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The centrally extended Heisenberg double of
quantum SL,

Tao Lu

Abstract. The centrally extended Heisenberg double of quantum SL; is a smash product of the
quantized coordinate ring O4(M>) of 2 x 2 matrices and the Hopf algebra Uy (sl ). For this algebra,
we determine its centre and show that it satisfies the quantum Gelfand—Kirillov conjecture. We give
an explicit description of its prime, primitive and maximal ideals. We study a class of non-weight
modules known as quasi-Whittaker modules. We classify the simple quasi-Whittaker modules and
determine the annihilator of each simple quasi-Whittaker module.

1. Introduction

The concept of quantum groups was first introduced by Drinfeld and independently by
Jimbo in the 1980s as a generalization of Lie groups and Lie algebras. Quantum groups,
as a mathematical structure, have their origins in many problems studied in theoretical
physics, such as solutions to the Yang—Baxter equations, the description of monodromy of
vertex operators in conformal field theory, and integrable systems. They naturally arise as
Hopf algebras depending on a deformation parameter g, which specialize to the universal
enveloping algebras of certain Lie algebras as g approaches 1. The relationship between
quantum groups and the corresponding classical groups is important in understanding the
transition from classical to quantum physics.

Let G be a reductive algebraic group, and g = Lie(G) be its Lie algebra. There is a
non-degenerate Hopf pairing between the universal enveloping algebra U(g) and the coor-
dinate algebra O (G). The Lie algebra g acts by derivations on @ (G), which makes O (G)
a left U(g)-module algebra. With this action, one can construct the smash product algebra
D(G) := O(G) #U(g), called the Heisenberg double of G. This setting can be extended
to quantum groups, and then one obtains the Heisenberg double of O, (G). More precisely,
there is a non-degenerate dual pairing between the quantized coordinate algebra O, (G)
and the quantized universal enveloping algebra U, (g) which turns O4(G) into a U, (g)-
module algebra. Then one can form the smash product algebra D, (G) := O4(G) # Uy (g),
termed the Heisenberg double of O,(G). The algebra D, (G) is interpreted as the ring of
quantum differential operators on O, (G), see, for instance, [2]. The Heisenberg double is
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a generalization of the Heisenberg—Weyl algebra, it captures interactions between a Hopf
algebra and its dual, leading to interesting algebraic and geometric phenomena. For the
general construction of the Heisenberg double of a Hopf algebra, see [12]. A twisted ver-
sion of the Heisenberg double, constructed from a twisted Hopf algebra and a twisted
pairing was introduced by Rosso and Savage [15].

This paper is concerned with a central extension of the Heisenberg double D, (SL,)
of the quantized coordinate algebra of SL,. More precisely, we study a smash product
A =04(M,) # Uy (sl,) of the quantized coordinate ring O, (M») of 2 x 2 matrices and the
Hopf algebra U, (sl,). The algebra A can be seen as a central extension of the Heisenberg
double D, (SL,) in the sense that D,(SL,) is a central factor of A. The primary goal
of this paper is to describe the prime, primitive and maximal spectra of the algebra A.
Additionally, we study a class of non-weight modules known as quasi-Whittaker mod-
ules. We classify the simple quasi-Whittaker modules and determine the annihilator of
each simple quasi-Whittaker module. For an infinite-dimensional noncommutative alge-
bra, it is a difficult and often intractable problem to classify its irreducible representations.
Dixmier proposed that a basic first step towards tackling this problem would be to find
the annihilators of the irreducible representations (that is, the primitive ideals), and then
for each primitive ideal P, find at least one irreducible representation with annihilator P.
Understanding these annihilators provides deep insight into the representation theory of
the algebra.

As an abstract algebra, the generators and defining relations of A are given in the
following.

Definition 1.1. The centrally extended Heisenberg double of quantum SL, is the k-
algebra A generated by K, K -1 E, F, x1, xa, V1, Y2 subject to the following defining
relations:

KK '=K1'K =1, KEK™!' = ¢°E,
KFK™' = ¢72F, EF—rE=X=K_ K__ll M
q9—q

Yix1 = 4xi)1, Y2X2 = (qXx32)2,

Yiy2 =4y2)1. X1X2 = ¢X2X1, 2

X1y2 = yaX1.  yixa— X1 = (@ —q x1y2.
Kxi =qx; K, Ex; = x; E, Fxi =q 'x;F + yi, 3)
Kyi=q 'viK,  Eyi=yE+xiK,  Fyi=qyF, (i =12).

The algebra A is a Noetherian domain of Gelfand—Kirillov dimension 7, and it contains
some remarkable subalgebras. First of all, the subalgebra generated by K, K~!, E and F
is isomorphic to the quantized enveloping algebra Uy, (sl,); and the subalgebra generated
by yi, x1, y2 and x, is isomorphic to the quantum matrix algebra O,4(M>). Next, for
i = 1,2, let A[i] be the subalgebra of A generated by y;, x; and U, (sl>). Then A[i] can
be presented as a smash product of the quantum plane with the Hopf algebra U, (s],). We
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shall see that the subalgebras A[i] are isomorphic to the main object studied in [3]. Some
ring-theoretic properties and representations of the algebra A can be reduced to those of
its subalgebras A[i].

The algebra A is a quantum analogue of the universal enveloping algebra of the non-
semisimple Lie algebra a = sl, x (V2 & V), where V, @ V5 is a direct sum of two copies
of the 2-dimensional simple sl;-module V,. The universal enveloping algebra U(a) is
known as the centrally extended Heisenberg double of SL; (see [16]). The name comes
from the fact that the Heisenberg double of SL,, denoted D(SL,), is a central factor of
U(a). The algebra U(a) can be presented as a smash product of the polynomial algebra in
four variables with the universal enveloping algebra U(sl,). Basic properties and impor-
tant families of simple modules over U(a) have been studied in [16], and the prime and
primitive spectra of U(a) was obtained in [18].

The Heisenberg double D, (SL,) can be seen as a quantization of the algebra D(SL,).
The two algebras share many similar properties: their centres are trivial, they have no
finite-dimensional representations, and they cannot have a Hopf algebra structure. How-
ever, the two algebras also exhibit some distinct features in both structure and representa-
tion theory. For instance, it is proven in [16] that D(SL,) is a simple algebra. In contrast,
we shall see that D,(SL) is not a simple algebra, and its prime spectrum is homeo-
morphic to that of the quantum Weyl algebra. In [17], the Heisenberg double D, (E>) of
the quantum Euclidean group and its representations have been investigated. As is well
known, the quantum Euclidean group is obtained by the contraction of the quantum group
SU,4(2), see [7] and [19]. It can be expected that, in some sense, D, (E>) is a potential
contraction of the algebra D, (SL>).

Let us now briefly describe the contents of this paper. In Section 2, we present the
construction of the smash product algebra A and the Heisenberg double D,(SL,). We
also equip both A and D, (SL,) with an involution. In Section 3, we show that the centre
of the algebra A is a polynomial algebra in one variable and that A4 satisfies the quantum
Gelfand—Kirillov conjecture (Theorem 3.5). To achieve this, we consider some subalge-
bras and their localizations, and introduce four distinguished elements C;; (i, j = 1, 2).
These elements are of special importance for the structure and representation theory of A.
In particular, the element C,; is normal in A. In Section 4, we give a classification of the
prime ideals of the algebra A (Theorem 4.3). The set Spec(A) of all prime ideals of A is
decomposed into a disjoint union of four subsets, with each subset described explicitly. It
is proved that the factor algebra A/AC,; is a domain (Proposition 4.4), and its centre is
determined (Proposition 4.6). In Section 5, we give a classification of the primitive and
maximal ideals of the algebra A (Theorem 5.11 and Corollary 5.12). For each primitive
ideal, a set of explicit generators is given. Section 6 is devoted to the study of a class of
non-weight A-modules, namely, the quasi-Whittaker modules. We obtain a classification
of all simple quasi-Whittaker A-modules and determine the annihilator for each simple
quasi-Whittaker module.
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2. Preliminaries

In this paper, a module means a left module, k is an algebraically closed field of charac-
teristic zero, k* := k \ {0}, and ¢ € k* is not a root of unity.

In this section, we present the construction of the smash product algebra A and the
Heisenberg double D, (SL»). We introduce some elements (¢; and ;) that are useful in
investigating the structures of A. Additionally, we equip the algebras 4 and D, (SL,) with
an involution.

The algebra A. We start by recalling the notion of smash product algebras. Let H be
a Hopf algebra and let R be a unital algebra. We say that R is a left H-module alge-
bra if R is a left H-module with the H -action satisfying h - 1g = e(h)1g and h - (ab) =
Y (hqay-a)(h@)-b)forallh € H anda,b € R.Here A(h) =)_h(1) ® h(z) is the coprod-
uct in H. Given a left H-module algebra R, one can form the smash product algebra
R # H;thatis, R# H = R ® H as a vector space, with multiplication given by

(a#tg)b#h) = Za(g(l) -b)#gpoh foralla,beR, g heH.

As usual, we identify R with R # 1, and H with 1 # H for simplicity. For basic facts on
smash product algebras, see, for instance, [14, Chap. 4].

The quantized universal enveloping algebra U, (sl,) is the k-algebra generated by
the elements K, K=, E, F subject to the relations in (1). The centre of Uy(sly) is a
polynomial algebra generated by the Casimir element

Ag:=FE+ (@K +q 'K Y/(¢" —9)*

There exists a unique Hopf algebra structure on Uy (sl,) with the coproduct A, counit ¢,
and antipode S such that

A(K) = K® K, S(K) =K, e(K) =1,
AE)=E®K+1QE, S(E) = —EK™!, e(E) =0,
A(F)=F®1+K'®F, S(F) = —KF, e(F) = 0.

The quantized coordinate ring of the 2 x 2 matrices, denoted O, (M>), is the k-algebra
generated by the indeterminates x1, X2, y1, V2 subject to the relations in (2). It is well
known that the centre of O, (M>) is a polynomial algebra k[D], where D := y1x2 — gx1 )2
is called the quantum determinant of @,(M>). Basic properties and representations of
U, (sl) and O4(M>) can be found, for instance, in [10]. There is a natural action of
U, (sl>) on the quantum matrix algebra O,(M>) which turns @4 (M) into a Uy (sls)-
module algebra. On generators, the action is given by the following rule:

K -xi =qx;, E-x; =0, F.x; =y, @
K-yi=q 'yi, E-yi=xi, F-y=0.
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The action (4) makes O 4(M>) a left U, (s1,)-module algebra, so one can form the smash
product algebra A := O4(M>) # U, (s1»). The explicit description of A via generators and
defining relations was given in Definition 1.1. The algebra A can be presented as an iter-
ated Ore extension over O, (M>) in the form 4 = @, (My)[K*EY;01][F; 02, 8,][E; 03, 83]
where the o; are automorphisms and the §; are left o;-derivations of the appropriate sub-
algebras. In particular, A is a Noetherian domain of Gelfand—Kirillov dimension 7. Note
that the algebra A admits a PBW type basis.

The Heisenberg double D, (SLz). For a ring R and a subset S C R, we indicate by
(S) the two-sided ideal of R generated by the elements of S. As usual, we denote by the
same letters their images in the factor algebra R/(S). The quantized coordinate algebra
04 (SL,) is the k-algebra given by the quotient O, (SL,) := O4(M>)/(D — 1). There exists
a Hopf algebra structure on the algebra @, (SL;) with coproduct A, counit ¢ and antipode

S given by
S S L] A A S P
Y2 X2 Y2 X2 Y2 X2 V2 X2 0 1
S |:y1 X1i| _ [ X2 —q_1x1:|
Y2 X2 —qy2 n
There exists a unique dual pairing (-, -) of the Hopf algebras U, (sl>) and O,4(SL>)
such that the nonvanishing pairings between the generators are

(K»y1>:q_1’ (K_l,)ﬁ): s <K7x2)ZQ7
(K™ x2) =q7", (E,y2) =(F,x1) = 1.

If g is not a root of unity, the pairing is non-degenerate. In particular, U (sl2) can be
embedded into the dual algebra O, (SL,)*. The map p : Uy (sl2) — End O4(SL,) defined
by

p(m)(f) = Z(u Jo) fay whereu € Uy(sly), f € O4(SLy)

endows O, (SL,) with the structure of a left U, (s,)-module algebra. It is easily checked
that, on generators, this action coincides with the one given in (4). With this action, the
smash product algebra D, (SL,) := @,4(SLy) # U, (sl,) is called the Heisenberg double
of (9,1 (SLz) .

The algebra D, (SL;) has a close connection with the algebra A. In fact, it can be
verified that the quantum determinant D lies in the centre of A. As a result, we have

Oq (M) # Uq (sl2)
(D—1)

Dy(SLy) =~

Thus, A is a central extension of D,(SL;), which explains the name of the algebra A.
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The elements ¢; and y;. We first introduce the elements ¢; and ¥; (i = 1,2), and
compute their commutation relations with the generators of A. Fori = 1,2, define

i = (1—¢*)Fx; +q°yi.

5
Vi =(1-q HEy; +q *xiK. ©)

Note that we can also write ¢; = Fx; —gx; F,and ¥; = Ey; —q 2y, E.
The commutation relations of ¢; with the generators of A are given in the following:

$iK = qKé¢i, ¢ E = Edi —qK 'x;, $iF =qF¢i, (i =12);
$1y1 = 11, ¢1x1 = q ' x191.

$1y2 = qy2¢1. P1x2 = X215 (6)
b1 =q ' yid2— (¢ —q)’FD,  ¢ox1 =q *x1¢p+ (¢~ —¢)D,

$2y2 = Y22, $2x2 = g~ X202

From (6) we see that the element ¢; has nice commutation relations with the elements of
O,4(M>), as it g-commutes with the generators of O, (M>). The commutation relations of
Y; with the generators of A are given in the following:

ViK =q 'K¥i, YE=Ey:i, ViF=q 'Fyi—q 2K 'y;, (i =12);

Viyi = yivi. Y1x1 = qx1y1,

Y1y2 = qyayn + (1 =g KD, Y1xz = ¢*x29n — (¢! —¢)*ED; )
Yoy =q" ' y1va, Yax1 = X192,

V2y2 = y2¥2, VaXa = qxa¥a.

From (7) we see that the element v, g-commutes with the generators of O, (M>).

An involution on A. Now we equip the algebra A with an involution. Recall that an
involution * on an algebra R is a k-algebra anti-automorphism such that (r*)* = r for all
r € R. Itis easy to check that the following map defines an involution 7 on A:

(K) = K, (K™ =K1, 7(E) = —KF, ©(F)=—EK™!,

8
T(x1) = y2, T(x2) = y1, (y1) = X2, T(y2) = x1. ®

For the construction of a canonical involution on a smash product algebra R # H that
extends the involutions on R and H, see [1, Lemma 3.2.3]. Notice that t(D) = D, thus
also defines an involution on the Heisenberg double D, (SL,). Applying the involution t
to the elements ¢; and y; (i = 1,2), we obtain

(1) = V2K, () =K t(Y1) =q Ko, t(¥2) =g K.
)

The following lemma provides some connections between the elements ¢;’s and v;’s.
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Lemma 2.1. In the algebra A, the following identities hold:

$1x2 — q¢ox1 = ¢°D, $1y2 —qbay1 = q(¢* — 1)DF,
Y1y2 —qyay1 = —q DK, Y1xz2 —qyax; = (1 —q *)DE.
Proof. A straightforward verification. ]

3. The centre of A

The aim of this section is to show that the centre of the algebra A is a polynomial algebra
Z(A) = k[D], and that A satisfies the quantum Gelfand—Kirillov conjecture. Four distin-
guished elements C;; (i, j = 1, 2) are introduced, which are of special importance for
the structure and representation theory of A. Additionally, some subalgebras and their
localizations are considered, which are instrumental for our purpose.

The elements C;;. Fori, j € {1,2}, define
Cij :=Yigpj — yix; K~ (10

Using the expressions of v; and ¢; (see (5)), we can write C;; explicitly in the following
form:

Cij =—q (¢ —q)’EFyixj + (¢ — DEyiy; + (¢"> — )KFx;x;
+yixj(1—¢g K - K" +q 'xiyK. (11)

The elements C;j; behave nicely under the involution t of the algebra A. More precisely,
applying the involution 7 to C;; and using (9), we obtain

7(C11) = Cr2, 1(Cx2) =Cr1, 1(C12) =Cra, 1(C21) = Ca. (12)

Recall that, an element a of a ring R is normal if aR = Ra. The following lemma shows
that the elements C;; commute with the elements of U, (sl,). Moreover, the element Cy;
is normal in A.

Lemma 3.1. (1) The elements C;; (i, j € {1,2}) commute with K*Y E and F. More-
over, fori € {1,2}, the element C;; commutes with y; and x;.
(2) The element Cy is normal in the algebra A.
Proof. (1) Clearly, C;; commutes with K. Let us verify that C;; E = EC;; by using (6)
and (7):
CijE =i E — yix;K'E

= Vi(E¢; —qgK~'xj) — yix;K'E

= EYi¢; —q¥i K 'x; — yix;K'E

= EVigj —Vi-x; K —q 2y E-x; K™
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= Eyidj — (i +q 2y E)x; K

= Evi¢j — Eyix; K™
= ECU.

Applying the involution 7 (see (8)) and invoking (12), we obtain C;; F = FC;;. Itis easily
checked that C;; commutes with y; and x;.
(2) Note that the following identities hold in the algebra A:

Co1x1 = q ' x1Cox, Co1x2 = qx2Co,
Coiy1 = q ' y1Can, Ca1y2 = qy2Co1.
The result then follows from statement (1) and the above identities. ]

It is noteworthy that the elements C11, C25 and Cy, are not normal in A. The following
identity provides a relation between the elements Cy, and Cs;:

Ci2=qCa1 —q ' (¢7" — q)*DA, (13)

where A, is the Casimir element of U, (sl,). Moreover, based on the definition of C;;
given in (10) and utilizing (6) and (7), one verifies that the elements C;; and Cy; satisfy
the following relations:

Ci11x2 = ¢*x2C11 + (¢ — ¢ ")Dwy,

2 - (14)
Ci1y2 =q"y2C11 + (¢ —q~ )DK¢1,
where w1 = (7' —q)E¢1 + qx1 K1, and
Conx1 = ¢ 2x1Caz + (¢! = q)Dyra,
22X1 = (¢ 1G22 + (g q)DYr2 (15)

Caoy1 = ¢ 2y1Co + (' — ¢)Dws,

where wy = (¢ — g~ V) V2 F + y, K~'. Applying the involution , we get 7(w;) = q%w,.
The next lemma gives some connections between the elements C;1, C, and Cs;.

Lemma 3.2. In the algebra A, the following identities hold
Ci1y2 = ¢*Ca1y1 —q 'DK ¢y, Ci1x2 = ¢*Ca1x1 — ¢~ Doy,
Ca2y1 = q ' C21y2 — D2, Cazx1 = ¢~ Ca1x2 — gDV,

Proof. The identities are obtained from the definition of C;; (see (10)) and Lemma 2.1. In

fact,
Ci1yz = (Y191 — y1x1K~")y2

=q¥1y2- 1 — >y K~y

= q(qV2y1 — ¢ DK)p1 —¢°y2x1 K~y
= q*(Y21 — y2x1K )y1 —q 'DK ¢
=q¢%Co1y1 — ¢ 'DK .
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Then applying the involution 7 to the above identity, one gets Copx1 = ¢~ Cs1 X2 — gDYr5.
Similarly,
Ciixz = (Y191 — y1ix1 K xz
= Y1 d1x2 —gy1x2K ' xy
= V1(gpax1 + ¢°D) — gy1:2K ' xy
=q(V1¢2 — y1x2K~)x1 + ¢°Dyy
= qCr2x1 + ¢°DY1.

Substituting (13) into the above identity yields that Cyjx, = q2C21x1 —q_lDa)l.
Then applying the involution 7 to this equality, we get Caoy1 = ¢~ Ca1y2 — qDwy, as
required. ]

Some subalgebras of A. We will consider the following chain of subalgebras O, (M) C
I' C A C A, as well as some of their localizations. The aim is to embed A into a quantum
polynomial algebra that is isomorphic to a certain localization of A. First, let us recall the
definition of generalized Weyl algebras which was originally introduced by Bavula [5].
Let D be a ring, o an automorphism of D, and a an element of the centre of D. The
generalized Weyl algebra A := D[x, y; 0, a] is a ring generated by D, x and y subject to
the following relations

xd =o(d)x, yd =0 Y(d)y, foralld € D,

yXx =a, xy =o(a).

The generalized Weyl algebra A is a domain if and only if D is a domain and a # 0.
Next, we recall the definition of quantum polynomial algebras. Let Q=(g;;) € M,, (k™)
be a multiplicatively skew-symmetric matrix (thatis ¢;; = g;;q;; = 1forall 1 <i,j <n).
If there is a skew-symmetric matrix M = (u;;) such that g¢;; = ¢*¥ forall 1 <i,j <
n, then we denote Q = g™ . Let r be an integer < n, the quantum polynomial algebra
A = kQ[Xlil, e, X;tl, Xy+1, ..., Xp] is the associated k-algebra generated by the
indeterminates X1, ..., X,, X7 Lo X - 1 subject to the following defining relations:

XiX; =qi; X;X;, (1<i,j<n), and X;X;'=X'X;=1, (=1,...r).

In particular, A is a quantum affine space if r = 0, and a quantum torus if r = n.

The quantum matrix algebra O, (M>) can be presented as a generalized Weyl algebra
in the form @4 (M>) = k[x1, y2.D][x2, ¥1;0,a = gx1y» + D] where o is the automorphism
of the polynomial algebra k[x, y,, D] such that o(x;) = ¢~ 'x1, 0(y2) = ¢~ 'y, and
o(D) =D. Let O,(M>)x, be the localization of O4(M>) at the powers of the element x,.
It is easily seen that @4 (M>)x, can be expressed as the tensor product of the polynomial
algebra k[D] and a skew Laurent polynomial algebra, that is,

Oq(M>)x, = k[D] ® k[x1. y2][x5": 0] (16)
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where o(x1) = ¢~ 'x; and 0(y2) = ¢~ 'y,. A simple calculation verifies that the centre
of the skew Laurent polynomial algebra is trivial. Then we conclude from (16) that the
centre of O,(M>)y, is equal to k[D], and it follows that Z(0,(M>)) = k|D].

Let I" be the subalgebra of A generated by the elements x1, y;, X2, 2, and F. Clearly,
I' is an Ore extension over O, (M) that can be presented as I' = O, (M>)[F; 0, 8]. Let
I'y, .x, be the localization of I' at the Ore set generated by the elements x; and x,. From
the expression of the element ¢ (see (5)), we see that in the algebra I'y, x,, one can
replace the generator F' by the element ¢;. Then from (16), it follows that I'y, , can be
presented as the tensor product of k[D] with a quantum polynomial algebra, that is,

0o 1 0 1
Cyyx, = kD] @ kyn[xy, x5, y2,¢1], where N = 0 1 0 -1 17
-1 0 1 0

It is easy to check that the centre of the quantum polynomial algebra in (17) is trivial. Thus
Z(Tx, x,) = kD], and hence Z(I') = k[D]. Note that the elements y, and ¢; are normal
inT.

Recall that an ideal p of a ring R is said to be completely prime if R/p is a domain.

Lemma 3.3. The ideals (y,) and (¢1) of T are completely prime.

Proof. Since y, is normal in T, the factor algebra I'/(y,) can be presented as an Ore
extension in the form I'/(y,) >~ (O4(M>2)/{y2))[F; o, 8]. Clearly, the coefficient ring
O4(M3)/{y2) is a domain. As a result, I'/(y) is a domain, i.e., the ideal (y,) of I is
completely prime. Let [ be the subalgebra of I" generated by the elements F, x; and y;.
Then F can be presented as a generalized Weyl algebra of the following form:

F =k[y1, ¢1llx1, Fio,a = (1 — ¢*y1)/(1 — ¢?)]

where o is the automorphism of k[y;, ¢;] such that 6(y;) = ¢~ 'y, and o(¢;) = g¢;. It
follows that IF /{(¢;) is a generalized Weyl algebra that can be expressed as

F/{¢1) = k[yi]lx1, F;0.a = —¢*y1/(1 — ¢*)].

In particular, F/{(¢;) is a domain. Notice that the algebra " can be presented as an
iterated Ore extension over [F, that is I' = F[y,; 01][x2; 02, 82]. Since the element ¢
is normal in T, the factor algebra I'/{¢;) is isomorphic to the iterated Ore extension
(F/{(p1))[y2; 01][x2; 02, 62]. Since the coefficient ring F /{¢;) is a domain, we conclude
that '/ (¢ ) is a domain. In other words, (¢1) is a completely prime ideal of T". |

Let 4 be the subalgebra of 4 generated by I' and K*!. Then # is a skew Laurent
polynomial algebra over I that can be presented as A = I'[K*!; o]. If we denote by U p
the (Hopf) subalgebra of Uy (s(,) generated by K*! and F, then A = O, (M,) # U, . Let
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sx,,x, be the localization of + at the Ore set generated by x; and x,. Then sy, x, =
| VR [K*!; o). Invoking (17), we obtain

01 0 1 -1

-1 0 -1 0 -1

Ay, = kD] @ kon[xF1, x3F 10,1, KE], whereN=|0 1 0 -1 1
-10 1 0 1

1 1 -1 -1 0
(18)

It is easy to verify that the centre of the second tensor component is trivial. We conclude
that Z(+Ax,,x,) = k[D], and hence Z(4) = k[D]. Clearly, the elements y, and ¢; are
normal in 4. The next lemma shows that the ideals (y,) and {(¢,) of the algebra A are
completely prime.

Lemma 3.4. The ideals (y2) and (¢1) of A are completely prime. Moreover, (y2¢1) =
{(y2) N {1).

Proof. Notice that #4/(y,) ~ T'/{y2)[K*'; 0] is an Ore extension over I'/(y,). It is
also obvious that A/(¢) ~ I'/(¢1)[K*!; 0] is an Ore extension over I'/{¢;). From
Lemma 3.3 it follows that the ideals (y,) and (¢;) of 4 are completely prime. It remains
to show that (y2¢1) = (¥2) N (¢1). The inclusion (y2¢1) C (y2) N (¢p1) is obvious.
Conversely, if u € (y2) N (¢1) then u = y,v = ¢pw for some v, w € A, since y, and
¢1 are normal in #A. Therefore, y,v € (¢1), and this implies that v € {(¢;), since (¢;)
is completely prime and y, ¢ (¢;). Then we have v = ¢;r for some r € 4, and thus

u = y217 € (y201). n

The centre of A. The classical Gelfand—Kirillov conjecture states that for a finite-dimen-
sional algebraic Lie algebra g over an algebraically closed field k of characteristic zero,
the skew field Frac(U(g)) should be isomorphic to the skew field of some Weyl algebra
over a purely transcendental field extension of k. Drawing inspiration from the concept
of birational equivalence in algebraic geometry, this conjecture extends that idea into
the realm of noncommutative algebra. It not only highlights a deep connection between
enveloping algebras and Weyl algebras but also provides a general framework for compar-
ing different noncommutative algebras through their skew fields of fractions. Furthermore,
the conjecture has been extended to the setting of quantum algebras. Recall that a quantum
Weyl field is a skew field of fractions of a quantum affine space. We say that a k-algebra R
admitting a skew field of fractions Frac(R) satisfies the quantum Gelfand—Kirillov con-
jecture if Frac(R) is isomorphic to a quantum Weyl field over a purely transcendental field
extension of k. In the next theorem, we show that the centre of A is a polynomial algebra,
and A satisfies the quantum Gelfand—Kirillov conjecture.

Theorem 3.5. Z(A) = k[D], and A satisfies the quantum Gelfand—Kirillov conjecture.

Proof. Note that the algebra A is an Ore extension over + that can be written as 4 =
A[E; 0, 8] for some proper automorphism ¢ and a o-derivation §. Let S be the Ore set
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of A generated by the elements x;, X3, y» and ¢1, and let AS ~1 pe the localization of A
at the Ore set S. Then AS™! = Ay, x,.2,0: [E; 0, 8]. By (10) and (5), we can write the
element C,; as follows:

Ca1 = Y21 — y2x K71
=((1—q ) Ey2+ ¢ *x2K)p1 — yox1 K~
=(1—q¢ 2E y201 +q x201K — yox1 K1

Thus in the algebra AS~! one can replace the generator E by the element Co;. From (18)
it follows that AS~! is a tensor product of the polynomial algebra k[D] with a quantum
polynomial algebra. More precisely, let 0 = g™ where the skew-symmetric matrix M is
as follows:

01 0 1 -1 1

-1 0 -1 0 -1 -1

0 1 0 -1 1 -1

M=1_10 1 0o 1 1

1 1 =1 =1 0 0

-1 1 1 -1 0 0|

Then, we have

AST! = kD] @ ko[xif!, xF, yFL oFl KEL Cyy). (19)

It is easy to check that the centre of the quantum polynomial algebra in (19) is equal
to k. Thus Z(AS~!) = k[D], and we conclude that Z(A4) = k[D]. Since Frac(A4) =
Frac(AS _1), it follows immediately from (19) that A satisfies the quantum Gelfand—
Kirillov conjecture. L]

For any y € k, we define A(y) := A/(D — x). In particular, A(y) specializes to the
Heisenberg double D, (SL,) if we take y = 1. The following corollary shows that the
centre of A(y) is trivial for any y € k. In particular, the Heisenberg double D, (SL,) has
a trivial centre.

Corollary 3.6. For any y € Kk, the algebra A(y) is a Noetherian domain of Gelfand—
Kirillov dimension 6, and Z(A(x)) = k.

Proof. Note that the factor algebra O, (y) := Oy(M>)/{D — yx) is a domain of Gelfand—
Kirillov dimension 3 for any y € k. It is clear that the algebra A(y) = O4(x) # U, (sl2)
can be presented as an iterated Ore extension over the algebra O, () with the generators
added in the order F, K*!, and E. As a consequence, A(x) is a Noetherian domain of
Gelfand—Kirillov dimension 6. Let A(y)S™! be the localization of A() at the Ore set S
generated by the elements x;, x5, y» and ¢y. It is clear that A(y)S™' ~ AS™1/(D — ).
Then it follows from (19) that, for any y € k, the algebra A(y)S~! is isomorphic to the
quantum polynomial algebra ko [x!, xF!, yF!, ¢F!, K*1, C51] whose centre is equal
to k (see (19) for the matrix Q). As aresult, Z(A(y)) = k. |
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4. The prime spectrum of A

In this section, we provide a description of the prime spectrum of the algebra A (The-
orem 4.3). We prove that the factor algebra A/AC5; is a domain (Proposition 4.4) and
determine its centre (Proposition 4.6).

Prime ideals of the algebra A. Let R be a ring. A proper ideal p of R is called a prime
ideal whenever, for all ideals a, b of R, if ab C p then either a € p or b C p. As is well
known, a completely prime ideal is prime, but in general, the converse does not hold. We
denote by Spec(R) the set of its prime ideals. The set Spec(R) is a partially ordered set
with respect to inclusion of prime ideals. Let M be an R-module, the annihilator of M is
an ideal of R defined by

anng M ={re R|rm=_0forallm e M}.

Recall that an ideal p of a ring R is called a primitive ideal if p is the annihilator of some
simple R-module, and the set Prim(R) of all of them is called the primitive spectrum of R.
It is well known that all primitive ideals of R are prime, and all maximal ideals of R are
primitive. Our next goal is to describe the prime spectrum of the algebra A. We will see
that the elements C;; are of special importance in the description of Spec(A4) where the
elements C;; are defined in (10).

Let us first recall some results from [3]. The main object investigated in [3] is a smash
product of the quantum plane with the quantized enveloping algebra Uy, (sl,), denoted
A :=ky[X,Y] x U, (slz). Some subalgebras or factor algebras of A are isomorphic to A.
In fact, for i = 1,2, let A[i] be the subalgebra of A generated by y;, x; and U, (sl,). Then
Ali] := kqlyi, xi] # Uy (sl2) is a smash product algebra where k,[y;, x;] = k{(yi, x; |
YiX; = ¢qx;y;) is the quantum plane. The following map gives an isomorphism of algebras
from A to A[i] (see [3] for the defining relations of A):

A—Alil, K—K! K'-K, E~F F—E, Xy, Yex. (20)
Notice that in the algebra A we have (x;) = (y;, x;) (i = 1,2). Then it is clear that
A/ (x1) = Kkgl[y2, x2] # Uy(slz) and  A/{(x2) =~ ky[y1, x1] # Ug(slz). (21)

The algebra A is a Noetherian domain of Gelfand—Kirillov dimension 5. In [3], the
prime, primitive, completely prime and maximal ideals of A have been determined, and a
classification of its simple weight modules was obtained. In view of the isomorphism given
in (20), the results obtained for A can be transferred to that of the algebras A[i] (i = 1,2).
For convenience, we restate some algebraic results from [3] regarding the algebras A[i]
that are relevant to our investigation in the following proposition.

Proposition4.1. Leti = 1,2.

(1) (I3, Theorem 2.10]) The centre of A[i] is a polynomial algebra Z(A[i]) = k[C;;],
where the element Cj; is given in (11).
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(2) ([3, Theorem 3.7]) The prime spectrum of Ali] is as follows:

Spec(A[i]) = {{0)} U{(Ci; —a) | @ € k} U {(xi, p) | p € Spec(Uy(sl2))}.

(3) (3, Corollary 3.8]) If I is a non-zero ideal of the algebra Ali] then I Nk[C;;] # 0.

(4) ([3, Corollary 3.9]) For o € k, the ideal (C;; — &) of Ali] is maximal if and only
ifa € k*.

(5) (I3, Theorem 3.11]) The primitive spectrum of A[i] is as follows:

Prim(A[i]) = {(Cii — ) | @« € k} U {(x;. p) | p € Prim(Uy (s12))}.

(6) (I3, Corollary 3.12]) For any « € k, the ideal (C;; — o) of Ali] is completely
prime.

Lemma4.2. Leti = 1,2.
(1) In the algebra A, it holds that (x;) = Ax; + Ay; = (y;).
(2) For any positive integer n, (x;)" = (x') = (y*) = {y:)".

(3) For any positive integer n, {¢;)" = (¢p7') = (x]') = (x;)".

Proof. (1) From (3), it is obvious that {(x;)} = (x;, y;) = (). Using the defining relations
and the PBW basis of A, one verifies that x; A C Ax; + Ay;. Thus (x;) = Ax; A C Ax; +
Ayi € (x;), and the result follows.

(2) Note that for any positive integer n, the following identities hold in the algebra A:

Fxl'=q"x!F+(1—q")/(1—q ?)yix!"", (22)

Ey! =y E+(@q@" =" /(1 =q*)Ky}  xi. (23)
By (22) and (23), one obtains y,-x{’_l € (x7') and x; yl?’_l € (y7"), respectively. Applying
(22) and (23) repeatedly yields that /" € (x!') and x?' € (y}'), and therefore (x]') = (y!).
Let us prove the identity {x;)" = (x}') by induction on n. The case n = 1 is obvious.
Suppose it holds for all positive integers < n — 1. Then

()" = () () = (A + Ay T A = () + (T = ().

The proof is completed by statement (1).
(3) It can be verified by induction that, for any positive integer n,

EQ! =¢IE +q(1—q ") /(1 —q HK "x;j¢f " 24)

Itis clear that (¢;) C (x;). By (24) with n = 1, one gets (¢;) = (x;). Then by statement (2),
we have (¢') C (¢i)" = (x;)" = (x]'). To complete the proof, it suffices to show that
x' € (¢"). This follows from a repeated application of equality (24). ]
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Recall that we denote by AS~! the localization of A at the Ore set S generated by the
elements x1, X3, V2, and ¢;. For a subset § of AS~!, we indicate by (§)s the two-sided
ideal of AS™! generated by §. In the following theorem, we determine the prime ideals
of the algebra A by considering various quotients and localizations.

Theorem 4.3. The prime spectrum of A is a disjoint union of the following four sets:
o T ={{)}u{{x1,C—B) | B €k}U{(x1,x2,0) | a € Spec(Uy(sl2))},

o Ta={{x2)} U{{x2,C11 —a) | € k},

« T3 ={AN(Cai,a)s | a € Spec(k[D, Z*1])} where Z := K¢p1y5",

© Tu={0)u{(D—x)[x ek}

Proof. Note that for any prime ideal p of A, exactly one of the following four cases holds:

e X1 €D, e X1 &P, X2 €D,
o X1 €p, x2¢p, Co1 €p, o X1 &P, x2¢p, Co1 & p.

We will describe the sets T; that correspond to the above four cases, respectively.

Case 1: Description of the set Ty = {p € Spec(A) | x; € p}. It is clear that the prime
ideals containing x; are in natural bijection with the prime ideals of the factor algebra
A/{x1) ~ A[2]. From Proposition 4.1 (2), it follows that 77 = {{x1)} U {{x1, C22 — B) |
B €k} U{{x1.x2.a) | a € Spec(Uy(s2))}.

Case 2: Description of the set T = {p € Spec(A) | x1 ¢ p, x2 € p}. Let Ay, be the
localization of A at the powers of the element x;. By Lemma 4.2 (2), for any positive
integer n, one has (x)" = (x7). Thus the prime ideals of A that contain x, but do not
contain x; are in natural bijection with the prime ideals of the algebra A, /(x2). From
(21), it follows that the algebra A, /(x2) is a Noetherian domain that is isomorphic to the
algebra kg [y1, xle] # Uy (sl2). Thus the prime ideals of A, /(x) are in bijection with
the prime ideals of A[1] that do not contain the element x;, and by Proposition 4.1 (2),
these prime ideals of A[1] in turn are in bijection with the prime ideals of the polynomial
algebra k[Cq1]. Consequently, T, = {{(x2)} U {{x2,C11 — ) | @ € k}.

Case 3: Description of the set T3 = {p € Spec(A4) | x1 ¢ p, x2 ¢ p, C21 € p}. Letp
be a prime ideal of A that does not contain the elements x; and x,. Then by Lemma 4.2,
¥y ¢ p and ¢7 ¢ p for any positive integer n. It follows that the prime ideals of A that
contain C,; but do not contain x;, x, are in natural bijection with the prime ideals of
the algebra AS™!/(C,;) where AS™! is the localization of A at the Ore set S generated
by the elements xj, X2, V2, ¢1. It can be easily deduced from (19) that the factor algebra
AS™1/(Cy,) is isomorphic to the tensor product of the polynomial algebra k[D, Z 1] with
a quantum torus. More precisely,

ASTH(Car) = kD, ZF @ kg Ixi™ x5 37 @7 where Z = K¢iyy' o (29)

and the matrix N is the same as the one in (17). By [8, Corollary 1.5], contraction
and extension provide mutually inverse isomorphisms between the ideals of a quantum
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torus and its centre. A simple computation shows that the centre of the quantum torus
kg~ [xlil,xzil, yzil, lil] is trivial, and therefore, it is a simple algebra. Now from the
isomorphism given in (25) we see that the prime ideals of 45~ /{C51) are in natural bijec-
tion with the prime ideals of the algebra k[D, Z*!]. It follows that T3 = {4 N (Cy;,a)s |
a € Spec(k[D, Z*!])}.

Case 4: Description of the set Ty = {p € Spec(A) | x1 ¢ p, x2 ¢ p, C21 ¢ p}. By
Lemma 4.2, if p is a prime ideal of A that does not contain the elements x; and x,, then
¥y ¢ p and ¢7 ¢ p for any positive integer n. Thus there is a natural bijection between
the prime ideals of A that do not contain x;, x5, C»; and the prime ideals of the algebra
A8~ (the localization of A at the Ore set § generated by the elements X1, X5, y2, ¢1 and
C»1). It follows from (19) that AS~! is a tensor product of the polynomial algebra k[D]
with a quantum torus,

ASTV=Kk[D]® A where A := ko[xi!, xF, yFL oF!, KE CEY,

where the matrix Q is the same as the one in (19). It is easily shown that the centre of
the quantum torus A is trivial, and then by [8, Corollary 1.5], A is a simple algebra. As
a consequence, the prime ideals of AS™! are in bijection with the prime ideals of the
polynomial algebra k[D]. More precisely, T4 = {4 N (a)s | a € Spec(k[D])}. Note that for
any prime ideal a of k[D], the factor algebra A/(a) is a domain. From this fact, it is easily
seen that A N {(a)s = (a). Since k is algebraically closed, we have T4 = {{0)} LI {{D — x) |
x € k}, as required. L]

The next proposition shows that the ideals (C,1) and (D — y, C1) (where y € k*) of
the algebra A are completely prime, whereas the ideal (D, C5;) is not completely prime.

Proposition 4.4. (1) The algebra A]AC5; is a domain.
(2) The algebra A/(D — y, Ca1) is a domain if and only if y € k*.

Proof. (1) Recall that A is an Ore extension over the subalgebra #4, thatis, A = A[E; 0, 6],
and the element C5; is normal in 4. Note that the element C,; can be written as Cy; =
(1—g72)ya¢p1 - E + e where e :=q ' Kp1x2 —qg 2K~ 1x1y, € 4. By [9, Proposition 1],
to prove that A/AC>; is a domain, it suffices to show that the element e is regular in the
factor algebra A/(y2¢1). Recall that a regular element of a ring is an element that is
neither a left nor a right zero divisor. Assume that ea € (y,¢;) for some a € A, then
by Lemma 3.4, we have ea € (y2) N (¢1). It is easy to see that e ¢ (y;) and e ¢ (¢1).
Therefore, a € (y2) N (¢$1) = (y2¢1), since the ideals (y,) and (¢;) of the algebra A
are completely prime (see Lemma 3.4). This proves that e is right regular in A/ (y¢1).
Similarly one can prove that e is left regular in A/ (y2¢1).

(2) Note that A/(D — y,Ca1) >~ A(x)/A(x)C21, and the algebra A () is an Ore exten-
sion over the subalgebra A (y) = 4/(D — x). When y € k*, the proof that A(y)/A(y)Ca1
is a domain follows the same lines as the proof of statement (1). In the case where y = 0,
the assertion that A/(D, C,1) is not a domain can be seen from Lemma 3.2. Indeed, accord-
ing to Lemma 3.2, in the algebra A, we have C1;y, = 0 mod (D, C31), and C11x, =0
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mod (D, C1). In particular, Cy; is not regular in A/(D, C51), thus the factor algebra
A/(D, C31) is not a domain. L]

Corollary 4.5. The height one prime ideals of A are as follows:

{D—x) I x €k} U{(Car)}-

Proof. By the principal ideal theorem, see [13, Theorem 4.1.11], the prime ideals (D — y)
and (C51) have height one. From Theorem 4.3, we see that all prime ideals in 77 U T,
contain (D), and all prime ideals in 73 contain {C,;). We conclude that the height one
primes of A must be the ones given in the statement. ]

The centre of the algebra A/A4 Cz1. The next proposition determines the centre of the
factor algebra A/AC5;. It turns out that Z(A/AC5,;) is isomorphic to the coordinate ring
of the Klein singularity of type A;.

Proposition 4.6. The centre of A/ AC»; is given by
Z(A/AC31) = k[Ci1,C22,D]/(C11C2a — g 'D?).

Proof. Recall from Proposition 4.4 (1) that A=A /AC3q is a domain. Let AS~1 be the
localization of A at the Ore set S generated by the elements x1, X3, y» and ¢;. Then
by (25), AS~! can be presented as a tensor product of algebras in the following form:

AST' = ASTV/(C1) ~Kk[D. ZE @ T, where T :=k, v [xi. x5!, y¥!. ¢i'] (26)

and the element Z = K¢y, 1 Moreover, the quantum torus T is a central simple algebra.
It follows that Z(AS~!) = k[D, Z*!]. As aresult, Z(4) = A N k[D, Z*!]. We proceed
to show that the elements Cy; and C,; belong to Z (fT). First, we note that the element
C,1 can be written as Cy; = q_l(pllﬁz — q_zK_lxlyz. Therefore, in the algebra AS1,
one has K¢1y5' - qoxy! = 1. It means that Z~! = gy x7!. Recall from Lemma 3.2
that, in the algebra A, we have

Ci1y2 = ¢*Co1y1 —q 'DK¢1 and  Cazxy = ¢~ 'Ca1x2 — gDV,
These two equalities imply, respectively, that in the algebra AS~!, one has
Ci = —q_lDK¢>1yz_l = —q_lDZ and Coy = —(]Dl//le_l =-pzZ L. 27

It follows from (27) that C;; and C,, are central in A, and the relation C11Cop = q_lD2
holds.

Let us now show that the centre Z (fT) is generated by the elements Cy, C, and D.
First of all, we claim that the monomials D' Z/ (i € N, and j € Z) belong to A if and only
if i > |j|. Indeed, ifi > j > 0, then by (27),D'Z/ = D'~/ (DZ)/ =D~/ (—qC1,)’ € 4;
if j <Oandi > |j|, then by (27), D' Z/ = DIt/ (DZ71)~/ = DIt/ (—Cs,)~/ € A. For
the converse, suppose i < |j| and the element u = D' Z/ € A, we seek a contradic-
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tion. Then we have either i < j ori + j < 0. If i < j then the element u can be
written as u = (DZ)'Z/7 = (—qC11)' (K¢1y; )/~ € A. In particular, the element
uyé_i = (—q)'Cl,(K¢1)’~ belongs to the ideal (y,) of A. However, the ideal (y,) of
A is completely prime (since A4/ (y,) ~ A[1] is a domain), and the images of the elements
Ci1 and K¢y in A/(y,) are non-zero, a contradiction. Similarly, if i + j < O then the
element u can be written as u = (DZ 1) ZI+/ = (—=Cy) (qy2x7") " +/). Therefore,
one has uxl_(i+j) = q_(i+j)(—C22)iw2_(i+j) belonging to the ideal (x,) of A. However,
the ideal (x;) of the algebra A is completely prime (since A/{x;) ~ A[2] is a domain),
and the images of the elements C», and ¥, in A/(x;) are non-zero, a contradiction. This
confirms our claim. Furthermore, it is not difficult to show that any non-zero linear com-
bination of the monomials D' Z/ (where i < |j|) does not belong to the algebra A. As a
consequence, we obtain

Z(A) = Ankp.z*1= P ko'z’ & P ko'(z7')

izj=0 izj>0

= P kc{p & P kC,p
izj=0 izj>0

= P kpIcy, & P kpICS,.
j=0 j>0

In particular, the above equality provides a basis for Z(A), and from which we see that the
algebra Z (ILT) is generated by the elements C;1, C; and D. To sum up, we have shown that
there is a natural epimorphism of algebras 7 : k[C11,Ca2,D]/(C11Can — g~ 'D?) — Z(A).
Comparing the bases of the two algebras yields that 7 must be an isomorphism. This
completes the proof. ]

Corollary 4.7. If y € k*, then Z(A(y)/{C21)) = K[C11, C22]/{C11C22 — ¢ ' x?).

Proof. From Proposition 4.4 (2), it follows that R := A(x)/{C>1) is a domain. Let RS ™!
be the localization of R at the Ore set S generated by the elements x1, X, ¥, and ¢;. We
conclude from (26) that RS™! = k[Z, Z7!'] ® T where Z = K¢y, and the quantum
torus T is a central simple algebra. Thus Z(RS™!) = k[Z, Z~!]. Therefore, Z(R) =
RNKk[Z, Z7']. By (27), the elements Z and Z~! lie in the algebra R, since one has
Ci = —q_l)(Z and Cypp = —)(Z_l. The result follows. [

5. The primitive spectrum of A

In this section, we give a classification of the primitive and maximal ideals of the alge-
bra A. For each primitive ideal, a set of explicit generators is given.

Since k is algebraically closed, by Quillen’s lemma, any central element of A acts as
a scalar on a simple A-module. Thus any primitive ideal of A contains a central element
D — y for some y € k. We shall distinguish between the cases where y = 0 and y € k*. In
the following, we identify the primitive spectrum of A () with the set of primitive ideals
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of A that contain D — y. Then Prim(A) decomposes into a disjoint union of the primitive
spectra of the central factors A(y), that is,

Prim(4) = Prim(4(0)) U |_| Prim(A(x)). (28)
xek*

Recall that all primitive ideals are prime, and the prime spectrum of the algebra 4 has been
obtained in Theorem 4.3. The next step is to identify the primitive ideals among the prime
ideals. In representation theory, primitive ideals are of particular importance compared to
general prime ideals.

The prime ideals p,. Forany 1 € k, let p,, := (¢1 — K ' y,) be the ideal of 4 gener-
ated by the element ¢; — K ! y». We aim to show that the ideal p,, is completely prime.

To simplify notation, for u € k, we denote
Xy i=py2—q 'x1 = pul(1—q¢ HEy> + ¢ >x2K] —q ' x1. 29)
Yy :=¢1—pK 'ys = (1 —¢*)Fx1 +¢°y1 — nK ™' ya.

In particular, p,, = (Y,.). The following lemma gives some equivalent descriptions of the
ideal p,,. Additionally, it demonstrates that some important elements belong to py,.
Lemma 5.1. Ler u € k.

(1) It holds that p,, = (Y,) = (X, Yu) = (X,)-

(2) The elements Cy1, C11 + q_l;,LD, and (1Co + D belong to p,,.

Proof. (1) The statement follows from the following identities:
EY,=Y,E—q¢*K'X, and FX,=qX,F—q'Y,.

(2) If u = 0 then, by Lemma 4.2, one has po = {¢1) = (x1, y1). In this case, it is clear
that the elements D, C»; and Cq; belong to po. Note that in the algebra A, the following
identity holds:

XYy —qYu Xy = (1 - ¢*)uCor.

Thus for u € k*, we also have C»; € p,,. For any u € k, one verifies that
Cii+q 'uD=y1Y, +¢*K ' Xuy1 and pCp +D = Xu¢y + Yyxa.  (30)

From the above identities, we see that the elements C;; + ¢~ ' uD and £ Cas + D belong
to ppy- u

The next proposition shows that p, is a completely prime ideal of A, and the fac-
tor algebra A/p,, is isomorphic to a smash product of the quantum plane with the Hopf
algebra Uy (sl5).

Proposition 5.2. For any u € k, the ideal p,, of A is completely prime. Furthermore, we
have

A/py = kglya, x2] # Uy (s12).
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Proof. If u = 0 then po = (x1, y1). It is obvious that A/p¢ is isomorphic to the alge-
bra A[2], see (21). Now assume p € k*. From (29), one deduces that

x1=qpy, modp, and yi=(q—q )uFy2+q>nK 'y, mod p,.

Hence A/p,, is generated by the images of the elements y,, x5, K *1 Eand Fin A/ Pu-
As usual, for simplicity we denote by the same letter its image in the factor algebra A/p,,.
Then there is a natural epimorphism of algebras = : A[2] = A/p,,. We have to show that
7 is an injection. By Theorem 4.3, P, := A N (C21, Z — p)s € T3 is a prime ideal of A.
Note that P, = AN (C21,Y,)s, and hence p,, € P,,. So the factor algebra A/p,, cannot
collapse completely. Suppose 7 is not an injection, we seek a contradiction. Then ker r is
a proper ideal of A[2]. By Proposition 4.1 (3), ker 7r has a nontrivial intersection with the
centre of A[2], thatis, kerw N k[C,2] # 0. Thus there is a non-zero polynomial f(¢) € k[¢]
such that f(C2) =0 mod p,. By the second identity of (30), one has Cap = —u ™D
mod py,. It follows that f(—u~1'D) € p, € P,. Since P, is a prime ideal of A and the
field k is algebraically closed, there exists x € k such that D — y € P,. This leads to a
contradiction, since the prime ideals in 75 are in bijection with the prime spectrum of
k[D, Z*!]. As a result, A/p, is isomorphic to the algebra A[2], and so p,, is completely
prime. (]

For y € k and u € k*, define
mf = AD =) +pu = (D— 1.1 — nK ' y2).

Corollary 5.3. Forany y € k and ju € k*, the ideal w; of A is completely prime. More-
over, the ideal mﬁ is maximal if and only if y € k*.

Proof. By the second identity of (30), D = —uCs, mod p,. From Proposition 5.2, it

follows that
kgl[y2, x2] # Uy (sl2)

A/mX ~ A m# ~ 31

/ w /pll«/ ,u,/pll (,MC22 +X)
We conclude from Proposition 4.1 (6) that the factor algebra A/m}; is a domain. The fact
that m}; is maximal if and only if y € k* follows from Proposition 4.1 (4). ]

Remark 5.4. For y € k* and u € k*, the ideal mﬁ has the following equivalent descrip-
tions:
m¥X = (D—x.Ci1 +¢ 'ub) and m¥ = (D— y,uCy +D). (32)

In fact, utilizing (14) and (15), we can verify that the following identities hold in the
algebra A:

(C11 + ¢ ' uD)y2 — ¢*y2(Ci1 + ¢ 'ub) = (¢ — ¢~ " )DK Y,
(WCa2 +D)x; — ¢ 2x1(uCa2 + D) = (¢~ — g)DX,,.

Then (32) follows from the above identities and Lemma 5.1.
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Prime and primitive spectra of A(x) where y € k*. Recall that a prime ideal P of
an algebra R is rational provided the field Z(Frac(R/P)) is algebraic over k, and P
is locally closed in Spec(R) if and only if the intersection of all prime ideals properly
containing P is an ideal properly containing P. If R is a Noetherian algebra satisfying the
Nullstellensatz over k, then, by [6, Lemma I1.7.15], the following implications for prime
ideals hold:

locally closed = primitive = rational.

In the following theorem, we give explicit descriptions of the prime, primitive and
maximal spectra of the algebra A(y) where y € k*. In particular, by setting y = 1, we
obtain the prime and primitive spectra of the Heisenberg double D, (SL,).

Theorem 5.5. Fix y € k*.
(1) The prime spectrum of A(y) is as follows:

Spec(A(x)) = {{0), (Ca1), m(n) | w € K™} where m(p) := (1 — nK ' y2).

The inclusions of prime ideals of A(y) are depicted in the following (where a, . . .,
B € k*):
m(a) o m(p)

(2) Max(A(y)) = {m(u) | u € k*}.
(3) Prim(A(y)) = {(0)} U {m(p) | u € k*}.

Proof. (1) Since A(y) = A/A(D — y), the prime ideals of A() are in bijection with the
prime ideals of A containing the element D — y. Recall that we denote by A(y)S™! the
localization of A(y) at the Ore set S generated by the elements x1, X2, y2 and ¢;. From
Theorem 4.3, we see that the prime ideals of A containing D — y (where y € k*) lie in
the sets 75 and T,. We conclude that Spec(A(y)) = {{0)} U {A(y) N (C21,b)s | b €
Spec(k[Z, Z71])} where Z = K¢y, and (Cay, b)s is the ideal of A(x)S™! gener-
ated by C»1 and b. Since the field k is algebraically closed, Spec(k[Z, Z~!]) = {(0)} U
{{Z — u) | n € k*}. As aresult,

Spec(A(x) = {{0)} U{A(x) N (Ca1)s} U{A() N(Ca1. Z — p)s | € k™).

By Proposition 4.4 (2), the ideal (C;1) of the algebra A(y) is completely prime. It is
easy to see that the generators xj, X3, y2, ¢; of the Ore set S do not belong to the
ideal (C,1), it follows that A(x) N (Ca1)s = (Cz1). It remains to show that A(y) N
(C21,Z — n)s = m(u) for any u € k*. Notice that A(y) N {(Ca1, Z — s = A(}) N
(Ca1,¢1 — nK~1y,)s. Thus the inclusion m(u) € A(x) N (Ca1, Z — 1) s is obvious. To
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show that the reverse inclusion holds, it suffices to show that mi(u) is a maximal ideal
of A(y). This follows from Corollary 5.3, since A(x)/m(u) ~ A/m},. All prime ideals
of A() are shown in the diagram, the inclusions are obvious.

(2) Statement (2) follows from the inclusions of prime ideals given in statement (1).

(3) First, the ideals m(u) (u € k*) of A(y) are maximal, and hence primitive. Next,
the ideal (C5;1) of A(y) is not primitive, since the factor algebra A(y)/{C>1) is not a
primitive ring as it has a nontrivial centre (see Corollary 4.7). It remains to show that the
ideal (0) is primitive. By [6, Proposition I1.7.16], the algebra A(y) satisfies the noncom-
mutative Nullstellensatz over k. It follows from [6, Lemma II.7.15] that any locally closed
prime ideal of A(y) is primitive. The ideal (0) is locally closed, since the intersection of
all non-zero primes is the ideal (C5;) which properly contains (0), and therefore, (0) is
primitive. ]

Corollary 5.6. For y € k*, the algebra A(y) has no finite-dimension modules. Moreover,
A(y) cannot have a Hopf algebra structure.

Proof. For each maximal ideal wmi(u) of A(y), the corresponding factor algebra A(y)/
m(u) is an infinite-dimensional simple algebra. Thus A(y) has no finite-dimensional
modules. Suppose A(y) has a Hopf algebra structure. Then the kernel of the counit ¢ :
A(x) — k is a maximal ideal of A(y) with codimension one. However, from Theo-
rem 5.5 (2), we see that this is impossible. [

Primitive spectrum of A. Recall that we identify the primitive spectrum of A(y) with
the set of primitive ideals of A containing D — y. For y € k*, the primitive spectrum
of A(y) has been obtained in Theorem 5.5 (3). It follows that the primitive ideals of A
containing D — y for some y € k* are as follows:

| | Prim(4G0) = {0 —x) | x ek*}u{mf | x e k*, p e k*} (33)
xek*

where mﬁ = (D— y.¢1 — nK~1y,), see also (32) for some equivalent descriptions of

the ideal mﬁ. According to (28), in order to give a classification of the primitive ideals
of A, it remains to describe the primitive spectrum of A(0), i.e., the set of primitive ideals
of A containing the central element D. To this end, we apply Theorem 4.3 where the prime
spectrum of A is obtained. We have to select the primitive ideals containing D from the
four sets T; (i = 1,2,3,4). Let Primr, (4(0)) be the set of primitive ideals of A in T;
containing D. Then we have

4
Prim(A4(0)) = | _| Primz, (4(0)). (34)

i=1
We describe the sets Primr, (4(0)) (i = 1,2, 3, 4) in the following four lemmas.

Lemma 5.7. The set of primitive ideals in Ty containing D is as follows:

Primr, (A(0)) = {{x1,Co2 — B) | B € k} U {{x1,x2,a) | a € Prim(U,(sl,))}.
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Proof. The prime ideals in the set 7} are exactly the primes of A that contain x;. In
particular, all prime ideal in 7} contain the element D. Moreover, the primitive ideals in
Ty are in bijection with the primitive ideals of the factor algebra A/{(x;) ~ A[2]. The
result then follows from Proposition 4.1 (5). We note that all non-zero prime ideals of
U, (sl,) are primitive. For a complete list of prime ideals of U, (sl>), see, for instance,
[11, Theorem 4.6]. [

Lemma 5.8. The set of primitive ideals in T, containing D is as follows:
Primz, (A(0)) = {(x2,C11 — ) | o € k}.

Proof. Notice that all prime ideals in T, contain {x;) and D € (x,). Thus all prime ideals
in T, contain the central element D. The ideal (x,) of A is not primitive, since the factor
algebra A/(x;) ~ A[l] has a nontrivial centre, see Proposition 4.1 (1). Notice that

A/{x2,C11 — ) = kq[yl(*glll]fg;(gfz).

By Proposition 4.1 (5), for any « € k, the ideal (C1; — «) of the algebra A[1] is primitive.
We conclude that (x,, C1; — o) is a primitive ideal of A. L]

Lemma 5.9. The set of primitive ideals in T3 containing D is as follows:
Primr; (A(0)) = {{D, ¢1 — uK ' y2) | p € k*}.
Proof. First, we note that the prime ideals in 73 containing D are as follows:
T3 ={AN(C21,D)s} U{AN(C21,D, Z — pt)s | p € k™}. (35)

Let 0, == AN {(C2,D,Z — p)s, and mz = (D, ¢1 — uK~1ys) = AD + p,, where
Pu = (1 — nK 1 ys). We claim that 0, = mg. The inclusion Q,, 2 mg is obvious. By
Lemma 5.1 (2), the elements C,1, C1; and Cy, lie in the ideal mz'. Moreover, by Corol-
lary 5.3, the ideal me is completely prime. If u € Q,, then uxixé y§¢f € mz for some
i, j,k,€ e N. Since the elements x;, X2, ¥2, ¢; do not belong to m?, we must have
u e mg. This confirms our claim. The fact that mg is a primitive ideal follows from
(31) and Proposition 4.1 (5). It remains to show that p = A N (C31, D)y is not a primi-
tive ideal of A. Suppose p is primitive, then by [6, Lemma II.7.15], it must be rational,
that is, the field Z(Frac(A/p)) is algebraic over k. However, we conclude from (25) that
Z(Frac(A/p)) = Z(Frac(AS~1/(D,C21)s)) =k(Z) is a field of rational functions, which

is transcendental over k. This leads to a contradiction. [

Lemma 5.10. The set of primitive ideals in T4 containing D is as follows:

Primyz, (A(0)) = {(D)}.
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Proof. Clearly, (D) is the only prime ideal in 7, containing the element D. We have to
show that (D) is a primitive ideal of A. Note that the set of prime ideals properly containing
Dis 71 U T, U T3 where the subset T3 is given in (35). Notice that for any prime ideal
p €Ty UT, U T3 o0nehas (D, Ca1) € p. We conclude that (D) is locally closed in Spec(A),
since the intersection of all prime ideals properly containing (D) is an ideal that properly
contains (D). Hence (D) is primitive. L]

The following theorem gives an explicit description of the primitive spectrum of A.
Theorem 5.11. The primitive spectrum of A is as follows:

Prim(A) = {(D—y) | y ek} U{m | y € k, p € k*} U {{x2,C11 — ) | @ € k}

U{({x1,Co2 — B) | B €k} U{{x1,x2,0a) | a € Prim(U,(sl2))}

where mj, = (D — y, 1 — K1 ys).
Proof. The result follows from (28), (33), (34) and Lemmas 5.7-5.10. [

The following corollary describes the maximal ideals of A.
Corollary 5.12. The maximal spectrum of A is as follows:

Max(4) = {m% | x € k*, p € k*} U {(x2,C11 — @) | @ € k*}
U {{x1,Co2 — B) | B € k™} U {{x1,x2,a) | a € Max(Uy(sl2))}.

Proof. Since all maximal ideals are primitive, the result follows from Theorem 5.11,
Corollary 5.3, and Proposition 4.1 (4). [ ]

Remark 5.13. For primitive ideals of A that are not of the form (D — y) (x € k), let us
summarize the description of the corresponding primitive factors in the following.

(1) For y € k and u € k*, we have A/m} ~ A[2]/(uCaz + x), see (31).

(2) For « € k, we have A/ (x5, C11 —a) >~ A[1]/(C11 — ).

(3) For B € k, we have A/(x1, Caz — B) =~ A[2]/(Ca2 — B).

(4) For a € Prim(Uy(sl2)), we have A/(x1, x2, a) >~ Uy(sl,)/a.

The quantized enveloping algebra U, (sl,) can be presented as a generalized Wey] algebra,
for a classification of its simple modules, see, e.g., [4,5]. A classification of simple weight
modules over the algebra A[i] = kq[y;, x;] # Uy (sl2) (i = 1,2) was obtained in [3]. This
gives rise to plenty of simple modules over the algebra A.

6. Classification of simple quasi-Whittaker A -modules

The aim of this section is to study a class of non-weight A-modules, termed quasi-
Whittaker modules. A classification of all simple quasi-Whittaker A-modules is obtained.
For each simple quasi-Whittaker module, its annihilator is determined.
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Definition 6.1. Let ¢ : O,(M>) — k be an algebra homomorphism, and let M be an
A-module. A vector v € M is called a quasi-Whittaker vector of type ¢ if xv = ¢(x)v
for all x € O4(M>). The module M is called a quasi-Whittaker module of type ¢ if it is
generated by a quasi-Whittaker vector of type ¢.

The universal module M(s). Note that the algebra homomorphisms ¢ : O4(M>) — k
are in bijection with the maximal ideals of O,(M>) with codimension one. From the
defining relations of O4(M>) given by (2), it is easy to see that ¢ must be one of the
following forms:

yox a 0
S Y ) o 5] a8 €k (36a)
[yi x| _ [0 B] .
< Y %) = 0 0] , Bek; (36b)
[y1 x1| _ [0 O]
= s (S ]1{ 36C
S 2wl Ty o) 14 (360)

Let ke := O4(M>)/ ker(c) be the one-dimensional O, (M,)-module associated to ¢.
We define the universal quasi-Whittaker module of type ¢ as follows:

M(c) := Indgq(Mz)kg = A ®o0,m,) ke

We use the term universal to refer to the following property: if M is a quasi-Whittaker
module of type ¢, then M is an epimorphic image of M(¢). Clearly, we have

M(s) >~ A/I¢,  whereI; = A(y1 — g(y1). x1 — 5(x1). y2 — 6(32). X2 — 5(x2)).

Letl =1+ I (the coset of 1) be the canonical generator of M(s). From the PBW basis
of A, we see that M(¢) is a free U, (sl,)-module of rank one, that is, M(¢) = U, (sl2)1,
and the elements K* F/ E¥1 (i € Z, j,k € N) form a basis of M(c).

Lemma 6.2. If ¢ is the zero homomorphism, then V is a simple quasi-Whittaker A-
module of type ¢ if and only if V is a simple Uy (sl2)-module.

Proof. In this case, M(¢) >~ A/A(y1, X1, 2, x2). By Lemma 4.2 (1), the left ideal
A(y1, x1, y2, X2) is identical to the two-side ideal I := (yy, x1, y2, x2). Thus M(¢) is
annihilated by the ideal 7. Since V' is an epimorphic image of M(¢), V is also annihilated
by I. Notice that A/ is isomorphic to Uy (sl,), thus V is a simple module over Uy (sl5).
The converse is obvious. ]

The structures of M(s). In the following, we always assume that ¢ is a non-zero alge-
bra homomorphism. By the universal property of the module M(c), classifying simple
quasi-Whittaker modules requires finding simple quotients of M(c). The next proposi-
tion studies the structure of the module M(c) where ¢ is given by (36a). In this case,
M(g) ~ A/A(y1 — a,x1, Y2, X2 — §) where @, § € k.
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Proposition 6.3. Let ¢ : Oy(M>) — k be a non-zero algebra homomorphism of the
form (36a).

(1) Ifa €k* and § € k*, then M(<) is a simple A-module with anng M(¢) = (D — a§).

2) Ifx € k* and § = 0, then for any A € k, M(g) has the following chain of sub-
modules:
Mc)=M’oM!'>...oOM"> ...

where M' := (Cy, — A)'M(c) is a quasi-Whittaker module of type ¢. Moreover,
the quotient

L(a, 4) := M(S‘)/Ml ~ A/A(y1 — o, x1, 2, %2,C11 — 1)

is a simple module with anng L(ct, A) = (x5, Cyy — A), and M' JM'*T1 ~ L(a, 1)
foralli € N.
3) If o =0 and § € k*, then for any u € k, M(c) has the following chain of sub-

modules:

Mc)=M’°>M!>...oOM" > -

where M := (Cpy — 1)’ M(c) is a quasi-Whittaker module of type ¢. Moreover,
the quotient

L(8, p) :=M(s)/M" >~ A/A(y1.x1,y2.%2 — 8,Ca2 — 1)

is a simple module with anng IL(8, 1) = (x1, Caz — ), and M /MI+1 ~ IL(8, )
foralli € N,

Proof. (1) Recall that we denote by 1 = 1 + I the canonical generator of M(s). Using
the explicit expressions of C; and C,; given in (11), we obtain

Ciil =(¢*>—1Da?El and Cy 1 =q 'adKIl. (37)
Set F = KF. Since o € k*, it follows that

M= @ kk'F/EFI= @ kK'F/Cil
i€Z,j,keN i€Z,j,keN

Let V' be a non-zero submodule of M(¢),and v = )_ K ih; (I:: ,C11)1 a non-zero element
of V where hi(ﬁ , C11) are polynomials in ]k[f , C11]. Since y; commutes with the ele-
ments F and Cy 1, the non-zero terms of v are eigenvectors of y; with distinct eigenvalues.
More precisely, y; - Kihi(ﬁ, C“)I = qioz . Kihi(F, Cll)i. Thus there exists a non-zero
element w € k[F, Cy1]1 that belongs to V. Write w = > gi (C11) F'1 where g; (Cy;) are
polynomials in k[C;]. It can be verified by induction that for all positive integers 7,

X F'=Flxy—(1—¢*)/(1 —¢>)KF' ™y, (38)
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From the above identity and the fact that x; commutes with C;;, we see that there is a
non-zero element v’ € k[Cy,]1 that belongs to V. Write v’ = Y k;Ci,1 where k; € k.
In the algebra A, we have C;;Cy; = q_2C11C21. Thus, by (37), the non-zero terms of
v’ are K~ C,;-eigenvectors with distinct eigenvalues. More precisely, K~ 1Cy; - C fli =
q_2iC{1K_1C21i =g 2 as- Clili. As a result, we have Cl"li € V for some n € N.
From (37) it follows that E"1 € V for some n € N. Note that for all positive integers 7,
we have
VE"=E"y; +(1—q¢7")/(q7" =) KE" " x,.

From the above identity and the inclusion y, E”1 € V, we obtain E"~'1 € V. Applying
the above identity repeatedly yields that 1 € V, and therefore V = M(c). Thus M(c) is
simple. It is obvious that (D — §) € anng M(<). Notice that (¢; — uK 1 y2)1 = ¢;1 =
q?al. Thus, for any p € k, the element ¢y — K 'y, does not belong to anny M(c).
Since anng M(¢) is a primitive ideal, we conclude from Theorem 5.11 that anng M(c) =
(D — «d).

(2) By Lemma 4.2, the left ideal A(y,, x2) is equal to the two-sided ideal (y,, x»)
of A. Thus the module M(¢) is annihilated by (y,, x3). It follows that M(¢) ~ A[l]/
A[1](y1 — @, x1). Since Cy; is central in A[1], it is clear that M’ are quasi-Whittaker
modules of type ¢, and moreover, M = U, (s[5)(Cy1 — A)' 1. Clearly,

L(Ol,l) ~ A/A(yl — o, X1, Y2, X2, C11 — /\)

Let 1 (the coset of 1) be the canonical generator of L(x, A). Then A1l = Cy;1 =
(g% — 1)a?E1. From the PBW basis of A, and recalling that F = K F, we obtain

Ld) = P kK'F/1
i€Z,jeN

Let W be a non-zero submodule of L(a,A),andw = Y K'g; (ﬁ )1 be a non-zero element
of W where g; (F ) € ]k[ﬁ ]. Notice that the non-zero terms of w are eigenvectors of y;
with distinct eigenvalues, since y; - K’ g; (ﬁ)i =q'a-Kig; (ﬁ)i Thus there is a non-zero
element w’ € k[F]1 that belongs to W . The simplicity of L(a, A) then follows from identi-
ty (38). In particular, anng L (e, A) is a primitive ideal of A. The inclusion (x2,C11 —A) C
anny L(o, A) is obvious. We conclude from Theorem 5.11 that it must be an equality.

Since M = Uy (s12)(Cr1 — A)'1, the module M’/ M+ is a cyclic module generated
by the image of the element v = (C;; — A)'1. Since v is a quasi-Whittaker vector of
type ¢ and (C;; —A)v =0 mod M1, there is a natural epimorphism of modules o :
L(ca, ) = M /M1, The simplicity of L(a, A) yields that o must be an isomorphism.

(3) The result can be proved in a way similar to that of statement (2). ]

Proposition 6.4. (1) Let ¢ : O4(M3) — k be a non-zero algebra homomorphism of
the form (36b). In this case, M(¢) ~ A/A(y1,x1 — B, y2. x2) where § € k*. For
any A € k, M(¢) has the following chain of submodules:

Mc)=Wowlo...ow"> ...
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where Wi = (C1y — A)'M(c) is a quasi-Whittaker module of type ¢c. Moreover,
the quotient

N(B.2) :=M(s)/ W' = A/A(y1.x1 = B, y2, %2, C11 = A)

is a simple module with anng N(B,1) = (x2,C11 — A), and W / Wi+l ~ N(B, ))
foralli € N.

(2) Let g : O4(M>) — k be a non-zero algebra homomorphism of the form (36¢c). In
this case, M(¢) ~ A/A(y1, X1, Y2 — ¥, x2) where y € k*. For any u € k, M(¢c)
has the following chain of submodules:

M) =W S W 5o W 5.

where W' = (Casy — 0)'M(<) is a quasi-Whittaker module of type ¢. Moreover,
the quotient

S(y. ) :=M(s)/ W' ~ A/A(y1.x1,y2 — y. 2. C22 — 1)

is a simple module with anng S(y, ) = (x1, Can — u), and W' /W1 ~ S(y, )
foralli € N.

Proof. The proof is similar to that of Proposition 6.3. ]

Classification of simple quasi-Whittaker modules. The following theorem gives a clas-
sification of simple quasi-Whittaker A-modules of non-zero types.

Theorem 6.5. Let ¢ : O4(M>) — k be a non-zero algebra homomorphism, and V be a
simple quasi-Whittaker A-module of type c.

(1) Suppose ¢ is of the form (36a). Then V is isomorphic to M(¢) if (a, §) € (k*)?;
and V is isomorphic to L(a, L) for some A € k if («,§) € k* x {0}; and V is
isomorphic to IL(8, i) for some p € k if («, §) € {0} x k*.

(2) If ¢ is of the form (36Db), then V is isomorphic to N(B, 1) for some A € k.

(3) If ¢ is of the form (36¢), then V is isomorphic to S(y, i) for some pu € k.

Proof. (1) First, note that V' is an epimorphic image of the universal module M(¢). If
(cr, 8) € (k*)2, then by Proposition 6.3, M(c) is simple, so in this case we must have
V >~ M(g). If («,§) € k* x {0}, then M(g) is annihilated by the ideal (x5, y») of A.
Consequently, V' is annihilated by (x5, y»). Thus V is a simple module over the algebra
A[l] ~ A/{x2, y2). By Proposition 4.1 (1), the element C; is central in A[1]. Since V is
simple, Quillen’s lemma tells us that Cq; acts as a scalar, say A, on V. It follows that V is
an epimorphic image of the module L(«, A), see Proposition 6.3 (2). Then the simplicity
of L(w, A) yields that V >~ L(w, A). If («, ) € {0} x k*, then M(c) is annihilated by the
ideal (x1, y1), and so V is annihilated by (x;, y1). This means that V is a simple module
over A[2] >~ A/(x1, y1). The element C5; is central in A[2], so by Quillen’s lemma, C5,
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acts on V' as a scalar. Therefore, V is an epimorphic image of L (8, i) for some u € k,
see Proposition 6.3 (3). The simplicity of (8, i) implies that V' >~ IL(8, u).

(2) The result follows from Proposition 6.4 (1).

(3) The result follows from Proposition 6.4 (2). [ ]

Remark 6.6. Since any algebra homomorphism ¢ : O,(M;) — k must be one of the
forms (36a)—(36¢), a classification of all simple quasi-Whittaker A-modules is obtained by
Lemma 6.2 and Theorem 6.5. For each simple quasi-Whittaker module of non-zero type,
its annihilator is determined, see Propositions 6.3 and 6.4. By Lemma 6.2, simple quasi-
Whittaker modules of type zero are actually simple Uy (s],)-modules, whose annihilators
are obtained from the primitive ideals of U, (sl5).
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