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Quantum automorphism groups of trees
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Simon Schmidt, and Peter Zeman

Abstract. We give a characterization of quantum automorphism groups of trees. In particular, for
every tree, we show how to iteratively construct its quantum automorphism group using free prod-
ucts and free wreath products. This can be considered a quantum version of Jordan’s theorem for
the automorphism groups of trees. We use ideas from algebraic combinatorics, quantum groups,
and quantum information theory. This is one of the first characterizations of quantum automorphism
groups of a natural class of graphs with quantum symmetry.

1. Introduction

Attempts to characterize automorphism groups of trees can be traced back to Jordan [12]
and Pólya [17]. It is well known that the class of automorphism groups of trees can be
constructed from the trivial group using two types of group products: the direct product
and the wreath product with a symmetric group Sn. We prove an analogue of this result
for quantum automorphism groups of trees.

Banica [3] and Bichon [7] defined the quantum automorphism group of a finite graph
to be a quotient of the quantum symmetric group SCn , introduced by Wang [21]. The the-
ory of quantum automorphism groups of graphs is still a relatively young field and we
refer to [18] for a survey of the state of the art. Most of the known results answer the
question of whether a given graph has quantum symmetry, i.e., whether the graph’s quan-
tum automorphism group differs from its automorphism group. Explicit computations are
known only for some very special families of graphs, including hypercubes [5], folded
hypercubes [19], and more generally, Cayley graphs of abelian groups [10].

Although trees are the most basic graph class, there have not been many attempts to
calculate quantum automorphism groups of trees explicitly. Fulton [9] proved that trees
with automorphism groups isomorphic to Sk

2 , for k � 2, have quantum symmetry. Further,
whereas almost all graphs do not have quantum symmetry [14], almost all trees do have
quantum symmetry [13]. This makes the study of quantum automorphism groups of trees
particularly interesting.

In this paper, we provide a way to compute the quantum automorphism group of every
tree explicitly, as an expression using the trivial quantum group 1, the free product, and
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the free wreath product with a quantum symmetric group SCn . This gives the following
classification of the quantum automorphism groups of trees.

Theorem 1.1. The class T of all quantum automorphism groups of trees can be con-
structed inductively as follows:

(i) 1 2 T .

(ii) If G;H 2 T , then G �H 2 T .

(iii) If G 2 T , then G o� SCn 2 T .

The proof of Theorem 1.1 gives a polynomial-time algorithm to explicitly calculate
the quantum automorphism group of any tree. The proof goes as follows: First, we prove
that the center of a tree is preserved by quantum automorphisms, so we can restrict our
attention to rooted trees. Then, we recursively compute the quantum autormorphism group
of the rooted tree from the quantum automorphism groups of its subtrees. Intuitively, the
free products in Theorem 1.1 (ii) stem from non-isomorphic subtrees, whereas the free
wreath products with SCn in (iii) stem from isomorphic subtrees.

Remark 1.2. Following the initial appearance of this work on arXiv, another work con-
taining similar results (including a different proof of Theorem 1.1) was announced on
arXiv by Meunier [15]. These two papers were written independently and use different
techniques. Contrary to our paper, Meunier’s paper does not give an algorithm to compute
quantum automorphism groups of trees, but it proves many other things and considers
other classes of graphs in addition to trees.

2. Preliminaries

A graph is a tuple X D .V .X/; E.X//, where V.X/ is a finite set of vertices of X and
E.X/�

�
V.X/

2

�
is the set of edges ofX . (Here,

�
S
2

�
denotes the set of all 2-element subsets

of an arbitrary set S .) A complete graph is a graph X with E.X/ D
�

V.X/
2

�
and an empty

graph is a graph X with E.X/ D ¿. For S � V.X/, the graph XŒS� D .S;E.X/ \
�

S
2

�
/

is the subgraph of X induced by S . A set S � V.X/ is called an independent set if XŒS�
is an empty graph, S is called a clique if XŒS� is a complete graph.

For two subsets A;B � V.X/, let E.A;B/ D ¹¹i; j º 2 E.X/ W i 2 A; j 2 Bº and let
e.A; B/ WD jE.A; B/j. For singleton sets, we write E.i; B/ instead of E.¹iº; B/ and so
on. For a subset A � V.X/ and a vertex i 2 A, we write dA.i/ WD e.i; A/. If A D V.X/,
then we write d.i/ WD dV.X/.i/ and say that d.i/ is the degree of i inX , or just the degree
of i if X is clear from the context. We will refer to a vertex of degree 1 in any graph (not
just trees) as a leaf.

A path of length k in a graph X is a finite sequence

.x0; e1; x1; : : : ; ek ; xk/

such that x0; : : : ; xk 2 V.X/ are pairwise distinct and for every i D 1; 2; : : : ; k, we have
ei D ¹xi�1; xiº 2 E.X/. We say that a graph X is connected if V.X/ ¤ ¿ and for every
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x; y 2 V.X/, there is a path from x to y. For a graph X , we define distance to be the
function distX WV.X/ � V.X/! R defined by

distX .x; y/ D min¹k 2 N0 W there is a path of length k from x to yº:

If X is clear from the context, we write dist WD distX . Note that the function dist is a
metric. A cycle of length k in a graph X is a sequence

.x0; e1; x1; : : : ; ek�1; xk�1; ek ; x0/

such that x0; : : : ; xk�1 2 V.X/ are pairwise distinct and for every i 2 ¹1; 2; : : : ; k � 1º,
we have ei D ¹xi�1; xiº 2 E.X/ and also ek D xk�1; x0 2 E.X/.

A forest is a graph with no cycles. A tree is a connected forest.

Definition 2.1. A rooted tree is a tuple .T; r/ where T is a tree and r 2 V.T / is a desig-
nated vertex, called the root. A forest of rooted trees is a forest in which every connected
component is a rooted tree.

Definition 2.2. A (vertex-)colored graph is a tuple .X; c/ where X is a graph and c W
V.X/! C is a function that assigns to each vertex x 2 V.X/ a color c.x/ from some set
of colors C . The set of vertices assigned to a fixed color c is called color class. The color
classes partition the vertex set, but we do not require that adjacent vertices receive distinct
colors.

Every uncolored graph will be thought of as a colored graph where all vertices have
the same color, and every forest of rooted trees will be thought of as a colored graph where
all roots have color c1 and all non-roots have color c0 ¤ c1.

Definition 2.3 ([22]). A compact quantum group G is a tuple .A;�/, where A is a unital
C �-algebra and � W A! A˝A is a unital �-homomorphism satisfying the following
conditions:

(1) .�˝ id/� D .id˝�/�;

(2) �.A/.1˝A/ and �.A/.A˝ 1/ are dense in A˝A.

The map � is called the comultiplication of G.

LetG be a compact group and let C.G/ be the commutative C �-algebra of continuous
complex-valued functions onG. SinceC.G/˝C.G/ŠC.G �G/,� WC.G/!C.G/˝

C.G/ defined by�.f /.g � h/ D f .gh/ turns .C.G/;�/ into a compact quantum group.
All compact quantum groups G where the C �-algebra is commutative are of this type.
In view of this example, it is customary to denote the C �-algebra A associated with a
compact quantum group G D .A; �/ as C.G/. The trivial quantum group 1 is the trivial
group 1, viewed as a quantum group.

Definition 2.4. Let C.G/ be a unital C �-algebra generated by ¹uij W i; j 2 Œn�º such that
the matrices Œuij �

n
i;jD1 and Œu�ij �

n
i;jD1 are invertible and � W C.G/! C.G/˝ C.G/ is a
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unital �-homomorphism satisfying

�.uij / D

nX
kD1

uik ˝ ukj ; i; j 2 Œn�: (2.1)

Then, GD .C.G/;�/ forms a compact quantum group (see [16, Proposition 1.1.4]). Such
compact quantum groups are knows as compact matrix quantum groups. They are usually
specified by the pair G D .C.G/; u/, as the comultiplication only depends on u. The
matrix u will be called the fundamental representation of the compact matrix quantum
group G.

We now define the compact matrix quantum groups that are of interest to us.

Definition 2.5 ([21]). The quantum symmetric group SCn D .C.SCn /; u/ is the compact
matrix quantum group, where C.SCn / is the universal C �-algebra with generators uij and
relations

u2
ij D uij D u

�
ij for all i; j D 1; : : : ; n

nX
jD1

uij D

nX
iD1

uij D 1 for all i; j D 1; : : : ; n:
(2.2)

A matrix satisfying the conditions in (2.2) is called a magic unitary.

Definition 2.6. Let GD .C.G/;�G/ and HD .C.H/;�H/ be compact quantum groups.
We say that G is a quantum subgroup of H if there is a surjective �-homomorphism
� W C.H/! C.G/ such that �G ı � D .� ˝ �/ ı �H. Quantum subgroups of SCn are
known as quantum permutation groups.

Any compact matrix quantum group G D .C.G/; u/, where u is a magic unitary, is a
quantum permutation group, due to the universal property of SCn .

Definition 2.7. We define the quantum automorphism group of colored graphs:

(I) The quantum automorphism group Qut.X/ of a graphX is the compact matrix
quantum group .C.Qut.X//;u/, where C.Qut.X// is the universal C �-algebra
with generators uij , for i; j 2 V.X/, and relations

uij D u
�
ij D u

2
ij ; i; j 2 V.X/;X

k

uik D 1 D
X

k

ukj ; i; j 2 V.X/;

uijukl D 0 if ik 2 E; jl … E or vice versa:

(2.3)

Assuming the first two conditions of (2.3), the third condition is equivalent to
AXu D uAX , where AX is the adjacency matrix of X . This can be rewritten asX

kj2E

uik D

X
ik2E

ukj ; (2.4)

for each i; j .
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(II) The quantum automorphism group Qutc.X/ of a graph X with coloring c is
the compact matrix quantum group that is obtained by taking the quotient of
C.Qut.X// by the relations uij D 0 if c.i/¤ c.j /. This is equivalent to adding
the relations DaU D uDa for every vertex color a, where Da is a diagonal
matrix with Da

ii D 1 if i has color a and Da
ii D 0 otherwise.

(III) The quantum automorphism group of a rooted tree R is Qutc.R/. We shall
denote Qutc.R/ as Qutr .R/ for convenience.

Definition 2.8 ([20]). Let G D .C.G/; u/ and H D .C.H/; v/ be compact matrix quan-
tum groups. Then, their free product G �H is defined as the compact matrix quantum
group .C.G/ �C.H/; u˚ v/, where C.G/ �C.H/ is the universal C �-algebra with gen-
erators uij and vkl such that uij and vkl satisfy the relations of G and H, respectively, in
addition to the relation 1G D 1H.

Definition 2.9 ([8]). Let GD .C.G/;u/ and HD .C.H/;v/ be two quantum permutation
groups such that their fundamental representations are magic unitaries. The free wreath
product of G and H is the quantum permutation group G o� H with the C �-algebra

C.G o� H/ D
�
C.G/�n

� C.H/
�
=hŒu

.a/
ij ; vab� D 0i;

where n � n is the size of matrix v, and the fundamental representation of G o� H given
by the magic unitary

wia;jb D u
.a/
ij vab :

A closely related concept to quantum automorphism groups of graphs is quantum
isomorphism of graphs. This notion was originally defined in terms of quantum strategies
for the so-called isomorphism game [2]. However, for this work, the following equivalent
definition from [14] is better suited.1

Definition 2.10. Let X and Y be (possibly colored) graphs. We say that X and Y are
quantum isomorphic, and write X Šq Y if there is a nonzero unital C �-algebra A and a
magic unitary u D Œuxy �x2V.X/;y2V.Y / with entries from A such that AXu D uAY and
uxy D 0 if c.x/ ¤ c.y/.

It is clear that if two graphs are isomorphic, then they are quantum isomorphic (the
magic unitary in the definition above can be taken to be the permutation matrix encoding
the isomorphism). But it is a nontrivial result that there are non-isomorphic graphs that
are quantum isomorphic [2]. However, isomorphism and quantum isomorphism coincide
for forests.

Two graphs X and Y are said to be fractionally isomorphic if there exists a dou-
bly stochastic matrix D satisfying AXD D DAY . It follows from [2, Theorem 4.5] that
if two graphs are quantum isomorphic, then they are fractionally isomorphic. It is also

1In both [2] and [14], only uncolored graphs were considered, but adapting their results to include
vertex colors is trivial.
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known [11] that any two forests are fractionally isomorphic if and only if they are isomor-
phic. Therefore, we have the following.

Lemma 2.11. If F and F 0 are forests, then they are quantum isomorphic if and only if
they are isomorphic.

Definition 2.12. Let G D .C.G/; u/ be a quantum permutation group. We define a rela-
tion � on Œn� by i � j if and only if uij ¤ 0. In [6] and [14], it was shown that � is
an equivalence relation. The partitions of Œn� induced by the equivalence relation � are
known as the orbits or quantum orbits of G.

Remark 2.13. Note that by the definition of the quantum automorphism group of a col-
ored graph, vertices of different colors must be in different quantum orbits. In other words,
the color classes of a colored graph are unions of quantum orbits.

In addition to the above, we will need to use the following property of orbits of
Qutc.X/.

Lemma 2.14. LetX be a (possibly colored) graph and suppose that S � V.X/ is a union
of orbits of Qutc.X/. If Y is the (possibly colored) subgraph of X induced by S , then the
orbits of Qutc.Y / are unions of orbits of X .

Proof. We will first prove the uncolored case and then remark on the additions needed
when colors are present. Let u and v be the fundamental representations of Qut.X/ and
Qut.Y /, respectively. Since S is a union of orbits of Qut.X/, the fundamental representa-
tion u can be written as

u D

�
Ov 0

0 Ou

�
where Ov is a magic unitary indexed by the elements of S . We will show that AY Ov D OvAY .
Let D be the diagonal matrix such that Di i D 1 if i 2 S and Di i D 0 otherwise. Then,
Du D uD, and therefore DAXDu D uDAXD. Of course,

DAXD D

�
AY 0

0 0

�
;

and therefore DAXDu D uDAXD is equivalent to AY Ov D OvAY . Thus, we have proven
our claim.

Now, by the universality of C.Qut.Y //, we have that there is a �-homomorphism '

from C.Qut.Y // to C.Qut.X// such that '.vij /D Ovij . Thus, if vij D 0, then Ovij D 0; i.e.,
if i; j 2 V.Y / are in different orbits of Qut.Y /, then they are in different orbits of Qut.X/.
This is the contrapositive of the lemma statement.

If the graph X is vertex colored, then we must additionally show that for any color a
appearing in Y , the V.Y /-indexed diagonal matrix Da that indicates whether a vertex of
Y is colored a commutes with Ov. However, if ODa is the similarly defined V.X/-indexed
diagonal matrix, then D ODaD D Da and the argument works the same as for AY .
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3. Modifications that do not change the quantum automorphism
group

In this section, we show that the quantum automorphism group of a colored graph is
invariant under certain modifications to the graph. This will greatly simplify the proofs
in the remainder of this paper since most proofs can be reduced to a combination of the
modifications from this section. The main result in this section is the following lemma.

Lemma 3.1. Let X be a colored graph.

(I) Let S � V.X/ be an independent set which is a union of color classes. Then,
adding

�
jS j
2

�
edges to X , one between every pair of distinct vertices in S , does

not change the quantum automorphism group.

(II) Let S; T � V.X/ be disjoint vertex sets such that S [ T is an independent
set and each of S and T is a union of color classes. Then, adding jS j � jT j
edges to X , one from every s 2 S to every t 2 T , does not change the quantum
automorphism group.

(III) Let S � V.X/ be a monochromatic vertex set that is a union of quantum orbits
of X . Then, changing the color of S to a new color (that does not occur else-
where) does not change the quantum automorphism group.

(IV) Adding an isolated vertex in a new color (that does not occur elsewhere) does
not change the quantum automorphism group.

Proof. (I) Let Y D X [
�

S
2

�
be the colored graph obtained from X by adding all possible

edges between vertices in S . Let u D .uij /i;j2V.X/ be a magic unitary in an arbitrary
C �-algebra that respects the color classes of X (i.e., uij D 0 whenever c.i/ ¤ c.j /).
We prove that u satisfies the relations of Qutc.X/ if and only if it satisfies the relations
of Qutc.Y /. With respect to the ordered partition V.X/ D V.Y / D S t R with R D
V.X/ n S , we see that u and AY � AX are in block diagonal form

u D

�
uS 0

0 uR

�
; AY � AX D

�
JS � IS 0

0 0

�
;

where uS and uR denote the restrictions of u to S � S and R � R, and where JS and IS

denote the all-ones matrix and the identity matrix on S � S , respectively. Since rows and
columns in uS sum to 1, we have uSJS D JS D JSuS , and therefore�

uS 0

0 uR

��
JS � IS 0

0 0

�
D

�
JS � uS 0

0 0

�
D

�
JS � IS 0

0 0

��
uS 0

0 uR

�
:

This shows that u commutes with AY � AX . Therefore, u commutes with AX if and
only if it commutes with AY . The color classes remain the same, so we conclude that u
satisfies the relations of Qutc.X/ if and only if it satisfies the relations of Qutc.Y /. By the
universality of the respective C �-algebras, we get natural �-homomorphisms

� W C
�

Qutc.X/
�
! C

�
Qutc.Y /

�
and  W C

�
Qutc.Y /

�
! C

�
Qutc.X/

�
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that map the fundamental representation of one to the fundamental representation of the
other. Clearly, � and  are each other’s inverses and preserve the comultiplication, so we
have Qutc.X/ Š Qutc.Y /.

(II) Let Y 0 be the colored graph obtained fromX by adding all possible edges between
S and T . Since S and T are independent sets in Y 0, it follows from (I) that

Qutc.Y
0/ Š Qutc

�
Y 0 [

�
S

2

�
[

�
T

2

��
:

But we have Y 0 [
�

S
2

�
[
�

T
2

�
D X [

�
S[T

2

�
, so another application of (I) shows that

Qutc.Y
0/ Š Qutc

�
Y 0 [

�
S

2

�
[

�
T

2

��
D Qutc

�
X [

�
S [ T

2

��
Š Qutc.X/:

(III) Let Y 00 be the colored graph obtained from X by recoloring the vertices of S to
a new color (that does not occur elsewhere). Let R � V.X/ n S be the remainder of the
color class containing S , and let u D .uij /i;j2V.X/ and v00 D .v00ij /i;j2V.Y 00/ denote the
fundamental representations of Qutc.X/ and Qutc.Y 00/, respectively. The only difference
between X and Y 00 is that the latter splits the color class S [ R of X into separate color
classes S and R, so the set of relations defining C.Qutc.Y 00// is the union of the set of
relations defining C.Qutc.X// and the relations ¹v00sr D v

00
rs D 0 W s 2 S; r 2 Rº. Since

S is a union of quantum orbits of X , the latter (added) relations are also satisfied by u,
so u satisfies all the relations of C.Qutc.Y 00//. Conversely, since the relations defining
C.Qutc.Y 00// contain the relations defining C.Qutc.X//, clearly v00 satisfies all the rela-
tions of C.Qutc.X//. By the universality of the respective C �-algebras, we get natural
�-homomorphisms

� W C
�

Qutc.X/
�
! C

�
Qutc.Y

00/
�

and  W C
�

Qutc.Y
00/
�
! C

�
Qutc.X/

�
that map the fundamental representation of one to the fundamental representation of the
other. Clearly, � and  are each other’s inverses and preserve the comultiplication, so we
have Qutc.X/ Š Qutc.Y 00/.

(IV) Let v0 be the newly added vertex and Y 000 the colored graph thus obtained. Since
v0 has a different color from all other vertices, we have uv0i D uiv0 D 0 for all i ¤ v0,
and uv0v0 D 1. From this it readily follows that Qutc.X/ Š Qutc.Y 000/.

Remark 3.2. In Lemma 3.1 (I) and (II), the assumption that S or S [ T is an independent
set can be omitted by using multigraphs. To do so, one has to define the quantum auto-
morphism group of a multigraph in the same way as Definition 2.7, namely, as the magic
unitaries that commute with the adjacency matrix (which can now contain entries other
than 0 and 1). Note that this might be considered to be the “wrong” definition of the quan-
tum automorphism group of a multigraph since it does not see (quantum) automorphisms
that permute parallel edges.

For simple graphs, Lemma 3.1 (II) remains true if the condition “S [ T is an inde-
pendent set” is weakened to “there are no edges between S and T ”, by the same proof as
above, but this proof now uses multigraphs in an intermediate step.
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4. Reduction to rooted trees
In this section, we show how to transform a tree into a rooted tree with the same quantum
automorphism group. Recall the following definitions.

Definition 4.1. LetX be a graph. The eccentricity of a vertex v 2 V.X/, denoted by ".v/,
is the maximum distance from v to any other vertex in X . In other words,

".v/ D max
®

dist.v; x/ j x 2 V.X/
¯
:

The (Jordan) center of X , which we denote by Z.X/, is the set of vertices of minimum
eccentricity.

It is well known that the Jordan center of a tree coincides with the vertex set obtained
by simultaneously removing all leaves from the graph and repeating this procedure until
only a single vertex or edge remains.2 It follows that the Jordan center of a tree consists
of either a single vertex or two adjacent vertices. In the latter case, we refer to the edge
between these two vertices as the central edge.

In the 19th century, Jordan [12] already recognized that the center of a tree must be
preserved by every automorphism. We extend this to quantum automorphisms, and use
it as the basis for our reduction from trees to rooted trees. For this we use the following
construction. Note that we say that we subdivide an edge e D .u; v/ in a graph X if we
delete the edge e from X and add a vertex w as well as edges .u;w/ and .w; v/ to X .

Definition 4.2. Let T be a tree. The rootification of T is the rooted tree .Tr ; r/ obtained
from T in the following way:

• if jZ.T /j D 1, set Tr WD T and let r be the Jordan center of T ;

• if jZ.T /j D 2, let Tr be the tree obtained from T by subdividing the central edge of T ,
and let r 2 V.Tr / be the new vertex thus created.

Note that one always has Z.Tr / D r . Below, we will show that Qut.T / Š Qutr .Tr /

for any tree T . The key to this result is the following lemma.

Lemma 4.3. Let X be a graph, and let S � V.X/ be a vertex set obtained by simulta-
neously deleting all leaves and repeating this process any number of times. Then, S is a
union of quantum orbits.

Proof. Let X1 be the graph obtained from X by deleting all of its leaves. In other words,
X1 is the subgraph of X induced by the set U D ¹v 2 V.X/ W d.v/ ¤ 1º. By [18, Propo-
sition 2.4.14], it follows that if d.x/ ¤ d.y/, then uxy D 0; i.e., x and y are in different
quantum orbits. Hence, U is a union of quantum orbits of X since its complement is
the set of vertices with degree 1 in X which is a union of quantum orbits. Therefore, by
Lemma 2.14, the quantum orbits of X1 are unions of the quantum orbits of X .

2In fact, Jordan’s original definition of the center (see [12, Section 4]) was based on this iterative
procedure and not on the modern definition in terms of distances. To prove that these notions are equivalent,
note that the Jordan center of a tree T with jV.T /j � 3 is equal to the Jordan center of the tree T 0 obtained
from T by removing all leaves.
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If X2 is the graph obtained from X1 by removing all of its leaves, then by the same
reasoning as above, V.X2/ is a union of quantum orbits of X1, and therefore the union of
quantum orbits of X . Iterating this argument proves the lemma.

Corollary 4.4. Let T be a tree. Then, Z.T / is a union of quantum orbits.

Corollary 4.5. Let T be a tree, and let .Tr ; r/ be its rootification. Then, ¹rº is a quantum
orbit of Tr .

Proof. Since Z.Tr / D ¹rº, this follows from Corollary 4.4.

Corollary 4.6. Let T be a tree, and let .Tr ; r/ be its rootification. Then, Qut.Tr / Š

Qutr .Tr /; that is, the quantum automorphism group of Tr as a graph is isomorphic to
the quantum automorphism group of Tr as a rooted tree.

Proof. This follows from Corollary 4.5 and Lemma 3.1 (III).

We now come to the main result of this section.

Proposition 4.7. Let T be a tree, and let .Tr ; r/ be the rootification of T . Then, Qut.T /Š
Qutr .Tr /.

Proof. If jZ.T /j D 1, then we have Tr D T , so the result follows from Corollary 4.6.
Otherwise, jZ.T /j D 2, and we let Z.T / D ¹z1; z2º. Let X0 WD T and X5 WD Tr . We
transform X0 into X5 through the following sequence of modifications from Lemma 3.1,
which is also depicted in Figure 1.

T D X0

z1

� � �

z2

� � �

X1

z1

� � �

z2

� � �

X2

z1

� � �

z2

� � �

X5 D Tr
z1

� � �

z2

� � �

r

X4
z1

� � �

z2

� � �

r

X3
z1

� � �

z2

� � �

r

Figure 1. Transforming any tree T with Jordan center of size 2 to its rootification Tr .
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LetX1 be the colored graph obtained from the (uncolored) graphX0 WD T by coloring
V.T / nZ.T / with the color c0 and coloring Z.T / in a different color c1 ¤ c0. Then, by
Corollary 4.4 and Lemma 3.1 (III), we have Qut.X0/ Š Qutc.X1/.

Let X2 be the colored graph obtained from X1 by removing the edge between z1

and z2. Then, by Lemma 3.1 (I) (applied to X2), we have Qutc.X1/ Š Qutc.X2/.
Let X3 be the colored graph obtained from X2 by adding an isolated vertex r in a new

color c2 ¤ c0; c1. Then, by Lemma 3.1 (IV), we have Qutc.X2/ Š Qutc.X3/.
Let X4 be the colored graph obtained from X3 by connecting all vertices of color c1

(namely, z1 and z2) to all vertices of color c2 (namely, r). Then, by Lemma 3.1 (II), we
have Qutc.X3/ Š Qutc.X4/.

Finally, let X5 WD Tr be the rootification of T . Since Z.T / can be obtained from T

by repeatedly removing all leaves, doing the same in Tr shows that ¹z1; z2; rº can be
obtained from Tr by repeatedly removing all leaves. Hence, it follows from Lemma 4.3
that ¹z1; z2; rº is a union of quantum orbits of Tr . Since ¹rº is a quantum orbit by itself,
it follows that ¹z1; z2º is a union of quantum orbits of Tr . Since X4 is (isomorphic to)
the graph obtained from X5 D Tr by recoloring ¹z1; z2º in a new color, it follows from
Lemma 3.1 (III) (applied toX5) that Qutc.X4/ŠQutc.X5/. Hence, Qut.T /DQut.X0/Š

Qutc.X1/ Š � � � Š Qutc.X5/ D Qutr .Tr /.

5. Quantum automorphisms of trees

In this section, we will prove the main theorem of this paper (Theorem 1.1). To do that,
we first need some lemmas.

Lemma 5.1 ([18, Lemma 3.2.2]). Let X be a finite, undirected vertex-colored graph and
let .uij /1�i;j�n be the generators of C.Qut.X//. If the distance between i and k is dif-
ferent to the distance between j and l , then uijukl D 0.

Lemma 5.2. Let F be a forest of rooted trees, and let zF be the rooted tree obtained by
connecting the roots of the individual trees of F to a single new root. Then, Qutc.F / Š
Qutr . zF /.

Proof. Let R � V.F / denote the set of roots of F , and write X0 WD F and X3 WD zF .
Without loss of generality, assume that the non-root vertices in F and zF are colored with
color c0, the roots in F are colored c1, and the root in zF is colored c2 (with c0, c1, and
c2 distinct). We transform X0 into X3 using the following sequence of modifications from
Lemma 3.1, which is also depicted in Figure 2.

Let X1 be the graph obtained from X0 WD F by adding an isolated vertex r in a
new color c2 (that does not occur elsewhere in X0). Then, by Lemma 3.1 (IV), we have
Qutc.X0/ Š Qutc.X1/.

Let X2 be the graph obtained from X1 by connecting all vertices of color c1 (namely,
the rootsR from F ) to all vertices of color c2 (namely, the newly added isolated vertex r).
Then, by Lemma 3.1 (II), we have Qutc.X1/ Š Qutc.X2/.
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F D X0

� � � � � � � � �

� � �

X1

� � � � � � � � �

� � �

r

X3 D zF

� � � � � � � � �

� � �

r

X2

� � � � � � � � �

� � �

r

Figure 2. Transforming a forest of rooted trees to a single rooted tree.

Finally, letX3 WD zF . SinceR is the set of all neighbors of r , it follows from Lemma 5.1
that urruxy D 0 if x 2 R and y … R. However, since r is the only vertex with color c2,
we also have that urr D 1. Hence, uxy D 0 if x 2 R and y … R. Therefore, R is a union
of quantum orbits of zF . Since X2 is (isomorphic to) the graph obtained from X3 D zF ,
by recoloring R in a new color c1, it follows from Lemma 3.1 (III) (applied to X3) that
Qutc.X2/ Š Qutc.X3/.

Lemma 5.3. LetX be a colored graph with connected componentsX1; : : : ;Xn. If ust ¤ 0

for some s 2 V.Xi /, t 2 V.Xj /, i ¤ j , in the fundamental representation of Qut.X/, then
Xi and Xj are quantum isomorphic.

Proof. We adjust the proof of [14, Theorem 4.4] to our setting. Assume that we have i; j ,
i ¤ j such that there exist s 2 V.Xi /, t 2 V.Xj / with ust ¤ 0. We have uxyux0y0 D 0

for x; x0 2 V.Xa/, y 2 V.Xb/, y0 2 V.Xc/, b ¤ c by Lemma 5.1 since we know that
there is a path between x and x0 as they are in the same connected component but no path
between y and y0. Define px;j D

P
y2V.Xj / uxy , x 2 V.X/. It holds that px;j D px0;j for

x; x0 2 V.Xi / because of the following. We have

px;j .1 � px0;j / D
� X

y2V.Xj /

uxy

�� X
y02V.Xk/; k¤j

ux0y0

�
D

X
y2V.Xj /;

y02V.Xk/; k¤j

uxyux0y0 D 0

since uxyux0y0 D 0 for x;x0 2 V.Xi /, y 2 V.Xj /, y0 2 V.Xk/. We get .1�px;j /px0;j D 0

in the same way and therefore px;j D px;jpx0;j D px0;j . We define pj WD px;j . Similarly,
we can define p0y;i D

P
x2V.Xi / uxy and get p0y;i D p

0
y0;i for y;y0 2 V.Xj /. We then define

p0i WD p
0
y;i .

Note that pj ¤ 0 since we have pj � ust ¤ 0 by assumption. It holds thatˇ̌
V.Xi /

ˇ̌
pj D

X
x2V.Xi /

px;j D

X
x2V.Xi /
y2V.Xj /

uxy D

X
y2V.Xj /

p0y;i D
ˇ̌
V.Xj /

ˇ̌
p0i : (5.1)
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Then, we have

pj D p
2
j D

�ˇ̌
V.Xj /

ˇ̌ˇ̌
V.Xi /

ˇ̌ �2

p0i D

ˇ̌
V.Xj /

ˇ̌ˇ̌
V.Xi /

ˇ̌pj ;

and thus we must have jV.Xi /j D jV.Xj /j since pj ¤ 0. Therefore, pj D p
0
i by equation

(5.1). We define p WD pj .
Let A be the C �-subalgebra of C.Qut.X// generated by the elements uxy , x 2 V.Xi /,

y 2 V.Xj /. Note that A is nonzero since p ¤ 0 as noted above. Further, p is the identity
in A since

uxyp D uxypx;j D uxy

X
y02V.Xj /

uxy0 D uxy

and similarly uxy D puxy . Moreover, we have uxyux0y0 D 0 for xx0 2 E, yy0 … E or
vice versa, and uxy D 0 for c.x/ ¤ c.y/, since this holds in C.Qut.X//. Thus, Ou D
.uxy/x2V.Xi /; y2V.Xj / is a magic unitary with AXi

Ou D OuAXj
. This means that Xi and Xj

are quantum isomorphic.

The following lemma is a generalization of [18, Corollary 7.1.4].

Lemma 5.4. Let X1; : : : ; Xn be vertex colored graphs such that for any i ¤ j , no con-
nected component of Xi is quantum isomorphic to a connected component of Xj . Then,

Qutc

� nG
iD1

Xi

�
D

n
�

iD1
Qutc.Xi / (5.2)

where
Fn

iD1Xi denotes the disjoint union of X1; : : : ; Xn.

Proof. Define X WD
Fn

iD1Xi and let AX and AXi
be the adjacency matrices of the corre-

sponding graphs. Label AX in the following way:

AX D

0BBB@
AX1 0 � � � 0

0 AX2 � � � 0
:::

:::
: : : 0

0 0 � � � AXn

1CCCA :
Since all connected components of Xi and Xj , i ¤ j , are not quantum isomorphic, we
know by Lemma 5.3 that uxy D 0 for all x 2 V.Xi /, y 2 V.Xj /, where u is the funda-
mental representation of Qut.X/. This yields

u D

0BBB@
u.1/ 0 � � � 0

0 u.2/ � � � 0
:::

:::
: : : 0

0 0 � � � u.n/

1CCCA ;
where u.i/ 2 MjV.Xi /j.C.Qut.X///. Furthermore, we see that uAX D AXu is equivalent
to u.i/AXi

D AXi
u.i/ for all i . Therefore, we get the desired surjective �-homomorphisms

in both directions by using the respective universal properties.
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Lemma 5.5. For every rooted tree, there exists a tree with an isomorphic quantum auto-
morphism group.

Proof. Let T be a rooted tree. We construct a tree T 0 with Qutr .T / Š Qut.T 0/.
First, suppose that T is a path rooted at one of its endpoints. Then, by induction, it

follows from Lemma 5.2 that Qutr .T / Š Qutr .K1/ D 1. Since Qut.K1/ D 1, the choice
of T 0 WD K1 suffices.

Now suppose that T is not a path rooted at one of its endpoints. Let X1 be the forest
of rooted trees given by X1 WD T t P , where P is a path of length 2jV.T /j rooted at one
of its leaves. Let X2 be the rooted tree formed from X1 by adding a new vertex r adjacent
to only the roots of T and P . Let T 0 be the unrooted tree obtained from X2 by ignoring
the root.

From the choice of P and the definition of the centre, it follows that the centre of T 0

lies on the path P . Hence, by Proposition 4.7, we may conclude that Qut.T 0/D Qutr .T 0r /,
where T 0r is the rootification of T 0. Let the Qr be the root of T 0r . We have that deg. Qr/ D 2.
Let X3 and X4 be the rooted trees obtained by deleting Qr and designating its neighbors as
roots. Relabelling if necessary, we know thatX3 is a rooted tree that is obtained by adjoin-
ing a path to the root of R and designating the other end as the root, and X4 is a path. It
follows from applying Lemma 5.2 multiple times that Qutr .X3/ D Qutr .T /. Addition-
ally, by the argument for the case where T was a path rooted at one of its endpoints, we
know that Qutr .X4/D 1. Finally, from Lemma 5.2 and Lemma 5.4, we may conclude that
Qut.T 0/ D Qutr .T 0r / D Qutr .X3/ � Qutr .X4/ D Qutr .T /. This finishes the proof.

Theorem 5.6. LetX be a connected vertex colored graph and n 2N. Let
Fn

iD1X denote
the disjoint union of n copies of X , all with the same coloring. Then, Qutc.

Fn
iD1 X/ D

Qutc.X/ o� SCn , where o� denotes the free wreath product.

The proof is similar to the proof of [4, Theorem 6.1] and will be omitted. For connected
uncolored graphs, a proof of the above can be found in [8, Theorem 4.2] for a different
definition of the quantum automorphism group. For the version of the definition we are
working with, the uncolored case Theorem 5.6 follows from [4, Theorem 7.1].

We now come to the proof of our main theorem.

Proof of Theorem 1.1. Let � be the family of compact quantum groups that is generated
by (i)–(iii), and let R denote the set of all quantum automorphism groups of rooted trees.
It follows from Proposition 4.7 and Lemma 5.5 that T DR. Hence, it is sufficient to show
that � D R.

First, we show that � �R. We do this by showing that 12R (which is trivial) and that
R is closed under (ii) and (iii) from the theorem statement. For (ii), we split it into the two
cases of G 6Š H and G Š H. For the former, consider any two non-isomorphic elements
G;H2R. Let TG and TH be two rooted trees such that Qut.TG/ŠG and Qutr .TH/ŠH.
Let us denote by TGtH the rooted tree formed from TG t TH by applying the construc-
tion in Lemma 5.2. It follows from Lemma 5.2 that Qutr .TGtH/ Š Qutc.TG t TH/.
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Since G and H are distinct, TG 6Š TH, and hence they are also not quantum isomor-
phic by Lemma 2.11. It now follows from Lemma 5.4 that Qutr .TGtH/Š G �H, so that
G �H 2 R.

For the latter, let G 2 R be a compact quantum group, and let TG be a rooted tree
such that Qutr .TG/ Š G. Let fTG be the rooted tree constructed by joining the root of
TG to a new vertex, which is designated as the root of fTG . It follows from Lemma 5.2
that Qutr .fTG/ Š G. Since TG and fTG have a different number of vertices, they are not
quantum isomorphic. Let T be the rooted tree that is formed by applying the construction
in Lemma 5.2 to TG tfTG . Then, from Lemmas 5.2 and 5.4, Qutr .T /ŠQutc.TG tfTG/Š

G �G, so that G �G 2 R.
Similarly, it follows from Theorem 5.6 that Qutc.

Fn
iD1 TG/ŠG o� SCn for any n 2N.

Let T 0 be the rooted tree that is formed from
Fn

iD1 TG by the operation in Lemma 5.2.
Then, it follows from Lemma 5.2 that Qutr .T 0/ Š Qutc.

Fn
iD1 TG/ Š G o� SCn , so that

G o� SCn 2 R. Hence, we may conclude that any compact quantum group that is induc-
tively constructed using (i)–(iii) is the quantum automorphism group of a rooted tree,
which implies that � � R.

Now we show that R � � , i.e., that for any rooted tree T , Qut.T / can be constructed
iteratively through (i)–(iii). Let zT be the forest of rooted trees that is constructed by delet-
ing the root of T , and designating the neighbors of T as the roots of the trees that are
formed. If we have n equivalence classes of rooted trees (where two trees are equivalent if
they are isomorphic), and the i th equivalence class hasmi isomorphic copies of the rooted
tree Ti , it follows from Theorem 5.6, Lemma 5.4, and Lemma 5.2 that

Qutr .T / Š
n
�

iD1

�
Qutr .Ti / o� SCmi

�
:

Now, we can iteratively apply the same deconstruction to the rooted trees ¹Tiº
n
iD1 until

we end up with trees with only one vertex and no edges, whose quantum automorphism
group is the trivial quantum group 1. Hence, Qutr .T / can be constructed iteratively using
(i)–(iii). We have now proved that R � � .

The proof of Theorem 1.1 contains an algorithm for determining the quantum auto-
morphism group of a rooted tree T . We explicitly outline the algorithm here:

(1) Delete the root from T and designate its neighbors as roots to form a forest zT of
rooted trees.

(2) Determine the isomorphism classes of these rooted trees, which can be done by
standard techniques in linear time (see [1] for example).

(3) Now express the quantum automorphism group of T in terms of the quantum
automorphism groups of the rooted trees of the rooted forest zT as described in the
proof of Theorem 1.1.

(4) Determine the quantum automorphism groups of the rooted trees in zT recursively.

Figure 3 shows an example of a tree and its quantum automorphism group, computed
using the algorithm described above. The details of this computation are left to the reader.
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((1 ≀∗ S
+

2 ) ∗ (1 ≀∗ S
+

2 )) ∗ ((1 ≀∗ S
+

4 ) ≀∗ S
+

2 )
∼= (S+2 ∗ S

+

2 ) ∗ (S
+

4 ≀∗ S
+

2 )

Figure 3. An example of a tree with its quantum automorphism group.

Remark 5.7. It follows from Lemma 5.4 and Theorem 5.6 that the quantum automor-
phism group of a forest can be obtained by free products and free wreath products of
quantum automorphism groups of trees. However, it follows from Theorem 1.1 that the
class of quantum automorphism groups of trees is closed under free products and free
wreath products. Hence, both Theorem 1.1 and the poynomial-time algorithm to compute
the quantum automorphism group can be extended to forests.
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