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From length-preserving pushouts of graphs to
one-surjective pullbacks of graph algebras

Piotr M. Hajac and Mariusz Tobolski

Abstract. The unions of directed graphs are the simplest examples of pushouts of directed graphs.
The conditions under which they contravariantly induce surjective gauge-equivariant pullbacks of
graph C*-algebras have been well studied and vastly instantiated in noncommutative topology (e.g.,
quantum balls and spheres). Herein, we go beyond the unions of graphs to systematically determine
optimal conditions for more general length-preserving pushouts of graphs under which they con-
travariantly induce graded pullbacks of path algebras, Leavitt path algebras, and graph C*-algebras.
Our pullbacks are surjective only on one side, as dictated by natural examples and K-theory. The
proposed new approach enlarges the scope of applications from admissible subgraphs (also called
quotient graphs) to generalizations of unlabeled foldings of Stallings and collapsing the line graphs
of graphs to initial graphs. Moreover, we introduce the concept of locally derived graphs, which
substantially extends the paradigm of derived graphs (or skew products of graphs), and use the pro-
jection foldings from locally derived graphs to their base (or voltage) graphs to obtain one-surjective
pullbacks of graph C*-algebras.
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1. Introduction

Graph theory is one of the most accessible parts of combinatorics, and one often uses
graphs to visualize and study abstract mathematical objects. For instance, the structure of
a group can be encoded in its Cayley graph. In the same vein, with every (unital, basic,
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connected) finite-dimensional associative algebra over an algebraically closed field, we
can associate a directed graph (or a quiver) from which the algebra in question can be
recovered via a path-algebra construction (e.g., see [5]). Better still, every finite-dimen-
sional hereditary associative algebra over an algebraically closed field is Morita equivalent
to a path algebra. These two results show the importance of path algebras in the classi-
fication and representation theory of finite-dimensional associative algebras. Moreover,
Leavitt path algebras, which provide an algebraic backbone of graph C*-algebras, are
defined as quotients of path algebras (e.g., see [1]).

The construction of path algebras, Leavitt path algebras, and graph C*-algebras can
be considered as a functor from a category of directed graphs to the category of algebras
and algebra homomorphisms in two different ways: covariant and contravariant. The for-
mer was explored in [4, 13, 18,31]. This paper is concerned with the latter. The standard
category of graphs and graph homomorphism was spectacularly successful in the work
of Stallings [32], and the contravariant induction for admissible subgraphs (also called
quotient graphs) is ubiquitous, including natural examples in noncommutative topology
explored by Hong and Szymaniski [20,21]. However, only considering subgraphs restricts
the standard contravariant functor to injective graph homomorphisms, which is at odds
with an unlabeled Stallings folding (Example 2.8), collapsing the line graph of a Hawai-
ian earring graph (Equation (7.10)), and shrinking loops (Example 5.6), which all identify
edges and vertices.

The first aim of this paper is to unravel optimal conditions for graph homomorphisms
to contravariantly induce graded algebra homomorphisms between path algebras, Leav-
itt path algebras, and graph C*-algebras. We achieve it in Lemma 4.2, Theorem 4.5, and
Corollary 4.8, respectively, by fine-tuning subcategories of directed graphs. We thus arrive
at the category of graphs and admissible graph homomorphisms (see Section 2) as a
domain of a contravariant functor to the category of C*-algebras and *-homomorphisms.
It turns out that this contravariant functor is a special case of Katsura’s contravariant func-
tor from the category of topological graphs and factor maps to the category of C*-algebras
and *-homomorphisms.

We introduce and study new types of admissible graph homomorphism. In particular,
as a basic non-trivial example of a non-injective graph homomorphism contravariantly
inducing a gauge-equivariant *-homomorphism of graph C*-algebras, we have an unla-
beled Stallings folding. In this spirit, we define a generalized folding (Definition 5.1)
as an example of a non-injective (except in the trivial case) admissible graph homomor-
phism. Better still, we show that a well-known isomorphism between the graph C*-algebra
of the line graph of a row-finite graph without sinks and the graph C*-algebra of the
initial graph is contravariantly induced from a generically non-injective graph homomor-
phism. Moreover, we significantly extend the concept of derived graphs (which include
all Cayley graphs of finite groups) by defining locally derived graphs, and show that,
for families of non-trivial finite groups, projection foldings from locally derived graphs
to their base graphs are non-injective admissible graph homomorphisms. For starters,
we exemplify such a graph homomorphism by shrinking vertex-simple loops of length
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n to the loop of length one, which induces inclusions of the circle C*-algebra C(S!) in
C(S') ® M, (C). Then, we construct M, (O3) as the graph C*-algebra of a locally derived
graph of the Hawaiian earring graph with two loops, and obtain a unital x-homomorphism
02 > Mz(03).

Furthermore, an unexpected and important application of the contravariant induc-
tion was found recently in [16]. Therein, the authors construct a U(1)-equivariant unital
*-homomorphism Oy — My (Opr) whenever M — 1 = k(N — 1), which is a necessary
condition given by K-theory. The construction is given by the contravariant functor applied
to a non-injective admissible graph homomorphism. It clearly exemplifies in action the
target-bijectivity condition, which is the pivotal condition of admissibility. This applica-
tion of contravariant functoriality complements the application of covariant functoriality
[18] unraveling the unital x-homomorphisms Oy — Op of Kawamura [24, Lemma 2.1
and Section 6.1] (cf. [9, Section 3.3]) constructed whenever the same congruence M — 1 =
k(N — 1), necessitated by K-theory, is satisfied.

The second and principal outcome of this article are pushout-to-pullback theorems: for
path algebras (Theorem 6.1), Leavitt path algebras (Theorem 6.4), and graph C*-algebras
(Theorem 6.5). These are key applications of the aforementioned contravariant-induction
results. To the best of our knowledge, these are the first pushout-to-pullback theorems
where pullbacks are surjective only on one side, as is the case in the mixed-pullback
theorems of [8, 18]. However, even in these mixed-pullback theorems, gluing of vertices
is not allowed, ruling out the above-mentioned examples. It is worth mentioning here
that one-surjective pullbacks of C*-algebras form an ideal setting for noncommutative
topology, as the Mayer—Vietoris technology still works while new types of examples are
within the scope of the theory.

As mentioned before, the contravariant induction was already studied for injective
graph homomorphisms. It starts in [1, Definition 2.4.11] (quotient graphs), followed by
[17] (admissible and strongly admissible inclusions), which was recently generalized in
[6] (breaking vertices allowed). Our motivation comes from noncommutative topology,
which includes the theory of g-deformations of algebras of functions on certain com-
pact topological spaces. In [21], it was shown that pushouts (unions) of graphs lead to
pullback structures of the C*-algebras of even quantum spheres. This remarkable fea-
ture was explored in [6, 17], where more general pushout-to-pullback theorems were
proved. Similar results can be found in the context of higher-rank graph C*-algebras [26]
and Cuntz—Pimsner algebras [29]. However, when restricted to graph C*-algebras, these
results have limited scope as they assume graphs to be without sinks [26] or to be row
finite [29].

In Section 2, we consider three conditions on graph homomorphisms: properness,
target bijectivity, and regularity. They turn out to be the discrete-topology versions of
Katsura’s conditions [22, Definitions 2.1 and 2.6]. We prove that they define subcate-
gories that in Section 4 are domains of contravariant functors for path algebras and Leavitt
path algebras, respectively. On the way, in Section 3, we systematically study pushouts of
graphs proving many needed technical results. In Section 5, we unravel new types of
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admissible graph homomorphism focusing on non-injective admissible graph homomor-
phism. Section 6 crowns the paper with pushout-to-pullback theorems for path algebras,
Leavitt path algebras, and graph C*-algebras. The pushout-to-pullback result for graph
C*-algebras is obtained as a corollary of its Leavitt counterpart using a beautiful theo-
rem of Chirvasitu [7]. Finally, we end the paper with Section 7 devoted to applications in
noncommutative topology, which involve multichamber even quantum spheres, the Cuntz
algebra (9,, and the boundary quantum spheres of even Hong—Szymaiski quantum balls.

2. Graphs and morphisms

2.1. Directed graphs
A graph (directed graph, quiver) is a quadruple E := (E°, E!, sg,tg), where
o EY s the set of vertices,

» Elis the set of edges (arrows),

e E'25 EOis the source map assigning to each edge its beginning,
t

e E'5 EVisthe target (range) map assigning to each edge its end.

Let v be a vertex in a graph E. It is called a sink iff sz (v) = @, it is called a source
iff tEl(v) = @, and it is called regular iff it is not a sink and |sEl(v)| < 00. The subset
of regular vertices of a graph E is denoted by reg(E). A finite path in E is a vertex or a
finite sequence (e, ..., e,) of edges satisfying

tg(e1) = sg(e2), tg(e2) =sg(es), ..., tg(en—1) = sg(en). 2.1

We denote the set of all finite paths in £ by FP(E). The beginning sg (p,) of p, is sg(e1)
and the end tg (p,) of p, is tg (e,). The beginning and the end of a vertex is the vertex
itself. Thus, we extend the source and target maps to spg,tpg:FP(E) — E 0 Vertices are
considered finite paths of length 0. The length of a finite path that is not a vertex is the
number of elements in the sequence. In particular, every edge is a path of length 1. We
denote the set of all paths of length n by FP, (E).

2.2. Categories of graphs

Let E := (E° E',sg,tg)and F := (F°, F!, sp,tr) be graphs. A homomorphism from
E to F is a pair of maps

(f°:E°> FO fl.E' 5 F (2.2)
satisfying the conditions:
spofl=fosg. trof'=fotg. (2.3)

We denote the category of graphs and graph homomorphisms by OG and call it the stan-
dard category of graphs. We call a graph homomorphism ( f°, f!) injective or surjective
iff both f© and ! are injective or surjective, respectively.
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If (f°, f1): E — F is ahomomorphism of graphs, then we define f:FP(E) — FP(F)
as follows:

Vv e E% f(v):= fO(v), Vee E! f(e):= fl(e),

V(ei,....en) € FP(E): f((e1,....en)) := (f'(e1)..... f'(en)) € FP(F).
If (9, f1) is injective or surjective, then so is f. Note also that now we can think of FP

as a covariant functor from the category OG of graphs and graph homomorphisms to the
category of sets and maps.

(2.4)

Definition 2.1. A proper homomorphism of graphs f: E — F is a homomorphism of
graphs whose both maps are finite-to-one, i.e.

Vv e FO|(f%) 7 ()| <o, Vee F':|(fH) ()| < 0.
We denote the category of graphs and proper graph homomorphisms by POG.

First, observe that POG is indeed a subcategory of OG due to the fact that the compo-
sition of finite-to-one maps is again a finite-to-one map. Moreover, if (f°, f1): E — F
is a proper homomorphism of graphs, then the induced map f:FP(E) — FP(F) is finite
to one. Indeed, if p € FP(E) is a vertex, then f~1(p) = (f%)~1(p) is a finite set. Next,
let p=(p1,...,pn), pi € Flforalll <i <n,and g € f~'(p). Then we can write ¢ =
(q1----.qn),qi € E' forall1 <i <n,and f(q) = (f'(q1)..... 1 (gn)) = (P1..... Pn).
Hence, ¢; € (f1)~!(p;) forall 1 <i < n, so the number of elements in £ ~1(p) is limited
by the number of elements in

(SN p) x - x (Y7 i) x - x (D7 (), 2.5)

which is a finite set. Finally, observe also that, much as before, we can view FP as a
covariant functor from the category POG to the category of sets and finite-to-one maps.

Definition 2.2. We say that a graph homomorphism ( f°, 1) : E — F satisfies the target-
injectivity (target-surjectivity) condition if

Vxe Fli(f)7'(x) 3 e > tg(e) € (f°) 7 (tr(x)) is injective (surjective). (2.6)

We say that (f0, 1) satisfies the target-bijectivity condition if it satisfies both the target-
injectivity condition and the target-surjectivity condition.

Note that the bijectivity of (°, £!) implies the target bijectivity of ( £°, f1), so (2.6)
is satisfied for (idgo, idg1). However, an injective homomorphism of graphs need not
satisfy the target-bijectivity condition. Indeed, mapping the one-vertex graph into the
one-loop graph by assigning the vertex to the base of the loop is an injective graph
homomorphism but the target-bijectivity condition fails. Next, a graph homomorphism
(f° fY: E — F that is injective on vertices and satisfies the target-bijectivity con-
dition is injective: if e; and e, are edges such that f1(e;) = f!(ez), then e;, e, €
(DTN M) and [(fO) T Her (f 1 (e))] = 1, s0 e = ea.

Next, we present a more conceptual version of the target-bijectivity condition.



P. M. Hajac and M. Tobolski 612

Proposition 2.3. A graph homomorphism (f°, f1): E — F satisfies the target-bijectivity
condition if and only if the commutative diagram

El
N
E° F!
k‘ %
FO

given by (2.3) is a pullback diagram in the category of sets and maps.

2.7)

Proof. Recall that the pullback of f©: E® — F®andtf : F!' — FO in the category of
sets and maps is the fibered product

E° x Fli={(v,x) e E>x F'| f°(v) = tp (x)} (2.8)

F
together with the projections onto each component. Since the diagram (2.7) is commuta-
tive, the universal property of the pullback manifests itself in the existence of the map
o:E' — E° x F'. er—(tg(e). fl(e)). (2.9)
F
We have to prove that ® is a bijection < (f©, f1) satisfies the target-bijectivity con-
dition. In fact, we will prove that ® is injective if and only if (f°, f1) satisfies the
target-injectivity condition, and that ® is surjective if and only if (f©, f!) satisfies the
target-surjectivity condition.
First, note that (2.6) defines a family of maps labeled by x € F!:

E'2(fH7' () 3¢ (te(e). f1(e)) € (S (tr (). x) € E° X F'. (2.10)

It is clear that the target-injectivity of (£, 1) is equivalent to the injectivity of ®, for
all x € F', and that the target-surjectivity of (£, 1) is tantamount to the surjectivity
of ®, forall x € F1. Observe also that if x # y, then ®, and ®, have disjoint domains
and counterdomains, and the union of all domains is E!. Now, since ® agrees with @, on
the domain of the latter for any x € F, it follows immediately that the target-injectivity
condition of (f©, f1) is equivalent to the injectivity of ®.

Assume next the target-surjectivity of (£, £1). This implies that the union of the
counterdomains of ®, is E®x poF!. Indeed, take any (v, x) € E%xgoF!. Then v €
(f") 71 (tF(x)), and there exists e € E' such that tg(e) = v and f!(e) = x,s0 (v,x) €
@, ((fH~1(x)). Now one can see that

o= |_| D, (2.11)
xeF1

so the target-surjectivity of (f°, f!) implies the surjectivity of ®. Vice versa, since the
image of ® contains the union of the counterdomains of ®,, it is immediate that the
surjectivity of ® implies the target-surjectivity of ( f©, f1). n
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We can now easily claim the desired composability of the target-bijectivity condition.

Lemma 2.4. Restricting morphisms of the category POG to the morphisms satisfying the
target-bijectivity condition yields a subcategory of POG.

Proof. Let (f°, f1): E — F and (g° g') : F — G be morphisms in POG. We already
know that (g' o 1, g% o £?) € Mor(POG). Furthermore, we have the following commu-
tative diagram:

S 1 &' 1
F'—F ——G

IEJ, tpl llc (2.12)

E— L F0O— 5 GO
fO g°

Now it follows from standard category theory (e.g., see [3, Proposition 11.10]) that if both
squares are pullback diagrams, then the outer rectangle is also a pullback diagram, which
ends the proof by Proposition 2.3. ]

This subcategory enjoys the following useful result.
Lemma 2.5. Let f : E — F be a morphism in TBPOG and o € FP(E). Then the map
S S @) 2 Br—tpe(B) € f7H(f (trE(@)) (2.13)
is bijective.

Proof. Note first that the statement is clearly true when « is a vertex. Assume now that
o :=ej...e,, where all e; are edges. Then

Vo e (f)7H(fO(te(en) 3xn € ST en) () =v (214
by the target-bijectivity condition. Much in the same way,
Vxie(fH ™ e) AMxie(fH Neim) : te(xic) =sp(xi). i €{2,....n}. (2.15)

Thus, every vertex v € (%)~ 1( f°(t£ (e;))) generates a unique pathin f~!( f(a)) ending
at v, i.e. the map (2.13) is bijective. ]

Definition 2.6. A regular homomorphism of graphs (f°, f!): E — F is a homomor-
phism of graphs satisfying the condition

FO(E® \reg(E)) € FO\ reg(F). (2.16)
Note that (2.16) can be equivalently written as

() (reg(F)) S reg(E). (2.17)
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Moreover, it is clear that the identity is a regular homomorphism and that a composition of
regular homomorphisms is regular. Thus, there exists a subcategory of TBPOG given by
restricting morphisms therein to regular graph homomorphisms. We denote the category
of graphs and regular proper homomorphisms of graphs satisfying the target-bijectivity
condition by CRTBPOG, and call it the admissible category of graphs. Morphisms in this
category are called admissible graph homomorphisms.

Example 2.7. Let

w1
€1
X
E = > and F 1= e———e.
v a ¢
€2
w»

Then mapping the vertices w; and w, to a, the edges e; and e to x, and the vertex v to
¢ defines a regular proper graph homomorphism that does not satisfy the target-bijectivity
condition.

Example 2.8. Let

wy
€1 _~®
X
E = and F = e———e.
v a c
€2 e
2%

Then mapping the vertex v to a, the vertices w; and w; to ¢, and the edges e; and e,
to x defines an admissible graph homomorphism. This is an elementary example of an
unlabeled Stallings folding [32].

3. Pushouts of graphs
We refer the reader to [11] for an extensive study of pushouts of directed graphs.

3.1. Unions of graphs

We begin with unions of graphs, which are the simplest examples of pushouts of graphs.
Let E and F be directed graphs. If there is an injective graph homomorphism ( £°, f1) :
E — F given by inclusions, then we say that E is a subgraph of F, which we write
E C F.Next, let F and G be graphs. Assume that s and ¢ agree, respectively, with sg
and tg on F! N G!. Then we can define the intersection graph

FNG:=(F°NnG° F' NG sn. tn), 3.1
where sn,tn 1 F1 N G! — F° N G° are given by

Vee FING!: sn(e) :=sg(e) =sr(e), tn(e):=tg(e) = tr(e). 3.2)
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Next, we can define the union graph
FUG :=(F°UG° F'UG! sy, 1), (3.3)
where sy, ty : F1 UG! — F° U GO are given by

tr(e) foree F1,
tg(e) foreeG!l.

sp(e) foreeF!,

Yee F'UG': sU(e):z{ and tU(e):z{

sg(e) foreeG!,
The intersection graph F N G is a subgraph of both F and G, and both F and G are
subgraphs of the union graph F' U G. The intersection graph F N G exists if and only if
the union graph F U G exists.

Now, we recall the concept of hereditary and saturated subsets of the set of vertices in
a graph. Let E be a graph. A subset H C E© is called hereditary if any edge starting at
v € H ends at w € H, and it is called saturated if there does not exist a regular vertex
v € E®\ H such that g (s' (v)) € H. Note that in the above definition of a hereditary
subset one can replace the word “edge” by the phrase “finite path”. Observe also that the
formulas s (¢) := sg(e), tr(e) :=tg(e),e € F' := E' \ t5'(H), define a subgraph F
of E with F° := E®\ H if and only if H is hereditary.

Furthermore, we say that v € E° is a breaking vertex for H iff

veE°\ H, |s,§l(v)| =00, and 0< }sgl(v) N IEI(EO \ H)‘ <oo. (3.4
We denote the set of all breaking vertices for H by
By = {v € E°\ H | vis abreaking vertex for H}. (3.5)

A subset H of EY is called unbroken if and only if By = @. Note that a breaking vertex of
H becomes regular in the subgraph obtained by removing all vertices in H and all edges
ending in H.

We are ready now to bundle up the three properties of being hereditary, saturated, and
unbroken to restrict subgraphs to these that played a crucial role in [17].

Definition 3.1. An injective graph homomorphism ( £, f!): E < F is called U-admissi-
ble iff it satisfies the following conditions:

(A1) F%\ fO(E?)is saturated,

(A2) 1z (fO(E”) © fH(EY).
We call a U-admissible injective graph homomorphism strongly U-admissible iff, in addi-
tion, the subset F?\ f°(E?) is unbroken. In the case the maps defining a (strongly) U-
admissible injective graph homomorphism ( f°, f'1) are inclusions, we call E a (strongly)
admissible subgraph of F. Furthermore, we call intersecting graphs F and G (strongly)
admissible if both inclusions F NG € F and F N G C G are (strongly) U-admissible.
Much in the same way, we call taking the union of graphs F' and G (strongly) admissible
if both inclusions F € F U G and G € F U G are (strongly) U-admissible.
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The above definition already appeared in [8, Definition 3.1] (see also [17, Defini-
tion 2.1]), where it is also assumed that f!(E!) C t;l(fO(EO)) and FO\ fO(E?) is
hereditary. However, the first condition is always true for any graph homomorphism and
the hereditarity follows from the condition (A2).

Proposition 3.2. Let (f°, f1) : E — F be any graph homomorphism satisfying (A2).
Then F°\ fO(E®) is hereditary.

Proof. Suppose that FO\ £°(E?) is not hereditary, i.e. there is x € F'! such that s (x) €
FO\ fO(E®) and tr(x) € fO(E®). Since tz'(fO(E®)) € f(E"), there is an edge
e € E' such that f1(e) = x. Then sp(x) = sr(f'(e)) = f°(sg(e)), which gives a
contradiction. |

Next, we turn to unbroken subsets. Our next result shows that the assumption of strong
admissibility of taking the union in [17, Theorem 3.1] is superfluous.

Lemma 3.3. Let F and G be arbitrary graphs whose source and target maps agree,
respectively, on F' N G. Then, if intersecting F and G is strongly admissible, so is
taking the union of F and G.

Proof. Assume that intersecting F and G is strongly admissible. Then, to prove that
also taking the union of F and G is strongly admissible, it suffices to show that both
(FOU G\ F%and (F° U G°) \ G° are unbroken in F U G. To this end, suppose that
v € FYis a breaking vertex for (F® U G%) \ F%in F U G. Then v emits infinitely many,
whence not zero, edges in G® \ F°, sov € FO N G°. Also, all these edges are from G!.
Furthermore, v emits at least one and at most finitely many edges ending in F°. If all of
them end in F°\ GP, then they are all from F!, and they render F? \ G° not saturated
in F, which is not allowed by the U-admissibility of (F N G) € F. Therefore, v emits at
least one edge e ending in F° N G°. Now, from the U-admissibility of (F N G) € F and
(F NG) C G, we obtain

eet; (F'NGY) =tz"(F'NGYutz'(F°'nG% = F' nG!, (3.6)
so e € G!. Also, since v emits only finitely many edges into F, in particular, it emits
only finitely many edges from G! ending in F® N G°. All this makes v a breaking ver-
tex for G® \ F° in G, which contradicts the strong U-admissibility of (F N G) € G.

Hence, (F° U G%) \ F° is unbroken in F U G. Finally, the symmetric argument shows
that (F° U G°) \ G° is unbrokenin F U G. L]

Now, let us show that U-admissible injective graph homomorphisms are special cases
of morphisms in the category CRTBPOG. This is why we call CRTBPOG the admissible
category of graphs.

Proposition 3.4. Let (f°, f') : E < F be an injective graph homomorphism. Then
(f°, f1Y) is U-admissible if and only if it is admissible.

Proof. (=) Since (f°, f!) is injective, it is clearly proper. Next, we check the regularity
of (f°, f1). Since infinite emitters in the subgraph remain infinite emitters in the graph,
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it suffices to consider the images of sinks. Assume that v € E? is a sink and suppose that
/°(v) is regular in F. First, note that 77 (sz' (f°(v))) € F°\ f°(E?). Indeed, take an
edge y € F!suchthat sp(y) = f°(v) and suppose that 1z (y) € f°(E?). Then, by (A2),
there is an edge e € E! such that f!(e) = y. However, since f%(sg(e)) = s (f'(e)) =
f%(v), by the injectivity of f°, we obtain that sg (¢) = v, which contradicts the assump-
tion that v is a sink. Consequently, what we have just proved contradicts the fact that
FO%\ f9(E") is saturated (the condition (A1)). Finally, we have to show that the target-
bijectivity condition is satisfied. Due to the injectivity of (f°, 1), we know that, for any
x € F1 thesets (f1)7!(x) and (f°)~!(tF (x)) are either empty or consist of a single ele-
ment. To prove the claim, it suffices to exclude the possibility in which one of these sets
is empty and the other one is not. First, if ()71 (x) = {e}, then tg (e) € (f°) " (tr (x)).
Next, since 1! (f*(E®)) € f1(EY),if (f*)7'(tF(x)) = {v}, then ()7 (x) # 0.
(<) Assume that (f°, f!) : E < F is a morphism in CRTBPOG. First, let us prove
that 1z (fO(E?)) € f1(E"). Letx € F! besuch that tr (x) € f°(E®). This implies that
there is v € E° such that f°(v) = ¢t (x). In turn, from the target-bijectivity condition,
we infer that there exists e € (f1)™!(x) such that g (¢) = v. Now it suffices to prove that
FO\ f9(EY) is saturated. To this end, suppose that there is a regular vertex w € f°(E?)
such that 7p (sz' (w)) € FO\ fO(E®). It follows that sz'(w) N f1(E') = 0. Indeed,
suppose that there is an edge y € F! suchthatsg(y) =wand f'(e) = y forsomee € E!.
Then tr(y) = tr(f!(e)) = f°(tg (e)), which contradicts the assumption. Therefore, if
v € E®is a vertex such that £%(v) = w, then sEl (v) = 0, which contradicts the regularity

of (9, 1. n

Remark 3.5. Note that, if  := (f°, f!): E — F is an admissible graph homomor-
phism, then f(E) is an admissible subgraph of F. Indeed, suppose that f°(v) € reg(F)
and

tr (7' () € FO\ fO(E?).

Then v € reg(E), so there exists e € sz' (v). Furthermore, f!(e) € sz (f°(v)) but

tr(f1(e)) = fO(te(e)) € fOE?),

which gives a contradiction, and proves Definition 3.1 (A1). To prove Definition 3.1 (A2),
take any x € 1! (fO(E)). Af 15" (f°(E®)) = @, we are done.) Then ()~ (17 (x)) # 9,
s0, by the target-surjectivity of f, there exists e € (f!)~!(x). Hence, x € f1(E), as
needed. However, restricting the codomain of f to its image might yield a graph homo-
morphism £ — f(E) that is not admissible:

*—e *——e —® .

E —_ f(E) —_ F
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3.2. Pushouts of graphs in different categories
In the category of sets and maps, the pushout of X <L 75 vis

XLXIZIYJLY, XUY:=(X1Y)/Rz. (3.7)

where Rz is the minimal equivalence relation generated by f(z)Rzg(z),z € Z, and 1y
and ty are the obvious induced maps. We call a pushout diagram one-injective whenever
at least one of the defining maps is injective.

The above pushout construction does not always yield a pushout in the category of
sets and finite-to-one maps. Therefore, we need the following elementary result.

XVP’XY
A

be a pushout diagram in the category of sets and maps. If one of the maps [ and g is

Lemma 3.6. Let

injective and the other one is finite to one, then the above diagram is a pushout diagram
in the category of sets and finite-to-one maps.

Proof. Assume without the loss of generality that f is injective and g is finite to one.
Then the canonical maps of their pushout

Iy Ly
X—)XIZIY<—Y 3.8)

are also finite to one. Indeed, if 1y (y) = ty()’), then y = y’ or there exists a finite
sequence (z1,...,2Z2,) € Z2" such that

y=2g(z1) and f(z1) =x1 = f(22),
g(z2) = y1 = g(z3) and  f(z3) = x2 = f(z4),
: 3.9
8(zan—2) = yn—1 = g(22n—1) and  f(z2n—1) = Xn = f(22n),
g(z2n) = y".

In the latter case, from the injectivity of f, we conclude that zpx_; = z5; for all k €
{1,...,n}, so

/

y=2g(z1)=g(z2) =y1="=yYn-1=g(22n-1) = g(z20) = y'. (3.10)
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Hence, ty is injective. Next, if tx (x) = tx (x’), then x = x’ or there exists a finite sequence
(z1,....22m) € Z?™ such that

x = f(z1) and g(z1) = y1 = g(22),
f(z2) =x1 = f(z3) and g(z3) = y2 = g(z4),

: 3.11)
f(zom—2) = Xm—1 = f(Z2m—1) and  g(Z2m—1) = ym = g(22m),
f(zom) = X,
It follows from the injectivity of f that zox = zp54q forallk € {1,...,m — 1}, so
8(z1) = y1 =8(22) = g(z3) = y2 = -+~ = g(Z2m—2) = &(Z2m-1) = ym. (3.12)

Therefore, all y; are equal to g(z;), where z; is uniquely determined by x. Hence, also
Ym is uniquely determined by x. Consequently, as x’ € f(g~!(y)), which is a finite set
by assumption, there are only finitely many x’ such that tx (x) = tx (x’), so the map ty is
finite to one.

Finally, if jx: X — Q and jy:Y — Q are finite-to-one maps such that jxy o f =
Jy o g, then the universal-property map 4: P — Q is also finite to one. Indeed, suppose
that the set 271 (g) is infinite for some g € Q. Then, as P = 1x(X) Uy (Y), one of the
sets h™1(g) N tx(X) and A~ (g) Nty (Y) is infinite, which contradicts the assumption
that both jx = h oty and jy = h oty are finite to one. [

0 1 0,1 . .
Let E L2000 g 8D F be graph homomorphisms and let E* L5 F* be the

corresponding pushout of E! <— G’ 5 F i = 0,1, in the category of sets. Then we
have the following commutative diagrams:

SG

/ \ /7% .
e S

EIHFK\‘_________~/%E°HF°
G SII

tG

/ \ /7% .
I N

ErOF LB UF

I
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Here the left and right square subdiagrams commute by the definition of a pushout, and
the top subdiagrams commute by the definition of a graph homomorphism. Moreover, s11
and t11 exist by the universal property of the pushout E! 1151 F!, which applies due to
the equalities

tgoosgo fl=1goo flosg =1poo0glosg =tpoospogl,
(3.15)
tgootgo fl=1goo flotg=1pooglotg =1tpootprogt

which in turn follow, respectively, from the aforementioned commutativities in the above
diagrams. Better still, the universal property of the pushout guarantees that both s and
f11 are uniquely determined, and they render, respectively, the bottom subdiagrams of both
diagrams commutative.

Definition 3.7. We call the graph
EUF:=(E°UF°E'"UF' sy, tu)
G G G!

0 1 0 .1
the pushout graph of E S G (&”.8) F

It is straightforward to show that E L1 F is indeed a pushout in the category OG of
graphs and graph homomorphisms. However, a pushout in the category OG might not be
a pushout in the admissible category of graphs. Therefore, we need the following result.

Lemma 3.8. Let the diagram

P
0%#‘% Xli’wl}r)
E F

G

be a one-injective pushout diagram in the category OG of graphs and graph homomor-
phisms. If (f°, f1) and (g°, g') are proper, regular, and satisfy the target-bijectivity
condition, then the same is true, respectively, for (%, 1) and (%, }).

Proof. Let (f°, f1) be injective and regular and let (g°, g') be proper and regular. Then,
by Lemma 3.6, both (1%, (L) and (1% ,¢},) are proper, and, by the pushout property, (:% (%)
is injective. Next, to prove the regularity of (L(},, L},;), note that every infinite emitter in F°
stays an infinite emitter in its image under L(;;-. Now, consider a sink v € F° and suppose
that w := L(},- (v) is regular. As L(}, is injective and v is a sink, any edge emitted from w
must be in the image OfLIE. Hence, w is in the image Oft%, sov = g°(u) for some u € G°.
Then u has to be a sink because if there is an edge a € G! such that sg (a) = u, then

v=_g"W) = g°s¢(a) =se(g' (@), (3.16)
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which is impossible. Furthermore, observe that w = L(I);- (%)) = L% (f°(u)). The vertex
f°(u) cannot be an infinite emitter because L}5 is proper and w is regular. So suppose
that f°(u) is a sink. Then, since g°(u) = v is also a sink, this would again contradict the
regularity of w, so f°(u) is regular, which contradicts the regularity of ( f°, f!) because
u is a sink.

Next, suppose that (1%, (L) is not regular, i.e. that there is a vertex v € E° \ reg(E)
such that w := (g (v) € reg(P). Since ¢ g is proper, the vertex v cannot be an infinite emit-
ter. Suppose that v is a sink. If v ¢ f°(G?), then w ¢ (% (F?), so we get a contradiction
because (%, is the identity when restricted to E% \ f°(G°). If there is a vertex u € G°
such that f%(u) = v, then, arguing as before, u is a sink. Hence, as w = L%- (fO®u)) =
L(},- (g°(u)), we get a contradiction with the regularity of (L(},- og%, L}, ogh.

Let us now prove that (1%, (%) and (!, L) satisfy the target-bijectivity condition.
Take x € P'. Since (%, (%) is injective, it suffices to exclude the two possibilities:

(TD) (L},)_l(x) = and (L%)_l(tp(x)) = {v} for some v € F?,

(T2) (1})""(x) = {e} for some e € F' and (:%)~ ! (tp(x)) = 0.

Suppose that the condition (T1) is satisfied, so (% (v) = tp(x). Since P! = (L (E") U
(L (F1), we infer that x € (,(E') \ (L (F"). Hence, there is an edge y € E' \ f1(G')
such that (1. (y) = x. Note that (% (v) = 1p (x) = tp (1 (»)) = (% (1£ (»)). Therefore, there
is a vertex u € G° such that f%(u) = tg(y). Due to the target-surjectivity of (/°, /1),
we get an edge a € (1) (y) such that 1 (a) = u. However, i} (¢' (@) = (/! (a)) =
LIE (y) = x, which contradicts (L},,)_1 (x) = 0. Next, suppose that the condition (T2) is sat-
isfied, so t}, (¢) =x and t(}, (tr(e))=tp (L},, (e)) = tp(x), which contradicts (L(}-)_l (tp(x))
= 0.

Finally, we prove that (l%, L}E) satisfies the target-bijectivity condition. Take any x €
P! and consider the following three cases.

Case 1. If x € (. (F') \ (L (E"), then (t};)7'(x) = @ and there is an edge e € F'\

g'(G") such that (}.(¢) = x. Suppose that there is a vertex v € E° such that 1% (v) =
tp(x). Then

G (tr(e)) = tp(p(e)) = tp(x) = % (v), (3.17)

which implies that there is a vertex u € G° such that g°(u) = t£(e). Due to the target-

surjectivity of (g%, g!), there is an edge a € (g!)~'(e) such that tg(a) = u. In turn, this
implies that

LlE(fl(a)) = L},— (gl(a)) = L}p(e) = x, (3.18)

which contradicts (1) ™! (x) = 0.
Case 2. Letx € L}E (EH N L}, (F1). Then we have the following commutative diagram:
()71 () ——F—— () (tp (1)
flT; foTE (3.19)
SO @) — = (SR tp (1))
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Indeed, since (L};)fl(x) c f1(G') and (t%)*l(tp (x)) € f°GY), the two arrows going
upwards are bijections. To see that the bottom arrow is also a bijection, observe that
ORI ®) = (go fHTIX) = (pog) ™ (v),

(3.20)
FOH) ™ (tp () = % o O tp(x) = (% 0 g% (tp (x)).

Now, as both (L(});- , L},) and (g°, g!) satisfy that target-bijectivity condition, so does their
composition, whence we infer the bijectivity of the bottom arrow. The desired bijectivity
of the top arrow follows now from the commutativity of the diagram.

Case 3. If x € (L (E'") \ (L(F"), then (1) (x) = {y} for some y € E' because (}; is
injective when restricted to E1 \ f1(G'). Consequently, 1z (y) € (L%)_l (tp(x)). Suppose
that (:%) 7! (tp (x)) # 0. Then there is a vertex w € F such that (% (w) = tp (x). It follows
that

G(te() = tp (15 (0) = tp(x) = % (w), 3.21)

which means that there is a vertex u € G° such that f°(u) = tg(y). By the target-
surjectivity of (f°, f1), there exists an edge a € (f')~!(y). Therefore,

x =15(f1 @) = p(g' (@), (3.22)
which contradicts our assumption. ]

3.3. The covariant FP functor

For the purposes of our study of path algebras, we consider the pushout diagram in the
category of sets and maps:

FP(E) L FP(F
(E) L FPCE)

y %

FP(E) FP(F). (3.23)
FP(G)

This leads to the following natural question: Under which assumptions does the covariant
functor FP from the category OG of graphs and graph homomorphisms to the category of
sets and maps commute with pushouts:

FP(E) L FP(F) = FP(E LI F)? (3.24)

The answer is as follows:
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%N (g%g"h . ;
Lemma 3.9. Let E G F be graph homomorphisms. Then there exists a

natural map

h:FP(E) LI FP(F FP(E U F).
(E) PP — PP (£ )

Moreover, if the graph homomorphisms are such that

(1) both f° and g° are injective (vertex injectivity),

) tu(x) =su(y) = (x,y € tgi(EY) orx,y € tp1(F1)) (one color),
then the natural map h is bijective.
Proof. The natural map FP(E) LI FP(F) — FP(E L F) exists because FP is a functor.
This map descends to & by the universal property of pushouts in the category of sets and
maps. Since graph homomorphisms preserve the length of paths, we obtain the decompo-
sition

FP(E) L FP(F) = FP,(E) U FP,(F). 3.25
(E) U FP(F) ]_L #(E) L FPu(F) (3.25)

Hence, we can write /1 on elements as follows:

[p] forpe (E°II FO)U(E'II FY),
h([p]) :== { (la1],-...lan]) for p := (ai,...,an) € FP(E) L FP(F), (3.26)
ai e EYUOF! 1<i<n, n € N\ {0, 1}.

Now, using the two assumptions, we will define the inverse of 4. For starters, we put
h='([p]) :=[p] whenp e (E°U F°)U(E' L F'). (3.27)
Next, let us take ([a1], ..., [ax]) € FP(E Ug F) with

[ai]eElé_[lFl, 1<i<n, neN\{01}. (3.28)

Since t11([a;]) = su([ai+1]) forall 1 <i <n — 1, from the one-color condition, we con-
clude that there exist b; € E' II F1, 1 <i < n, such that [b;] = [a;] for all i, and

Vi<i<n:b;eE' or Vi<i<n: b eF. (3.29)

Hence, [tg(b;)] = [sg(Di+1)] or [tr(bi)] = [sF(bi+1)]- We can now apply the vertex-
injectivity condition to infer that tg (b;) = sg(bj+1) or tp(b;) = sp (bit+1)-
Furthermore, if (b}, ...,b},) € FP(E) or (b}, ..., b)) € FP(F), then

(VI <i<n:[b]=1[b]]) = [(br.....bn)] =[B].....0})] (3.30)
Indeed, let cil, ....c" € G' be sequences such that
V1<i<n: gl(c™)=:b"""and f(c")=b! ifmiseven,
flUcH=hb;and g'(c})=:b}" " {fl(c;")zzb;"—l and g!(c/")=b] if m>1isodd,
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or
VI<i<n: gl(cmy=:b""1and f1(c")=b, ifm>1isodd,
gl(Cil)Zbi and ]”(C,-l)zibi1 Y fl(c;”)zzb;”_l and gl(cl.m) =b; if miseven.

Note that, if the primed and unprimed edges are in the same graph, then the parity of all
c-sequences is always even, and if they are in different graphs, then the parity is always
odd. Therefore, although for each i the length of the sequence cil, ..., c/" might be dif-
ferent, we can always choose the longest such a sequence and extend shorter sequences
by the constant extrapolation by an even number of elements. Next, we need to prove that
t (cij ) = s¢ (cij +1)- Depending on the parity of j and the above alternative between E
and F, we either have

[f1(c))] =[] and [f1(c] )] = [bis]
or (3.31)

[g' )] =B and [g'(c/, )] = [Bisal:
In the former case, by the vertex injectivity, we obtain
te(f1(c])) =t(b) and sg(f'(c/yy) =sbiv), (3.32)

where ¢ and s are, respectively, tz and sg, or t7 and sf, depending on whether b; € E!
or b; € F'. It follows from (3.32) that

Ot =te(f1(c])) =t (bi) = sbis) =56 (S (] )= [*(s6(c],,)), (333)

so, from the injectivity of f 0 we gettg (cii ) =s¢ (cij +1), as needed. In the latter case, the
reasoning is completely analogous but uses the injectivity of g° instead of the injectivity

of f°. Thus, we have shown that (c{,...,cn) € FP(G), 1 < j <m, is a sequence of paths
implementing the desired equivalence relation between (b1, ..., b,) and (b}, ..., b)).
Finally, it follows from (3.30) that we can define
h_l(([al], e, [an])) = [(bl, . ..,bn)]. (3.34)
Combining it with (3.27) gives us a map
hl:FP(EUF FP(E) 1I FP(F), 3.35
(G)—>()FP(G)() (3.35)
which is, clearly, the inverse of /. [

3.4. From pushouts to pullbacks

Let us consider the contravariant functors Map(-, K) and Mapy (-, K), where K is a non-
empty set with a chosen element 0 € K, Map stands for all maps, and Map, denotes
finitely supported maps (all but finitely many elements are mapped to 0). The first functor
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is a contravariant functor from the category of sets and maps to the category of sets and
maps:

X Map(X. K). (X 5 ¥)— (Map(Y. K) 1> Map(X. K)).  f*(F):=Fo f

Much in the same way, the second functor is a contravariant functor from the category of
sets and finite-to-one maps to the category of sets and maps:

X—Map,(X.K). (X 5Y)— (Map; (Y. K) 2> Map,(X.K)). f*(F):=Fof.
Here Map, (X, K) := {F € Map(X, K) | |[F~Y(K \ {0})| < oo}, and
[(Fo f)""(K\{O})| = |/ (F(K\{0}))] < o0 (3.36)

because a finite union of finite sets is a finite set.
We have the following elementary lemmas whose routine proofs we omit.

Lemma 3.10. Let K be any set. Then Map(-, K) is a contravariant functor from the cate-
gory of sets and maps to the category of sets and maps transforming pushouts to pullbacks.

If we restrict to finite-to-one maps, we get a contravariant functor Mapy (-, K). Fur-
thermore, using Lemma 3.6, we have the following result.

Lemma 3.11. Let K be a non-empty set with a chosen element 0 € K, let f be an injective
map, and let

Xuay
z
7 K
X Y
'\ /
zZ
be a pushout diagram in the category of sets and finite-to-one maps. Then the contravari-
ant functor Mapy (-, K) transforms the above pushout diagram into the pullback diagram
M XUY K
aps (X LY. K)

* *
/ L\

Map, (X, K) Map, (Y, K)

Map,(Z, K)

in the category of sets and maps such that its left defining morphism is surjective.
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4. Graph algebras as contravariant functors

To alleviate the notation, from now on, we will write e; ... e, for a path (eq,...,ep).
Furthermore, if p =e;...e,, g = f1... fm, and the end of e, is the beginning of fi,
then pg =ey...enf1... fm-

4.1. Path algebras

Let k be a field, E any non-empty graph, and FP(E) the set of all its finite paths in E.
Consider the vector space

kE := Map, (FP(E), k), “.1)

where Map, (FP(E), k) is the vector space of all finitely supported functions from FP(E)
to k in which the addition and scalar multiplication are pointwise. Then the set of functions

{Xp }pEFP(E) given by

1 for p =g,
xp(q) = , 4.2)
0 otherwise,
is a linear basis of k E. By checking the associativity, one can prove that the formulas
if t =s5(q),
m:kEXkE — kE, m(xp, xq) = Apa (?) =s(q) (4.3)
0 otherwise,

define a multiplication on k E rendering it a k-algebra.

Definition 4.1 ([5, Definition II.1.2]). Let E be a non-empty graph. The above con-
structed algebra (KE, 4,0, m) is called the path algebra of E.If E = @, then kE := 0.

Let KA denote the category of algebras over k together with algebra homomorphisms,
and let UKA denote the category of unital algebras over k together with unital algebra
homomorphisms.

Lemma 4.2. The assignment
. Mapy .
Obj(POG) > E —— kE € Obj(KA),
Ma
Mor(POG) 5 ((f°. f1): E — F) —2 (f*:kF — kE) € Mor(KA),

kF 3y, AR Z Xq € kE, (4.4)
g1 (»)
where f:FP(E) — FP(F) is the map induced by (f°, 1), defines a contravariant func-

tor. Furthermore, the same assignment restricted to the subcategory given by graphs with
finitely many vertices yields a contravariant functor to the category UKA.
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Proof. Since f:FP(E) — FP(F) is finite to one, the sum in (4.4) is well defined. Fur-
thermore, for any r € FP(E) and p € FP(F), we have

P =Y 1O =( X br)=bps0=1(/ ) = Gtpo ).
g€/ 1(p) g€/ (p)

Hence, f* is the pullback linear map
f*:Map, (FP(F).k) 3 —> o f € Map, (FP(E). k). 4.5)

The contravariance is obvious because (f o g)* = g* o f*.
To check that it is an algebra homomorphism, using the fact that f preserves the length
of paths, we compute

F o xa) = Strwrsr@ f ™ (Apa)

=8usr@ D Xr

ref~1(pq)
= Z 8t5(r1),s5 (r2) Xrir2
rief~(p)
ra€f~1(gq)

= Z Xr Z Xra

rief~1(p) r2€f~1(q)
f*()(p)f*()(q)- (4.6)

Here, in the third step, we used the implication

tr(p) #sr(q) = Vri€ [7Up), 2 € [THq): e (r) # sE(r). 4.7
Finally, the unitality of f* for unital path algebras follows from f~1(F%) = EO:
FO=r(Yn)= Y w=Y w=L .
veFO0 we f~1(F0) weEO

4.2. Leavitt path algebras

Let E = (E° E',sg,tg) be a graph. The extended graph E := (E°, E',sg, 1) of the
graph E is given as follows:

E°:=E° E':=EYW(EYHY, (EYHYY -:={e*|ecE!'},
Vee E': sg(e):=sg(e), tgle):=tg(e), (4.8)

Ve* € (EN*: sg(e*):=tp(e), tz(e*):=sg(e).
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Observe that every graPh homomorphism (f°, f1): E — F can be extended to a graph
homomorphism (f°, f1): E — F in the following way:

)= f°(w), wvekE®=E",

fle):= fle), eckE", (4.9)

fler) = fle*, e e(EH"

Also, if e; ... e, € FP,(FE), we define

(e1...en)* :=e¥...e} € FP(E). (4.10)

We state the following straightforward result without a proof.

Lemma 4.3. The assignment
Ev—E, (/% fH— (f° 7,
defines a covariant endofunctor of the category OG of graphs and graph homomorphisms.

Furthermore, it restricts to an endofunctor of the category POG of graphs and proper
graph homomorphisms.

Definition 4.4. The Leavitt path algebra Ly (E) of a graph E is the quotient of the path
algebra k E of the extended graph E by the ideal generated by the union of the following
sets:

(CK1) {fe*xf —8e.fXepte) | € f € E'},

(CK2) {)Xv = Xeesz!(v) XeXer | v € reg(E)}.

The algebra L (E) is isomorphic with the universal algebra generated by the elements
Av» Xe» Xer» U € E® e € E!, subject to the relations (CK1) and (CK2) and the standard
path-algebraic relations xy Yw = 0v,w Xv a0d Ysz(e) Xe = Xe Xtz (e)- The algebra Ly (E) is

Z-graded by the lengths of paths, where edges from (E!)* have length —1. For k =C, the
Z-grading is equivalent to the U(1)-action y on L (E), called the gauge action, given by

Vz([Xv])zz[Xv]v Vz([Xe]):=Z[Xe]» Vz([Xe*]):=E[Xe*]’ zeU(), veE® ecE". (4.11)

Let ZKA denote the category of Z-graded algebras over k together with algebra homo-
morphisms preserving the Z-grading, and let ZUKA denote its subcategory of unital
Z-graded algebras and unital homomorphisms preserving the Z-grading. The next theo-
rem exploits the contravariant functoriality of the Leavitt-path-algebra construction when
restricted to the admissible category of graphs.

Theorem 4.5. The assignment
Obj(CRTBPOG) 5> E +—> Li(E) € Obj(ZKA),
Mor(CRTBPOG) > ((f°, f'): E — F) > (f{: Lk(F) — Lg(E)) € Mor(ZKA),

v
Li(F) 3 [1p] == Y lxql € Li(E),
qef~1(p)
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where f:FP(E) — FP(F) is the map induced by (f°, f1), defines a contravariant func-
tor. Furthermore, the same assignment restricted to the subcategory given by graphs with
finitely many vertices yields a contravariant functor to the category ZUKA.

Proof. 1t follows from Lemma 4.2 combined with Lemma 4.3 that we have a contravariant
functor

Obj(POG) 5 E —> kE € Obj(K A),

Mor(POG) > ((f° f'):E — F) — (f*:kF — kE) € Mor(K A),
. (4.12)
kF_B)(prf—> Z )(qekE_.
acf~(p)
To complete the proof of the first statement, it suffices to show that /* descends to a
Z-graded algebra homomorphism Ly (F) — Li(E) when we restrict to the admissible
category of graphs.
First, we have to demonstrate that

VY f € Mor(CRTBPOG) Vx,y € FL: [ f*(xx) [/ * (1)) = Sy [/ *(tepx)]. (4.13)
which is equivalent to

Y f e Mor(CRTBPOG) Vx, ye F!: Z [Xexllxe,] = bx.y Z o] (4.14)

exef 1 (x) vefTl(tr (%)
eyef71(»)

For x # y,we have f~1(x) N f~1(y) = @, so (4.14) clearly holds. For x = y, using the
target-bijectivity condition (2.6), we compute

Yoo bellteal= Y. elltd= Y. bpel= Y, bl 419

er,e2€ f~1(x) e€f~1(x) e€f~1(x) vef~1(tr (x))
Next, much as above, we need to show that
Vwereg(F): Y lalltel= Y. ol (4.16)
xes;l(w) ve(f0)~1(w)

er,e26(f )71 (x)
For starters, using (2.17), we obtain

Yoo el= YD Delerl= ) [xellxer]

ve(fO)~t(w) ve(f9) ' (w) ec(fOesp)~H(w)
eESE1 (v)
= Y lrdlxel= D Dxellxel. (4.17)
ee(spofH)~1(w) xes;l(w)

ee(fNH™(x)
Next, using the target-injectivity condition (2.6), we compute the left-hand side of (4.16):
Yo rallxel = Y. Ixellxer): (4.18)

xesz! (w) xesp!(w)

er,e26(f1)71(x) ec(fH1(x)
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Summarizing, we have proved that f * descends to an algebra homomorphism
Ji Ly (F) — Li(E), (4.19)

which obviously preserves the Z-grading because f_ preserves the lengths of paths. Finally,
the functoriality of the assignment

Mor(CRTBPOG) > (f°, 1) — f;* € Mor(ZKA) (4.20)

is immediate, and the unitality of f;* for graphs with finitely many vertices follows from
the unitality of /™* under the same restriction. L]

Corollary 4.6. If f : E — F is an injective (surjective) morphism in the admissible
category of graphs, then [;* is surjective (injective).

Proof. By Theorem 4.5, the admissibility of f implies the existence of a Z-graded algebra
homomorphism f;*: Li(F) — Li(E).If f : E — F isinjective, then [x,] = f;*([xrw)])
for all v € E® and [re] = f;*([xf(e))) and [xe<] = f7*([xf(e)+]) for all e € E'. Conse-
quently, f;* is surjective because Ly (E) is generated by [y,], v € E°, [xe] and [xe+],
e € E'. Vice versa, if f : E — F is surjective, then f~!(w) # @ forall w € F°, so

Vwe F*: fF(l) = D [l #o0 (4.21)
ve(f0)~1(w)

Here the last step follows from the basis theorem [1, Corollary 1.5.12]. Now, from the
graded uniqueness theorem for Leavitt path algebras [1, Theorem 2.2.15], we conclude
that f;* is injective. (]

4.3. Graph C *-algebras

For basic facts about C*-algebras, we refer the reader to [10]. Let us now consider the
Leavitt path algebra construction in the case k = C. One defines an anti-homomorphism
*: Lc(E) — Lc(E) by mapping the generators as follows:

(D)) =l () = xer). (xer])” :=1[xel. veE® ec E'. (422

The above defined * operation turns L¢ (E) into a complex x-algebra. Thus, we arrive at
the key definition.

Definition 4.7 ([1, Definition 5.2.1]). Let E be a graph. The graph C*-algebra C*(E) of
E is the universal C*-envelope of the complex *-algebra L¢ (E).

It is worth noting that, unlike for general universal C*-envelopes, for the graph C*-
algebras, the canonical *-homomorphism Lc¢(E) — C*(E) is injective (e.g., see [I,
Theorem 5.2.9]). Better still, the gauge action (4.11) extends to graph C*-algebras by
universality and continuity. Note also that Definition 4.7 is equivalent to [12, Definition 1]
defining C *(E) as the universal C*-algebra generated by mutually orthogonal projections
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Py, v € E°, and partial isometries S,, e € E', with mutually orthogonal ranges, satisfying

(1) S¥Se = Py foralle € E*,

(2) Py =3 es-1(y) SeSe forall v € reg(E),

(3) SeSF < Py foralle € E.

In what follows, we will need the notation S, := S, Se, -+ S, and p* := ey --- e} for
a positive-length path p = e; ---e,, and S, := P, for a O-length path v. Note that this
notation allows us to replace [y,] by Sp.

Let GC*A denote the category of U(1)-C*-algebras together with U(1)-equivariant
*-homomorphisms, and let GUC*A denote the category of unital U(1)-C*-algebras and
unital U(1)-equivariant *-homomorphisms. The following C*-algebraic counterpart of
Theorem 4.5 is the discrete-topology case of Katsura’s [22, Proposition 2.9]. As we were
unaware of the just cited result prior to obtaining our own version, we retain its complete
and self-contained original proof, which is routed via the algebraic constructions of path
algebras and Leavitt path algebras absent in Katsura’s work.

Corollary 4.8. The assignment
Obj(CRTBPOG) 3 E — C*(E) € Obj(GC*A),
Mor(CRTBPOG) > ((f°, f1): E — F) > (f&«: C*(F) — C*(E)) € Mor(GC*A),
Féx
C*(F)3 S, Y S,eC*(E).
q€/ 1 (p)
where f: FP(E) — FP(F) is the map induced by (f°, f1), defines a contravariant func-

tor. Furthermore, the same assignment restricted to the subcategory given by graphs with
finitely many vertices yields a contravariant functor to the category GUC*A.

Proof. From Theorem 4.5, in the case k = C, we know that every
(f° 1) € Mor(CRTBPOG) (4.23)

gives rise to a homomorphism f;*: Lc(F) — Lc (E) that preserves the Z-grading coming
from the path lengths. It is automatically a *-homomorphism because

El) =)= Y el=( X ) =4 )" @249

g*ef~1(p*) qef~1(p)

Since the grading is equivalent to the gauge action, f;* is gauge equivariant. From [2, The-
orem 4.4], we infer that f;* extends to a unique *-homomorphism fZ.:C*(F) — C*(E),
which is also gauge equivariant by the continuity of the gauge action and *-homomor-
phisms between C*-algebras. Finally, the unitality of f. for graphs with finitely many
vertices follows from the unitality of f;* under the same restriction. ]

Furthermore, note that using [1, Theorem 5.2.12] instead of [1, Theorem 2.2.15], we
obtain a C*-algebraic version of Corollary 4.6.
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Corollary 4.9. If f : E — F is an injective (surjective) morphism in the admissible
category of graphs, then (. is surjective (injective).

5. New types of admissible graph homomorphisms

5.1. Generalized foldings

For starters, let us observe that mapping the disjoint union of a graph with its copy into the
graph by identifying the same elements in two different copies is an admissible morphism
inducing the diagonal map:

fitEUE—E ~ [fiC*"(E)oar— (a,a)eC*(E)®C*(E). (5.1
In this section, we replace disjoint unions of graphs by pushouts over an admissible sub-
graph.

Definition 5.1. Let G be an admissible subgraph of a graph F. A generalized folding is
the graph homomorphism
g F IéI F—F 5.2)

given by the universal property of the pushout applied to the identity maps F — F.

It is clear that generalized foldings are morphisms in the admissible category of graphs
and that Definition 5.1 generalizes Example 2.8. It also includes (5.1) as a special case
obtained by taking G to be the empty graph. Let us now further exemplify Definition 5.1.

Example 5.2. For any neN and ¢ €][0, 1), the C*-algebra C(S, 5”) of the Hong—Szymarski
even quantum sphere S ;” is isomorphic to the graph C*-algebra of the graph L, (see [20,

Section 5.1]).
Pt

Figure 1. The graph Ly, forn = 1l andn = 2.

Similarly, the C*-algebra C (qu”_l) of the Vaksman-Soibelman odd quantum sphere
qu"_l [33] is isomorphic to the graph C*-algebra of the graph L,,—1 (see [20, Sec-

tion 4.1]).
VEERVIRY,

Figure 2. The graph Ly, —1 forn = landn = 2.

Finally, the C*-algebra C (Bg”) of the Hong—Szymanski even quantum ball Bg” is iso-
morphic to the graph C*-algebra of M,, (see [21, Section 3.1] and [20]).
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Y

Figure 3. The graph M, forn = 1 andn = 2.

Itis clear that L, is an admissible subgraph of L,, and that L,, = M, Uy, , My,
for every n € N (e.g., see [17, Section 4.1]). Therefore, we can consider the generalized
folding

Lyy =M, LH M, — M,. (5.3)

2n—1
Note that the admissible graph homomorphism (5.3) induces a gauge-equivariant unital
*-homomorphism
2 2
C(B;") — C(S;"),
which is an analog of flattening an even-dimensional sphere to an even-dimensional ball
of the same dimension. For instance, in the case n = 1, we have a graph homomorphism

u e
S 2 — ?a ,
v X
w1 e W L))

where v — a, wy, wy — b, u — e, and f1, f> — x. Much in the same way, in the case
n = 3, we have the following graph homomorphism:

> -

Next, if F' is an admissible subgraph of E, then we have the injective graph homomor-
phism
f:FIé[F—>FIéIE 54

given by the universal property of the pushout applied to the obvious maps. Similarly,
from the universal property of the pushout applied to the obvious maps, we obtain the
graph homomorphism

Lg:FIéIE—>E. (5.5)
Proposition 5.3. The injective graph homomorphism (5.4) is admissible.

Proof. We have the following commutative diagram of graph homomorphisms:

F—)FHF—)FIGIE.

S —

G F E
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It is clear that both the left square and the outer rectangle are pushout diagrams in the cat-
egory OG. It follows by standard categorical arguments that the right square is a pushout
diagram (see [3, Proposition 11.10] for the dual result for pullbacks). The admissibility of
G — F implies the admissibility of F < F Lg F by Lemma 3.8. We use Lemma 3.8
again to infer the admissibility of F LIg F < F Llg E from the admissibility of F' < E
and F — F g F. [

5.2. Line graphs

Now we explore a class of non-injective admissible graph homomorphisms whose induced
*-homomorphisms are surjective. For starters, let us recall the notion of a line graph [19].
The line graph LE = (LE®, LE',s; g, rpg) of a graph E is defined as follows:

LE®:=E', LEY“:=FP,(E), spe(ee’)=e, trp(ee’)=e', e,e’cE'. (5.7)
Next, consider the graph homomorphism

O LEY — E°  f%e) :=sg(e), f':LE'— E!, flee):=e. (58)
The following result is the discrete-topology version of [23, Proposition 2.6].

Proposition 5.4. Let E be a row-finite graph without sinks. Then the graph homomor-
phism (5.8) is admissible and surjective.

Proof. Since E is row-finite, f is automatically proper. Next, as for every e € E! the map
() Ne) 3 e’ —> 1 p(ee’) =€ € (fO) 1k (e)) (5.9)

is clearly bijective, we conclude that f satisfies the target-bijectivity condition. Further-
more, f is automatically regular because all vertices in E and L E are regular. Finally, the
surjectivity of f follows from the assumption that there are no sinks. ]

By Corollary 4.9, f : LE — E induces an injective *-homomorphism f. : C*(E) —
C*(LE). However, it is known that this *-homomorphism is also surjective (e.g., see [28,
Corollary 2.6]). Indeed, the inverse *-homomorphism (fg,)™' : C*(LE) — C*(E) is
given by

Pet—> S¢S}, Seer > SeSer S, (5.10)

Thus, we obtain a class of examples of non-injective admissible graph homomorphisms
inducing surjective x-homomorphisms of graph C*-algebras.
5.3. Locally derived graphs

We end the section by discussing another class of non-injective admissible graph homo-
morphisms coming from finite group actions. A base graph (or a voltage graph) [14,
Section 2.1] is a graph (E°, E', sg, tg) along with a function L : E! — T', where I" is a
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group. Given a base graph, one can construct a derived graph (E?, Ei sr,tr) [14, Sec-
tion 2.1.1] (or a skew-product graph [25, Definition 2.1]) as follows:

E):=E°xT, Ej]:=E'xT,
se((e.8) == (se(e).g). 1r((e.g)) = (te(e).L(e)g). ecE' geT.

There is a natural surjective graph homomorphism 7 : Ef — E, called the covering pro-
Jjection, given by

(5.11)

no((v,g)) =, nl((e,g)) ‘=e¢, veE® ecE! gel. (5.12)
Proposition 5.5. If T is finite, then the covering projection w : E;, — E is admissible.

Proof. Since I is finite, 7 is proper. Next, for any e € E, the map

(w7 (e) 3 (e.8) > (te(e), L(e)g) € (x°) ' (te(e)) (5.13)

has an inverse given by (tz(e), h) — (e, L(e)™'h), so & satisfies the target-bijectivity
condition. Finally, let v € E° be a regular vertex and g € T'. Then, by the regularity of v,
there is e € E! such that sz, ((e, g)) = (v, g), so (v, g) is not a sink. Also, since v is not an
infinite emitter, neither is (v, g). We conclude thus that (v, g) is a regular vertex for any
g € I'. Hence, r is regular, so we infer that 7 is admissible, as claimed. ]

It follows from Corollary 4.8 that 7 5..: C*(E) — C*(EL) is determined by the assign-
ments:

Pyr— Y Pug. Ser— Y S (5.14)
gel gel

Example 5.6. Consider the surjective admissible graph homomorphism 7 : 4, — A;
given by collapsing all edges to one edge and all vertices to one vertex:

., — U

Note that 7 is the projection from a derived graph to its base graph. Indeed, let " :=Z/nZ
be the cyclic group of order n, and let L : A] — I’ map the single edge in Ay to [1] €
Z/nZ. Then it is clear that A, is isomorphic to (A1) and that 7 is the covering projec-
tion. The morphism 7 induces an injective *-homomorphism 7. : C*(A4;) — C*(A4,),
which, combined with the standard identification C*(4,) = C(S!) ® M, (C) (e.g., see
[28, Example 2.14]), yields

n—1
C(S") — C(SHY @ My(C). ur— Y (1® Ei1) +u® Enr. (5.15)

i=1
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Here, u is the unitary generator of C(S 1y and E; j»1,j = 1,...,n, are the matrix units of
M,,(C). To end with, observe that precomposing the map (5.15) with C(S!) 3 u > u" €
C(S1) produces the standard tensorial inclusion

CSYH — CSHRM,(C), ur—u®l.

Now, let us generalize the construction of a derived graph. For a graph E, let { E; };er
be a family of pairwise-disjoint subgraphs of E, and let {I';};c; be a family of groups.
Assume that there is a labeling map L; : tEI(EiO) — I for every i € I, and combine
them to a map

el = Jig'EH) S| =% (5.16)
iel iel
(Note that we can view § as a groupoid in the obvious way.) We call the pair (£, £) a base
graph. The idea of constructing a locally derived graph is that in the base graph we replace
every subgraph E; by its derived graph, and unfold (keeping the source fixed) every edge
that does not belong to any of the subgraphs but ends in a subgraph. More precisely, we
have the following:

Definition 5.7. The locally derived graph (E%. Eg, sg.tg) of a base graph (E, £) is
given by

EY = (EO \ U EZO) |_|U(El9 x T}),
iel iel

Ey = (BN Uz ED)ulJ (5 () x T),
iel iel

sx((e,g)) = (sE(e),g) forec E}, geTly, i€l,
sx((e,g)) = (sE(e), 1,-) fore € tgl(El.O) \ El.l, gel;, sgle)e E% i, jel,

SI((e»g)) = sg(e) foreetgl(E?) \ El-l, gely,iel, sg(e) %ZUjeI E})’
sg(e) = (sE(e),li) fore ¢ &1, sE(e)eElp, iel,
sg(e) == sg(e) fore ¢ &', sp(e) ¢ Uier EY,

{tx((e,g)) 1= (te(e). L(e)g) fore etz (EP). g€y i€l (5.17)
te(e) :=tg(e) fore ¢ 1.

Here, 1;,i € I, is the neutral element of I';.

Lemma 5.8. The following assignments
np((v.g)):=v forveE? gely icl,
Y (v):=v forv ¢ U;es EY,
np((e.g)):=e foreciz'(E?), geTi, i€l
np(e):=e fore ¢ &1,

define a surjective graph homomorphism ng : E¢ — E.
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Proof. First, note that, for all e € El.l, g eTIj,i €I, wehave

g (sz((e.9))) = ng((s£(e).g)) = sp(e) =sp(np((e.))).  (5.18)

Much in the same way, if e € 1z (E?) \ E}, g € T, and sg(e) € E](.) forsome i, j € 1,
then

7Y (se((e.8)) = np((se(e). 1;)) = se(e) = se (7 ((e. 2))). (5.19)

Next, if e € IEI(E?) \ El.l, sg(e) ¢Uje] Ej(.), and g € I'; for some i € I, then

g (sz((e.2)) = 73 (s (e)) = se(e) = se(w((e.2))- (5.20)
Now, if e ¢ &! and sg (e) € E? for some i € I, we obtain
g (sz(e)) = ng((se(e). i) = se(e) = s (). (5.21)
Finally, ife ¢ €' and sg(e) & ;¢ E?, then
g (sz(e)) = ng (se(e)) = sp(e) = sp(np(e). (5.22)

The calculations for the target map are much simpler and analogous to (5.18) and (5.22).
[

We call the graph homomorphism 7g : Eg — E a projection folding. Under additional
assumptions, we can prove that this graph homomorphism is admissible.

Proposition 5.9. If, for all i € I, the group T is finite and the inclusion E; — FE is
regular, then the projection folding ng: Ex — E is admissible.

Proof. First, since all I'; are finite, 7 is proper. To prove target bijectivity, we consider
two cases. If e € 15! (E?) for some i € [, then we obtain a map

(mg) ') 3 (e,g) > tz((e. g)) = (te(e), £(e)g) € (x2) '(te(e))  (5.23)

whose inverse is given by (1 (e). g) > (e, £(e)"'g). Next, if e ¢ &', then the map

() He) = {e} — {tz(e)} = {te(e)} = (x3) ' (te(e)) (5.24)

is, clearly, a bijection. Furthermore, the regularity of 7g atv € E?, i €I, follows from the
regularity of the inclusions E; < FE and the reasoning as in the proof of Proposition 5.5.

Finally, the regularity at other vertices v € E® \ | J;; E? is immediate. m

Example 5.10. Consider the graph R, of the Cuntz algebra O, i.e. R) := {v}, R} :=
{e, f}. Take the subgraph E of R, givenby E® := {v} and E! := {e}, and consider

O‘C:tgzl(v)zR;—>Z/ZZ, er—vy, fr—1,
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where y is the generator of Z/27. The graph (R;)¢ is presented in the picture below.

(0/3))

It is clear that C*((R2)¢) is simple (e.g., see [28, Proposition 4.2]). Next, by Corol-
lary 4.8, the admissible graph homomorphism g, : (R2)¢ — R» induces a unital *-homo-
morphism (7g,) ¢« @2 — C*((R2)g) given on generators by

Se = Se.) + Seeyys Sy > Sz + Scry)-
The above x-homomorphism is injective because (9, is simple. However, since
Ko(C*((Ro)g)) = Z/2Z

by [28, Theorem 7.16], and Ky(O,) = 0, it cannot be surjective. Hence, ), is a proper
subalgebra of C*((R3)¢) and the Kg-class of 1 € C*((R2)¢) is zero. On the other hand, it
follows from [30, Theorem 6.5] that C*((R3)¢) is stably isomorphic with @3. Better still,
as the Ky-class of 1 € M»(0O3) is zero, using again [30, Theorem 6.5], one can conclude
that C*((R2)g) = M»(03).'

Let F be a subgraph of a graph E such that tz'(F°®) € F' and let (F, £) be a
base graph. Then any family {F;};e; of pairwise-disjoint subgraphs of F is a family of
pairwise-disjoint subgraphs of E and t5'(F) = 15" (F?) for all i € I. Therefore, given
£:F1 — g, we can construct both locally derived graphs Fy and Eg.

Proposition 5.11. If F is an admissible subgraph of a graph E and (F, £) is a base
graph, then Fg is an admissible subgraph of E¢.

Proof. We need to check the conditions (A1) and (A2) of Definition 3.1. To prove (Al),
suppose that w € F;é Nreg(Eg) is such that tg, (SE;3 (w)) < E?C \ Fg. First, note that, by
the construction of E¢, w cannot be of the form (v, g) € Fl.0 x I';, where g # 1;,i € I.
Therefore, w has to be of the form (v, 1;) € FOxT; forsomei €, orve FO\ | J;¢; F.In
both cases, it follows immediately from (5.17) that the condition 7, (szpﬁ}6 (w)) CSES\F3
implies that 1z (s (v)) € E°®\ F°, which contradicts the fact that E° \ F? is saturated.
Hence, Egi \ F J% is saturated. Finally, using again (5.17) combined with the condition
(A2) for F C E, we conclude the condition (A2) for Fy C Eg. [

'We owe this argument to Jack Spielberg.
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6. Pullbacks of graph algebras from pushouts of graphs

In this section, we prove our main theorems stating under which conditions the two con-
travariant functors given by Lemma 4.2 and Theorem 4.5 turn pushouts of directed graphs
into pullbacks of algebras.

6.1. Path algebras
We begin with the pushout-to-pullback theorem for path algebras.
Theorem 6.1. Let the diagram

EUOF

=)

1

(

% k)

ZER
E F 6.1)
(fk Al)
G

be a pushout diagram in the category of graphs and proper graph homomorphisms such
that

&y
~—

(1) both £ and g° are injective (vertex injectivity),

Q) tn(x) =su(y) = (x,y € tgi(EY) orx,y € tp1(F1)) (one color),

3) f1orglisinjective (one-sided injectivity).
Then, for any field k, the contravariant functor Mapy (-, k) transforms the above pushout
diagram to the following one-surjective pullback diagram in the category of algebras

overk:

(ELF)

k
AN
kE kF
kG.
AN (g%¢ghH

Here, f and g are the maps induced by the graph homomorphisms E G F,
respectively. Furthermore, if E® and F° are finite, then all algebras in the above diagram
and the homomorphisms between them are unital, and the diagram is a pullback diagram
in the category of unital algebras.

Proof. To begin with, Lemma 3.6 guarantees that (6.1) is a pushout diagram in the cate-
gory of graphs and proper graph homomorphisms for any proper graph homomorphisms

0 £1 0,1
E(f,f)G(g,g)F 6.2)

satisfying the assumptions (1) through (3). Next, as proper graph homomorphisms induce
finite-to-one maps between the path spaces, and injective graph homomorphisms induce
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injective maps between the path spaces, Lemma 3.9 and Lemma 3.6 yield the following
pushout diagram in the category of sets and finite-to-one maps:

FP(E) U FP(F
(E) ot FP(F)

FP(E) FP(F). (6.3)

/ \
\FP(G)/

Now, Lemma 4.2 turns this diagram into the commutative diagram in the category of
algebras:

k(E H F)
/ \ 6.4)
Furthermore, setting K = k in Lemma 3.11, we conclude that the above diagram is a
pullback diagram in the category of sets and maps. We can combine these two facts to
conclude that the above diagram is a pullback diagram in the category of algebras.

To prove the last part of the theorem, assume that both E® and F° are finite. As graph
homomorphisms are assumed to be proper, not only the finiteness of £E° 1150 F° but also
the finiteness of G° follow from the finiteness of E® and F°, so all algebras are unital,
as claimed. Next, the unitality of all homomorphisms follows from Lemma 4.2. Finally,
under these circumstances, the maps witnessing the universality in the category of unital

algebras are evidently unital, so the above diagram is a pullback diagram in the category
of unital algebras. L]

6.2. Leavitt path algebras and graph C *-algebras

For starters, if f: G — E is an injective admissible graph homomorphism, then it follows
from Remark 3.5 and [1, Corollary 2.4.13 (ii)] that ker f;* is the ideal generated by

{bx] | veEO\f"(GO)}U{[xw] - > [Xellxes] | we Bgoy fO(GO)}. (6.5)
ecsp! (w)Ntg! (FO(G))
As E%\ f9(G°) is hereditary by Proposition 3.2, we can combine the above with [1,
Lemma 2.4.6] to obtain:
,BEFP(E), veE®\ f0(GY),
ker £ = span {[xallpollgpe] | “P<7TE) v<E N G0

+span{[xu1([xw]— Y ele)ll|

eesp! (w)Ntg (FO(F0))

W, VEFP(E), wEBEO\f(GO)’} (6.6)

tg (W=tg (v)=w
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Before we consider our pushout-to-pullback theorem for Leavitt path algebras, we
need further technical results.

Lemma 6.2. Let G and E be arbitrary graphs, and let (f°, f1):G — E be an admissible
graph homomorphism. Then

Yo e E% [y,] eker fi <= veE\ f%GY).
Proof. The claim of the lemma is equivalent to the following statement:
Vo € E: Y =0 <= (/') =0. (6.7)
we(fN)71()

The implication (<) is true due to the convention that the sum over the empty set equals 0.
The other implication follows from the fact that the elements [y], w € (%)~ (v), are
linearly independent by [1, Corollary 1.5.12]. ]

Lemma 6.3. Let (LOE, L}E) :E — P and (L(;,, L},) : F — P be admissible graph homo-
morphisms, and let (tg)] and (L)} be the induced Z-graded algebra homomorphisms.
Then

ker(tg); Nker(tp); = {0} <= P° =% (E®) U (FY).

Proof. Since ker(tg)] Nker(tr)y is a Z-graded ideal, by [1, Theorem 2.5.8],
ker(tg); Nker(tp)] = {0} < {v e P°|[xv] € ker(tg); Nker(tp)]} = 0. (6.8)

Finally, by Lemma 6.2, the above set equals P° \ (L%(EO) U L(I);- (F°)), which ends the
proof. ]

We are now ready for our main result.

Theorem 6.4. Let (f°, f1) and (g°, g') be admissible graph homomorphisms and let

ELOF

(ﬁgy ¢ ,&b
F

E
(f% Al)
G

be a pushout diagram in the category OG of graphs and graph homomorphisms. Assume
also that

P1) (f°, 1) is injective,
(P2) g° restricted to (f°)~ (Bgo\ ro(goy) is injective,

(6.9)

(P3) ‘?E(BEO\fO(GO)) < B(EH(;F)O\L%(FO)'
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Then, for any field k, there exists the commutative diagram of the induced Z.-graded alge-
bra homomorphisms

Li(E L F)

G
F N

Ly (E) Li(F) (6.10)

Li(G).

Moreover, it is a left-surjective pullback diagram in the category ZKA of Z.-graded alge-
bras and Z-graded algebra homomorphisms. Finally, if E® and F° are finite, then all
algebras in the above diagram and homomorphisms between them are unital, and the dia-
gram is a pullback diagram in the category ZUKA of unital Z.-graded algebras and unital
Z-graded algebra homomorphisms.

Proof. Throughout the proof, let P := E LI F. The existence of the diagram (6.10)
follows from Lemma 3.8 and Theorem 4.5. Its commutativity is due to the commutativity
of (6.9), the surjectivity of fL* is due to (P1) and Corollary 4.6. To show that (6.10) is a
pullback, by [27, Proposition 3.1] (cf. [15, Lemma 4.1]), we have to prove that

(1) ker(tg); Nker(tp); = {0},

@) () 'S (L (E))) = (tp) (Li(P)),

(3) ker fi* = (tg)p (ker(tp)y).

Since (6.9) is a pushout, we infer that P° = L% (E9 U L‘}, (F9). Therefore, the condition
(1) follows from Lemma 6.3. Furthermore, as (P1) implies the injectivity of (L‘;,-, L},-), we
conclude that both f;* and (1r)] are surjective, which proves the condition (2). Finally,
as the diagram (6.10) is commutative, to prove the condition (3), it suffices to show that
ker f;* € (tg)] (ker(tf)] ). Note that (1 )7 (ker(tF)7 ) is a vector subspace, so it is enough
to prove that all the elements that span ker f;* by (6.6) belong to (1g)] (ker(t)7).

First, let us prove that (1g)] (ker(tf )] ) contains the generators of ker f;*. For starters,
since (6.9) is a pushout, (% (E®\ f%(G?)) € PO\ (% (F°) and (:%)7' (% (v)) = {v} for
any v € E%\ f%(GP). In turn, this implies that (e)7 (X0 D) = Lxol, where [y, )] €
ker(tr)] by Lemma 6.2.

Now we have to take care of breaking vertices, i.e. to show that

Yw € BEO\fO(G0)5 Qy 1= [Yw] — Z [xellxe+] € (LE)z(ker(lF);,)' (6.11)
eESEl(w)ﬂfl(Gl)

To this end, let us take v := ( f°)~!(w) and note that v € reg(G) by the injectivity of /.
Next, the commutativity of the pushout diagram and the condition (P3) imply that

L(I)’ (gO(v)) = L(l)? (fo(v)) € BPO\L(},(FO)’ (6.12)
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so g%(v) cannot be an infinite emitter. Also, g°(v) cannot be a sink because v is regular.
Consequently, g°(v) € reg(F). Furthermore, note that L% (w) = L% (w’) implies that w’ €
f2(G). Better still,

O T E W) =@ E T F (@) =" (% (v) Sreg(G) (6.13)

because g is regular and g°(v) € reg(F).
Now, we need to argue that w is the only element of

Vi = ()7 (t% (w)) (6.14)

that is an infinite emitter. Indeed, suppose that |s1§1 (w")| = oo for w’ € V. Then, as
(f"~1(w’) ereg(G) by (6.13), we conclude that w’ € reg( f(G)) by the injectivity of f°.
Hence, w’ € Bgo\ ro(goy, so w’ = w by the condition (P2).

We are now ready to define the following element of Ly (P):

Qu =gl = 2 Uiele]

ecsp! (g°(v)

- Z [XL}?(e’)][XL}?(e’)*]- (615)
e'esg! (Vu \wP\ S 1(GY)

First, using the injectivity of (7 and the fact that every ([ (¢’) ¢ (. (F'), we check that

RIQu) = el — D [xellxel =0, (6.16)

eesp!(g0(v))

s0Q, € ker(tp)j .
Next, to prove that (tg)7 (Q2w) = Qu, first we show that

() (p (57 (8°))) = s5' (V) N F1(G). (6.17)

If x belongs to the left-hand side, then x € f!(G'). Furthermore, as t}; (x) = (. (y) for
y € sz (g°(v)), we can compute

E(E®) = sp(p () = sp(tp(») = (F(sr ()
=5 (&%) = G (W) = G w). (6.18)

Hence, the left-hand side is contained in the right-hand side. To prove the opposite inclu-
sion, take f1(z) € sgl (V). Then

G Ge(f1@)) =% W) =% (W) =% ("W). (6.19)
On the other hand,

Fe(f12) = E(*(56(2)) = & (°(s6(2)). (6.20)
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Combining these two calculations with the injectivity of L(});-, we infer that g%(sg(z)) =
0
g (v),s0
sr(g'(2) = g°(s6(2) = g°(v). (6.21)

Hence,

e (@) = tp(8'(2) € tp (7' (8" (). (6.22)
which proves the desired inclusion.

Now, using the injectivity of L}5 on E'\ f1(G') and (6.17), we can compute:

©B); (Qu) = B} ([Xgw)) — > [xellxe+]

ee(tl) 1 0k (57 (22 )))

- > [xellxer]

e'esy (Vw\(wH\f1(G1)

> Dwl— o Irellxer] - > [xe)[xer]

w'eVy 66sgl(Vw)ﬂf1(Gl) e’ES,El(Vw\{w})\fl(Gl)
= [xw] - S e+ DD Dl
eesg (w)NF1(GY) w’eVy \{w}
-~ > [xellxer] — > [xellxer]
eesy! (Vu\{whnf1(GY) e'esp! (Vu \{whH\ S 1(GY)
=2+ 2 (b= Y llire)
w’eVy, \{w} eesz! (w)
= Q. (6.23)

Here the last step follows from Vy, \ {w} C reg(E).
We can now turn to lifting positive-length paths « in E ending in

(E°\ £°(G®) U Bgo\ ro(Go). (6.24)
To begin with, if tpg () ¢ f°(G?), then (L%)_I(L%- (tpe(@))) = {tpe ()}, so
(LE)z([XtE(a)]) = [Xal (6.25)

by Lemma 2.5. Hence, the first spanning set of (6.6) is contained in (1 )7 (Lx (P)) because

[er] = E)L (i @)
Next, if tpg(n) € BEO\fO(GO), then

@e); (e w]) = > (o] (6.26)

w'e(y) (g (tpE (10)))

and

(lE)z ([XtE([L*)]) = Z [Xv;‘),] (6.27)

w' €))% (tpe (1))
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by Lemma 2.5, where tpg (vy) = w’ and vy, () = 1. Now,

Z [Xvw/] QtPE(M) = [XM] QtPE(U«) (6.28)

w'e(g) 7 (g GrE (1))

and
QtPE(M) Z [XU;/] = QtPE(M) [XM*]' (6.29)
w' ey (G (tpE (1))
Hence, the second spanning set of (6.6) is contained in (tg)7 (Lx(P)).

Finally, as the generators [y,], v € E°\ f°(G?), and Qy, w € Bgo\ yo(go), are
elements of (1) (ker(tr)7 ), and kernels are ideals, we infer that all the spanning ele-
ments in (6.6) belong to (tg)j (ker(tx)7 ), which proves the desired inclusion ker f;* C
(tg)] (ker(tF)7 ). To end with, note that the last part of the theorem regarding unitality is
immediate. ]

Theorem 6.5. Under the assumptions of Theorem 6.4, there exists the commutative dia-
gram of the induced gauge-equivariant x-homomorphisms

CEUF)

C*(E) C*(F) (6.30)

k%

C*(G).

Moreover, it is a left-surjective pullback diagram in the category GC*A. Finally, if E® and
FO are finite, then all C*-algebras in the above diagram and homomorphisms between
them are unital, and the diagram is a pullback diagram in the category GUC*A.

Proof. The existence of the above commutative diagram in the category GC*A follows
from Lemma 3.8 and Corollary 4.8. The surjectivity of f, is implied by Corollary 4.9.
Next, recall that a x-algebra is called AF if it is the union of a directed family of finite-
dimensional x-subalgebras (e.g., see [7, Definition 2.2]). For any Leavitt path algebra
Lc(E), its degree-0 component is a *-subalgebra which is AF (e.g., see [1, Proposi-
tion 2.1.14]). Therefore, using the surjectivity of f;* (see Corollary 4.6), we can apply
[7, Theorem 2.6] to conclude that (6.30) is a pullback diagram in the category GC*A.
Again, the last part of the theorem regarding unitality is immediate. ]

7. Applications in noncommutative topology

The plethora of applications of Theorem 6.5 in noncommutative topology goes beyond the
strictly contravariant setup that is the scope of this paper. In particular, it is very promising
to combine Theorem 6.5 with the mixed-pullback theorem [18, Theorem 5.2]. Herein, we
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will focus on three applications: generalized Stalling’s folding, collapsing line graphs to
initial graphs, and projecting folding locally derived graphs onto their base graphs.

7.1. Generalized foldings and multichamber even quantum spheres
Herein, we consider the following special case of Theorem 6.5.

Corollary 7.1. Let G be an admissible subgraph of F and let F be an admissible sub-
graph of E. Then the following diagram

A

E
F1I
G
FUOF
G

(7.1)

where the map iy is the inclusion F C E and the maps g, f, and tg are given by (5.2),
(5.4), and (5.5), respectively, is a pushout diagram in the category of graphs. Further-
more, if we assume that Bgo\po C GP, then the induced diagram of gauge-equivariant
s*-homomorphisms

C*(E)

— N

C*(FI(_}IE) C*(F)

T,

C*(FUOF
(FUF)

exists and is a pullback diagram in the category of C*-algebras and U(1)-equivariant
*-homomorphisms.

Proof. 1t is straightforward to show that the diagram (7.1) is a pushout diagram in the
category OG by verifying the universal property. To prove the second claim, we have
to check whether the assumptions of Theorem 6.5 are satisfied. For starters, we already
know that g is admissible, and the admissibility of f is established in Proposition 5.3.
Next, the condition (P1) is immediate because f is injective. Furthermore, note that
B(FugE)\(FligF) = Bgo\ro. Now, since g° is injective when restricted to G°, the
assumption Bgo\po C G ensures that (P2) holds true. Finally, it also follows that

(o (BF 115 EY\F 116 F)°) = BEo\Fo, (7.2)
so (P3) holds. ]
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Example 7.2. Observe that the assumption Bgo\ po C GV is not vacuous. Indeed, consider
the following admissible inclusions of graphs G — F — E:

0 _ QO _ Q0.

v v w z
Here, the symbol co above the arrow means that there are infinitely many edges from w
to z. It is clear that w € Bgo\po butw ¢ G® = {v}.

Letn,k € N, n > 1. We inductively define the multichamber sphere S} via the fol-
lowing pushout diagram:

n
Sk+1

sy B, (1.3)

o

Sn—l
Here, SJ := B" and S"~! is embedded in B" as the boundary sphere. Note that S} = S™.

Next, consider the following pushout diagram of spaces representing the process of col-
lapsing a chamber in a multichamber sphere (kK > 1):

Sr / N \ B".
o

§"=B" U B" — B" (7.5)
Sn—

is the flattening of a sphere defined as in (5.3), and the map S" < S}/ is the inclusion of
S" as a chamber in a multichamber sphere.

The concept of a multichamber sphere admits a straightforward generalization to the
realm of noncommutative topology. Since odd quantum balls do not have a graph C*-
algebraic presentation, in what follows we focus on the even case. Now, recall from
Example 5.2 that graphs corresponding to the C*-algebras of quantum spheres S and
even quantum balls B;” are denoted by L, and M, respectively. Using Lemma 3.8, we
inductively define the graph Ckz” of a multichamber even quantum sphere via the follow-
ing pushout diagram:

(7.4)

Here, the map

2n
Ck+1

czn M, (7.6)

~

Loy
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Here, COZ" := M, and Ly,_1 — M, is the admissible inclusion of graphs corresponding
to the dual boundary map C(B;") — C(S;"fl). Note that C2" = L.

Figure 4. The graph C;‘ .

We call C(S7%):=C*(CZ") the C*-algebra of the multichamber even quantum sphere S¢” .
Next, we consider an analog of the diagram (7.4):

C2n

C2n (77)

Here, the graph homomorphism L,, — M, is a generalized folding (5.3) and L,, — C k2”

is the admissible inclusion mapping L, to its rightmost copy inside of C an. For instance,
in the case n = 1, we get the following pushout:

/\

k-times

(7.8)

(k + 1)-times
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Finally, taking G := Lyy—1, F := M,,and E := Cszl, we apply Corollary 7.1 to obtain

the following pullback diagram of unital gauge-equivariant x-homomorphisms in the cat-
egory of unital U(1)-C*-algebras (k > 1):
o (erily)

N

C*(CcgM C*(M,) (7.9)

~.

7.2. Line graphs and the Cuntz algebra O,

Consider the graph R, with one vertex and two edges and the surjective admissible graph
homomorphism LR, — R (see (5.8)):

f
ee 1f
ef (7.10)
—> .
e v
re !
Here, e, f > v, ee,ef + e, and ff, fe — f.
Now we are ready to present an application of Theorem 6.5 that is beyond Corol-

lary 7.1 of the previous section. Consider the following pushout diagram in the category
of graphs and graph homomorphisms:

(7.11)

=) Y
P
=Y

Denote the left graph and the upper graph in the above diagram by LR, and R>, respec-
tively. Here, the right-bottom graph homomorphism LR, — R5 is given by (7.10) and the
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left-bottom graph homomorphism LR, — LTQZ is an admissible inclusion. As the assump-
tions of Theorem 6.5 are clearly satisfied, we obtain the following pullback diagram in the
category of unital U(1)-C*-algebras and unital U(1)-equivariant *-homomorphims:

C*(Ry)

T

C*(LR>) C*(Ry) = O, (7.12)

\/

C*(LRz) ~ ;.

7.3. Locally derived graphs and quantum balls and spheres
Proposition 5.11 and Proposition 5.9 allow us to formulate the following:

Corollary 7.3. Let (F, L) be a base graph such that, for all i € I, the group T; is finite
and the inclusion F; — F is regular, and let F be an admissible subgraph of a graph E.

Then the diagram
E

N

Eg F (7.13)

N A

Fg

of admissible inclusions (the left-bottom arrow and the right-top arrow) and projection
foldings (the right-bottom arrow and the left-top arrow) is a pushout diagram in the cate-
gory OG of graphs and graph homomorphisms. Moreover, if

Bpopo N JF =0. (7.14)
iel

the induced diagram of gauge-equivariant x-homomorphisms

C*(E)
C*(Eg) C*(F)

C*(Fg)

is a pullback diagram in the category of C*-algebras and U(1)-equivariant x-homomor-
phisms.
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Proof. From the definitions of the maps involved, it is straightforward to show that the
diagram (7.13) is a pushout diagram in the category OG by checking the universal prop-
erty. It remains to check the conditions (P1)—(P3) of Theorem 6.4. The condition (P1)
is immediately satisfied because the inclusion map Fg¢ < Eg is injective. The condition
(P2) follows from the assumption (7.14). Indeed, as only the vertices of the form (v, g) can
be identified, suppose that (v, g) € B EQ\FY- For starters, since (v, g) is an infinite emit-
ter, so is v by the finiteness of all T;. Better still, v emits infinitely many edges beyond F°.

Furthermore, if v would emit infinitely many or zero edges into F 0 then (v, g) would emit
infinitely many or zero edges into F' :(t)i’ which contradicts the assumption that (v, g) is a
breaking vertex. We thus conclude that v € Bgo\ po N {J;¢; F;, which contradicts (7.14).
Hence, an element of B EY\FY cannot be of the form (v, g), which proves (P2). Finally, let

vE BE%\F% Then 71?, v)= n% (v) is an infinite emitter in £ because JT}E is proper. On the
other hand, v € reg(Fg), (7%) ™' (n% (v)) = {v} and 7 . is surjective, so 7% (v) € reg(F).
Therefore, n% (v) € Bgo\ po, which proves (P3). ]

We end the paper by exemplifying Corollary 7.3. We begin with a very simple example

(7.15)

0—)

of a pushout diagram of graphs in the category OG that induces a pullback diagram in
the category of unital U(1)-C*-algebras. The right-top *-homomorphism of this pullback
diagram is the symbol map o giving rise to the standard short exact sequence for the
Toeplitz C*-algebra 7 :

0— K —T —>C(S)—>O (7.16)

Here, K stands for the C*-algebra of compact operators. Tensoring this short exact se-
quence with the matrix algebra M, (C), we obtain

0— K — T ®M,(C)— C(S")® M,(C) — 0. (7.17)
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Now, possibly except for the middle term, the above short exact sequence coincides with
the short exact sequence obtained from the left-bottom *-homomorphism of the induced
pullback diagram.

To go beyond the simple setting of the above example, consider the graphs M, and
L3 of the C*-algebra C (Bg) of the even quantum ball Bg and the C*-algebra C (Sq3)
of the boundary quantum sphere S, respectively. Recall that L := {vy, v2}, L} :=
{611,612,622}, and SLs3 (e,-j) =04, (e,-j) = vy, 1 <i<j<2 Nextletl'] := Z/3Z,
I, :=7/27, and let Fl-o ={v;}, Fi1 := {e;;}, define subgraphs F; C L3,i = 1,2. Finally,
put y, for the generator of Z/nZ and define

15:tZ31(v1)Ut1j31(v2)—>Z/3Zl_|Z/2Z, €11 —> Y3, eipt— Y2, exn > Y.

Now the pushout of Corollary 7.3 takes the form

Lo
o \ _r
— /

___®

LT

and gives rise to the pullback diagram in the category of unital U(1)-C*-algebras and
unital U(1)-equivariant x-homomorphisms

C(BY

—

*((Ma)g) C(S). (7.19)

o~

It is straightforward to generalize the above example to any even quantum ball and its
boundary quantum sphere and any finite cyclic group.

\/

C*((L3)g)
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