C: Blo

_ 1
~[C:Blo

1
~ [C:Bll4:Cl

Eg(ZSkEé(Sin)yi) (since EAC1 (ec) =[4:CJ").

ki
On the other hand, by [5, Lemma 5.11], we have the following:

tr (¢(C. D)w) = tr ((ZSkeCS,’j)(Zx,'ecyi))
k i

= tr(ZéSkecS;xiecyi)

ki
= EﬁEffl(ZSkEé(Szxi)ecyz')

ki

= Eg(ZSkEg(S,’;x,-)Ej"(ec)yi)
k.i
1 *
= Eg(;SkEé(Skxi)Yi)

Therefore, we get the following:
tr (¢(C, D)w) = [C : Blytr(epw).

By Lemma 2.2, the tr on the left-hand side which is the trace on B’ N C} is equal to the
restriction of the tr on B’ N A;. Thus, we have

q(C.D) =[C : Bl E{!(ep).
The proof for p(C, D) is similar. |

Corollary 3.9. If (B C C, D C A) is a quadruple of simple unital C*-algebras with a
conditional expectation from A onto B of index-finite type, then

tr (p(C, D)) = tr (¢(C, D)) =r,
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Proof. By Lemma 3.8, we have ¢(C, D) = [C : By Egll (ep). Thus,

tr(¢(C. D)) = [C : Blotr (E&! (ep)) = [C : Blotr(ep) = r.
The proof for p(C, D) is similar. ]

Proposition 3.10. If (B C C, D C A) is a quadruple of simple unital C *-algebras with
a conditional expectation from A onto B of index-finite type, then

p(C,D) =6ec xep and q(C,D) = ep xec.
Proof. By [4, Lemma 4.15], we know that for any x, y € B’ N Aq, we have
EP(F()yF(x)*) = 1y * xx*.
8
Putting x = ep and y = ec, we immediately obtain
Sec xep =[D : B]gEflz(eD]eceDI),

thanks to Proposition 2.3. Since ep,ecep, = E‘g:(ec)eD1 and E/’flz (ep,) =[41: Dl]o_l
=[D: B]O_1 (see Proposition 2.3), we observe that

Sec xep = [D : BloEp' (ec).

The proof is complete once we apply Lemma 3.8. The proof for ¢(C, D) is obtained by
interchanging C and D. |

Lemma 3.11. If (B C C, D C A) is a quadruple of simple unital C*-algebras with a
conditional expectation from A onto B of index-finite type, then
[A : C]o
tr(ec,ep,) = —— tr(ecep).
! ! [D . B]()
Proof. Using Proposition 2.3 and by the multiplicativity of the minimal index, we observe
that the following equalities hold true:

tr(ec,ep,) = {(ec,ep,)
_[A:CJo[A: Do -
= W(W(ecl F (ep))
_ [A . C]o
[D . B]o
_[4:Clo

=B, tr(ecep),

(ec.ep) (by [5, Theorem 3.5])

which completes the proof. ]
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Theorem 3.12. Let B C A be an irreducible inclusion of simple unital C*-algebras with
a conditional expectation from A onto B of index-finite type and suppose that C, D are
two intermediate (unital) C*-subalgebras. Then,

2
H(|7(©)) = $n(uecen)).
where § = /[A: Blo, r = % = %, and 0 is the continuous function n(t) =
—tlogt.
Proof. First note that ¥ (®) = rep, * ec,, and therefore
2 *
H(|F(©)|) = H(F(©)*F(©))
= H((rep, x ec,)*(rep, * ec,))
=H(

r*(ep, *x e¢)(ep, * ec,)) (by equation (1))
= H(rz(eD1 * ecl)z).

By Proposition 3.10, we have g1 := q(C1, D1) = § ep, * ec,. Since B C A is an irre-
ducible inclusion, it follows that the inclusion A C A; is also irreducible (see [5, Propo-
sition 3.2], for instance). Now, using [5, Proposition 5.15], we know that

q% = [A; : Alotr(ec,ep,)q1.
Thus, using Lemma 3.11, we have the following:
(bep, * ecl)2 = [A: Blodtr(ec,ep,)ep, * ec,

_[A:ClolA: B)3

tr(ece e *x ec, .
D : B, (ecep)ep, * ec,

In other words, we see that (ep, * ec,)? = % };[]AOJ;]() tr(ecep)ep, * ec,. If we put

f= 7E C]o[ilDi b*]z(;l(ec )" then a straightforward calculation yields
2
rz(eDl * €C1)2 = (8 tr(eceD)) f 3)
Using Lemma 3.11, we can easily see that

dep, * ec,
[A; : Alotr(ec,ep,)’

Thus, by [5, Proposition 5.15] and Proposition 3.10, we conclude that f is a projection.
Furthermore,

f=

[C1: Ao
[A1 : Di]o[A : Clo[A : D]otr(ecep)
1
" [A: Blotr(ecen)

t(f) = (by Corollary 3.9)

(by Proposition 2.3).
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Therefore, using equation (3), we easily obtain the following equalities:
H(|F(©)[) = H(r*(ep, * ec,)?)
= H(($tr(ecen))’ f)
= trn((8 tr(eceD))zf).

As n(af) = n(a) f for f aprojection, and n(a?) = 2an(a) for any scalar «, we get the
following:

H(|7(©)%) = tr (1n((8 trecen))?) f)
= 1((6 tr(ecep))?) ()
=26 tr(eceD)n(S tr(eceD)) tr(f)

= 28 tr(ec eD)n(8 tr(ec €D)) 1

) [4: Blotr(ecep)
= g’l(5 tr(ecep)).
which completes the proof. ]

Remark 3.13. It seems to be a difficult problem to generalize the formula in Theo-
rem 3.12 to the non-irreducible case.

It turns out that H(|F (®)|?) is closely related to the Pimsner—Popa probabilistic
index, at least in the case of irreducible subfactors. For a pair of subfactors P and Q
of a Iy factor M, let A(P, Q) be the probabilistic index (see [1, Definition 3.1], for
instance). In general, A(P, Q) and A(Q, P) are not equal [1].

Corollary 3.14. Let (N C P, Q C M) be a quadruple of type I 11 factors with [M : N] <
ocoand N' N M = C. Then,
- 2 2 2
H(|F©)) = Sn(@2(P. 0)) = Sn(ag2(Q. P)).
Proof. Use Theorem 3.12 and [1, Theorem 3.3]. [

Theorem 3.15. Let (B C C, D C A) be a quadruple of simple unital C*-algebras with
a conditional expectation from A onto B of index-finite type. If the quadruple is a co-
commuting square, then

Irog 2y _ 2 5
H(|F©)) = g”(m)'

Proof. First observe that the quadruple (A C Cy, D1 C A;) is a commuting square. By
Lemma 3.7 and Proposition 3.10, ¢(C1, D1) = § ep, * ec, is a projection. The following
equations hold true:

H(|F(©)[) = H(r*(ep, * ec,)?)

r2
=tr (71(8—2 q(Cr, Dl)))
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2

=1tr (W(S—Z)CI(CL Dl))
r2

= 7}(8—2) tr (¢(C1. D1))

2r (r\1
= —n| < |- (by Corollary 3.9)
§ \§)r

Now, using the multiplicativity of the minimal index, it is easy to check that

r___ 8
§ [A:ClolA: Do’

which concludes the proof. ]
We conclude the paper with the following question.

Problem. Let B C A be an irreducible inclusion of simple unital C*-algebras with a
conditional expectation from A onto B of index-finite type and suppose C, D are two
intermediate unital C*-subalgebras. Can we provide a formula (in the spirit of Theo-
rem 3.12) for H(|®|?) instead of H(|F (©)|?)?

Recall that a quadruple (N C P, Q C M) of I, factors is called a quadrilateral if
N =PvQand M = P A Q [16, Definition 3.5].

Corollary 3.16. Suppose (N C P, Q C M) is a quadrilateral of 11, subfactors with
[M:N]<ooand N'NM = C such that [P : N],[Q : N] < 4; then,

H(|OF) = én(ﬁ)

2 ]
H(F@©[) = g"([M T NT- M : P])'
[P:N]?

T
Proof. By [7], weknow thatepegep =en + A(ep —en),for A = %.Further—

more, by the proof of [7, Theorem 4.1.3], we have dimy L?(PQ) =[P : N]([P : N] - 1).
Thus, A = m Since n(epegep) = n(A)(ep — en), it follows that

H(|OP) = ()M : PI"' —[M : N]") = [MZ; T 11v1 —

To prove the formula for H(|% (©)|?), we consider the dual factors P and Q from
the basic constructions P C M and Q C M, respectively (with the corresponding Jones
projections ¢ 5 and e 5). Then, we have

tr(epeg).

tr(epeg) M : P]]

[O:N
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Also, we know that (see [8]) tr(epeg) = (dimps L?(P Q))~! and therefore,

1
[M : P]([P : N]—l)'

tr(epeg) =

Type 11; factors are simple C*-algebras and also there exists a trace preserving condi-
tional expectation from M onto N. By [14, Proposition 1.3], there exists a quasi-basis
for that conditional expectation. Hence, the assumptions of Theorem 3.12 are met and the
proof is complete once we apply Theorem 3.12. ]
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