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The centrally extended Heisenberg double of
quantum SL2

Tao Lu

Abstract. The centrally extended Heisenberg double of quantum SL2 is a smash product of the
quantized coordinate ring Oq.M2/ of 2� 2matrices and the Hopf algebraUq.sl2/. For this algebra,
we determine its centre and show that it satisfies the quantum Gelfand–Kirillov conjecture. We give
an explicit description of its prime, primitive and maximal ideals. We study a class of non-weight
modules known as quasi-Whittaker modules. We classify the simple quasi-Whittaker modules and
determine the annihilator of each simple quasi-Whittaker module.

1. Introduction

The concept of quantum groups was first introduced by Drinfeld and independently by
Jimbo in the 1980s as a generalization of Lie groups and Lie algebras. Quantum groups,
as a mathematical structure, have their origins in many problems studied in theoretical
physics, such as solutions to the Yang–Baxter equations, the description of monodromy of
vertex operators in conformal field theory, and integrable systems. They naturally arise as
Hopf algebras depending on a deformation parameter q, which specialize to the universal
enveloping algebras of certain Lie algebras as q approaches 1. The relationship between
quantum groups and the corresponding classical groups is important in understanding the
transition from classical to quantum physics.

Let G be a reductive algebraic group, and g D Lie.G/ be its Lie algebra. There is a
non-degenerate Hopf pairing between the universal enveloping algebra U.g/ and the coor-
dinate algebra O.G/. The Lie algebra g acts by derivations on O.G/, which makes O.G/

a left U.g/-module algebra. With this action, one can construct the smash product algebra
D.G/ WD O.G/ # U.g/, called the Heisenberg double of G. This setting can be extended
to quantum groups, and then one obtains the Heisenberg double of Oq.G/. More precisely,
there is a non-degenerate dual pairing between the quantized coordinate algebra Oq.G/

and the quantized universal enveloping algebra Uq.g/ which turns Oq.G/ into a Uq.g/-
module algebra. Then one can form the smash product algebraDq.G/ WDOq.G/ #Uq.g/,
termed the Heisenberg double of Oq.G/. The algebra Dq.G/ is interpreted as the ring of
quantum differential operators on Oq.G/, see, for instance, [2]. The Heisenberg double is
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a generalization of the Heisenberg–Weyl algebra, it captures interactions between a Hopf
algebra and its dual, leading to interesting algebraic and geometric phenomena. For the
general construction of the Heisenberg double of a Hopf algebra, see [12]. A twisted ver-
sion of the Heisenberg double, constructed from a twisted Hopf algebra and a twisted
pairing was introduced by Rosso and Savage [15].

This paper is concerned with a central extension of the Heisenberg double Dq.SL2/
of the quantized coordinate algebra of SL2. More precisely, we study a smash product
ADOq.M2/ #Uq.sl2/ of the quantized coordinate ring Oq.M2/ of 2� 2matrices and the
Hopf algebra Uq.sl2/. The algebra A can be seen as a central extension of the Heisenberg
double Dq.SL2/ in the sense that Dq.SL2/ is a central factor of A. The primary goal
of this paper is to describe the prime, primitive and maximal spectra of the algebra A.
Additionally, we study a class of non-weight modules known as quasi-Whittaker mod-
ules. We classify the simple quasi-Whittaker modules and determine the annihilator of
each simple quasi-Whittaker module. For an infinite-dimensional noncommutative alge-
bra, it is a difficult and often intractable problem to classify its irreducible representations.
Dixmier proposed that a basic first step towards tackling this problem would be to find
the annihilators of the irreducible representations (that is, the primitive ideals), and then
for each primitive ideal P , find at least one irreducible representation with annihilator P .
Understanding these annihilators provides deep insight into the representation theory of
the algebra.

As an abstract algebra, the generators and defining relations of A are given in the
following.

Definition 1.1. The centrally extended Heisenberg double of quantum SL2 is the k-
algebra A generated by K, K�1, E, F , x1; x2, y1, y2 subject to the following defining
relations:

KK�1 D K�1K D 1; KEK�1 D q2E;

KFK�1 D q�2F; EF � FE D
K �K�1

q � q�1
;

(1)

y1x1 D qx1y1; y2x2 D qx2y2;

y1y2 D qy2y1; x1x2 D qx2x1;

x1y2 D y2x1; y1x2 � x2y1 D .q � q
�1/x1y2;

(2)

Kxi D qxiK; Exi D xiE; F xi D q
�1xiF C yi ;

Kyi D q
�1yiK; Eyi D yiE C xiK; Fyi D qyiF; .i D 1; 2/:

(3)

The algebraA is a Noetherian domain of Gelfand–Kirillov dimension 7, and it contains
some remarkable subalgebras. First of all, the subalgebra generated by K, K�1, E and F
is isomorphic to the quantized enveloping algebra Uq.sl2/; and the subalgebra generated
by y1, x1, y2 and x2 is isomorphic to the quantum matrix algebra Oq.M2/. Next, for
i D 1; 2, let AŒi� be the subalgebra of A generated by yi , xi and Uq.sl2/. Then AŒi� can
be presented as a smash product of the quantum plane with the Hopf algebra Uq.sl2/. We
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shall see that the subalgebras AŒi� are isomorphic to the main object studied in [3]. Some
ring-theoretic properties and representations of the algebra A can be reduced to those of
its subalgebras AŒi�.

The algebra A is a quantum analogue of the universal enveloping algebra of the non-
semisimple Lie algebra aD sl2 Ë .V2˚ V2/, where V2˚ V2 is a direct sum of two copies
of the 2-dimensional simple sl2-module V2. The universal enveloping algebra U.a/ is
known as the centrally extended Heisenberg double of SL2 (see [16]). The name comes
from the fact that the Heisenberg double of SL2, denoted D.SL2/, is a central factor of
U.a/. The algebra U.a/ can be presented as a smash product of the polynomial algebra in
four variables with the universal enveloping algebra U.sl2/. Basic properties and impor-
tant families of simple modules over U.a/ have been studied in [16], and the prime and
primitive spectra of U.a/ was obtained in [18].

The Heisenberg doubleDq.SL2/ can be seen as a quantization of the algebraD.SL2/.
The two algebras share many similar properties: their centres are trivial, they have no
finite-dimensional representations, and they cannot have a Hopf algebra structure. How-
ever, the two algebras also exhibit some distinct features in both structure and representa-
tion theory. For instance, it is proven in [16] that D.SL2/ is a simple algebra. In contrast,
we shall see that Dq.SL2/ is not a simple algebra, and its prime spectrum is homeo-
morphic to that of the quantum Weyl algebra. In [17], the Heisenberg double Dq.E2/ of
the quantum Euclidean group and its representations have been investigated. As is well
known, the quantum Euclidean group is obtained by the contraction of the quantum group
SUq.2/, see [7] and [19]. It can be expected that, in some sense, Dq.E2/ is a potential
contraction of the algebra Dq.SL2/.

Let us now briefly describe the contents of this paper. In Section 2, we present the
construction of the smash product algebra A and the Heisenberg double Dq.SL2/. We
also equip both A and Dq.SL2/ with an involution. In Section 3, we show that the centre
of the algebra A is a polynomial algebra in one variable and that A satisfies the quantum
Gelfand–Kirillov conjecture (Theorem 3.5). To achieve this, we consider some subalge-
bras and their localizations, and introduce four distinguished elements Cij (i; j D 1; 2).
These elements are of special importance for the structure and representation theory of A.
In particular, the element C21 is normal in A. In Section 4, we give a classification of the
prime ideals of the algebra A (Theorem 4.3). The set Spec.A/ of all prime ideals of A is
decomposed into a disjoint union of four subsets, with each subset described explicitly. It
is proved that the factor algebra A=AC21 is a domain (Proposition 4.4), and its centre is
determined (Proposition 4.6). In Section 5, we give a classification of the primitive and
maximal ideals of the algebra A (Theorem 5.11 and Corollary 5.12). For each primitive
ideal, a set of explicit generators is given. Section 6 is devoted to the study of a class of
non-weight A-modules, namely, the quasi-Whittaker modules. We obtain a classification
of all simple quasi-Whittaker A-modules and determine the annihilator for each simple
quasi-Whittaker module.
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2. Preliminaries

In this paper, a module means a left module, k is an algebraically closed field of charac-
teristic zero, k� WD k n ¹0º, and q 2 k� is not a root of unity.

In this section, we present the construction of the smash product algebra A and the
Heisenberg double Dq.SL2/. We introduce some elements (�i and  i ) that are useful in
investigating the structures of A. Additionally, we equip the algebras A andDq.SL2/ with
an involution.

The algebra A. We start by recalling the notion of smash product algebras. Let H be
a Hopf algebra and let R be a unital algebra. We say that R is a left H -module alge-
bra if R is a left H -module with the H -action satisfying h � 1R D ".h/1R and h � .ab/ DP
.h.1/ � a/.h.2/ � b/ for all h 2H and a;b 2R. Here�.h/D

P
h.1/˝ h.2/ is the coprod-

uct in H . Given a left H -module algebra R, one can form the smash product algebra
R #H ; that is, R #H D R˝H as a vector space, with multiplication given by

.a # g/.b # h/ D
X

a.g.1/ � b/ # g.2/h for all a; b 2 R; g; h 2 H:

As usual, we identify R with R # 1, and H with 1 #H for simplicity. For basic facts on
smash product algebras, see, for instance, [14, Chap. 4].

The quantized universal enveloping algebra Uq.sl2/ is the k-algebra generated by
the elements K, K�1, E, F subject to the relations in (1). The centre of Uq.sl2/ is a
polynomial algebra generated by the Casimir element

�q WD FE C .qK C q
�1K�1/=.q�1 � q/2:

There exists a unique Hopf algebra structure on Uq.sl2/ with the coproduct �, counit ",
and antipode S such that

�.K/ D K ˝K; S.K/ D K�1; ".K/ D 1;

�.E/ D E ˝K C 1˝E; S.E/ D �EK�1; ".E/ D 0;

�.F / D F ˝ 1CK�1 ˝ F; S.F / D �KF; ".F / D 0:

The quantized coordinate ring of the 2 � 2 matrices, denoted Oq.M2/, is the k-algebra
generated by the indeterminates x1, x2, y1, y2 subject to the relations in (2). It is well
known that the centre of Oq.M2/ is a polynomial algebra kŒD�, where D WD y1x2 � qx1y2
is called the quantum determinant of Oq.M2/. Basic properties and representations of
Uq.sl2/ and Oq.M2/ can be found, for instance, in [10]. There is a natural action of
Uq.sl2/ on the quantum matrix algebra Oq.M2/ which turns Oq.M2/ into a Uq.sl2/-
module algebra. On generators, the action is given by the following rule:

K � xi D qxi ; E � xi D 0; F � xi D yi ;

K � yi D q
�1yi ; E � yi D xi ; F � yi D 0:

(4)
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The action (4) makes Oq.M2/ a left Uq.sl2/-module algebra, so one can form the smash
product algebra A WD Oq.M2/ #Uq.sl2/. The explicit description of A via generators and
defining relations was given in Definition 1.1. The algebra A can be presented as an iter-
ated Ore extension over Oq.M2/ in the form A D Oq.M2/ŒK

˙1I�1�ŒF I�2; ı2�ŒEI�3; ı3�

where the �i are automorphisms and the ıi are left �i -derivations of the appropriate sub-
algebras. In particular, A is a Noetherian domain of Gelfand–Kirillov dimension 7. Note
that the algebra A admits a PBW type basis.

The Heisenberg double Dq.SL2/. For a ring R and a subset S � R, we indicate by
hSi the two-sided ideal of R generated by the elements of S. As usual, we denote by the
same letters their images in the factor algebra R=hSi. The quantized coordinate algebra
Oq.SL2/ is the k-algebra given by the quotient Oq.SL2/ WDOq.M2/=hD� 1i. There exists
a Hopf algebra structure on the algebra Oq.SL2/ with coproduct�, counit " and antipode
S given by

�

�
y1 x1
y2 x2

�
D

�
y1 x1
y2 x2

�
˝

�
y1 x1
y2 x2

�
; "

�
y1 x1
y2 x2

�
D

�
1 0

0 1

�
;

S

�
y1 x1
y2 x2

�
D

�
x2 �q�1x1
�qy2 y1

�
:

There exists a unique dual pairing h�; �i of the Hopf algebras Uq.sl2/ and Oq.SL2/
such that the nonvanishing pairings between the generators are

hK; y1i D q
�1; hK�1; y1i D q; hK; x2i D q;

hK�1; x2i D q
�1; hE; y2i D hF; x1i D 1:

If q is not a root of unity, the pairing is non-degenerate. In particular, Uq.sl2/ can be
embedded into the dual algebra Oq.SL2/�. The map � W Uq.sl2/! End Oq.SL2/ defined
by

�.u/.f / WD
X
hu; f.2/if.1/ where u 2 Uq.sl2/; f 2 Oq.SL2/

endows Oq.SL2/ with the structure of a left Uq.sl2/-module algebra. It is easily checked
that, on generators, this action coincides with the one given in (4). With this action, the
smash product algebra Dq.SL2/ WD Oq.SL2/ # Uq.sl2/ is called the Heisenberg double
of Oq.SL2/.

The algebra Dq.SL2/ has a close connection with the algebra A. In fact, it can be
verified that the quantum determinant D lies in the centre of A. As a result, we have

Dq.SL2/ '
Oq.M2/ # Uq.sl2/

hD � 1i
:

Thus, A is a central extension of Dq.SL2/, which explains the name of the algebra A.



T. Lu 720

The elements �i and  i . We first introduce the elements �i and  i (i D 1; 2), and
compute their commutation relations with the generators of A. For i D 1; 2, define

�i WD .1 � q
2/F xi C q

2yi ;

 i WD .1 � q
�2/Eyi C q

�2xiK:
(5)

Note that we can also write �i D Fxi � qxiF , and  i D Eyi � q�2yiE.
The commutation relations of �i with the generators of A are given in the following:

�iK D qK�i ; �iE D E�i � qK
�1xi ; �iF D qF�i ; .i D 1; 2/I

�1y1 D y1�1; �1x1 D q
�1x1�1;

�1y2 D qy2�1; �1x2 D x2�1I

�2y1 D q
�1y1�2 � .q

�1
� q/2F D; �2x1 D q

�2x1�2 C .q
�1
� q/D;

�2y2 D y2�2; �2x2 D q
�1x2�2:

(6)

From (6) we see that the element �1 has nice commutation relations with the elements of
Oq.M2/, as it q-commutes with the generators of Oq.M2/. The commutation relations of
 i with the generators of A are given in the following:

 iK D q
�1K i ;  iE D E i ;  iF D q

�1F i � q
�2K�1yi ; .i D 1; 2/I

 1y1 D y1 1;  1x1 D qx1 1;

 1y2 D qy2 1 C .1 � q
�2/KD;  1x2 D q

2x2 1 � .q
�1
� q/2EDI

 2y1 D q
�1y1 2;  2x1 D x1 2;

 2y2 D y2 2;  2x2 D qx2 2:

(7)

From (7) we see that the element  2 q-commutes with the generators of Oq.M2/.

An involution on A. Now we equip the algebra A with an involution. Recall that an
involution � on an algebra R is a k-algebra anti-automorphism such that .r�/� D r for all
r 2 R. It is easy to check that the following map defines an involution � on A:

�.K/ D K; �.K�1/ D K�1; �.E/ D �KF; �.F / D �EK�1;

�.x1/ D y2; �.x2/ D y1; �.y1/ D x2; �.y2/ D x1:
(8)

For the construction of a canonical involution on a smash product algebra R # H that
extends the involutions on R and H , see [1, Lemma 3.2.3]. Notice that �.D/ D D, thus �
also defines an involution on the Heisenberg double Dq.SL2/. Applying the involution �
to the elements �i and  i (i D 1; 2), we obtain

�.�1/ D q
2 2K

�1; �.�2/ D q
2 1K

�1; �. 1/ D q
�2K�2; �. 2/ D q

�2K�1:

(9)
The following lemma provides some connections between the elements �i ’s and  i ’s.
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Lemma 2.1. In the algebra A, the following identities hold:

�1x2 � q�2x1 D q
2D; �1y2 � q�2y1 D q.q

2
� 1/DF;

 1y2 � q 2y1 D �q
�2DK;  1x2 � q 2x1 D .1 � q

�2/DE:

Proof. A straightforward verification.

3. The centre of A

The aim of this section is to show that the centre of the algebra A is a polynomial algebra
Z.A/ D kŒD�, and that A satisfies the quantum Gelfand–Kirillov conjecture. Four distin-
guished elements Cij (i; j D 1; 2) are introduced, which are of special importance for
the structure and representation theory of A. Additionally, some subalgebras and their
localizations are considered, which are instrumental for our purpose.

The elements Cij . For i; j 2 ¹1; 2º, define

Cij WD  i�j � yixjK
�1: (10)

Using the expressions of  i and �j (see (5)), we can write Cij explicitly in the following
form:

Cij D �q
�1.q�1 � q/2EFyixj C .q

2
� 1/Eyiyj C .q

�2
� 1/KFxixj

C yixj ..1 � q
�2/K �K�1/C q�1xiyjK: (11)

The elements Cij behave nicely under the involution � of the algebra A. More precisely,
applying the involution � to Cij and using (9), we obtain

�.C11/ D C22; �.C22/ D C11; �.C12/ D C12; �.C21/ D C21: (12)

Recall that, an element a of a ring R is normal if aR D Ra. The following lemma shows
that the elements Cij commute with the elements of Uq.sl2/. Moreover, the element C21
is normal in A.

Lemma 3.1. (1) The elementsCij (i; j 2 ¹1;2º) commute withK˙1,E and F . More-
over, for i 2 ¹1; 2º, the element Ci i commutes with yi and xi .

(2) The element C21 is normal in the algebra A.

Proof. (1) Clearly, Cij commutes with K. Let us verify that CijE D ECij by using (6)
and (7):

CijE D  i�jE � yixjK
�1E

D  i .E�j � qK
�1xj / � yixjK

�1E

D E i�j � q iK
�1xj � yixjK

�1E

D E i�j �  i � xjK
�1
� q�2yiE � xjK

�1
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D E i�j � . i C q
�2yiE/xjK

�1

D E i�j �EyixjK
�1

D ECij :

Applying the involution � (see (8)) and invoking (12), we obtain CijF D FCij . It is easily
checked that Ci i commutes with yi and xi .

(2) Note that the following identities hold in the algebra A:

C21x1 D q
�1x1C21; C21x2 D qx2C21;

C21y1 D q
�1y1C21; C21y2 D qy2C21:

The result then follows from statement (1) and the above identities.

It is noteworthy that the elements C11, C22 and C12 are not normal inA. The following
identity provides a relation between the elements C12 and C21:

C12 D qC21 � q
�1.q�1 � q/2D�q (13)

where �q is the Casimir element of Uq.sl2/. Moreover, based on the definition of Cij
given in (10) and utilizing (6) and (7), one verifies that the elements C11 and C22 satisfy
the following relations:

C11x2 D q
2x2C11 C .q � q

�1/D!1;

C11y2 D q
2y2C11 C .q � q

�1/DK�1;
(14)

where !1 D .q�1 � q/E�1 C qx1K�1, and

C22x1 D q
�2x1C22 C .q

�1
� q/D 2;

C22y1 D q
�2y1C22 C .q

�1
� q/D!2;

(15)

where !2 D .q � q�1/ 2F C y2K�1. Applying the involution � , we get �.!1/ D q2!2.
The next lemma gives some connections between the elements C11, C22 and C21.

Lemma 3.2. In the algebra A, the following identities hold

C11y2 D q
2C21y1 � q

�1DK�1; C11x2 D q
2C21x1 � q

�1D!1;

C22y1 D q
�1C21y2 � qD!2; C22x1 D q

�1C21x2 � qD 2:

Proof. The identities are obtained from the definition of Cij (see (10)) and Lemma 2.1. In
fact,

C11y2 D . 1�1 � y1x1K
�1/y2

D q 1y2 � �1 � q
2y2x1K

�1y1

D q.q 2y1 � q
�2DK/�1 � q2y2x1K�1y1

D q2. 2�1 � y2x1K
�1/y1 � q

�1DK�1
D q2C21y1 � q

�1DK�1:
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Then applying the involution � to the above identity, one getsC22x1D q�1C21x2 � qD 2.
Similarly,

C11x2 D . 1�1 � y1x1K
�1/x2

D  1 � �1x2 � qy1x2K
�1x1

D  1.q�2x1 C q
2D/ � qy1x2K�1x1

D q. 1�2 � y1x2K
�1/x1 C q

2D 1
D qC12x1 C q

2D 1:

Substituting (13) into the above identity yields that C11x2 D q2C21x1 � q�1D!1.
Then applying the involution � to this equality, we get C22y1 D q�1C21y2 � qD!2, as
required.

Some subalgebras ofA. We will consider the following chain of subalgebras Oq.M2/�

� �A � A, as well as some of their localizations. The aim is to embed A into a quantum
polynomial algebra that is isomorphic to a certain localization of A. First, let us recall the
definition of generalized Weyl algebras which was originally introduced by Bavula [5].
Let D be a ring, � an automorphism of D, and a an element of the centre of D. The
generalized Weyl algebra A WD DŒx; yI �; a� is a ring generated by D, x and y subject to
the following relations

xd D �.d/x; yd D ��1.d/y; for all d 2 D;

yx D a; xy D �.a/:

The generalized Weyl algebra A is a domain if and only if D is a domain and a ¤ 0.
Next, we recall the definition of quantum polynomial algebras. Let QD.qij /2Mn.k�/

be a multiplicatively skew-symmetric matrix (that is qi i D qij qj i D 1 for all 1� i; j � n).
If there is a skew-symmetric matrix M D .�ij / such that qij D q�ij for all 1 � i; j �
n, then we denote Q D qM . Let r be an integer � n, the quantum polynomial algebra
ƒ WD kQŒX

˙1
1 ; : : : ; X˙1r ; XrC1; : : : ; Xn� is the associated k-algebra generated by the

indeterminates X1; : : : ; Xn, X�11 ; : : : ; X�1r subject to the following defining relations:

XiXj D qijXjXi ; .1 � i; j � n/; and XiX
�1
i D X

�1
i Xi D 1; .i D 1; : : : ; r/:

In particular, ƒ is a quantum affine space if r D 0, and a quantum torus if r D n.
The quantum matrix algebra Oq.M2/ can be presented as a generalized Weyl algebra

in the form Oq.M2/DkŒx1;y2;D�Œx2;y1I�;aD qx1y2C D�where � is the automorphism
of the polynomial algebra kŒx1; y2; D� such that �.x1/ D q�1x1, �.y2/ D q�1y2 and
�.D/ D D. Let Oq.M2/x2 be the localization of Oq.M2/ at the powers of the element x2.
It is easily seen that Oq.M2/x2 can be expressed as the tensor product of the polynomial
algebra kŒD� and a skew Laurent polynomial algebra, that is,

Oq.M2/x2 D kŒD�˝ kŒx1; y2�Œx
˙1
2 I �� (16)
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where �.x1/ D q�1x1 and �.y2/ D q�1y2. A simple calculation verifies that the centre
of the skew Laurent polynomial algebra is trivial. Then we conclude from (16) that the
centre of Oq.M2/x2 is equal to kŒD�, and it follows that Z.Oq.M2// D kŒD�.

Let � be the subalgebra of A generated by the elements x1, y1, x2, y2, and F . Clearly,
� is an Ore extension over Oq.M2/ that can be presented as � D Oq.M2/ŒF I �; ı�. Let
�x1;x2 be the localization of � at the Ore set generated by the elements x1 and x2. From
the expression of the element �1 (see (5)), we see that in the algebra �x1;x2 , one can
replace the generator F by the element �1. Then from (16), it follows that �x1;x2 can be
presented as the tensor product of kŒD� with a quantum polynomial algebra, that is,

�x1;x2 D kŒD�˝ kqN Œx
˙1
1 ; x˙12 ; y2; �1�; where N D

2664
0 1 0 1

�1 0 �1 0

0 1 0 �1

�1 0 1 0

3775 : (17)

It is easy to check that the centre of the quantum polynomial algebra in (17) is trivial. Thus
Z.�x1;x2/ D kŒD�, and hence Z.�/ D kŒD�. Note that the elements y2 and �1 are normal
in � .

Recall that an ideal p of a ring R is said to be completely prime if R=p is a domain.

Lemma 3.3. The ideals hy2i and h�1i of � are completely prime.

Proof. Since y2 is normal in � , the factor algebra �=hy2i can be presented as an Ore
extension in the form �=hy2i ' .Oq.M2/=hy2i/ŒF I �; ı�. Clearly, the coefficient ring
Oq.M2/=hy2i is a domain. As a result, �=hy2i is a domain, i.e., the ideal hy2i of � is
completely prime. Let F be the subalgebra of � generated by the elements F , x1 and y1.
Then F can be presented as a generalized Weyl algebra of the following form:

F D kŒy1; �1�Œx1; F I �; a D .�1 � q
2y1/=.1 � q

2/�

where � is the automorphism of kŒy1; �1� such that �.y1/ D q�1y1 and �.�1/ D q�1. It
follows that F=h�1i is a generalized Weyl algebra that can be expressed as

F=h�1i ' kŒy1�Œx1; F I �; a D �q
2y1=.1 � q

2/�:

In particular, F=h�1i is a domain. Notice that the algebra � can be presented as an
iterated Ore extension over F , that is � D F Œy2I �1�Œx2I �2; ı2�. Since the element �1
is normal in � , the factor algebra �=h�1i is isomorphic to the iterated Ore extension
.F=h�1i/Œy2I �1�Œx2I �2; ı2�. Since the coefficient ring F=h�1i is a domain, we conclude
that �=h�1i is a domain. In other words, h�1i is a completely prime ideal of � .

Let A be the subalgebra of A generated by � and K˙1. Then A is a skew Laurent
polynomial algebra over � that can be presented as A D �ŒK˙1I ��. If we denote by U�q
the (Hopf) subalgebra of Uq.sl2/ generated byK˙1 and F , then AD Oq.M2/ #U�q . Let
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Ax1;x2 be the localization of A at the Ore set generated by x1 and x2. Then Ax1;x2 D

�x1;x2 ŒK
˙1I ��. Invoking (17), we obtain

Ax1;x2 D kŒD�˝ kqN Œx˙11 ; x˙12 ; y2; �1;K
˙1�; where ND

2666664
0 1 0 1 �1

�1 0 �1 0 �1

0 1 0 �1 1

�1 0 1 0 1

1 1 �1 �1 0

3777775 :
(18)

It is easy to verify that the centre of the second tensor component is trivial. We conclude
that Z.Ax1;x2/ D kŒD�, and hence Z.A/ D kŒD�. Clearly, the elements y2 and �1 are
normal in A. The next lemma shows that the ideals hy2i and h�1i of the algebra A are
completely prime.

Lemma 3.4. The ideals hy2i and h�1i of A are completely prime. Moreover, hy2�1i D
hy2i \ h�1i.

Proof. Notice that A=hy2i ' �=hy2iŒK
˙1I �� is an Ore extension over �=hy2i. It is

also obvious that A=h�1i ' �=h�1iŒK
˙1I �� is an Ore extension over �=h�1i. From

Lemma 3.3 it follows that the ideals hy2i and h�1i of A are completely prime. It remains
to show that hy2�1i D hy2i \ h�1i. The inclusion hy2�1i � hy2i \ h�1i is obvious.
Conversely, if u 2 hy2i \ h�1i then u D y2v D �1w for some v; w 2 A, since y2 and
�1 are normal in A. Therefore, y2v 2 h�1i, and this implies that v 2 h�1i, since h�1i
is completely prime and y2 … h�1i. Then we have v D �1r for some r 2 A, and thus
u D y2�1r 2 hy2�1i.

The centre ofA. The classical Gelfand–Kirillov conjecture states that for a finite-dimen-
sional algebraic Lie algebra g over an algebraically closed field k of characteristic zero,
the skew field Frac.U.g// should be isomorphic to the skew field of some Weyl algebra
over a purely transcendental field extension of k. Drawing inspiration from the concept
of birational equivalence in algebraic geometry, this conjecture extends that idea into
the realm of noncommutative algebra. It not only highlights a deep connection between
enveloping algebras and Weyl algebras but also provides a general framework for compar-
ing different noncommutative algebras through their skew fields of fractions. Furthermore,
the conjecture has been extended to the setting of quantum algebras. Recall that a quantum
Weyl field is a skew field of fractions of a quantum affine space. We say that a k-algebraR
admitting a skew field of fractions Frac.R/ satisfies the quantum Gelfand–Kirillov con-
jecture if Frac.R/ is isomorphic to a quantum Weyl field over a purely transcendental field
extension of k. In the next theorem, we show that the centre of A is a polynomial algebra,
and A satisfies the quantum Gelfand–Kirillov conjecture.

Theorem 3.5. Z.A/ D kŒD�, and A satisfies the quantum Gelfand–Kirillov conjecture.

Proof. Note that the algebra A is an Ore extension over A that can be written as A D
AŒEI �; ı� for some proper automorphism � and a � -derivation ı. Let S be the Ore set
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of A generated by the elements x1, x2, y2 and �1, and let AS�1 be the localization of A
at the Ore set S . Then AS�1 D Ax1;x2;y2;�1 ŒEI �; ı�. By (10) and (5), we can write the
element C21 as follows:

C21 D  2�1 � y2x1K
�1

D ..1 � q�2/Ey2 C q
�2x2K/�1 � y2x1K

�1

D .1 � q�2/E � y2�1 C q
�3x2�1K � y2x1K

�1:

Thus in the algebra AS�1 one can replace the generator E by the element C21. From (18)
it follows that AS�1 is a tensor product of the polynomial algebra kŒD� with a quantum
polynomial algebra. More precisely, let Q D qM where the skew-symmetric matrix M is
as follows:

M D

266666664

0 1 0 1 �1 1

�1 0 �1 0 �1 �1

0 1 0 �1 1 �1

�1 0 1 0 1 1

1 1 �1 �1 0 0

�1 1 1 �1 0 0

377777775 :
Then, we have

AS�1 D kŒD�˝ kQŒx
˙1
1 ; x˙12 ; y˙12 ; �˙11 ; K˙1; C21�: (19)

It is easy to check that the centre of the quantum polynomial algebra in (19) is equal
to k. Thus Z.AS�1/ D kŒD�, and we conclude that Z.A/ D kŒD�. Since Frac.A/ D
Frac.AS�1/, it follows immediately from (19) that A satisfies the quantum Gelfand–
Kirillov conjecture.

For any � 2 k, we define A.�/ WD A=hD � �i. In particular, A.�/ specializes to the
Heisenberg double Dq.SL2/ if we take � D 1. The following corollary shows that the
centre of A.�/ is trivial for any � 2 k. In particular, the Heisenberg double Dq.SL2/ has
a trivial centre.

Corollary 3.6. For any � 2 k, the algebra A.�/ is a Noetherian domain of Gelfand–
Kirillov dimension 6, and Z.A.�// D k.

Proof. Note that the factor algebra Oq.�/ WD Oq.M2/=hD � �i is a domain of Gelfand–
Kirillov dimension 3 for any � 2 k. It is clear that the algebra A.�/ D Oq.�/ # Uq.sl2/

can be presented as an iterated Ore extension over the algebra Oq.�/ with the generators
added in the order F , K˙1, and E. As a consequence, A.�/ is a Noetherian domain of
Gelfand–Kirillov dimension 6. Let A.�/S�1 be the localization of A.�/ at the Ore set S
generated by the elements x1, x2, y2 and �1. It is clear that A.�/S�1 ' AS�1=hD � �i.
Then it follows from (19) that, for any � 2 k, the algebra A.�/S�1 is isomorphic to the
quantum polynomial algebra kQŒx˙11 ; x˙12 ; y˙12 ; �˙11 ; K˙1; C21� whose centre is equal
to k (see (19) for the matrix Q). As a result, Z.A.�// D k.
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4. The prime spectrum of A

In this section, we provide a description of the prime spectrum of the algebra A (The-
orem 4.3). We prove that the factor algebra A=AC21 is a domain (Proposition 4.4) and
determine its centre (Proposition 4.6).

Prime ideals of the algebra A. Let R be a ring. A proper ideal p of R is called a prime
ideal whenever, for all ideals a; b of R, if ab � p then either a � p or b � p. As is well
known, a completely prime ideal is prime, but in general, the converse does not hold. We
denote by Spec.R/ the set of its prime ideals. The set Spec.R/ is a partially ordered set
with respect to inclusion of prime ideals. Let M be an R-module, the annihilator of M is
an ideal of R defined by

annRM D ¹r 2 R j rm D 0 for all m 2M º:

Recall that an ideal p of a ring R is called a primitive ideal if p is the annihilator of some
simpleR-module, and the set Prim.R/ of all of them is called the primitive spectrum ofR.
It is well known that all primitive ideals of R are prime, and all maximal ideals of R are
primitive. Our next goal is to describe the prime spectrum of the algebra A. We will see
that the elements Cij are of special importance in the description of Spec.A/ where the
elements Cij are defined in (10).

Let us first recall some results from [3]. The main object investigated in [3] is a smash
product of the quantum plane with the quantized enveloping algebra Uq.sl2/, denoted
A WD kqŒX; Y � Ì Uq.sl2/. Some subalgebras or factor algebras of A are isomorphic to A.
In fact, for i D 1; 2, let AŒi� be the subalgebra of A generated by yi , xi and Uq.sl2/. Then
AŒi� WD kqŒyi ; xi � # Uq.sl2/ is a smash product algebra where kqŒyi ; xi � D khyi ; xi j
yixi D qxiyi i is the quantum plane. The following map gives an isomorphism of algebras
from A to AŒi� (see [3] for the defining relations of A):

A!AŒi�; K 7!K�1; K�1 7!K; E 7!F; F 7!E; X 7! yi ; Y 7! xi : (20)

Notice that in the algebra A we have hxi i D hyi ; xi i (i D 1; 2). Then it is clear that

A=hx1i ' kqŒy2; x2� # Uq.sl2/ and A=hx2i ' kqŒy1; x1� # Uq.sl2/: (21)

The algebra A is a Noetherian domain of Gelfand–Kirillov dimension 5. In [3], the
prime, primitive, completely prime and maximal ideals of A have been determined, and a
classification of its simple weight modules was obtained. In view of the isomorphism given
in (20), the results obtained for A can be transferred to that of the algebras AŒi� (i D 1; 2).
For convenience, we restate some algebraic results from [3] regarding the algebras AŒi�
that are relevant to our investigation in the following proposition.

Proposition 4.1. Let i D 1; 2.

(1) ([3, Theorem 2.10]) The centre of AŒi� is a polynomial algebra Z.AŒi�/D kŒCi i �,
where the element Ci i is given in (11).
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(2) ([3, Theorem 3.7]) The prime spectrum of AŒi� is as follows:

Spec.AŒi �/ D ¹h0iº t ¹hCi i � ˛i j ˛ 2 kº t ¹hxi ; pi j p 2 Spec.Uq.sl2//º:

(3) ([3, Corollary 3.8]) If I is a non-zero ideal of the algebraAŒi� then I \kŒCi i �¤ 0.

(4) ([3, Corollary 3.9]) For ˛ 2 k, the ideal hCi i � ˛i of AŒi� is maximal if and only
if ˛ 2 k�.

(5) ([3, Theorem 3.11]) The primitive spectrum of AŒi� is as follows:

Prim.AŒi �/ D ¹hCi i � ˛i j ˛ 2 kº t ¹hxi ; pi j p 2 Prim.Uq.sl2//º:

(6) ([3, Corollary 3.12]) For any ˛ 2 k, the ideal hCi i � ˛i of AŒi� is completely
prime.

Lemma 4.2. Let i D 1; 2.

(1) In the algebra A, it holds that hxi i D Axi C Ayi D hyi i.

(2) For any positive integer n, hxi in D hxni i D hy
n
i i D hyi i

n.

(3) For any positive integer n, h�i in D h�ni i D hx
n
i i D hxi i

n.

Proof. (1) From (3), it is obvious that hxi i D hxi ; yi i D hyi i. Using the defining relations
and the PBW basis of A, one verifies that xiA� Axi CAyi . Thus hxi i D AxiA� Axi C
Ayi � hxi i, and the result follows.

(2) Note that for any positive integer n, the following identities hold in the algebra A:

Fxni D q
�nxni F C .1 � q

�2n/=.1 � q�2/yix
n�1
i ; (22)

Eyni D y
n
i E C .q

�n
� qn/=.1 � q2/Kyn�1i xi : (23)

By (22) and (23), one obtains yixn�1i 2 hxni i and xiyn�1i 2 hyni i, respectively. Applying
(22) and (23) repeatedly yields that yni 2 hx

n
i i and xni 2 hy

n
i i, and therefore hxni i D hy

n
i i.

Let us prove the identity hxi in D hxni i by induction on n. The case n D 1 is obvious.
Suppose it holds for all positive integers � n � 1. Then

hxi i
n
D hxi ihx

n�1
i i D .Axi C Ayi /x

n�1
i A D hxni i C hyix

n�1
i i D hxni i:

The proof is completed by statement (1).
(3) It can be verified by induction that, for any positive integer n,

E�ni D �
n
i E C q.1 � q

�2n/=.1 � q�2/K�1xi�
n�1
i : (24)

It is clear that h�i i � hxi i. By (24) with nD 1, one gets h�i iD hxi i. Then by statement (2),
we have h�ni i � h�i i

n D hxi i
n D hxni i. To complete the proof, it suffices to show that

xni 2 h�
n
i i. This follows from a repeated application of equality (24).
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Recall that we denote by AS�1 the localization of A at the Ore set S generated by the
elements x1, x2, y2, and �1. For a subset G of AS�1, we indicate by hG iS the two-sided
ideal of AS�1 generated by G . In the following theorem, we determine the prime ideals
of the algebra A by considering various quotients and localizations.

Theorem 4.3. The prime spectrum of A is a disjoint union of the following four sets:

• T1 D ¹hx1iº t ¹hx1; C22 � ˇi j ˇ 2 kº t ¹hx1; x2; ai j a 2 Spec.Uq.sl2//º,

• T2 D ¹hx2iº t ¹hx2; C11 � ˛i j ˛ 2 kº,

• T3 D ¹A \ hC21; aiS j a 2 Spec.kŒD; Z˙1�/º where Z WD K�1y�12 ,

• T4 D ¹h0iº t ¹hD � �i j � 2 kº.

Proof. Note that for any prime ideal p of A, exactly one of the following four cases holds:

� x1 2 p; � x1 … p; x2 2 p;

� x1 … p; x2 … p; C21 2 p; � x1 … p; x2 … p; C21 … p:

We will describe the sets Ti that correspond to the above four cases, respectively.
Case 1: Description of the set T1 D ¹p 2 Spec.A/ j x1 2 pº. It is clear that the prime

ideals containing x1 are in natural bijection with the prime ideals of the factor algebra
A=hx1i ' AŒ2�. From Proposition 4.1 (2), it follows that T1 D ¹hx1iº t ¹hx1; C22 � ˇi j
ˇ 2 kº t ¹hx1; x2; ai j a 2 Spec.Uq.sl2//º.

Case 2: Description of the set T2 D ¹p 2 Spec.A/ j x1 … p; x2 2 pº. Let Ax1 be the
localization of A at the powers of the element x1. By Lemma 4.2 (2), for any positive
integer n, one has hx1in D hxn1 i. Thus the prime ideals of A that contain x2 but do not
contain x1 are in natural bijection with the prime ideals of the algebra Ax1=hx2i. From
(21), it follows that the algebra Ax1=hx2i is a Noetherian domain that is isomorphic to the
algebra kqŒy1; x˙11 � # Uq.sl2/. Thus the prime ideals of Ax1=hx2i are in bijection with
the prime ideals of AŒ1� that do not contain the element x1, and by Proposition 4.1 (2),
these prime ideals of AŒ1� in turn are in bijection with the prime ideals of the polynomial
algebra kŒC11�. Consequently, T2 D ¹hx2iº t ¹hx2; C11 � ˛i j ˛ 2 kº.

Case 3: Description of the set T3 D ¹p 2 Spec.A/ j x1 … p; x2 … p; C21 2 pº. Let p

be a prime ideal of A that does not contain the elements x1 and x2. Then by Lemma 4.2,
yn2 … p and �n1 … p for any positive integer n. It follows that the prime ideals of A that
contain C21 but do not contain x1, x2 are in natural bijection with the prime ideals of
the algebra AS�1=hC21i where AS�1 is the localization of A at the Ore set S generated
by the elements x1, x2, y2, �1. It can be easily deduced from (19) that the factor algebra
AS�1=hC21i is isomorphic to the tensor product of the polynomial algebra kŒD;Z˙1�with
a quantum torus. More precisely,

AS�1=hC21i ' kŒD; Z˙1�˝ kqN Œx
˙1
1 ; x˙12 ; y˙12 ; �˙11 � where Z D K�1y�12 (25)

and the matrix N is the same as the one in (17). By [8, Corollary 1.5], contraction
and extension provide mutually inverse isomorphisms between the ideals of a quantum
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torus and its centre. A simple computation shows that the centre of the quantum torus
kqN Œx

˙1
1 ; x˙12 ; y˙12 ; �˙11 � is trivial, and therefore, it is a simple algebra. Now from the

isomorphism given in (25) we see that the prime ideals ofAS�1=hC21i are in natural bijec-
tion with the prime ideals of the algebra kŒD; Z˙1�. It follows that T3 D ¹A\ hC21;aiS j
a 2 Spec.kŒD; Z˙1�/º.

Case 4: Description of the set T4 D ¹p 2 Spec.A/ j x1 … p; x2 … p; C21 … pº. By
Lemma 4.2, if p is a prime ideal of A that does not contain the elements x1 and x2, then
yn2 … p and �n1 … p for any positive integer n. Thus there is a natural bijection between
the prime ideals of A that do not contain x1, x2, C21 and the prime ideals of the algebra
A��1 (the localization of A at the Ore set � generated by the elements x1, x2, y2, �1 and
C21). It follows from (19) that A��1 is a tensor product of the polynomial algebra kŒD�
with a quantum torus,

A��1 D kŒD�˝ƒ where ƒ WD kQŒx
˙1
1 ; x˙12 ; y˙12 ; �˙11 ; K˙1; C˙121 �;

where the matrix Q is the same as the one in (19). It is easily shown that the centre of
the quantum torus ƒ is trivial, and then by [8, Corollary 1.5], ƒ is a simple algebra. As
a consequence, the prime ideals of A��1 are in bijection with the prime ideals of the
polynomial algebra kŒD�. More precisely, T4 D ¹A\ hai� j a 2 Spec.kŒD�/º. Note that for
any prime ideal a of kŒD�, the factor algebra A=hai is a domain. From this fact, it is easily
seen thatA\ hai� D hai. Since k is algebraically closed, we have T4 D ¹h0iº t ¹hD� �i j
� 2 kº, as required.

The next proposition shows that the ideals hC21i and hD � �; C21i (where � 2 k�) of
the algebra A are completely prime, whereas the ideal hD; C21i is not completely prime.

Proposition 4.4. (1) The algebra A=AC21 is a domain.

(2) The algebra A=hD � �;C21i is a domain if and only if � 2 k�.

Proof. (1) Recall thatA is an Ore extension over the subalgebra A, that is,ADAŒEI�;ı�,
and the element C21 is normal in A. Note that the element C21 can be written as C21 D
.1� q�2/y2�1 �EC e where e WD q�1K�1x2 � q�2K�1x1y2 2A. By [9, Proposition 1],
to prove that A=AC21 is a domain, it suffices to show that the element e is regular in the
factor algebra A=hy2�1i. Recall that a regular element of a ring is an element that is
neither a left nor a right zero divisor. Assume that ea 2 hy2�1i for some a 2 A, then
by Lemma 3.4, we have ea 2 hy2i \ h�1i. It is easy to see that e … hy2i and e … h�1i.
Therefore, a 2 hy2i \ h�1i D hy2�1i, since the ideals hy2i and h�1i of the algebra A

are completely prime (see Lemma 3.4). This proves that e is right regular in A=hy2�1i.
Similarly one can prove that e is left regular in A=hy2�1i.

(2) Note that A=hD� �;C21i ' A.�/=A.�/C21, and the algebra A.�/ is an Ore exten-
sion over the subalgebra A.�/DA=hD� �i. When � 2 k�, the proof that A.�/=A.�/C21
is a domain follows the same lines as the proof of statement (1). In the case where � D 0,
the assertion thatA=hD;C21i is not a domain can be seen from Lemma 3.2. Indeed, accord-
ing to Lemma 3.2, in the algebra A, we have C11y2 � 0 mod hD; C21i, and C11x2 � 0
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mod hD; C21i. In particular, C11 is not regular in A=hD; C21i, thus the factor algebra
A=hD; C21i is not a domain.

Corollary 4.5. The height one prime ideals of A are as follows:

¹hD � �i j � 2 kº [ ¹hC21iº:

Proof. By the principal ideal theorem, see [13, Theorem 4.1.11], the prime ideals hD� �i
and hC21i have height one. From Theorem 4.3, we see that all prime ideals in T1 [ T2
contain hDi, and all prime ideals in T3 contain hC21i. We conclude that the height one
primes of A must be the ones given in the statement.

The centre of the algebra A=AC21. The next proposition determines the centre of the
factor algebra A=AC21. It turns out that Z.A=AC21/ is isomorphic to the coordinate ring
of the Klein singularity of type A1.

Proposition 4.6. The centre of A=AC21 is given by

Z.A=AC21/ D kŒC11; C22; D�=hC11C22 � q�1D2i:

Proof. Recall from Proposition 4.4 (1) that xA WD A=AC21 is a domain. Let xAS�1 be the
localization of xA at the Ore set S generated by the elements x1; x2; y2 and �1. Then
by (25), xAS�1 can be presented as a tensor product of algebras in the following form:

xAS�1 'AS�1=hC21i ' kŒD;Z˙1�˝T ; where T WD kqN Œx
˙1
1 ; x˙12 ; y˙12 ; �˙11 � (26)

and the elementZ DK�1y�12 . Moreover, the quantum torus T is a central simple algebra.
It follows that Z. xAS�1/ D kŒD; Z˙1�. As a result, Z. xA/ D xA \ kŒD; Z˙1�. We proceed
to show that the elements C11 and C22 belong to Z. xA/. First, we note that the element
C21 can be written as C21 D q�1�1 2 � q�2K�1x1y2. Therefore, in the algebra xAS�1,
one has K�1y�12 � q 2x

�1
1 D 1. It means that Z�1 D q 2x�11 . Recall from Lemma 3.2

that, in the algebra A, we have

C11y2 D q
2C21y1 � q

�1DK�1 and C22x1 D q
�1C21x2 � qD 2:

These two equalities imply, respectively, that in the algebra xAS�1, one has

C11 D �q
�1DK�1y�12 D �q

�1DZ and C22 D �qD 2x�11 D �DZ�1: (27)

It follows from (27) that C11 and C22 are central in xA, and the relation C11C22 D q�1D2

holds.
Let us now show that the centre Z. xA/ is generated by the elements C11, C22 and D.

First of all, we claim that the monomials DiZj (i 2N, and j 2 Z) belong to xA if and only
if i � jj j. Indeed, if i � j � 0, then by (27), DiZj D Di�j .DZ/j D Di�j .�qC11/j 2 xA;
if j < 0 and i � jj j, then by (27), DiZj D DiCj .DZ�1/�j D DiCj .�C22/�j 2 xA. For
the converse, suppose i < jj j and the element u D DiZj 2 xA, we seek a contradic-
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tion. Then we have either i < j or i C j < 0. If i < j then the element u can be
written as u D .DZ/iZj�i D .�qC11/

i .K�1y
�1
2 /j�i 2 xA. In particular, the element

uy
j�i
2 D .�q/iC i11.K�1/

j�i belongs to the ideal hy2i of xA. However, the ideal hy2i of
xA is completely prime (since xA=hy2i ' AŒ1� is a domain), and the images of the elements
C11 and K�1 in xA=hy2i are non-zero, a contradiction. Similarly, if i C j < 0 then the
element u can be written as u D .DZ�1/iZiCj D .�C22/i .q 2x�11 /�.iCj /. Therefore,
one has ux�.iCj /1 D q�.iCj /.�C22/

i 
�.iCj /
2 belonging to the ideal hx1i of xA. However,

the ideal hx1i of the algebra xA is completely prime (since xA=hx1i ' AŒ2� is a domain),
and the images of the elements C22 and  2 in xA=hx1i are non-zero, a contradiction. This
confirms our claim. Furthermore, it is not difficult to show that any non-zero linear com-
bination of the monomials DiZj (where i < jj j) does not belong to the algebra xA. As a
consequence, we obtain

Z. xA/ D xA \ kŒD; Z˙1� D
M
i�j�0

kDiZj ˚
M
i�j>0

kDi .Z�1/j

D

M
i�j�0

kC j11D
i�j
˚

M
i�j>0

kC j22D
i�j

D

M
j�0

kŒD�C j11 ˚
M
j>0

kŒD�C j22:

In particular, the above equality provides a basis forZ. xA/, and from which we see that the
algebraZ. xA/ is generated by the elements C11, C22 and D. To sum up, we have shown that
there is a natural epimorphism of algebras � WkŒC11;C22;D�=hC11C22 � q�1D2i�Z. xA/.
Comparing the bases of the two algebras yields that � must be an isomorphism. This
completes the proof.

Corollary 4.7. If � 2 k�, then Z.A.�/=hC21i/ D kŒC11; C22�=hC11C22 � q�1�2i.

Proof. From Proposition 4.4 (2), it follows that R WD A.�/=hC21i is a domain. Let RS�1

be the localization of R at the Ore set S generated by the elements x1, x2, y2 and �1. We
conclude from (26) that RS�1 D kŒZ;Z�1�˝ T where Z D K�1y�12 and the quantum
torus T is a central simple algebra. Thus Z.RS�1/ D kŒZ; Z�1�. Therefore, Z.R/ D
R \ kŒZ; Z�1�. By (27), the elements Z and Z�1 lie in the algebra R, since one has
C11 D �q

�1�Z and C22 D ��Z�1. The result follows.

5. The primitive spectrum of A

In this section, we give a classification of the primitive and maximal ideals of the alge-
bra A. For each primitive ideal, a set of explicit generators is given.

Since k is algebraically closed, by Quillen’s lemma, any central element of A acts as
a scalar on a simple A-module. Thus any primitive ideal of A contains a central element
D� � for some � 2 k. We shall distinguish between the cases where �D 0 and � 2 k�. In
the following, we identify the primitive spectrum of A.�/ with the set of primitive ideals
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of A that contain D � �. Then Prim.A/ decomposes into a disjoint union of the primitive
spectra of the central factors A.�/, that is,

Prim.A/ D Prim.A.0// t
G
�2k�

Prim.A.�//: (28)

Recall that all primitive ideals are prime, and the prime spectrum of the algebraA has been
obtained in Theorem 4.3. The next step is to identify the primitive ideals among the prime
ideals. In representation theory, primitive ideals are of particular importance compared to
general prime ideals.

The prime ideals p�. For any � 2 k, let p� WD h�1 � �K
�1y2i be the ideal of A gener-

ated by the element �1 ��K�1y2. We aim to show that the ideal p� is completely prime.
To simplify notation, for � 2 k, we denote

X� WD � 2 � q
�1x1 D �Œ.1 � q

�2/Ey2 C q
�2x2K� � q

�1x1;

Y� WD �1 � �K
�1y2 D .1 � q

2/F x1 C q
2y1 � �K

�1y2:
(29)

In particular, p� D hY�i. The following lemma gives some equivalent descriptions of the
ideal p�. Additionally, it demonstrates that some important elements belong to p�.

Lemma 5.1. Let � 2 k.

(1) It holds that p� D hY�i D hX�; Y�i D hX�i.

(2) The elements C21, C11 C q�1�D, and �C22 C D belong to p�.

Proof. (1) The statement follows from the following identities:

EY� D Y�E � q
2K�1X� and FX� D qX�F � q

�1Y�:

(2) If �D 0 then, by Lemma 4.2, one has p0 D h�1i D hx1; y1i. In this case, it is clear
that the elements D, C21 and C11 belong to p0. Note that in the algebra A, the following
identity holds:

X�Y� � qY�X� D .1 � q
2/�C21:

Thus for � 2 k�, we also have C21 2 p�. For any � 2 k, one verifies that

C11 C q
�1�D D  1Y� C q2K�1X�y1 and �C22 C D D X��2 C Y�x2: (30)

From the above identities, we see that the elements C11 C q�1�D and �C22 C D belong
to p�.

The next proposition shows that p� is a completely prime ideal of A, and the fac-
tor algebra A=p� is isomorphic to a smash product of the quantum plane with the Hopf
algebra Uq.sl2/.

Proposition 5.2. For any � 2 k, the ideal p� of A is completely prime. Furthermore, we
have

A=p� ' kqŒy2; x2� # Uq.sl2/:
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Proof. If � D 0 then p0 D hx1; y1i. It is obvious that A=p0 is isomorphic to the alge-
bra AŒ2�, see (21). Now assume � 2 k�. From (29), one deduces that

x1 � q� 2 mod p� and y1 � .q � q
�1/�F 2 C q

�2�K�1y2 mod p�:

Hence A=p� is generated by the images of the elements y2, x2, K˙1, E and F in A=p�.
As usual, for simplicity we denote by the same letter its image in the factor algebra A=p�.
Then there is a natural epimorphism of algebras � W AŒ2�� A=p�. We have to show that
� is an injection. By Theorem 4.3, P� WD A\ hC21; Z � �iS 2 T3 is a prime ideal of A.
Note that P� D A\ hC21; Y�iS , and hence p� � P�. So the factor algebra A=p� cannot
collapse completely. Suppose � is not an injection, we seek a contradiction. Then ker� is
a proper ideal of AŒ2�. By Proposition 4.1 (3), ker� has a nontrivial intersection with the
centre ofAŒ2�, that is, ker� \kŒC22�¤ 0. Thus there is a non-zero polynomial f .t/ 2 kŒt �
such that f .C22/ � 0 mod p�. By the second identity of (30), one has C22 � ���1D
mod p�. It follows that f .���1D/ 2 p� � P�. Since P� is a prime ideal of A and the
field k is algebraically closed, there exists � 2 k such that D � � 2 P�. This leads to a
contradiction, since the prime ideals in T3 are in bijection with the prime spectrum of
kŒD; Z˙1�. As a result, A=p� is isomorphic to the algebra AŒ2�, and so p� is completely
prime.

For � 2 k and � 2 k�, define

m�
� WD A.D � �/C p� D hD � �; �1 � �K�1y2i:

Corollary 5.3. For any � 2 k and � 2 k�, the ideal m
�
� of A is completely prime. More-

over, the ideal m
�
� is maximal if and only if � 2 k�.

Proof. By the second identity of (30), D � ��C22 mod p�. From Proposition 5.2, it
follows that

A=m�
� ' A=p�

ı
m�
�=p� '

kqŒy2; x2� # Uq.sl2/

h�C22 C �i
: (31)

We conclude from Proposition 4.1 (6) that the factor algebra A=m�
� is a domain. The fact

that m
�
� is maximal if and only if � 2 k� follows from Proposition 4.1 (4).

Remark 5.4. For � 2 k� and � 2 k�, the ideal m
�
� has the following equivalent descrip-

tions:
m�
� D hD � �;C11 C q

�1�Di and m�
� D hD � �;�C22 C Di: (32)

In fact, utilizing (14) and (15), we can verify that the following identities hold in the
algebra A:

.C11 C q
�1�D/y2 � q2y2.C11 C q�1�D/ D .q � q�1/DKY�;

.�C22 C D/x1 � q�2x1.�C22 C D/ D .q�1 � q/DX�:

Then (32) follows from the above identities and Lemma 5.1.
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Prime and primitive spectra of A.�/ where � 2 k�. Recall that a prime ideal P of
an algebra R is rational provided the field Z.Frac.R=P // is algebraic over k, and P
is locally closed in Spec.R/ if and only if the intersection of all prime ideals properly
containing P is an ideal properly containing P . IfR is a Noetherian algebra satisfying the
Nullstellensatz over k, then, by [6, Lemma II.7.15], the following implications for prime
ideals hold:

locally closed ) primitive ) rational:

In the following theorem, we give explicit descriptions of the prime, primitive and
maximal spectra of the algebra A.�/ where � 2 k�. In particular, by setting � D 1, we
obtain the prime and primitive spectra of the Heisenberg double Dq.SL2/.

Theorem 5.5. Fix � 2 k�.

(1) The prime spectrum of A.�/ is as follows:

Spec.A.�// D ¹h0i; hC21i; m.�/ j � 2 k�º where m.�/ WD h�1 � �K
�1y2i:

The inclusions of prime ideals of A.�/ are depicted in the following (where ˛; : : : ;
ˇ 2 k�):

m.˛/ � � � m.ˇ/

hC21i

h0i.

(2) Max.A.�// D ¹m.�/ j � 2 k�º.

(3) Prim.A.�// D ¹h0iº [ ¹m.�/ j � 2 k�º.

Proof. (1) Since A.�/ D A=A.D � �/, the prime ideals of A.�/ are in bijection with the
prime ideals of A containing the element D � �. Recall that we denote by A.�/S�1 the
localization of A.�/ at the Ore set S generated by the elements x1, x2, y2 and �1. From
Theorem 4.3, we see that the prime ideals of A containing D � � (where � 2 k�) lie in
the sets T3 and T4. We conclude that Spec.A.�// D ¹h0iº [ ¹A.�/ \ hC21; biS j b 2

Spec.kŒZ; Z�1�/º where Z D K�1y
�1
2 and hC21; biS is the ideal of A.�/S�1 gener-

ated by C21 and b. Since the field k is algebraically closed, Spec.kŒZ; Z�1�/ D ¹h0iº [
¹hZ � �i j � 2 k�º. As a result,

Spec.A.�// D ¹h0iº [ ¹A.�/ \ hC21iSº [ ¹A.�/ \ hC21; Z � �iS j � 2 k�º:

By Proposition 4.4 (2), the ideal hC21i of the algebra A.�/ is completely prime. It is
easy to see that the generators x1, x2, y2, �1 of the Ore set S do not belong to the
ideal hC21i, it follows that A.�/ \ hC21iS D hC21i. It remains to show that A.�/ \
hC21; Z � �iS D m.�/ for any � 2 k�. Notice that A.�/ \ hC21; Z � �iS D A.�/ \
hC21; �1 ��K

�1y2iS . Thus the inclusion m.�/ � A.�/\ hC21;Z ��iS is obvious. To
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show that the reverse inclusion holds, it suffices to show that m.�/ is a maximal ideal
of A.�/. This follows from Corollary 5.3, since A.�/=m.�/ ' A=m�

�. All prime ideals
of A.�/ are shown in the diagram, the inclusions are obvious.

(2) Statement (2) follows from the inclusions of prime ideals given in statement (1).
(3) First, the ideals m.�/ (� 2 k�) of A.�/ are maximal, and hence primitive. Next,

the ideal hC21i of A.�/ is not primitive, since the factor algebra A.�/=hC21i is not a
primitive ring as it has a nontrivial centre (see Corollary 4.7). It remains to show that the
ideal h0i is primitive. By [6, Proposition II.7.16], the algebra A.�/ satisfies the noncom-
mutative Nullstellensatz over k. It follows from [6, Lemma II.7.15] that any locally closed
prime ideal of A.�/ is primitive. The ideal h0i is locally closed, since the intersection of
all non-zero primes is the ideal hC21i which properly contains h0i, and therefore, h0i is
primitive.

Corollary 5.6. For � 2 k�, the algebra A.�/ has no finite-dimension modules. Moreover,
A.�/ cannot have a Hopf algebra structure.

Proof. For each maximal ideal m.�/ of A.�/, the corresponding factor algebra A.�/=
m.�/ is an infinite-dimensional simple algebra. Thus A.�/ has no finite-dimensional
modules. Suppose A.�/ has a Hopf algebra structure. Then the kernel of the counit " W
A.�/ ! k is a maximal ideal of A.�/ with codimension one. However, from Theo-
rem 5.5 (2), we see that this is impossible.

Primitive spectrum of A. Recall that we identify the primitive spectrum of A.�/ with
the set of primitive ideals of A containing D � �. For � 2 k�, the primitive spectrum
of A.�/ has been obtained in Theorem 5.5 (3). It follows that the primitive ideals of A
containing D � � for some � 2 k� are as follows:G

�2k�

Prim.A.�// D ¹hD � �i j � 2 k�º t ¹m�
� j � 2 k�; � 2 k�º (33)

where m
�
� D hD � �; �1 � �K�1y2i, see also (32) for some equivalent descriptions of

the ideal m
�
�. According to (28), in order to give a classification of the primitive ideals

of A, it remains to describe the primitive spectrum of A.0/, i.e., the set of primitive ideals
of A containing the central element D. To this end, we apply Theorem 4.3 where the prime
spectrum of A is obtained. We have to select the primitive ideals containing D from the
four sets Ti (i D 1; 2; 3; 4). Let PrimTi .A.0// be the set of primitive ideals of A in Ti
containing D. Then we have

Prim.A.0// D
4G
iD1

PrimTi .A.0//: (34)

We describe the sets PrimTi .A.0// (i D 1; 2; 3; 4) in the following four lemmas.

Lemma 5.7. The set of primitive ideals in T1 containing D is as follows:

PrimT1.A.0// D ¹hx1; C22 � ˇi j ˇ 2 kº [ ¹hx1; x2; ai j a 2 Prim.Uq.sl2//º:
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Proof. The prime ideals in the set T1 are exactly the primes of A that contain x1. In
particular, all prime ideal in T1 contain the element D. Moreover, the primitive ideals in
T1 are in bijection with the primitive ideals of the factor algebra A=hx1i ' AŒ2�. The
result then follows from Proposition 4.1 (5). We note that all non-zero prime ideals of
Uq.sl2/ are primitive. For a complete list of prime ideals of Uq.sl2/, see, for instance,
[11, Theorem 4.6].

Lemma 5.8. The set of primitive ideals in T2 containing D is as follows:

PrimT2.A.0// D ¹hx2; C11 � ˛i j ˛ 2 kº:

Proof. Notice that all prime ideals in T2 contain hx2i and D 2 hx2i. Thus all prime ideals
in T2 contain the central element D. The ideal hx2i of A is not primitive, since the factor
algebra A=hx2i ' AŒ1� has a nontrivial centre, see Proposition 4.1 (1). Notice that

A=hx2; C11 � ˛i '
kqŒy1; x1� # Uq.sl2/

hC11 � ˛i
:

By Proposition 4.1 (5), for any ˛ 2 k, the ideal hC11 � ˛i of the algebra AŒ1� is primitive.
We conclude that hx2; C11 � ˛i is a primitive ideal of A.

Lemma 5.9. The set of primitive ideals in T3 containing D is as follows:

PrimT3.A.0// D ¹hD; �1 � �K
�1y2i j � 2 k�º:

Proof. First, we note that the prime ideals in T3 containing D are as follows:

T3 D ¹A \ hC21; DiSº [ ¹A \ hC21; D; Z � �iS j � 2 k�º: (35)

Let Q� WD A \ hC21; D; Z � �iS , and m0
� D hD; �1 � �K

�1y2i D AD C p� where
p� D h�1 ��K

�1y2i. We claim thatQ� Dm0
�. The inclusionQ� �m0

� is obvious. By
Lemma 5.1 (2), the elements C21, C11 and C22 lie in the ideal m0

�. Moreover, by Corol-
lary 5.3, the ideal m0

� is completely prime. If u 2 Q�, then uxi1x
j
2y

k
2�

`
1 2 m0

� for some
i; j; k; ` 2 N. Since the elements x1, x2, y2, �1 do not belong to m0

�, we must have
u 2 m0

�. This confirms our claim. The fact that m0
� is a primitive ideal follows from

(31) and Proposition 4.1 (5). It remains to show that p D A \ hC21; DiS is not a primi-
tive ideal of A. Suppose p is primitive, then by [6, Lemma II.7.15], it must be rational,
that is, the field Z.Frac.A=p// is algebraic over k. However, we conclude from (25) that
Z.Frac.A=p//DZ.Frac.AS�1=hD;C21iS //Dk.Z/ is a field of rational functions, which
is transcendental over k. This leads to a contradiction.

Lemma 5.10. The set of primitive ideals in T4 containing D is as follows:

PrimT4.A.0// D ¹hDiº:
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Proof. Clearly, hDi is the only prime ideal in T4 containing the element D. We have to
show that hDi is a primitive ideal ofA. Note that the set of prime ideals properly containing
D is T1 [ T2 [ T3 where the subset T3 is given in (35). Notice that for any prime ideal
p 2 T1 [ T2 [ T3 one has hD;C21i � p. We conclude that hDi is locally closed in Spec.A/,
since the intersection of all prime ideals properly containing hDi is an ideal that properly
contains hDi. Hence hDi is primitive.

The following theorem gives an explicit description of the primitive spectrum of A.

Theorem 5.11. The primitive spectrum of A is as follows:

Prim.A/ D ¹hD � �i j � 2 kº [ ¹m�
� j � 2 k; � 2 k�º [ ¹hx2; C11 � ˛i j ˛ 2 kº

[ ¹hx1; C22 � ˇi j ˇ 2 kº [ ¹hx1; x2; ai j a 2 Prim.Uq.sl2//º

where m
�
� D hD � �; �1 � �K�1y2i.

Proof. The result follows from (28), (33), (34) and Lemmas 5.7–5.10.

The following corollary describes the maximal ideals of A.

Corollary 5.12. The maximal spectrum of A is as follows:

Max.A/ D ¹m�
� j � 2 k�; � 2 k�º [ ¹hx2; C11 � ˛i j ˛ 2 k�º

[ ¹hx1; C22 � ˇi j ˇ 2 k�º [ ¹hx1; x2; ai j a 2 Max.Uq.sl2//º:

Proof. Since all maximal ideals are primitive, the result follows from Theorem 5.11,
Corollary 5.3, and Proposition 4.1 (4).

Remark 5.13. For primitive ideals of A that are not of the form hD � �i (� 2 k), let us
summarize the description of the corresponding primitive factors in the following.

(1) For � 2 k and � 2 k�, we have A=m�
� ' AŒ2�=h�C22 C �i, see (31).

(2) For ˛ 2 k, we have A=hx2; C11 � ˛i ' AŒ1�=hC11 � ˛i.

(3) For ˇ 2 k, we have A=hx1; C22 � ˇi ' AŒ2�=hC22 � ˇi.

(4) For a 2 Prim.Uq.sl2//, we have A=hx1; x2; ai ' Uq.sl2/=a.

The quantized enveloping algebraUq.sl2/ can be presented as a generalized Weyl algebra,
for a classification of its simple modules, see, e.g., [4,5]. A classification of simple weight
modules over the algebra AŒi� D kqŒyi ; xi � # Uq.sl2/ (i D 1; 2) was obtained in [3]. This
gives rise to plenty of simple modules over the algebra A.

6. Classification of simple quasi-Whittaker A-modules

The aim of this section is to study a class of non-weight A-modules, termed quasi-
Whittaker modules. A classification of all simple quasi-Whittaker A-modules is obtained.
For each simple quasi-Whittaker module, its annihilator is determined.
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Definition 6.1. Let & W Oq.M2/ ! k be an algebra homomorphism, and let M be an
A-module. A vector v 2 M is called a quasi-Whittaker vector of type & if xv D &.x/v
for all x 2 Oq.M2/. The module M is called a quasi-Whittaker module of type & if it is
generated by a quasi-Whittaker vector of type & .

The universal module M.&/. Note that the algebra homomorphisms & W Oq.M2/! k
are in bijection with the maximal ideals of Oq.M2/ with codimension one. From the
defining relations of Oq.M2/ given by (2), it is easy to see that & must be one of the
following forms:

&

�
y1 x1
y2 x2

�
D

�
˛ 0

0 ı

�
; ˛; ı 2 kI (36a)

&

�
y1 x1
y2 x2

�
D

�
0 ˇ

0 0

�
; ˇ 2 kI (36b)

&

�
y1 x1
y2 x2

�
D

�
0 0


 0

�
; 
 2 k: (36c)

Let k& WD Oq.M2/= ker.&/ be the one-dimensional Oq.M2/-module associated to & .
We define the universal quasi-Whittaker module of type & as follows:

M.&/ WD IndAOq.M2/
k& D A˝Oq.M2/ k& :

We use the term universal to refer to the following property: if M is a quasi-Whittaker
module of type & , then M is an epimorphic image of M.&/. Clearly, we have

M.&/ ' A=I& ; where I& D A
�
y1 � &.y1/; x1 � &.x1/; y2 � &.y2/; x2 � &.x2/

�
:

Let N1 D 1C I& (the coset of 1) be the canonical generator of M.&/. From the PBW basis
of A, we see that M.&/ is a free Uq.sl2/-module of rank one, that is, M.&/ D Uq.sl2/N1,
and the elements KiF jEk N1 (i 2 Z, j; k 2 N) form a basis of M.&/.

Lemma 6.2. If & is the zero homomorphism, then V is a simple quasi-Whittaker A-
module of type & if and only if V is a simple Uq.sl2/-module.

Proof. In this case, M.&/ ' A=A.y1; x1; y2; x2/. By Lemma 4.2 (1), the left ideal
A.y1; x1; y2; x2/ is identical to the two-side ideal I WD hy1; x1; y2; x2i. Thus M.&/ is
annihilated by the ideal I . Since V is an epimorphic image of M.&/, V is also annihilated
by I . Notice that A=I is isomorphic to Uq.sl2/, thus V is a simple module over Uq.sl2/.
The converse is obvious.

The structures of M.&/. In the following, we always assume that & is a non-zero alge-
bra homomorphism. By the universal property of the module M.&/, classifying simple
quasi-Whittaker modules requires finding simple quotients of M.&/. The next proposi-
tion studies the structure of the module M.&/ where & is given by (36a). In this case,
M.&/ ' A=A.y1 � ˛; x1; y2; x2 � ı/ where ˛; ı 2 k.
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Proposition 6.3. Let & W Oq.M2/ ! k be a non-zero algebra homomorphism of the
form (36a).

(1) If ˛ 2k� and ı 2k�, then M.&/ is a simpleA-module with annAM.&/DhD�˛ıi.

(2) If ˛ 2 k� and ı D 0, then for any � 2 k, M.&/ has the following chain of sub-
modules:

M.&/ DM 0
�M 1

� � � � �M n
� � � �

where M i WD .C11 � �/
iM.&/ is a quasi-Whittaker module of type & . Moreover,

the quotient

L.˛; �/ WDM.&/=M 1
' A=A.y1 � ˛; x1; y2; x2; C11 � �/

is a simple module with annAL.˛;�/D hx2;C11 � �i, andM i=M iC1 ' L.˛;�/

for all i 2 N.

(3) If ˛ D 0 and ı 2 k�, then for any � 2 k, M.&/ has the following chain of sub-
modules:

M.&/ DM0
�M1

� � � � �Mn
� � � �

where Mi WD .C22 � �/
iM.&/ is a quasi-Whittaker module of type & . Moreover,

the quotient

L.ı; �/ WDM.&/=M1
' A=A.y1; x1; y2; x2 � ı; C22 � �/

is a simple module with annAL.ı;�/D hx1; C22 ��i, and Mi=MiC1 ' L.ı;�/
for all i 2 N.

Proof. (1) Recall that we denote by N1 D 1C I& the canonical generator of M.&/. Using
the explicit expressions of C11 and C21 given in (11), we obtain

C11 N1 D .q
2
� 1/˛2E N1 and C21 N1 D q

�1˛ıK N1: (37)

Set zF D KF . Since ˛ 2 k�, it follows that

M.&/ D
M

i2Z;j;k2N

kKi zF jEk N1 D
M

i2Z;j;k2N

kKi zF jC k11 N1:

Let V be a non-zero submodule of M.&/, and v D
P
Kihi . zF ;C11/N1 a non-zero element

of V where hi . zF ;C11/ are polynomials in kŒ zF ; C11�. Since y1 commutes with the ele-
ments zF and C11, the non-zero terms of v are eigenvectors of y1 with distinct eigenvalues.
More precisely, y1 �Kihi . zF ;C11/N1 D qi˛ �Kihi . zF ;C11/N1. Thus there exists a non-zero
element w 2 kŒ zF ;C11�N1 that belongs to V . Write w D

P
gi .C11/ zF

i N1 where gi .C11/ are
polynomials in kŒC11�. It can be verified by induction that for all positive integers i ,

x1 zF
i
D zF ix1 � .1 � q

2i /=.1 � q2/K zF i�1y1: (38)
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From the above identity and the fact that x1 commutes with C11, we see that there is a
non-zero element v0 2 kŒC11�N1 that belongs to V . Write v0 D

P
kiC

i
11
N1 where ki 2 k.

In the algebra A, we have C21C11 D q�2C11C21. Thus, by (37), the non-zero terms of
v0 are K�1C21-eigenvectors with distinct eigenvalues. More precisely, K�1C21 � C i11 N1 D
q�2iC i11K

�1C21 N1 D q
�2i�1˛ı � C i11

N1. As a result, we have C n11 N1 2 V for some n 2 N.
From (37) it follows that En N1 2 V for some n 2 N. Note that for all positive integers n,
we have

y2E
n
D Eny2 C .1 � q

�2n/=.q�1 � q/KEn�1x2:

From the above identity and the inclusion y2En N1 2 V , we obtain En�1 N1 2 V . Applying
the above identity repeatedly yields that N1 2 V , and therefore V D M.&/. Thus M.&/ is
simple. It is obvious that hD � ˛ıi � annA M.&/. Notice that .�1 � �K�1y2/N1 D �1 N1 D
q2˛ N1. Thus, for any � 2 k, the element �1 � �K�1y2 does not belong to annA M.&/.
Since annA M.&/ is a primitive ideal, we conclude from Theorem 5.11 that annA M.&/ D

hD � ˛ıi.
(2) By Lemma 4.2, the left ideal A.y2; x2/ is equal to the two-sided ideal hy2; x2i

of A. Thus the module M.&/ is annihilated by hy2; x2i. It follows that M.&/ ' AŒ1�=

AŒ1�.y1 � ˛; x1/. Since C11 is central in AŒ1�, it is clear that M i are quasi-Whittaker
modules of type & , and moreover, M i D Uq.sl2/.C11 � �/

i N1. Clearly,

L.˛; �/ ' A=A.y1 � ˛; x1; y2; x2; C11 � �/:

Let N1 (the coset of 1) be the canonical generator of L.˛; �/. Then �N1 D C11 N1 D
.q2 � 1/˛2E N1. From the PBW basis of A, and recalling that zF D KF , we obtain

L.˛; �/ D
M

i2Z;j2N

kKi zF j N1:

LetW be a non-zero submodule ofL.˛;�/, andw D
P
Kigi . zF /N1 be a non-zero element

of W where gi . zF / 2 kŒ zF �. Notice that the non-zero terms of w are eigenvectors of y1
with distinct eigenvalues, since y1 �Kigi . zF /N1D qi˛ �Kigi . zF /N1. Thus there is a non-zero
elementw0 2kŒ zF �N1 that belongs toW . The simplicity ofL.˛;�/ then follows from identi-
ty (38). In particular, annAL.˛;�/ is a primitive ideal ofA. The inclusion hx2;C11 � �i �
annAL.˛; �/ is obvious. We conclude from Theorem 5.11 that it must be an equality.

SinceM i DUq.sl2/.C11 � �/
i N1, the moduleM i=M iC1 is a cyclic module generated

by the image of the element v D .C11 � �/
i N1. Since v is a quasi-Whittaker vector of

type & and .C11 � �/v � 0 mod M iC1, there is a natural epimorphism of modules % W
L.˛; �/�M i=M iC1. The simplicity of L.˛; �/ yields that % must be an isomorphism.

(3) The result can be proved in a way similar to that of statement (2).

Proposition 6.4. (1) Let & W Oq.M2/! k be a non-zero algebra homomorphism of
the form (36b). In this case, M.&/ ' A=A.y1; x1 � ˇ; y2; x2/ where ˇ 2 k�. For
any � 2 k, M.&/ has the following chain of submodules:

M.&/ D W 0
� W 1

� � � � � W n
� � � �
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where W i D .C11 � �/
iM.&/ is a quasi-Whittaker module of type & . Moreover,

the quotient

N.ˇ; �/ WDM.&/=W 1
' A=A.y1; x1 � ˇ; y2; x2; C11 � �/

is a simple module with annAN.ˇ;�/D hx2;C11 � �i, andW i=W iC1 'N.ˇ;�/

for all i 2 N.

(2) Let & W Oq.M2/! k be a non-zero algebra homomorphism of the form (36c). In
this case, M.&/ ' A=A.y1; x1; y2 � 
; x2/ where 
 2 k�. For any � 2 k, M.&/

has the following chain of submodules:

M.&/ D W0
� W1

� � � � � Wn
� � � �

where W i D .C22 � �/
iM.&/ is a quasi-Whittaker module of type & . Moreover,

the quotient

S.
; �/ WDM.&/=W1
' A=A.y1; x1; y2 � 
; x2; C22 � �/

is a simple module with annA S.
;�/D hx1; C22 ��i, and W i=W iC1 ' S.
; �/

for all i 2 N.

Proof. The proof is similar to that of Proposition 6.3.

Classification of simple quasi-Whittaker modules. The following theorem gives a clas-
sification of simple quasi-Whittaker A-modules of non-zero types.

Theorem 6.5. Let & W Oq.M2/! k be a non-zero algebra homomorphism, and V be a
simple quasi-Whittaker A-module of type & .

(1) Suppose & is of the form (36a). Then V is isomorphic to M.&/ if .˛; ı/ 2 .k�/2;
and V is isomorphic to L.˛; �/ for some � 2 k if .˛; ı/ 2 k� � ¹0º; and V is
isomorphic to L.ı; �/ for some � 2 k if .˛; ı/ 2 ¹0º � k�.

(2) If & is of the form (36b), then V is isomorphic to N.ˇ; �/ for some � 2 k.

(3) If & is of the form (36c), then V is isomorphic to S.
; �/ for some � 2 k.

Proof. (1) First, note that V is an epimorphic image of the universal module M.&/. If
.˛; ı/ 2 .k�/2, then by Proposition 6.3, M.&/ is simple, so in this case we must have
V ' M.&/. If .˛; ı/ 2 k� � ¹0º, then M.&/ is annihilated by the ideal hx2; y2i of A.
Consequently, V is annihilated by hx2; y2i. Thus V is a simple module over the algebra
AŒ1� ' A=hx2; y2i. By Proposition 4.1 (1), the element C11 is central in AŒ1�. Since V is
simple, Quillen’s lemma tells us that C11 acts as a scalar, say �, on V . It follows that V is
an epimorphic image of the module L.˛; �/, see Proposition 6.3 (2). Then the simplicity
of L.˛; �/ yields that V ' L.˛; �/. If .˛; ı/ 2 ¹0º � k�, then M.&/ is annihilated by the
ideal hx1; y1i, and so V is annihilated by hx1; y1i. This means that V is a simple module
over AŒ2� ' A=hx1; y1i. The element C22 is central in AŒ2�, so by Quillen’s lemma, C22
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acts on V as a scalar. Therefore, V is an epimorphic image of L.ı; �/ for some � 2 k,
see Proposition 6.3 (3). The simplicity of L.ı; �/ implies that V ' L.ı; �/.

(2) The result follows from Proposition 6.4 (1).
(3) The result follows from Proposition 6.4 (2).

Remark 6.6. Since any algebra homomorphism & W Oq.M2/ ! k must be one of the
forms (36a)–(36c), a classification of all simple quasi-WhittakerA-modules is obtained by
Lemma 6.2 and Theorem 6.5. For each simple quasi-Whittaker module of non-zero type,
its annihilator is determined, see Propositions 6.3 and 6.4. By Lemma 6.2, simple quasi-
Whittaker modules of type zero are actually simple Uq.sl2/-modules, whose annihilators
are obtained from the primitive ideals of Uq.sl2/.

Funding. This research was partially supported by the NSFC Grant 11701190.

References

[1] N. Andruskiewitsch, Notes on extensions of Hopf algebras. Canad. J. Math. 48 (1996), no. 1,
3–42 Zbl 0857.16033 MR 1382474

[2] E. Backelin and K. Kremnizer, Quantum flag varieties, equivariant quantum D-modules, and
localization of quantum groups. Adv. Math. 203 (2006), no. 2, 408–429 Zbl 1165.17304
MR 2227727

[3] V. Bavula and T. Lu, The prime spectrum of the algebra Kq ŒX; Y � Ì Uq.sl2/ and a classifica-
tion of simple weight modules. J. Noncommut. Geom. 12 (2018), no. 3, 889–946
Zbl 1408.17003 MR 3873015

[4] V. Bavula and F. van Oystaeyen, The simple modules of certain generalized crossed products.
J. Algebra 194 (1997), no. 2, 521–566 Zbl 0927.16002 MR 1467166

[5] V. V. Bavula, Generalized Weyl algebras and their representations. Algebra i Analiz 4 (1992),
no. 1, 75–97. English Translation: St. Petersburg Math. J. 4 (1993), no. 1, 71–92
Zbl 0807.16027 MR 1171955

[6] K. A. Brown and K. R. Goodearl, Lectures on algebraic quantum groups. Adv. Courses Math.
CRM Barcelona, Birkhäuser, Basel, 2002 Zbl 1027.17010 MR 1898492

[7] E. Celeghini, R. Giachetti, E. Sorace, and M. Tarlini, Three-dimensional quantum groups from
contractions of SU.2/q . J. Math. Phys. 31 (1990), no. 11, 2548–2551 Zbl 0725.17020
MR 1075731

[8] K. R. Goodearl and E. S. Letzter, Prime and primitive spectra of multiparameter quantum affine
spaces. In Trends in ring theory (Miskolc, 1996), pp. 39–58, CMS Conf. Proc. 22, American
Mathematical Society, Providence, RI, 1998 Zbl 0904.16001 MR 1491917

[9] D. A. Jordan, Normal elements of degree one in Ore extensions. Comm. Algebra 30 (2002),
no. 2, 803–807 Zbl 1010.16024 MR 1883026

[10] A. Klimyk and K. Schmüdgen, Quantum groups and their representations. Texts Monogr.
Phys., Springer, Berlin, 1997 Zbl 0891.17010 MR 1492989

[11] L. Li and P. Zhang, Weight property for ideals of Uq.sl.2//. Comm. Algebra 29 (2001), no. 11,
4853–4870 Zbl 0989.17008 MR 1856919

[12] J.-H. Lu, On the Drinfel’d double and the Heisenberg double of a Hopf algebra. Duke Math. J.
74 (1994), no. 3, 763–776 Zbl 0815.16020 MR 1277953

https://doi.org/10.4153/CJM-1996-001-8
https://zbmath.org/?q=an:0857.16033
https://mathscinet.ams.org/mathscinet-getitem?mr=1382474
https://doi.org/10.1016/j.aim.2005.04.012
https://doi.org/10.1016/j.aim.2005.04.012
https://zbmath.org/?q=an:1165.17304
https://mathscinet.ams.org/mathscinet-getitem?mr=2227727
https://doi.org/10.4171/JNCG/294
https://doi.org/10.4171/JNCG/294
https://zbmath.org/?q=an:1408.17003
https://mathscinet.ams.org/mathscinet-getitem?mr=3873015
https://doi.org/10.1006/jabr.1997.7038
https://zbmath.org/?q=an:0927.16002
https://mathscinet.ams.org/mathscinet-getitem?mr=1467166
https://zbmath.org/?q=an:0807.16027
https://mathscinet.ams.org/mathscinet-getitem?mr=1171955
https://doi.org/10.1007/978-3-0348-8205-7
https://zbmath.org/?q=an:1027.17010
https://mathscinet.ams.org/mathscinet-getitem?mr=1898492
https://doi.org/10.1063/1.529000
https://doi.org/10.1063/1.529000
https://zbmath.org/?q=an:0725.17020
https://mathscinet.ams.org/mathscinet-getitem?mr=1075731
https://zbmath.org/?q=an:0904.16001
https://mathscinet.ams.org/mathscinet-getitem?mr=1491917
https://doi.org/10.1081/AGB-120013183
https://zbmath.org/?q=an:1010.16024
https://mathscinet.ams.org/mathscinet-getitem?mr=1883026
https://doi.org/10.1007/978-3-642-60896-4
https://zbmath.org/?q=an:0891.17010
https://mathscinet.ams.org/mathscinet-getitem?mr=1492989
https://doi.org/10.1081/AGB-100106790
https://zbmath.org/?q=an:0989.17008
https://mathscinet.ams.org/mathscinet-getitem?mr=1856919
https://doi.org/10.1215/S0012-7094-94-07428-0
https://zbmath.org/?q=an:0815.16020
https://mathscinet.ams.org/mathscinet-getitem?mr=1277953


T. Lu 744

[13] J. C. McConnell and J. C. Robson, Noncommutative Noetherian rings. Revised edn., Grad.
Stud. Math. 30, American Mathematical Society, Providence, RI, 2001 Zbl 0980.16019
MR 1811901

[14] S. Montgomery, Hopf algebras and their actions on rings. CBMS Reg. Conf. Ser. Math. 82,
Published for the Conference Board of the Mathematical Sciences, Washington, DC; by the
American Mathematical Society, Providence, RI, 1993 Zbl 0793.16029 MR 1243637

[15] D. Rosso and A. Savage, Twisted Heisenberg doubles. Comm. Math. Phys. 337 (2015), no. 3,
1053–1076 Zbl 1329.16027 MR 3339171

[16] W.-Q. Tao, On representations of the centrally extended Heisenberg double of SL2. J. Math.
Phys. 62 (2021), no. 7, article no. 071702 Zbl 1469.81037 MR 4289453

[17] W.-Q. Tao, The Heisenberg double of the quantum Euclidean group and its representations.
Sci. China Math. 66 (2023), no. 8, 1713–1736 Zbl 1533.16044 MR 4621125

[18] W.-Q. Tao, On prime and primitive ideals of the centrally extended Heisenberg double of SL2.
J. Algebra Appl. 22 (2023), no. 4, article no. 2350096 Zbl 1541.16003 MR 4553231

[19] S. L. Woronowicz, Quantum SU.2/ and E.2/ groups. Contraction procedure. Comm. Math.
Phys. 149 (1992), no. 3, 637–652 Zbl 0759.17009 MR 1186047

Received 1 July 2024; revised 6 January 2025.

Tao Lu
School of Mathematical Science, Yangzhou University, 225002 Yangzhou, P. R. China;
taolu@yzu.edu.cn

https://doi.org/10.1090/gsm/030
https://zbmath.org/?q=an:0980.16019
https://mathscinet.ams.org/mathscinet-getitem?mr=1811901
https://doi.org/10.1090/cbms/082
https://zbmath.org/?q=an:0793.16029
https://mathscinet.ams.org/mathscinet-getitem?mr=1243637
https://doi.org/10.1007/s00220-015-2330-z
https://zbmath.org/?q=an:1329.16027
https://mathscinet.ams.org/mathscinet-getitem?mr=3339171
https://doi.org/10.1063/5.0051641
https://zbmath.org/?q=an:1469.81037
https://mathscinet.ams.org/mathscinet-getitem?mr=4289453
https://doi.org/10.1007/s11425-021-2043-7
https://zbmath.org/?q=an:1533.16044
https://mathscinet.ams.org/mathscinet-getitem?mr=4621125
https://doi.org/10.1142/S0219498823500962
https://zbmath.org/?q=an:1541.16003
https://mathscinet.ams.org/mathscinet-getitem?mr=4553231
https://doi.org/10.1007/bf02096947
https://zbmath.org/?q=an:0759.17009
https://mathscinet.ams.org/mathscinet-getitem?mr=1186047
mailto:taolu@yzu.edu.cn

	1. Introduction
	2. Preliminaries
	3. The centre of A
	4. The prime spectrum of A
	5. The primitive spectrum of A
	6. Classification of simple quasi-Whittaker A-modules
	References

