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Irreducible representations of the crystallization of the
quantized function algebras C(SU, (n + 1))

Manabendra Giri and Arup Kumar Pal

Abstract. The crystallization of the C*-algebras C(SUy(n + 1)) was introduced by Giri and Pal
in [Proc. Indian Acad. Sci. Math. Sci. 134 (2024), article no. 30] as a C *-algebra C(SUq(n + 1))
given by a finite set of generators and relations. Here we study the representations of the C *-algebra
C(SUp(n + 1)) and prove a factorization theorem for its irreducible representations. This leads
to a complete classification of all irreducible representations of this C *-algebra. As an important
consequence, we prove that all the irreducible representations of C(SUg(n + 1)) arise exactly as
g — 0+ limits of the irreducible representations of C(SU,(n + 1)). We also present a few other
important corollaries of the classification theorem.

Dedicated to the memory of K. R. Parthasarathy (1936-2023).

1. Introduction

The theory of crystal bases in quantum group theory was developed in the early 1990s
independently by Kashiwara [11, 12] and Lusztig [14, 15]. In particular, Kashiwara [12]
had produced crystal bases for the coordinate ring @(G,) of regular functions for the
g-deformation of a complex simple Lie group G viewed as a module over the correspond-
ing quantized universal enveloping algebra U, (g) of the Lie algebra g of the group G.
Loosely speaking, this can be thought of as a ¢ — 0 limit of a basis of the module O (G)
in the algebraic setup. In the present paper, we will be concerned with the notion of the
crystallization of the algebra (or *-algebra) structure of @ (G,). The g — 0 limits of coor-
dinate function algebras on different quantum spaces have appeared in the literature; see
for example [9, 10,24]. But these were defined in a rather ad hoc manner. A more system-
atic approach was taken up in [6] where the notion of crystallization for the C*-algebras
C(Ky), K =SU(n + 1), n > 2, was introduced by the present authors. This was followed
by the work of Giselsson [8] who looked at the SU(3) case and proved that C(SUg(3))
is the C*-algebra of a graph of rank 2, and Matassa and Yuncken [16] who introduced
the notion of crystallization in a wider setup, including in particular all connected sim-
ply connected compact Lie groups K and proved that the crystallized algebras C(K)
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are higher-rank graph C*-algebras, in the process setting up a link between the theory of
crystal bases and the crystallization of coordinate function algebras.

The two definitions of crystallization given in [6, 16] are slightly different. In simple
terms, the difference between the two definitions is as follows. Matassa and Yuncken [16]
take a specific faithful representation r, which acts on the same Hilbert space # for dif-
ferent values of ¢ and define the C *-subalgebra of the bounded operators on J formed
by the ¢ — 0+ limits of the operators m,(a) for certain elements a € O(Kj) to be the
crystallization of C(Kj). In [6] on the other hand, we observe that for every irreducible
representation of C(Kj), the canonical generating elements, scaled appropriately, obey
the same set of relations and use those relations to define the crystallized algebra. In this
article, we will study irreducible representations of the crystallization of the C *-algebras
C(SU,(n + 1)) as defined in [6]. In particular, we will classify all irreducible representa-
tions of the crystallized algebra. As one of the consequences, we realize our crystallized
algebra as a C *-subalgebra of operators on the Hilbert space on which the Soibelman rep-
resentation (see Section 3 for the definition) of the C *-algebras C(SU, (n + 1)) resides.

One immediate outcome of the way the crystal limit of C(SU,(n + 1)) is defined in
[6] is that for any irreducible representation wr, of C(SUy(n + 1)), taking the limits of the
scaled generators, one gets a representation of the crystallized algebra C(SUg(n + 1)). In
the present paper, we prove that the representations that arise in this way are irreducible
and inequivalent, and they give all the irreducible representations of C(SUg(n + 1)).
Recall [13, Chapter 3] that in the ¢ # 0 case, Soibelman develops the representation theory
of C(Ky) in terms of highest weight modules in classifying all the irreducible representa-
tions of C(Ky). Itis not clear to us at this point if his techniques can be modified and used
for classifying the irreducible representations of C(SUgy(n + 1)). The proofs presented
here use elementary tools involving Hilbert space operators.

The classification result that we prove here was proved for the n = 2 case in [6].
However, the technique of proof used here is different. For the n = 2 case, an irreducible
representation was classified by extracting the invariant quantities needed to describe it
(these correspond to the different cases in the proof of the main theorem in [6]) and then
directly setting up a unitary equivalence for the two representations. However, for higher
values of n, it becomes difficult to make a similar proof work. The proof we give here is
a recursive one. We prove a factorization theorem for irreducible representations, and by
the repeated application of it, we are then able to use the classification statement for n — 1
case, which then gives us the result.

The main motivation behind looking at the crystallizations of the C *-algebras C(Ky)
and their representations comes from the local index computations of Connes for SU, (2)
[4] and from a subsequent result in Chakraborty and Pal [3] where they prove an approx-
imate equivalence involving the GNS representation of the Haar state of SU,(2) and the
Soibelman representation of C(SU,(2)) on the Hilbert space £*(Z) ® £?(N). The main
observation in [3] was that this approximate equivalence is what is going on structurally
behind the computations of Connes [4] on the equivariant spectral triple for SU,(2). To
obtain the unitary that gives the approximate equivalence, it was observed that ‘atg = 0,
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the above two representations give two representations of a ¢ = 0 version of the C*-
algebra C(SUg4(2)). One gets this C*-algebra if one replaces ¢ by 0 in the defining
relations of C(SUy(2)) (see [24]). Up to unitary equivalence, the GNS representation
at ¢ = 0 is then an amplification of the other representation at ¢ = 0, and this same uni-
tary then gives an approximate equivalence for the nonzero values of g. By Soibelmen’s
classification result, for all connected simply connected compact Lie groups K, the C *-
algebra C(K,) admits a faithful representation on a nice Hilbert space, just like that of
C(SU,4(2)) mentioned above (this representation has been referred to as the Soibelmen
representation in [16] — we will adopt the same terminology here). We expect that the
study of the crystallizations of C(K,) for other compact Lie groups K and their represen-
tations will shed more light on the relation between the GNS representations of the Haar
states for these quantum groups and their Soibelman representations, thereby leading to a
better understanding of the equivariant spectral triples for these quantum groups given by
Neshveyev and Tuset in [18]. From an application standpoint, the origin of crystallization
of quantized function algebras can thus be traced back to the computations by Connes on
equivariant spectral triples for SU,(2) (and similar computations on equivariant spectral
triples for other homogeneous spaces in [20, 23], etc., following Connes’ ideas) and the
more recent paper [3] where the role of the algebra at ¢ = 0 was further clarified.

It is important to note that for the crystallizations of C(Kj) to be useful in the way indi-
cated above, the crystal limits must have the property that the representations of C(K)
give rise to the representations of the crystallized algebra C(Ky) by sending the genera-
tors of C(Ko) to the limits of the (scaled) generators for C(K,). Our main result in this
paper says that in the type A, case that we have considered, this is the case for irreducible
representations of C(Ky).

Let us now give a brief outline of the content of this paper. In Section 2, we recall the
crystallzation of the C*-algebras C(SUg(n + 1)). One consequence of the way the crys-
tallized algebra is defined is that every irreducible representation of C(SUy(n + 1)) gives
rise to a representation of the crystallized algebra C(SUg(n + 1)) in the limit g — 0+.
In Section 3, we prove that each of these representations is irreducible, and the rep-
resentations arising from the limits of two inequivalent irreducible representations are
inequivalent. Sections 47 are devoted to proving that any irreducible representation of
C(SUg(n + 1)) must occur in this way. In Section 4, we prove that the generating ele-
ments z; ; are all partial isometries. We also prove a few relations that play a very useful
role in the subsequent sections. In Section 5, we study the image 7 (C(SUg(n + 1))) and
its closure for a representation 7w of C(SUg(n 4 1)) on a complex separable Hilbert space.
In Section 6, we further specialize to an irreducible representation s, which helps us draw
stronger conclusions on the operators we define in Section 5. In particular, we are able
to decompose the operators 7 (z;, ;) in a certain way (Theorem 6.8) that helps us prove
a factorization theorem for irreducible representations (Theorem 7.1) in Section 7. This
factorization theorem, in turn, helps us give a recursive proof of the classification theorem
for all irreducible representations of C(SUg(n + 1)). In particular, the classification result
tells us that any irreducible representation must occur as a ¢ — 04 limit of an irreducible
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representation for C(SU,(n + 1)). In the final section, we present this and a few other
important corollaries of the classification theorem.

It will be good to mention a couple of very important questions related to our study
that we do not touch upon in this paper. The first is about the two notions of crystallization
given in [6, 16] mentioned earlier: whether they result in the same C *-algebra. We make
a few remarks on this in the last section (see Remark 8.6). The other is the possible g-
invariance of the C *-algebras arising as quantized function algebras of a Lie group or its
homogeneous space. This has been investigated in various cases in the literature; see for
example [9, 10, 17,21, 24]. For the case of SU(n + 1), Giselsson proved in [7] that the
C*-algebras C(SU,(n + 1)) are isomorphic for g € (0, 1). So the question that remains
to be settled in this case is whether the crystallized algebra C(SUg(n + 1)) is isomorphic
to the ones for ¢ € (0, 1). The results in the last section, where the crystallized algebra is
realized as a C*-algebra of operators on the same space as the Soibelmen representation
of all the C(SU, (n + 1))’s, might be useful in settling this question.

A word about the notations used for the quantized function algebras. For a Lie group
K, we will denote the algebra of regular functions on the g-deformation K; by O(K,)
and the C*-algebra of continuous functions on it by C(Kj). For the group SU(n + 1),
however, we deviate from this and use the more widely used notations @ (SU,(n + 1))
and C(SU, (n + 1)), respectively.

2. The crystallized algebras C(SUy(n + 1)) and @ (SUy(n + 1))

Let us start by recalling the following theorem from [6].

Theorem 2.1 ([6]). There is a universal C*-algebra generated by elements z;p 1=
i,j <n+ 1, satisfying the following relations:
Zij%i0 =0 ifj<l, 2.1)
ZijZk = 0 ifi <k, 2.2)
ZiZk — 2k Zig =0 ifi <kandj <lI, (2.3)
ifi <k, j<lI
Zi1%k,; =0 . . 24
o and max{i, j} > min{k, [},
ifi <k, j<lI
Z. .z —Zy 12 s = Z.12Zy (25)
BTkl k787 1%k, {and max{i, j} + 1 = min{k, [},
ifi <k, j<lI
Zij %k = ZkgZig =0 . . (2.6)
’ ’ and max{i, j} + 1 < min{k, [},
211220 Zngit1 = L, 2.7
Zi,jZZS—Z:sZi,j :0, ifl #rand‘j #S, (2.8)
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i1 2o CospiZorrsiz Zro1) Crgtrgr Zngins) U7 >,

Zrs = (211 "'Zr—l,r—l)(zr+1,rzr+2,r+1 o Zg o) (Zgh1 541 "'Zn+1,n+1) ifr <s,
(214 "'Zs—l,s—l)(Zs+1,s+1zs+2,s+2"'Zn+1,n+1) ifr=s.
2.9)

The C*-algebra in the above theorem is defined to be the crystallization of the family
of C*-algebras C(SU,(n + 1)) in [6]. This will be denoted by C(SUy(n + 1)). The *-
algebra given by the above set of relations is similarly defined as the crystallization of the
quantized algebra of regular functions @ (SU,(n + 1)). We will denote this *-algebra by
OSUp(n + 1)).

The following is an easy consequence of the relations satisfied by the generators of the
algebra O (SUg(n + 1)).

Proposition 2.2. Let 1 <i < j <n + 1. Then,
E3
(CiiZivriv1 )
= (211220 Zic1,i—0) Gy 142,42 Znt L) (2.10)

Proof. Note that fori = j, it follows from (2.9). We will assume that the equality holds
fori < j <n + 1 and prove that it holds fori < j + 1 also. Using (2.6) and (2.9), we get

(Zi,iZi41,i41 "'Zj+1,j+1)*
=Zi 1,1 CiZigrivr 2"

= (2112222 ;) )Zj 42,5427 4+3,j43 " Znt1n41)

X (21,122,2"'Zi—l,i—1)(Zj+1,j+12j+2,j+2"'Zn+1,n+1)
= (Zj+2,j+2zj+3,j+3"'Zn+1,n+1)(21,122,2"‘Zj,j)

X(Zjp1,j41%5 42,542 Zntin+) (21,1220 Zim1i-1)
= (Zj42,j42Zj 43,743 Zntrn+ ) C11222  Zisq 1)
= (21,1220 Zic1,i—) g2, j 427 43,43 Intlnt1)-

This completes the proof. ]

3. ¢ — 0+ limits of representations

In this section, we will be concerned with the representations of C(SUg(n + 1)) that arise
as ¢ — 0+ limits of the irreducible representations of the C *-algebra C(SU,(n + 1)).
We will start by recalling briefly the irreducible representations C(SUy (7 4 1)) from [13]
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where the irreducible representations of C(Ky) for all connected simply connected com-
pact Lie groups K were classified. It should be mentioned in this context that following
Soibelman’s ideas, the irreducible representations of the quantized function algebras for
more general classes of spaces were later studied and classified by Dijkhuizen and Stok-
man [22] and Neshveyev and Tuset [19]. The results in these papers will have an important
role to play in studying the crystallizations of quantized function algebras in those cases,
exactly like the role Soibelman’s results play in the present case.

The Weyl group for SU,(n + 1) is isomorphic to the permutation group G,4; on
n + 1 symbols. Denote by s; the transposition (i,7 + 1). Then, {s1, s2, ..., s,} form a
set of generators for G, 11. For a,b € N with a < b, let us denote by s, ] the product
SpSp—1++SqinGyp1.Letl <k <n,1 <bp <bg_1<---<by <n,and 1 <a; <b; for
1 <i < k.1t follows from the strong exchange condition and the deletion condition in the
characterization of Coxeter system (see [1,5]) that @ = $[q; 5,15[ar_1.br_1] " Slar,b1] 1S @
reduced word in &, 1. It is well known thatif k = n,a; = land b; =i forl <i <n,
then one gets the longest element wy.

Let S be the left shift operator and N the number operator on £2(N):

ep—1 ifn>1,
Se, = Ney = ke, k € N,
0 ifn=0,

Let us denote the generators of the C*-algebra C(SUq(n + 1)) by u; ;(¢g). Denote by
s(f ) the following representation of C(SUg (7 + 1)) on £2(N):

SVI—qg2N  ifi=j=r,
JI—2Ns* ifi=j=r+1,

D(u; (@) =1 —¢"*! ifi=rj=r+1, (3.1)
gV ifi=r+1,j =r,
81 otherwise.

For a reduced word @ = s, 87, - 5i,, € G41, define v 1o be Ws(g) * Ws(g) ®eee ok s(f;)
Here, for two representations ¢ and ¥, ¢ * ¥ denotes the representation (¢ @ ¥)A,,
where A, is the comultiplication map on C(SU, (n + 1)).

Next,let A = (A1,...,A,) € (§1)". Define
Aidi; ifi=1,

X (u; (@) = 3 Anbij ifi =n+1, (3.2)

Ai—1A;8;; otherwise.

A well-known result of Soibelman [13, Theorem 6.2.7, p. 121] says that for any reduced
word w € &,y andatuple L = (Aq,...,A,) € (S1)”, the representation

U0 =y kD (3.3)
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is an irreducible representation of C(SUg4(n + 1)), and these give all the irreducible rep-
resentations of C(SU,(n + 1)). If one takes the longest word wg in ©,4; and takes the
direct integral of the representations W,\ D with respect to A, one gets a faithful repre-

sentation 9 of C(SU, (n + 1)) acting on £2(Z)®" @ (2(N)®" 2 net

L2(SH®" @ (? (N)®n(n ). Following [16], this will be called the Soibelman represen-
tation.
Let us define
Z; ;= lim (- fl)mm{l JO}W(q)( i,j(‘]))» (3.4)

q—0+

where w(q) is the representation of C(SU,(n + 1)) defined above. It has been shown in
[6, Pr0p051tions 2.1,23,2.4, 2.6, and 2.7] that the above limits exist and the operators
Z;,; obey the relations (2.1)—(2.9). Therefore,

Vi) = Jim (- QIO D (u; (g)). ije{l2....n+1} (3.5)

defines a representation of C(SUy(n + 1)) on the Hilbert space £2(NY®)) where £(w)
denotes the length of the element w. In particular, if w is the identity element, its reduced
word is the empty word and the representation Vi in this case is a one-dimensional
representation given by

>

,'8,',‘]' ifi =1,
wl,id(zi,j) = Xn&-,j ifi =n + l, (36)
X,-_l)ti&-,j otherwise.
If A =(1,1,..., 1), we will denote ¥, = by just ¥,,. The remaining part of this section
is devoted to the proof of irreducibility of v, = and their inequivalence for different pairs
A, w).
Let us start with the observation that the representation ¥ is given by
S ifi=j=r,
S* ifi=j7=r+1,
Vs, (2i,5) = o 3.7)
Py ifi # jandi,j € {r,r+1},

8;j1 otherwise,
where Py denotes the rank one projection
leo)(eo| = 1 — S*S.

The following lemma is an important observation that will be used in the proof of the main
theorem in the last section. The proof is straightforward and hence omitted.
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Lemma 3.1. Let @ = S[q; b, ]S[ar_1.bx_1] " Slar,by] and let ®' = wSq,—1. Then,

max{i,j}
Vaw @)= Y. VaoCim) ® Vs 1 () 3.8)

m=min{i,j}

Diagrams for the representations ¥, .. We will next introduce certain diagrams for
the representations v, 4, similar to those introduced in [2] for the case of SU,(n + 1)
for nonzero q. These diagrams will be very helpful in understanding the images of the
generating elements z; ; of the C*-algebra C(SUq (n + 1)). In particular, they will play a
very important role in proving the irreducibility of the representations v/, ,, in the present
section and later on while characterizing all irreducible representations, these diagrams
will once again be helpful by providing us with the necessary ideas and intuition.
Let us start with the diagrams for the representations Vs, and ¥, -

WS,' ij wSiSj

n+1——n+1 n+l——n+1 n+1

n+1

. + . . . + .
l+1Xl+1 i+1 —i+1 l+lzl+l
i — i | — 1 i i
. . . + . +
Jj+1—j+1 j+lX]+1 j+lj]+l
i / J J J —J

1—1 1—1 1
£M) M) £(N) ® 2(N)

1

In the leftmost diagram above, each path from a node k on the left to a node / on the
right stands for an operator on £2(N). A horizontal unlabeled line stands for the identity
operator, a horizontal line labeled with a ‘+’ sign stands for the right shift S*, and one
labeled with a ‘—’ sign stands for the left shift S. Diagonal lines going upward or down-
ward represent the projection Py. The image v/, (z m, ;) is the operator represented by the
path from m on the left to / on the right and is zero if there is no such path. Similarly, the
diagram in the middle stands for the representation V; .

The diagram on the right above is for the representation ¥y, s;, where one simply puts
the two diagrams representing v/, and ¥/, adjacent to each other, with the one for ¥;; to
the right of that for ¥, . The image Vs, (Zm,l) of Zml is an operator on £2(N) ® ¢2(N)
given by the sum of the paths from the node m on the extreme left to the node | on the
extreme right which do not contain both upward and downward diagonals. It would be
zero if there is no such path.
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Next, we come to the description of ¥,,. As we have already remarked, we will take a
reduced word for w of the form

@ = Slay,b]Slak—1.bk—1] """ Sla1,b1]

where 1 <k <n,1 <by <by_1<---<b; <n,and 1 <a; <b; for1 <i <k.To get the
diagram for v, we simply put the diagrams for the v, ’s appearing in this word adjacent
to each other in the order they appear in the word from left to right. Thus, for example, if
W = S[2,4]5[6,715[1,8]5[5,9]5[3,10]» then the following is the diagram for ¥,:

" 1/’5[2,4] w:[sﬂ] ws[l,&] ws[sﬁg] ws[3,10] "
X
by =10 10
b XX X )
X X )
by =7 7
6 >< >< 6 =ay

5 5=a,
bs =4 4
3 >< >< 3=a,
2 2=as
1 1=a3

Finally, for A = (A1,...,A,) € S the diagram for v, ,, is the same as that for v,
except that the paths starting at m on the left get multiplied by a scalar which is A,,—1 Ay,
if 1 <m < n + 1 (with the convention that Ay = A4+, = 1).

Remark 3.2. In view of the above, we will not need to keep track of the A;’s except for the
last theorem in this section (Theorem 3.9) where we prove that v/, ,,’s are inequivalent for
different pairs (A, ). Accordingly, all the operator equalities we write before Theorem 3.9
in this section will be valid only modulo multiplication by a complex number of modulus
one.

In the diagram for v, ,,, we will refer to the part corresponding to ws[aj b 88 the
S[a;,b;]-Section and the smallest rectangle containing the diagonal lines in the Sla;.b;]"
section as the s[aj,bj]-rectangle. For example, the different S[a; ,bj]-rectangles have been
shown in red color and the s[5 9]-section has been shown in blue color in the next diagram.
Observe that if i > b; + 1, then the horizontal line starting at node i on the left passes
above the s[4, 5,,]-rectangles for m > j. For an operator R given by a path, we will denote
by R;j the operator given by the s[4, »;1-section of that path. In such a case one has

R=Ry,®Rr_1 ®--® Ry,

where R; acts on £2(N)®®i=4+1 for all ;.
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$[2,4] S[6,7] S[1,8] 55,9] §[3,10]

10 11
I9/110 10
Asho >< >< 9
o X X1,
- X X X_1.
AsAe 6
Aars 5
X3A4 >< >< 4
J2ls 3
AAa >< 2

A.l 1

The diagram for ¥, , and the terminology introduced above will be helpful in under-
standing the operators in the image ¥ ,(C(SUgp(n + 1))) as well as certain quantities
associated with them that we will define in the remaining part of this section. They are
also going to be helpful in getting insight into some of the proofs in Sections 5 and 6,
though we will not explicitly use or refer to the diagrams there.

Given a reduced word @ = S[4; b, ]5[as_;.bx_y] ** * Sla1,b:]» WE Will next define certain
elements in the C*-algebra C(SUg(n + 1)) that will play a crucial role in the proof of
irreducibility of the representation ¥, ,,. For 2 < j <k anda; <i < b; + 1, define two
integers n(j, i) and n’(J, ) as follows:

n(j,i)=max{m:1<m<j—1landa, <i}, (3.9)
n(j,i)=max{m:1<m<j—1landa,+1<i}, (3.10)
with the usual convention that the maximum of an empty set will be taken as —oo. Thus,
n(j,i) is the maximum of all those m € {1,2,..., j — 1} for which the ith horizontal
line (from the bottom) intersects the s[q,, »,,]-tectangle, and n(j,7) = —oo when the ith

horizontal line is below the s[q,, »,,j-Tectangles for 1 <m < j — 1.
Next, for 1 < j <k andfora; <i <b; + 1, define elements v (w) = v;;as follows:

Vii = Zp41,i0
Zy 1V o, ifn(f,7) is finite,

v = { bj+1,i “n(j,i),i+1 . . < <k.
241, ifn(j,i) = —oo,

Let us denote by Z i the operator 1///1’(0 (zj’i) for1 <j,i <n+1,andby le the operator
I//A,w(vj,i) for1 < j <kanda; <i <b; + 1. We will next study the operators V,;-In
general, Z b +1,i is given by a sum of paths from b; + 1 to i going downwards. What the
next proposition says is that the operator V] ; will be given by the lowest among these paths
(appearing in the sum for Z b, +1,l.) with some of its s[4, p,]-sections slightly modified for
1 <r < j — 1 so that at most one shift operator occurs in each such section.

Proposition 3.3. Let{, = b, —a, + 1 for 1 <r <k. Then, fora; <i <bj + 1, one has

Vii=TH o1 90T, 3.11)
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where Tr({ Vo5 are of the following form:

%% ifr>j, (3.12)
pEErtITD @ gx @ [®G=ar=D  yrr — jandi > a, + 1, (3.13)
pRerartl) ifr =jandi = a,, (3.14)
PRl Vg1 g s* ifr <jandi =a, + 1, (3.15)
P D@1 ®S* @I~V ifr < janda, +1<i <b,, (3.16)
tensor product of Py’s and I’s ifr <jandi <ay. (3.17)

Proof. For j = 1, it is easy to check from the diagram for V; o that 3.11) holds for
a1 <i < by + 1. To help follow the argument, let us keep the following diagram before
us in which the s[4, »,,1-section and the the s[4 , p, ,]-section have been enclosed by pairs
of colored vertical lines.

Slam bm] Sty by

Let us now assume that (3.11) holds for j <m — 1l anda; <i <b; + 1. We will prove
the statement for j = m and a,, <i < b, + 1. Let us look at the case n(m, i) = —oo first.
Inthis case, Vj; = Zp, 41, andi <aj forall 1 < j <m — 1;i.e., the ith horizontal line
is below the s[aj,bj]-rectangles for1 < j <m — 1. Therefore, T;; = 1®E) for 1 <j<
m — 1. Since the horizontal line starting at b,, + 1 on the left passes above the s(4; 5,1-
rectangles for j > m, there is exactly one path going from b,, + 1 on the left to i on the
right and it does not intersect the s[aj,bj]—rectangles for1 < j <m — 1. Thus,

Zy o1y = 18Tr=mi1t) g (pEOnT17D @ g% @ [O(—an—D) g (S &)
— 7(m) (m) (m)
- Tk,i ® Tk—l,i ® "'Tl,i :
Next, assume m’ := n(m, i) is finite. We have Vy; = Z, |V, ;. Sincem’ <m, by
our hypothesis,

_ p(m') (m') (m')
Vvt =T iy @ Ty @ Ty
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Note that since m’ < m, one has Tr(’r.";)
that Zp, 11, is of the form [ ®(=m+14) @ R for some operator R that acts on the last
>, £, copies of £2(N). The operator R is given by Z?Zfl R(l) where R() is the sum
of operators given by the paths that go from b,, + 1 to / in the s[4, 5,]-section and then
from [ to i in the S[g,,_; 1] " " S[a1,b;]-SECtiON.
Since the s[4, p,]-rectangle for m’ < r < m lies above the i th horizontal line, we con-
clude that for / > i, the s[4, 5 ,1-section of R(/) is of the form

= 1®&) for m < r < k. It is also immediate

1®bw= @8 ® (tensor product of Py, S* and I°s)

for some j withi + 1 < j </, while T,fl',”l) = PO®(b'"’_i) ® §* ® 190—aw) Therefore,

i+l

RO(TM™), oT™) @ T ) =0 forl >i.

Hence,

(m’) (m") m) \ _ . (m') (m’) (m')
R(Tm',r;+l ® Tm’zl,i+1 ® "'Tl,r;l+1) = R(Z)(Tmr,r;—H ® Tmril,i+1 ®“'T1,r?+1)-

Let us write T,; = R(i)rTr(,'i"J/r)1 for 1 <r < m. We will show that T,; is given by
(3.12)—=(3.17) for j = m. Note that the path R(i) consists of the diagonal line com-
ing down from b,, + 1 to i in the s[4, p,,]-section and its horizonal continuation in the

Slam—1,bm—1] """ S[a1,b1]-S€ction. Let us now look at the following three cases separately.

Casel. 1<r<m-—1anda, <i.Sincea, <i,wehaver <m’. Tl_lerefore, in this case,
R(i), = ] ® =) RS®S*® I®(i—a,—l)’ and Tr(’in+)l _ PO®(br—l) QR S*® J®Gi—ar)
Therefore, _

Ti = RG), T, = PEO @1 @ s* @ 1804,
Since r < m and i > a,, from (3.16), it follows that this is of the form Tr(;").

Case I. 1 <r <m—1 and a, = i. As in the earlier case, we have r < m’. Hence,
R(i), = 18¢=D ® §. Now if r = m’, then by (3.13), we have T,7"), = P&~ g 5
and if r < m’, then by (3.15), we have

(m') ®(r-1)
Tr,;n+1 =Py ®1®S"

Thus, 7;; = R(i),Tr(;'i)l is either PO®(£’_1) ® I or P0®(£’_2) ® I ® I.Since r < m and
i =a,, by (3.17), T,; is of the form Tr(;"), as required.

Caselll. 1 <r <m—1andi < a,.In this case, R(i), = 1®¢), sothat T}; = Tr("i";r)l.

A
If r > m’, then Tr(’l."Jr)1 = I® Sincei + 1 <a,,if r = m’, we must have i + 1 = a,.

Hence, by (3.16), Tr(,;'i)l is a tensor product of Py’s and I’s. If r <m’ andi + 1 < a,

then also by (3.17), T(m/)1 is a tensor product of Py’s and I’s. Since T,.; = ) in all

ri+ ritl
these subcases, it is of the required form. [
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We now list a few important corollaries of the above proposition.

Corollary 3.4. For a bounded operator T, let |T | denote (T*T)%. Then, one has

|Vj,a,'| ' |Vj—l,a‘,‘71|'“ |Vl,a1| = Tk ® Tk—l ®---® T, ’
where
194 ifr > Jj,
T, = - (3.18)
' {Pf(b’“ “ifr<j
Corollary 3.5. Leta; <i <b; + 1. Assume n'(j,i) > —oo. Then,
wGiniVii =Tk ® Ty ® - @ T, (3.19)
where
]®(b,+l—a,) ifr> J,

P0®(br+1—“r) ifr =jandi = aj,
T, = ®(by+1—i) j (320
pR0r R S* @ I®—ar=V ify = jandi > aj +1,

tensor product of Py’s and I’s ifr <j.
Proof. Observe that for r < j, the section Tr(’{ ) is of the form (3.15) or (3.16) (i.e., contains
the right shift) exactly when r < j and a, < i.Letn'(j,i) be as defined in (3.10). Then,

for the operator V,, G also, the corresponding sections Tr(j) exactly match Tr(,{ ) and the
remaining ones are tensor products of / and Py’s. Therefore, the result follows. |

Corollary 3.6. Letaj <i < b;j + 1. Define

Eji = Eji(0) = Vaiiini Vi Vicra | WVicaa, ol WVig, | 0 (1) > —o0,
ViilVicta il WVicaa o1 Vig, | ifn'(j.i) = —oo.
Then,
Eii(w)=T, ®T_, Q- ® T, (3.21)
where
@b, +1-ay) ifr>J

P0®(br+1—ar) l:fr = ] andi = aj,

T, = P0®(br+1—i) ®S* @ I8G=ar=D jfr = jandi > a; + 1, (3.22)
PO®(br+l—ar) r<

Proposition 3.7. For1 < j <kanda; +1 <i <bj + 1, let
Rji = 19— ) g (P0®(bj+1—i) ® S* @ [80-a4-D) g (814,
Spi = 18Cr=im1 ) @ ([Ob+1-D) @ g* @ [8(=a;=1)) @ BT/ &),

Then, R;; and Sj; belong to yr, (C(SUo(n + 1)))" for 1 < j <k andaj +1=<1i <
b + 1.
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Proof. This is easy to see for j = 1, as one has R, ; = Vl,i fora; +1<i <b;+1,
S1,1+6, = V1,145, and

kp, ki kp, * k * .
Sii = Z Sii+b " Sllz+lV1,i(S1,1+b1) (Sllz—‘rl) ifay <i <by.

Fixa j <k. Assume that R, ;,Sy; € ¥, ,(C(SUp(n + 1)))” for 1 <r < j. Take i such
thata; 41 +1<i <b;4; + 1. Let Ej,i be as in Corollary 3.6. Then,

kr,br kray kray * kr,by *
Rt = Z Z Sr,1+br'"Sr,1+arEj+1,i(Sr,1+ar) "’(Sr,1+br) :
r=1ksap sk p, €N

Since E; | ; belongs to the image Vo (C(SUgy(n + 1))), the operator R, ; belongs to
v, w(C(SUo(n + 1)))”. Now note that
ki ki *
Sjv1i = Z R]+’1 1+b; Rj+1,i+1Rj+1,i(Rj+1,i+1) ) (R,+/1 1+b,) :

k,‘,...,kbj eN

Therefore, it follows that S;1,; also belongs to the strong operator closure of the image
¥, »(CSUo(n + 1))). (]

Theorem 3.8. Let A € (S1)" and w = Slag bi1STax—1.be_t] " * Sla1,b1] De a reduced word in
©p+1. Then, the representation ) , is an irreducible representation.

Proof. This is an immediate consequence of the previous proposition. ]
Theorem 3.9. Let A, A" € (SY)" and let

— / —
@ = Sla bilSlag—rbe—] " Slavbils @ = Say, b],180a), b, 17" Sla).bj]

be two reduced words in G, 1. If (A, ) # (A, @"), then the representations V), ,, and
Yu o are inequivalent.

Proof. Let1 < j <n + 1. Define my41(j,w) = j and for 1 <i < k, define m; (j, w)
recursively as follows:

mip1(j,w)+1 ifa; <mip1(j,0) < b;,

miy1(j, w) ifmip1(j,w) >b; +1lorm;+1(j,w) < aj.

mi(jva)) = {

In the diagram for v, ,, one starts at j and proceeds horizontally and goes one step
up whenever one encounters a diagonal going upward. The numbers m,(j, @) simply
keep track of the horizontal line one is on when one completes the s[4, 5,.1-section. Thus,
m1(j,®) is the maximum k such that v, w(z k) # 0.

Let us first assume that w = @’ and A # )U Let

Jr=max{l <i <n:A; # A}
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If bj11 < j < b; for some i, then

spec(Va,o(Zj+1.m,(j+1.0))) = {0, k_jljﬂ},

!/

Spec(W/\’,a)(Zj+1,m1(j+1,w))) = {0, A_}AJ‘-H};

i.e., the spectrums of the same element are different for the two representations. Therefore,
V1.0 and ¥y, o are inequivalent. If j = b; for some i, then write m = n’(i,a;). Now using
Corollary 3.6 and keeping track of the effect of A and A/, we get that if m > —oo, then

spec(Viv o (Ei g, (@) = 10,25, A7A, 114501}
=10, /_lbmi}/\bm+l'xj+l}’
spec(Viw (Eig, (@) = 40,2 A;A, 114541},

and if m = —oo0, then

spec(Vaw(Ej g, (@))) = {0, A4 41} = {0,254 1},
spec(Va.w (E; 4, (@))) = {0, Xj)Lj+1}~

Thus, ¥, and ¥ . are inequivalent in this case also.

Let us next assume that w # w’. We will split this into different cases and in each case,
produce an element of C(SUg(n 4 1)) whose image under one representation will be zero
while the image under the other is nonzero, thus proving that the two representations are
not equivalent.

Case I. There exists j < min{k,k’} such that b, = b}, a; = aj for 1 <i < j —1 and
b; # b’. Assume without loss of generality that b; > b}. Then, m1(b;, w) > m1(bj, &)
Therefore,

VU (2o, mi(bj.0) = 0, ¥a.0(Zb; my (b).0) # O-

Case II. There exists j < min{k,k’} suchthatbh, =b/,a; =a; for1 <i < j —1, bj = b},
and a ; #+ a}. Assume without loss of generality that a > a;-. Once again using Corol-
lary 3.6, we observe that modulo multiplication by complex numbers of modulus one,
Vi,w(Eja; (®)) is a projection, while ¥ o (Ejq; (w)) is a tensor product of shifts and
projections. Therefore, ¥, ,, and v/ o are inequivalent.

Caselll. b; =b},a; =a; for1 <i <k"and k' < k.Inthis case, m(bg,w) > m (b, w’).
Therefore,

WA’,w’(Zbk,ml(bk,w)) =0, 1ﬂfl,w(zbk,ml(bk,co)) # 0.

CaselV. b, =b},a; = aj for 1 <i <k and k < k’. This case is identical to Case III with
k and k' interchanged. [
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4. Projections in C(SUy(n + 1))

In this section, we are going to restrict ourselves to the x-subalgebra O (SUgy(n + 1)) of
C(SUg(n + 1)) generated by the z; ;s and derive certain relations that will in particular
show that the generators z; ; are all partial isometries.

Lemma 4.1. Let us denote by p; ; the element z’;z; ; and by q; ; the element z; ;z7 .
For1 <i < j <n+ 1, one has the following:

i n+1
Dok = D Pik “.D
k=1 k=)

n+1

J
g, = px=1 (4.2)
k=1 k=j

Proof. We will prove that

i (Z11%20  Zici-0%,; GigriZigoicr " Zjj—1)

qu,j =1 XCEqr 41 Zntinr1) ifi <j, (4.3)
= 1 ifi =j
na1 (Z11220  Zim1 =% G Zigaie1 2 j—1)

Z Pix =1 XEir1 41 Zntrns1) ifi <j, (4.4
= 1 ifi = ;.

Note that for i = 1, one has

—_— * —_—
91 = 2171 = 21,0232 2 -0 G j 124242 Znb Lt 1)

Thus, the first equality in (4.3) holds for i = 1. Next, assume that it holds for i — 1 and
1 <i < j <n+ 1. Then, using (2.9), we get

i—1
dij+ D 4,
k=1

=7Zij (z1,1220 " Zicni—2Zi—1,i—1) it 1, Zi42,i41 "'Zj,j—l)(zj+1,j+1 “Zngtnt1)
+(21122 "'Zi—2,i—2)Zi—l,jZi,i—l(Zi+l,izi+2,i+l "'Zj,j—l)(zj+1,j+1 “ Zpg i)
= (211222 " Zi—2,i-2)Zi jZi-1,i-1Zit1,i Zit2,i+1° 20D b1, 41" Zntint1)
+ (21,1220 Zim2,i—2)Zi—1,jZii—1 Cig1,iZigo,itr 2 j—1)
X(Zj41,j+1%j 42,42 Zntlnt1)

= (21,1 '"Zi—z,i—zzi—l,i—l)zi,j (Zi+1,izi+2,i+1 "'Zj,j—l)(zj+l,j+l "‘Zn+1,n+1)-
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Hence, the first equality in (4.3) follows. Using this, one now gets

j j—1
D iy =Dk T
k=1 k=1

= (211222 " Zj—2,j-2)Zj—1,jZ),j—1Zj 41, j+1%j 42, j+2 " Znt1n+1)
+2;i (211220 Zja joaZj1,j—1)(Zjg1, j 412 42,742 Ent L)
= (21,1220 " Zj—2,j—2)Zj—1,jZj,j—1(Zj 41, j+1Zj 42,542 Int1n41)
+ (211220 Zj0,j-2)Z), i Zj—1,j—1(Zj 41, j41Zj 42,742 Znt1n41)
= 11220 Zj2,j—2Zj—1,j—1%),j Zj+1,j+1%j42,j42 " Zntins1 = L.
Thus, we have (4.3). The proof of (4.4) is similar. First, observe that for j =n+ 1, one has
Pint1 = Zi*,n+12i,n+1 = (21,1220 Zic1,i—) Cig1,iZig2,i41 " Znt 1) Zint1
(Z10%22 Zimi= 0241 Gig i Zig,it1 " Zngin)-

Thus, the first equality in (4.4) holds for j = n + 1. Now, assuming that it holds for j + 1,
we have

n+1

Pij ¥ D Pik
k=j+1

= (21,122,2 : "Zi—z,i—zzi—l,i—l)(Zi+1,izi+2,i+l "‘Zj,j_l)

X (Zjy1,j+1Zj 42,542 Int i1 %0,

+(Zl,122,2"'Zi—l,i—l)zi,j+l(Zi+1,izi+2,i+l "'Zj,j—l)zj+l,j (Zj+2,j+2"'Zn+1,n+1)
= (211222 Zi2,i—2Zi—1,i—1) CZig1,iZit2,i+1 "‘Zj,j_1)

X Zjt1 412, Zjga j42 " Int1n41)

+(Z1 1222 Zic1,i—1)(Zi41,iZit2,i+1 "'Zj,j—l)Zi,j+IZj+l,j (Zj+2,j+2 “Zpginet)
= (211222 Zic1,i—1)(Zi41,i Zit2,i+1 "‘Zj,j—l)Zi,j(Zj+1,j+1zj+2,j+2“'Zn+1,n+1)
= (21,122,2 : "Zi—l,i—l)zi,j (Zi+1,izi+2,i+l "‘Zj,j—l)(zj+1,j+1zj+z,j+z : "Zn+1,n+1)-

This proves the first equality in (4.4). Using this we now get

n+1 n+1
Y oPik= D Pigt P
k=i k=i+1

= (21,122,2"'Zi—l,i—l)zi,i+lzi+1,i(Zi+2,i+22i+3,i+3 "'Zn+1,n+1)
+ (211220 Zic1,i—) Gig it 1Zi42,i+2Zi43,i43 " Znk a1 70

= (21,122,2"'Zi—l,i—1)2i,i+1zi+1,i(Zi+2,i+2zi+3,i+3 "'Zn+1,n+1)
+ (211220 Zic1, im0 Zi1,i 4170 CGig2,i42Zi43,i43  Znt1,n41)

=Z11%20  Zicni—1ZiiZir i1 Zi42,i42Zi43,i43 " Znginte1 = b

which completes the proof. ]
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Proposition 4.2. The elements p; ; and q; ; are projections for 1 <i < j <n.

Proof. We will show that for any 1 < j <n, if {ZZ=1 Ai,j ° 1 <i < j}isafamily of
projections, then

i
{qu,j+l:1§i§j+1}

k=1
is also a family of projections. Then, by an application of equation (4.2) in Lemma 4.1,
we will successively conclude for i = 1,2,...,n + 1 that the sums Z;e:l qy,; are all

projections for i < j < n + 1. This will imply that all ¢; ;’s (and hence all p; ;’s) for
1 <i <j <n+ 1 are projections.

Now fix 1 < j <n and assume that {Z};Zl Qi) 1 <i < j}isafamily of projections.
Note that by this assumption, it follows that

i i—1
di,j = Z D.j — Z Dk.j>
k=1 k=1

being positive and a difference of two projections, is also a projection. Hence, p, j is also
a projection. Now from Lemma 4.1, fori < j, we get

i n+1 n+1 i
Dk = 2 Pk =D Pk~ Pij = D4k, ~ Pije
k=1 k=j+1 k=j k=1
Thus, the element ) ; _, i, j41 18 positive and is a difference of two projections. There-
fore, it is a projection. Fori = j 41 Z"H = 1 and hence is a projection |
) proj . =J s 2fe=19%,j+1 = proj .

Lemma4.3. For1 < j <i <n+ 1, one has

J n+1

D ik =D Prjo @.5)
k=1 k=i
n+1

i
Zqi,k = Z Pri =1 (4.6)
k=1 k=i

Proof. We will show that

(10220 Zjo 07 2,42 Zimni)
Zqi,k = X117 Zntint1)s ifj<i, @7
= 1 ifj =i,
n+tl Graz22 7 1j-0% Gl 1 Zian 2 Zierd)
Z P = X s Zngint1)s ifi >j, (4.8
k=i 1 ifi = j.

For j = 1, the first equality in (4.7) holds as one has

J— * J—
91 =ZinZin = Zin(Z12%23  Zic1,) Cignit1Zigo,it2 " Zntint1)-



Trreducible representations of C(SUg(n + 1)) 675

Next, assuming that it holds for j — 1, we have

j—1
dij+ D dig
k=1

= Zi,j(21,122,2 : "Zj—l,j—l)(zj,j+lzj+1,j+2"'Zi—l,i)(zi+1,i+lzi+2,i+2"'Zn+1,n+1)
+ (21,122,2"‘Zj—z,j—z)Zi,j—1Z_j—1,j (Z,l"j+lzj+l,j+2"'Zi—l,i)
X(Zi41it1%i42,i42 " Znt1nt1)

= (21,122,2"‘Zj—z,j—z)zi,jzj—l,j—l(Zj,j+1zj+1,j+2"'Zi—l,i)
X (Zig1i41Zi42,i42 " Int1n41)
+ (21,122,2"‘Zj—z,j—z)zi,j—lzj—l,j (Zj,j+1Zj+1,j+2 U Ziq)
X (Zig1i41Zi42,i42 " Znt1n41)

= (21,122,2"‘Zj—l,j—l)zi,j(Zj,j+1zj+1,j+2"‘Zi—l,i)(2i+1,i+1zi+2,i+2"'Zn+1,n+1)-

Thus, the equality holds. Fori = j, one has

i i—1
Z 9ik = Z 9ix + 94
k=1 k=1

= (211220 Zic2,i—2)Zii—1Zi-1,i Gigrie1Zi42,i42 " Znt1n41)
+ 21 (Z11%22  Zica i) Zic1,i—1Cig it 1Zig2,i42 " Znt 1 nt1)

= (21,122,2"'Zi—z,i—z)zi,i—lzi—l,i (Zi+1,i+lzi+2,i+2"'Zn+1,n+1)
+ (21,122, Zim2,i-2)Zi i Zi—1,i—1 it rit1Zi42,42  Znt1n41)

=Z11%222" " %i—2,i-2%2i-1,i-1%i,iZi+1,i+1%i42,i+2 " Zn+1n+1 — L.

Thus, we have (4.7).
Next, note that

—_— * R
Prt1j = Zn1iZn+1; = CGraZan 21 -0 v 242 Znnt 1) 20t
= (211222 Zjo1,j= 07041, Z j 41241, 42C  Znng1)-
Thus, the first equality in (4.8) holds for i = n + 1. Assume it holds for i + 1. Then,

n+1

pij+ Z 125,

r=i+1
= (Zl,lzz,z"'Zj—l,j—l)(Zj,j+IZj+l,j+2"'Zi—l,i)(zi+1,i+lzi+2,i+2"'Zn+l,n+1)zi,j
(21,1220 Zjm1, =0 Zi41,; i j1Zj 1,42 7 Zie1,i) Zii1 Cig2i2  Znge 1)
= (211222 " Zja,j—2Zj—1,j—1)(Zj j+1Zj 41, j42 " " Zi—1,0)
X Zi+1,i+1Zi,j(Zi+2,i+2"‘Zn+1,n+1)

+ (21,1220 21— EG 124142 Zimn) Zi1 Zian, Gigoiba - Znetnt 1)
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= (21,122,2"'Zj—l,j—l)(zj,j+lzj+1,j+2"'Zi—l,i)Zi,j(Zi+1,i+lzi+2,i+2"'Zn+1,n+1)
= (21,122,2"'Zj—l,j—l)zi,j(Zj,j+1Zj+1,j+2"'Zi—l,i)(zi+1,i+lzi+2,i+2"'Zn+1,n+1)'

Thus, we have the first equality in (4.8). Fori = j,

n+1 n+1
Db = D Pyt P
k=j k=j+1

= (21,122,2"‘Zj—l,j—1)2j+1,jzj,j+1(Zj+2,j+2zj+3,j+3“'Zn+1,n+1)
+ (21,122,2"'Zj—],j—l)(Zj+1,j+1Zj+2,j+2"‘Zn+1,n+1)2j,j

= (211220 21,1741, 2,41 12,122 43,j43 Znt 1nt1)
T (11220 2o, =) % 41,4177, G 427 43,43 7 Fnk Lnk 1)

=Z211%22" " Zj—1,j—1%,jZj+1,j+1%j42,j4+2 " Zn+1,n+1
=1.

Thus, the proof is complete. u
Proposition 4.4. The elements p; ; and q; ; are projections for 1 < j <i <n.

Proof. By using Lemma 4.3, one can prove exactly as in the proof of Proposition 4.2 that
if{d°7_ 4, :1<j <i}isafamily of projections, then {} ] _, G157 <i+1)
is also a family of projections. This leads to the required conclusion. ]

Corollary 4.5. The elements z; ; are partial isometries forall 1 <i,j <n 4+ 1.
Lemma 4.6. Leti < k and j < £. Assume that eitheri > £ ork < j. Then,
Zi,(iz;:,j =0= ZZzzk,j~ 4.9)

Proof. Assume that i > £. Then, using Lemma 4.3, we have

n+1 n+1 J
* * * * *
Z (Z 02k )2 02k, )" = Zi,l( Z Pk,j)zi,e = Zi,l(Zqi+l,s)Zi,l
k=i+1 k=i+1 s=1
J
* *
= Zzi,ﬂiﬂ,sziﬂ,szi,z =0
s=1

1 —_ _ * _ . .
since z; ,z; 14 ¢ = Oforall 1 <s <4{ — 1. Therefore, Zi0%k = Oforall j <fandi <k.

Similarly, if £ < j, then using Lemma 4.1, we get

n+1 n+1

* * * *
Z (Zi,ezk,j) (Zi,ezk,j) = Zk,j Z (Pi,z)zk,j
=j+1 t=j+1

i
— * J—
= Zk,_/(qu,Hl)Zk,j =0.
s=1
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Therefore, as before, z; ,z; = 0. The second equality can be proved in a similar way
using Lemmas 4.1 and 4.3. ]

Lemma4.7. Leti,j <sandk > s + 1. Then,

9i,jZn+1k = “nt1kij> ZijPnt1k = Pnt1kZij
Proof. If max{i, j} + 1 <k, then one has z; P2tk = ZnerkZisg and hence the equality
follows. Assume max{i, j} + 1 = k (i.e., k = s + 1 and max{i, j} = s). Then,
ZijZnt1k = 1k Zig T ZikInt,)e

It follows from Lemmas 4.1 and 4.3 that if i > j, then Put1,;Pi; =0 andifi < j, then
Piybij = 0. Therefore, in either case, we get from the above equation that

_ *

9i,j%n+1,k = Zi,j%n+1,k%i,j
_ * *
= Zpy1kZij%ig T ZikZnt1,5%0,)
= Zn+1,kqi,j'

Similarly, we have

Zi,jPn+1k = Zi,jZ:+1,an+1,k

Zr*L+1,kZi,jZn+1,k

= Put1kZig T Znt1kZikZnt1,j

= PpirkZij T Znt 1k int 1, %1k

= P41,k u

Lemma4.8. Let1 <i < j <n+ 1. Then,

* ok
Zij+1%n+1,j+1 = Zn+1,5%i,5-

Proof. We have

* * * * *
(Zi,j+1Zn+1,j+1 - Zn+1,jZi,j)(Zi,j+1Zn+1,j+1 ~ Zn+1,j%i,j
_ * * *
= Zij+1Pn+1,j+1%ij+1 ~ Zij+1%n+1,j+1%i,jZn+1,j
* * *
t Zp11,j9i,5%n+1,7 ~ Zn+1,%0,%n+1,j+1%0,j+1
=z .. 4+ )z =z (2 1z 4z z 1)z ~
i,j+1 pn—i—l,,] qn+1,]+1 i,j+1 i, j+1\*n+1,j+1%1,j n+1,j<1,j+1 n+1,j
* * *
+ Zug1,j %, Znt 1,7 — Zn1,j Cngr 12,5t Zngr, i Zij41) %0 41
_ * * *
= Zi,j+1Pn+1,5%ij+1 ~ Zi,j+1%i,j+1%n+1,j%n+1,j
* * *
t 21,9, 41,5 T Fn1, i En 1,y D A1 R
_ * *
= Pna1,j9i 41 T Znt1,j9, %041, — Pnt1,j%, 41 — Znt1,j9, j+1%n+1,)

*
Znt1,; Wi ) = Gij+1) 2041,
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Summing over i, we get

i=1

J J
_ *
= Zn+1,.i(zqi,j - Zqi,.iﬂ)znﬂ,j

i=1 i=1

n+1
_ *
—Zn+1,J(I‘ > Pj,k)zn+1,j

k=j+1

j
* * * * *
Y CirZmir g1 = Znit, 7)) G It 1 = Zn, %)

_ *
= Znt+1,j Pjjn+1,j
= 0.

Therefore, we have the result. [

5. Operators in & (C(SUy(n + 1)))”

In this section, we will study the actions of the generating elements z; ; on a Hilbert
space and construct certain operators using the strong operator topology available there.
These will turn out to be a very useful tool in analyzing the irreducible representations.
Let us start with a representation 7w of C(SUgy(n + 1)) on a Hilbert space #. For all i
and j, we will denote the operators n(zi,j), n(pi’j), and n(qi’j) by Zi’j, Pi,j, and Qi’j,
respectively.

Proposition 5.1. Let 1 <s <m <n. Assume Zm+1,s =0wheres <m + 1. Then, Zl.,j =0
fori >m+land j <s.

Proof. Letus assume s > 1 andtakei =m + 1, j = s — 1. From relation (2.4), we have
V4 Z .. =0, so that

m+1,s—1“s,s

Zm-‘rl,s—l Qs,s =0.

For 1 < k < s — 1, the commutation relation (2.5) gives us

Zk,s—lZm+1,s - Zm+1,sZk,s—l = Zm+1,s—lzk,s'
Since Z,,, (=0, wegetZ, ., ;Z; - =0 whichimplies
Zm-‘rl,s—l Qk,s =0, l<k=s—-1

Therefore,
S

Zopit5-1 = Zma15-1 ( Z Qk’s) =0. (5.1
k=1
Next, let us assume m < n and take i = m + 2, j = s. Using relation (2.4), we obtain

Zini1m+1Zm+2,s = 0, so that

Pm+1,m+1Zm+2,s =0.
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Form +2 <k <n+ 1, we get from (2.5)

Zpi1isLmiok ~ Lmirklmits = L1k Lmsa,s:

Since Z,,; ; = 0, we get Z Z,y42.s = 0 which implies

m+1,k

Pm+1,kZm+2,s =0, m+2<k<n+1.

Therefore,
n+1

Zm+2=5 = ( Z Pm+1,k)Zm+2,s =0. (5.2)

k=m+1
By the repeated application of (5.1) and (5.2), we get Z; ; =0 fori>m+1land j <s. =

Lemma 5.2. Assume i #m and j # k. If Z; ;Q, =0, Z; ; and Z 0, . =
0; i Ly thenonehas Z, .2, =Z 1 Z, ..

Proof. Computing (Zi’j Z k= LpiZi )2, 2, — 2, kZi,j)* using the given rela-
tions, we get the required equality. |

Lemma 5.3. Let F be a subset of {1,2,...,n + 1}. Let j ¢ F and i # m. Assume

Zm,in,j = Qi,jZm’kforallk € F and Zi,j QO ker Qm,k) = ker Qm’k)zi,j' Then,
Zi,jZm,k = Zm,kZi,j forallk € F.

Proof. Note that

Z(Zi,jzm,k - Zm,kZi,j)(Zi,jZm,k - Zm,kZi,j)*

keF
= Zi,j(z Qm,k)Z;:j + D (Z i Qi Zm )
keF keF
~Zij > Zyk ZEiZmi) = DLk Zij 2y OZE
keF keF
= Qi,j( Z Qm,k) + Qi Z(Zm,kz;:z,k)
keF keF
= 203280 Y Zog Zon) = Ziy 23y Y (L Z i)
keF keF
=0.
Therefore, we have the result. [

Given a representation 7 of C(SUg(n + 1)), we will denote by r(;r) = r the following
r(r)=r:=min{i :1<i<n+1,Z,,,; #0} (5.3)
Proposition 5.4. Assume 2 < r < n. Then, one has

Zi,jZn+1,k = Zn+1,kZi,j forl <i<n,1<j<r—1,andr <k<n+1. (54
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Proof. Observethatfor1 <i <r—1,1<j <r—1l,andr <k <n+ 1, one has
max{i, j} +1 <r <min{n + 1,k}.

If max{i, j} + 1 < min{n + 1, k}, then Zi;iZyx = Zpy1xZi,;- Since by Proposi-
tion5.1,wehave Z, | ; =0forl <j <r—1, if max{i, j} + 1 = min{n + 1, k}, then
one has

ZiiZnsrk = ZnpriZij t Znv1jZik = Lok Zij

Letus nextassume that Z; . Z ., , = Zn+1kZ cforalll < j <r—1,r<k<n+1,
and 1 <i <t < n. Then, Pi,jZn+1 c=Z P for all such j, k, and i. Therefore,

n+1,k” i,j
n n
Zys1k = Zn+1,k(ZPi,j) = (Zpi,j)zn+l,k‘
i=j i=j
Since P, ;Z, 1, =Z, P forl<i<tandd] . P, = =/ _, Qi1m» it
follows that ) _
j j
Zn+1,k( Z Qt+l,m) = (Z Qt+l,m)Zn+1,k'
m=1 m=1

Therefore,
Zni1xk Q41,5 = Qor1,jZnvik

for 1 < j <r — 1. On the other hand, we also have

n+1 n+1
Ziv1j = Zigrj ( Z Qn+1,k) = (Z Qn+1,k)Zt+1,./'
k=r

k=r

Therefore, by Lemma 5.3, we have

ZistjZnrrk = ZnvrkZesr,j
forr <k <n4+landl1<j <r-—1.
By repeated application, we now get the result. ]

We next look at certain infinite sums of elements from 77 (C(SUgy(n + 1))) that con-

verge in the strong operator topology so that they belong to the strong operator closure
7(C(SUg(n + 1)))” of x(C(SUp(n + 1))).

Proposition 5.5. Let r be as in (5.3) and let r < k <n + 1. If T} is a partial isometry

with T} T, < P, 1k and T, T < P, then the operator

n+1,k’

- m m *
Tiyr = Z Zpi k1 T(Z g k)

meN

exists as a strong operator convergent sum and is a partial isometry with T, . T,

k+1lke1 =
*
Pk and Ty (T < Py iy
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Proof. Note that the operators

Py m m *
Rim = Zy i1 Prvr i Loy gep)™s meN,

<P

km = Ppyq gqq- Observe also that

form a family of orthogonal projections with ), . R

m
— +1 +1
Piije+1 — Z Ry = Zr’:l+1,k+1(zr’:l+1,k+1)*’
j=0

and the sum ) jeN Ry ; converges in the strong operator topology (SOT). Hence,

Potiisr — Z Ry,; = SOT—mli_r>noo erln+1,k+1(Z;'zn+1,k+1)*~ (5.5)

jeN
Next, write
Tk,m = erzn+1,k+1Tk(Z,r,n+1’k+1)*, m € N.

Then, one has Tk = Rk mTk mRk m for all m € N. It is easy to check that Tk*mTk w =

0= Tk,m T]:m/ for m # m’ and one has

* *
TemTiem = Prvik+1s TpemTiem < Prtik+1

Therefore, the sum 7' := ), - Ty, converges in the strong operator topology and it is

a partial isometry with both initial and range spaces contained in P, , . ]

Using the above proposition, one can now define recursively the operators W; ; for
1<j<n+1landj <i <n+ 1andthe operators U; forr +1 <i <n + 1 as follows:

Z ifi = j,
W= " . e ' (5.6)
YkeNn Zyp i Wisa j(Zy D ifj+1<i=n+1,
Z , ifi =r+1,
U .= ] s (5.7)

> ken Z,’f+1’iUl._l(Z,’f+1’i)*, ifr+2<i<n+1.

Thus, we have fori > r + 2,

_ ki ki—1 kry2
Wiar+1 - Z an-l‘l,iznl-l‘l,i—l "'Zn+1,r+2
ijN
(r+2<j<i)
kri2 * ki_1 * ki *
XZn+1,r+1(Zn+1,r+2) "'(an—i-l,i—l) (an—H,i) ’ (5-8)
- ki ki1 kri2
Ui = Z an+1,iznl+1,i—1 "'Zn+1,r+2
ijN
(r+2=<j<i)

X Zn+l,r (Zrlfrlz,rJrZ)* T (Zrlfii,i—l)*(zrlz{ikl,i)*’ (5.9
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and fori >r + 1,

_ ki—1 kr+1
Wi,r = § : Zn+1 lan'f‘l,i—l "'Zn+1,r+1
kjeN
(r+1=j=i)
krt1 * ki—1
X Zpi1 (Zy i) (250 0)" (Zn+lt) . (5.10)

We will use these three operators repeatedly in the rest of the paper. We start with a few
observations on these operators.
Proposition 5.6. Let r be as in (5.3). Then,

(1) U; is a normal partial isometry forr +2 <i <n +1,

(2) W, , is a normal partial isometry for allr <i <n + 1,

(3) W, , 1y is apartial isometry with source projection and range projection contained
mPn_Hlforr—l—Zfz <n+1

Proof. By Proposition 5.5, the operators U;, W, ., and W, ., are all partial isometries.
The normality of U; and WiJ follows from the fact that Pn+1,r = Qn+1,r. Itis easy to

see from (5.8) and (5.9) that

Wit Wi < Py (S.11)
WirstWirs1 = Wira Wiy = U0, (5.12)
Therefore, part (3) follows. [ ]

Proposition 5.7. Let r be as in (5.3). Then, we have the following relations:

ZiWortr+1 = Worir1Zip = Ui Zigirs 15T, (5.13)
Zi Wi = Wi, Zi, =0, i<r. (5.14)
Proof. Since i <r, the operator Z; . commutes with ZnJrl for r+2<j <n+1. Using
this and relation (2.5), we get (5.13). Equation (5.14) follows by using (2.5) and (2.8). =
Theorem S.8. Let r be as in (5.3). Then, the operator W, , | . commutes with all the Z; ;’s.

Proof. For 1 < j <r — 1, the commutations follow from Proposition 5.4. Assume next
that 1 <i < j = r. Then,

_ k k *
Zi,rWr+1,r - Zi,r Z Zn+1,r+lzn+1,r(zn+1,r+1)

keN
— k k *
- Z Zn+1,r+lZi,an+1,r(Zn+1,r+1)
keN
+ Zzn+l r+IZn+1 rZIr+1 n+1, r( +l r+l)
keN

_ k 2 k+1 *
- Z Zn+1,r+1Zn+1,rZi,r+1(Zn+1,r+l) ’
keN
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and
_ k * k
Wr+1,rZi,r - Z Zn+1,r+IZn+l,r(Zn+1,r+1) Zi,r
keN
— k k *
- Z Zn+l,r+lZn+1,rZi,r(Zn+1,r+1) .
keN

Thus, we have
Zi,r Wr+l,r - Wr+l,rZi,r

_ k * k *
- Z Zntvr41Znstr o Zivr1Zusrrir = Zi)) Lnsrri)™
keN

Now,
2 * 2 * *
(Zn+1,rZi,r+IZn+1,r+1 - Zn+1,rZi,r)(zn+l,rzi,r+1Zn+l,r+l - Zn+1,rZi,r)
. *
- Zn+1,r Qi,r n+l,r — Qn+1,r Qi,r+1'

Therefore,

’
2 * 2 * *
Z(Zn+1,rzi,r+l n+1,r+1 Zn+1,rZiJ‘)(Zn+l,rZi,r+lZn+1,r+1 - Zn+1,rZi,f)

=1
i . ,
= Zn+l,r(z Qi,r) :+1,r - Q"“’L’(Z Qiar+1)

i=1 i=1
n+1
= Qn+1,r - Qn+1,r( Z Prak)
k=r+1

= Qn+1,rPr,r = Pn+1,rPr,r = 0.
Thus, we have Zl-’r Wr+1’r = WH_UZ” for1 <i <r.Since Zi,r commutes with Zn+1,j
forall j > r + 2, we get
Zi,rVVn+1,r = Wn+1,rZi,r'

Next, let 1 <i < r + 1. Then, one has

Zi,r+1 Wr+2,r

k * k *
= Zir+1 Z Z Zn+1,r+2zrs1+1,r+1Zn+1,r(erz+1,r+1) (Zn+l,r+2)
keN seN

k s s * 7k *
Z Z Zn+1,r+ZZiJ+1Zn+1,r+IZ"+1J(Zn+1,r+1) (Zn+1,r+2)
keN seN
k+1 )*

k K K} *
+§ E Zn+1,r+2Zn+l,r+lZi,"+2Zn+1,r+IZ"+1J(Zn+1,r+1) (Zn+l,r+2
keN seN

— k . k *
- Z Zn+1,r+2Zl,r+1 Zn+1,r (Zn+l,r+2)
keN

k s+1 . s *7k+1 *
+ Z Z Zpsrp+2Znii i1 Zire2Znirr (Zygy ri1) (20 40)
keN seN
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— k k *
- Z Zn+l,r+ZZn+1,r(Zn+l,r+2) Zi,r+1

keN
k k+1 *
+ Z Z Zn+1,r+ZZn+1,r+1 W, r+1, rZz r+2(Zn+1,r+2)
keN seN
and
_ k k *
Wr+2,rZi,r+1 - Z Zn+1,r+ZZn+1,r(Zn+l,r+2) Zi,r+1
keN
k s+1 s+1
+ Z Z Zn+1,r+zzn+1,r+lzn+1,r( n+1, r+1) (Zn+1 r+2) Zt Jr+1
keN seN
— k k *
- Z Zn+1,r+2Zn+l,r(Zn+l,r+2) Zi,r+1
keN
k *
+ Z Zn+1,r+ZZn+1,r+1W +1, rZ +1, r+IZl r+1(Zn+1 r+2)
keN

Using Lemma 4.8, we now get

l or+1 W, r+2,r Wr+2,rZi,r+1
=Y zk 4 W..., (Z, * -z Z. 1)
- n+1,r+2“n+1,r+1""r+4+1,r i,r+2<n+1,r4+2 n+1l,r4+1<i,r+1
keN
* k *
X Zyirr+1Ziri1(Zyiyr42)
=0.

Thus, we have Z; .\ \W,. ., . =W, ,,Z; ., Since Z, ., commutes with Z, , . for
every j > r + 3, we get

Z; r+1W +1,r — Wn+1,rzi,r+1'
Letj >r+2and 1 <i < j.Then, one has

ZiiWis1r = Zij Zzn+11+1W (Z, +1;+1)

keN
= Z Zn+1]+IZ W (Z +11+1)
keN
k
+ Zzn+1 j+1Znt1, 2 i Wi (Zaga 1)
k>1
Z Zn+1;+1W 1,-(Zy +1;+1) Z;;
keN

k * k+1
+ 2 Zisrj1 Zuor i Win Zijo1 Zogr )
keN
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and
I/I/}-H,r Z Zn+1]+1W (Z +1]+1) Z
keN
=3 > ZkiiinZ; (Zro )(Z: “z.
n+1,j+1“n+1 j —1,r +1,j n+1,j+1 i,]
keN seN
_ k k
= Z Zn+1,j+1Wj—1,r(Z:+1,j+1) Zi,j
keN
k k
+ Z Zzn+1,j+1zrs;+1 Wi (Zy1 ) (Zys 1) Zi
keN s>1
k * k
= Z Zn+1,j+1Wj—1,r(Zn+1,j+1) Zi,j
keN
* k
+ 2 Ziv e Zoor Wi Zusr s Zar ) Zi -
keN

Use Lemma 4.8 to get
Z W—Hr_VVj—i-l,rZi,j

_ k * k+1
= Z Zni1,j+1Znsr,j Wj,rZi,j+1(Zn+1,j+1)

keN
E
- Z Zn+1 J+1 n+l,]W 4 n+1 j(Zn+l ]+1) Z
keN

* *
Z Zn+1,j+l n+1,jVVj,r(Zi,j+IZn+l,j+l Zn+l J lj)(Z +1 j+1)
keN

=0.

Thus, we have
Z W+1 r W+1 r

Since Z ; commutes with Z Ay forallk > j 4+ 2, we get
ZiiWasrr = Wi, Zi

Thus, W, 41, commutes with Zl-, j for all i < j. Therefore, using (2.9), we conclude
that W, , commutes with Z7; for all i > j. Since W, , , is normal, it follows that it

commutes with all Z; j ’S [

Proposition 5.9. Let r be as in (5.3). Then,

* —
Wn+l,r Un+1 - Un+1 U
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Proof. We have
Wn*+ 1,r Un +1

k, k, k
= Z (ZnTll,nH "‘anll,r+1Z*+1 r(Zn+1 r+1) T (Zn+1 n+1) n+1)

kJ'EN
(r+1<j=<n+1)

k, k k,
X Z (Znillj—ll,n+1 e anlz,r+2 n+l1, r(Z +1, r+2) o (Zr)tk+1,n+1) n+1)

kjEN
(r+2<j<n+1)

_ kn+1 kr+2 kr+1 * * kr41
- Z (Zn+1,n+1' n+1,r+2 Z Zn+1,r+1 n+1,r(Zn+l,r+1) "
ijN kr+1€N
(r+2<j<n+1)

n+l r(Z +1, r+2) (Zn—H n+1) n+1)

. kn+1 ) +2 . +1
= Z (Zn+1,n+1 SEPANAEIDY I VA r+2) ' (Zn+1n+1) ),
ijN
(r+2<j<n+1)

and

*
Un+1Un+1

— k +1 k +2 *
= Z (Znil,n+1 i Znirr (Zog, r+2) (Zysins1) "“)
k}'GN
(r+2<j<n+1)

kn+1 kr+2 r+2 . +1
x Z (Zyitmsr Za s 2 Znsr p(Zy +1r+2) - (Z, +1n+1) n1)
kjEN
(r+2<j<n+1)

— kn+1 kri2 2 1
= Z (Zn+1,n+1 Ly 2 Prga, A(Zy +1, r+2) (Zn+1 n+1) " )
k,‘EN
(r+2<j<n+1)

Thus, we have the required equality. ]

6. Implications of irreducibility

We now further restrict our attention to the images of the z; ;’s under an irreducible rep-
resentation 7. Irreducibility will help us extract more information on the operators W; ;’s,
which will be needed in analyzing irreducible representations.

Proposition 6.1. Assume m is irreducible and let r be as in (5.3); i.e.,
r= min{l <i<n+1:7zp1) # 0}.
Then, there isa A € S such that W, s = = Al
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Proof. Since W, , is normal, by Theorem 5.8 and by the irreducibility of =, it is a
scalar operator. But it is also a partial isometry and

*
n+1,rWn+l,r z PnJrl,r 7& 0.

Therefore, we have the result. [

Our next goal is to show that for an irreducible representation , the operator Wy, 1 41
is an isometry. For that, we start with a few commutation relations.

Proposition 6.2. Let1 < j <r —1land1 <i < n. Then,
Wotrr+1Zij = Zi jWast1r+10 Wi, r+1Zij = Zij L1
Proof. This is an immediate consequence of Proposition 5.4. ]

Proposition 6.3. Let r be as above. Then one has:

W1 Znir =0, ry2<i<j, ©.1)
Znsr,jWirs1 = Wirs1Zns1,j Jj=is=n+l, (6.2)
ZiiWirs1 = ZijWipr = Wi, Zijy 1), 7 +2= ) (6.3)

Proof. The first equality follows from the fact that @, ., ; Q, ., ; = Ofori # 7.
For the second equality, observe that if j < i, then

_ k k *
Zpi1,jWirs1 =2, Z Zy1,iWisi 1 (Zy )" = Zpi1, Wit rt1s

keN
_ k k * _
Wi,r+1Zn+1,j = Z Zn+1,iWi—1,r+1(Zn+1,i) Zn+1,j = Wi—l,r+1Zn+1,j-
keN
By repeating the above, we get Z, \ W, .., =2, W, and W, ., Z ., =

w Z Finally, for j = i, one has

Jr+1“n+1,j"
— k A k *
Zn+l,j Wj,r+1 —Zn+1,j Z Zn+1,j Wj—l,r+l(zn+1,j)
keN

— k+1

Z Zn+1 J 1r+1(Zn+1 j)

keN
— k+1 *
_Zn—H J T j—=1r+1 + Z Zn+1 J 1r+1(Zn+1 j)

k>1
— * k+1 k+1 %
=Zn+1,iWi—1r+1Z3 11, ;Zn+1,j +Zzn+1JWJ Lr+1(Zy 30 ) Znsr,j
k>1

_ k k *
—ZZnJrl,jo—l,rH(Znﬂ,_/) Zn+1,j

k>1

=W 1Znsr,j —Wicipr1Znt1j = Wi Zogrj-

The last equation follows from the observation that Z; ;Z, ., ; = 0. ]



M. Giri and A. K. Pal

Proposition 6.4. Let j > r +2and 1 <i < j. Then,
ZiiWisir+1 = Wisi,r1Zijs Zij jfi-l,r+l = VVj+l,r+lZ;:j
Proof. Let j >r +2and 1 <i < j. Then, one has

ZiiWisir41 = Zij Z Zn+1 g+, ri1(Z, +11+1)

keN
_ k * k
- Z Zn+1,j+IZi,jVVj,r+1(Zn+1,j+l)
keN
* k
Zzn+lj+1 n+l,jZi,j+1u/j,r+l(zn+l,j+l)
k>1
Z Zn+1]+1W71 r+1(Z +1, 1+1) Z
keN

k+1
+ Z VA 1 Zni1,iWiri1 Zij1(Zygr j1) s

keN
and

_ k * k
VVj+1,r+IZi,j - Z ZnJrl,jJerVj,r+1(Zn+l,j+l) Zi,j
keN

k
= Z Zzn+1,j+1zz+1,jw 1r+1(Zn+l,j) (Z, +1j+1) Z

keN seN

Z Zn+],j+1W—1 r+1(Z +1]+1) Z
keN

688

k
+ Z Zzn+1,j+1zrs;+1,jW Lr1(Zai1, ) (Zy +1j+1) Z;;

keN s>1

_ 2 : k * k
- Zn+1,j+1ij—l,r+1(zn+1,j+1) Zi,j
keN

k
+ E Znir,j+1Zn1,iWirs1(Znir (s, /+1) Z;;
keN

Use Lemma 4.8 to get
ZiiWiviran = Wisi,m1Zi
= Z Zn+1,j+1Zn+1,jo,r+1 ,J+1(Z +11+1)

keN
k
- Z Zn+1,]'+lzn+1 J r+1(Zn+l 1)(Z +1, 1+1) Z
keN
_ k * *
- Z Zn+l,j+lzn+1,jVVj,r+1(Zi,j+l n+1,j+1 7 “n+1,j
keN
=0.

Thus, we have the required relation.

,])(Z +1 j+l)
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Proposition 6.5. Let 1 <i <r. Then, Z , commutes with w* i r+an+1,r+1'

Proof. From (5.8), wehaveforr +2 <j <n+1,

*

— kj kr+2 krs2
- Z Zn+1,j "‘Zn+1,r+2(Zn+1 r+1Zn+l,r+l)(Zn+l,r+2 (Zn+1,]) .
ijN
(r+2<j<n+1)

Hence,

Z W+1 r+1Wn+1,r+l W+1 r+1Wn+l,r+IZi,r

kn+1 kr42 * *
Z Zt st 2y 2 Zi Zy s pi1 Znttr 1= Zy st p 1 Znst 1 Zir)
kjEN k k
- +2 * +1 *
r2sj=nt) X210 10)" (2 )

Since Q11,419 11., = 0, we have

* _ 7%
Zi,an+1,r+IZn+l,r+1 - Zn+1 r+IZi an+1 r+1
*
=Z n+1, r+l(Zn+l r+lZi,r + Zn+1,rZi,r+l)

= Zn+1,r+lzn+l,r+lzi,r
Therefore, we have the equality Z; Wit ri it Wasir+1 = Wi s iWar1,41Zi,e ™
Proposition 6.6. Let | <i <r + 1. Then, Z; , ., commutes with W," ., . W, 1 4.
Proof. We have
1 ,r+1 W r+2,r+1 Wr+2,r+l

k *
1 r+1 Z Zn+1 r+2(Zn+1 r+lzn+l,r+l)(zn+1,r+2)

keN
— k * k *
- Z Zn+l,r+2(Zi,r+1Zn+l,r+lZn+1,r+1)(Zn+l,r+2)
keN
+ Z Zr]:+l,r+2(zn+1,r+1Zi,r+2ZrT+1,r+1Zn+1,r+1)(Zr]:j-_ll,r+2)*
keN
_ k k *
- Z Zn+1,r+2Zi,r+1(Qn+l,r+1 + Qn+1,r)(Zn+1,r+2)
keN
+ Z Zr]:+1,r+2(zn+1,r+1Zi,r+zz;1k+1,r+2)(Zr]f+l,r+2)*
keN
— k k *
- Z Zn+1,r+22i,r+1 Qn+1,r(zn+l,r+2)
keN

k * k *
+ Z Zn+1,r+2(Zn+1,r+1Zi,r+2Zn+1,r+2)(zn+1,r+2) ’
keN



M. Giri and A. K. Pal 690

and

| r+2,r+1 Wr+2 r+1 Zi r+1

k
( Z Zn+1 r+2(Zn+1 r+1Zn+1,r+1)(Zn+1,r+2)*)Zi,r+1
keN

= k * * k *
- ( Z Zn+1,r+2(Zn+1,an+1,r + Zn+1,r+lzn+l,r+l)zi,r+1(Zn+1,r+2) )
keN

k k
= Z Zn+1,r+2(Qn+1,rZi,r+1)(Zn+1,r+2)*
keN

+ Zzn—H r+2(Zn+1 r+lzn+l r+1 lr+l)( +1 r+2)
keN

Therefore,

i r+lW +2, r+1Wr+2,r+1 W r+2, r+1Wr+2,r+IZi,r+l
_ k *
- Z Zn+1,r+2(Zi,r+1 Qn+1,r - Qn+1,rZi,r+1)(Zn+1,r+2)

keN
k * * k *
+ Z Zn+1,r+22n+l,r+l(Zi,r+22n+l,r+2 - Zn+l,r+1Zi,r+l)(Zn+1,r+2)
keN
_ k * * k *
- Z Zn+l,r+22n+1,r+1(Zi,r+2zn+1,r+2 - Zn+1,r+1Zi,r+1)(Zn+l,r+2) .
keN

The right-hand side above vanishes by Lemma 4.8. Since Z; ., ; commutes with Z, ,
and Z; jfor j = r+3,itfollows that Z; . ; commutes with WiiirstWotirsr: ®
Proposition 6.7. Let 7 be irreducible. Then, W * 14t Wosi,1 =1

Proof. From Propositions 6.2, 6.4, 6.5, and 6.6, it follows that W,* , . .\ W, ., .., com-
mutes with Z cforall 1 <i <j <n+ 1. Therefore, using (2.9), we conclude that
Wn+1 r+1Wn+1 41 commutes with Z; for all i and j. Since W * n 141 Wat1r41 182
projection, and

*
Wit r+1Watir41 = Puir1 70,
we get the result. ]
The above result and Proposition 6.1 tell us that the operator W * w10 Was1,r41 18 also

an isometry. We next decompose the operators Z; ; using this isometry. This will be the
main tool in proving the theorems in the next sectlon.

Theorem 6.8. Assume 7 is irreducible. Define

w: n+lrWn+l r+1 _/\ n+1,r+1°

Zi,j ifj &ir,r +1},
1 _ e
Yi,] - Zi,rW ifj=r
W*Zi,r—i—l ifj=r+1,
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17 ifi=j=r+1,
w* ifi=j =r,
Y2 =31 -ww* ifi,jelrr+1yandi # ],
1 ifi =j &{rir+1}
0 otherwise.

Then, Y} € {(W.W*Y foralli. j and

max{i,j}
— (GO @)
Ziy= 2 YV (64)

k=min{i,;}

Before getting into the proof of the above theorem, we first prove two propositions
where we show that the elements Z; \W and W*Z, _, are in the commutant {W, W*}'.

Proposition 6.9. Let W be as defined in Theorem 6.8. Then, Z; ‘W € {W, W*} for1 <
1 <r.

Proof. Itis enough to show that Z, ‘W, .\ .. € {W, .1, W'y, ) - From Proposi-
tion 5.7, we have

(Zi,r Wn+1,r+1 - Wn+l,r+lzi,r)Wn+1,r+l = Un+IZi,r+1Wn+1,r+1'
Now note that

U"+1Zi,r+1 Wn+1,r+1

_ kn+1 kri2 * krio * kn+1
- Z (Znil,nﬂ"'Zn+1,r+zzn+1’r(zn+1,r+2) ' "'(Zn+1,n+1) ! )
kjEN
(r+2<j<n+1)

kn+1 kry2
X Zir+1 Z (Znn+1,n+1 Ly 2 lnt 1+
kjEN
(r+2<j=n+1)

k k
X (Zys1pi2) 2 2y )™ Y)

— kn+1 kr+2
- Z Zn+1,n+1 "'Zn+1,r+2(Zn+1,rZi,r+1Zn+1,r+1)

kjEN
(r+2<j<n+1)
* krya * kn+1
X (Zps1,42) " (Zyg1 4"
= Zon ez (2 Znin 2 )
- n+1l,n+1 n+1,r+2\“i,r+1“n+1,r “n+1,r+1
kjeN
(r+2<j<n+1)

X (Z:+1,r+2)kr+2 e (ZrTJrl,nJrl)k"+1
=0.
(6.5)
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Thus, Z W, n+1,r+1 COMmMutes with W A Lr+1 One also has
(Z +1 r+1) n*+l,r+l = Zi,r(] Uy Uy 1) =

Wn+1 r+1(er n+1, r+1) _Z W—H r+1W+l r+1 — Z

* / .
Thus, Z; ; Wyi1r11 € Wagr it Wi forl i <.

Proposition 6.10. Leti <r + 1. Then, W*Z; .., € {W ,W*}".

Proof. Let us first prove that W, | 1 Zir i Wasir+1 = Wata r+1Wn*+1,r+1Z
Observe that

* k
Zi,r-‘rl r+2,r+1 — Z Zn-H r+24i r+IZn+l,r+l(Zn+l,r+2)

keN
2 * k
+ Z Zn+1 ri2Ziri2 2yt r+1(Zytrr42)
k>1
2 * k+1
Z Zn+1 r+2<1i r+ZZn+l,r+l(Zn+l,r+2)
keN

Therefore,

W n+1, 7'+lZl r+1W +1,r+1

_ kn+1 krt2 2 *
= Z 2 L e e Zir 2 Zast e 1 2 1r42)

k eN Zkr+2 * an+1 *
(r+2<J<n+1) X (2 r42)” (25 )

_ kn+1 kry2 2 *
- Z Zn+1,n+l "‘Zn+1,r+2(zn+1 r+1Zn+1,r+1Zi,r+2Z +1, r+2)
k eN Zkr+2 * an+1 *
(r22j=nt) X ( ntr+2) (N ag1)

— kYH—l kr+2 *
= Z Zn+1,n+l "‘Zn+1,r+2(Pn+1,r+1Zn+1,r+1Zi,r+2Z +1, r+2)

k eN Zk,+2 * an+1 *
(r+2</<n+1) X (25t r2)” (25 )

— kn+l kr+2 *
- Z Zn+1,n+1 "‘Zn+1,r+2(Zn+1,r+1Zi,r+zz +1, r+2)

kjeN Zkr+2 * Zk,,+1 *
(r+2<1<n+1) X ( n+1,r+2) = n+1,n+1) ’

‘We also have

*
Wn+l,r+l n+1,r+1

_ kn+1 kr42 *
= > N ZetraZast s Zoir 1 Zi 1)

k eN Zkr+2 * an+1 *
(r+2<j<"+1) X (25 r2)” ()™

Zi,r+1

692

i,r+1°
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Hence, using Lemma 4.8, we get

W-‘rl r+IZt r+1W+1 r+1 Wn+1,r+1W+1 r+IZl r+1

— kn+1 kr+2 *
- Z (Zn+1,n+1 "'Zn+1,r+22n+1 r+1(Zt r+2Zn+1 r+2 -Z n+l, r+lzzr+1)

2k<]€<N 1 Zkr+2 * an+1 *
r42sj=nt ) X (2,50, 00) (2,5 )”)
= 0.
Since W commutes w1th all the Z, ;’s, we get W*Z, W =WW*Z, . Itremains
to prove that W*Z, ., W* = (W*)ZZI r1-Since Wy s an isometry, we have
* _ *
n+1,r+1 1r+1W+1 r+1Wn+1,r+1 - n+1,r+1Zi,r+1

*
W n+1, r+1Wn+1 r+1Wn+l,r+lZi,r+l
( +1 r+1) Zl r+1W

Therefore, it is enough to prove that

*

W+1r+lztr+1 n+1,r+1(1 n+1r+1W+1r+1)
— *
_( n+1,r+1) Zl r+1(1 n+1 r+1W+l r+l)'

Note that the left-hand side above is 0. Since by (5.12) we have

I - Wn+l,r+1W +1,r4+1 — Un U, n+1>

: *\2 _
it suffices to show that (W*)*Z, ., Uy41 = 0. Now,
Zi,r+1U"+1
_ Kn+1 kri2 kri2 * kn+1 *
= Zi,r+1( Z Zn+1,n+1"'Zn+1,r+ZZn+l,r(Zn+l,r+2) ”'(Zn+1,n+1)
kjeN
(r+2<j<n+1)
— kn+1 kry3 kri2
- Z Zn+1,n+l "'Zn+1,r+3Zi,r+1Zn+1,r+2Zn+1,r
kjeN k &
r+2 * n+1 *

(r+22j=n41) X (Z,51 ri2)" (2 1)
_ kn+1 kr43 kr42
- Z Zn+1,n+1"'Zn+1,r+3Zn+1,r+ZZi,r+1Zn+l,r

kjeN k k
r42 * n+1 *
(r+2<1<n+1) X(Z,)5 rg2)” (2 1)
+ Zhm ke 7 Z;
n+1,n+1 n+1,r+2%n+1,r+14i,r+2
ijN
; I+krio % 7krs3 * kn+1 *
r+2sjsntl) X (Z, 10 (2 ras)” - (2 )
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Hence,

(W*)zzi,r-H Un+1

_ kn+1 kri2 * 2, 7kri2 * kn+1 *
—< Z Zn+1,n+1"‘Zn+1,r+2(Zn+1,r+1) (Zn+1,r+2 "'(Zn+1,n+1)

k,‘EN
(r+2<j<n+1)
kn+1 krt3 kr+2
x ( Z Zn+1,n+1 "'Zn+1,r+3Zn+1,r+ZZi,r+1Zn+1,r
kjEN
(r+2<j<n+1)
kri2 * kn+1 * knt1 krt2
x (Zn+1,r+2) "'(Zn+1,n+1) + Z Zn+1,n+l "‘Zn+1,r+zzn+l,r+l
kjEN
(r+2<j<n+1)

1+krt2 Nk 7krt3 * kn+1 *
XZi,r+2(Zn+1,rr+2) (anrl,r+3 "'(Znn+l,n+1) )

_ kny1 kri3 kr+2
= Z ZpSint1 " Lokt 43 Znii 42
kjeN * 2 kr42 * kn+1 *
: r n
r2sj=nt) X (Zyi1 ;40 Zipr1Zngrr (Zai ) (2o ng1)

kn+1 kry2 * 2 7kri2 * k+k
+ Z (Zntl:l,n-i-l“'ani-+l,r+2(zn+l,r+l) (ani-l,r-i-z) (Zn+1,r+2) rtz

(r+];,§j'e<§+l) < 7 7 (Zk+1+kr+2)*(zkr+3 )* . (an+1 )*)
=J= n+1,r+1i,r+2\“n+1,r+2 n+1,r+3 n+l,n+1
_ Z (an+1 "'Zkr+2 (Z* )2(Z )kZ 7
- n+1,n+1 n+1,r4+2\“n+1,r+1 n+1,r4+2 n+1,r+1%i,r+2
kk; €N
A k+14krya\ % kry3 * knt1 *
42yt ) X (Z, ) (2,5 ) (25 )T)
=0.
Thus, the proof is complete. ]

For the remaining operators, i.e., W*Zi’r+1 fori > r + 2 and Zl.,rW fori >r+1,
we now invoke the relation (2.9). Observe that for i > r 4 2, one has

(Wn*+1,r+1Zi,r+1)*
=(Z11222 Zr))Zrsrr+2- Zi—1,) Zitri+1 7 Znt 1+ D Wat 1,041
=(Z11222 Zr—1r-DZ Want1r+0) 1427 Zic1,)(Zig1i+1* Znt1,n4+1)s

and fori > r + 1, one similarly has
(Zi,r Wn+1,r+1)*

*
= n+1,r+1(21,122,2 "'Zr—l,r—l)(Zr,r+1 "'Zi—l,i)(Zi+1,i+1 "‘Zn+1,n+1)

=(Zin1 222 Zra - OW i p1 Zrr 1 Zrsrr2 - Zic1,) Ziriv1 - Znsin+1)-
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Therefore, using the earlier results (Propositions 6.2, 6.9, and 6.4), we now obtain the
following proposition.
Proposition 6.11. Let W be as in Theorem 6.8. Then,
W*Z; ooy €W WY fori>=r+2,
Z; W elw, w*y  fori>r+1.
Proof of Theorem 6.8. From Propositions 6.2, 6.4, and 6.9-6.11, it follows that Yif}) IS

{W,W*} foralli, j.So it remains to prove (6.4). For that, we need to prove the following
equalities:

Z, WW* =2,  i<r (6.6)
Zi WA~ WW* +W*Z W =Z;, 0y i =T, (6.7)
W*Zi, W=Z, 0y izr+1, (6.8)

W*Zi, (L= WW* + Z, WW*=2Z;,  i>r+]l (6.9)

For (6.6), note that
Zi, (I =WW*)=Z; , (I =Wy, W10 = Zi, Uy Uy

Since i < r, we have

Zi,rUn+l

_ kn+1 kr+3 krt2 kri2 * kn+1 *

= Z Zy i1 L3 ln 2 i Znir e (230 1 42)™ - (2 )
kjEN

(r+2<j<n+1)

=0.

Therefore,

Zi WW*=2,,—=2;,(I -WW7)
=Zi,— Zi,rUn+1Un*+1
=0.
Next, let us prove (6.7). Use Proposition 5.7 to get
Zi WA =WW?*) = Wi Zi Wy (= WWT)
=W Wi, Ziy + U1 Zi oy DA = W)
=WZ, (I =WW*") + W', Uy 1 Z p (I = WWT)
=WZ, Uy, Upss + Uy Upa Z o (1 = W)
= (I =WW"Z, . (I = WW™).
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Since W*Z. commutes with W, we get
i,r+1 g

Zi’,W(I —WW* + W*Z,-,,HW = (I — WW*)ZMH(I —WW* + WW"‘ZL,+1
=Zipp— U = WW*)Zi,r-i-lWW*
= Zi,r+1 - U:+1Un+lzi,r+1WW*'

By (6.5), the second term in the right-hand side above vanishes. Therefore, we have (6.7).
For proving (6.8) and (6.9), we will need the following equality:

W*Zi,,H — Zi,r-HW* = Zi,r(l —WW* ifi>r+1. (6.10)
Here,

Z;jr+1Wn+1,r+1 - Wn+1,r+1Z£k,r+1
= (21,122,2 Zr,r)(Zr+1,r+2"'Zi—l,i)(zi+1,i+1 "‘Zn+1,n+1)Wn+1,r+1
W1, 41Z11225 Z, )N Zsr g2 Zic1, ) Ziiriv1 Zngint1)
= (21,122,2 Zr—l,r—1)(Zr,rWn+1,r+1 - Wn+1,r+lzr,r)
X(Zypigq2 Zici) Zigriv1 " Zngint1)
=Z11 2y Zo gy D WUnir Zyp ) Zp iy i Zin ) Zigrinr ks 1)
= Un+1(Zl,1Z2,2 "‘Zr—l,r—1)(Zr,r+1Zr+1,r+2 "‘Zi—l,i)(zi+1,i+1 "‘Zn+1,n+1)
= Up+1Z},.
Therefore, we have
W*Zi,r+l - Zi,r+lW* = Zi,rUn*-i-an-i-l,r =2, - WW?).
Using the above equality, we get
WZio W —=Zipp1 =W*Zip = Zi p (WHW
=Z,,(—- WW*W
=0.
Thus, we have (6.8). Next,
W*Zz’,r+1([ -WW*) + Z,-,,WW*
= (Zi’,HW* +Z;, (- WW*))(I —WW?*) + Zi’,WW*
=Zi,

Thus, we have proved (6.9). This completes the proof of Theorem 6.8. ]
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7. Classification theorem

We are now in a position to prove a factorization theorem for the irreducible representa-
tions of the C *-algebra C(SUq(n + 1)) that will subsequently lead to a recursive proof of
the classification theorem for all irreducible representations of C(SUg(n + 1)).

Theorem 7.1 (Factorization theorem). Suppose m is an irreducible representation of
C(SUg(n + 1)) on a Hilbert space H. Assume r = r(;w) < n where r is as in (5.3).
Then, there is an irreducible representation w1 of C(SUg(n + 1)) acting on a Hilbert
space J1 such that r(w1) = r + 1 and 7 is unitarily equivalent to the representation
71 * Vs, acting on ¥ ® L2(N) given by

max{Z,j}

moxYs ()= Y. mE) ®Vs (5 ). 1<ij<n+l
k=min{i,;j}
Proof. From Proposition 6.7, we know that W is an isometry. Since U, U, 11 = P, ¢,
it follows from (5.12) that W is not a unitary. By Wold decomposition, there are Hilbert
spaces Jfy and J¢; and a unitary U on H, such that (J, W) is unitarily equivalent to
((H1 ® L2(N)) @ Ho, (I ® S*) @ U). By Theorem 6.8, the subspace #; ® £2(N) is
kept invariant by Y(l) Yl(i), (Yif}))*, and (Yif?)* for all i, j. Therefore, the subspace
H1 ® €2(N) is an 1nvar1ant subspace for 7. By the irreducibility of 7, it follows that
Ho = {0}.
Thus, there are operators Zl(ll) € L(H1)and Z 1(2]) € £({?(N)) such that

vW=z"er1 v®@=19z2 1<ij<n+1.
and we have
max{i,j}
Zi,= Y zRezd. 1<ijsn+l.
k=min{i,;}

In fact, one has

S* ifi=j=r+1,

S ifi=j=r

Z.(,Z.) =4 Py ifi,je{r,r+1}andi #j, 7.DH
1 ifi=j&{r,r+1},

0 otherwise.

Thus, the map z; ; = Z; (2) defines a representation of C(SUq(n + 1)) on £2(N) which is
in fact the representatlon Wsr defined in Section 3. Observe that the Z;° @ ) s belong to the
Toeplitz algebra .7 C £(¢?(N)). Therefore,

n(z; ;) € £(H) ® T foralli, . (7.2)



M. Giri and A. K. Pal 698

Leto : 7 — C be the x-homomorphism given by S + 1. Then, one has
z{") =(id ®0)Z; ; = (id ® 0)n(z; ;).

Thus, the map 7y : z; ; = Zi(,lj) gives a representation of C(SUg(n + 1)) on Hy and we

i
have
max{i,j }

”(Zi,j)= Z m(zi,k)®ws,(zk,j), 1<i,j<n+1
k=min{i,j}
If T belongs to the commutant of 71 (C(SUg(n + 1))),then T ® I € 7 (C(SUp(n + 1)))’.
By the irreducibility of m, it follows that 7 = I. Thus, m; is irreducible. Using (2.1), we
get
71 (Zpy1) = Zpgr ;W = 0.

Also, note that

W Zyp1p3 )" W Zy 1) = Zp1 ot WWW 2y
= Potir+1 = Zypy o U —WWHZ, g
= In+lr+1 — Z;+l,r+lU:+lUn+IZn+1,r+l
= Put1,r+1 # 0.
Thus, we have
min{i 1<i<n+ l,nl(znﬂ’i) 750} =r+1.
This completes the proof. u

We next come to the main result that gives a parametrization of all the irreducible
representations.

Theorem 7.2. Let w be an irreducible representation of C(SUy(n + 1)) on a Hilbert
space H. Then, thereisa ) = (A1, ..., n) € (SY)" and a reduced word w in G, 1 of the
Jorm Sia, b 1STar_ 1 be_y] " Slar,br] Where 1 < by <bp_y <-<by <n,and 1 <a; < b;
for1 <i <k, such that w = 5 4.

Proof. Note that when 7w = v, . then 1 <r < n impliesb; =nanda; =r.

It was proved in [6] that the statement holds for n = 2. Let us assume that it holds
for n — 1. Let us first deal with the case r = n + 1. In this case, from Proposition 5.1, it
follows that Z, 1, = 0 for 1 < j < n. Therefore, we have

6] Pn+1,n+l = Qn+l,n+l =1,

2) Zi,nJrl =0forl <i<n,

(3) Zi’jzn+1’n+1 = Z,,+1,n+1Zi’j for all i, ]
Therefore, Z,, | , ;1 1s a unitary and any spectral subspace of Z, ,; ,.; is an invariant
subspace for 7. By the irreducibility of s, it follows that Z,,, , . ; = pol for some
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o € S'. Now define

V4 ifl<j<mandl <i <n-1,

L

,qui’j ifl <j<mnandi =n,
where zi(’"j_l)’s denote the generators for C(SUg(n)). Then, ¢ is an irreducible represen-
tation of C(SUgy(n)) on J. Therefore, there is a pt = (i1, ..., ptn—1) € (SH)" ! and a
reduced word

W = S[a; by ] Slar,bi] € ©n S Gnta

where 1 < by < br—y <--- < by <n —1 such that my = ¥, . We thus have
= 1/[/’\.,(1)3

where A = (1, U2, ..., fn—1, Ko)-

Next, assume 1 < r < n. By an application of the second factorization result proved
earlier (Theorem 7.1), it follows that there is an irreducible representation r; acting on a
Hilbert space #; such that () = r + 1 and w = 71 * ¥y, ; i.e.,

max{i,j }

n(z; ) = Z 712 k) 8 Vs (2 )-

k=min{i,;j}

Using Lemma 3.1 and by the repeated application of Theorem 7.1, we conclude that there
is an irreducible representation 1y acting on a Hilbert space #y such that r(wg) = n + 1
and . = 7o * Y, ;- By the previous case, the result now follows. ]

Remark 7.3. Note that one gets the one-dimensional representations v/, ;4 given by (3.6)
when r = m + 1 in each of the steps m =n,n —1,...,2 in the above recursive procedure.

8. Corollaries of the classification theorem

In this section, we present a few important consequences of the classification theorem.

Proposition 8.1. The set
{Vrow:Ae (SHY", w a reduced word in Gns1}

gives all inequivalent irreducible representations of C(SUg(n + 1)).

This follows from Theorems 3.8 and 3.9 in Section 3 and Theorem 7.2.

Recall that O(SUg(n + 1)) denotes the *-algebra given by the relations (2.1)—(2.8)
in Theorem 2.1. Thus, the space @ (SUy(n + 1)) can be viewed as a dense *-subalgebra
of C(SUg(n + 1)), and the family v, ,, gives all the irreducible *-representations of this
algebra.
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Proposition 8.2. C(SUqy(n + 1)) is a C*-algebra of type I.

Proof. For each 1 <r <k, let iy and j; be nonnegative integers for a, < s < b,. Let
le;) (ej| be the rank one operator x > (ej, x)e;. Denote by T the operator

lei,, Yes,, | ® lei, _ ) e, | ® - ® e, )ej, |-

It is enough to prove that the tensor product Ty ® Ty—1 ® -+ ® T belongs to the image
Viw(C(SUo(n + 1))).

We will use the operators

E;; = * ViilV;

J n'(j,i),i o |Vl,a1|

71,(11'_1 | : |Vj72,aj_2| :
described in Corollary 3.6 for this. Recall that

k 1 1—i . Il
E]',i — I®Zs:j+l(bs—as+1) ® (P(;@(bj-'_l i) ® S* ® I®(z—aj—1)) ® P0®Zs=1(bs as“l‘l).

Now observe that |e;) (e;| = (S*)* PoS/ and hence

Ty

ibk i“k *
E k,1+bk)

Ek,1+bk Bk 1ay

Ja
Ek,ak (Ek,11€+ak))k (B

=T ® P(?(bk—l—ak—rf‘l) Q- ® P0®(b1—al+1).

Thus, T ® P0®(b""_ak’1 Neg.. P(?(b‘_alﬂ) belongs to ¥, (C(SUp(n+1))). Hav-
ing proved that

T =T ®@Tiy ® @ Ty ® PEC 47V g ... @ pBli—ar+D)
belongs to Y1, (C(SUp(n + 1))), note that

. Jas Tbs
fas T(E; ) Y g )" (E Ty p )"

ipg
E ' ES,I-‘ras

s,14b5 "

— Tk ® Tk—l R ® Ts ® P0®(bs—l_as—1+1) Q- ® P0®(bl_a1+l).
Thus, by repeating the argument, the result follows. ]

Proposition 8.3. For the C*-algebra C(SUqy(n + 1)), we have the following:

(1) The map
max{i,j}

A= D Zx®z,
k=min{i,;}

extends to a unital C*-homomorphism from C(SUq(n + 1)) to the tensor product
C(SUp(n + 1)) ® C(SUp(n + 1)).

(2) The C*-algebra C(SUqy(n + 1)) together with A and the one-dimensional repre-
sentation € = Vg4 is a C*-bialgebra, i.e., a compact quantum semigroup.
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The proof is identical to the arguments used for the n = 2 case in [6]. Observe also
that the restriction of A and ¢ to @(SUy(n + 1)) turns it into a *-bialgebra. Using this
map A, one can write the representations v, ., as convolution products of X and s,
just as in the ¢ # 0O case.

Let 1 <m < n. Denote the generators of C(SUg(m + 1)) and C(SUgy(n + 1)) by zl.(";)
and zl.(flj), respectively, and their comultiplication maps by A, and A, respectively. Then,
it follows from the defining relations (2.1)—(2.9) that the map ¢ from C(SUgy(n + 1)) to
C(SUg(m + 1)) given by

(m)

zip ifl1<ij<m+1,

p(z") = {

8;,; otherwise

is a surjective C *-homomorphism and one has

(¢ ® ¢)An = Am¢~

Thus, (C(SUg(m+1)), Ay,) is a compact quantum subsemigroup of (C(SUg(n + 1)), Ap).
By the same argument used for C(SUg(3)) in [6], it follows that (C(SUg(n + 1)), Ap) is
not a compact quantum group.

Theorem 8.4. The crystallized algebra C(SUqg(n + 1)) is isomorphic to the C*-sub-
algebra of the space of bounded operators on {*(Z)®" ® {>(N )®n(n2+ 0 generated by the
limits

L@ infi— 7,0}
Jm, v D((=g)™™ "%, 1(q)),

where @ is the Soibelman representation of C (SUg(n + 1)).
Proof. Similar to the case of nonzero g, one can prove that the direct integral ¥ (© of
the representations ¥/, ., over A € (S1)", where wy is the longest word in &, 41, is a

faithful representation of C(SUy(n + 1)) acting on £2(Z)®" ® 62(N)®an+ Y Tt simple
to check that the limits limg o4 w(Q)((_q)min{i—j,O}uiJ (q)) exist and one has

v, = tim v @ ()™ ().

Therefore, the result follows. [

Finally, we have the following important property of our crystallized algebra.

Theorem 8.5. Suppose n© is an irreducible representation of the crystallization
C(SUg(n 4 1)) (respectively O(SUqg(n + 1))) on a Hilbert space H#. Then, there exist
irreducible representations =@ of C (SUq(n + 1)) (respectively O(SU4(n + 1))) on the
same Hilbert space # such that

7O ) = qgr&n@((—q)mi"”—f"’}ui,j(q)), i,je{l,2,....n+1}.
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Proof. This follows from Theorem 3.9, Proposition 8.1, and Soibelman’s result [13, The-
orem 6.2.7, p. 121]. [

Remark 8.6. Recall (see the discussion after [6, Remark 2.2.2]) that there is a specializa-
tion map
-1
0 : 02 (SUM + 1)) — O4(SU@ + 1))

such that the limits in Theorem 8.4 are limg_ o4 v @ o 04 ((—t)min{i—j’O}ui,j ()). Thus,
Theorem 8.4 realizes the crystallization C(SUg(n + 1)) as a C*-algebra of bounded
operators on the Hilbert space that carries the Soibelman representation of the family
C(SUy(n + 1)) and is generated by a collectlon of operators that are ¢ — 0+ limits of
images of certain matrix entries from (QQ[Z - ](SU(n 4+ 1)). This is very similar to the
description of the crystallized C*-algebra given by Mattassa and Yuncken [16]. How-
ever, there are crucial differences. In particular, the generating collection of matrix entries
used are different, and more importantly, the coordinate function algebras from where they
come are over different subrings of Q (7). We believe that the two crystallized C *-algebras
are isomorphic; however, we do not have a proof of this yet.
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