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Irreducible representations of the crystallization of the
quantized function algebras C.SUq.nC 1//

Manabendra Giri and Arup Kumar Pal

Abstract. The crystallization of the C�-algebras C.SUq.nC 1// was introduced by Giri and Pal
in [Proc. Indian Acad. Sci. Math. Sci. 134 (2024), article no. 30] as a C�-algebra C.SU0.nC 1//
given by a finite set of generators and relations. Here we study the representations of the C�-algebra
C.SU0.n C 1// and prove a factorization theorem for its irreducible representations. This leads
to a complete classification of all irreducible representations of this C�-algebra. As an important
consequence, we prove that all the irreducible representations of C.SU0.n C 1// arise exactly as
q ! 0C limits of the irreducible representations of C.SUq.nC 1//. We also present a few other
important corollaries of the classification theorem.

Dedicated to the memory of K. R. Parthasarathy (1936–2023).

1. Introduction

The theory of crystal bases in quantum group theory was developed in the early 1990s
independently by Kashiwara [11, 12] and Lusztig [14, 15]. In particular, Kashiwara [12]
had produced crystal bases for the coordinate ring O.Gq/ of regular functions for the
q-deformation of a complex simple Lie groupG viewed as a module over the correspond-
ing quantized universal enveloping algebra Uq.g/ of the Lie algebra g of the group G.
Loosely speaking, this can be thought of as a q! 0 limit of a basis of the module O.Gq/

in the algebraic setup. In the present paper, we will be concerned with the notion of the
crystallization of the algebra (or �-algebra) structure of O.Gq/. The q! 0 limits of coor-
dinate function algebras on different quantum spaces have appeared in the literature; see
for example [9,10,24]. But these were defined in a rather ad hoc manner. A more system-
atic approach was taken up in [6] where the notion of crystallization for the C �-algebras
C.Kq/,K D SU.nC 1/, n� 2, was introduced by the present authors. This was followed
by the work of Giselsson [8] who looked at the SU.3/ case and proved that C.SU0.3//
is the C �-algebra of a graph of rank 2, and Matassa and Yuncken [16] who introduced
the notion of crystallization in a wider setup, including in particular all connected sim-
ply connected compact Lie groups K and proved that the crystallized algebras C.K0/
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are higher-rank graph C �-algebras, in the process setting up a link between the theory of
crystal bases and the crystallization of coordinate function algebras.

The two definitions of crystallization given in [6, 16] are slightly different. In simple
terms, the difference between the two definitions is as follows. Matassa and Yuncken [16]
take a specific faithful representation �q which acts on the same Hilbert space H for dif-
ferent values of q and define the C �-subalgebra of the bounded operators on H formed
by the q ! 0C limits of the operators �q.a/ for certain elements a 2 O.Kq/ to be the
crystallization of C.Kq/. In [6] on the other hand, we observe that for every irreducible
representation of C.Kq/, the canonical generating elements, scaled appropriately, obey
the same set of relations and use those relations to define the crystallized algebra. In this
article, we will study irreducible representations of the crystallization of the C �-algebras
C.SUq.nC 1// as defined in [6]. In particular, we will classify all irreducible representa-
tions of the crystallized algebra. As one of the consequences, we realize our crystallized
algebra as a C �-subalgebra of operators on the Hilbert space on which the Soibelman rep-
resentation (see Section 3 for the definition) of the C �-algebras C.SUq.nC 1// resides.

One immediate outcome of the way the crystal limit of C.SUq.nC 1// is defined in
[6] is that for any irreducible representation �q of C.SUq.nC 1//, taking the limits of the
scaled generators, one gets a representation of the crystallized algebra C.SU0.nC 1//. In
the present paper, we prove that the representations that arise in this way are irreducible
and inequivalent, and they give all the irreducible representations of C.SU0.n C 1//.
Recall [13, Chapter 3] that in the q¤ 0 case, Soibelman develops the representation theory
of C.Kq/ in terms of highest weight modules in classifying all the irreducible representa-
tions of C.Kq/. It is not clear to us at this point if his techniques can be modified and used
for classifying the irreducible representations of C.SU0.n C 1//. The proofs presented
here use elementary tools involving Hilbert space operators.

The classification result that we prove here was proved for the n D 2 case in [6].
However, the technique of proof used here is different. For the n D 2 case, an irreducible
representation was classified by extracting the invariant quantities needed to describe it
(these correspond to the different cases in the proof of the main theorem in [6]) and then
directly setting up a unitary equivalence for the two representations. However, for higher
values of n, it becomes difficult to make a similar proof work. The proof we give here is
a recursive one. We prove a factorization theorem for irreducible representations, and by
the repeated application of it, we are then able to use the classification statement for n� 1
case, which then gives us the result.

The main motivation behind looking at the crystallizations of the C �-algebras C.Kq/
and their representations comes from the local index computations of Connes for SUq.2/
[4] and from a subsequent result in Chakraborty and Pal [3] where they prove an approx-
imate equivalence involving the GNS representation of the Haar state of SUq.2/ and the
Soibelman representation of C.SUq.2// on the Hilbert space `2.Z/˝ `2.N/. The main
observation in [3] was that this approximate equivalence is what is going on structurally
behind the computations of Connes [4] on the equivariant spectral triple for SUq.2/. To
obtain the unitary that gives the approximate equivalence, it was observed that ‘at q D 0’,
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the above two representations give two representations of a q D 0 version of the C �-
algebra C.SUq.2//. One gets this C �-algebra if one replaces q by 0 in the defining
relations of C.SUq.2// (see [24]). Up to unitary equivalence, the GNS representation
at q D 0 is then an amplification of the other representation at q D 0, and this same uni-
tary then gives an approximate equivalence for the nonzero values of q. By Soibelmen’s
classification result, for all connected simply connected compact Lie groups K, the C �-
algebra C.Kq/ admits a faithful representation on a nice Hilbert space, just like that of
C.SUq.2// mentioned above (this representation has been referred to as the Soibelmen
representation in [16] – we will adopt the same terminology here). We expect that the
study of the crystallizations of C.Kq/ for other compact Lie groupsK and their represen-
tations will shed more light on the relation between the GNS representations of the Haar
states for these quantum groups and their Soibelman representations, thereby leading to a
better understanding of the equivariant spectral triples for these quantum groups given by
Neshveyev and Tuset in [18]. From an application standpoint, the origin of crystallization
of quantized function algebras can thus be traced back to the computations by Connes on
equivariant spectral triples for SUq.2/ (and similar computations on equivariant spectral
triples for other homogeneous spaces in [20, 23], etc., following Connes’ ideas) and the
more recent paper [3] where the role of the algebra at q D 0 was further clarified.

It is important to note that for the crystallizations ofC.Kq/ to be useful in the way indi-
cated above, the crystal limits must have the property that the representations of C.Kq/
give rise to the representations of the crystallized algebra C.K0/ by sending the genera-
tors of C.K0/ to the limits of the (scaled) generators for C.Kq/. Our main result in this
paper says that in the type An case that we have considered, this is the case for irreducible
representations of C.Kq/.

Let us now give a brief outline of the content of this paper. In Section 2, we recall the
crystallzation of the C �-algebras C.SUq.nC 1//. One consequence of the way the crys-
tallized algebra is defined is that every irreducible representation of C.SUq.nC 1// gives
rise to a representation of the crystallized algebra C.SU0.nC 1// in the limit q ! 0C.
In Section 3, we prove that each of these representations is irreducible, and the rep-
resentations arising from the limits of two inequivalent irreducible representations are
inequivalent. Sections 4–7 are devoted to proving that any irreducible representation of
C.SU0.n C 1// must occur in this way. In Section 4, we prove that the generating ele-
ments zi;j are all partial isometries. We also prove a few relations that play a very useful
role in the subsequent sections. In Section 5, we study the image �.C.SU0.nC 1/// and
its closure for a representation � of C.SU0.nC 1// on a complex separable Hilbert space.
In Section 6, we further specialize to an irreducible representation � , which helps us draw
stronger conclusions on the operators we define in Section 5. In particular, we are able
to decompose the operators �.zi;j / in a certain way (Theorem 6.8) that helps us prove
a factorization theorem for irreducible representations (Theorem 7.1) in Section 7. This
factorization theorem, in turn, helps us give a recursive proof of the classification theorem
for all irreducible representations of C.SU0.nC 1//. In particular, the classification result
tells us that any irreducible representation must occur as a q! 0C limit of an irreducible
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representation for C.SUq.n C 1//. In the final section, we present this and a few other
important corollaries of the classification theorem.

It will be good to mention a couple of very important questions related to our study
that we do not touch upon in this paper. The first is about the two notions of crystallization
given in [6, 16] mentioned earlier: whether they result in the same C �-algebra. We make
a few remarks on this in the last section (see Remark 8.6). The other is the possible q-
invariance of the C �-algebras arising as quantized function algebras of a Lie group or its
homogeneous space. This has been investigated in various cases in the literature; see for
example [9, 10, 17, 21, 24]. For the case of SU.n C 1/, Giselsson proved in [7] that the
C �-algebras C.SUq.nC 1// are isomorphic for q 2 .0; 1/. So the question that remains
to be settled in this case is whether the crystallized algebra C.SU0.nC 1// is isomorphic
to the ones for q 2 .0; 1/. The results in the last section, where the crystallized algebra is
realized as a C �-algebra of operators on the same space as the Soibelmen representation
of all the C.SUq.nC 1//’s, might be useful in settling this question.

A word about the notations used for the quantized function algebras. For a Lie group
K, we will denote the algebra of regular functions on the q-deformation Kq by O.Kq/

and the C �-algebra of continuous functions on it by C.Kq/. For the group SU.n C 1/,
however, we deviate from this and use the more widely used notations O.SUq.n C 1//
and C.SUq.nC 1//, respectively.

2. The crystallized algebras C.SU0.nC 1// and O.SU0.nC 1//

Let us start by recalling the following theorem from [6].

Theorem 2.1 ([6]). There is a universal C �-algebra generated by elements zi;j , 1 �
i; j � nC 1, satisfying the following relations:

zi;j zi;l D 0 if j < l; (2.1)

zi;j zk;j D 0 if i < k; (2.2)

zi;lzk;j � zk;j zi;l D 0 if i < k and j < l; (2.3)

zi;lzk;j D 0

´
if i < k; j < l

and max¹i; j º � min¹k; lº;
(2.4)

zi;j zk;l � zk;lzi;j D zi;lzk;j

´
if i < k; j < l

and max¹i; j º C 1 D min¹k; lº;
(2.5)

zi;j zk;l � zk;lzi;j D 0

´
if i < k; j < l

and max¹i; j º C 1 < min¹k; lº;
(2.6)

z1;1z2;2 � � � znC1;nC1 D 1; (2.7)

zi;j z
�
r;s � z

�
r;szi;j D 0; if i ¤ r and j ¤ s; (2.8)



Irreducible representations of C.SU0.nC 1// 661

z�r;s D

8̂̂<̂
:̂
.z1;1 � � � zs�1;s�1/.zs;sC1zsC1;sC2 � � � zr�1;r /.zrC1;rC1 � � � znC1;nC1/ if r > s;

.z1;1 � � � zr�1;r�1/.zrC1;rzrC2;rC1 � � � zs;s�1/.zsC1;sC1 � � � znC1;nC1/ if r < s;

.z1;1 � � � zs�1;s�1/.zsC1;sC1zsC2;sC2 � � � znC1;nC1/ if r D s:
(2.9)

The C �-algebra in the above theorem is defined to be the crystallization of the family
of C �-algebras C.SUq.nC 1// in [6]. This will be denoted by C.SU0.nC 1//. The �-
algebra given by the above set of relations is similarly defined as the crystallization of the
quantized algebra of regular functions O.SUq.nC 1//. We will denote this �-algebra by
O.SU0.nC 1//.

The following is an easy consequence of the relations satisfied by the generators of the
algebra O.SU0.nC 1//.

Proposition 2.2. Let 1 � i � j � nC 1. Then,

.zi;iziC1;iC1 � � � zj;j /
�

D .z1;1z2;2 � � � zi�1;i�1/.zjC1;jC1zjC2;jC2 � � � znC1;nC1/: (2.10)

Proof. Note that for i D j , it follows from (2.9). We will assume that the equality holds
for i � j < nC 1 and prove that it holds for i � j C 1 also. Using (2.6) and (2.9), we get

.zi;iziC1;iC1 � � � zjC1;jC1/
�

D z�jC1;jC1.zi;iziC1;iC1 � � � zj;j /
�

D .z1;1z2;2 � � � zj;j /.zjC2;jC2zjC3;jC3 � � � znC1;nC1/

� .z1;1z2;2 � � � zi�1;i�1/.zjC1;jC1zjC2;jC2 � � � znC1;nC1/

D .zjC2;jC2zjC3;jC3 � � � znC1;nC1/.z1;1z2;2 � � � zj;j /

� .zjC1;jC1zjC2;jC2 � � � znC1;nC1/.z1;1z2;2 � � � zi�1;i�1/

D .zjC2;jC2zjC3;jC3 � � � znC1;nC1/.z1;1z2;2 � � � zi�1;i�1/

D .z1;1z2;2 � � � zi�1;i�1/.zjC2;jC2zjC3;jC3 � � � znC1;nC1/:

This completes the proof.

3. q ! 0C limits of representations

In this section, we will be concerned with the representations of C.SU0.nC 1// that arise
as q ! 0C limits of the irreducible representations of the C �-algebra C.SUq.n C 1//.
We will start by recalling briefly the irreducible representations C.SUq.nC 1// from [13]
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where the irreducible representations of C.Kq/ for all connected simply connected com-
pact Lie groups K were classified. It should be mentioned in this context that following
Soibelman’s ideas, the irreducible representations of the quantized function algebras for
more general classes of spaces were later studied and classified by Dijkhuizen and Stok-
man [22] and Neshveyev and Tuset [19]. The results in these papers will have an important
role to play in studying the crystallizations of quantized function algebras in those cases,
exactly like the role Soibelman’s results play in the present case.

The Weyl group for SUq.n C 1/ is isomorphic to the permutation group SnC1 on
n C 1 symbols. Denote by si the transposition .i; i C 1/. Then, ¹s1; s2; : : : ; snº form a
set of generators for SnC1. For a; b 2 N with a � b, let us denote by sŒa;b� the product
sbsb�1 � � � sa in SnC1. Let 1 � k � n, 1 � bk < bk�1 < � � � < b1 � n, and 1 � ai � bi for
1 � i � k. It follows from the strong exchange condition and the deletion condition in the
characterization of Coxeter system (see [1, 5]) that ! D sŒak ;bk �sŒak�1;bk�1� � � � sŒa1;b1� is a
reduced word in SnC1. It is well known that if k D n, ai D 1 and bi D i for 1 � i � n,
then one gets the longest element !0.

Let S be the left shift operator and N the number operator on `2.N/:

Sen D

´
en�1 if n � 1;

0 if n D 0;
Nek D kek ; k 2 N:

Let us denote the generators of the C �-algebra C.SUq.n C 1// by ui;j .q/. Denote by
 
.q/
sr the following representation of C.SUq.nC 1// on `2.N/:

 .q/sr

�
ui;j .q/

�
D

8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

S
p
I � q2N if i D j D r;p
I � q2NS� if i D j D r C 1;

�qNC1 if i D r; j D r C 1;

qN if i D r C 1; j D r;

ıi;j I otherwise:

(3.1)

For a reduced word ! D si1si2 � � � sim 2 SnC1, define  .q/! to be  .q/si1 �  
.q/
si2
� � � � �  

.q/
sim

.
Here, for two representations � and  , � �  denotes the representation .� ˝  /�q ,
where �q is the comultiplication map on C.SUq.nC 1//.

Next, let � � .�1; : : : ; �n/ 2 .S1/n. Define

�
�

�
ui;j .q/

�
D

8̂̂<̂
:̂
�iıi;j if i D 1;

x�nıi;j if i D nC 1;

x�i�1�iıi;j otherwise:

(3.2)

A well-known result of Soibelman [13, Theorem 6.2.7, p. 121] says that for any reduced
word ! 2 SnC1 and a tuple � � .�1; : : : ; �n/ 2 .S1/n, the representation

 
.q/

�;!
WD �� �  

.q/
! (3.3)
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is an irreducible representation of C.SUq.nC 1//, and these give all the irreducible rep-
resentations of C.SUq.nC 1//. If one takes the longest word !0 in SnC1 and takes the
direct integral of the representations  .q/

�;!0
with respect to �, one gets a faithful repre-

sentation  .q/ of C.SUq.nC 1// acting on `2.Z/˝n ˝ `2.N/˝
n.nC1/
2 (or equivalently on

L2.S1/˝n ˝ `2.N/˝
n.nC1/
2 ). Following [16], this will be called the Soibelman represen-

tation.
Let us define

Zi;j D lim
q!0C

.�q/min¹i�j;0º 
.q/

�;!

�
ui;j .q/

�
; (3.4)

where  .q/
�;!

is the representation of C.SUq.nC 1// defined above. It has been shown in
[6, Propositions 2.1, 2.3, 2.4, 2.6, and 2.7] that the above limits exist and the operators
Zi;j obey the relations (2.1)–(2.9). Therefore,

 �;!.zi;j / D lim
q!0C

.�q/min¹i�j;0º 
.q/

�;!

�
ui;j .q/

�
; i; j 2 ¹1; 2; : : : ; nC 1º; (3.5)

defines a representation of C.SU0.nC 1// on the Hilbert space `2.N`.!//, where `.!/
denotes the length of the element !. In particular, if ! is the identity element, its reduced
word is the empty word and the representation  

�;!
in this case is a one-dimensional

representation given by

 �;id .zi;j / D

8̂̂<̂
:̂
�iıi;j if i D 1;

x�nıi;j if i D nC 1;

x�i�1�iıi;j otherwise:

(3.6)

If � D .1; 1; : : : ; 1/, we will denote  
�;!

by just  ! . The remaining part of this section
is devoted to the proof of irreducibility of  

�;!
and their inequivalence for different pairs

.�; !/.
Let us start with the observation that the representation  sr is given by

 sr .zi;j / D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

S if i D j D r;

S� if i D j D r C 1;

P0 if i ¤ j and i; j 2 ¹r; r C 1º;

ıi;j I otherwise;

(3.7)

where P0 denotes the rank one projection

je0ihe0j D I � S
�S:

The following lemma is an important observation that will be used in the proof of the main
theorem in the last section. The proof is straightforward and hence omitted.
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Lemma 3.1. Let ! D sŒak ;bk �sŒak�1;bk�1� � � � sŒa1;b1� and let !0 D !sa1�1. Then,

 �;!0.zi;j / D

max¹i;j ºX
mDmin¹i;j º

 �;!.zi;m/˝  sa1�1.zm;j /: (3.8)

Diagrams for the representations  �;!. We will next introduce certain diagrams for
the representations  �;! similar to those introduced in [2] for the case of SUq.n C 1/
for nonzero q. These diagrams will be very helpful in understanding the images of the
generating elements zi;j of the C �-algebra C.SUq.nC 1//. In particular, they will play a
very important role in proving the irreducibility of the representations  �;! in the present
section and later on while characterizing all irreducible representations, these diagrams
will once again be helpful by providing us with the necessary ideas and intuition.

Let us start with the diagrams for the representations  si and  si sj .

 si

C

�

`2.N/

1

j

j C 1

i

i C 1

n

nC 1

1

j

j C 1

i

i C 1

n

nC 1

 sj

C

�

`2.N/

1

j

j C 1

i

i C 1

n

nC 1

1

j

j C 1

i

i C 1

n

nC 1

 si sj

C

�

C

�

`2.N/˝ `2.N/

1

j

j C 1

i

i C 1

n

nC 1

1

j

j C 1

i

i C 1

n

nC 1

In the leftmost diagram above, each path from a node k on the left to a node l on the
right stands for an operator on `2.N/. A horizontal unlabeled line stands for the identity
operator, a horizontal line labeled with a ‘C’ sign stands for the right shift S�, and one
labeled with a ‘�’ sign stands for the left shift S . Diagonal lines going upward or down-
ward represent the projection P0. The image  si .zm;l / is the operator represented by the
path from m on the left to l on the right and is zero if there is no such path. Similarly, the
diagram in the middle stands for the representation  sj .

The diagram on the right above is for the representation  si sj , where one simply puts
the two diagrams representing  si and  sj adjacent to each other, with the one for  sj to
the right of that for  si . The image  si sj .zm;l / of z

m;l
is an operator on `2.N/˝ `2.N/

given by the sum of the paths from the node m on the extreme left to the node l on the
extreme right which do not contain both upward and downward diagonals. It would be
zero if there is no such path.



Irreducible representations of C.SU0.nC 1// 665

Next, we come to the description of  ! . As we have already remarked, we will take a
reduced word for ! of the form

! D sŒak ;bk �sŒak�1;bk�1� � � � sŒa1;b1�

where 1� k � n, 1� bk < bk�1 < � � �< b1 � n, and 1� ai � bi for 1� i � k. To get the
diagram for  ! , we simply put the diagrams for the  sr ’s appearing in this word adjacent
to each other in the order they appear in the word from left to right. Thus, for example, if
! D sŒ2;4�sŒ6;7�sŒ1;8�sŒ5;9�sŒ3;10�, then the following is the diagram for  ! :

 sŒ3;10� sŒ5;9� sŒ1;8� sŒ6;7� sŒ2;4�

1

2

3

b5 D 4

5

6

b4 D 7

b3 D 8

b2 D 9

b1 D 10

11

1 D a3

2 D a5

3 D a1

4

5 D a2

6 D a4

7

8

9

10

11

Finally, for � D .�1; : : : ; �n/ 2 S
1, the diagram for  �;! is the same as that for  ! ,

except that the paths starting at m on the left get multiplied by a scalar which is x�m�1�m
if 1 � m � nC 1 (with the convention that �0 D �nC1 D 1).

Remark 3.2. In view of the above, we will not need to keep track of the �i ’s except for the
last theorem in this section (Theorem 3.9) where we prove that  �;!’s are inequivalent for
different pairs .�;!/. Accordingly, all the operator equalities we write before Theorem 3.9
in this section will be valid only modulo multiplication by a complex number of modulus
one.

In the diagram for  �;! , we will refer to the part corresponding to  sŒaj ;bj � as the
sŒaj ;bj �-section and the smallest rectangle containing the diagonal lines in the sŒaj ;bj �-
section as the sŒaj ;bj �-rectangle. For example, the different sŒaj ;bj �-rectangles have been
shown in red color and the sŒ5;9�-section has been shown in blue color in the next diagram.
Observe that if i > bj C 1, then the horizontal line starting at node i on the left passes
above the sŒam;bm�-rectangles form� j . For an operatorR given by a path, we will denote
by Rj the operator given by the sŒaj ;bj �-section of that path. In such a case one has

R D Rk ˝Rk�1 ˝ � � � ˝R1;

where Rj acts on `2.N/˝.bj�ajC1/ for all j .
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sŒ3;10�sŒ5;9�sŒ1;8�sŒ6;7�sŒ2;4�

�1

x�1�2

x�2�3

x�3�4

x�4�5

x�5�6

x�6�7

x�7�8

x�8�9

x�9�10

x�10

1

2

3

4

5

6

7

8

9

10

11

The diagram for  �;! and the terminology introduced above will be helpful in under-
standing the operators in the image  �;!.C.SU0.n C 1/// as well as certain quantities
associated with them that we will define in the remaining part of this section. They are
also going to be helpful in getting insight into some of the proofs in Sections 5 and 6,
though we will not explicitly use or refer to the diagrams there.

Given a reduced word ! D sŒak ;bk �sŒak�1;bk�1� � � � sŒa1;b1�, we will next define certain
elements in the C �-algebra C.SU0.n C 1// that will play a crucial role in the proof of
irreducibility of the representation  �;! . For 2 � j � k and aj � i � bj C 1, define two
integers n.j; i/ and n0.j; i/ as follows:

n.j; i/ D max¹m W 1 � m � j � 1 and am � iº; (3.9)

n0.j; i/ D max¹m W 1 � m � j � 1 and am C 1 � iº; (3.10)

with the usual convention that the maximum of an empty set will be taken as �1. Thus,
n.j; i/ is the maximum of all those m 2 ¹1; 2; : : : ; j � 1º for which the i th horizontal
line (from the bottom) intersects the sŒam;bm�-rectangle, and n.j; i/ D �1 when the i th
horizontal line is below the sŒam;bm�-rectangles for 1 � m � j � 1.

Next, for 1� j � k and for aj � i � bj C 1, define elements vj;i .!/� vj;i as follows:

v1;i D zb1C1;i ;

vj;i D

´
z
bjC1;i

v
n.j;i/;iC1

; if n.j; i/ is finite;

z
bjC1;i

if n.j; i/ D �1;
2 � j � k:

Let us denote byZj;i the operator  
�;!
.zj;i / for 1� j; i � nC 1, and by Vj;i the operator

 
�;!
.vj;i / for 1 � j � k and aj � i � bj C 1. We will next study the operators Vj;i . In

general, Z
bjC1;i

is given by a sum of paths from bj C 1 to i going downwards. What the
next proposition says is that the operator Vj;i will be given by the lowest among these paths
(appearing in the sum for Z

bjC1;i
) with some of its sŒar ;br �-sections slightly modified for

1 � r � j � 1 so that at most one shift operator occurs in each such section.

Proposition 3.3. Let `r D br � ar C 1 for 1 � r � k. Then, for aj � i � bj C 1, one has

Vj;i D T
.j /

k;i
˝ T

.j /

k�1;i
˝ � � � ˝ T

.j /
1;i ; (3.11)
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where T .j /r;i ’s are of the following form:

I˝`r if r > j; (3.12)

P
˝.brC1�i/
0 ˝ S� ˝ I˝.i�ar�1/ if r D j and i � ar C 1; (3.13)

P
˝.br�arC1/
0 if r D j and i D ar ; (3.14)

P
˝.br�ar�1/
0 ˝ I ˝ S� if r < j and i D ar C 1; (3.15)

P
˝.br�i/
0 ˝ I ˝ S� ˝ I˝.i�ar�1/ if r < j and ar C 1 < i < br ; (3.16)

tensor product of P0’s and I ’s if r < j and i � ar : (3.17)

Proof. For j D 1, it is easy to check from the diagram for  
�;!

that (3.11) holds for
a1 � i � b1 C 1. To help follow the argument, let us keep the following diagram before
us in which the sŒam;bm�-section and the the sŒam0 ;bm0 �-section have been enclosed by pairs
of colored vertical lines.

sŒam;bm� sŒam0 ;bm0 �

l

i

bm C 1

i

Let us now assume that (3.11) holds for j �m� 1 and aj � i � bj C 1. We will prove
the statement for j Dm and am � i � bmC 1. Let us look at the case n.m; i/D�1 first.
In this case, Vj;i D ZbmC1;i and i < aj for all 1 � j � m� 1; i.e., the i th horizontal line
is below the sŒaj ;bj �-rectangles for 1 � j � m � 1. Therefore, Tj;i D I˝. j̀ / for 1 � j �
m � 1. Since the horizontal line starting at bm C 1 on the left passes above the sŒaj ;bj �-
rectangles for j > m, there is exactly one path going from bm C 1 on the left to i on the
right and it does not intersect the sŒaj ;bj �-rectangles for 1 � j � m � 1. Thus,

ZbmC1;i D I
˝.
Pk
rDmC1 `r / ˝

�
P
˝.bmC1�i/
0 ˝ S� ˝ I˝.i�am�1/

�
˝ I˝.

Pm�1
rD1 `r /

D T
.m/

k;i
˝ T

.m/

k�1;i
˝ � � �T

.m/
1;i :

Next, assume m0 WD n.m; i/ is finite. We have Vm;i D ZbmC1;iVm0;iC1. Since m0 < m, by
our hypothesis,

Vm0;iC1 D T
.m0/

k;iC1
˝ T

.m0/

k�1;iC1
˝ � � �T

.m0/
1;iC1:
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Note that since m0 < m, one has T .m
0/

r;iC1 D I˝.`r / for m � r � k. It is also immediate
that ZbmC1;i is of the form I˝.

Pk
rDmC1 `r / ˝R for some operator R that acts on the lastPm

rD1 `r copies of `2.N/. The operatorR is given by
PbmC1
lDi

R.l/ whereR.l/ is the sum
of operators given by the paths that go from bm C 1 to l in the sŒam;bm�-section and then
from l to i in the sŒam�1;bm�1� � � � sŒa1;b1�-section.

Since the sŒar ;br �-rectangle for m0 < r < m lies above the i th horizontal line, we con-
clude that for l > i , the sŒam0 ;bm0 �-section of R.l/ is of the form

I˝.bm0�j / ˝ S ˝ .tensor product of P0, S� and I ’s/

for some j with i C 1� j � l , while T .m
0/

m0;iC1 D P
˝.bm0�i/

0 ˝ S�˝ I˝.i�am0 /. Therefore,

R.l/
�
T
.m0/
m;iC1 ˝ T

.m0/
m�1;iC1 ˝ � � �T

.m0/
1;iC1

�
D 0 for l > i:

Hence,

R
�
T
.m0/
m;iC1 ˝ T

.m0/
m�1;iC1 ˝ � � �T

.m0/
1;iC1

�
D R.i/

�
T
.m0/
m;iC1 ˝ T

.m0/
m�1;iC1 ˝ � � �T

.m0/
1;iC1

�
:

Let us write Tr;i D R.i/rT
.m0/
r;iC1 for 1 � r � m. We will show that Tr;i is given by

(3.12)–(3.17) for j D m. Note that the path R.i/ consists of the diagonal line com-
ing down from bm C 1 to i in the sŒam;bm�-section and its horizonal continuation in the
sŒam�1;bm�1� � � � sŒa1;b1�-section. Let us now look at the following three cases separately.

Case I. 1 � r � m� 1 and ar < i . Since ar < i , we have r � m0. Therefore, in this case,
R.i/r D I˝.br�i/ ˝ S ˝ S� ˝ I˝.i�ar�1/, and T .m

0/
r;iC1 D P

˝.br�i/
0 ˝ S� ˝ I˝.i�ar /.

Therefore,
Tr;i D R.i/rT

.m0/
r;iC1 D P

˝.br�i/
0 ˝ I ˝ S� ˝ I˝.i�ar�1/:

Since r < m and i > ar , from (3.16), it follows that this is of the form T
.m/
r;i .

Case II. 1 � r � m � 1 and ar D i . As in the earlier case, we have r � m0. Hence,
R.i/r D I

˝.`r�1/ ˝ S . Now if r D m0, then by (3.13), we have T .m
0/

r;iC1 D P
˝.`r�1/
0 ˝ S�

and if r < m0, then by (3.15), we have

T
.m0/
r;iC1 D P

˝.`r�1/
0 ˝ I ˝ S�:

Thus, Tr;i D R.i/rT
.m0/
r;iC1 is either P˝.`r�1/0 ˝ I or P˝.`r�2/0 ˝ I ˝ I . Since r < m and

i D ar , by (3.17), Tr;i is of the form T
.m/
r;i , as required.

Case III. 1 � r � m � 1 and i < ar . In this case, R.i/r D I˝.`r /, so that Tr;i D T
.m0/
r;iC1.

If r > m0, then T .m
0/

r;iC1 D I
˝`r . Since i C 1 � ar , if r D m0, we must have i C 1 D ar .

Hence, by (3.16), T .m
0/

r;iC1 is a tensor product of P0’s and I ’s. If r < m0 and i C 1 � ar ,

then also by (3.17), T .m
0/

r;iC1 is a tensor product of P0’s and I ’s. Since Tr;i D T
.m0/
r;iC1, in all

these subcases, it is of the required form.
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We now list a few important corollaries of the above proposition.

Corollary 3.4. For a bounded operator T , let jT j denote .T �T /
1
2 . Then, one has

jVj;aj j � jVj�1;aj�1 j � � � jV1;a1 j D Tk ˝ Tk�1 ˝ � � � ˝ T1;

where

Tr D

´
I˝`r if r > j;

P
˝.brC1�ar /
0 if r � j:

(3.18)

Corollary 3.5. Let aj � i � bj C 1. Assume n0.j; i/ > �1. Then,

V �n0.j;i/;iVj;i D Tk ˝ Tk�1 ˝ � � � ˝ T1; (3.19)

where

Tr D

8̂̂̂̂
<̂
ˆ̂̂:
I˝.brC1�ar / if r > j;

P
˝.brC1�ar /
0 if r D j and i D aj ;

P
˝.brC1�i/
0 ˝ S� ˝ I˝.i�ar�1/ if r D j and i � aj C 1;

tensor product of P0’s and I ’s if r < j:

(3.20)

Proof. Observe that for r < j , the section T .j /r;i is of the form (3.15) or (3.16) (i.e., contains
the right shift) exactly when r < j and ar < i . Let n0.j; i/ be as defined in (3.10). Then,
for the operator V

n0.j;i/;i
also, the corresponding sections T .s/r;i exactly match T .j /r;i and the

remaining ones are tensor products of I and P0’s. Therefore, the result follows.

Corollary 3.6. Let aj � i � bj C 1. Define

Ej;i � Ej;i .!/ WD

8<:V �n0.j;i/;iVj;i jVj�1;aj�1 j � jVj�2;aj�2 j � � � jV1;a1 j if n0.j; i/ > �1;

Vj;i jVj�1;aj�1 j � jVj�2;aj�2 j � � � jV1;a1 j if n0.j; i/ D �1:

Then,
Ej;i .!/ D Tk ˝ Tk�1 ˝ � � � ˝ T1; (3.21)

where

Tr D

8̂̂̂̂
<̂̂
ˆ̂̂̂:
I˝.brC1�ar / if r > j;

P
˝.brC1�ar /
0 if r D j and i D aj ;

P
˝.brC1�i/
0 ˝ S� ˝ I˝.i�ar�1/ if r D j and i � aj C 1;

P
˝.brC1�ar /
0 if r < j:

(3.22)

Proposition 3.7. For 1 � j � k and aj C 1 � i � bj C 1, let

Rj;i D I
˝.
Pk
rDjC1 `r / ˝ .P

˝.bjC1�i/

0 ˝ S� ˝ I˝.i�aj�1//˝ I˝.
Pj�1
rD1 `r /;

Sj;i D I
˝.
Pk
rDjC1 `r / ˝ .I˝.bjC1�i/ ˝ S� ˝ I˝.i�aj�1//˝ I˝.

Pj�1
rD1 `r /:

Then, Rj;i and Sj;i belong to  
�;!
.C.SU0.nC 1///00 for 1 � j � k and aj C 1 � i �

bj C 1.



M. Giri and A. K. Pal 670

Proof. This is easy to see for j D 1, as one has R1;i D V1;i for a1 C 1 � i � b1 C 1,
S1;1Cb1 D V1;1Cb1 , and

S1;i D
X

ki ;:::;kbj 2N

S
kb1
1;1Cb1

� � �S
ki
1;iC1V1;i

�
S
kb1
1;1Cb1

��
� � �
�
S
ki
1;iC1

�� if a1 � i � b1:

Fix a j < k. Assume that Rr;i ; Sr;i 2  �;!.C.SU0.nC 1///00 for 1 � r � j . Take i such
that ajC1 C 1 � i � bjC1 C 1. Let Ej;i be as in Corollary 3.6. Then,

RjC1;i D

j�1X
rD1

X
kr;ar ;:::;kr;br 2N

S
kr;br
r;1Cbr

� � �S
kr;ar
r;1Car

EjC1;i
�
S
kr;ar
r;1Car

��
� � �
�
S
kr;br
r;1Cbr

��
:

Since EjC1;i belongs to the image  
�;!
.C.SU0.nC 1///, the operator RjC1;i belongs to

 
�;!
.C.SU0.nC 1///00. Now note that

SjC1;i D
X

ki ;:::;kbj 2N

R
kbj
jC1;1Cbj

� � �R
ki
jC1;iC1RjC1;i

�
R
ki
jC1;iC1

��
� � �
�
R
kbj
jC1;1Cbj

��
:

Therefore, it follows that SjC1;i also belongs to the strong operator closure of the image
 
�;!
.C.SU0.nC 1///.

Theorem 3.8. Let � 2 .S1/n and ! D sŒak ;bk �sŒak�1;bk�1� � � � sŒa1;b1� be a reduced word in
SnC1. Then, the representation  �;! is an irreducible representation.

Proof. This is an immediate consequence of the previous proposition.

Theorem 3.9. Let �; �0 2 .S1/n and let

! D sŒak ;bk �sŒak�1;bk�1� � � � sŒa1;b1�; !0 D sŒa0
k0
;b0
k0
�sŒa0

k0�1
;b0
k0�1

� � � � sŒa01;b
0
1�

be two reduced words in SnC1. If .�; !/ ¤ .�0; !0/, then the representations  �;! and
 �0;!0 are inequivalent.

Proof. Let 1 � j � nC 1. Define mkC1.j; !/ D j and for 1 � i � k, define mi .j; !/
recursively as follows:

mi .j; !/ D

´
miC1.j; !/C 1 if ai � miC1.j; !/ � bi ;

miC1.j; !/ if miC1.j; !/ � bi C 1 or miC1.j; !/ < ai :

In the diagram for  �;! , one starts at j and proceeds horizontally and goes one step
up whenever one encounters a diagonal going upward. The numbers mr .j; !/ simply
keep track of the horizontal line one is on when one completes the sŒar ;br �-section. Thus,
m1.j; !/ is the maximum k such that  �;!.zj;k/ ¤ 0.

Let us first assume that ! D !0 and � ¤ �0. Let

j WD max¹1 � i � n W �i ¤ �
0
iº:
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If biC1 < j < bi for some i , then

spec
�
 �;!.zjC1;m1.jC1;!//

�
D ¹0; �j�jC1º;

spec
�
 �0;!.zjC1;m1.jC1;!//

�
D ¹0; �0j�

0
jC1ºI

i.e., the spectrums of the same element are different for the two representations. Therefore,
 �;! and �0;!0 are inequivalent. If j D bi for some i , then writemD n0.i;ai /. Now using
Corollary 3.6 and keeping track of the effect of � and �0, we get that if m > �1, then

spec
�
 �0;!

�
Ei;ai .!/

��
D ¹0; x�0bm

x�0j�
0
bmC1

�0jC1º

D ¹0; x�bm
x�0j�bmC1�jC1º;

spec
�
 �;!

�
Ei;ai .!/

��
D ¹0; x�bm

x�j�bmC1�jC1º;

and if m D �1, then

spec
�
 �0;!

�
Ei;ai .!/

��
D ¹0; x�0j�

0
jC1º D ¹0;

x�0j�jC1º;

spec
�
 �;!

�
Ei;ai .!/

��
D ¹0; x�j�jC1º:

Thus,  �;! and  �0;!0 are inequivalent in this case also.
Let us next assume that ! ¤ !0. We will split this into different cases and in each case,

produce an element of C.SU0.nC 1// whose image under one representation will be zero
while the image under the other is nonzero, thus proving that the two representations are
not equivalent.

Case I. There exists j � min¹k; k0º such that bi D b0i , ai D a
0
i for 1 � i � j � 1 and

bj ¤ b
0
j . Assume without loss of generality that bj > b

0
j . Then, m1.bj ; !/ > m1.bj ; !0/.

Therefore,

 �0;!0.zbj ;m1.bj ;!// D 0;  �;!.zbj ;m1.bj ;!// ¤ 0:

Case II. There exists j �min¹k;k0º such that bi D b
0
i , ai D a

0
i for 1� i � j � 1, bj D b

0
j ,

and aj ¤ a
0
j . Assume without loss of generality that aj > a0j . Once again using Corol-

lary 3.6, we observe that modulo multiplication by complex numbers of modulus one,
 �;!.Ej;aj .!// is a projection, while  �0;!0.Ej;aj .!// is a tensor product of shifts and
projections. Therefore,  �;! and  �0;!0 are inequivalent.

Case III. bi D b
0
i , ai D a

0
i for 1� i � k0 and k0 < k. In this case,m1.bk ;!/ >m1.bk ;!0/.

Therefore,

 �0;!0.zbk ;m1.bk ;!// D 0;  �;!.zbk ;m1.bk ;!// ¤ 0:

Case IV. bi D b
0
i , ai D a

0
i for 1 � i � k and k < k0. This case is identical to Case III with

k and k0 interchanged.
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4. Projections in C.SU0.nC 1//

In this section, we are going to restrict ourselves to the �-subalgebra O.SU0.nC 1// of
C.SU0.nC 1// generated by the zi;j ’s and derive certain relations that will in particular
show that the generators zi;j are all partial isometries.

Lemma 4.1. Let us denote by pi;j the element z�i;j zi;j and by qi;j the element zi;j z
�
i;j .

For 1 � i � j � nC 1, one has the following:

iX
kD1

qk;j D

nC1X
kDj

pi;k (4.1)

jX
kD1

qk;j D

nC1X
kDj

pj;k D 1: (4.2)

Proof. We will prove that

iX
kD1

qk;j D

8̂̂<̂
:̂
.z1;1z2;2 � � � zi�1;i�1/zi;j .ziC1;iziC2;iC1 � � � zj;j�1/

� .zjC1;jC1 � � � znC1;nC1/ if i < j;

1 if i D j

(4.3)

nC1X
kDj

pi;k D

8̂̂<̂
:̂
.z1;1z2;2 � � � zi�1;i�1/zi;j .ziC1;iziC2;iC1 � � � zj;j�1/

� .zjC1;jC1 � � � znC1;nC1/ if i < j;

1 if i D j:

(4.4)

Note that for i D 1, one has

q1;j D z1;j z
�
1;j D z1;j .z2;1z3;2 � � � zj;j�1/.zjC1;jC1zjC2;jC2 � � � znC1;nC1/:

Thus, the first equality in (4.3) holds for i D 1. Next, assume that it holds for i � 1 and
1 � i < j � nC 1. Then, using (2.9), we get

qi;j C

i�1X
kD1

qk;j

D zi;j .z1;1z2;2 � � � zi�2;i�2zi�1;i�1/.ziC1;iziC2;iC1 � � � zj;j�1/.zjC1;jC1 � � � znC1;nC1/

C .z1;1z2;2 � � � zi�2;i�2/zi�1;j zi;i�1.ziC1;iziC2;iC1 � � � zj;j�1/.zjC1;jC1 � � � znC1;nC1/

D .z1;1z2;2 � � � zi�2;i�2/zi;j zi�1;i�1.ziC1;iziC2;iC1 � � � zj;j�1/.zjC1;jC1 � � � znC1;nC1/

C .z1;1z2;2 � � � zi�2;i�2/zi�1;j zi;i�1.ziC1;iziC2;iC1 � � � zj;j�1/

� .zjC1;jC1zjC2;jC2 � � � znC1;nC1/

D .z1;1 � � � zi�2;i�2zi�1;i�1/zi;j .ziC1;iziC2;iC1 � � � zj;j�1/.zjC1;jC1 � � � znC1;nC1/:
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Hence, the first equality in (4.3) follows. Using this, one now gets

jX
kD1

qk;j D

j�1X
kD1

qk;j C qj;j

D .z1;1z2;2 � � � zj�2;j�2/zj�1;j zj;j�1.zjC1;jC1zjC2;jC2 � � � znC1;nC1/

C zj;j .z1;1z2;2 � � � zj�2;j�2zj�1;j�1/.zjC1;jC1zjC2;jC2 � � � znC1;nC1/

D .z1;1z2;2 � � � zj�2;j�2/zj�1;j zj;j�1.zjC1;jC1zjC2;jC2 � � � znC1;nC1/

C .z1;1z2;2 � � � zj�2;j�2/zj;j zj�1;j�1.zjC1;jC1zjC2;jC2 � � � znC1;nC1/

D z1;1z2;2 � � � zj�2;j�2zj�1;j�1zj;j zjC1;jC1zjC2;jC2 � � � znC1;nC1 D 1:

Thus, we have (4.3). The proof of (4.4) is similar. First, observe that for jDnC1, one has

pi;nC1 D z
�
i;nC1zi;nC1 D .z1;1z2;2 � � � zi�1;i�1/.ziC1;iziC2;iC1 � � � znC1;n/zi;nC1

D .z1;1z2;2 � � � zi�1;i�1/zi;nC1.ziC1;iziC2;iC1 � � � znC1;n/:

Thus, the first equality in (4.4) holds for j D nC 1. Now, assuming that it holds for j C 1,
we have

pi;j C

nC1X
kDjC1

pi;k

D .z1;1z2;2 � � � zi�2;i�2zi�1;i�1/.ziC1;iziC2;iC1 � � � zj;j�1/

� .zjC1;jC1zjC2;jC2 � � � znC1;nC1/zi;j

C.z1;1z2;2 � � � zi�1;i�1/zi;jC1.ziC1;iziC2;iC1 � � � zj;j�1/zjC1;j .zjC2;jC2 � � � znC1;nC1/

D .z1;1z2;2 � � � zi�2;i�2zi�1;i�1/.ziC1;iziC2;iC1 � � � zj;j�1/

� zjC1;jC1zi;j .zjC2;jC2 � � � znC1;nC1/

C.z1;1z2;2 � � � zi�1;i�1/.ziC1;iziC2;iC1 � � � zj;j�1/zi;jC1zjC1;j .zjC2;jC2 � � � znC1;nC1/

D .z1;1z2;2 � � � zi�1;i�1/.ziC1;iziC2;iC1 � � � zj;j�1/zi;j .zjC1;jC1zjC2;jC2 � � � znC1;nC1/

D .z1;1z2;2 � � � zi�1;i�1/zi;j .ziC1;iziC2;iC1 � � � zj;j�1/.zjC1;jC1zjC2;jC2 � � � znC1;nC1/:

This proves the first equality in (4.4). Using this we now get

nC1X
kDi

pi;k D

nC1X
kDiC1

pi;k C pi;i

D .z1;1z2;2 � � � zi�1;i�1/zi;iC1ziC1;i .ziC2;iC2ziC3;iC3 � � � znC1;nC1/

C .z1;1z2;2 � � � zi�1;i�1/.ziC1;iC1ziC2;iC2ziC3;iC3 � � � znC1;nC1/zi;i

D .z1;1z2;2 � � � zi�1;i�1/zi;iC1ziC1;i .ziC2;iC2ziC3;iC3 � � � znC1;nC1/

C .z1;1z2;2 � � � zi�1;i�1/ziC1;iC1zi;i .ziC2;iC2ziC3;iC3 � � � znC1;nC1/

D z1;1z2;2 � � � zi�1;i�1zi;iziC1;iC1ziC2;iC2ziC3;iC3 � � � znC1;nC1 D 1;

which completes the proof.
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Proposition 4.2. The elements pi;j and qi;j are projections for 1 � i � j � n.

Proof. We will show that for any 1 � j � n, if ¹
Pi
kD1 qk;j W 1 � i � j º is a family of

projections, then ² iX
kD1

qk;jC1 W 1 � i � j C 1

³
is also a family of projections. Then, by an application of equation (4.2) in Lemma 4.1,
we will successively conclude for i D 1; 2; : : : ; n C 1 that the sums

Pi
kD1 qk;j are all

projections for i � j � n C 1. This will imply that all qi;j ’s (and hence all pi;j ’s) for
1 � i � j � nC 1 are projections.

Now fix 1� j � n and assume that ¹
Pi
kD1 qk;j W 1� i � j º is a family of projections.

Note that by this assumption, it follows that

qi;j D

iX
kD1

qk;j �

i�1X
kD1

qk;j ;

being positive and a difference of two projections, is also a projection. Hence, pi;j is also
a projection. Now from Lemma 4.1, for i � j , we get

iX
kD1

qk;jC1 D

nC1X
kDjC1

pi;k D

nC1X
kDj

pi;k � pi;j D

iX
kD1

qk;j � pi;j :

Thus, the element
Pi
kD1 qk;jC1 is positive and is a difference of two projections. There-

fore, it is a projection. For i D j C 1,
PjC1

kD1
q
k;jC1

D 1 and hence is a projection.

Lemma 4.3. For 1 � j � i � nC 1, one has
jX
kD1

qi;k D

nC1X
kDi

pk;j ; (4.5)

iX
kD1

qi;k D

nC1X
kDi

pk;i D 1: (4.6)

Proof. We will show that

jX
kD1

qi;k D

8̂̂<̂
:̂
.z1;1z2;2 � � � zj�1;j�1/zi;j .zj;jC1zjC1;jC2 � � � zi�1;i /

� .ziC1;iC1 � � � znC1;nC1/; if j < i;

1 if j D i;

(4.7)

nC1X
kDi

pk;j D

8̂̂<̂
:̂
.z1;1z2;2 � � � zj�1;j�1/zi;j .zj;jC1zjC1;jC2 � � � zi�1;i /

� .ziC1;iC1 � � � znC1;nC1/; if i > j;

1 if i D j:

(4.8)

For j D 1, the first equality in (4.7) holds as one has

qi;1 D zi;1z
�
i;1 D zi;1.z1;2z2;3 � � � zi�1;i /.ziC1;iC1ziC2;iC2 � � � znC1;nC1/:
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Next, assuming that it holds for j � 1, we have

qi;j C

j�1X
kD1

qi;k

D zi;j .z1;1z2;2 � � � zj�1;j�1/.zj;jC1zjC1;jC2 � � � zi�1;i /.ziC1;iC1ziC2;iC2 � � � znC1;nC1/

C .z1;1z2;2 � � � zj�2;j�2/zi;j�1zj�1;j .zj;jC1zjC1;jC2 � � � zi�1;i /

� .ziC1;iC1ziC2;iC2 � � � znC1;nC1/

D .z1;1z2;2 � � � zj�2;j�2/zi;j zj�1;j�1.zj;jC1zjC1;jC2 � � � zi�1;i /

� .ziC1;iC1ziC2;iC2 � � � znC1;nC1/

C .z1;1z2;2 � � � zj�2;j�2/zi;j�1zj�1;j .zj;jC1zjC1;jC2 � � � zi�1;i /

� .ziC1;iC1ziC2;iC2 � � � znC1;nC1/

D .z1;1z2;2 � � � zj�1;j�1/zi;j .zj;jC1zjC1;jC2 � � � zi�1;i /.ziC1;iC1ziC2;iC2 � � � znC1;nC1/:

Thus, the equality holds. For i D j , one has

iX
kD1

qi;k D

i�1X
kD1

qi;k C qi;i

D .z1;1z2;2 � � � zi�2;i�2/zi;i�1zi�1;i .ziC1;iC1ziC2;iC2 � � � znC1;nC1/

C zi;i .z1;1z2;2 � � � zi�2;i�2/zi�1;i�1.ziC1;iC1ziC2;iC2 � � � znC1;nC1/

D .z1;1z2;2 � � � zi�2;i�2/zi;i�1zi�1;i .ziC1;iC1ziC2;iC2 � � � znC1;nC1/

C .z1;1z2;2 � � � zi�2;i�2/zi;izi�1;i�1.ziC1;iC1ziC2;iC2 � � � znC1;nC1/

D z1;1z2;2 � � � zi�2;i�2zi�1;i�1zi;iziC1;iC1ziC2;iC2 � � � znC1;nC1 D 1:

Thus, we have (4.7).
Next, note that

pnC1;j D z
�
nC1;j znC1;j D .z1;1z2;2 � � � zj�1;j�1/.zj;jC1zjC1;jC2 � � � zn;nC1/znC1;j

D .z1;1z2;2 � � � zj�1;j�1/znC1;j .zj;jC1zjC1;jC2c � � � zn;nC1/:

Thus, the first equality in (4.8) holds for i D nC 1. Assume it holds for i C 1. Then,

pi;j C

nC1X
tDiC1

pt;j

D .z1;1z2;2 � � � zj�1;j�1/.zj;jC1zjC1;jC2 � � � zi�1;i /.ziC1;iC1ziC2;iC2 � � � znC1;nC1/zi;j

C.z1;1z2;2 � � � zj�1;j�1/ziC1;j .zj;jC1zjC1;jC2 � � � zi�1;i /zi;iC1.ziC2;iC2 � � � znC1;nC1/

D .z1;1z2;2 � � � zj�2;j�2zj�1;j�1/.zj;jC1zjC1;jC2 � � � zi�1;i /

� ziC1;iC1zi;j .ziC2;iC2 � � � znC1;nC1/

C.z1;1z2;2 � � � zj�1;j�1/.zj;jC1zjC1;jC2 � � � zi�1;i /zi;iC1ziC1;j .ziC2;iC2 � � � znC1;nC1/



M. Giri and A. K. Pal 676

D .z1;1z2;2 � � � zj�1;j�1/.zj;jC1zjC1;jC2 � � � zi�1;i /zi;j .ziC1;iC1ziC2;iC2 � � � znC1;nC1/

D .z1;1z2;2 � � � zj�1;j�1/zi;j .zj;jC1zjC1;jC2 � � � zi�1;i /.ziC1;iC1ziC2;iC2 � � � znC1;nC1/:

Thus, we have the first equality in (4.8). For i D j ,

nC1X
kDj

pk;j D

nC1X
kDjC1

pk;j C pj;j

D .z1;1z2;2 � � � zj�1;j�1/zjC1;j zj;jC1.zjC2;jC2zjC3;jC3 � � � znC1;nC1/

C .z1;1z2;2 � � � zj�1;j�1/.zjC1;jC1zjC2;jC2 � � � znC1;nC1/zj;j

D .z1;1z2;2 � � � zj�1;j�1/zjC1;j zj;jC1.zjC2;jC2zjC3;jC3 � � � znC1;nC1/

C .z1;1z2;2 � � � zj�1;j�1/zjC1;jC1zj;j .zjC2;jC2zjC3;jC3 � � � znC1;nC1/

D z1;1z2;2 � � � zj�1;j�1zj;j zjC1;jC1zjC2;jC2 � � � znC1;nC1

D 1:

Thus, the proof is complete.

Proposition 4.4. The elements pi;j and qi;j are projections for 1 � j � i � n.

Proof. By using Lemma 4.3, one can prove exactly as in the proof of Proposition 4.2 that
if ¹
Pj

kD1
q
i;k
W 1 � j � iº is a family of projections, then ¹

Pj

kD1
q
iC1;k

W 1 � j � i C 1º

is also a family of projections. This leads to the required conclusion.

Corollary 4.5. The elements zi;j are partial isometries for all 1 � i; j � nC 1.

Lemma 4.6. Let i < k and j < `. Assume that either i � ` or k � j . Then,

zi;`z
�
k;j D 0 D z

�
i;`zk;j : (4.9)

Proof. Assume that i � `. Then, using Lemma 4.3, we have

nC1X
kDiC1

.zi;`z
�
k;j /.zi;`z

�
k;j /
�
D zi;`

� nC1X
kDiC1

pk;j

�
z�i;` D zi;`

� jX
sD1

qiC1;s

�
z�i;`

D

jX
sD1

zi;`ziC1;sz
�
iC1;sz

�
i;` D 0

since z
i;`
ziC1;s D 0 for all 1 � s � `� 1. Therefore, z

i;`
z�
k;j
D 0 for all j < ` and i < k.

Similarly, if k � j , then using Lemma 4.1, we get

nC1X
`DjC1

.zi;`z
�
k;j /
�.zi;`z

�
k;j / D zk;j

nC1X
`DjC1

.pi;`/z
�
k;j

D zk;j

� iX
sD1

qs;jC1

�
z�k;j D 0:



Irreducible representations of C.SU0.nC 1// 677

Therefore, as before, z
i;`
z�
k;j
D 0. The second equality can be proved in a similar way

using Lemmas 4.1 and 4.3.

Lemma 4.7. Let i; j � s and k � s C 1. Then,

qi;j znC1;k D znC1;kqi;j ; zi;jpnC1;k D pnC1;kzi;j :

Proof. If max¹i; j º C 1 < k, then one has zi;j znC1;k D znC1;kzi;j and hence the equality
follows. Assume max¹i; j º C 1 D k (i.e., k D s C 1 and max¹i; j º D s). Then,

zi;j znC1;k D znC1;kzi;j C zi;kznC1;j :

It follows from Lemmas 4.1 and 4.3 that if i � j , then pnC1;jpi;j D 0 and if i < j , then
p
i;k
pi;j D 0. Therefore, in either case, we get from the above equation that

qi;j znC1;k D zi;j znC1;kz
�
i;j

D znC1;kzi;j z
�
i;j C zi;kznC1;j z

�
i;j

D znC1;kqi;j :

Similarly, we have

zi;jpnC1;k D zi;j z
�
nC1;kznC1;k

D z�nC1;kzi;j znC1;k

D pnC1;kzi;j C z
�
nC1;kzi;kznC1;j

D pnC1;kzi;j C z
�
nC1;kznC1;j zi;k

D pnC1;kzi;j :

Lemma 4.8. Let 1 � i � j � nC 1. Then,

zi;jC1z
�
nC1;jC1 D z

�
nC1;j zi;j :

Proof. We have

.zi;jC1z
�
nC1;jC1 � z

�
nC1;j zi;j /.zi;jC1z

�
nC1;jC1 � z

�
nC1;j zi;j /

�

D zi;jC1pnC1;jC1z
�
i;jC1 � zi;jC1z

�
nC1;jC1z

�
i;j znC1;j

C z�nC1;j qi;j znC1;j � z
�
nC1;j zi;j znC1;jC1z

�
i;jC1

D zi;jC1.pnC1;j C qnC1;jC1/z
�
i;jC1 � zi;jC1.znC1;jC1zi;j C znC1;j zi;jC1/

�znC1;j

C z�nC1;j qi;j znC1;j � z
�
nC1;j .znC1;jC1zi;j C znC1;j zi;jC1/z

�
i;jC1

D zi;jC1pnC1;j z
�
i;jC1 � zi;jC1z

�
i;jC1z

�
nC1;j znC1;j

C z�nC1;j qi;j znC1;j � z
�
nC1;j znC1;j zi;jC1z

�
i;jC1

D pnC1;j qi;jC1 C z
�
nC1;j qi;j znC1;j � pnC1;j qi;jC1 � z

�
nC1;j qi;jC1znC1;j

D z�nC1;j .qi;j � qi;jC1/znC1;j :
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Summing over i , we get

jX
iD1

.zi;jC1z
�
nC1;jC1 � z

�
nC1;j zi;j /.zi;jC1z

�
nC1;jC1 � z

�
nC1;j zi;j /

�

D z�nC1;j

� jX
iD1

qi;j �

jX
iD1

qi;jC1

�
znC1;j

D z�nC1;j

�
I �

nC1X
kDjC1

pj;k

�
znC1;j

D z�nC1;jpj;j znC1;j

D 0:

Therefore, we have the result.

5. Operators in �.C.SU0.nC 1///00

In this section, we will study the actions of the generating elements zi;j on a Hilbert
space and construct certain operators using the strong operator topology available there.
These will turn out to be a very useful tool in analyzing the irreducible representations.
Let us start with a representation � of C.SU0.n C 1// on a Hilbert space H . For all i
and j , we will denote the operators �.zi;j /, �.pi;j /, and �.qi;j / by Zi;j , Pi;j , and Qi;j ,
respectively.

Proposition 5.1. Let 1� s�m�n. AssumeZmC1;sD 0where s <mC 1. Then,Zi;j D 0
for i � mC 1 and j � s.

Proof. Let us assume s > 1 and take i D mC 1, j D s � 1. From relation (2.4), we have
ZmC1;s�1Zs;s D 0, so that

ZmC1;s�1Qs;s D 0:

For 1 � k � s � 1, the commutation relation (2.5) gives us

Zk;s�1ZmC1;s �ZmC1;sZk;s�1 D ZmC1;s�1Zk;s :

Since ZmC1;s D 0, we get ZmC1;s�1Zk;s D 0 which implies

ZmC1;s�1Qk;s D 0; 1 � k � s � 1:

Therefore,

ZmC1;s�1 D ZmC1;s�1

� sX
kD1

Qk;s

�
D 0: (5.1)

Next, let us assume m < n and take i D mC 2, j D s. Using relation (2.4), we obtain
ZmC1;mC1ZmC2;s D 0, so that

PmC1;mC1ZmC2;s D 0:
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For mC 2 � k � nC 1, we get from (2.5)

ZmC1;sZmC2;k �ZmC2;kZmC1;s D ZmC1;kZmC2;s :

Since ZmC1;s D 0, we get Z
mC1;k

ZmC2;s D 0 which implies

PmC1;kZmC2;s D 0; mC 2 � k � nC 1:

Therefore,

ZmC2;s D

� nC1X
kDmC1

PmC1;k

�
ZmC2;s D 0: (5.2)

By the repeated application of (5.1) and (5.2), we get Zi;j D0 for i�mC1 and j �s.

Lemma 5.2. Assume i ¤ m and j ¤ k. If Zi;jQm;k D Q
m;k
Zi;j and Z

m;k
Qi;j D

Qi;jZm;k , then one has Zi;jZm;k D Zm;kZi;j .

Proof. Computing .Zi;jZm;k �Zm;kZi;j /.Zi;jZm;k �Zm;kZi;j /
� using the given rela-

tions, we get the required equality.

Lemma 5.3. Let F be a subset of ¹1; 2; : : : ; n C 1º. Let j 62 F and i ¤ m. Assume
Z
m;k
Qi;j DQi;jZm;k for all k 2 F andZi;j .

P
k2F Qm;k/D .

P
k2F Qm;k/Zi;j . Then,

Zi;jZm;k D Zm;kZi;j for all k 2 F:

Proof. Note thatX
k2F

.Zi;jZm;k �Zm;kZi;j /.Zi;jZm;k �Zm;kZi;j /
�

D Zi;j

�X
k2F

Qm;k

�
Z�i;j C

X
k2F

.Zm;kQi;jZ
�
m;k/

�Zi;j

X
k2F

.Zm;kZ
�
i;jZ

�
m;k/ �

X
k2F

.Zm;kZi;jZ
�
m;k/Z

�
i;j

D Qi;j

�X
k2F

Qm;k

�
CQi;j

X
k2F

.Zm;kZ
�
m;k/

�Zi;jZ
�
i;j

X
k2F

.Zm;kZ
�
m;k/ �Zi;jZ

�
i;j

X
k2F

.Zm;kZ
�
m;k/

D 0:

Therefore, we have the result.

Given a representation � of C.SU0.nC 1//, we will denote by r.�/� r the following

r.�/ � r WD min¹i W 1 � i � nC 1;ZnC1;i ¤ 0º: (5.3)

Proposition 5.4. Assume 2 � r � n. Then, one has

Zi;jZnC1;k D ZnC1;kZi;j for 1 � i � n; 1 � j � r � 1; and r � k � nC 1: (5.4)
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Proof. Observe that for 1 � i � r � 1, 1 � j � r � 1, and r � k � nC 1, one has

max¹i; j º C 1 � r � min¹nC 1; kº:

If max¹i; j º C 1 < min¹n C 1; kº, then Zi;jZnC1;k D Z
nC1;k

Zi;j . Since by Proposi-
tion 5.1, we have ZnC1;j D 0 for 1 � j � r � 1, if max¹i; j º C 1 D min¹nC 1; kº, then
one has

Zi;jZnC1;k D ZnC1;kZi;j CZnC1;jZi;k D ZnC1;kZi;j :

Let us next assume that Zi;jZnC1;k D ZnC1;kZi;j for all 1 � j � r � 1, r � k � nC 1,
and 1 � i � t < n. Then, Pi;jZnC1;k D ZnC1;kPi;j for all such j , k, and i . Therefore,

ZnC1;k D ZnC1;k

� nX
iDj

Pi;j

�
D

� nX
iDj

Pi;j

�
ZnC1;k :

Since Pi;jZnC1;k D Z
nC1;k

Pi;j for 1 � i � t and
Pn
iDtC1 Pi;j D

Pj
mD1QtC1;m, it

follows that

ZnC1;k

� jX
mD1

QtC1;m

�
D

� jX
mD1

QtC1;m

�
ZnC1;k :

Therefore,
ZnC1;kQtC1;j D QtC1;jZnC1;k

for 1 � j � r � 1. On the other hand, we also have

ZtC1;j D ZtC1;j

� nC1X
kDr

QnC1;k

�
D

� nC1X
kDr

QnC1;k

�
ZtC1;j :

Therefore, by Lemma 5.3, we have

ZtC1;jZnC1;k D ZnC1;kZtC1;j

for r � k � nC 1 and 1 � j � r � 1.
By repeated application, we now get the result.

We next look at certain infinite sums of elements from �.C.SU0.nC 1/// that con-
verge in the strong operator topology so that they belong to the strong operator closure
�.C.SU0.nC 1///00 of �.C.SU0.nC 1///.

Proposition 5.5. Let r be as in (5.3) and let r � k � nC 1. If T
k

is a partial isometry
with T �

k
T
k
� P

nC1;k
and T

k
T �
k
� P

nC1;k
, then the operator

TkC1 WD
X
m2N

ZmnC1;kC1Tk.Z
m
nC1;kC1/

�

exists as a strong operator convergent sum and is a partial isometry with T �
kC1

T
kC1
�

P
nC1;kC1

and T
kC1

T �
kC1
� P

nC1;kC1
.
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Proof. Note that the operators

Rk;m WD Z
m
nC1;kC1PnC1;k.Z

m
nC1;kC1/

�; m 2 N;

form a family of orthogonal projections with
P
m2N Rk;m � PnC1;kC1. Observe also that

PnC1;kC1 �

mX
jD0

Rk;j D Z
mC1
nC1;kC1

.ZmC1
nC1;kC1

/�;

and the sum
P
j2N Rk;j converges in the strong operator topology (SOT). Hence,

PnC1;kC1 �
X
j2N

Rk;j D SOT- lim
m!1

ZmnC1;kC1.Z
m
nC1;kC1/

�: (5.5)

Next, write
Tk;m D Z

m
nC1;kC1Tk.Z

m
nC1;kC1/

�; m 2 N:

Then, one has T
k;m
D R

k;m
T
k;m
R
k;m

for all m 2 N. It is easy to check that T �
k;m
T
k;m0
D

0 D T
k;m
T �
k;m0

for m ¤ m0 and one has

T �k;mTk;m � PnC1;kC1; Tk;mT
�
k;m � PnC1;kC1:

Therefore, the sum T WD
P
m2N Tk;m converges in the strong operator topology and it is

a partial isometry with both initial and range spaces contained in P
nC1;kC1

H .

Using the above proposition, one can now define recursively the operators Wi;j for
1 � j � nC 1 and j � i � nC 1 and the operators Ui for r C 1 � i � nC 1 as follows:

Wi;j WD

8<:ZnC1;j ; if i D j;P
k2N Z

k
nC1;iWi�1;j .Z

k
nC1;i /

�; if j C 1 � i � nC 1;
(5.6)

Ui WD

8<:ZnC1;r ; if i D r C 1;P
k2N Z

k
nC1;iUi�1.Z

k
nC1;i /

�; if r C 2 � i � nC 1:
(5.7)

Thus, we have for i � r C 2,

Wi;rC1 D
X
kj2N

.rC2�j�i/

Z
ki
nC1;iZ

ki�1
nC1;i�1 � � �Z

krC2
nC1;rC2

�ZnC1;rC1
�
Z
krC2
nC1;rC2

��
� � �
�
Z
ki�1
nC1;i�1

���
Z
ki
nC1;i

��
; (5.8)

Ui D
X
kj2N

.rC2�j�i/

Z
ki
nC1;iZ

ki�1
nC1;i�1 � � �Z

krC2
nC1;rC2

�ZnC1;r
�
Z
krC2
nC1;rC2

��
� � �
�
Z
ki�1
nC1;i�1

���
Z
ki
nC1;i

��
; (5.9)
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and for i � r C 1,

Wi;r D
X
kj2N

.rC1�j�i/

Z
ki
nC1;iZ

ki�1
nC1;i�1 � � �Z

krC1
nC1;rC1

�ZnC1;r .Z
krC1
nC1;rC1/

�
� � � .Z

ki�1
nC1;i�1/

�.Z
ki
nC1;i /

�: (5.10)

We will use these three operators repeatedly in the rest of the paper. We start with a few
observations on these operators.

Proposition 5.6. Let r be as in (5.3). Then,

(1) Ui is a normal partial isometry for r C 2 � i � nC 1,

(2) Wi;r is a normal partial isometry for all r � i � nC 1,

(3) Wi;rC1 is a partial isometry with source projection and range projection contained
in PnC1;i for r C 2 � i � nC 1.

Proof. By Proposition 5.5, the operators Ui , Wi;r , and Wi;rC1 are all partial isometries.
The normality of Ui and Wi;r follows from the fact that PnC1;r D QnC1;r . It is easy to
see from (5.8) and (5.9) that

W �i;rC1Wi;rC1 � PnC1;i ; (5.11)

W �i;rC1Wi;rC1 �Wi;rC1W
�
i;rC1 D U

�
i Ui : (5.12)

Therefore, part (3) follows.

Proposition 5.7. Let r be as in (5.3). Then, we have the following relations:

Zi;rWnC1;rC1 �WnC1;rC1Zi;r D UnC1Zi;rC1; i � r; (5.13)

Zi;rW
�
nC1;rC1 �W

�
nC1;rC1Zi;r D 0; i � r: (5.14)

Proof. Since i�r , the operator Zi;r commutes with ZnC1;j for rC2�j �nC1. Using
this and relation (2.5), we get (5.13). Equation (5.14) follows by using (2.5) and (2.8).

Theorem 5.8. Let r be as in (5.3). Then, the operatorWnC1;r commutes with all theZi;j’s.

Proof. For 1 � j � r � 1, the commutations follow from Proposition 5.4. Assume next
that 1 � i � j D r . Then,

Zi;rWrC1;r D Zi;r

X
k2N

ZknC1;rC1ZnC1;r .Z
k
nC1;rC1/

�

D

X
k2N

ZknC1;rC1Zi;rZnC1;r .Z
k
nC1;rC1/

�

C

X
k2N

ZknC1;rC1ZnC1;rZi;rC1ZnC1;r .Z
kC1
nC1;rC1/

�

D

X
k2N

ZknC1;rC1Z
2
nC1;rZi;rC1.Z

kC1
nC1;rC1/

�;
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and

WrC1;rZi;r D
X
k2N

ZknC1;rC1ZnC1;r .Z
�
nC1;rC1/

kZi;r

D

X
k2N

ZknC1;rC1ZnC1;rZi;r .Z
k
nC1;rC1/

�:

Thus, we have

Zi;rWrC1;r �WrC1;rZi;r

D

X
k2N

ZknC1;rC1ZnC1;r .ZnC1;rZi;rC1Z
�
nC1;rC1 �Zi;r /.Z

k
nC1;rC1/

�:

Now,

.Z2nC1;rZi;rC1Z
�
nC1;rC1 �ZnC1;rZi;r /.Z

2
nC1;rZi;rC1Z

�
nC1;rC1 �ZnC1;rZi;r /

�

D ZnC1;rQi;rZ
�
nC1;r �QnC1;rQi;rC1:

Therefore,
rX
iD1

.Z2nC1;rZi;rC1Z
�
nC1;rC1 �ZnC1;rZi;r /.Z

2
nC1;rZi;rC1Z

�
nC1;rC1 �ZnC1;rZi;r /

�

D ZnC1;r

� rX
iD1

Qi;r

�
Z�nC1;r �QnC1;r

� rX
iD1

Qi;rC1

�
D QnC1;r �QnC1;r

� nC1X
kDrC1

Pr;k

�
D QnC1;rPr;r D PnC1;rPr;r D 0:

Thus, we haveZi;rWrC1;r DWrC1;rZi;r for 1� i � r . SinceZi;r commutes withZnC1;j
for all j � r C 2, we get

Zi;rWnC1;r D WnC1;rZi;r :

Next, let 1 � i � r C 1. Then, one has

Zi;rC1WrC2;r

D Zi;rC1
X
k2N

X
s2N

ZknC1;rC2Z
s
nC1;rC1ZnC1;r .Z

s
nC1;rC1/

�.ZknC1;rC2/
�

D

X
k2N

X
s2N

ZknC1;rC2Zi;rC1Z
s
nC1;rC1ZnC1;r .Z

s
nC1;rC1/

�.ZknC1;rC2/
�

C

X
k2N

X
s2N

ZknC1;rC2ZnC1;rC1Zi;rC2Z
s
nC1;rC1ZnC1;r .Z

s
nC1;rC1/

�.ZkC1nC1;rC2/
�

D

X
k2N

ZknC1;rC2Zi;rC1ZnC1;r .Z
k
nC1;rC2/

�

C

X
k2N

X
s2N

ZknC1;rC2Z
sC1
nC1;rC1Zi;rC2ZnC1;r .Z

s
nC1;rC1/

�.ZkC1nC1;rC2/
�
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D

X
k2N

ZknC1;rC2ZnC1;r .Z
k
nC1;rC2/

�Zi;rC1

C

X
k2N

X
s2N

ZknC1;rC2ZnC1;rC1WrC1;rZi;rC2.Z
kC1
nC1;rC2/

�;

and

WrC2;rZi;rC1 D
X
k2N

ZknC1;rC2ZnC1;r .Z
k
nC1;rC2/

�Zi;rC1

C

X
k2N

X
s2N

ZknC1;rC2Z
sC1
nC1;rC1ZnC1;r .Z

sC1
nC1;rC1/

�.ZknC1;rC2/
�Zi;rC1

D

X
k2N

ZknC1;rC2ZnC1;r .Z
k
nC1;rC2/

�Zi;rC1

C

X
k2N

ZknC1;rC2ZnC1;rC1WrC1;rZ
�
nC1;rC1Zi;rC1.Z

k
nC1;rC2/

�:

Using Lemma 4.8, we now get

Zi;rC1WrC2;r �WrC2;rZi;rC1

D

X
k2N

ZknC1;rC2ZnC1;rC1WrC1;r .Zi;rC2Z
�
nC1;rC2 �Z

�
nC1;rC1Zi;rC1/

�Z�nC1;rC1Zi;rC1.Z
k
nC1;rC2/

�

D 0:

Thus, we have Zi;rC1WrC2;r D WrC2;rZi;rC1. Since Zi;rC1 commutes with ZnC1;j for
every j � r C 3, we get

Zi;rC1WnC1;r D WnC1;rZi;rC1:

Let j � r C 2 and 1 � i � j . Then, one has

Zi;jWjC1;r D Zi;j

X
k2N

ZknC1;jC1Wj;r .Z
�
nC1;jC1/

k

D

X
k2N

ZknC1;jC1Zi;jWj;r .Z
�
nC1;jC1/

k

C

X
k�1

Zk�1nC1;jC1ZnC1;jZi;jC1Wj;r .Z
�
nC1;jC1/

k

D

X
k2N

ZknC1;jC1Wj�1;r .Z
�
nC1;jC1/

kZi;j

C

X
k2N

ZknC1;jC1ZnC1;jWj;rZi;jC1.Z
�
nC1;jC1/

kC1;
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and

WjC1;rZi;j D
X
k2N

ZknC1;jC1Wj;r .Z
�
nC1;jC1/

kZi;j

D

X
k2N

X
s2N

ZknC1;jC1Z
s
nC1;jWj�1;r .Z

�
nC1;j /

s.Z�nC1;jC1/
kZi;j

D

X
k2N

ZknC1;jC1Wj�1;r .Z
�
nC1;jC1/

kZi;j

C

X
k2N

X
s�1

ZknC1;jC1Z
s
nC1;jWj�1;r .Z

�
nC1;j /

s.Z�nC1;jC1/
kZi;j

D

X
k2N

ZknC1;jC1Wj�1;r .Z
�
nC1;jC1/

kZi;j

C

X
k2N

ZknC1;jC1ZnC1;jWj;rZ
�
nC1;j .Z

�
nC1;jC1/

kZi;j :

Use Lemma 4.8 to get

Zi;jWjC1;r �WjC1;rZi;j

D

X
k2N

ZknC1;jC1ZnC1;jWj;rZi;jC1.Z
�
nC1;jC1/

kC1

�

X
k2N

ZknC1;jC1ZnC1;jWj;rZ
�
nC1;j .Z

�
nC1;jC1/

kZi;j

D

X
k2N

ZknC1;jC1ZnC1;jWj;r .Zi;jC1Z
�
nC1;jC1 �Z

�
nC1;jZi;j /.Z

�
nC1;jC1/

k

D 0:

Thus, we have
Zi;jWjC1;r D WjC1;rZi;j :

Since Zi;j commutes with Z
nC1;k

for all k � j C 2, we get

Zi;jWnC1;r D WnC1;rZi;j :

Thus, WnC1;r commutes with Zi;j for all i � j . Therefore, using (2.9), we conclude
that WnC1;r commutes with Z�i;j for all i > j . Since WnC1;r is normal, it follows that it
commutes with all Zi;j ’s.

Proposition 5.9. Let r be as in (5.3). Then,

W �nC1;rUnC1 D U
�
nC1UnC1:
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Proof. We have

W �nC1;rUnC1

D

X
kj2N

.rC1�j�nC1/

�
Z
knC1
nC1;nC1 � � �Z

krC1
nC1;rC1Z

�
nC1;r .Z

�
nC1;rC1/

krC1 � � � .Z�nC1;nC1/
knC1

�
�

X
kj2N

.rC2�j�nC1/

�
Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2ZnC1;r .Z

�
nC1;rC2/

krC2 � � � .Z�nC1;nC1/
knC1

�
D

X
kj2N

.rC2�j�nC1/

�
Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2

� X
krC12N

Z
krC1
nC1;rC1Z

�
nC1;r .Z

�
nC1;rC1/

krC1
�

�ZnC1;r .Z
�
nC1;rC2/

krC2 � � � .Z�nC1;nC1/
knC1

�
D

X
kj2N

.rC2�j�nC1/

�
Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2PnC1;r .Z

�
nC1;rC2/

krC2 � � � .Z�nC1;nC1/
knC1

�
;

and

U �nC1UnC1

D

X
kj2N

.rC2�j�nC1/

�
Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2Z

�
nC1;r .Z

�
nC1;rC2/

krC2 � � � .Z�nC1;nC1/
knC1

�
�

X
kj2N

.rC2�j�nC1/

�
Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2ZnC1;r .Z

�
nC1;rC2/

krC2 � � � .Z�nC1;nC1/
knC1

�
D

X
kj2N

.rC2�j�nC1/

�
Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2PnC1;r .Z

�
nC1;rC2/

krC2 � � � .Z�nC1;nC1/
knC1

�
:

Thus, we have the required equality.

6. Implications of irreducibility

We now further restrict our attention to the images of the zi;j ’s under an irreducible rep-
resentation � . Irreducibility will help us extract more information on the operatorsWi;j ’s,
which will be needed in analyzing irreducible representations.

Proposition 6.1. Assume � is irreducible and let r be as in (5.3); i.e.,

r D min
®
1 � i � nC 1 W �.znC1;i / ¤ 0

¯
:

Then, there is a � 2 S1 such that WnC1;r D �I .
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Proof. Since WnC1;r is normal, by Theorem 5.8 and by the irreducibility of � , it is a
scalar operator. But it is also a partial isometry and

W �nC1;rWnC1;r � PnC1;r ¤ 0:

Therefore, we have the result.

Our next goal is to show that for an irreducible representation �, the operatorWnC1;rC1
is an isometry. For that, we start with a few commutation relations.

Proposition 6.2. Let 1 � j � r � 1 and 1 � i � n. Then,

WnC1;rC1Zi;j D Zi;jWnC1;rC1; W �nC1;rC1Zi;j D Zi;jW
�
nC1;rC1:

Proof. This is an immediate consequence of Proposition 5.4.

Proposition 6.3. Let r be as above. Then one has:

Wi;rC1ZnC1;j D 0; r C 2 � i < j; (6.1)

ZnC1;jWi;rC1 D Wi;rC1ZnC1;j ; j � i � nC 1; (6.2)

Zi;jWj;rC1 D Zi;jWj�1;rC1 D Wj�1;rC1Zi;j ; i � j; r C 2 � j: (6.3)

Proof. The first equality follows from the fact that QnC1;iQnC1;j D 0 for i ¤ j .
For the second equality, observe that if j < i , then

ZnC1;jWi;rC1 D ZnC1;j

X
k2N

ZknC1;iWi�1;rC1.Z
k
nC1;i /

�
D ZnC1;jWi�1;rC1;

Wi;rC1ZnC1;j D
X
k2N

ZknC1;iWi�1;rC1.Z
k
nC1;i /

�ZnC1;j D Wi�1;rC1ZnC1;j :

By repeating the above, we get ZnC1;jWi;rC1 D ZnC1;jWj;rC1 and Wi;rC1ZnC1;j D
Wj;rC1ZnC1;j . Finally, for j D i , one has

ZnC1;jWj;rC1DZnC1;j

X
k2N

ZknC1;jWj�1;rC1.Z
k
nC1;j /

�

D

X
k2N

ZkC1nC1;jWj�1;rC1.Z
k
nC1;j /

�

DZnC1;jWj�1;rC1 C
X
k�1

ZkC1nC1;jWj�1;rC1.Z
k
nC1;j /

�

DZnC1;jWj�1;rC1Z
�
nC1;jZnC1;jC

X
k�1

ZkC1nC1;jWj�1;rC1.Z
kC1
nC1;j/

�ZnC1;j

D

X
k�1

ZknC1;jWj�1;rC1.Z
k
nC1;j /

�ZnC1;j

DWj;rC1ZnC1;j �Wj�1;rC1ZnC1;j D Wj;rC1ZnC1;j :

The last equation follows from the observation that Zi;iZnC1;i D 0.
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Proposition 6.4. Let j � r C 2 and 1 � i � j . Then,

Zi;jWjC1;rC1 D WjC1;rC1Zi;j ; Zi;jW
�
jC1;rC1 D WjC1;rC1Z

�
i;j :

Proof. Let j � r C 2 and 1 � i � j . Then, one has

Zi;jWjC1;rC1 D Zi;j

X
k2N

ZknC1;jC1Wj;rC1.Z
�
nC1;jC1/

k

D

X
k2N

ZknC1;jC1Zi;jWj;rC1.Z
�
nC1;jC1/

k

C

X
k�1

Zk�1nC1;jC1ZnC1;jZi;jC1Wj;rC1.Z
�
nC1;jC1/

k

D

X
k2N

ZknC1;jC1Wj�1;rC1.Z
�
nC1;jC1/

kZi;j

C

X
k2N

ZknC1;jC1ZnC1;jWj;rC1Zi;jC1.Z
�
nC1;jC1/

kC1;

and

WjC1;rC1Zi;j D
X
k2N

ZknC1;jC1Wj;rC1.Z
�
nC1;jC1/

kZi;j

D

X
k2N

X
s2N

ZknC1;jC1Z
s
nC1;jWj�1;rC1.Z

�
nC1;j /

s.Z�nC1;jC1/
kZi;j

D

X
k2N

ZknC1;jC1Wj�1;rC1.Z
�
nC1;jC1/

kZi;j

C

X
k2N

X
s�1

ZknC1;jC1Z
s
nC1;jWj�1;rC1.Z

�
nC1;j /

s.Z�nC1;jC1/
kZi;j

D

X
k2N

ZknC1;jC1Wj�1;rC1.Z
�
nC1;jC1/

kZi;j

C

X
k2N

ZknC1;jC1ZnC1;jWj;rC1.Z
�
nC1;j /.Z

�
nC1;jC1/

kZi;j :

Use Lemma 4.8 to get

Zi;jWjC1;rC1 �WjC1;rC1Zi;j

D

X
k2N

ZknC1;jC1ZnC1;jWj;rC1Zi;jC1.Z
�
nC1;jC1/

kC1

�

X
k2N

ZknC1;jC1ZnC1;jWj;rC1.Z
�
nC1;j /.Z

�
nC1;jC1/

kZi;j

D

X
k2N

ZknC1;jC1ZnC1;jWj;rC1.Zi;jC1Z
�
nC1;jC1 �Z

�
nC1;jZi;j /.Z

�
nC1;jC1/

k

D 0:

Thus, we have the required relation.
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Proposition 6.5. Let 1 � i � r . Then, Zi;r commutes with W �nC1;rC1WnC1;rC1.

Proof. From (5.8), we have for r C 2 � j � nC 1,

W �j;rC1Wj;rC1

D

X
kj2N

.rC2�j�nC1/

Z
kj
nC1;j � � �Z

krC2
nC1;rC2.Z

�
nC1;rC1ZnC1;rC1/.Z

krC2
nC1;rC2/

�
� � � .Z

kj
nC1;j /

�:

Hence,

Zi;rW
�
nC1;rC1WnC1;rC1 �W

�
nC1;rC1WnC1;rC1Zi;r

D

X
kj2N

.rC2�j�nC1/

�
Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2.Zi;rZ

�
nC1;rC1ZnC1;rC1�Z

�
nC1;rC1ZnC1;rC1Zi;r /

� .Z
krC2
nC1;rC2/

�
� � � .Z

knC1
nC1;nC1/

�
�
:

Since QnC1;rC1QnC1;r D 0, we have

Zi;rZ
�
nC1;rC1ZnC1;rC1 D Z

�
nC1;rC1Zi;rZnC1;rC1

D Z�nC1;rC1.ZnC1;rC1Zi;r CZnC1;rZi;rC1/

D Z�nC1;rC1ZnC1;rC1Zi;r :

Therefore, we have the equality Zi;rW
�
nC1;rC1WnC1;rC1 D W

�
nC1;rC1WnC1;rC1Zi;r .

Proposition 6.6. Let 1 � i � r C 1. Then, Zi;rC1 commutes with W �nC1;rC1WnC1;rC1.

Proof. We have

Zi;rC1W
�
rC2;rC1WrC2;rC1

D Zi;rC1

X
k2N

ZknC1;rC2.Z
�
nC1;rC1ZnC1;rC1/.Z

k
nC1;rC2/

�

D

X
k2N

ZknC1;rC2.Zi;rC1Z
�
nC1;rC1ZnC1;rC1/.Z

k
nC1;rC2/

�

C

X
k2N

ZknC1;rC2.ZnC1;rC1Zi;rC2Z
�
nC1;rC1ZnC1;rC1/.Z

kC1
nC1;rC2/

�

D

X
k2N

ZknC1;rC2Zi;rC1.QnC1;rC1 CQnC1;r /.Z
k
nC1;rC2/

�

C

X
k2N

ZknC1;rC2.ZnC1;rC1Zi;rC2Z
�
nC1;rC2/.Z

k
nC1;rC2/

�

D

X
k2N

ZknC1;rC2Zi;rC1QnC1;r .Z
k
nC1;rC2/

�

C

X
k2N

ZknC1;rC2.ZnC1;rC1Zi;rC2Z
�
nC1;rC2/.Z

k
nC1;rC2/

�;
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and

W �rC2;rC1WrC2;rC1Zi;rC1

D

�X
k2N

ZknC1;rC2.Z
�
nC1;rC1ZnC1;rC1/.Z

k
nC1;rC2/

�
�
Zi;rC1

D

�X
k2N

ZknC1;rC2.ZnC1;rZ
�
nC1;r CZnC1;rC1Z

�
nC1;rC1/Zi;rC1.Z

k
nC1;rC2/

�
�

D

X
k2N

ZknC1;rC2.QnC1;rZi;rC1/.Z
k
nC1;rC2/

�

C

X
k2N

ZknC1;rC2.ZnC1;rC1Z
�
nC1;rC1Zi;rC1/.Z

kC1
nC1;rC2/

�:

Therefore,

Zi;rC1W
�
rC2;rC1WrC2;rC1 �W

�
rC2;rC1WrC2;rC1Zi;rC1

D

X
k2N

ZknC1;rC2.Zi;rC1QnC1;r �QnC1;rZi;rC1/.Z
k
nC1;rC2/

�

C

X
k2N

ZknC1;rC2ZnC1;rC1.Zi;rC2Z
�
nC1;rC2 �Z

�
nC1;rC1Zi;rC1/.Z

k
nC1;rC2/

�

D

X
k2N

ZknC1;rC2ZnC1;rC1.Zi;rC2Z
�
nC1;rC2 �Z

�
nC1;rC1Zi;rC1/.Z

k
nC1;rC2/

�:

The right-hand side above vanishes by Lemma 4.8. Since Zi;rC1 commutes with ZnC1;j
and Z�nC1;j for j � r C 3, it follows that Zi;rC1 commutes withW �nC1;rC1WnC1;rC1.

Proposition 6.7. Let � be irreducible. Then, W �nC1;rC1WnC1;rC1 D I .

Proof. From Propositions 6.2, 6.4, 6.5, and 6.6, it follows that W �nC1;rC1WnC1;rC1 com-
mutes with Zi;j for all 1 � i � j � n C 1. Therefore, using (2.9), we conclude that
W �nC1;rC1WnC1;rC1 commutes with Zi;j for all i and j . Since W �nC1;rC1WnC1;rC1 is a
projection, and

W �nC1;rC1WnC1;rC1 � PnC1;rC1 ¤ 0;

we get the result.

The above result and Proposition 6.1 tell us that the operator W �nC1;rWnC1;rC1 is also
an isometry. We next decompose the operators Zi;j using this isometry. This will be the
main tool in proving the theorems in the next section.

Theorem 6.8. Assume � is irreducible. Define

W WD W �nC1;rWnC1;rC1 D
x�WnC1;rC1;

Y
.1/
i;j D

8̂̂<̂
:̂
Zi;j if j 62 ¹r; r C 1º;

Zi;rW if j D r;

W �Zi;rC1 if j D r C 1;



Irreducible representations of C.SU0.nC 1// 691

Y
.2/
i;j D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

W if i D j D r C 1;

W � if i D j D r;

I �WW � if i; j 2 ¹r; r C 1º and i ¤ j ;

I if i D j 62 ¹r; r C 1º;

0 otherwise.

Then, Y .1/i;j 2 ¹W;W
�º0 for all i; j and

Zi;j D

max¹i;j ºX
kDmin¹i;j º

Y
.1/

i;k
Y
.2/

k;j
: (6.4)

Before getting into the proof of the above theorem, we first prove two propositions
where we show that the elements Zi;rW and W �Zi;rC1 are in the commutant ¹W;W �º0.

Proposition 6.9. Let W be as defined in Theorem 6.8. Then, Zi;rW 2 ¹W;W
�º0 for 1 �

i � r .

Proof. It is enough to show that Zi;rWnC1;rC1 2 ¹WnC1;rC1;W
�
nC1;rC1º

0. From Proposi-
tion 5.7, we have

.Zi;rWnC1;rC1 �WnC1;rC1Zi;r /WnC1;rC1 D UnC1Zi;rC1WnC1;rC1:

Now note that

UnC1Zi;rC1WnC1;rC1

D

X
kj2N

.rC2�j�nC1/

�
Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2ZnC1;r .Z

�
nC1;rC2/

krC2 � � � .Z�nC1;nC1/
knC1

�
�Zi;rC1

X
kj2N

.rC2�j�nC1/

�
Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2ZnC1;rC1

� .Z�nC1;rC2/
krC2 � � � .Z�nC1;nC1/

knC1
�

D

X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2.ZnC1;rZi;rC1ZnC1;rC1/

� .Z�nC1;rC2/
krC2 � � � .Z�nC1;nC1/

knC1

D

X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2.Zi;rC1ZnC1;rZnC1;rC1/

� .Z�nC1;rC2/
krC2 � � � .Z�nC1;nC1/

knC1

D 0:

(6.5)
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Thus, Zi;rWnC1;rC1 commutes with WnC1;rC1. One also has

.Zi;rWnC1;rC1/W
�
nC1;rC1 D Zi;r .I � UnC1U

�
nC1/ D Zi;r ;

W �nC1;rC1.Zi;rWnC1;rC1/ D Zi;rW
�
nC1;rC1WnC1;rC1 D Zi;r :

Thus, Zi;rWnC1;rC1 2 ¹WnC1;rC1; W
�
nC1;rC1º

0 for 1 � i � r .

Proposition 6.10. Let i � r C 1. Then, W �Zi;rC1 2 ¹W ;W �º0.

Proof. Let us first prove that W �nC1;rC1Zi;rC1WnC1;rC1 D WnC1;rC1W
�
nC1;rC1Zi;rC1.

Observe that

Zi;rC1WrC2;rC1 D
X
k2N

ZknC1;rC2Zi;rC1ZnC1;rC1.Z
�
nC1;rC2/

k

C

X
k�1

Zk�1nC1;rC2Zi;rC2Z
2
nC1;rC1.Z

�
nC1;rC2/

k

D

X
k2N

ZknC1;rC2Zi;rC2Z
2
nC1;rC1.Z

�
nC1;rC2/

kC1:

Therefore,

W �nC1;rC1Zi;rC1WnC1;rC1

D

X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2.Z

�
nC1;rC1Zi;rC2Z

2
nC1;rC1Z

�
nC1;rC2/

� .Z
krC2
nC1;rC2/

�
� � � .Z

knC1
nC1;nC1/

�

D

X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2.Z

�
nC1;rC1Z

2
nC1;rC1Zi;rC2Z

�
nC1;rC2/

� .Z
krC2
nC1;rC2/

�
� � � .Z

knC1
nC1;nC1/

�

D

X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2.PnC1;rC1ZnC1;rC1Zi;rC2Z

�
nC1;rC2/

� .Z
krC2
nC1;rC2/

�
� � � .Z

knC1
nC1;nC1/

�

D

X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2.ZnC1;rC1Zi;rC2Z

�
nC1;rC2/

� .Z
krC2
nC1;rC2/

�
� � � .Z

knC1
nC1;nC1/

�:

We also have

WnC1;rC1W
�
nC1;rC1Zi;rC1

D

X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2.ZnC1;rC1Z

�
nC1;rC1Zi;rC1/

� .Z
krC2
nC1;rC2/

�
� � � .Z

knC1
nC1;nC1/

�:
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Hence, using Lemma 4.8, we get

W �nC1;rC1Zi;rC1WnC1;rC1 �WnC1;rC1W
�
nC1;rC1Zi;rC1

D

X
kj2N

.rC2�j�nC1/

�
Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2ZnC1;rC1.Zi;rC2Z

�
nC1;rC2 �Z

�
nC1;rC1Zi;rC1/

� .Z
krC2
nC1;rC2/

�
� � � .Z

knC1
nC1;nC1/

�
�

D 0:

Since W commutes with all the Zi;j ’s, we get W �Zi;rC1W D WW
�Zi;rC1. It remains

to prove that W �Zi;rC1W
� D .W �/2Zi;rC1. Since WnC1;rC1 is an isometry, we have

W �nC1;rC1Zi;rC1W
�
nC1;rC1WnC1;rC1 D W

�
nC1;rC1Zi;rC1

D W �nC1;rC1WnC1;rC1W
�
nC1;rC1Zi;rC1

D .W �nC1;rC1/
2Zi;rC1W:

Therefore, it is enough to prove that

W �nC1;rC1Zi;rC1W
�
nC1;rC1.I �WnC1;rC1W

�
nC1;rC1/

D .W �nC1;rC1/
2Zi;rC1.I �WnC1;rC1W

�
nC1;rC1/:

Note that the left-hand side above is 0. Since by (5.12) we have

I �WnC1;rC1W
�
nC1;rC1 D UnC1U

�
nC1;

it suffices to show that .W �/2Zi;rC1UnC1 D 0. Now,

Zi;rC1UnC1

D Zi;rC1

� X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2ZnC1;r .Z

krC2
nC1;rC2/

�
� � � .Z

knC1
nC1;nC1/

�
�

D

X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC3
nC1;rC3Zi;rC1Z

krC2
nC1;rC2ZnC1;r

� .Z
krC2
nC1;rC2/

�
� � � .Z

knC1
nC1;nC1/

�

D

X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC3
nC1;rC3Z

krC2
nC1;rC2Zi;rC1ZnC1;r

� .Z
krC2
nC1;rC2/

�
� � � .Z

knC1
nC1;nC1/

�

C

X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2ZnC1;rC1Zi;rC2

� .Z
1CkrC2
nC1;rC2/

�.Z
krC3
nC1;rC3/

�
� � � .Z

knC1
nC1;nC1/

�:
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Hence,

.W �/2Zi;rC1UnC1

D

� X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2.Z

�
nC1;rC1/

2.Z
krC2
nC1;rC2/

�
� � � .Z

knC1
nC1;nC1/

�
�

�

� X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC3
nC1;rC3Z

krC2
nC1;rC2Zi;rC1ZnC1;r

� .Z
krC2
nC1;rC2/

�
� � � .Z

knC1
nC1;nC1/

�
C

X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2ZnC1;rC1

�Zi;rC2.Z
1CkrC2
nC1;rC2/

�.Z
krC3
nC1;rC3/

�
� � � .Z

knC1
nC1;nC1/

�
�

D

X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC3
nC1;rC3Z

krC2
nC1;rC2

� .Z�nC1;rC1/
2Zi;rC1ZnC1;r .Z

krC2
nC1;rC2/

�
� � � .Z

knC1
nC1;nC1/

�

C

X
k;kj2N

.rC2�j�nC1/

�
Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2.Z

�
nC1;rC1/

2.Z
krC2
nC1;rC2/

�.ZnC1;rC2/
kCkrC2

�ZnC1;rC1Zi;rC2.Z
kC1CkrC2
nC1;rC2 /�.Z

krC3
nC1;rC3/

�
� � � .Z

knC1
nC1;nC1/

�
�

D

X
k;kj2N

.rC2�j�nC1/

�
Z
knC1
nC1;nC1 � � �Z

krC2
nC1;rC2.Z

�
nC1;rC1/

2.ZnC1;rC2/
kZnC1;rC1Zi;rC2

� .Z
kC1CkrC2
nC1;rC2 /�.Z

krC3
nC1;rC3/

�
� � � .Z

knC1
nC1;nC1/

�
�

D 0:

Thus, the proof is complete.

For the remaining operators, i.e., W �Zi;rC1 for i � r C 2 and Zi;rW for i � r C 1,
we now invoke the relation (2.9). Observe that for i � r C 2, one has

.W �nC1;rC1Zi;rC1/
�

D.Z1;1Z2;2 � � �Zr;r/.ZrC1;rC2 � � �Zi�1;i/.ZiC1;iC1 � � �ZnC1;nC1/WnC1;rC1

D.Z1;1Z2;2 � � �Zr�1;r�1/.Zr;rWnC1;rC1/.ZrC1;rC2 � � �Zi�1;i/.ZiC1;iC1 � � �ZnC1;nC1/;

and for i � r C 1, one similarly has

.Zi;rWnC1;rC1/
�

DW �nC1;rC1.Z1;1Z2;2 � � �Zr�1;r�1/.Zr;rC1 � � �Zi�1;i /.ZiC1;iC1 � � �ZnC1;nC1/

D.Z1;1Z2;2 � � �Zr�1;r�1/W
�
nC1;rC1Zr;rC1.ZrC1;rC2 � � �Zi�1;i/.ZiC1;iC1 � � �ZnC1;nC1/:



Irreducible representations of C.SU0.nC 1// 695

Therefore, using the earlier results (Propositions 6.2, 6.9, and 6.4), we now obtain the
following proposition.

Proposition 6.11. Let W be as in Theorem 6.8. Then,

W �Zi;rC1 2 ¹W ;W �º0 for i � r C 2;

Zi;rW 2 ¹W;W
�
º
0 for i � r C 1:

Proof of Theorem 6.8. From Propositions 6.2, 6.4, and 6.9–6.11, it follows that Y .1/i;j 2

¹W;W �º0 for all i; j . So it remains to prove (6.4). For that, we need to prove the following
equalities:

Zi;rWW
�
D Zi;r i � r; (6.6)

Zi;rW.I �WW
�/CW �Zi;rC1W D Zi;rC1 i � r; (6.7)

W �Zi;rC1W D Zi;rC1 i � r C 1; (6.8)

W �Zi;rC1.I �WW
�/CZi;rWW

�
D Zi;r i � r C 1: (6.9)

For (6.6), note that

Zi;r .I �WW
�/ D Zi;r .I �WnC1;rC1W

�
nC1;rC1/ D Zi;rUnC1U

�
nC1:

Since i � r , we have

Zi;rUnC1

D

X
kj2N

.rC2�j�nC1/

Z
knC1
nC1;nC1 � � �Z

krC3
nC1;rC3Z

krC2
nC1;rC2.Zi;rZnC1;r /.Z

krC2
nC1;rC2/

�
� � � .Z

knC1
nC1;nC1/

�

D 0:

Therefore,

Zi;rWW
�
D Zi;r �Zi;r .I �WW

�/

D Zi;r �Zi;rUnC1U
�
nC1

D 0:

Next, let us prove (6.7). Use Proposition 5.7 to get

Zi;rW.I �WW
�/ D W �nC1;rZi;rWnC1;rC1.I �WW

�/

D W �nC1;r .WnC1;rC1Zi;r C UnC1Zi;rC1/.I �WW
�/

D WZi;r .I �WW
�/CW �nC1;rUnC1Zi;rC1.I �WW

�/

D WZi;rUnC1U
�
nC1 C UnC1U

�
nC1Zi;rC1.I �WW

�/

D .I �WW �/Zi;rC1.I �WW
�/:
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Since W �Zi;rC1 commutes with W , we get

Zi;rW.I �WW
�/CW �Zi;rC1W D .I �WW

�/Zi;rC1.I �WW
�/CW W �Zi;rC1

D Zi;rC1 � .I �WW
�/Zi;rC1WW

�

D Zi;rC1 � U
�
nC1UnC1Zi;rC1WW

�:

By (6.5), the second term in the right-hand side above vanishes. Therefore, we have (6.7).
For proving (6.8) and (6.9), we will need the following equality:

W �Zi;rC1 �Zi;rC1W
�
D Zi;r .I �WW

�/ if i � r C 1: (6.10)

Here,

Z�i;rC1WnC1;rC1 �WnC1;rC1Z
�
i;rC1

D .Z1;1Z2;2 � � �Zr;r /.ZrC1;rC2 � � �Zi�1;i /.ZiC1;iC1 � � �ZnC1;nC1/WnC1;rC1

�WnC1;rC1.Z1;1Z2;2 � � �Zr;r /.ZrC1;rC2 � � �Zi�1;i /.ZiC1;iC1 � � �ZnC1;nC1/

D .Z1;1Z2;2 � � �Zr�1;r�1/.Zr;rWnC1;rC1 �WnC1;rC1Zr;r /

� .ZrC1;rC2 � � �Zi�1;i /.ZiC1;iC1 � � �ZnC1;nC1/

D .Z1;1Z2;2 � � �Zr�1;r�1/.UnC1Zr;rC1/.ZrC1;rC2 � � �Zi�1;i /.ZiC1;iC1 � � �ZnC1;nC1/

D UnC1.Z1;1Z2;2 � � �Zr�1;r�1/.Zr;rC1ZrC1;rC2 � � �Zi�1;i /.ZiC1;iC1 � � �ZnC1;nC1/

D UnC1Z
�
i;r :

Therefore, we have

W �Zi;rC1 �Zi;rC1W
�
D Zi;rU

�
nC1WnC1;r D Zi;r .I �WW

�/:

Using the above equality, we get

W �Zi;rC1W �Zi;rC1 D .W
�Zi;rC1 �Zi;rC1W

�/W

D Zi;r .I �WW
�/W

D 0:

Thus, we have (6.8). Next,

W �Zi;rC1.I �WW
�/CZi;rWW

�

D
�
Zi;rC1W

�
CZi;r .I �WW

�/
�
.I �WW �/CZi;rWW

�

D Zi;r :

Thus, we have proved (6.9). This completes the proof of Theorem 6.8.
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7. Classification theorem

We are now in a position to prove a factorization theorem for the irreducible representa-
tions of the C �-algebra C.SU0.nC 1// that will subsequently lead to a recursive proof of
the classification theorem for all irreducible representations of C.SU0.nC 1//.

Theorem 7.1 (Factorization theorem). Suppose � is an irreducible representation of
C.SU0.n C 1// on a Hilbert space H . Assume r � r.�/ � n where r is as in (5.3).
Then, there is an irreducible representation �1 of C.SU0.n C 1// acting on a Hilbert
space H1 such that r.�1/ D r C 1 and � is unitarily equivalent to the representation
�1 �  sr acting on H1 ˝ `

2.N/ given by

�1 �  sr .zi;j / D

max¹i;j ºX
kDmin¹i;j º

�1.zi;k/˝  sr .zk;j /; 1 � i; j � nC 1:

Proof. From Proposition 6.7, we know thatW is an isometry. Since U �nC1UnC1 �PnC1;r ,
it follows from (5.12) that W is not a unitary. By Wold decomposition, there are Hilbert
spaces H0 and H1 and a unitary U on H0 such that .H ; W / is unitarily equivalent to
..H1 ˝ `

2.N// ˚H0; .I ˝ S
�/ ˚ U/. By Theorem 6.8, the subspace H1 ˝ `

2.N/ is
kept invariant by Y .1/i;j , Y .2/i;j , .Y .1/i;j /

�, and .Y .2/i;j /
� for all i; j . Therefore, the subspace

H1 ˝ `
2.N/ is an invariant subspace for � . By the irreducibility of � , it follows that

H0 D ¹0º.
Thus, there are operators Z.1/i;j 2 L.H1/ and Z.2/i;j 2 L.`2.N// such that

Y
.1/
i;j D Z

.1/
i;j ˝ I; Y

.2/
i;j D I ˝Z

.2/
i;j ; 1 � i; j � nC 1;

and we have

Zi;j D

max¹i;j ºX
kDmin¹i;j º

Z
.1/

i;k
˝Z

.2/

k;j
; 1 � i; j � nC 1:

In fact, one has

Z
.2/
i;j D

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

S� if i D j D r C 1;

S if i D j D r;

P0 if i; j 2 ¹r; r C 1º and i ¤ j ;

I if i D j 62 ¹r; r C 1º;

0 otherwise:

(7.1)

Thus, the map zi;j 7! Z
.2/
i;j defines a representation of C.SU0.nC 1// on `2.N/ which is

in fact the representation  sr defined in Section 3. Observe that the Z.2/i;j ’s belong to the
Toeplitz algebra T � L.`2.N//. Therefore,

�.zi;j / 2 L.H1/˝T for all i; j: (7.2)
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Let � W T ! C be the �-homomorphism given by S 7! 1. Then, one has

Z
.1/
i;j D .id ˝ �/Zi;j D .id ˝ �/�.zi;j /:

Thus, the map �1 W zi;j 7! Z
.1/
i;j gives a representation of C.SU0.nC 1// on H0 and we

have

�.zi;j / D

max¹i;j ºX
kDmin¹i;j º

�1.zi;k/˝  sr .zk;j /; 1 � i; j � nC 1:

If T belongs to the commutant of �1.C.SU0.nC 1///, then T ˝ I 2 �.C.SU0.nC 1///0.
By the irreducibility of � , it follows that T D I . Thus, �1 is irreducible. Using (2.1), we
get

�1.znC1;r / D ZnC1;rW D 0:

Also, note that

.W �ZnC1;rC1/
�.W �ZnC1;rC1/ D Z

�
nC1;rC1WW

�ZnC1;rC1

D PnC1;rC1 �Z
�
nC1;rC1.I �WW

�/ZnC1;rC1

D PnC1;rC1 �Z
�
nC1;rC1U

�
nC1UnC1ZnC1;rC1

D PnC1;rC1 ¤ 0:

Thus, we have

min
®
i W 1 � i � nC 1; �1.znC1;i / ¤ 0

¯
D r C 1:

This completes the proof.

We next come to the main result that gives a parametrization of all the irreducible
representations.

Theorem 7.2. Let � be an irreducible representation of C.SU0.n C 1// on a Hilbert
space H . Then, there is a �D .�1; : : : ; �n/ 2 .S1/n and a reduced word ! in SnC1 of the
form sŒak ;bk �sŒak�1;bk�1� � � � sŒa1;b1� where 1 � bk < bk�1 < � < b1 � n, and 1 � ai � bi
for 1 � i � k, such that � Š  �;! .

Proof. Note that when � Š  �;! , then 1 � r � n implies b1 D n and a1 D r .
It was proved in [6] that the statement holds for n D 2. Let us assume that it holds

for n � 1. Let us first deal with the case r D nC 1. In this case, from Proposition 5.1, it
follows that ZnC1;j D 0 for 1 � j � n. Therefore, we have

(1) PnC1;nC1 D QnC1;nC1 D I ,

(2) Zi;nC1 D 0 for 1 � i � n,

(3) Zi;jZnC1;nC1 D ZnC1;nC1Zi;j for all i; j .

Therefore, ZnC1;nC1 is a unitary and any spectral subspace of ZnC1;nC1 is an invariant
subspace for � . By the irreducibility of � , it follows that ZnC1;nC1 D �0I for some
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�0 2 S
1. Now define

�0.z
.n�1/
i;j / D

8<:Zi;j if 1 � j � n and 1 � i � n � 1;

�0Zi;j if 1 � j � n and i D n;

where z.n�1/i;j ’s denote the generators for C.SU0.n//. Then, �0 is an irreducible represen-
tation of C.SU0.n// on H . Therefore, there is a � D .�1; : : : ; �n�1/ 2 .S1/n�1 and a
reduced word

! D sŒak ;bk � � � � sŒa1;b1� 2 Sn � SnC1

where 1 � bk < bk�1 < � � � < b1 � n � 1 such that �0 Š  �;! . We thus have

� Š  �;! ;

where � D .�1; �2; : : : ; �n�1; �0/.
Next, assume 1 � r � n. By an application of the second factorization result proved

earlier (Theorem 7.1), it follows that there is an irreducible representation �1 acting on a
Hilbert space H1 such that r.�1/ D r C 1 and � D �1 �  sr ; i.e.,

�.zi;j / D

max¹i;j ºX
kDmin¹i;j º

�1.zi;k/˝  sr .zk;j /:

Using Lemma 3.1 and by the repeated application of Theorem 7.1, we conclude that there
is an irreducible representation �0 acting on a Hilbert space H0 such that r.�0/ D nC 1
and � D �0 �  sŒr;n� . By the previous case, the result now follows.

Remark 7.3. Note that one gets the one-dimensional representations  �;id given by (3.6)
when r DmC 1 in each of the stepsmD n;n� 1; : : : ; 2 in the above recursive procedure.

8. Corollaries of the classification theorem

In this section, we present a few important consequences of the classification theorem.

Proposition 8.1. The set®
 �;! W � 2 .S

1/n; ! a reduced word in SnC1

¯
gives all inequivalent irreducible representations of C.SU0.nC 1//.

This follows from Theorems 3.8 and 3.9 in Section 3 and Theorem 7.2.
Recall that O.SU0.n C 1// denotes the �-algebra given by the relations (2.1)–(2.8)

in Theorem 2.1. Thus, the space O.SU0.nC 1// can be viewed as a dense �-subalgebra
of C.SU0.nC 1//, and the family  �;! gives all the irreducible �-representations of this
algebra.
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Proposition 8.2. C.SU0.nC 1// is a C �-algebra of type I.

Proof. For each 1 � r � k, let is and js be nonnegative integers for ar � s � br . Let
jei i hej j be the rank one operator x 7! hej ; xiei . Denote by Tr the operator

jeibr ihejbr j ˝ jeibr�1ihejbr�1 j ˝ � � � ˝ jeiar ihejar j:

It is enough to prove that the tensor product Tk ˝ Tk�1 ˝ � � � ˝ T1 belongs to the image
 �;!.C.SU0.nC 1///.

We will use the operators

Ej;i WD V
�
n0.j;i/;iVj;i jVj�1;aj�1 j � jVj�2;aj�2 j � � � jV1;a1 j

described in Corollary 3.6 for this. Recall that

Ej;i D I
˝
Pk
sDjC1.bs�asC1/ ˝ .P

˝.bjC1�i/

0 ˝ S� ˝ I˝.i�aj�1//˝ P
˝
Pj�1
sD1.bs�asC1/

0 :

Now observe that jei i hej j D .S i /�P0Sj and hence

E
ibk
k;1Cbk

� � �E
iak
k;1Cak

Ek;ak .E
jak
k;1Cak

/� � � � .E
jbk
k;1Cbk

/�

D Tk ˝ P
˝.bk�1�ak�1C1/
0 ˝ � � � ˝ P

˝.b1�a1C1/
0 :

Thus, Tk˝P
˝.bk�1�ak�1C1/
0 ˝ � � �˝P

˝.b1�a1C1/
0 belongs to �;!.C.SU0.nC1///. Hav-

ing proved that

T WD Tk ˝ Tk�1 ˝ � � � ˝ TsC1 ˝ P
˝.bs�asC1/
0 ˝ � � � ˝ P

˝.b1�a1C1/
0

belongs to  �;!.C.SU0.nC 1///, note that

E
ibs
s;1Cbs

� � �E
iasT.E

jas
s;1Cas

/����.E
jbs
s;1Cbs

/�

s;1Cas

D Tk ˝ Tk�1 ˝ � � � ˝ Ts ˝ P
˝.bs�1�as�1C1/
0 ˝ � � � ˝ P

˝.b1�a1C1/
0 :

Thus, by repeating the argument, the result follows.

Proposition 8.3. For the C �-algebra C.SU0.nC 1//, we have the following:

(1) The map

�.zi;j / D

max¹i;j ºX
kDmin¹i;j º

zi;k ˝ zk;j

extends to a unital C �-homomorphism from C.SU0.nC 1// to the tensor product
C.SU0.nC 1//˝ C.SU0.nC 1//.

(2) The C �-algebra C.SU0.nC 1// together with � and the one-dimensional repre-
sentation " D  id is a C �-bialgebra, i.e., a compact quantum semigroup.
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The proof is identical to the arguments used for the n D 2 case in [6]. Observe also
that the restriction of � and " to O.SU0.n C 1// turns it into a �-bialgebra. Using this
map �, one can write the representations  �;! as convolution products of �� and  si ’s,
just as in the q ¤ 0 case.

Let 1 �m< n. Denote the generators of C.SU0.mC 1// and C.SU0.nC 1// by z.m/i;j

and z.n/i;j , respectively, and their comultiplication maps by�m and�n, respectively. Then,
it follows from the defining relations (2.1)–(2.9) that the map � from C.SU0.nC 1// to
C.SU0.mC 1// given by

�.z
.n/
i;j / D

´
z
.m/
i;j if 1 � i; j � mC 1;

ıi;j otherwise

is a surjective C �-homomorphism and one has

.� ˝ �/�n D �m�:

Thus, .C.SU0.mC1//;�m/ is a compact quantum subsemigroup of .C.SU0.nC1//;�n/.
By the same argument used for C.SU0.3// in [6], it follows that .C.SU0.nC 1//;�n/ is
not a compact quantum group.

Theorem 8.4. The crystallized algebra C.SU0.n C 1// is isomorphic to the C �-sub-
algebra of the space of bounded operators on `2.Z/˝n ˝ `2.N/˝

n.nC1/
2 generated by the

limits
lim
q!0C

 .q/
�
.�q/min¹i�j;0ºui;j .q/

�
;

where  .q/ is the Soibelman representation of C.SUq.nC 1//.

Proof. Similar to the case of nonzero q, one can prove that the direct integral  .0/ of
the representations  �;!0 over � 2 .S1/n, where !0 is the longest word in SnC1, is a
faithful representation of C.SU0.nC 1// acting on `2.Z/˝n ˝ `2.N/˝

n.nC1/
2 . It is simple

to check that the limits limq!0C  
.q/..�q/min¹i�j;0ºui;j .q// exist and one has

 .0/.zi;j / D lim
q!0C

 .q/
�
.�q/min¹i�j;0ºui;j .q/

�
:

Therefore, the result follows.

Finally, we have the following important property of our crystallized algebra.

Theorem 8.5. Suppose �.0/ is an irreducible representation of the crystallization
C.SU0.n C 1// (respectively O.SU0.n C 1//) on a Hilbert space H . Then, there exist
irreducible representations �.q/ of C.SUq.nC 1// (respectively O.SUq.nC 1//) on the
same Hilbert space H such that

�.0/.zi;j / D lim
q!0C

�.q/
�
.�q/min¹i�j;0ºui;j .q/

�
; i; j 2 ¹1; 2; : : : ; nC 1º:
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Proof. This follows from Theorem 3.9, Proposition 8.1, and Soibelman’s result [13, The-
orem 6.2.7, p. 121].

Remark 8.6. Recall (see the discussion after [6, Remark 2.2.2]) that there is a specializa-
tion map

�q W O
QŒt;t�1�
t

�
SU.nC 1/

�
! Oq

�
SU.nC 1/

�
such that the limits in Theorem 8.4 are limq!0C  

.q/ ı �q..�t /
min¹i�j;0ºui;j .t//. Thus,

Theorem 8.4 realizes the crystallization C.SU0.n C 1// as a C �-algebra of bounded
operators on the Hilbert space that carries the Soibelman representation of the family
C.SUq.nC 1// and is generated by a collection of operators that are q ! 0C limits of
images of certain matrix entries from O

QŒt;t�1�
t .SU.nC 1//. This is very similar to the

description of the crystallized C �-algebra given by Mattassa and Yuncken [16]. How-
ever, there are crucial differences. In particular, the generating collection of matrix entries
used are different, and more importantly, the coordinate function algebras from where they
come are over different subrings of Q.t/. We believe that the two crystallized C �-algebras
are isomorphic; however, we do not have a proof of this yet.
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