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On the homotopy groups of the automorphism groups of
Cuntz-Krieger algebras

Kengo Matsumoto and Taro Sogabe

Abstract. In this paper, we first present the homotopy groups of the automorphism groups of
Cuntz—Krieger algebras in terms of the underlying matrices defining the Cuntz—Krieger algebras.
We also show that the homotopy groups are complete invariants of the isomorphism classes of
Cuntz—Krieger algebras. As a result, the isomorphism class of a Cuntz—Krieger algebra is com-
pletely determined by the group structure of its weak extension group and strong extension group.

1. Introduction

The study of homotopy groups of endomorphisms of Cuntz—Krieger algebras was initi-
ated by J. Cuntz in [8]. He showed that the homotopy group 7, (End(O4 ® K(H))) of
the endomorphisms of the stabilized Cuntz—Krieger algebra O4 ® K(H) is isomorphic to
the nth bi-variant weak extension group Ext?, (04 ® K(H), 04 ® K(H)). By using the
KK-theoretic machinery, M. Dadarlat in [10] investigated the homotopy groups of endo-
morphisms and automorphisms of Kirchberg algebras, and showed that the nth homotopy
group 1, (Aut(+4)) of the automorphism group Aut(+) of a unital Kirchberg algebra 4
is isomorphic to the KK-group KK"T1(C,, 4), where Cy is the mapping cone of the
unital embedding u 4 : C — 4. Related to the classification of bundles of C *-algebras,
Izumi—Sogabe [16] and Sogabe [29] studied the homotopy groups of automorphisms of
Cuntz algebras and Cuntz—Toeplitz algebras (see also [11]).

In this paper, we will first present the groups 7; (Aut(Q4)), i = 1,2 for the Cuntz—
Krieger algebra 4 in terms of the four abelian groups K;(0Oy), Exté (0y4),i =0,1 by
using the above mentioned Dadarlat’s general formulas in [10, Corollary 5.10] for the
homotopy groups of the automorphisms of Kirchberg algebras. The former K; (O4) are the
K-groups of Q4 and the latter Exté (O4) are the strong extension groups of @4, where the
first strong extension group Ext! is the usual strong extension group Ext, as in [21,23,25].
Since the groups K; (0y4), Exté (04),i = 0,1 are written in terms of the matrix 4 ([6,21]),
one may describe the homotopy groups ; (Aut(@4)), i = 1,2 by using the matrix A
(Corollary 3.4).
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In [30], the second named author introduced the notion of reciprocality for two unital
Kirchberg algebras with finitely generated K-groups. Two unital Kirchberg algebras 4, 8
are said to be reciprocal if both of the conditions 4 X D(Cg) and B & D(Cy4) hold,
where <y Means KK-equivalence, and the C *-algebra D(C,) is the Spanier—Whitehead
K-dual of Cy4 defined by Kaminker—Schochet [18] (cf. [17]). The Spanier—Whitehead
K-duality is a noncommutative analogue of the classical Spanier—Whitehead duality for
finite CW complexes. Related to the homotopy groups of the automorphism groups of
unital Kirchberg algebras, the second named author proved in [30] that 7; (Aut(+#4)) is iso-
morphic to 7; (Aut(B)) for i = 1,2 if and only if 4 is isomorphic to B, or A4 and B are
reciprocal. In the present paper, we will show that any pair O4 and Op of two Cuntz—
Krieger algebras can never be reciprocal by computing the K-groups of D(Ce,) and
D(Cp,) (Lemma 4.5). Hence we obtain that the groups ; (Aut(@4)) and 7; (Aut(Op))
for i = 1,2 are isomorphic if and only if Q4 is isomorphic to Op. Since we know that
the group structure of the two groups Ko(O4), Ext! (Q4) determine the other two groups
K1(04),Ext(O4) (Lemma 4.7), the homotopy groups 7; (Aut(+4)), i = 1,2 are determ-
ined by the only two groups Ko(94), Ext! (O4). For an N x N matrix A with entries in
{0, 1}, let us denote by Athe N x N matrix A = A4 + Ry — AR, where Ry isthe N x N
matrix such that its first row is the vector [1, ..., 1] whose entries are all 1s and the other
rows are zero vectors. As a result, we will prove the following theorem in the present

paper.

Theorem 1.1 (Theorem 4.8). Let A = [A(i,j)]f:’jzl, B = [B(, j)]%=l be irreducible
non-permutation matrices with entries in {0, 1}. Then the following four conditions are

mutually equivalent:
1)  m(Aut(@y)) = m; (Aut(Op)), i =1,2.
(i) O4 = 0Op.
(i) Ko(O4) = Ko(Op) and Exts(04) = Exty(Op).
(v) ZN)(I—A)ZN =72M /(I — B)ZM and ZV /(I — A)ZN ~7M /(I — B)ZM.

Since K¢ (04) is isomorphic to the weak extension group Exty, (94), condition (iii) is
replaced by

Extw(Q4) = Exty(Op) and  Ext;(Q4) = Ext,(Op).

By the equivalence between (i) and (ii), the homotopy groups of Aut(@4) completely
determine the isomorphism class of 4. The equivalence between (ii) and (iii) together
with Ko(O4) = Exty(Q4) tells us that the isomorphism class of 4 is determined by
the group structure of the two extension groups Exty, (O4) and Exts(O4), which are com-
puted as the abelian groups Z~ /(I — A)Z" and ZV /(I — A)ZN that are the cokernels in
7N of the matrices I — Aand I — A. , respectively ([9,21]). Thus, our theorem implies that
the pair (Exty, (Q4), Exts(Q4)) of the two extension groups has exactly the same inform-
ation as the pair (Ko(GQ4). [1o,]o) (cf. [26]). The possible range of the pair (Exty, (Q4).,
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Exts(04)) is clarified in Corollary 5.2. The relationship between (Exty, (Q4), Exts(Q4))
and (Ko(O4), [1o,4]o) is discussed in Proposition 5.4.

Concerning the homotopy groups of the automorphism group of the stabilized Cuntz—
Krieger algebra O4 ® K(H ), we will show that

7i(Aut(O4 ® K(H))) = 7 (Aut(Op @ K(H))), i=1,2

ifand only if O4 ® K(H) = Op ® K(H) (Proposition 4.13), by using Dadarlat’s formu-
lation in [10, Corollary 5.11].

2. Preliminary

Throughout the paper, we mean by a Kirchberg algebra a separable unital nuclear simple
purely infinite C *-algebra. We always assume that a Kirchberg algebra satisfies the Uni-
versal Coefficient Theorem (UCT).

2.1. Extension groups as KK-groups

Let +4 be a unital Kirchberg algebra. Let u 4 : C — + be the unital embedding defined by
U4(c) = cly for ¢ € C, where 1,4 denotes the unit of 4. The mapping cone C 4 for the
map u 4 : C — A is defined by the C *-algebra

Cu:={feCo(0,1]@A| f(1) € Cly}.

The suspension S« is the C*-algebra Cy(0, 1) ® + which is naturally embedded into C 4.
We then have a short exact sequence

0>SA—>Cy—>C—>0 2.1
in a natural way. For separable unital nuclear C *-algebras 4, 8, we write
Ext” (A, B) = KK'™(C4, B), Ext (A, B)=KK"(4,8), n=0,1,

where KK”( , ) means the Kasparov KK-group of degree n ([19], cf. [2]). For separable
UCT C *-algebras +, B, one can describe the KK-groups in terms of the K-groups by the
following short exact sequence, called UCT:

0— @D Extz(K;(4).Kit1(B)) > KK(4. B) > @ Hom(K;(4).K;(B)) — 0
i=0,1 i=0,1

which splits unnaturally (see [2,3,27]). We in particular write
Ext} (A4) = Ext] (4,C), Ext] (4A) =Ext] (A4,C), n=0,1.
The K-homology groups K" (), n = 0, 1 are defined by KK” (A, C), so that
Ext’(#A) = K!™"(Cys), Ext!(A) =K"(4), n=0,1

(see [2, 15,28] for detail accounts on the relation of Ext-groups to KK-theory). The exten-
sion groups Ext} (4), Ext], () were primary defined and studied to investigate extensions
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of C*-algebras motivated by the classification of essentially normal operators on Hilbert
spaces (cf. [4,12], etc.). Let B(H ) denote the C *-algebra of bounded linear operators on a
separable infinite dimensional Hilbert space H. The quotient C *-algebra Q(H) of B(H)
by the C*-subalgebra K(H ) of compact operators on H is called the Calkin algebra. For
a separable unital nuclear C *-algebra +4, a *-homomorphism 7 : 4 — Q(H) is called an
extension of 4. The extension is said to be unital (resp. essential) if 7 is unital (resp. inject-
ive). Two extensions 71, 7, : 4 — Q(H) are said to be strongly (resp. weakly) equivalent
if there exists a unitary U € B(H) (resp. u € Q(H)) such that 15(a) = 7 (U)11(a)7(U)*,
a € A (resp. 12(a) = utry(a)u™, a € A), where m : B(H) — Q(H) denotes the natural
quotient map. Let us denote by Exts(4A) (resp. Exty (+4)) the set of strong (resp. weak)
equivalence classes of unital essential extensions of +. It is well known that both Extg(+4)
and Ext,, (#) become abelian groups whose addition is defined by a direct sum of exten-
sions (cf. [4,12,15], etc.). It is also well known that Exts () and Ext,, (4) are isomorphic
to Ext! (+) and to Extl, () as abelian groups, respectively (cf. [28, Corollary 2.4], [24,
Theorem 4.5]). By a general theory of KK-theory, the short exact sequence (2.1) of C *-
algebras yields the following cyclic six term exact sequence (see [21,28]):

0 —— Ext®(A) — Ext®, (4)

l (2.2)

Ext! (A) «—— Ext! (A) +— Z.

2.2. The cyclic exact sequences for Cuntz—Krieger algebras

In what follows, let A be an N x N irreducible non-permutation matrix [A(Z, ])]l e
with entries in {0, 1}. The Cuntz—Krieger algebra 4 for the matrix A is defined to be the
universal C *-algebra generated by N -partial isometries S1,. .., Sy subject to the operator
relations

SESi=Y AG.j)S;S;. i=1...N. Y S8 =1

j=1 j=1
Let iy :Z — ZN /(I — A)ZN be the homomorphism of abelian groups defined by
La(m) = [(I — A)[k:]L,] where 21—1 ki = m with k; € Z (see [21]). Since ] — A =
(I — A)(I — Ry), the map 4 is well defined. Let us denote by Ker(/ — A4), Ker(I — A)
the subgroups of Z¥ defined by the kernels of the homomorphisms / — 4 : ZV — ZN,
I—A4:72V > 7N, respectively. In [20], the cyclic six term exact sequence (2.2) for
A = @4 is computed as

00— s Ker(l — A)/i1(Z) —2 Ker(I — 4)

T ISA (2.3)

ZN /(1 — A)ZN N )1 - Az — 27,
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where the homomorphisms iy : Z — Ker(I — /’1\), sq:Ker(I — A) > Z, jy : Ker(I —
A)/i1(Z) — Ker(I — A) are defined by

m
0 N
iy(m) := E SA([li]lN=1) = Zli,
0 i=1
_ZIN=2 [;
[
JaldN, + i (Z)) := (I = R)([LIY) = 2 ’

In

respectively, and g4 : ZV /(I — /T)ZN — ZN /(I — A)ZY denotes the natural quotient
map.

Let us consider the Toeplitz algebra 74 for the matrix A, which is defined by the
universal C*-algebra generated by N -partial isometries T4, ..., Ty and one non-zero
projection Py subject to the operator relations (see [13, 14])

N N
TFTi =Y AG.)T;Tf+Po. i=1...N Y T,Tf +P=1.

j=1 j=1
The correspondence 7; — S;,i = 1,..., N yields a short exact sequence
0> KH)—>Ty—> 04 —0 2.4)

called the Toeplitz extension of 4. The short exact sequence (2.4) for the transposed
matrix A’ of A yields the cyclic six term exact sequence of K-groups

0——— Kl(f/‘;it) B Kl(QAt)

l 2.5)

Ko(Oa1) —— Ko(Tas) ——— 7

which is nothing but the cyclic six term exact sequence (2.3) ([20, Proposition 4.6]). We
summarize the extension groups and the K-groups of Cuntz—Krieger algebras in the fol-
lowing way.

Lemma 2.1 ([6,7,9,20,21]). Let A be an N x N irreducible non-permutation matrix
with entries in {0, 1}. Then we have

Ext}, (04) = Exty(04) = ZV /(I — A)Z" = Ko(Oa) = Ko(O).

Ext} (04) = Ext;(04) = ZV /(I — HZN = Ko(Ta).

Ext), (04) = Ker(I — A) = K1 (O4) = K1 (0).

Extg((DA) = Ker(I — /T)/il(Z) = Ker(sq : Ker(/ — A) = Z) = Ky (Ty1).
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We note that the Smith normal forms for the Z-module maps I — A, I — A" show
that ZN /(I — A)ZN = ZN /(I — A)ZYN = Ko(O4) and Ker(I — A) = Ker(I — A") =
K1(04).

3. Formulas of the homotopy groups

Let us denote by Aut(-4) the group of automorphisms of a C *-algebra +4. It has a topology
defined by pointwise norm convergence. The nth homotopy group of Aut(+4) is denoted
by 7, (Aut(+)), n = 1,2,... The following theorem is due to M. Dadarlat [10].

Theorem 3.1 (Dadarlat [10, Corollary 5.10 and Corollary 5.11]). For a unital Kirchberg
algebra A andn = 1,2, ..., we have the following formulas:
Ta(Aut(4)) = KK"TH(Cy, A) = Ext? (4, A),
7 (Aut(A @ K(H))) = KK" (A, A) = Extl, (A, #A).

3.1. Formulas of 7; (Aut(0@4))

Lemma 3.2. Letr A be a separable unital nuclear C*-algebra with finitely generated K-
groups. We have short exact sequences of abelian groups,

0 — (Ext!(#4) ® Ko(4)) @ (Ext?(4) ® K;(A))

— 11 (Aut(A))
— Tor(Ext! (#4), K; (4A)) ® Tor(Ext?(#4), Ko(4)) — 0,

and

0 — (Ext; (4) ® Ky (4)) & (Bxt)(4) ® Ko(4))
— 75 (Aut(A))
— Tor(Ext} (#4), Ko(4)) @ Tor(Ext?(+4), Ky (4)) — 0,

both of which split unnaturally.

Proof. Since 71 (Aut(+4)) = KK(Cy4, #), the Kiinneth theorem (see [2, Theorem 23.1.2],
[27]) tells us that there exists a short exact sequence

0 — (K°(Ca) ® Ko(4)) & (K'(Cp) ® Ky (4))
— 11 (Aut(A))
— Tor(K°(C4), K1 (A)) ® Tor(K' (Cy), Ko(4)) — 0.

As Extg (A) = K!7H(Cy), i = 0, 1, we have the desired short exact sequence.
The exact sequence for 75 (Aut(+4)) is proved similarly. ]
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Let A = [A(i, J)] lN j—1 be an irreducible non-permutation N x N matrix with entries

in {0, 1}. By applying Lemma 3.2 to the Cuntz—Krieger algebra (04, we have the following
formulas.
Proposition 3.3. For the simple Cuntz—Krieger algebra Oy, the following formulas hold:

71 (Aut(@y)) == (Ext (04) ® Ko(O4)) ® (Ext?(04) @ K1 (Oa)),
72 (Aut(O4)) = (Ext; (04) ®K1(04)) ® (Extg((DA) ® Ko(O4))
@ Tor(Ext! (04), Ko(O4)).

Proof. Since K1(04) = Ker(I — A") and Extg((9,4) = Ker(s4 : Ker(I — A) — Z) are
both torsion free, one has

Tor(Ext; (04). K1 (04)) = Tor(Ext](04). Ko(04)) = 0.

and this shows the desired formula for 7 (Aut(Q4)) by Lemma 3.2. The desired formula
for 75 (Aut(Oy)) is proved similarly. [

For an N x N matrix A, let us define an (N + 1) x N matrix A7 by
1 1
welt )
It is direct to see that Ker(A7 : ZV — ZN*T1) = Ker(sy : Ker(I — A) — Z) (cf. [20,
Lemma 4.2]).

Corollary 3.4. Let A be an N x N irreducible non-permutation matrix with entries in
{0, 1}. Then we have

1 (Aut(0y)) = (ZN /(I — A)ZN  ZN /(I — A)YZN) & (Ker(A7 : ZV — ZN 1)
® Ker(I — A")),
o (Aut(0y)) = (ZN /(I — A)ZN @ Ker(I — A")) @& (Ker(Ap : ZV — zZN*1)
® ZN /(I — AHZN) @ Tor(ZN /(I — A)ZN , 2N /(1 — A)ZV).
Remark 3.5. We note that direct computation yields
71(Aut(Qy)) = ma(Aut(@y)) @ Tor(ZN /(I — A)ZN),
where Tor(—) denotes the torsion part (see examples in Section 6).
3.2. Formulas of 7; (Aut(04 ® K(H)))
Combining Dadarlat’s result
7n(Aut(A @ K(H))) = KK" (A, A), n=12,...

with UCT and Lemma 2.1, we know the following formulas for the homotopy groups of
the automorphism groups of stabilized Cuntz—Krieger algebras.
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Proposition 3.6. For a simple Cuntz—Krieger algebra O4, we have

71 (Aut(O4 ® K(H)))
=~ (Ext}, (04) ® Ko(O4)) & (Ext,(04) ® K1(04))
=@ZN /(I -AZN QZN /(I — AHZN) & (Ker(I — A) @ Ker(I — A")),

and

2 (Aut(04 ® K(H)))
= (Exty,(04) ® K1(O4)) & (Ext},(04) ® Ko(O4))
@ Tor(Ext, (04),Ko(O4))
=1V /(I - AZ"N @ Ker(I — A")) @ (Ker(I — A) @ ZV /(I — AM)ZN)
@® Tor(ZN /(I — A)ZN ,ZN /(1 — AHZN).

4. The homotopy groups z; (Aut(@,)) and the reciprocality

4.1. The reciprocality in Spanier—Whitehead K-duals

In [30], the second named author introduced the notion of reciprocality for a pair of unital
Kirchberg algebras 4, B with finitely generated K-groups to investigate the homotopy
groups of the automorphism groups of Kirchberg algebras and continuous fields of C *-
algebras, so called bundles of C*-algebras. Suppose that € is a separable nuclear UCT
C *-algebra with finitely generated K-groups. Kaminker—Schochet in [18] showed that
there exists another separable nuclear UCT C *-algebra written D(€) unique up to KK-
equivalence satisfying the duality

KK (€,C) = KK/ (C,D(€)), i=0,1.

The C *-algebra D(€) is called the Spanier—Whitehead K-dual of € (see [17, 18], etc.).
By Theorem 3.1 due to M. Dadarlat, we see that for a Kirchberg algebra 4 with finitely
generated K-groups, the mapping cone C 4 has its dual D(Cy) such that

Ti(Aut(A)) = K1 (D(Cy) ® A), i =1,2,... 4.1)

Suppose 7; (Aut(#4)) = 7; (Aut(B)), i = 1,2,... By (4.1), we have D(Cy) ® 4 ~
D(Cg) ® B. The reciprocality for a pair 4 and B of unital Kirchberg algebras was
introduced in [30] in the following way.

Definition 4.1 (Sogabe [30]). Let 4, 8 be unital UCT Kirchberg algebras such that both
of them have finitely generated K-groups. Then 4 and B are said to be reciprocal if both
of the conditions +4 & D(Cg) and 8 & D(C4) hold.

The second named author proved the following theorem in [30].
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Theorem 4.2 ([30, Theorem 1.2]). The homotopy groups ww;(Aut(+A)) and m; (Aut(B))
are isomorphic foralli = 1,2, ... ifand only if either A = B or A and B are reciprocal.

Let us provide a couple of lemmas to study the reciprocality in Cuntz—Krieger alge-
bras.

Lemma 4.3. For an irreducible non-permutation matrix A with entries in {0, 1}, we have
D(Co,) & Tart, that is, the Spanier—Whitehead K-dual of the mapping cone Co, of O4 is
KK-equivalent to the Toeplitz algebra Ty: defined by the transposed matrix A* of A.

Proof. Since O4, Oy satisfy UCT, Co, and Ty also satisfy UCT. We then have

KK(Cp,.C) = Ext!(Q4) = Exts(Q4) = ZV /(I — A)ZN = Ko(Tar) = KK(C, Tyr).
KK!(Cg,,C) = Ext?(04) = Ker(s4 : Ker(I — A) — Z) = Ky(T4) = KK'(C, Ty),

and hence T4 is the Spanier—Whitehead K-dual of Cg,. ]

For a finitely generated abelian group G, we write the rank of the torsion free part of
G as rank(G), which is the dimension of the Q-vector space Q ®z G.

Lemma 4.4. For an irreducible matrix A = [A(i, j)]f:]jzl with entries in {0, 1}, we have
rank (Ko (7)) = rank(K; (T4:)) + 1.

Proof. Applying the exact functor Q ®7z — to the sequence (2.5), one has the following
exact sequence of (Q-vector spaces

0 — QUKEI(Ty) _y @rank(Ki(@40) _, @ — Qrank®o(Ta) _, @rank(Ko(@0)) _,
which implies the equality
rank(K; (1)) — rank(K;(Q41)) + 1 — rank(Ko (741 )) + rank(Ko(O4:)) = 0.
The desired equality follows from the equalities
rank(K; (Q41)) = rank(Ker(I — A)) = rank(Z" /(I — A)Z") = rank(Ko(O4)). =

Lemma 4.5. For any pair of irreducible non-permutation matrices A, B with entries in
{0, 1}, Q4 is not reciprocal to Op.

Proof. Suppose that O4 and Op are reciprocal. Since Lemma 4.3 shows 04 & Tpt, one
has K« (O4) = K«(7p:) and hence

rank (Ko (7p¢)) = rank(Ko(O4)) = rank(K;(O@4)) = rank(K; (7p1)).
This contradicts Lemma 4.4. ]

Theorem 4.6. The homotopy groups m; (Aut(Q4)) and r; (Aut(Op)) are isomorphic for
i = 1,2 ifand only if O4 is isomorphic to Op.

Proof. The assertion follows from Theorem 4.2 together with Lemma 4.5. ]
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4.2. Main theorem

Lemma 4.7. Let A = [A(i, j)]f:]j=1, B =[B(, J)]zM;=1 be irreducible non-permutation
matrices with entries in {0, 1}. Suppose that Ko(O4) = Ko(Op) and Ext!(04) =
Ext!(Op). Then we have K1(O4) = K;(Op) and Ext®(04) = Ext’(Op).

Proof. Let us denote by T4 (resp. 7~"A) the torsion part of Ko (O 4:) (resp. Ko(T4¢)), and let
rq (resp. Ry) be rank(Kj (O 4:)) (resp. Kq(T4:)). Then, one has

Ko(O4) = Ko(Opr) =2 & Ty, Ki(O4) = K(Og) = Z™.
Lemma 4.3 and Lemma 4.4 show that
Ext!(04) = Ko(Tar) = ZR4H @ Ty, Ext®(04) = K (Tyr) = ZR4.

Applying the same formula for the matrix B, the desired assertion follows immedi-
ately. ]

We present the following theorem which is the main theorem in this paper.

Theorem 4.8. Let A = [A(i,j)]f?’j=1, B =[B(, ])]fl”[]=1 be irreducible non-permutation

matrices with entries in {0, 1}. Then the following five conditions are mutually equivalent.
1)  mi(Aut(0y)) = m; (Aut(Op)), i = 1,2.
(i) O4 = Op.
(iii) Ko(94) = Ko(Op) and Ext}(04) = Ext!(Op).
(iv) Extl(04) = Ext} (Op) and Ext!(04) = Ext! (Op).
) ZNJI - AZN =~7ZM /(I — BYZM and ZN /(1 — A)ZN =~ 7ZM /(I — B)ZM.

Proof. The equivalence (i) < (ii) follows from Theorem 4.6. The implication (ii) = (iii)
is clear. Since Ko(04) = Ext! (94) = ZN /(I — A)Z", the equivalences among (iii),
(iv) and (v) are obvious. By Lemma 4.7, we know that condition (iii) implies that
Ki(04) = K;(Op) and Exti (0y) = Exté (Op) fori = 0, 1. Hence Proposition 3.3 shows
i (Aut(0y4)) = ;i (Aut(Op)), i = 1,2 which is condition (i). |

Recall that Aut(@4) is endowed with the topology defined by the pointwise norm
convergence, so that it becomes a topological group. The equivalence between (i) and (ii)
in Theorem 4.8 tells us the following corollary.

Corollary 4.9. Let A, B be irreducible non-permutation matrices with entries in {0, 1}.
Then Aut(Oy4) is isomorphic to Aut(Op) as topological groups if and only if O4 is iso-
morphic to Op as C*-algebras.

For m € Z, take a unitary u,, € Q(H) whose Fredholm index is m. Take a trivial
extension T : O4 — Q(H) which means that there exists a x-homomorphism 79 : O4 —
B(H) such that t = 77 o g, where 7 : B(H) — Q(H) is the natural quotient map. Let us
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denote by o, the extension Ad(u,;) ot : O4 — Q(H). Let g4 : Exty,(Q4) — Exts(Oy4)
denote the natural quotient map. Then the map 14 : m € Z — [0,,]s € Exts(Q4) yields a
homomorphism of groups such that the sequence

Z 4 Bxt;(04) 2 Exty (O4) 4.2)

is exact at the middle so that we have Exts(Q4)/t4(Z) is isomorphic to Exty, (O4). The
sequence (4.2) is rephrased as

z 4 7N/ - Dz L 2V )1 - Az

([20, Lemma 3.1]).

Corollary 4.10. The pair (Exts(Q4),t4(1)) of the group Exts(O4) and the position 14(1)
in Exts(Q4) is a complete invariant of the isomorphism class of O 4. It means that the class
[(I — A)[e1]] of the vector (I — A)[e1] € ZN, where ey = [1,0,...,0], in the quotient
group ZN /(I — /T)ZN completely determines the isomorphism class of Q4.

4.3. More about 7; (Aut(Q4 ® K(H)))

In this subsection, we will refer to the homotopy groups 7; (Aut(Q4 ® K(H))),i = 1,2
of the automorphism group of the stabilized Cuntz—Krieger algebra 94 ® K(H).

Lemma 4.11. 71 (Aut(OQ4 ® K(H))) =~ m(Aut(04 ® K(H))).

Proof. Let rq be the rank of Ko(O4). We may write Ko(O4) = Z™ & T4 with a finite
abelian group T4. By Proposition 3.6, it is direct to see that both 71 (Aut(04 ® K(H)))
and 75 (Aut(Q4 ® K(H))) are isomorphic to the abelian group

(TaRTa)®(TAQRZ™) D (Z™ @Ta) ® (Z™ QL™) ® (2 @ L"™). 4.3)
| ]

Remark 4.12. One can also check that, for a Kirchberg algebra + with finitely generated
K-groups, the isomorphism 71 (Aut(A ® K(H))) = 7> (Aut(A ® K(H))) holds if and
only if rank(Ko(#4)) = rank(K; (+4)) holds.

We see that the group structure of the abelian group of (4.3) determines the torsion
group T4 and the free abelian group Z’ as in the following proposition.

Proposition 4.13. 71 (Aut(04 ® K(H))) = 71 (Aut(Op ® K(H))) if and only if O4 ®
K(H)~= 0Op ® K(H).

Proof. We show the only if part. Assume that 7 (Aut(Q4 ® K(H))) is isomorphic to
m1(Aut(Op ® K(H))). It suffices to prove that Ko (O 4) is isomorphic to Ko (Op), because
of [26, Theorem 6.5]. We use the same notation as in the proof of Lemma 4.11. There are
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integers {ni}f.‘=1, {m; }5':1 such that

l<ny <ny<---<mng, nilnal-|ng,
l<my<my=<---<my, my|my|---|my,
Ta=Z/mZ®L/nZ &---DZ/niZ,
T =Z/mZ®L/myZ &--- DL/ mZ.

By the fundamental theorem of finite abelian groups, these integers are uniquely determ-
ined for the groups T4, Tp, respectively. The assumption m;(Aut(O4 ® K(H))) =
m1(Aut(Op ® K(H))) and (4.3) yield

rq =rp =.r,
(T4 @ Ta) ® T = (Tp @ Tp) & TZ". (4.4)

Il

Comparing the following expressions:

k
D@/ n 2y = (T @ Ty) & T
i=1

=(Tp®Tp) ® T3

_ é(Z/ij)z(H’_j)H,
j=1
we have ny = my; =: n. For the groups
Ty:=Z/mZ& - ®L/nkZ, Tp:=Z/mZ& - &L/m_L,
onehas Ty ® Z/nZ =Ty, Ty ® Z/nZ = Tg, and (4.4) implies
(T eTHe Ty = (T o Ty @ T Y.
Now we can inductively obtain
Ng—1 =Mj_1, Nk =Mj_2,..., k=I,
and this proves Ko(O@4) = Ko(Op). [

Remark 4.14. The same statement as the above proposition for general stable Kirchberg
algebras 4, B with finitely generated K-groups does not hold. Let P, be the stable Kirch-
berg algebra KK-equivalent to S(= Cy(0, 1)). Then, two algebras A = 04 ® K(H) and
B = Poo ® U4 ® K(H) have the same homotopy groups of their automorphism groups,
but they are not isomorphic in general (see the case that @4 is the Cuntz algebra Oy,
N >3).
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5. The invariants (Ext, (OQ,), Ext,(OQ4))

In this section, we will determine the possible range of the pair (Exty, (Q4), Exts(O4)).

Proposition 5.1. For a finitely generated abelian group M and an element e € 7. & M,
there exists a Cuntz—Krieger algebra O 4 for an irreducible non-permutation matrix A
with entries in {0, 1} such that

Exty,(O4) = (Z ® M)/Ze, Ext;(Q4) =7 & M.

Before going to the proof of Proposition 5.1, let us recall the range of K-groups of the
purely infinite simple Cuntz—Krieger algebras ([26]). For a finite abelian group

T:=Z/nlz®"'@z/nkz7 n1227

and an integer r > 0, one can find a matrix A of size N := Zle (1 4+ n;) + r + 3 satis-
fying

ZN/(I —A)ZN =7" & T, Ker(I —A) =17"
as follows. Let N;,i = 1,2,...,k denote the (1 + n;) x (1 4+ n;)-matrix whose entries
are all 1 and let /, denote the identity matrix of size r. Define the matrix A by setting

i 0 0 1]
D Do Iy
A= 0 01 where D = M
1 ... 1 0 0 1
0O ... 0 0 1 1 N
10 ... 0 1 1 1]

It is straightforward to check that

k
ZV /(Un —AZN =77 & P2 /(I1n, — NDZ' T =77 @ T,
i=1

Ker(Iy —A) =7Z".

In the directed graph with N -vertices determined by A, every two vertices are connected
by a directed path passing through the Nth vertex, which implies that A4 is an irreducible,
non-permutation matrix. Combining this with [26] (see also [1]), for an arbitrary element
ec€Z” T, one can find a purely infinite simple Cuntz—Krieger algebra Op (i.e., Op
with an irreducible non-permutation matrix B) satisfying

(Ko(OB).[105l0.K1(0p)) = (Z" & T, e, Z7).
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Proof of Proposition 5.1. We first show the assertion when e € Z @ M is a non-torsion
element. In this case one has a short exact sequence

0>Z—>7Z&&M—> (Z&M)/Ze -0

of abelian groups that gives an element of Exti ((Z ® M)/Ze,Z). Let Op be a purely
infinite simple Cuntz—Krieger algebra with Ko(Op) = (Z @& M)/ Ze. Then, the following
UCT

0 — ExtL((Z ® M)/Ze.Z) — Ext,, (Op) — Homz (K, (Op),Z) — 0

implies that there is an essential unital extension 0 — K(H) — E — Op — 0 whose cyclic
six term exact sequence for K-groups splits into the following short exact sequences
0—>7Z—>Ko(E)—>(ZdM)/Ze — 0,
0— Ky(FE) > K{(Op) >0
such that the first short exact sequence is equivalent to the extension0 - Z - Z & M —

(Z ® M)/Ze — 0. Hence one has Z & M =~ Ky(E), and the strong K-theoretic duality
(see [20,24]) implies that there is a unital Kirchberg algebra 8 satisfying

Extg(8B) = Ko(E), Exty(B) =Ko(Up), B & D(S0Op) & Op.

Applying [26] (cf. [1]) to B ® K(H) = Op ® K(H), the algebra B is isomorphic to
a purely infinite simple Cuntz—Krieger algebra Q4 (i.e., O4 with an irreducible non-
permutation matrix A).

We next show the assertion when e is a torsion element. We write M = Z™" @ T,
e:=(0,1)eM,(Z®M)/Ze=7"*t" @ T wherem > Oisanintegerand 7, T = T /Z7
are finite abelian groups. By [30, Corollary 3.10], there exists a non-torsion element d €
Z & T satisfying

T=ZeaT)/Zd.

For a purely infinite simple Cuntz—Krieger algebra @4 with
(Ko(0a), [1o4l0, K1(04)) = (Z" & (Z ® T).(0,d), Z"*1),
one has
Exty, (04) = Ko(Og) = (Z & M)/Ze, K(Co,) =Z" & (Z&T)/2d =7" & T.
We have the cyclic six term exact sequence of the K-groups

Ki1(04) —— Ko(Co,) —— Ko(C)

| |

0+———K;(Co,) +— Ko(O4)
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for the short exact sequence 0 - SO4 — Co, — C — 0, where the vertical map Ko (C) —
Ko(O4) is identified with the induced homomorphism

Ko(uo,) : Ko(C) 3 [1]o = [lo,Jo = (0,d) € Ko(O4)

from the unital embedding ug, : C — O4. Since d is a non-torsion element, the map
Ko(C) — Ko(O,) is injective, and the above cyclic six term exact sequence shows Z 11
=Ki1(04) = Ko(Cp,). Thus, the UCT

0— Ext%(Kl(C@A),Z) — Extg(04) - Homz(Ko(Co,),Z) — 0
implies Exts(O4) = T @ Z" ' =Z & M. .

Since Exty, (O4) = Ko(O4¢) and Exts(Q4) = Ko (T4¢), Lemma 4.4 together with (2.5)
yields the following corollary.

Corollary 5.2. The possible range of (Exty, (Q4), Exts(OA)) is determined in the follow-
ing way:
{(Exty, (O4),Exts(O4)) | A : irreducible non-permutation matrix with entries in {0, 1}}
={(G,Z & M) | M : finitely generated abelian group,
G=(Z@®M)/ZeforecZ dM).
One may notice that complete invariants of @4 appear in two different ways. One is a
pair (G,d) of G and d € G (i.e., (Ko(O4), [1o,]0) due to [26]), and the other is the pair

(G,Z @& M) of abelian groups as in the above corollary. We will explain the relationship
between these two aspects via the reciprocality.

Lemma 5.3 (Cf. [30, Corollary 3.10]). Let M be a finitely generated abelian group. For
any e € 7 ® M, there exists an element d € 7. & M satisfying

M = (Z & M)/{e,d).

Proof. We write M = Z™ & T for a finite abelian group 7 and an integer m > 0 so that
Z&M=17¢e& (Z™®T). We may assume that e is of the form (n, (0,¢)), n € Z. By
[30, Corollary 3.10], one may find anelementd € Z & 0 & T satisfying

Z®0T)/le.d) =T.
We see that the elements e, d satisfy (Z & M)/ (e, J) =M. [

For d € G and d’ € G', we say that (G, d) and (G’, d’) are equivalent if there is an
isomorphism 6 : G — G’ with 6(d) = d’, and denote by [G, d] the equivalence class. We
write

K :={[G,d] | G : finitely generated abelian group,d € G}
(= {[Ko0(O4).[1o,]0] | A : irreducible non-permutation matrix
with entries in {0, 1}}),
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and

& :={[G,Z & M] | M : finitely generated abelian group,
G=(Z®M)/ZeforecZ & M}
(= {[Exty (O4),Exts(O4)] | A : irreducible non-permutation matrix
with entries in{0, 1}}),
where, in the definition of &, two pairs (G,Z ® M) and (G',Z & M’) are said to be

isomorphic if G =~ G’ and Z @& M = Z & M’ hold. The isomorphism class is written as
(G.Z & M].

Proposition 5.4. Let G, M be finitely generated abelian groups.
(i) Forany|G,d] € K, one has (G,Z & (G/Zd)) € &.
(i) Forany [G,7Z & M] € &, there exist two elements e, deZaeM satisfying
G=(Z®M)Ze, (ZdM)/{e.d) =M, (5.1

and the class [(Z & M)/Ze, d + Ze] € K does not depend on the choice of
e,d as long as they satisfy (5.1).

(iii) The two constructions above yield a bijective correspondence between K and
& by which [Ko(O4), [10,4]0] corresponds to [Exty, (O4), Exts(O4)].

Proof. We first prove (i). Applying Lemma 5.3 to d € Z & G, there exists an element
e € 7Z & G satisfying

=(Z®G)/(d.e) =(Z & (G/Zd))/((€ + Zd)).

and one has [G,Z & (G/Zd)] € &.

We next show (ii). Existence of e, d follows from the definition of & and Lemma 5.3.
Since (Z & M)/Ze =~ G and (Z & M)/Ze)/(d + Ze) M hold, the class [(Z &
M)/ Ze, d+ Ze] € K does not depend on the choice of e, d as long as they satisfy (5.1),
because of [30, Proposition 2.19].

We ﬁnally show (iii). The assertions (i) and (ii) provide two correspondences J{ —> &
and & —> X, and it is straightforward to check that the composition & @, x % eis
identical.

We show that the composmon xSe @, K 1is identical. For a given [G, d] € K,
the correspondence K 9 & gives the pair (G,Z @& (G/Zd)), and the correspondence
& ™ X sends the pair to [G, d'] satisfying G/Zd’ =~ G/Zd . By [30, Proposition 2.19],
we obtain [G,d'] =[G, d].

Since Exty, (O4) = Ko(O4), the following computation implies that KX 9 & sends
[Ko(O4). [104]o] to [Exty, (O4), Exts(O4)]:

Exts(04) = KK(Cg,.C)
~ Ext}, (K1(Co,), Z) ® Homz (Ko(Co,), Z)
~ Zrank(Ko(C(DA)) [43) TOI(Kl (C0A))
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=7 @ 2" %1(Co,)) g Tor(K, (Cp,))
=7Z @K, (COA)
=7 & (Ko(Oa)/Z[10,)0)- "

6. Examples

1. Opn: Let Oy be the Cuntz algebra of order 1 < N € N (see [5]). It was shown that
Ko(On) =Z/(1 — N)Z,K1(Op) = 0in [7] and also Ext} (On) = Z, Ext®(Oy) = 0in
[23,25]. By Proposition 3.3 and Corollary 3.4, we have

T (Aut(On)) = (Exty (On) ® Ko(04)) @ (Ext)(On) ® Ki1(04))
~7Z®Z/(1-N)Z
~7/(1-N)Z,
T (Aut(Oy)) == (Bxt; (On) ® K1(O4)) & (Bxt?(On) ® Ko(O4))
@ Tor(Ext! (On), Ko(O4)) = 0,
71 (Aut(Oy @ K(H))) = m(Aut(Oy ® K(H))) = Z/(1 — N)Z.

2. On ® Mp(C): We note that Oy ® M (C) is realized as the Cuntz—Krieger algebra
O 4 for the Nk x Nk matrix AK) defined by

Oy == Oy | [N] Lo
‘ In On
Alk) . — _ ) where [N]:=|: . ],
’ : 1 - 1
Iy | On

and [N],On, Iy are N x N matrices. Hence the formulas of Proposition 3.3 and Corol-
lary 3.4 are applicable for Oy ® M (C). Since K;(On @ My (C)) = K1 (On) = 0 and
hence Ext?(Oy) = 0, we have

71 (Aut(Oy ® My (C))) = Ext}(Oy ® Mi(C)) ® Z/(1 — N)Z.

By Paschke and Salinas [23], we know that Ext!(Oy ® My (C)) = Z & Z/(N — 1,k)Z,
where (N — 1, k) is the greatest common divisor of N — 1 and k. Hence we have

T (Au(Oy ® Mi(C)) = Z/(1— N)Z & Z/(N — 1,k)Z.
Similarly we have

T2 (Aut(Oy ® My (C))) = Z/(N — 1,k)Z.
As (O ® M(C)) ® K(H) =~ Oy ® K(H), we have

7 (Aut((Oy ® Mp(C)) ® K(H))) = Z/(1— N)Z fori = 1,2.
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3. Let
1 1 1 1 1 1
A=|1 11|, B=4=|11 0
1 00 1 10

As in [21], we know that
Ko(O4) = Ko(Op) = Z/27Z, Ki(O4) = K1(0p) = Ext?(04) = Ext?(03p) = 0,

and
Ext}(04) = Z, Ext}!(0p)=Z & Z/2Z,

so that
w1 (Aut(Qn)) = Z /27, m1(Aut(Op)) = 7/27 & Z./27.

Hence we know that @4 is not isomorphic to @p. Similarly we have
ma(Aut(@y)) = 0, ma(Aut(Up)) = Z/27

and
i (Aut(Oq4 ® K(H))) =~ m;(Aut(OUp @ K(H))) =~ Z/27Z, i=1,2.

The main result of the present paper is generalized to a wider class of Kirchberg algeb-
ras in our recent preprint [22].
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