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Tracial states on groupoid C *-algebras and
essential freeness

Kang Li and Jiawen Zhang

Abstract. Let § be a locally compact Hausdorff étale groupoid. We call a tracial state T on a general
groupoid C*-algebra C; (§) canonical if t = t|¢ (g © E, where E : C(9) — Co(£©) is the
canonical conditional expectation. In this paper, we consider so-called fixed point traces on C,(§),
and prove that § is essentially free if and only if any tracial state on C,f(¥) is canonical and any
fixed point trace is extendable to C,f (§).

As applications, we obtain the following: (1) a group action is essentially free if every tracial
state on the reduced crossed product is canonical and every isotropy group is amenable; (2) if the
groupoid ¥ is second-countable, amenable and essentially free then every (not necessarily faithful)
tracial state on the reduced groupoid C *-algebra is quasidiagonal.

1. Introduction

In recent years, there has been increasing interest in the classification of crossed products
of C*-algebras Cy(X) x, I' arising from discrete amenable group actions on locally com-
pact Hausdorff spaces I' ~, X (see, e.g., [2,10,12,15-17,19,22,25,26,29,30]). One of
the key ingredients in those proofs is that every tracial state T on Co(X) %, " is canonical
in the sense that T = 7|c,(x) © £, where E : Co(X) x, I' = Co(X) is the canonical con-
ditional expectation. Actually, it was shown in [14, Theorem 2.7] that every tracial state
on the maximal crossed product C(X) x I" of an action on a compact Hausdorff space X
is canonical if and only if the action is essentially free with respect to all invariant probab-
ility Radon measures on X . On the other hand, every tracial state on the reduced crossed
product C(X) x, I is canonical if and only if the action of the amenable radical R,(T")
of I (i.e., the largest amenable normal subgroup in I") on X is essentially free with respect
to all invariant probability Radon measures on X (see [34, Corollary 1.12]).

On the other hand, X. Li was able to show that all classifiable C *-algebras necessarily
arise from twisted étale groupoids (see [20]). Hence, it is natural to consider canonical
tracial states on general groupoid C *-algebras C,(¥) of locally compact Hausdorff étale
groupoids §. Similarly, a tracial state T on C;(§) is canonical if T = t|¢ (go) © E,
where E : C)f(§) — Co(¢©) is the canonical conditional expectation. If we let u be
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the uniquely associated invariant probability Radon measure on §© to Tlcy (), then
it follows from [27, Corollary 1.2] and [28, Corollary 2.4] that if § is second-countable,
then a tracial state 7 on the maximal groupoid C *-algebra C *(§) is canonical if and only
if § is essentially free with respect to the associated measure |1 (see Definition 3.3).

In this article, we would like to consider the relationship between the essential free-
ness of § and tracial states on a general groupoid C *-algebra C,f(¥) with respect to any
C*-norm || - ||, dominating the reduced C*-norm. More precisely, we ask the following
question.

Question 1.1. Let § be a locally compact Hausdorff and étale groupoid and || - ||, be
a C*-norm on C.(§) dominating the reduced C*-norm. If | is an invariant probability
Radon measure on €©, can we characterise the essential freeness of § with respect to
in terms of tracial states on C ) (§)?

One of the crucial ingredients to answer Question 1.1 is the extendibility of the so-
called fixed point trace T;;* from C,.(§) to C,*(¢) (see Definition 3.9). If § = X xT"isa
transformation groupoid, then rfj" has a simplified form (see equation (5.1)),

n n
fﬁlx(Zﬁyi) = Z/ fidp,
i=1 i=1/Fix(i)
where f; € Co(X)and y; € ' fori =1,...,n,and Fix(y;) = {x € X : y;x = x} is the
set of fixed points of y;. The key observation is that rﬁi" defined on C,(9) is canonical if
and only if § is essentially free with respect to u (see Lemma 3.14). Using the fixed point

trace, we prove the following main result of this paper which answers Question 1.1.

Theorem A (Theorem 3.16). Let § be a locally compact Hausdorff and étale groupoid,
and [u be an invariant probability Radon measure on §©. Then the following are equi-
valent:

(1) § is essentially free with respect to |i;

(2) for any C*-norm || - ||, on C.(§) dominating the reduced C*-norm, any tracial
state T on C}(§) with the associated measure being | is canonical and 5 can

o
be extended to a tracial state on C} (§);

(3) there exists a C*-norm || - ||, on C.(§) dominating the reduced C*-norm such that
any tracial state T on C,f(§) with the associated measure being | is canonical

and tﬁix can be extended to a tracial state on C, (§);

(4) any tracial state T on C*(§) with the associated measure being | is canonical.

On reduced crossed products of C*-algebras, the extendability of 5'* can be refor-

"
mulated using a recent result in [11] (see Proposition 4.6) as follows.

Corollary B (Corollary 5.5). Let I' be a discrete group acting on a locally compact Haus-
dorff space X with an invariant probability Radon measure j1. We consider the following
conditions:
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(1) the action is essentially free with respect to |L;
(2) any tracial state T on Co(X) X, " with the associated measure being L is canon-
ical;
(3) the isotropy group Iy is amenable for j-almost every x € X.
Then (1) = (2)" and (2) + (3) = ().
If additionally T is countable and X is second-countable, then (1) < (2) + (3).

We end this paper with the following result about quasidiagonal traces, which play a
crucial role in the classification of simple nuclear C *-algebras (see [36]).

Corollary C (Corollary 5.16%). Let § be a locally compact, Hausdorff, second-countable,
amenable and étale groupoid, which is also essentially free. Then every (not necessarily
faithful) tracial state on C) (§) is quasidiagonal.

2. Preliminaries

Given a locally compact Hausdorff space X, we denote by C(X) the set of complex-
valued continuous functions on X . Recall that the support of a function f € C(X) is the
closure of {x € X : f(x) # 0}, written as supp f. Denote by C.(X) the set of complex-
valued continuous functions with compact support, and by Co(X) the set of complex-
valued continuous functions vanishing at infinity, which is the closure of C.(X) with
respect to the supremum norm || f ||oo := sup{| f(x)| : x € X}.

2.1. Basic notions for groupoids

Let us start with some basic notions and terminologies about groupoids. For details we
refer the reader to [31, 32].

Recall that a groupoid is a small category, in which every morphism is invertible.
Roughly speaking, a groupoid consists of a set &, a subset €©) called the unit space, two
maps s, 1 : § — §© called the source and range maps respectively, a composition law

6P = {(y1.y2) €9 x 8 :5(y1) =1t(y2)} > (y1.72) = V1y2 €9,

and an inverse map on § given by y > y 1. These operations satisfy a couple of axioms,
including the associativity law and the fact that elements in §(® act as units. For x € §©,
we define §* :=r~!(x) and g, := s~ (x). Moreover, §F = §* N g, is called the isotropy
group at x € 9 A subset Y € €O is called invariant if =1 (Y) = s~1(Y), and we define
9y :=s"1(Y).For A, B C ¢, we define

Al={yleg:yedy
AB :={y €8 :y = y1y» where y; € A, y» € B and s(y1) = r(y2)}.

Note that the implication “(2) = (1)” in Corollary B does not hold in general (see Remark 5.6).
2We also refer the reader to Theorem 5.15 for a more general result.
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A locally compact Hausdorff groupoid is a groupoid § endowed with a locally com-
pact and Hausdorff topology for which the composition, inversion, source and range maps
are continuous with respect to the induced topologies.

We say that a locally compact Hausdorff groupoid § is étale if the range (and hence
the source) map is a local homeomorphism, i.e., for any y € § there exists an open neigh-
bourhood U of y such that r(U) is open and r|y is a homeomorphism. In this case, the
fibers g, and €* with the induced topologies are discrete for each x € €, and © is
clopenin §.

A subset A in an étale groupoid § is called a bisection if the restrictions of s, r to
A are homeomorphisms onto their respective images. It follows from definitions that all
open bisections form a basis for the topology of §. As a direct consequence, any function
f € C.(§) can be written as a linear combination of continuous functions whose supports
are contained in pre-compact open bisections.

We record the following known result (see, e.g., [32, Lemma 8.4.11]). For convenience
of the reader, we provide here a short proof.

Lemma 2.1. Let § be a locally compact Hausdorff and étale groupoid. Then the multi-
plication map €@ — € is open.

Proof. Given two open subsets U and V' of &, we need to show that UV is also open.
Without loss of generality, we can assume that U and V' are open bisections with s(U) =
r(V).Fix@ € U and B € V with s(«) = r(B). Since the multiplication map is continuous
at (¢!, ap), there exists an open neighbourhood U; € U of a and an open bisection
W < r~!(r(Uy)) containing o such that U7 'W C V. As U; C U is also a bisection, we
obtainthat W C UV. [

Convention: Throughout the paper, we always assume that § is a locally compact Haus-
dorff and étale groupoid.

2.2. Groupoid C *-algebras

Let us now recall different constructions of groupoid C *-algebras and their basic prop-
erties. Given a locally compact Hausdorff and étale groupoid §, the space C,.(¥) can be
turned into a *-algebra with the following operations: given f, g € C.(§), we define their
convolution and involution by

(fx2)) = Y flyaHg),

aeﬁs(y)
f )=,
To tell the difference, we denote the point-wise product by f - g.

Recall that for each x € §©, the left regular representation at x, denoted by Ay :
C.(8) — B(L?(8y)), is defined as follows:

A (O = D flya Hé(@), wherey € Gy, f € Cc(9) and § € £2(5y).

€S,
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It is routine to check that A, is a well-defined *-homomorphism. The reduced C*-norm
on C,. (%) is defined by

IF 1l = sup (A (Il

x€§©)
and the reduced groupoid C*-algebra C}(§) is defined to be the completion of the *-
algebra C,(§) with respect to the reduced C *-norm || - ||». It is clear that each left regular
representation A, can be extended automatically to a *-homomorphism A, : C*(§) —
B(£>(9x)).
We also consider the following norm on C,(¥) defined by:

T :=max{ sip Y £, sup Z|f*(y>|}.

xeg©) yegx xeg©) ]/ng

The completion of C, (&) with respect to the norm || - ||7 is denoted by L' (€). Recall that
the maximal groupoid C*-algebra C*(§) is defined to be the completion of C.(§) with
respect to the C*-norm

”f”max .= sup ||T[(f)||,

where the supremum is taken over all bounded *-representations 7 of L!(§). It is clear
that there is a surjective *-homomorphism

qmax . C*(g) g Cr*(g)9

which is the identity on C,(¥). We say that § has the weak containment property if gmax
is an isomorphism.

We will also consider other C *-norms between the reduced and the maximal ones.
More precisely, we say that a C*-norm || - ||, dominates the reduced C*-norm if | f |, >
|l for all f € C.(§). It is worth noticing that || - ||, < || - ||max always holds. We
denote the C*-completion of C.(¥) with respect to || - ||, by C;(¥), called a groupoid
C*-algebra of §. Similarly, we have a surjective x-homomorphism

gy : Cy(8) — Cr(9), 2.1

which is the identity on C,(§).

We remark that there is an inclusion map to : C.(§®) — C.(€) given by extending
functions by zero on g \ €O and it was recorded in [3, Section 2.2] that ¢y can be
extended to an isometric *-homomorphism ¢ : Co(§®) — CX (%), where the norm on
Co(¢©) is the supremum norm. The same fact holds for any C*-norm | - ||, dominating
the reduced C *-norm. Hence, we will in what follows regard Co(§?) as a C *-subalgebra
in C,y (%) without further explanation.

From [31, Proposition 11.4.2] (see also [5, Section 2.2]) we have that any element of
C} (%) can be regarded as a Co-function on the groupoid §. Indeed, there exists a linear
and contractive map j : C}(§) — Co(§) given by

J(@) ) = (A (@)8s). 8y )28,
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fora € C*(§) and y € §. On C.(§) U Co(§®) the map j is nothing but the identity
map. The reduced groupoid C *-algebra also admits a faithful conditional expectation E :
Cr(¢) — Co(8©?) defined by

E(a)(u) := (Au(@)by. 8u)e2(,)

fora e C}(§)andu € €O (see, e.g., [3, Section 2.2]). Intuitively, E is given by restric-
tion of functions in the sense that j(E(a)) = j(a)|gw foralla € C}(§). Hence, it follows
that E o ¢ = Id¢, (g©). For any C*-norm || - ||, dominating the reduced C *-norm, we can
compose E with g, and obtain a conditional expectation E o g, : C*(§) — Co(§®) on
Cy(9).

We end this subsection with an elementary fact, and leave its proof (which is a relat-
ively straightforward computation) to the reader.

Lemma 2.2. Fora € C*(9), f.g € Co(§®) and y € 9, we have
J(f xaxg)y) = f(y))- j@)(y)-g6s(y)).

2.3. Tracial states

Let & be a locally compact Hausdorff and étale groupoid, and | - ||, be a C*-norm on
C. (%) dominating the reduced C *-norm.

Definition 2.3. A rracial state on the groupoid C *-algebra C;)(§) is astate t : C; (§) —
C satisfying t(ab) = t(ba) for any a,b € C;(9).

If 7 is a tracial state on the groupoid C*-algebra C(§), then 7|, gw) is a state
on Co(€©), which corresponds to a (positive) probability Radon measure ;& on §©
according to the Riesz representation theorem. In other words, we have

(f) = /()fdu for any f € Co(ﬁ(o)). 2.2)
10

We call u the measure associated to T and we also denote this measure by (. It is actually
invariant in the following sense (see, e.g., [21, Lemma 4.1]):
Given a bisection B C §, we consider the homeomorphism

ap :s(B) - r(B) givenby x> 1((s|p)"!(x)) forx €s(B).

A Borel measure @ on § ) is called invariant (cf. [31, Definition 1.3.12]) if for any open
bisection B in §, we have uly(g) = (o)« (it|s(B))- For an invariant measure (4 on g0,
its support supp j is an invariant subset of €. We also define

Fix(ap) := {x € s(B) : ap(x) = x},

which is an intersection of an open set and a closed set (hence measurable) if B is an open
bisection and § is étale.
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Conversely, let /1 be an invariant probability Radon measure on §® . Then it follows
from [21, Lemma 4.2] (see also [31, Proposition I1.5.4]) that

T, a |—>/ E(a)dp fora € C(§) (2.3)
0]

is a tracial state on C;*(§), called the rracial state associated to . Similarly, we can also
consider the tracial state associated to © on C,’(¥) (with the same notation)

T, A / E(qv(a))du fora € C)(9),
€(0)

where g, : C;f(§) — C}(¥§) is the canonical quotient map mentioned in (2.1).

3. Canonical tracial states and essential freeness

In this section, we study the essential freeness of étale groupoids via their canonical tracial
states. Let us start with the following definition.

Definition 3.1. Let § be a locally compact Hausdorff and étale groupoid, and | - ||, be a
C *-norm on C,(¥) dominating the reduced C *-norm. A tracial state v on C,f (¥) is called
canonical if T = 1, where p is the measure associated to T on AN

The following is elementary but useful in what follows.

Lemma 3.2. A tracial state t on C)(§) is canonical if and only if t(f) = 0 for all
feCg\ 5.

Proof. The forward implication is clear. Now we assume that t(f) = 0 for all f €
C.(6\ 6©). As C.(9) is dense in C,;(§), it suffices to show that t(f) = 7, (f) for
any f € C.(9), where u is the measure associated to 7. Since § is étale, we have the
decomposition [ = flgwo + flg g0 in Cc(¥). Hence by assumption, we have t(f) =
7(f|gw), which finishes the proof by the definition of the canonical trace (2.2). [

It is interesting to know when every tracial state on C,f(¥) is canonical. Recall from
[21, Lemma 4.3] (see also [31, Proposition I1.5.4]) that if the groupoid ¥ is principal, then
every tracial state on C*(¥) is canonical. We would like to weaken the condition of being
principal to the following notion of essential freeness.

Definition 3.3. For a locally compact Hausdorff and étale groupoid ¥ and an invariant
probability Radon measure i on §©), we say that § is essentially free with respect to i if
for any pre-compact open bisection B C ¢ \ ), we have ;1 (Fix(ap)) = 0. We say that
§ is essentially free if § is essentially free with respect to any invariant probability Radon
measure on §©).
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The following proposition is perhaps known to experts at least for the maximal C*-
norm (see [27, Corollary 1.2]). We provide here a self-contained proof, because we cannot
find the explicit statement we need in the literature.

Proposition 3.4. Let § be a locally compact Hausdorff and étale groupoid, and || - ||, be
a C*-norm on C.(§) dominating the reduced C*-norm. If t is a tracial state on C,;(§)
with the associated measure |1 on §©) such that € is essentially free with respect to 4,
then 1 is canonical.

Proof. Our proof here is mainly inspired by the one for [18, Proposition 1.1]. By Lem-
ma 3.2, it suffices to show that t(f) = 0 for any f € C.(§ \ €©). By decomposing
f into its positive part and negative part, it suffices to show that (f) = 0 for any f €
C.(¢ \ €©) which is point-wise non-negative. Using an argument of partitions of unity,
we can additionally assume that supp f € B for some pre-compact open bisection B such
that B C B, for another pre-compact open bisection By € ¢ \ §©.

First we suppose that supp f N {y € B :s(y) =r(y)} = 0. Then for any y € supp f,
there exists an open neighbourhood W, of y such that s(W,,) Nr(W,) = @. Since supp f is

compact, we can choose a finite cover {W,,, ..., W,, } for supp f, and take a partition
of unity {py,, ..., pyy}. Then we can write f = Zflvzl(pn - ), where p, - f denotes
the point-wise product of p, and f as in Section 2.2. For eachn = 1,..., N, take h, €

Cc(s(W,y,)) such that iy |s(supp(on-£)) = 1 and 0 < h, < 1. A direct calculation as in the
proof of [21, Lemma 4.3] shows that (p, - f) * hy, = p, - f while hy, % (p, - f) = 0.
Hence, we obtain (o, - f) = t((on - f) * hn) = t(hy * (pn - f)) = 0, which implies
that 7(f) = Zflv:l (pn - f) = 0, as required.

Now we suppose that supp f N {y € B :s(y) =r(y)} # 0. Note that

Fix(ap) = {x € s(B) : ap(x) = x} C {x € s(B) : ag(x) = x} = Fix(ag),

and Fix(ag) is closed in s(B). It follows that Fix(ap) is compact and is contained in
Fix(ap,). By the essential freeness of u, we know that u(Fix(op,)) = 0 and hence
n(Fix(ap)) = 0 as well.

Since u is a Radon measure, it is outer regular. Hence given ¢ > 0, we can take an
open set U € ¢ containing the closure of s(supp f) N Fix(ap) and an open set V 2 U
such that u(V) < e. Since s(supp f) is compact and V is open, s(supp f) \ V is also
compact. Hence we can take p, € Ce (@) such that 0 < p, < 1, Pelsupp SH\V = 1 and
ps|ﬁ =0.

We aim to apply the argument of the second paragraph above to the function f * p,,
which has support in B by Lemma 2.2. Hence we must first show that

supp(f * pe) N{y € B :s(y) =r(y)} = 0.

Note that

s(supp(f * pe) N{y € B :s(y) =rt(y)}) Ss(supp f N{y € B :s(y) =r(y)})
= s(supp f) N Fix(ap) € U.
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Assume that there exists y € supp( f * pg) N {y € B :s(y) =1(y)}. Since y € (s|g) " (V)
N supp(f * pe), we can choose a net {y;}; in (s|p)~!(U) converging to y such that
(f * pe)(ya) # 0, then Lemma 2.2 implies that p.(s(y,)) # O for each A. We reach a
contradiction since s(y;) € U and p.|y = 0. Therefore, the same analysis in the second
paragraph of this proof shows that t( f * p;) = 0.

Take n € C.(By) such that n|z = 1 and ||n]|cc = 1, and define fy € C.(6©) by
fo(x) = f o(s|g,) "1 (x) if x € s(Bog) and zero otherwise. As supp f C By, fo is a con-
tinuous function on € such that supp fy = s(supp f). Then Lemma 2.2 implies that

m* fo)(¥) =n) - fos(y) =ny)- f(y) = f(y), Vye¥g,

which means that n * fy = f. Afterwards we obtain
[T = 12(f) = (f * pe)| = |t * (fo = fo - pe))l- @B.D
Since fo — fo - pe is point-wise non-negative, we write
n* (fo=fo-pe) = (1% (fo— forpe)') % (fo— fo- pe)'/2.

Using the Cauchy—Schwarz inequality |t(y*x)|*> < t(x*x) - t(y*y) for the elements
x = (fo— fo-pe)'/?and y* = nx (fo — fo- pe)'/?, we obtain

[e(1 % (fo— fo- pe))* < ©(fo = fo - pe) - T * (fo— Jo- pe) * n"). (3.2)
Using properties of tracial states, we have
T % (fo = forpe) ¥ 11*) = 1((fo = fo- pe) > % 0* 511 (fo— fo- po)'/?)
= t(fo— fo- ps). (3.3)

where we use ||9]loo = 1 for the second inequality. Combining (3.1), (3.2) and (3.3), we
obtain

lT() = t(fo— fo-pe)-
Finally, from p(V') < & and pg|supp )\ = 1 we have that

o forp = [ for(1=podu = [ for (1= pdi < £+ | foloo:
£ s(supp )NV
which goes to 0 as ¢ — 0. Therefore, we conclude that t( f) = 0, as desired. |

Remark 3.5. If Iso(9) := {y € § :r(y) = s(y)} denotes the isotropy groupoid of an étale
groupoid ¢, then we have

s(Iso(§) \ 5(0)) = U{Fix(aB) : B is a pre-compact open bisection in § \ ﬁ(o)}.

If § is o-compact, then s(Iso(€) \ §@) is a countable union of measurable sets. In par-

ticular, it is measurable. Therefore, § is in this case essentially free with respect to p if
and only if 1 (s(Iso(§) \ €@)) = 0.
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If we assume that §(*) is compact then the convex set M (&) of invariant probability
Radon measures on §(®) and the tracial state space T'(C*(§)) of C}(¢) are both com-
pact in the weak™-topology. Then the following corollary of Proposition 3.4 generalises
[1, Proposition 3.1], because almost finite ample groupoids with compact unit space are
always essentially free by [23, Remark 6.6].

Corollary 3.6. Let § be a locally compact Hausdorff and étale groupoid with compact
unit space which is also essentially free. Then the canonical map t +— - from T (C,S(§))
to M(9) is an affine homeomorphism, and hence we can identify their extreme boundaries
0. T(Cy(8)) = 0.M(§). In particular, this holds for both maximal and reduced C*-

norms.

In the following, we would like to study Question 1.1 for a locally compact Hausdorff
and étale groupoid such that €(©) is not necessarily compact. For that we consider an
auxiliary trace rEix : Cc(9) — C associated to a given invariant probability Radon measure
won €@ The key point is that rﬁix reveals the complete information of essential freeness
with respect to i (see Lemma 3.14 for details). Since its construction is a bit complicated,
we divide it into several steps.

Firstly, for any pre-compact open bisection B and g € C.(B) we define gp € C.(s(B))
by g (x) := g((s|g) "1 (x)) for x € s(B). Similarly, we define g& € C..(r(B)) by gZ (x) :=
g((r|p)~1(x)) for x € r(B). For such g and B, we define

7. (8) = / gpdpt. 3.4)
Fix(ap)

The following observation shows that riix (g) is well defined.

Lemma 3.7. Assume that By, By are pre-compact open bisections and g € C.(By) N
C¢:(B3). Then we have

/ gpdu = / gB,dp.
Fix(ag, ) Fix(ap,)

Proof. Taking B = B; N B,, it suffices to show that fFix(aB.) gp,dp = fFiX(aB) gpdu for
i = 1,2. Note that supp(g) € B1 N B, = B, and hence supp(gp) < s(B) and gp = gp;
fori = 1, 2. Therefore, fori = 1,2 we have

/ gp;dp = / gpdpu.
Fix(aBi) Fix(aBi)ﬂs(B)

We note that x € Fix(ap;) N s(B) if and only if there exists y; € B; such that s(y;) =
r(y;) = x € s(B), which implies that y; € B and hence x € Fix(ap). It follows that
Fix(ag,) Ns(B) = Fix(ap) fori = 1,2, as desired. ]
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Moreover, we have the following lemma.

Lemma3.8. Letg € Cc(§) withg =Y ;_, 8 = Z;"zl hj, where g; € Cc(B;) for some
pre-compact open bisection B; and hj € C.(D;) for some pre-compact open bisection D .

ZTle(gt) — ZTle(h )

i=1

Then we have

Proof. Since K := |J7_, supp(gi) U szl supp(f1;) is compact, we can take a finite
open cover U = {Uy :k =1,..., N} of K such that each Uy is a pre-compact open bisec-
tion. Then we take a partition of unity {px : k = 1, ..., N} subordinate to U such that
ZIJ(V:I pr = 1 on K. In particular, we have g; = Z,ivzl(pk -gi)foranyi =1,...,n, where
Pk - gi means the point-wise product as in Section 2.2. As both supp(g;) and supp(px - gi)
are contained in B;, it follows from Lemma 3.7 that

T (8i) =/ (¢)p,du and  7;%(pc - g1) =/ (ox - gi)B;dp.  (3.5)
Fix(ap;) F

ix(ag;)

For each x € s(B;), we have (px - i), (x) = pr((s]B,) ™" (x)) - £i((s|,) ™" (x)). Hence,
we obtain Z,?’zl (px - &i)B; = (gi)B;, which together with (3.5) implies that

N
T gi) = /F ( (gz)B,dM Z/F (k- g0)Bdp = D 7 (k- 83).-
ix aB

ix aB k=1

So we obtain

n N

Z”w—ZZﬂMwWQD}WW&- (3.6)

i= i=1k=1 k=1i=1

Similarly, we also have

ZMW—ZZWWh) 3.7)

j= k=1j=1

For a fixed k € {1, ..., N}, using a similar argument as above we have

Z T (pk - 8i) = TFIX(ZPk gz) =15 (ok - &)

i=1

m
= rE"(ZPk 'hf) =2t ok ). (338)
Jj=1 Jj=1

Finally, we conclude the proof by (3.6), (3.7) and (3.8). ]

Lemma 3.8 allows us to give the following definition of 7* on C,.(§).
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Definition 3.9. Let ¥ be a locally compact Hausdorff and étale groupoid, and p be an
invariant probability Radon measure on §?). The associated fixed point trace is the linear
map 7% : Cc(§) — C defined as follows: Suppose that g € C.(§) with g = Y/, &
such that each g; € C.(B;) for some pre-compact open bisection B;. Then we define

n
T8 =Y T (g)),
i=1
where 7™ (g;) is given in (3.4).
We record the following fact, which is straightforward from the construction.
Lemma 3.10. For f € Cc(§©), we have th*(f) = [gw fdu.

The next lemma shows that 77

. 1s positive and has the tracial property.

Lemma 3.11. Forany a € C.(§), we have 1;*(a*a) = 1" (aa*) > 0.

Proof. Assume thata = ) ;_; g; such thateach g; € C(B;) for some pre-compact open
bisection B;. Then we have a*a = 3} ., g7 * gj andaa™ = Y} ;_, g; * g} . Note that
forany y € § andi,j = 1,...,n, we have

& *eH= Y ga™-g= Y ga ) g™,

OlEgh(y) aEﬁs(y)

If (g; * gF)(y) # 0, then there exists a unique o' € B; such that r(«™") = s(y) and
(g * &) (y) = gj(ya™) - gi(a™") # 0. This shows that

supp(g; * g7) C supp(g;) - (supp(gi)) ™" < B; - B

Since multiplication and inversion are continuous and § is Hausdorff, the set B; - B 1
is pre-compact, and it follows from Lemma 2.1 that B; - B;” ! is also an open bisection.
Moreover, for any y € B; - B;"! there exist unique 8 € Bj and « € B; ! such that y = fBa,
and hence (g; * g7)(¥) = g;(B) - gi (@™ D).

It is also worth noticing that

s(Bj - Bi'") = r((s|5,) " (s(B}) N's(Bi)))

and
r(B; - Bi'') = r((s|g,) " (s(B;) N's(By))).

Thus by definition, a direct calculation shows that Op;.p-1 = OB, © ozgil. Moreover, if
x € Fix(ap; o agil) then we take y € B; - B! such that s(y) = x. Writing y = fa™!
for B € B; and « € B;, then s(a) = s(f) and r(@) = x = ap, anil (x) = ap;(s(a)) =
ap; (s(B)) = r(B) = r(y). So for x € Fix(ap; o agl_l) we obtain

(g * &)1 (¥) = (€)% () - (g1)Bi (x).
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Therefore, we obtain

n

M) = 3 g g = Y / (&% 80, ()
i,j=1 i,j=1 1X(O’B ‘B 1)
= / (€)% (x) - (g1) B (x)dpu(x). (3.9)
ij=1 FiX(OtB.O(inI)

On the other hand, we have that

n

Tt = Y g g = Y | (85 % 8))5 1.5, ()
i,j=1 i,j=1 1X(O’B 1B
n
-y / (87 * 8)5,1.5, © 05 (VA (x). (3.10)
i,j=1"%B Fix(ap: oap.

where the last equality holds since p is invariant. For x € ap, Fix(agl_l oap;), we have
ag! oap; oag!(x) = ap'(x), which implies that x = ap; o ap' (x). Hence, we conclude
that ap, le(ozB oap;) = Fix(ap; o aBl) Lety := ozBl(x) then we have y € s(Bj) N
s(B;). Take the unique B’ € B; with s(8’) = y, and the unique o’ € B; with s(a’) = y.
Hence, we have r(a') = x. As x = ap, (y) = ap;(s(B')) = r(B’), we obtain

(g7 *gj)p1.5, 005, (X) = (g * g/)p-1.5,(¥) = gi (@) - g; (B))
= (g)% (x) - (g% (x).
From (3.10) we obtain

@ = Y | GFE - (@)% Mdu(). G

ij=1 1x(a3 octB

By (3.9) and (3.11) we conclude rﬁi"(aa*) = r}?" (a*a), as desired.

Now we aim to show that t}?"(aa*) > 0. By (3.9) we have

n

T aa*) = Y /F ( )(g,)B () - () B (1) dp(x)
i,j=1"7Fix(es; oaB

/ 3 1,9+ (6 () - G k().
5021
where Bj; := {x € r(B;) N1(B;) : ag! (x) = oeBl(x)} Let us consider the function

F(x)i= D xpy () - (87)% () - (8) B (x) forx € O
i,j=1
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It suffices to show that F(x) > 0 for each x € €. Fix an x € §©, and let
I:={ie{l,...,n}:x er(B;)}.

Note that there is an equivalence relation on elements of I given by i ~ j if and only if
X € B;;. Hence we can decompose I = Iy U I Ll --- L Iy such that for any i, j € I
(where k = 1,..., N) we have ag'(x) = agjl (x), and for any i € I and j € I; where
k#landk,l =1,...,N wehave ap'(x) # agjl (x). Hence, we have

N N
Fo =Y Y @0 G@Fm =YY o

k=1i,j€l} k=1 i€l
where we use the elementary calculation | Y7, A;[> = Y7 =1 )L forAy,..., A, €C
for the second equality. So we have completed the proof. ]

We also need the following property of TFIX

Lemma 3.12. Let {u;}ic; € C.(6©) be any approximate unit for Co(€©®). Then we
have lim; ¢ rﬁix(ui) = 1.

Proof. By Lemma 3.10, 7/*| ¢, () can be extended to a tracial state on Co (¥ ) (with
the same notation). Hence, we have limjes 7/;*(u;) = [[2f™|c g |l = 1 (see, e.g., [24,
Theorem 3.3.3]). u

Using the GNS construction together with Lemma 3.12, we obtain the following.

Corollary 3.13. The map tF”‘ : C.(8) — C defined in Definition 3.9 can be extended to
a tracial state on C*(§), snll denoted by r}?"

Proof. Define (-,-) on Cc(§) by (a.b) := 1;;*(b*a), and set N := {a € C.(9) : (a.a)
=0}. Set (-,-) on C.(§)/N by ([a], [p]) := (a,b) fora,b € C.(§), which is well defined.
Then let # be the completion of C.(§)/N with respect to (-, -), which is a Hilbert space.
Also, define the *-representation 7 : C.(§) — B(JH) by w(a)([p]) := [ab], where a, b €
C.(9). By definition, 7= can be extended to a *-representation (with the same notation)
7 C*(8) — B(H). For each compact K € €@, choose pg € C. (@) with range in
[0, 1] and pg|x = 1. Then {pg : K is a compact subset of €} forms an approximate
unit for Co(§©).
We claim that {[p ]} k is a Cauchy net in J. In fact, we have

1ok = T W3 = (R * = o1 ) (0 = 0%

= (oK) + 7 (p1) — 25 (0 ).

Taking limits for K and L, Lemma 3.12 implies that TF"‘(pK) — 1 and rF”‘(pL) — 1.
Moreover, Lemma 3.10 shows that

i 1/2 1/2 1/2 1/2
X (og pL/)—fg()p/pL/ dp — 1
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since p is a probability Radon measure. This concludes the proof that {[p}(/z]}K is a
Cauchy net in J, and hence converges to a unit vector £ € #. For a € C*(§), we define
rii"(a) = (m(a)k, £). It is routine to check that tf™* is a tracial state on C*(§) which

A 1
extends tF* : C.(§) — C. n

w
The following lemma is a crucial step towards an answer to Question 1.1.

Lemma 3.14. Let § be a locally compact Hausdorff and étale groupoid, and p be an
invariant probability Radon measure on §©. Then the following are equivalent:

(1) § is essentially free with respect to |i;
) riix(a) = tu(a) for any a € C.(9).

Proof. “(1) = (2)” follows directly from definitions. For “(2) = (1)”: If not, then there
exists a pre-compact open bisection B C § \ §© such that 1 (Fix(ag)) # 0. Then for any
g € Cc(B) with g > 0, we have 77*(g) = Jrix(ap) €841 > 0, while 7,,(g) = [g0) E(g)dp
= 0. This leads to a contradiction. ]

By Proposition 3.4 and Lemma 3.14 we obtain the following.

Corollary 3.15. Let § be a locally compact Hausdorff and étale groupoid with a C*-
norm || - ||, on C.(§) dominating the reduced C*-norm, and |1 be an invariant probability
Radon measure on §©. Assume that T, = r}?x on C¢(§). Then any tracial state on C)) (§)
with the associated measure being L is canonical.

Finally, we obtain the following answer to Question 1.1.

Theorem 3.16. Let § be a locally compact Hausdorff and étale groupoid, and | be an
invariant probability Radon measure on §©. Then the following are equivalent:

(1) § is essentially free with respect to [i;

(2) for any C*-norm || - ||, on C.(§) dominating the reduced C*-norm, any tracial
state T on C}(§) with the associated measure being | is canonical and 5™ can

"w
be extended to a tracial state on Cf (§);

(3) there exists a C*-norm || - ||, on C.(§) dominating the reduced C*-norm such that
any tracial state T on C,f () with the associated measure being | is canonical

and tﬁix can be extended to a tracial state on C,; (§);

(4) any tracial state T on C*(§) with the associated measure being | is canonical.

Proof. “(1) = (2)”: The first half of the sentence follows from Proposition 3.4. For the
second statement, Lemma 3.14 shows that rﬁix(a) = 1,(a) for a € C.(¥). Since 7, can
be extended to a tracial state on C,} (§), we conclude (2).

“(2) = (3)” and “(2) = (4)” are trivial.

“(3) = (1)”: By (3), 7/;”* can be extended to a tracial state on C, (). We note that the
associated measure of 7}, is 41 by Lemma 3.10. It follows from (3) again that 7/, = 7,,.

Finally, we conclude (1) by Lemma 3.14.
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“(4) = (1)”: By Corollary 3.13, r}ji" can be extended to a tracial state on C*(g). We

note that the associated measure of rﬁi" is 4 by Lemma 3.10. From assumption (4), we
obtain r}?" = 7,,. Finally, we conclude (1) by Lemma 3.14. ]

Recall that a groupoid § has the weak containment property if C*(§) = C}(§)
canonically”. In this case, we obtain the following directly from Corollary 3.13 and The-
orem 3.16.

Corollary 3.17. Let § be a locally compact Hausdorff and étale groupoid with the weak
containment property, and y be an invariant probability Radon measure on §©. Then
the following are equivalent:

(1) 8 is essentially free with respect to |;

(2) any tracial state T on C}(§) with the associated measure being | is canonical.

4. Extension of 7™
This section is devoted to discussing when the fixed point trace rl}j" introduced in Section 3

can be extended to a tracial state on the reduced groupoid C *-algebra C, (§). For future
use, we need a decomposition formula for general tracial states essentially from [11,27].

Let  be a probability Radon measure on §@. Assume that for p-almost everywhere
x € §© we are given a state 7, on C *(§5). Denote the canonical unitary generators of
C*(§7) by u,, for y € §7. Recall that the field of states {7y} cg© is u-measurable if
for any f € C.(§), the function

0 5C x> Y fO)ny)

yEGY

is p-measurable.
We recall the following special case of [27, Theorem 1.1 and Theorem 1.3].

Proposition 4.1 ([27]). Let § be a locally compact Hausdorff and étale groupoid which
is second-countable, and t be a tracial state on C*(§) with the associated measure L.

Then there exists a unique ji-measurable field {tx},cg), Where tx is a tracial state on
C*(§) such that

o(f) = /g o SO for f € Col®) .1
12374

In the case of i

> we can directly calculate its associated measurable field of states

as follows.

3 Amenable groupoids have the weak containment property, but there are also non-amenable groupoids
with the weak containment property [35].
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Lemma 4.2. Let § be a locally compact Hausdorff and étale groupoid, and p be an
invariant probability Radon measure on €O For each x € ‘5(0), we denote by T;Criv :
C.(8}) — C the trivial representation of ;. Then for every f € C.(§), we have

B0 = [ ), @2)

where 0y 1 Cc(§) — Cc(87), | — flgz is the restriction map for each x € g,

Proof. 1t suffices to verify (4.2) for g € C.(B), where B is a pre-compact open bisection.
By definition, 7" (nx(g)) # 0 if and only if there exists y € B such thats(y) =r(y) = x
and g(y) # 0. This happens if and only if s(y) € Fix(ap) and g(y) # 0. Hence, we obtain

/g o T (1 (g))dp(x) = /

Fix(ap

f(Gln) N = [ g =),
) Fix(ep)

which concludes the proof of (4.2). The argument also shows that for such g € C.(B), the
map x = 1V (n,(g)) = XFix(ep) (X) - g((s|B) 71 (x)) is u-measurable. Hence, the family
{1V} g is u-measurable. n

Remark 4.3. It is worth noticing that we do not need second-countability of & in the
hypothesis of Lemma 4.2. The reason is that we can simply find the associated measurable
field of tracial states {T)tcriv}xeg(o) and then directly verify (4.2) without using Renault’s
disintegration theorem. However, Renault’s disintegration theorem was used in the proof

of Proposition 4.1.
Remark 4.4. S. Neshveyev has pointed out to us that the fixed point trace tﬁi"
current paper coincides with (p/;’ considered in [28, equation (2.3)] by Lemma 4.2.

in the

Proposition 4.1 and Lemma 4.2 deal with tracial states on the maximal groupoid C *-
algebra C*(§). To study the reduced case, we need to consult the newly developed tool
in [11]. More precisely, we need an exotic C*-norm || - ||, on C,(§y) for each x € §©
introduced in [11, Definition 2.1] which dominates the reduced C *-norm. If we fix x €
€O then we have the restriction map

Nx i Cc(9) = Ce(9)), [ Slex
By [11, Lemma 1.2], n, extends to completely positive contractions
Oy : C*(9) > C*(8F) and Oy, :Cr(E) — CF(E).

According to [11, Theorem 2.4], the exotic C*-norm | - ||, can be (equivalently) defined
as follows: for each h € C.(§;), we define

[2lle ;= inf{[| £, : /€ Cc(§) and nx(f) = h}.

Denote by C(§;) the C*-completion of C.(§;) with respect to || - .
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Proposition 4.5 ([11, Proposition 3.1]). Let § be a locally compact Hausdorff and étale
groupoid which is second-countable, and t be a tracial state on C* (§) with the associated
measure |1 on §©. Then t factors through CX (%) if and only if for the associated ji-
measurable field of tracial states {tx},cg© (as in Proposition 4.1), tx factors through
CJ(8Y) (denoted by ty ) for ji-almost every x € 5O

Combining Lemma 4.2 with Proposition 4.5, we reach the following.

Proposition 4.6. Let § be a locally compact Hausdorff and étale groupoid which is
second-countable, and y be an invariant probability Radon measure on §©. Then tﬁix
extends to a tracial state on C¥($) if and only if the trivial representation t™ on C.(gY)
extends to a tracial state on C} (§y) for p-almost every x € QN

Consequently, we have the following.

Corollary 4.7. Let S be a locally compact Hausdorff and étale groupoid which is second-
countable, and p be an invariant probability Rodan measure on €. Then § is essentially
free with respect to p if and only if the following conditions hold:

* G} is amenable for ji-almost all x € EARE

» forany tracial state v on C; (§) with associated measure |L, Ty ¢ is faithful on C} (§5)
for p-almost all x € §©.

Proof. By definition, § is essentially free with respect to w if and only if §7 is trivial
for p-almost all x € €©, which concludes the proof of the necessity. For sufficiency, we
consider the fixed point trace t}f". By Proposition 4.6 and the assumption of amenability
of §F for y-almost all x € §©, 7" extends to a tracial state on C;*(¢). Moreover, for
x e 80, (‘L’}?X) x.e 18 the trivial representation by Lemma 4.2. Hence, it is faithful if and

only if it is injective, which is equivalent to that &7 is trivial. ]

As another direct corollary of Proposition 4.5, we also obtain the following.

Corollary 4.8. Let G be a locally compact Hausdorff and étale groupoid which is second-
countable, and t be a tracial state on C}(§) with the associated measure [ on g,
Ifll-lle =1-1llr on Cc(8Y) for u-almost every x € §©9, then for the associated -
measurable field of tracial states {Tx} cg (as in Proposition 4.1), t factors through a
state Ty on C¥ (&) for p-almost every x € g,

For future use, we record the following decomposition formula extending (4.1) for
general elements in the reduced groupoid C *-algebra C,* (9).

Proposition 4.9. Let § be a locally compact Hausdorff and étale groupoid which is
second-countable, and t be a tracial state on C}(§) with the associated measure [L
on €©. Assume that for -almost every x € §©, we have || - |le = || - ||, on C.(97).
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Then for a € Cr(§), we have

w@ = [ @)t @3)

where Ty is the associated tracial state on C} (§;) in Corollary 4.8.

Proof. By Proposition 4.1 and Corollary 4.8, we know that (4.3) holds for any f € C.(¥§).
Given a € C}(9), we take a sequence { f;}neNn in C.(§) such that ||a — f||, — 0 as
n — oo. For each x € €@, we have that

1T r (Ox,r (fn) = T r B r (@) S N5 (fu — DNy S N fo—ally =0 asn — oo.

Moreover,

|Txer Bxr (S| S M Sullr < W S —allr + llally < 2[|all;

for sufficiently large n. Hence, Lebesgue’s dominated convergence theorem implies that

/ T (D, (fn))din(x) —>/ Ter (Fxr(@))dp(x) asn — oo.
g0 £

Since 7 is continuous, we have t( f,) — t(a) as n — oo. Therefore, we have completed
the proof. ]

Using an identical argument as in the proof of Proposition 4.9, (4.1) can be always
extended from C, (%) to C*(§) without requiring || - || = || - || on C¢(§;) for p-almost
every x € ) More precisely, we have the following.

Corollary 4.10. Let § be a locally compact Hausdorff and étale groupoid which is sec-
ond-countable, and t be a tracial state on C*(§) with the associated measure ji. Then
there exists a unique jL-measurable field {ty},cg©, where Ty is a tracial state on C* (§y)
such that

t(@) = L L @) fora e C*(®)

5. Applications

5.1. Transformation groupoids

In this subsection, we apply the results in previous sections to transformation group-
oids. If T is a discrete group acting on a locally compact Hausdorff space X, then we
form the transformation groupoid X x T'. In this case, the reduced groupoid C *-algebra
C}(X xT) is *-isomorphic to the reduced crossed product Co(X) x, I', and the max-
imal groupoid C*-algebra C*(X x I') is *-isomorphic to the maximal crossed product
Co(X)xT.
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For each y € I', we use the same notation to denote the associated homeomorphism
y : X 3 x — yx € X. Therefore, a probability Radon measure x on X is invariant as
defined in Section 2.3 if and only if y is pu-preserving for each y € I'.

The notion of essential freeness for transformation groupoids can be easily simplified
as follows.

Lemma 5.1. Let I" be a discrete group acting on a locally compact Hausdorff space X
with an invariant probability Radon measure (1t on X. Then the transformation groupoid
X x T is essentially free with respect to | (in the sense of Definition 3.3) if and only if
the action is essentially free with respect to | in the sense that (Fix(y)) = 0 for every

y#1inT.

Proof. The necessity follows from the inner regularity of the Radon measure u, while the
sufficiency follows from the fact that every pre-compact bisection in X x I' is contained
in X x F for some finite F C T". [

Moreover, one can calculate directly that the fixed point trace rﬁi" has the following
form:

o oD, Co(X) > C, Y fivi > | fidp, G-
i=1

i=1 Fix(y;)

where f; € Co(X)andy; e T fori =1,...,n.
In the maximal crossed products, Theorem 3.16 recovers [14, Theorem 2.7].

Proposition 5.2. Let T" be a discrete group acting on a locally compact Hausdorff space
X with an invariant probability Radon measure (. on X. Then the following are equival-
ent:

(1) the action is essentially free with respect to |L;
(2) any tracial state T on Co(X) x I" with the associated measure being [ is canon-
ical.

In the reduced crossed products, Theorem 3.16 can be translated as follows:

Proposition 5.3. Let T" be a discrete group acting on a locally compact Hausdorff space
X with an invariant probability Radon measure | on X. Then the following are equival-
ent:

(1) the action is essentially free with respect to |L;
(2) any tracial state T on Co(X) X, " with the associated measure being [L is canon-

ical and T8>

. can be extended to a tracial state on Co(X) %, I'.

Using the discussions in Section 4, we obtain the following.

Lemma 5.4. Let I be a discrete group acting on a locally compact Hausdorff space X
with an invariant probability Radon measure . Consider the following conditions:

€))] riix extends to a tracial state on Cy(X) %, I’y
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(2) for p-almost every x € X, the isotropy group 'y :={y € I' : yx = x} is amenable.

Then (2) = (1).
If T is countable and X is second-countable, then we actually have (1) < (2).

Proof. First, we show that “(2) = (1)”. Recall from Lemma 4.2 (see also Remark 4.3)
that

B = [ ),

holds for any f € C.(§). By (2), the trivial representation 7"V on C,(I'y) extends to a
state r}C“Z on C}(I'y) for p-almost every x € X. By the same argument as in the proof of
Proposition 4.9 without requiring the second-countability of X x I" (see Remark 4.3), the

map
CoX) s, T > C. ar> / 7 (B (@) dp ()
g0

is well defined and extends rﬂi".

Now we show that “(1) = (2)” if I is countable and X is second-countable. By Pro-
position 4.6, rﬁi" extends to a tracial state on Co(X) x, I if and only if for ;-almost every
x € X, the trivial representation on C.((X x I")¥) extends to a state on C,((X x I')}).
Note that (X x I')} is isomorphic to 'y, and it follows from [11, Proposition 2.10] that
I -lle =1 1Ilr on Cc((X x I')}). It is also known that the trivial representation on C,(I'y)
extends to a state on C*(I'y) if and only if T'y is an amenable group. Thus, we have

concluded the proof. ]

Combining the previous lemma with Proposition 5.3, we have obtained the main result
of this subsection.

Corollary 5.5. Let I be a discrete group acting on a locally compact Hausdorff space X
with an invariant probability Radon measure . We consider the following conditions:

(1) the action is essentially free with respect to |L;

(2) any tracial state v on Co(X) %, T with the associated measure being |i is canon-
ical;
(3) the isotropy group Ty is amenable for p-almost every x € X.

Then (1) = (2) and (2) + (3) = (1). In particular, if the action is essentially free then any
tracial state T on Co(X) %, I is canonical.
If additionally T is countable and X is second-countable, then (1) < (2) + (3).

Remark 5.6. Note that “(2) = (1)” in Corollary 5.5 does not hold in general. Indeed, it
was shown in [9, Corollary 1.4] that if the amenable radical of I" (i.e., the largest amenable
normal subgroup of I') is trivial (e.g., I" is C *-simple), then any tracial state on the reduced
crossed product is canonical. Actually, it was shown in [34, Corollary 1.12] that any tracial
state on the reduced crossed product is canonical if and only if the action of the amenable
radical of I" on X is essentially free. On the other hand, trivial actions by non-trivial
groups cannot be essentially free.
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Finally, we focus on the case of trivial actions. In this case, each measure on X is
invariant. Moreover, we have

f,six(g;fi%) = ZXZ;/F

This shows that on C. (T, Co(X)) = C.(T') ® Co(X) we have

fidu =Y [ i for Y fims € CTCox))

ix(y;) i=1 i=1

Fi tri
_CMIX =1 1\ ® T/L,

where 7" is the trivial representation of C,(T"), and 7,,(f) = fX fdufor f e Co(X). Tt
is worth noticing that 7,, is the same as (2.3) in the special case when § = X.

Lemma 5.7. Let T be a discrete group acting trivially on a compact Hausdorff space X
with a probability Radon measure (. Then the following are equivalent:

(1) Tﬁi" can be extended to a tracial state on C(X) %, T';
2) T is amenable;
(3) X x T has the weak containment property.

X

In particular, if T is not amenable then tﬁi cannot be extended to a tracial state on

C(X)x,T.

Proof. “(1) < (2): In this case, we already know that 7* = " ® 7, and C(X) %, ' =
Cr(I' ®C(X). So rfj" can be extended to a tracial state on C(X) x, I' if and only if
7" can be extended to a tracial state on C;*(I"), which is well known to be equivalent to
amenability of T".

“(2) <& (3)”: If T is amenable, then X x I is amenable and hence has the weak
containment property. Conversely, if we assume that X x ' has the weak containment
property, then the canonical quotient map C(X) Qmax C*(I') =C(X) xT - C(X) %, T
= C(X) ®min C,F(I) is injective, which implies that C*(I"') — C(T") is injective by a
diagram chase. Therefore, I" is amenable. [

We note that trivial actions by non-trivial groups cannot be essentially free. Hence,
Proposition 5.3 and Lemma 5.7 together imply the following.

Corollary 5.8. Let " be a non-trivial discrete group acting trivially on a compact Haus-
dorff space X with a probability Radon measure . Then at least one of the following
conditions fails:

(1) T is amenable;

(2) any tracial state T on C(X) %, T with the associated measure being | is canon-
ical.

5.2. Tracial ideals and quasidiagonal traces

Given a tracial state on the reduced groupoid C *-algebra, we can consider its tracial ideal
as follows.
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Definition 5.9. Let § be a locally compact Hausdorff and étale groupoid, and t be a tra-
cial state on C*(¥). The tracial ideal associated to t is defined to be I := {a € C}(§) :
7(a*a) = 0}, which is a closed two-sided ideal in C*(¥). For an invariant probability
Radon measure ;1 on §©), we simply write / u ‘= I, where 7, is the tracial state asso-
ciated to pu defined in (2.3).

Remark 5.10. For a tracial state 7, we always have I; C Ker(t). Indeed, let a be any pos-
itive element in ;. If @ = b*b for some b € I, then by definition we have 0 = t(b*b) =

t(a).

The following proposition is the key observation in this subsection.
Proposition 5.11. Let § be a locally compact Hausdorff and étale groupoid, and pu be
an invariant probability Radon measure on €. Then we have the following short exact

sequence:
0— I, = CX(§) = C}(Ssuppp) — 0.

Proof. Firstly, we note that  being invariant implies that supp p is invariant. According
to [6, Proposition 5.4], it suffices to show that

I, =1{aeC}r®): E(@*a) e Co(§© \ supp un)}.

Given a € C(¥), we note that E(a*a) is a continuous non-negative function on g,
Hence, it is clear that [ E(a*a)dpu = 0 if and only if {x : E(a*a)(x) # 0} € €O\
supp . This concludes the proof. ]

Corollary 5.12. Let § be a locally compact Hausdorff and étale groupoid which is essen-
tially free. Then for any tracial state T on C}(§), we have C¥(§)/1; = C} (Ssupp . )-

Proof. 1t follows directly from Theorem 3.16 and Proposition 5.11. |

A question of N. Brown asks whether every amenable tracial state is quasidiagonal
(see [7, Question 6.7 (2)]) in the following sense.

Definition 5.13. A tracial state v on a C *-algebra A is quasidiagonal if there is a net of
contractive completely positive maps ¢; : A — M) such that
* t(a) =limjtro¢;(a)foralla € A;
o lim;| ¢ (ab) — ¢i(a)p; (b)|| = O foralla,b € A.

Substantial progress on this question has recently been made in [13,33] as follows.
Theorem 5.14 (see [13, 33]). Any faithful, amenable tracial state on a separable, exact
C*-algebra satisfying the UCT is quasidiagonal.

We refer the reader to [7, 13,33] for relevant definitions and the question of N. Brown.
We end this paper by removing the condition “faithful” on reduced groupoid C *-algebras.
More precisely, we prove the following result.
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Theorem 5.15. Let § be a locally compact, Hausdorff, second-countable and étale group-
oid such that C}(§) is an exact C*-algebra and § satisfies the strong Baum—Connes
conjecture with all coefficients in the sense of [4, Definition 3.6]. If § is also essentially
free, then every amenable tracial state on C (§) is quasidiagonal.

Proof. Let T be any amenable tracial state on C,*(¥). Then t vanishes on the tracial ideal
I by Remark 5.10, and hence there is an induced faithful tracial state ¢ on C;*(§)/I,
such that T = 7 o p, where p : C(§) — C(§)/I is the quotient map. To see that 7 is
quasidiagonal, it suffices to show that 7 is quasidiagonal.

Since 7 is amenable and C;*(§) is exact, it follows that 7 is also amenable (see [8,
Proposition 6.3.5 (4)]). By Corollary 5.12, there is a closed invariant subset D of §(©
such that C*(§)/I, = C}(§p), which is exact as quotients of exact C*-algebras are
exact by [8, Theorem 10.2.5]. As § is second-countable and satisfies the strong Baum—
Connes conjecture with all coefficients, C;*(¥p) is separable and satisfies the UCT by
[4, Theorem 4.11 and Corollary 4.2]. Thus, we conclude the quasidiagonality of ¢ from
Theorem 5.14. ]

As a consequence, we obtain the following corollary (see a similar result in [3, Re-
mark 3.13]).

Corollary 5.16. Let § be a locally compact, Hausdorff, second-countable, amenable and
étale groupoid, which is also essentially free. Then every tracial state on C; (§) is quasi-
diagonal.

Proof. If G is amenable, then § satisfies the strong Baum—Connes conjecture with all
coefficients by [4, Corollary 3.15] and C;*(G) is nuclear (hence also exact). As every
tracial state on a nuclear C*-algebra is amenable [8, Proposition 6.3.4], we complete the
proof by Theorem 5.15. ]
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